ON THE WITT RING OF A RELATIVE PROJECTIVE LINE

MAREK SZYJEWSKI

ABSTRACT. A ring homomorphism e : W (X) — E*(X) from the Witt ring of
a scheme X into proper subquotient E+(X) of the Grothendieck ring Ko(X)
is a natural generalisation of dimension index for Witt ring of a field. In the
case of projective line X over affine quadric SpecS the value of €9 on the
Witt class of bundle M with a symmetric bilinear form ¢ is outside of the
image of composition W (S) — W (X) — ET(X). Therefore the Witt ring of a
projective line over a regular ring S may be greater than the Witt ring W (S)
of the ring S itself. Thus Arason theorem on Witt ring of a projective space
over a field can not be generalized to projective spaces over regular rings.

INTRODUCTION.

After Witt the classical algebraic theory of quadratic forms deals with symmetric
bilinear spaces (V, 3) where V is a finitely generated vector space over a field K of
characteristic different to 2 and 8 : V — V" is an self-dual (8 = 37, or, equiv-
alently, B(u)(v) = B(v)(u) for arbitrary u,v € V') isomorphism of V' with its dual
space V. Ignoring trivial in some sense (e.g. for the problem of representability
of elements of K by quadratic form v — ¢(v) = (v)(v)) hyperbolic spaces
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yields Witt ring W (K) of a field K, consisting of classes of symmetric bilinear forms
up to hyperbolic direct summands, with addition induced by the direct sum and
multiplication induced by the tensor product. This theory has numerous applica-
tions in algebraic number theory, theory of algebras, fields theory, Galois theory,
cohomology theory, algebraic K-theory and algebraic geometry. Conversly, there
are numerous applications of algebraic number theory, theory of algebras, fields
theory, Galois theory, cohomology theory, algebraic K-theory and algebraic geom-
etry in algebraic theory of quadratic forms. Extent bibliography may be found in
[8]. There are several generalizations obtained by changing main objects: skew-
symmetric bilinear forms, hermitian forms, algebras with involution and Ranicki
formations. On the other hand there is natural way to generalize the notion of
Witt ring: take a ring in place of field K and finitely generated projective (i.e.
locally free) modules in place of vector spaces. For local rings with 2 invertible the
theory is similar to the classical one. In general a difficult theory for fields becomes
more difficult for, say, hermitian forms over group rings, which has applications in
geometry and topology (e.g. group ring Z[m(X)] of a fundamental group in surgery
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theory). The next step is due to Knebusch [4], [5]: consider schemes in place of
(spectra of) rings and vector bundles (locally free coherent sheaves of O x-modules)
in place of projective modules. Let (X, Ox) be a scheme and let £ be a line bundle
over X. From here onwards we write £ to indicate two possibilities: a + one and a
— one. A ”+4-symmetric” means simply ”symmetric”, while ” —-symmetric” should
be read as ”skew-symmetric”.

A +-symmetric £-valued bilinear space (V, 3) consists of a vector bundle V' and
an isomorphism (3 : V — Homo, (V,£) = V" ® L such that "¢ = (3" ® 1) o
(1®@p=t)y==+8, where u: L~ ® L — Ox is the isomorphism of evaluation .

For a subbundle + : W »— V its orthogonal complement W= is a subbundle of V/
defined as W+ = Ker(i"* o 3).

A subbundle W of a bilinear space is totally isotropic or sublagrangian, iff W =
W, and is lagrangian if W = W, Equivalently: a lagrangian subbundle of a
bundle (V, 3) is a totally isotropic subbundle of rank equal to half of rank V.

A bilinear space (V, ) is metabolic iff it posseses a lagrangian subbundle, i.e. if
there exists exact sequence

0— WLV Lt g
of vector bundles, where /! = 1"* : Home, (V, L) — Home, (W, L) is the restric-
tion to W.
Two £-symmetric L£-valued bilinear spaces (V, 8) and (W, v) are Witt equivalent
iff there exist metabolic +-symmetric £-valued bilinear spaces (M, ) and (N, v)
such that

(V. 8) & (M, ) = (W,7) & (N, v).

Witt group W*(X, £) of +-symmetric £-valued bilinear spaces consists of classes
of Witt equivalence of £- symmetric £-valued bilinear spaces with direct sum as
addition. In the case of trivial line bundle £ = Ox and symmetric forms we write

W(X)=WH(X,0x).

The tensor product induces multiplication on W(X), so W(X) is a ring, the Witt
ring of the scheme X. Witt ring is a (co)functor: for morphism f: X — Y of
schemes the inverse image functor f* induces a ring homomorphism f*: W(Y) —
W(X). Arason proved [1, Satz| that for a field K, char(K) # 2, the canonical
map W(K) — W(P%), induced by the structure map P% — SpecK, is an
isomorphism. This proof depends on one result of Horrocks on representing bundles
as a direct sum of line bundles and properties of bundles 2" of differential forms.
In 1991 M. Ojanguren asked, if Arasons theorem may be generalized to the case
of a projective space over a ring. The only possible answer was that the question
is difficult. Now there are tools to construct an infinite sequence of regular rings
R, dim R = 6 (mod8), such that the canonical map W(R) — W (PL) is not
surjective. The idea consists in study of a group E(X), a subfactor of Ky(X),
closely related to W(X) and much easier to compute. The group E(X) together
with the homomorphism €° : W(X) — E+(X) and its generalizations E* (X, £)
are introduced in section 1. General Theorem 2.1 in section 2 describes E-groups
of a projective bundle. This description shows the way to construct an element
of ET(P%) which is outside the image of the map E*(SpecR) — E*(P%) and
special properties of (projective modules over) R that provide the construction.
Rings with required property are coordinate rings of affine split quadrics (section 4),
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and computatins are possible in framework of Swan K-theory of quadrics (section
3). Thus commutativity of diagram provides that it is enough to find a bilinear
space (M, ) with prescribed value e®(M, 3) to give negative answer to Ojanguren
question. This is done for projective line in section 5 by means of theory of Ranicki
formations developed by W. Pardon for rings [6] and by F. Ferndndez-Carmena for
schemes [2]. A theorem due to Ferndndez-Carmena provides a construction of a
symmetric bilinear form over a scheme for given formation over a closed subscheme
of codimension one. The only reason of restricting this study to projective lines
instead of general projective spaces is lack of methods of constructing symmetric
bilinear spaces.

