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Abstract. In this paper it is demonstrated that the Kasparov KK-pairing is con-
tinuous with respect to the Salinas topology, so that a KK-equivalence is a homeo-

morphism. This result is then applied to strengthen the Universal Coefficient Theo-

rem for KK-theory. We show that KK∗(A, B) decomposes to three canonical groups
as topological groups. Each of these groups is determined (as topological groups) by

the groups K∗(A) and K∗(B).

Next, the special case of K∗(A) = KK∗(A, C) is considered. We compute this
topological group in terms of K∗(A). A typical result: if A is in the bootstrap cate-

gory and if K∗(A) is a torsion group, then K∗(A) is homeomorphic to the Pontryagin
dual of K∗(A). Finally, we show that the canonical short exact sequence

(*) 0 → K∗(A)t → K∗(A) → K∗(A)f → 0

formed by taking torsion subgroup and torsionfree quotient may be geometrically

realized at the level of C∗-algebras. That is, there is a short exact sequence of
C∗-algebras

0 → A ⊗K → Af → SAt → 0

whose associated K∗ long exact sequence realizes (*). This and the UCT imply that

if A is in the bootstrap category then there is a short exact sequence of topological
groups

0 → K∗(Af ) → K∗(A) → K∗(At) → 0

and similarly for KK∗(A, B) if K∗(B) is torsionfree.
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1. Introduction

This is the first of a series of papers in which the topological structure of the Kasparov
KK-groups, systematically studied first by Salinas [Sal], is developed and put to use. The
Kasparov groups KK∗(A,B), defined for separable C∗-algebras A and B, have been shown
to be powerful tools in the analysis of a wide variety of problems in functional analysis and
in topology. It is our hope that the “fine structure” of these groups will be of additional
help and, particularly, that it will be of use in the classification of separable nuclear simple
C∗-algebras.

Our story begins with the Universal Coefficient Theorem (UCT) of [RS], which asserts
that for A ∈ N , the bootstrap category,1 there is a natural short exact sequence

0→ Ext1Z(K∗(A), K∗(B))→ KK∗(A,B)
γ
−→ HomZ(K∗(A), K∗(B))→ 0

which splits unnaturally. The map γ is best thought of as the index map, and its kernel as
“secondary” information analogous to the J.F. Adams d and e-invariants respectively. In
our paper [S:D] we improved the splitting result of the UCT by showing that, under the
same hypotheses, the group KK∗(A,B) decomposes into three direct summands, namely
the group

HomZ(K∗(A), K∗(B))

which is the image of the map γ and carries index information; the group

lim
←−

Ext1Z(K∗(Ai), K∗(B)) ∼= Ext1Z(K∗(A), K∗(B))∧

which is the Z-adic completion of the group Ext1
Z
(K∗(A), K∗(B)); and

Pext1Z(K∗(A), K∗(B)) ∼= lim1

←−
HomZ(K∗(Ai), K∗(B))

the fine structure subgroup. (This decomposition is explained in detail in §5.)
N. Salinas has introduced a very natural topology upon the groups KK∗(A,B), de-

scribed here in §2. It turns out that KK∗(−,−) is a bifunctor to graded pseudometric
groups. The key result in this paper, Theorem 3.1, asserts that the KK-product is continu-
ous in each variable with respect to this topology. With this result in hand we demonstrate
that the decomposition of KK∗(A,B) into three parts described above is a decomposition
of topological groups, where the groups above are topologized as follows:

1The bootstrap category N [S:II, RS] is the smallest full subcategory of separable nuclear C∗-algebras

which contains all separable Type I C∗-algebras and which is closed under strong Morita equivalence,

direct limits, extensions, and crossed products by Z and R. We may also require that if J is an ideal of
A and if J, A ∈ N then so is A/J, and if A and A/J are in N then so is J. I conjectured at the 1975

Kingston conference (based upon no evidence at all) that perhaps every separable nuclear C∗-algebra is in
the bootstrap category. This question has taken on new importance in the last several years since it may

turn out that classification techniques will suffice for the bootstrap category. I believe that the conjecture

is still open and (still on no real evidence) remain hopeful that it may be correct. A weaker form of the
conjecture, that every separable nuclear C∗-algebra is KK-equivalent to a C∗-algebra in the bootstrap

category, would be enough to imply the UCT for (A, B) with A any separable nuclear C∗-algebra.
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1. The group HomZ(K∗(A), K∗(B)) is given the topology of pointwise convergence
(which reduces to the discrete topology if K∗(A) is finitely generated).

2. The group

lim
←−

Ext1Z(K∗(Ai), K∗(B)) ∼= Ext1Z(K∗(A), K∗(B))∧

is topologized as the inverse limit of the groups Ext1
Z
(K∗(Ai), K∗(B)), each of which has

the discrete topology.

3. The group

Pext1Z(K∗(A), K∗(B)) ∼= lim1

←−
HomZ(K∗(Ai), K∗(B))

is topologized as a quotient group of the topological group

∏

i

HomZ(K∗(Ai), K∗(B)).