1. E-GROUPS AND INVARIANT eC.

Any line bundle £ on scheme X defines an exact involutive contravariant functor
“£ on the category of vector bundles on X

M — M¥*=M &L,
ot = ¢ @lg for ¢: M — N.

This involution induces analogous involution on Q-construction. Since its geometric
realization interchanges ends of paths, there is induced involutive automorphism
£ of K-groups (homotopy groups of Q-construction) which acts on Ko(X) as
[M] — —[M"*]. Nevertheless we define

M) = M4,

We are interested in Tate cohomology of two-element group {1, "*} with values in
Ko(X). Denote C(X, L) the complete resolution

(LD ox.L):-- 25 Ko(X) 5 Ko(x) 255 Ko(x) 225 .
Definition 1.1.

ET(X,L) = Ker(1 —"%)/Im(1 + "%),

E~(X,L) = Ker(14"*)/Im(1 - "*).

We will refer to E-groups meaning collection of ET (X, £) and E~ (X, L) for all
line bundles £. However, types of E-groups of a scheme X correspond to elements
of the factor group Pic(X)/2Pic(X).

Proposition 1.1. For arbitrary line bundle K there are isomorphisms
ET (X, L®K®?) = ET(X,L);
E7(X,LeK®?*) 2 E~(X,L).
Proof. Tensoring with K induces isomorphism of complexes
cx, ) X ox, £ o £#2):
e Ko(X) o e, Ko(X) o 1z,
| |
AL Ko(X) AL Ke(X) A
where a(P) = LR K®2®@ P~ and B(P) =L P". O
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Definition 1.2. The forgetful functor induces a group homomorphism

&% WHX, L) ® W—(X, L) — E+(X, L),
e% (P, 8) = [P](mod Im(1 + “E)).

The inverse image functor f* for a morphism f : Y — X of schemes induces
a homomorphism f*: E(X, L) — E(Y, f*£). As an example we prove homotopy
property of E - groups.

Proposition 1.2 (homotopy property). If f: X — Y is a flat morphism of reg-
ular noetherian separated schemes whose fibres are affine spaces, then E*(Y, L) &
EY (X, f*L) and E~(Y, L) 2 E~ (X, f*L).

Proof. By the homotopy property of K-groups the map f* : Ko(Y) — Ko(X)
induced by the inverse image functor f* provides an isomorphism of complexes

Lo Ko(X) e, Ky(X) _1ze,

where o = "2 and g = "£. O

2. E-GROUPS OF A PROJECTIVE BUNDLE.

Theorem 2.1 (Projective bundle theorem). Let £ be a vector bundle on a scheme
S, rank € =n, and X = P(E) = Proj(S(E")) be the associated projective bundle.
Let Ox(—1) be the tautological line bundle on X and f : X — S the structure
map. Let L be arbitrary line bundle on S.

i) If n = 2k + 2 is even, then there is exact hexagon

ET(X, f*L)
r* \
E+(S, L) E-(S,\E" ® L)
e [
E*(S,\E" ® L) E~(5,L)
/ £
ET(X, f*L)

and E* (X, f*L® Ox(-1)) = 0.
i) If n = 2k+1 is odd, then E*(X, f*£) = E*(S, L), and E¥ (X, f*L20x(—1)) =

EE(S, Lo \E).

n

Proof. Ko(X) 2 (KO(S))[t]/(Z(—l)i[/\E]ti) where ¢ corresponds to £ = Ox(—1)

i=0
(see [7], Sect. 8, 1.5) and & = £~ 1. Ko(X) is a free Ko(S) - module with free base
Ox (i) = ¢ fori = [%} , [%] -1, [%] —n, where [] means an integer part of a
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number. There is identity

n—k . i+k .
> EDF Neg =0
i=—Fk

in Ko(X) for arbitrary integer k. We shall alter the base of Ky(X) to obtain
triangular matrix of involution under consideration.

e In the case of even n = 2k + 2 and forms with values in the line bundle
[*L ® Ox(—1), the initial base ¢, i = —k,—k,1 —k,...,—1,0,1,....,k, k + 1
may be transformed into £ 4+ ¢4 ¢7¢ for i = 0,1, ..., k. If A denotes the
span (with coefficients in K(S)) of all £t +¢7% for i = 0,1, ..., k, then the
exact sequence

0—AS Ky(X) N Ko(X)/JA—0
in instance of formulas

(f )€+ L] - €= fHa - [ENET +€79)

(fH)e™) - [f7 L] €= [ (a” - [LNET +677) = (o - [L])E™

for arbitrary a € K¢(S) yields exact sequence of Tate cohomology

5 BHS, LM S BY(X, fLe Ox(—1) 5 B (S, L)
L E(S, 0 S B (X, L e Ox(—1)
~C €
E+(S, £)k+l _ E+(S, £)k+1 S

Connecting homomorphisms are induced by involution “# acting componentwise,
and are isomorphisms. Hence Ei(X, f*L®Ox(=1)) =0.

e In the case of odd n = 2k + 1 and line bundle of the form f*L, the elements
1=¢60¢ 4+ ¢ ¢ for i = 1,..., k form another base of Ko(X). If:
A: = the span (with coefficients in Ko(S)) of & + &% for i =1, ..., k;
B: =thespanof £ fori=1,..., k;
C: = the span of 1,

then Ko(X)=A® B® C, and for any « in Ky(S) formulas
(f )€ +E7) - [f Ll = (f*(a” - [LN(E + €7,