The paper is organized as follows. In §2 we recall the definitions and basic properties of
the Salinas topology and establish some technical results needed further on. §3 contains
the proof of Theorem 3.1. As a consequence we show that KK-product by a KK-invertible
element is a homeomorphism. In §4 we establish that the boundary map in the KK long
exact sequence is continuous (in each variable) and verify that various topologies on the
components above are homeomorphic. In §5 we show that the index map γ is continuous
and open. Under bootstrap hypotheses we show in §6 that the canonical decomposition
of the KK-groups described above carries over to the context of topological groups. This
requires a careful analysis of topologies on the fine structure subgroup. The paper concludes
in §7 with an analysis of a special case, the group K∗(A) = KK∗(A,C). We show, for
instance, that if A ∈ N with K∗(A) a torsion group then K∗(A) is homeomorphic to the
Pontryagin dual of K∗(A). In the process of decoupling torsion-related from torsionfree-
related phenomena, we demonstrate a new geometric realization technique: given a C∗-
algebra A, there exist C∗-algebras At and Af and a short exact sequence

0→ A⊗ K → Af → SAt → 0

so that the associated K-theory sequence has the form

0→ K∗(At)→ K∗(A)→ K∗(Af )→ 0

with K∗(At) isomorphic to the torsion subgroup of K∗(A) and (hence) K∗(Af ) isomorphic
to the torsionfree quotient group of K∗(A). This leads for instance when A ∈ N to a short
exact sequence

0→ K∗(Af )→ K∗(A)→ K∗(At)→ 0.

It is a pleasure to acknowledge our dependence upon Salinas’s work [Sal]. Without it
this paper would not exist. We are grateful to Salinas, to Larry Brown, and to Chris
Phillips for helpful comments.



4 C. L. SCHOCHET

In this paper all C∗-algebras are assumed separable with the exception of those that
obviously are not (namely multiplier algebrasM(A) and their quotients). We also assume
that all C∗-algebras which appear in the first variable of KK∗(−,−) are nuclear, so that
the natural map

Ext∗(A,B)→ KK∗(A,B)

is an isomorphism; we declare it to be a homeomorphism and make this identification
without further comment. Some of the results below hold under non-nuclear hypotheses,
but most do not, and keeping track of the nuclearity hypothesis unduly complicates the
exposition. Homeomorphisms of topological groups are isomorphisms of groups which are
homeomorphisms as spaces.
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2. The Salinas topology

In this section we recall the definition and basic properties of the Salinas topology. Recall
from [Sal ] that the Salinas topology on the group KK1(A,B) is defined for A unital as
follows. Let K denote the compact operators.

Given a countable dense sequence of non-zero elements {ai} in A and extensions τ and
τ ′ regarded as maps

A −→M(B ⊗K)/B

let

µ(τ, τ ′) =

∞
∑

i=1

‖(τ − τ ′)ai‖

2i‖ai‖
.

This yields a complete metric on the set E(A,B) of extensions. Different dense sequences
yield equivalent metrics. Let Υ denote the natural quotient map

Υ : E(A,B) −→ KK1(A,B).

Given x, x′ ∈ KK1(A,B), define

µ(x, x′) = inf µ(τ, τ ′)

where the inf is taken over all τ ∈ x, τ ′ ∈ x′. Salinas shows [Sal, 3.1] that one obtains a
pseudometric on KK1(A,B) whose topology is independent of the choice of the sequence
{ai} and with respect to which KK1(A,B) is a topological group. It is easy to see that this
defines a functor to the category of topological groups and continuous homomorphisms in
each variable.

If A is not necessarily unital, let A+ denote the unitalization of A. Then there is a short
exact sequence

0→ KK1(C, B)→ KK1(A
+, B)→ KK1(A,B)→ 0

so KK1(A,B) is a quotient of the group KK1(A
+, B) and may be given the quotient

topology. Thus the Salinas topology is defined here as well. Finally, declaring suspension
in the A variable to be a homeomorphism, one obtains the structure of a Z/2-graded
topological group on KK∗(A,B).

Suppose that h : C → D is a homomorphism of C∗-algebras. Then there is an induced
map

h∗ : KK∗(A,C) −→ KK∗(A,D)

and hence the standard factorization of a homomorphism into a projection followed by an
inclusion

(2.1) KK∗(A,C) −→ Im(h∗) −→ KK∗(A,D)

(where in general Im(f) denotes the image of the map f) so that there are two natural
topologies upon Im(h∗), namely Im (h∗)quot, the topology induced as a quotient group
of KK∗(A,C) and Im (h∗)rel, the topology induced as a subgroup of KK∗(A,D). The
following proposition establishes that these two topologies coincide, at least when h : C →
D is an inclusion. The general case will be established as Theorem 4.3.
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Proposition 2.2. Suppose that h : C → D is an inclusion of C∗-algebras. Then the two
topologies induced upon Im(h∗) by the diagram

KK∗(A,C) −→ Im(h∗) −→ KK∗(A,D)

coincide. The analogous result also holds for the sequence

KK∗(D,B) −→ Im(h∗) −→ KK∗(C,B).

Proof. There is a continuous bijection

Im(h∗)quot −→ Im(h∗)rel

so it suffices to show that this is an open map. Elementary reasoning with quotient and
relative topologies implies that it suffices to prove that h∗ itself is open. Finally, it suffices
to consider the case ∗ = 1.