(f(@)€")" - [f L= —f*(a" - [LDE + f*(a” - [LNE +E7)
hold. Therefore regarding A C A@ B C A® B @ C as a filtration of the complex
C(X, L) yields that f* induces an isomorphism on Tate cohomology: E*(X, f*£) =
E*(S,L).
e In the case of odd n = 2k + 1 and line bundle of the form f*£® Ox(—1), the
elements £ % ¢+ ¢17% ¢ for i = 1, ..., k form another base of Ko(X). If:

A: = the span (with coefficients in Ko(S)) of &' + ¢ "¢ fori =1,..., k;

B: = the span of ¢’ fori =1, ..., k;

C': = the span of £F,
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then Ko(X) = A® B@® C, and for any a in Ko(S5) formulas
(F )€ +€7) - [ Lg = (f*(a”  [LN(E" + €7,

(F7(@)€) - [7LJE = —f*(a - [EDE + F*(a” - [E)(E +€17),
(f@E™) - 1fL]-¢ = fra-[L)E! =

k ) k+1—1 .
=f'@ - [L) > ()T N ¢ =

i=—k

k k+1—i )
= f*(a” - [£]) ([f NET-¢7F+ Z IR VARAN me)-

n k k+1
f*(a“[E])<[f*/\5A]-§"“+Z DA ET € i>+

k . k+1—1 k+i ‘
+f (" - 1£]) <Z(—1)Z+k([f* A 5A]+[f*/\5“])~€l>

i=1
hold. Thus in the E5 part of the spectral sequence associated with the filtration
ACA®B C A®BaC = Ko(X) of the complex C(X, f*£L®Ox(—1)) differentials
d:EYt = (ECD7(S, L)k — (ECV(S, £)F = EST? are isomorphisms induced
by “£. Therefore ECV"(X, f*£L ® Ox(-1)) = EL™>? ~ ECD" (S L ® 7\5“).
e In the most complicated case n = 2k + 2, line bundle of the type f*L the
initial base £, i = —k, ...,k + 1 should be replaced by 1, &+ ¢ 4+ ¢ ¢ for
1=1,2,... k.

Formulas
(Frfa@+& ) [ L= (ffam)E+E7)
(frfa€) - [f L] = (ffa5) e = —(ffa ) + (FraP)E +€79)
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(frag™h) - [f L] = (ffa™f)e " = frfae %(—1)’“”[? k+/1\+i5]-§1=
i=—k

n k k+1—i
=fra™f (—[f* NE-€+ Z(—1)’f—i[f* A € ,5—1-) n
k k+1:1 ka1
+f*aA£ <Z k-l—z /\ g 51 l)k[f* /\ 5]) _

=1
n k k4+1—i
== B[ NEEET A rat EY ()R N E(E ) +
=1
k+1+414 k+1—1 k+1

k
FPOEY O N E SN ) DR e A g

allow to define filtration ACA®BCA®BOCCAPBC®D = Ko(X) on
the complex C(X, f*L£) where

A: =spanof & + ¢ fori=1,2,....k,

B.:spanoffzf0r2—12 k:

C: = f KQ( )

D: = f*Ko(S) - €41,

In the Ey - term of associated spectral sequence the differentials dy' : Ey' =
(EX(S, L)) — (E*(S,L))* = E;"° are isomorphisms induced by “£, while

differentials dy° : E5® = EX(S,L® \E) — E*(S, L) = E;™>? are induced by

k+1
multiplication by [ A &], hence the theorem. O
k+1
If the bundle & in the theorem is trivial, then [ A €] is in the image of 1+ "%,

k+1
so maps [ A\ &]- in the hexagon of the theorem are zero maps. In this case more
detailed description of E-groups of a projective space may be given.

Proposition 2.2. For arbitrary scheme S let X = P‘é and let p; : X — P9,
p2 : X — S be the projections. Then for arbitrary line bundle L on S and
arbitrary line bundle M on P?

EYX,MRL)=ET P, M)REY(S, L) E- (P, M)RE(S, L)
E (X, MRL)=ETP, M)RE~(S,£)® E~ (P, M) ET(S, L),
where X is induced by operation F X G = pi(F) @ p3(G).
Proof. By the projective bundle theorem for K-theory the maps pi, p3 yield iden-
tification Ko(X) = Ko(P?) ® Ko(S). Denote
dy 1—"M d
A KeI‘(K()(]P) ) E— Ko(]P) )),
B (1= ") Ko(P?)
K = piMepL.

The complex 1.1

14K 1K 14K
o — Ko(X) — Ko(X) —— Ko(X) — Ko(X) — - -
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for X = P?% x S fits into the short exact sequence of complexes:

Note that 1 + "% restricted to A ® Ko(S) coincides with 1 ® (1 + ) and induces
1® (1F %) on B® Ky(S). Therefore the exact hexagon in homology breaks into
short split exact sequences:

0— EFf(P{LM)® E~(S,£) — E~(X,K) — E~ (P, M)® EY(S,L£) — 0
0 — E*(PY, M) ® E*(S,£) — EY(X,K) — E~(P", M) @ E~(5,£) — 0.

O

To identify explicite generators of groups under consideration, for absolute pro-
jective space Y = P¢ denote:

(2.1) 1 = [Oy] - the unit element in Ky(Y);
(22) H = 1-[0y(—1)] - the class of hyperplane section in Ky(Y).

We summarize some technicalities as follows:

Lemma 2.3. IfY = P9, then

i) HT = 0;
d
ii) [Oy ()] = (1= H)™t =Y " H' in Ko(Y) (here H° = 1);
1=0
| .
iii) H :m:—;f])
k d—k .
i) (H*)" = (%) - (_1)kaZ (k"'z - 1>Hi :

i=0
v) (H?)" = (=1)2H? is a class of rational point.