The map h : C → D is an isometry and it follows easily that the induced map

h� : E(A,C)→ E(A,D)

is also an isometry, so that E(A,C) has the relative topology as a subspace of Im E(A,D),
and h� is an open map. Consider the commuting diagram

E(A,C)
h�−−−−→ E(A,D)





y

ΥC





y

ΥD

KK1(A,C)
h∗−−−−→ KK1(A,D)

Suppose that U is an open subset of KK1(A,C). Then Υ−1
C (U) is open in E(A,C) and

(since h� is open) h�Υ
−1
C (U) is open in E(A,D). The map ΥD is also open, and thus

h∗(U) = ΥDh�Υ
−1
C (U)

is open, completing the proof in homology. The cohomology proof is quite similar. �

Proposition 2.3. Under the Salinas topology the group K∗(B) ∼= KK∗(C, B) is discrete.

Proof. It suffices to show that elements of E(C, B) which are sufficiently close are equivalent
in KK. An element τ ∈ E(C, B) is uniquely determined by the projection τ(1) ∈ M(B ⊗
K)/K and if the projections are sufficiently close then they do indeed determine the same
element of K0. �
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Remark 2.4.

The study of the topological structure of KK∗(A,B) was initiated by L. G. Brown,
R.G. Douglas, and P.A. Fillmore in their 1973 [BDF] announcement.2 They considered
the natural topology on K∗(A) (usually they concentrated upon K∗(C(X)); but it was
understood even then that commutativity was inessential), noted that 0 was not necessarily
closed in this topology, and used the fact that 0 was closed for X ⊂ C to demonstrate that
the set of bounded operators of the form (normal) + (compact) was norm-closed.

They also introduced the set PExt(X), defined as

PExt(X) = {x ∈ K1(C(X)) : f∗x = 0 ∀ f}

where f ranges over all continuous functions from X to an ANR.3 Writing X = lim
←−

Xn

where the Xn are finite complexes, they announced that

PExt(X) = Ker [K1(C(X))→ lim
←−

K1(C(Xn))].

Given Bott periodicity, the Milnor lim1

←−
sequence, and the UCT (none of which were

completely established in 1973), this was tantamount to proving that

PExt(X) ∼= Pext1Z(K0(X),Z).

Finally, they announced that

Ker [ γ∞ : K1(C(X))→ HomZ(K1(X),Z) ]

was the maximal compact subgroup of K1(C(X)). All of these results were announced in
[BDF] but not discussed in subsequent publication, except for the case X ⊂ C.

2At that time it was not known that

Ext∗(A) ∼= KK∗(A, C) = K∗(A),

but I shall use the K∗ notation for the convenience of the reader.
3The “P”stood for pathological, not pure, and thus the notation is serendipitous.
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3. Continuity of the KK-product

In this section we demonstrate Theorem 3.1, which asserts that the Kasparov KK-
pairing is continuous with respect to the Salinas topology on the Kasparov groups.

Theorem 3.1. Suppose that A, B, and D are C∗-algebras. Then the Kasparov product

KK∗(A,D)⊗KK∗(D,B)
⊗D−→ KK∗(A,B)

is continuous in each variable in the Salinas topology.

Proof. We shall show that for each y ∈ KK∗(A,D) the map

(3.2) y ⊗D (−) : KK∗(D,B)→ KK∗(A,B).

is continuous, and similarly, for each y ∈ KK∗(D,B) the map

(3.3) (−)⊗D y : KK∗(A,D)→ KK∗(A,B)

is continuous.4

The proof of Theorem 3.1 involves a detour. Suppose given a short exact sequence

(3.4) 0→ B
i
−→ E

p
−→ A→ 0

which is split. That is, there is a ∗-homomorphism s : A → E with ps = 1A. Then there
is a natural short exact sequence

(3.5) 0→ KK∗(E,B)
i∗−→ KK∗(E,E)

p∗−→ KK∗(E,A)→ 0

which is canonically split by the continuous map s∗.
The other splitting map

ts : KK∗(E,E) −→ KK∗(E,B)

depends upon s and is defined internally as follows. The element

[1E ]− [sp] ∈ KK0(E,E)

is in the kernel of the map p∗ of (3.5), since

p∗([1A]− [sp]) = p∗[1E ]− p∗[sp] = [p]− [psp] = [p]− [p] = 0

and hence there is a unique element

πs ∈ KK0(E,B)

4We have been told that separate continuity implies joint continuity under pseudometric hypotheses,

but we have been unsuccessful in tracking down this folk-theorem.
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called the splitting element such that

i∗(πs) = [1A]− [sp] ∈ KK0(E,E).

The splitting map
ts : KK∗(E,E) −→ KK∗(E,B)

is then defined by
ts(x) = x⊗E πs.

For example, if A is any C∗-algebra then it has a canonical unitalization A+ and short
exact sequence

0→ A
i
−→ A+ p

−→ C→ 0.

This has a canonical splitting map s : C→ A+ given by s(1C) = 1A+ . It is not the case in
general that A+ ∼= A⊕ C; this is true if and only if A is unital. Thus, in general there is
no retraction t : A+ → A of i. However, the section s gives rise to πs ∈ KK0(A

+, A) and
hence to a homomorphism

ts : K∗(A
+)→ K∗(A)

defined by
ts(x) = x⊗A+ πs.