Proof. H=1-[0Oy(=1)] ,s0 [Oy(=1)] =1—-H, [Oy(1)] = (1 — H)~!, H being
nilpotent. Thus H" =1 — [Oy(1)] = ([Oy(-1)] = 1)[Oy(1)] = —H(1 — H)~! and
(1Y) = (1 H)*(~H)". 0
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Corollary 2.4. If Y =P?, the projective space, then

EY(Y) = EY(Y,0y)=127/2Z[0y]
- B 0 for even d
E~(Y) = E (Y,0y)= { 7./27 HY] for odd d

EX(Y,0p(~1) = { 7.J2Z[HY] for even d

0 for odd d
E=(Y,0y(-1)) = 0.

3. SWAN K-THEORY OF PROJECTIVE QUADRICS.

To compute E-groups of affine quadrics we need some facts on dualization of
vector bundles on a projective quadrics. All needed information is known in fact,
since indecomposable components of Swan sheaf correspond to spinor representa-
tions. Nevertheless we give here complete proofs of needed facts. We shall apply
results of [9] in the simplest possible case of split quadric: X is a projective quadric
hypersurface over a field F', charF' # 2, defined by the quadratic form of maximal
index. Consider a vector space V with base vy, v1, ..., vg41 over a field F', charF' # 2.
Let 2q, 21, ..., zg+1 be the dual base of V"and let ¢ be the quadratic form

d+1
g=) (-1)'z.
i=0
Moreover, let e; = %(’Ugi — v2i41), fi = %(’Ugi + vg;41) for all possible values of i.
Thus if d is even, d = 2m, then ey, fo, €1, f1, ..., €m, fm form a base of V' with the
dual base zg, Yo, T1, Y1, ey T, Ym and

m
4=2 rivi
=0

If d is odd, d = 2m + 1, then eg, fo, €1, f1, s €m, fm,Va+1 form a base of V' with
the dual base xg, Yo, X1, Y1, ---, Tms Ym, Zd+1 and

m
q= szyl + 230
i=0
We shall prove several properties of dualisation functor on the category of vector
bundles on the d-dimensional projective quadric X defined by equation ¢ = 0 in
P‘;fl, i.e. for

X =Proj S(V")/(q) = Proj Flzo,21, s 2d+1]/(q)-

to compute F-groups of an affine part of this quadric in the following section. In
the case of odd d = 2m + 1 the even part Cy = Cy(q) of the Clifford algebra
C(q) is isomorfic to the matrix algebra Man(F'), where N = 2™. In particular
K,(Cp) =2 K,(F). In the case of even d = 2m, the algebra Cy has the centre
F @ F6, where d = vg - v1 - ... - v441 and 62 = 1. Thus 3(1 + 6), 3(1 — 0) are
othogonal central idempotents of Cy, so

1 1
Co = 5(1+9)Co& (1= 8)Co

where each direct summand is isomorphic to the matrix algebra My (F'). In fact, in
this case there exists an isomorphism C(q) = Man (F') of algebras, which identifies
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0
0 x ] and maps 3(1 + 6)Co

Cy with the subalgebra of block-diagonal matrices { *

onto the set of matrices of the form [ 0 } , and 1 (1—6)Co onto the set of matrices

*

0 0
0

of the form { 0

Such a matrix representation of Clifford algebra may be found in [9], lemma 4.3.

More ”classical” construction, based upon minimal orthogonal idempotents, may

be easy deduced from the proof of Proposition 4.6 below.

For even d = 2m consider the principal antiauthomorphism & : Cy — Cp :

. This observation provides some motivation for what follows.

%(wl cWwa ... U}k) = (—l)kwk cWr—1 " ... - W1

for wy,ws, ..., wr € V. Note that
J(6) = (=)™ T s,

Moreover for every anisotropic vector w € V the reflexion o — —waw™! in V
induces an automorphism p,, of Cy, which iterchanges the § with its opposite for
even d:

pu(d) = (1) 16
Regarding subscripts ¢ mod2 denote
P; = (1+ (=1)%)Cy for even d.

Lemma 3.1. In the case of even d = 2m:

i) the involution  of the algebra Cy provides an identification of the left Cy -
module P;" = Homp(Pi, F) with the right Cy - module Pjim+1;

il) for any anisotropic vector w € V' the reflexion p,, interchanges P;’s: py(P;) =
Py,

Note that as left Cp-modules Py and P; are not isomorphic.
Recall basic facts and notation of [9]. Denote Cj the odd part of the Clifford

algebra C(q). We shall use mod 2 subscripts in C;. Recall the definition of the
d+1

Swan bundle Y. Put ¢ = Z zv; € T(X,0x ® V). The complex
i=0

(3.1)

-2 O0x(—n) @ Crparr — Ox(1=n) ® Cpyg > Ox(2—1) @ Cpypag—1 — -+
is exact and locally splits ([9], Prop. 8.2.(a)).
Definition 3.1.

U, = Coker(Ox(—n—2)® Cpiass — Ox(—n—1)® Chidara),
U = Ug_.
Since the complex 3.1 is - up to twist - periodical with period two, it follows that
Upt2 = U, (—2).

Consider exact sequences Ox(—n — 2) ® Crid+3 RN Ox(—n = 1) ® Chydt2 —
U, — 0 for two consecutive values n; twist the first one by 1. For any anisotropic
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vector w € V the isomorphism given by right multiplication by 1 ® w fits into
commutative diagram:

Ox(—n—=2)® Cprars — Ox(—n—1)®Cpyars — Upia(l) — 0
Il 1®w 1l 1®w
Ox(—n—2) @ Cnsars — Ox(-—n—1)® Cpjasr — Uy, — 0

Thus we have proved following lemma:
Lemma 3.2. Uy 1 2 U, (—1) and Uy, = Uy(—n) for arbitrary integer n.
There is exact sequence
(3.2) 0—Uy 5 O0x®@Cy— U1 —0
where isomorphism -1 ® w was used to replace Ox ® C7 by Ox ® Cj for even d.
Lemma 3.3. Endx (U,) = Cy acts on U,, from the right.
Proof. 9], Lemma 8.7. O

The main Theorem 9.1 of [9] states that for arbitrary regular ring R and arbi-
trary generalized Azumaya algebra A over R and arbitrary projective quadric X of
dimension d over R, defined by nonsingular quadratic form g, the family of functors

u (M) = M®Ox(—i) fori=0,1,....d—1
u(M) = U ®Co(q) M
defines the isomorphism

(w0, w1, ooy ug—1,u) : Ko (A ® K (A® Colq)) — K.(X).