Further,

i∗(tsi∗(x)) = i∗(i∗(x)⊗A+ πs)

= i∗(x)⊗A+ i∗(πs)

= i∗(x)⊗A+ (1A+ − [sp])

= i∗(x)

and since i∗ is mono, this implies that tsi∗ = 1 so that ts is a retraction of i∗.
Blackadar [Bl 17.8.3]5 shows that given an element x ∈ KK0(A,B), there exists a

separable C∗-algebra D, a C∗-map f : A→ D and a short exact sequence

0→ B → D → D/B → 0

which is split by a C∗-map s : D/B → B such that

(3.6) x = f∗(πs).

We may now resume the proof of Theorem 3.1. As suspension is a homeomorphism, it
suffices to consider the pairing

KK0(A,D)⊗KK0(D,B)
⊗D−→ KK0(A,B).

5The result is a consequence of the Cuntz quasihomomorphism picture of KK.
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First consider the pairing x ⊗D y for fixed x. One may assume that x = f ∗(πs) where
f : A→ E,

0→ D
i
→ E

p
→ E/D → 0

is a split extension, and πs ∈ KK0(E,D). Then

x⊗D y = f∗(πs)⊗D y

= f∗(πs ⊗D y)

= f∗(i∗[πs]⊗E i
∗y)

= f∗([1E ]− [sp])⊗E i
∗y)

= f∗([1E ]⊗E i
∗y)− f∗([sp]⊗E i

∗y)

= f∗i∗y − f∗(sp)∗i∗y

and so
x⊗D y = f∗i∗y − f∗(sp)∗i∗y

which is obviously continuous in the y-variable. This demonstrates that the pairing x⊗D y
is continuous in the y-variable.

A similar argument obtains in the other variable. Fix y ∈ KK0(D,B) and write y =
f∗(πs) for some f : D → E and split morphism πs ∈ KK0(E,B) associated to a split
short exact sequence

(3.7) 0→ B → E → E/B → 0.

Then
x⊗D y = x⊗D f∗(πs) = f∗(x)⊗E πs

and so

i∗(x⊗D y) = i∗(f∗(x)⊗E πs)

= f∗(x)⊗E i∗(πs)

= f∗(x)⊗E ([1E]− [sp])

= (1− s∗p∗)f∗(x)

and this shows that the composition

KK0(A,D)
(−)⊗Dy
−→ KK0(A,B)

i∗−→ KK0(A,E)

is continuous. The map

KK0(A,B)
i∗−→ KK0(A,E)

is the inclusion of a subgroup, since (3.7) is split exact. Proposition 2.2 shows that
KK∗(A,B) has the relative topology inside KK∗(A,E), and this implies that the map
(−)⊗D y is continuous. This completes the proof of Theorem 3.1. �
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Theorem 3.8. Suppose that C is KK-equivalent to C ′ via an invertible KK-class y ∈
KK0(C,C

′). Then for any C∗-algebra B the induced isomorphism

y ⊗C′ (−) : KK∗(C
′, B) −→ KK∗(C,B)

is a homeomorphism and for any C∗-algebra A the induced isomorphism

(−)⊗C y : KK∗(A,C)→ KK∗(A,C
′)

is a homeomorphism.

Proof. Let y′ ∈ KK0(C
′, C) be the KK-inverse of y. Then the map

y′ ⊗C (−) : KK∗(C,B) −→ KK∗(C
′, B)

is the inverse to the map y ⊗C′ (−). Both of these maps are continuous, by Theorem 3.1,
and that implies that the map y ⊗C′ (−) is a homeomorphism. The second part of the
theorem is proved similarly. �

Proposition 3.9.

(1) Suppose that

0→ J
i
−→ A

p
−→ A/J → 0

is a split short exact sequence with splitting s : A/J → A. Then there is a
homeomorphism of topological groups

KK∗(A,B) ∼= KK∗(J,B)⊕KK∗(A/J,B).

The continuous structural maps are given by

i∗ : KK∗(A,B) −→ KK∗(J,B),

s∗ : KK∗(A,B) −→ KK∗(A/J,B),

p∗ : KK∗(A/J,B) −→ KK∗(A,B),

and
πs ⊗J (−) : KK∗(J,B) −→ KK∗(A,B).

(2) Suppose that

0→ J
i
−→ B

p
−→ B/J → 0

is a split short exact sequence with splitting s : B/J → B. Then there is a
homeomorphism of topological groups

KK∗(A,B) ∼= KK∗(A, J)⊕KK∗(A,B/J).

with continuous structural maps which are analogous to the maps of Part (1).

Proof. (1): The algebraic isomorphism follows immediately from exactness properties of
the Kasparov groups, and three of the four structural maps are obviously continuous. The
real point is that the map πs ⊗J (−) also is continuous, which follows from Theorem 3.1.
The proof of (2) is similar. �

Note that whenever there is a homeomorphism G ∼= G1⊕G2 of topological groups then
the projection maps are open. We use this fact in the following theorem.
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Theorem 3.10. Suppose that {Aj} is a countable family of C∗-algebras. Then the natural
isomorphism of topological groups

ϕ : KK∗(⊕Aj , B) −→
∏

KK∗(Aj, B)

is a homeomorphism, where the right hand side is topologized as the topological product
of the topological groups KK∗(Aj , B).

Proof. The map ϕ is the product of the maps

ϕk : KK∗(⊕Aj , B) −→ KK∗(Ak, B)

induced by the canonical inclusions Ak → ⊕Aj , and the map ϕ is known to be an isomor-
phism, by work of J. Rosenberg [ RS 1.12]. Each map ϕk is continuous, and this implies
that the map ϕ is continuous.

It remains to show that the map ϕ is open, and for this it suffices to show that each ϕk
is open. This is indeed the case, by 3.9, since each sequence

0→ Ak → ⊕Aj → (⊕Aj)/Ak → 0

is split exact. �
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4. More Images and Kernels

Given a C∗-algebra map f : C → C ′, if [f ] ∈ KK0(C,C
′) is a KK-equivalence then

Theorem 3.8 implies that for all C∗-algebras A and B the map f induces homeomorphisms

f∗ : KK∗(A,C)→ KK∗(A,C
′)

and
f∗ : KK∗(C

′, B)→ KK∗(C,B).

In this section we demonstrate that certain maps have this property. We generalize Propo-
sition 2.2 to show that for any C∗-map h, Im (h∗)rel is homeomorphic to Im (h∗)quot. We
show that the boundary homomorphisms in KK-long exact sequences are given by in-
stances of the KK-pairing and hence are continuous. Finally, we introduce the natural
topology to the Milnor lim1

←−
sequence.

The following proposition is well-known and we include a proof only for convenience.

Proposition 4.1. Suppose given a short exact sequence of C∗-algebras

0→ J
i
−→ C

p
−→ C/J → 0.

Then:

(1) If C/J contractible, then [i] ∈ KK0(J, C) is canonically KK-invertible.

(2) If J is contractible, then [p] ∈ KK0(C,C/J) is canonically KK-invertible.

Proof. Suppose that C/J is contractible. There is a natural isomorphism

i∗ : KK0(C, J)→ KK0(C,C)

so define σ ∈ KK0(C, J) to be the unique element with

σ ⊗J [i] = i∗σ = [1C ].

Consider the commutative diagram

KK0(C, J)
i∗

−−−−→ KK0(J, J)




y

i∗





y

i∗

KK0(C,C)
i∗

−−−−→ KK0(J, C)

Computing, we have
i∗i
∗σ = i∗i∗σ = i∗[1C ] = [i] = i∗[1J ]

and since i∗ is an isomorphism, it follows that

[i]⊗C σ = i∗σ = [1J ]
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so that σ ∈ KK0(C, J) is a KK-inverse to [i] ∈ KK0(J, C). This demonstrates Part (1).
The proof of Part (2) is similar and uses σ ∈ KK0(C/J,C) with p∗σ = [1C ]. �

In preparation for the following proposition, we introduce some notation. For any
separable C∗-algebra E, let

bE ∈ KK1(E, SE)

be the Bott periodicity element. This element is the image of the universal Bott element

b ∈ KK1(C, SC) ∼= KK0(C,C) ∼= Z

under the canonical structural map

KK1(C, SC)→ KK1(E, SE).

Much of the following proposition is due to Kasparov [K, p. 566].

Proposition 4.2. Suppose that

(*) 0→ D′ → D
f
−→ D′′ → 0

is a short exact sequence of nuclear C∗-algebras. Then there exists a canonical class

∆ ∈ KK1(D
′′, D′)

such that for all C∗-algebras A the boundary homomorphism

δ : KK∗(A,D
′′)→ KK∗−1(A,D

′)

is given by
δ(x) = x⊗D′′ ∆

and for all C∗-algebras B the boundary homomorphism

δ : KK∗(D
′, B)→ KK∗−1(D

′′, B)

is given by
δ(y) = ∆⊗D′ y.

In particular, both boundary maps are continuous. Further, in each case the two possible
topologies on Im (δ) coincide. The class ∆ corresponds to the class of (*) under the
identification

Ext(D′, D′′)
∼=
−→ KK1(D

′′, D′).

Finally, if D is contractible then the class ∆ is KK-invertible.

Proof. The map f : D → D′′ has mapping cone sequence

0→ SD′′
ζ
−→ Cf → D → 0

and there is an associated homotopy-commutative diagram with exact rows and columns
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0




y

D′




y

η

0 −−−−→ SD′′
ζ

−−−−→ Cf −−−−→ D −−−−→ 0




y

id





y





y

f

0 −−−−→ SD′′ −−−−→ CD′′ −−−−→ D′′ −−−−→ 0




y

0

by [SIII 2.3], where CD′′, the cone of D′′, is contractible, and hence the natural inclusion
η : D′ → Cf is KK-invertible, by 4.1. Let η−1 ∈ KK0(Cf,D

′) denote its KK-inverse.
There is then a commuting diagram

KK∗(A,D
′′)

δ
−−−−→ KK∗−1(A,D

′)




y

(−)⊗D′′bD′′

x





(−)⊗Cfη
−1

KK∗−1(A, SD
′′)

(−)⊗SD′′ [ζ]−−−−−−−→ KK∗−1(A,Cf)

and each vertical map is a homeomorphism. Define

∆ = bD′′ ⊗SD′′ [ζ]⊗Cf (η−1) ∈ KK1(D
′, D′′).