) )

Important argument is that for large enough class of sheaves (namely regular
sheaves) F there exists truncated canonical resolution
TCan.(F):0 = U Rcyq) T(F) = Ox(1 —d) @ Tg—1(F) — ...
= O0xRTH(F) = F —0
([9], section 6). In the special case when R = A is a field F, charF # 2, T;(F)

are vector spaces over F, so Ox(—i) ® T;(F) is a direct sum of dim T;(F) copies of
Ox(—i). Thus in Ko(X) the equality

[F] = dimTo(F)[Ox] —dim Ty (F)[Ox(-1)] + ...
H(=1) dim Ty 1 (F)[Ox (1 = d)] + (1)U ©cy(q) T(F)]
holds.
We are now ready to compute U, ".

Lemma 3.4. U,” = U, (2n + 1), in particular U™ = U(2d — 1).

Proof. We have chosen a base vg,v1,...,v4+1 of V' above. The set of naturally
ordered products of several v;’s in an even number forms a base of Cy. Define a
quadratic form @ on Cy as follows: let distinct base products are orthogonal to
each other and

Q(vil “Vig e 'vik) = Q(Uil) ' Q(vlé) Tt Q(vik)
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The form @ is nonsingular and defines - by scalar extension - nonsingular symmetric
bilinear form A on Ox ® Cy. Since (g(v;))? = 1, so that

Q(Uil P T 'Uzk) :Q(Uil * Uiy * ""’Uiz)Q(UiHl . ...-’Uik),

direct computation shows that Im(Ox(—1) ® Cy 2> Ox @ Co) = @lUy = U is a
totally isotropic subspace of Ox ® Cy. Therefore

U = Uy = (Uo) ™ =2 ((Ox ® Co)/(¢lo))” ZU-_1".
Thus

and, in general

Un™ = (Up(—n))" =Uo"(n) =Uo(n+1) = Un(2n + 1).

Corollary 3.5.
i) U =[UQ2d—-1)] and U(d—1)]+ [U(d—1)]" =2d+ 1 in Ko(X);
i) rankU = 3 dim Cy = 2¢,

In the case of even d = 2m the algebra End x (i) = C splits into direct product
of algebras P; defined above: Cy = Py x P;.

Definition 3.2. In the case of even d:
U,/L =U, ®c, o,
L{,/L/ =U, Qc, P,
u=u ®c, Po,
u =u ®c, P1.

Note that U, = U, o U, , U = U &U" . Uy and U correspond to spinor
representations and we shall copy here standard argument on dualization (compare
[3], sect. 4.3). In the case of even d = 2m another property of ¢ and the quadratic
form @ introduced in the proof of Lemma 3.4 may be verified by direct computation:

Lemma 3.6. In the case of even d = 2m

i) if m is even, then P; = (1+8)Cy are orthogonal to each other, hence self-dual;

ii) if m is odd, then P; = (1£8)Cy are totally isotropic, hence dual to each other;

iil) p(1£9)=(1F9)e.
Corollary 3.7. In the case of even d = 2m

DU 2U(2d—1) andU"" =2U"(2d — 1) for even m;
i) U =2U"2d—1) andU"” 2 U'(2d — 1) for odd m;
i) Endx () = Endx (U") = Mo (F);

iv) the exact sequence 3.2 splits into two exact parts
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0 — Uy 25 Ox @ Py — U (1) — 0
0 — Ul % 0x @ P, — U(1) — 0.
The standard way to determine indecomposable components is tensoring with

the simple left module over appropriate endomorphism algebra. We will use (from
here onwards) superscript as a notation for direct sum of identical objects.

Definition 3.3. i) in the case of odd d =2m +1 :
V=U®®c, F?N
il) in the case of even d = 2m :
Vo =U' ®nry(r) FY,
Vi =U" @y (r) FN
where N = 2™.
For convenience we will use mod 2 subscripts in V; . Since My(F) = (FN)V

a left My (F)-module, indecomposable components inherit properties of the Swan
bundle: we have

Proposition 3.8. a) In the case of odd d =2m + 1:
i) U =V*N | where N =2™;
i) V= V(2d-1);
iii) Endx (V) & F and rank) = 2™.
b) In the case of even d = 2m:
i) u VN andU" = VN | where N = 2™;
i) Vi" =Vigm(2d - 1);
iii) EndX( ;) 2 F and rankV; = 21
iv) Vi(d—1)] 4+ Vig1(d)] = 2™ in Ko(X).

In particular there is no global morphism V; — V;41, since
Endx(U) = Endx(VéV D V{V) == MN(Endx(Vo)) X MN(Endx(Vl))

Example 3.8.1. Split projective quadric X = Proj .S
m

S = Flxo,Y0,%1,Y1, ...,:cm,ym]/(z x;y;) of dimension d = 2m contains two pro-

i=0

jective spaces of dimension m:

Y = Proj Flyo,y1, ..., ym] defined by equations g = 21 = ... = 2, = 0 and
Z = Proj Flzo,y1, ..., Ym] defined by equations yo = z1 = ... = x,, = 0. These

subvarieties are not rationally equivalent. It may be shown that their structural
sheaves define two distinct elements of K|(X) = Ko(X):

£ (5(2)) vevcars o

i=0 \p=0

and
d—1 m m )
> (Z (p)) (1) [Ox ()] + ]

(see [10], Theorem 4.1). If, in particular, d = 2, then X is isomorphic to the product
of two projective lines, and Y and Z are generatrices.
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4. E-GROUPS OF AFFINE QUADRICS.

Following theorem due to Swan [9], (Theorem 10.5, Corollary 10.7) describes
K-theory of a (relative) affine quadric.

Theorem 4.1. Let R be a reqular ring, ¢ = < —1 > & ¢’ - a nonsingular quadratic
form over R defined on the projective R-module M = M' & R, S - the coordinate
ring of affine quadric ¢’ =1 over R, S =S(M")/(¢'—1), A - a generalised Azumaya
algebra over R. Let moreover

g: K.(A®RrCo(q)) — K.(A) be the norm map,

h:K.(A®rCo(q¢")) — K.(A®r Co(q)) be the scalar extension map,

r: K.(A) — K.(A®pgS) be the scalar extension map, and let

s: Ki(A®Rr Colq)) — K.(A®RrS) be the map, induced by the exact functor
U(SpecS) @cy(q) — - Then the sequence

— K1 (A®r ) 2 Ki(Aogr Cold))
Ki(4) ® Ki(A®r Co(@)) ™ Ki(A @R §) 2 -
where o = [_hg}, is exact.

Let X be the affine quadric SpecS.
Proposition 4.2. If under assumptions of the Theorem 4.1 if in addition A = R =

d+1
F is a field of characteristic different from 2, d = 2m 1is even and q = Z(—l)izf,
i=0
d
q = Z(—l)lzf, then
i=0

e g: Ko(Co(¢')) — Ko(F) is the map 2™ : Z — Z,
o h:Ky(Co(q")) — Ko(Co(q)) = Ko(Py) @ Ko(P1) is the diagonal map 7 —
767,
0
1

o r: Ko(F) — Ko(S) maps the generator [F''] onto the generator [S?],
o 5: Ko(Colq)) = Ko(Py) ® Ko(P1) — Ko(S) maps generators { (1) }, [
onto [Vol, [Vi] respectively, where V; = V;(SpecS) fori =0, 1.

Proof. Direct computation on the level of functors. The (reduced) norm map g is
induced by the forgetful functor from Cy(q’) - modules to F-modules, which maps
the generator of Ko(Cy(q")) (the class of the simple Cy(¢’') - module) onto the class
of the same module. The scalar extension map h is induced by the scalar extension
functor , which in turn produces identity if composed with projections onto P;’s.

The map r is induced by the scalar extension functor S ® p — . The definition of s
is the definition of Vj, Vi in fact. O

Proposition 4.3. Under assumptions of the Theorem 4.1 if in addition A = R =
d+1

F is a field of characteristic different from 2, d = 2m 1is even and q = Z(—l)iz-2

=0
d
q = Z(—l)izf, then Ko(S) =2 Z © Z has generators 1 = [S1],[Vo], [V4] subject to
i=0

defining identity [Vo] + [V1] = 2™[S1].
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Proof. Tt is an immediate consequence of Proposition 4.2. [l

Proposition 4.4. Under assumptions of the Theorem 4.1 if in addition A = R =

d+1
F is a field of characteristic different from 2, d = 2m 1is even and q = Z(—l)izf,
4 i=0
qJ = Z(—l)izf, then:
i=0
i) if m is even, then
EY(X) = E™(S)=12/22[S"| & Z/22(2"7'[S"] - [Vo)),
E~(X) = E(5)=0;
it) if m is odd, then
EY(X) = E*(S)=12/22Z[S"],
E=(X) = E(S)=2z/222"'[S"] - [Va))-

Proof. By Proposition 3.8 b) ii) and iv), the involution "~ on Ky(X) has the matrix
1 0
0 (=nm

with respect to the base [S1],2m~1[S] — [Vo] of the group Ko(X). O

Example 4.4.1. For d = 4 the consider the affine quadric defined by the equation
2oYo + T1y1 + 22 = 1. The sequence

0 — Flyop,yi] — § <= 58 L g 2L gt V0

where
a = [1-2z,—x1,x0],
142z x —x9g 0
g = yi 1—-z 0 @ |,
—1Y0 0 1—2z =1
1—2z —x o 0
. l —Y1 1+2 0 —X0
773 %o 0 1+2z —z1 |’
0 Yy -~ 1-z

is exact and is the sequence of sections over complement to hyperplane section of
the truncated canonical resolution for the structural sheaf of Y from the example
3.8.1. The map 7 is chosen to be a projection of S* onto a direct summand. Hence
Vp is a submodule of S* generated by columns of the matrix

142z x —xg 0
1 n l—=z 0 Zo
1=7= 2| —w 0 1-2z m
0 Yo v 1+z
Note that m = 2, so E~(5) is trivial. In fact, rankVy = 2, so the module V; carries

the canonical nonsingular skew-symmetric bilinear form, defined by the exterior
multiplication Vg x Vp — /\2 Vo = St
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Proposition 4.5. Under assumptions of the Theorem 4.1 in addition A= R=F
is a field of characteristic different from 2, d = 2m is even, m is odd, then in the
ring Ko(S) = Z[S*] & Z(2m71[SY] — [Vo]) the equality

(27 [8Y] — Vol)? = 0
holds.

Proof. The rank map Ko(S) — Z is a ring homomorphism with the kernel
Z(2m71[S1]—[Vo]). Moreover, (2™~ L[SY—[Vp])" = — (2™ L[S~ [Vo)]), so (2™ L[St -
[Vo])? is a fixed point of ", hence it is a multiply of [S'] , and it is an element of
rank zero, hence it is a multiply of 2"~ 1[S] — [Vo]. O

It will be crucial for the construction in the next section that the identity [Vo] +
[V1] = 2™[S1] arises from a direct decomposition with special properties.

Proposition 4.6. If under assumptions of the Theorem 4.1 if in addition A = R =
d+1

F is a field of characteristic different from 2, d = 2m is even and q = Z(—l)izz,

i=0
d
q = Z(—l)izf, N = 2™ then
i=0
a) SN 2V, @ Vi
b) if m = 2 mod 4, then there exists a direct decomposition SN = SN/Z @

SN/2* such that for associated symmetric hyperbolic form X on SN the direct
summands Vi, Vi are totally isotropic.