Note that ∆ is determined uniquely by the class [f ] ∈ KK0(D,D
′′). The commutativity of

the diagram implies that δ(x) = s⊗D′′ ∆ as required. A similar argument in cohomology
shows that (for the same choice of ∆!)

δ(y) = ∆⊗D′ y.

Since KK-pairing with any element is continuous, by Theorem 3.1, it follows that the
boundary homomorphism in either variable is continuous.

There are obvious homeomorphisms

Im ( δ)rel ∼= Im (ζ)rel Im ( δ)quot ∼= Im (ζ)quot.

Proposition 2.2 shows that
Im (ζ)rel ∼= Im (ζ)quot

and hence
Im ( δ)rel ∼= Im ( δ)quot



16 C. L. SCHOCHET

as desired. This establishes the proposition in the second variable. The proof in the first
variable is similar.

Finally, suppose that D is contractible. Then ζ is KK-invertible, by 4.1(1). Since
the Bott element and η−1 are also KK-invertible and the KK-pairing is associative, this
implies that ∆ is KK-invertible.

�

Next we wish to generalize Proposition 2.2 to the situation where h : C → D is any
C∗-map.

Theorem 4.3. Suppose that h : C → D is a map of C∗-algebras. Then the two topologies
induced on the group Im(h∗) by the diagram

KK∗(A,C) −→ Im(h∗) −→ KK∗(A,D)

coincide. That is, the identity map is a homeomorphism

Im(h∗)quot ∼= Im(h∗)rel.

The analogous result also holds for the induced map

KK∗(D,B) −→ Im(h∗) −→ KK∗(C,B).

Proof. If h is an inclusion then we are done by (2.2). In general there is a short exact
mapping cone sequence

0→ SD
ι
−→ Ch

π
−→ C → 0

and, taking mapping cones again, a commutative diagram with exactness as shown:

0




y

SC
−Sh
−−−−→ SD

ι
−−−−→ Ch





y

id





y

ζ





y

id

0 −−−−→ SC
θ

−−−−→ Cπ −−−−→ Ch −−−−→ 0




y

CC




y

0

The map ζ is a KK-equivalence, by 4.1(1). Thus −Sh, the negative of the suspension of
the map h, factors as the “composite”

SA
θ
−→ Cπ

ζ
←− SD
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where the wrong-way map ζ is a KK-equivalence. The map θ is an inclusion of C∗-algebras
and so (2.2) applies to it, whereas the map

Cπ
ζ
←− SD

is KK-invertible and thus, up to homeomorphism, may be ignored. Then use the associa-
tivity of the KK-product to complete the result. �

Corollary 4.4. Suppose that h : C → D is a map of C∗-algebras and the induced map

h∗ : KK∗(A,C)→ KK∗(A,D)

is an inclusion. Then the relative topology on KK∗(A,C) induced from KK∗(A,D) coin-
cides with the Salinas topology on KK∗(A,C). Similarly, if

h∗ : KK∗(D,B)→ KK∗(C,B)

is an inclusion then the analogous result holds. �

Next we “topologize” the Milnor lim1

←−
sequence.

Recall that given a sequence of C∗-algebras Ai withA = lim
−→

Ai then the Milnor sequence

is a short exact sequence

(4.5) 0→ lim1

←−
KK∗(Ai, B)

σ
−→ KK∗(A,B)

ρ
−→ lim

←−
KK∗(Ai, B)→ 0

(with ρ of degree zero and σ of degree one) which is natural in the obvious senses.

Theorem 4.6. Suppose given a sequence of C∗-algebras Ai with A = lim
−→

Ai. Then in

the resulting lim1

←−
sequence,

(1) The topology on lim
←−

KK∗(Ai, B) induced by viewing it as a subgroup of
∏

KK∗(Ai, B)

is the same as the topology induced by viewing it as a quotient group ofKK∗(A,B).

(2) The topology on lim1

←−
KK∗(Ai, B) induced by regarding it as a quotient group

of
∏

KK∗(Ai, B) coincides with the relative topology on it as a subgroup of
KK∗(A,B).

Proof. To verify this result we review the proof of the lim1

←−
theorem for a cohomology

theory h∗ as given in [S:III, 7.1], with

h∗(A) = KK∗(A,B).

Let T denote the (contractible) mapping telescope of the sequence {Ai} with associated
exact sequence

0→ J → T
e
−→ A→ 0,
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pullback diagram
J −−−−→ ⊕∞0 M2i




y





y

⊕∞0 M2i+1 −−−−→ ⊕∞0 Ai,

and for each i a natural equivalence Mi → Ai which induces a homeomorphism on KK.
Since T is contractible the boundary homomorphism

δ : hn−1(J)→ hn(A)

is given by pairing with a KK-invertible element (by 4.2) and thus is a homeomorphism.
The Mayer-Vietoris Theorem produces a long exact sequence

· · · → hn−1(J)
δ
−→ hn(⊕Ai)

φn
−→ hn(⊕M2i)⊕ h

n(⊕M2i+1)→ hn(J)→ . . .

and thus (since δ is a homeomorphism) a sequence

· · · → hn(A)→
∏

hn(Ai)
Ψ
−→

∏

hn(Ai)→ hn+1(A)→ . . .