Proof. In the ring S the last variable z441 is set to be 1:

Zd+1 = 1.
2
More precisely, affine coordinates z; are obtained as —— form homegoneous coor-
Zd=1
d
dinates z;. Therefore the multiplier p € S ®p V is equal to Z 2; ® U; +vg41. The
i=0

exact sequence 3.1 restricted to SpecS reduces to the following exact sequence of
free S-modules:

- S ®F On+d+1 Z, S®r On+d RN SQRr Cnerfl AR
There is one projective S-module U = T'(SpecS,U_1) such that
U = Coker(S @p Cy 25 S @p C) = Coker(S @p C1 2= S @p Cp).

Moreover U" = ['(SpecS,U" ) = U ®¢, Py, U"” = I'(SpecS,U",) = U @¢, Pi. In
addition to central idempotents %(1 + 0) consider a family of minimal orthogonal
idempotents of the even Clifford algebra C defined for sequences I = (ig, 41, ..., %m)
of +1’s as follows:

1

er = gy (L dovovn) -+ (14 im2m Uz y1).
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It follows that

55[ = Uy V1"°..."V2m * U2m+1" W(l‘FioUo’Ul) .t (1+imv2mv2m+1)

1 . .

= WUO cv1 - (L4 40vo01) - - .. - Vam - Vama1 * (L + tm¥2mV2m+1)
1 . .

- om+1 (”01}1 + Zo) et (v2mv2m+1 + Zm)

L 1 . .
= ZOZI---sz(l +iovou1) v v (1 4 b UamV2my1)-
Thus

(1 +0)er = 5 if the number of —1’s in the sequece I is even ,
(1 4+ 6)er = 0 if the number of —1’s in the sequence I is odd ,
(1 —0)er = ey if the number of —1’s in the sequence I is odd ,
(1 —9)er =0 if the number of —1’s in the sequece I is even .

e o o o
[l SIS ST

2
Each left ideal Cy - £; is a minimal left ideal of Cy, and it is isomorphic to FN
as a Cp-module. Moreover, P, is a direct sum of half of these ideals, while P; is
a direct sum of the other half. Denote for short eg = €(1,1,...,1), €1 = €(1,1,....—1),
€-1=E&(-1,-1,...,—1) - Then

SN =8Ser FN 2 S®p Coeg =2 S @p Co ®@c, Po@p, FV.
The identity a = (1 + %cp “Vgy1)a — %cp - V441 - @ yields direct decomposition
1
SN = S@F C()SO = (1 + 5(/7 . ’UdJrl) . (S QF C()Eo) (&) (Y2 (S KF 01€0>
since vg4+1Cy = C;. Therefore

Vo = Coker(S®pCy 25 8@rCy)@r Co®c, Po@p, FY

1%

(1+ %w ~va+1) - (8 ®F Coco),
SO

SN2 Vo@ - (S Cieg).
Analogously

1
SN = S@F 0061 = (1 + 5(/7 . ’UdJrl) . (S RS 0061) D (Y2 (S QF 01€1>

where (1 + %cp “vg41) - (S ®@F Coer) 2 Vi, and
SN =S@p FN =2 S®p Coe1 = S ®@p Cy ®c, PL@p, FV.
Left multiplication by ¢ and right multiplication by vg41 yield

1
Vi =2 oVivap Ze(l+ §¢Ud+1) (S ®@F Coer) - var1 = ¢ - (S QF Coer) - Vay1

= ¢ (S®F Covatigo) = ¢ - (S @F Crep),
since vgy169 = €1V44+1. Thus
SN 2V, e 0.
To prove claim b) consider the principal antiauthomorphism S of S ®@ g Cp.

First of all note that (eg) = e_1. Next, the set of all products vo;, 41 - V2,41 -
oo U441 With 0 <4y < dp < ... <4 < m form a base of the minimal ideal Ceg
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of the Clifford algebra C' = C(q), and set of such a products with an even number
of factors form a base of Cyeq. Moreover,

%((H v2i+1) - €0) - (H V2i41) - €0 =
icA i€B

0 ifANB#0D
or AUB #{0,1,...,m}
:|:’U1’U3'..."Ud+180 1fAﬂB:(Z)
and AUB =1{0,1,....,m}
Thus for odd m the map (aeg, Beg) —coeflicient of v1-vs-. . .-v41160 in F(aeg)-Beg
defines a nonsingular pairing on SV, such that the adjoint of it is an isomorphism of
direct summands in suitably chosen direct decomposition SV = §N/2 @ SN/2. This

pairing is symmetric for m = 3 mod 4, and is skew-symmetric for m = 1 mod 4.
Finally,

C:S‘((p' (S RQF 0150)) 2 (S QQF 01€0> = (671S QQF Ol)<p2(8 S 0161) = 0,

1 1
A+ 59 var) - (S@r Cogo)) - (14 59 - var1) - (S @F Coco) =

1 1
(s,lS RQF OO)(l + §Ud+1 . (p)(l + 5@ . ’UdJrl) . (S RQF OQE()) =

1
(5718 S C())(l + §(Ud+1 2 + (Y2 vdJrl)) . (S QF OQE()) =0

so Vp and V; are totally isotropic. O

Example 4.6.1. Consider the case d = 2. As in Example 4.4.1 there is exact
sequence

0 Flyg) «— S = 82 g2 2 g2 0 .

where

S = Flxo, yo, 2]/ (xoyo + Zg -1)

a = [z2—1,x0],

5 = 1[1—1—22 0 ]
2 Yo 1—2 |’
1| 1—20 —x9

T 5{ —Yo 1+22]'

Thus B+ =1, By =78 =0, hence 32 = 3, 2 = 7. Vj is the submodule of S?
spanned by columns of ~, Vjis the submodule of S? spanned by columns of 3 and

the form ¥ has matrix { _01 (1) ] :

1—|—22 i) T' O 1 . 1—|—2’2 Zo o
Yo 1—22 -1 0 Yo 1—22 o
|: 0 —y0$0—2’§+1 _

Yoxo + 25 — 1 0 =0
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Example 4.6.2. Interesting case of smallest dimension is the one for d = 6. Then
N=2m=3§,

S = F[zo, Y0, 1, Y1, 2, Y2, 26]/ (Toyo + T191 + T2y2 + 25 — 1).