The associated sequence

(4.7) 0→ CokΨn−1 → hn(A)→ KerΨn → 0

is the lim1

←−
sequence (4.5). The identification of the sequence 4.6 with the sequence 4.7

and the application of Theorem 4.3 makes it clear that the various topologies agree, so the
proof is complete. �
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5. Continuity and the UCT

In this section we verify that the structural maps of the Universal Coefficient Theorem are
continuous and that the splitting maps of [RS] are also continuous. We then show that
the decomposition of the KK-groups into three summands mentioned in the Introduction
is a topological decomposition.

The Kasparov pairing gives a natural map

γ : KK∗(A,B)→ HomZ(K∗(A), K∗(B))

defined by
γ(y)(x) = x⊗A y

where the natural identifications

KK∗(C, A) ∼= K∗(A) KK∗(C, B) ∼= K∗(B)

are made without further comment. We wish to topologize HomZ(K∗(A), K∗(B)) so as
to be consistent with the Salinas topology, and the natural way to do this is to regard
K∗(A) and K∗(B) as discrete (as stipulated by Proposition 2.3) and to use the topology
of pointwise convergence on HomZ(K∗(A), K∗(B)). Assume this topology as given hence-
forth. Note that under this topology the group
HomZ(K∗(A), K∗(B)) is metrizable: it is a subset of the metrizable space
∏∞

1 K∗(B) where K∗(B) is given the discrete topology and the product topology is used
on the product. If K∗(A) is finitely generated then HomZ(K∗(A), K∗(B)) is discrete, but
in general this is not the case. For instance,

HomZ(⊕∞1 (Z/2), Z/2) ∼=

∞
∏

1

HomZ(Z/2,Z/2) ∼=

∞
∏

1

Z/2

is a Cantor set.

Proposition 5.1. The natural map

γ : KK∗(A,B)→ HomZ(K∗(A), K∗(B))

is continuous and open. Thus if γ is an isomorphism then it is a homeomorphism.

Proof. Suppose that yα is a net in KK∗(A,B) which converges to y ∈ KK∗(A,B). Then
for each x ∈ K∗(A),

γ(yα)(x) = x⊗A y
α

is a net in K∗(B) which converges to

γ(y)x = x⊗B y ∈ K∗(B)

since the map x⊗B (−) is continuous by Theorem 3.1. Thus γ(yα) converges pointwise to
γ(y) as desired. So γ is continuous.

To complete the proof, it suffices to prove that γ is open, and this, it turns out, has
little to do with KK. It is evident that the following lemma implies the result.
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Lemma 5.2. Suppose that T is a topological abelian group, G and H are discrete abelian
groups, and HomZ(G,H) is given the topology of pointwise convergence. Then any con-
tinuous homomorphism

γ : T → HomZ(G,H)

is open.

Proof. Let

β : HomZ(G,H)→
∏

G

H

be defined by (β(φ))g = φ(g). The map β is obviously an inclusion and it is also continuous,
where

∏

GH is given the product topology. For each g ∈ G the function

γ(−)(g) : T → H

is continuous and open (since H is discrete!) and this implies that the map βγ is open.
Let U ⊆ T be an open set in T . Then βγ(U) is open in

∏

GH, and (since β is continuous),
the set β−1βγ(U) is open in HomZ(G,H). However,

β−1βγ(U) = γ(U)

since β is an inclusion, so γ(U) is open, which completes the proof of the lemma. �

Next we compare two possible topologies upon Ext1
Z
(K∗(A), K∗(B)):

(1) The relative topology in the situation where (via the UCT) the group is a subgroup
of KK∗(A,B).

(2) The quotient topology obtained from regarding Ext as a quotient group of a related
Hom group.

Proposition 5.3. Suppose that A is in the bootstrap category N and the sequence

0→ I0 → I1 → SB → 0

is a geometric injective resolution of K∗(B).6 Then the relative topology induced upon
Ext1

Z
(K∗(A), K∗(B)) from its presence as a subgroup of KK∗(A,B) coincides with the

quotient topology induced upon it as a quotient of HomZ(K∗(A), K∗(I1)).

6That is, I0 is an ideal in I1 and the resulting K-theory long exact sequence degenerates into an
injective resolution of K∗(B) of the form

0 → K∗(B) → K∗(I0) → K∗(I1) → 0.
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Proof. Consider the natural commuting diagram

(5.4)

0




y





y

KK∗(A,B)
γ

−−−−→ HomZ(K∗(A), K∗(B))




y

f̂∗





y

f∗

KK∗(A, I0)
γ0

−−−−→ HomZ(K∗(A), K∗(I0))




y

ĝ∗





y

g∗

KK∗(A, I1)
γ1

−−−−→ HomZ(K∗(A), K∗(I1))




yδ̂





y

δ

KK∗(A,B) −−−−→ Ext1
Z
(K∗(A), K∗(B))





y

f̂∗





y

0

The maps γ1 and γ0 are isomorphisms, by the UCT, and thus homeomorphisms, by 5.1.
The left column is exact by exactness properties of the Kasparov groups, and the right
column is exact by the usual Hom-Ext exact sequence. Using Theorem 4.3 to identify
relative and quotient topologies on maps, there is a sequence of homeomorphisms

Ext1Z(K∗(A), K∗(B))quot ∼= Cok (g∗) ∼= Cok (ĝ∗)

(since γ0 and γ1 are homeomorphisms)

∼= Im (δ̂) ∼= Ext1Z(K∗(A), K∗(B))rel

as desired. �

Theorem 5.5. Suppose that A ∈ N . Then each of the splittings of the Universal Coeffi-
cient Theorem constructed in [RS] is continuous, and the resulting algebraic isomorphism

(5.6) KK∗(A,B) ∼= HomZ(K∗(A), K∗(B))⊕ Ext1Z(K∗(A), K∗(B))

is a homeomorphism.