Vo and V; are submodules of the free module S® spanned by columns of matrices

1— 2 0 0 0 —Y2 Y1 —Yo 0
0 1— Z6 0 0 —I1 —T2 0 Yo
0 0 1-— Z6 0 To 0 —XT2 Y1
6 o 1 0 0 0 1-— 26 0 To T Y2
o 5 —T2 —Y1 Yo 0 1+ 26 0 0 0
T —Y2 0 Yo 0 1+ 26 0 0
—X0 0 —Y2 Y1 0 0 1+ 26 0
L 0 X0 T X2 0 0 0 1+ 26 |
1+ 26 0 0 0 Y2 — Yo 0
0 1+ 26 0 0 €1 X9 0 —Yo
0 0 1+ Z6 0 —Xo 0 Io —Y1
- 1 0 0 0 1+ 26 0 —X0 —I1 —Y2
Y72 e ow —w 0 l-z 0 0 0
—x1 Y2 0 —%0 0 1— 2z 0 0
o 0 Y2 —Y1 0 0 1- 26 0
L 0 —Xo —I —XI2 0 0 0 1-— 26 i

which meet analogous conditions: 8+~ = 1, vy = v8 = 0. The symmetric
bilinear form on S8, which has V; and Vi as totally isotropic submodules has the
matrix

00 0 00 0 01
00 0 00 0 10
00 0 00 -1 00
00 0 01 0 00
00 0 10 0 00
00 -1 00 0 00
01 0 00 0 00
10 0 00 0 0 0]

5. WITT RING OF THE PROJECTIVE LINE.
d
Consider the ring S = F|[zg, 21, ..., zd]/(Z(—l)izi2 — 1) and the projective line
i=0
X =Pk = ProjS[to, t1]. By the Proposition 2.2, corollary 2.4 and Proposition 4.4
above, for d = 2 (mod 4) the group E+(X) has four elements:

B4 (X) = 2/22[0x] ® Z/22(2"[S"] - [Vo]) B H,

where X denotes the tensor product of inverse images by projections of X onto
SpecS and onto P*. We need to find a self-dual locally free sheaf M on X which
maps onto (2™~ LS — [Vp]) X H in ET(X) and a symmetric bilinear form on
M. Note that in K¢(X) the element (2"~ 1[S] — [Vy]) K H is the direct image of
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2m=1[§1] — [Vp] for immersion ¢ of a S-rational point Y into X since there is exact
sequence

0«— L*Oy — OX & Ox(—l) «—0

of sheaves (Oy = S). Twist does not change the sheaf ¢1,.Oy, since for arbitrary
integer k the sequence

0— 1,0y — Ox (k) &< Ox(k—1) 0

is exact.

d
Theorem 5.1. Ifd =2m, m = 4k + 3 and S = F|zg, 21, ...,zd]/(Z(—l)izf -1),
i=0
then there exists a vector bundle M on Pls and a symmetric bilinear form ¢ : M —
M” such that

(M, ) = (2™ 1[S] — [Vo]) K H.
In particular the Witt ring W (P}) is greater than the Witt ring W (9).

Proof. Let, like in Proposition 4.6, N = 2™. Fix a direct decompositions
SN =8N g SN2 =y e W

such that Vj is a totally isotropic subbundle of the hyperbolic space (SV,%). These
data define a symmetric formation (t,O¥,%; L*Og/z, t+Vo) in My in the sense of
[2]. This formation has a resolution (in the sense of Definition 15 p. 464 of [2] ) -
following commutative diagram with exact rows and columns:

0 0 0
1 1 1

0 — Ox(-DN?2 — (9;((—1)]\7/269(9§/2 — Ogﬂ - 0
1 Lh 1

0 — O§/2 _ (9;/2@0)((1)]\7/2 N OX(l)N/2 00
m 1

0 — L*O¢/2 — L*Og/Q@L*(Og/QA) — L*(O)]Y/QA) - 0
1 1 1
0 0 0

such that each column is a direct sum of resolutions 0 «— ¢,.Oy «— Ox (k) «—
Ox(k — 1) < 0 for appropriate integer k. Moreover, there is nonsingular O x (1)-
valued symmetric bilinear form

oY e ox(M)N? X (0¥ 0 0x(1)N?) @ 0x(1)

which reduces to X on ¢, O¥. The following is (with adjusted notation) the Lemma
16 of [2] with its proof:

Lemma 5.2. Let (r) be a resolution of a formation as above. Let M be the sub-
sheaf of Ogﬂ ® Ox(1)N/? defined by m=(Vy) (this means that M is the pullback
M = O e ox)N?
|
Vo — L*O)]Y/Q fa5) L*(O)]Y/QA)
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Then M is a locally free sheaf, and the restriction ¢ of of the form x to M

defines a non-singular symmetric bilinear form:

MXM—>Ox.

Proof. Since this is a local statement, the proof is the same as in [6] 7.3, p.

374. O

It

remains to compute (M, ¢). M is a product of Ogﬂ ® Ox(1)N/? and 1.V}

over L*Og/2 @ L*(Og/%). Thus in the group Ko(X)

N

il
2

3

[4

[5

6

(M) = [0F & Ox ()] + V0] = 1.0y @ 1. (07*)] =
N/2[0x] + N/2[0x(1)] + [Vo]([Ox] — [Ox (=1)])
— N/2([0x] = [Ox(-1)]) = N/2([0x(1)] - [Ox]) =
Vol([O0x] = [Ox (-1)]) + N/2[Ox (-1)] + N/2[Ox] =
N[Ox] + ([Vo] — N/2[Ox])H.
= 2443 5 even, so (M, ¢) = ([Vo] — 2™ 1) K H. O
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