Proof. The splittings are constructed as follows. Choose KK-equivalences

A ≈ A0 ⊕ A1 B ≈ B0 ⊕ B1.

with
Ki(Aj) = Ki(Bj) = 0 i 6= j
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Then the UCT breaks down into the direct sum of four sequences and since a KK-
equivalence is a homeomorphism it is enough to consider one of these cases, say A0, B0.
So assume that A = A0 and B = B0. Then there is only one situation where γ 6= 0,
namely

γ : KK0(A,B) −→ HomZ(K∗(A), K∗(B))0 ∼= HomZ(K0(A), K0(B))

is an isomorphism, and it is a homeomorphism by 5.1. So Γ = γ−1 is a continuous splitting.
To prove that the algebraic isomorphism (5.6) is a homeomorphism it suffices to show

that the natural projection

(5.7) 1− Γγ : KK∗(A,B)→ Ext1Z(K∗(A), K∗(B))

is continuous. Certainly it is continuous as a homomorphism with values in the group
KK∗(A,B). Since the group Ext1

Z
(K∗(A), K∗(B)) has the relative topology in KK∗(A,B)

by 5.3, the map 5.7 is also continuous. This completes the proof. �

We wish to show that all of the standard sequences split continuously. For this we need
to recall the definition of a KK-filtration from [S:D].

Definition. A KK-filtration of a separable C∗-algebra A is an increasing sequence of
commutative C∗-algebras

A0 ↪→ A1 ↪→ A2 ↪→ . . .

which satisfies the following conditions:

(1) A+
i
∼= C(Xi) for some finite CW -complex Xi.

(2) Each map K∗(Ai)→ K∗(Ai+1) is an inclusion.

(3) lim
−→

Ai is KK-equivalent to A.

It follows that each K∗(Ai) is finitely generated and that

lim
−→

K∗(Ai) ∼= K∗(A)

so that the sequence {K∗(Ai)} is an increasing sequence of finitely generated subgroups
with limit K∗(A). Since the UCT is preserved under KK-equivalence, it follows that any
KK-filtered C∗-algebra A satisfies the UCT for all B. We show [S:D Theorem 1.5] that
each A ∈ N has a KK-filtration and that the filtration is unique in the sense that groups
such as

lim1

←−
HomZ(K∗(Ai), K∗(B))

which a priori depend upon a choice of KK-filtration, in fact depend only upon K∗(A)
and are independent of choice of KK-filtration.

Theorem 5.8 [S:D Theorem 1.6]. Suppose that A has KK-filtration {Ai} Then the
following diagram
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(5.9)
0




y

0 lim
←−

Ext1
Z
(K∗(Ai), K∗(B))





y





y

lim
←−

δi

0 −→ lim1

←−
KK∗(Ai, B)

σ
−→ KK∗(A,B)

ρ
−→ lim

←−
KK∗(Ai, B) −→ 0





y

ψ





y

id





y

γ̃

0 −→ Ext1
Z
(K∗(A), K∗(B))

δ
−→ KK∗(A,B)

γ
−→ HomZ(K∗(A), K∗(B)) −→ 0





y

ϕ





y

lim
←−

Ext1
Z
(K∗(Ai), K∗(B)) 0





y

0

is commutative, is natural with respect to A and B and has exact rows and columns. Each
of the groups is independent of choice of KK-filtration and depends only upon K∗(A)
and K∗(B). Further, each short exact sequence splits and these splittings are mutually
coherent.7

To show that the splittings are continuous, we must first stipulate the topology on each
of the groups involved.

The group lim
←−

KK∗(Ai, B) is topologized as the inverse limit of the groups KK∗(Ai, B),

each of which has the Salinas topology.

The group lim
←−

Ext1
Z
(K∗(Ai), K∗(B)) is topologized as the inverse limit of the groups

Ext1
Z
(K∗(Ai), K∗(B)), each of which is topologized via the relative topology in the group

KK∗(Ai, B), so that the maps lim
←−

δi, γ̃, and ϕ in diagram 5.9 are continuous.

The group lim1

←−
KK∗(Ai, B) has the relative topology as a subgroup via the map σ,

which is thus continuous by definition. It follows that ψ also is continuous.

Corollary 5.10. With the notation and hypotheses of (5.8), each of the splittings con-
structed is continuous.

Proof. Consider each splitting in turn. The splittings are given in [S:D] as follows:

(1) γ̃ is split by Γ̃ = ρΓ, each of which is continuous, so Γ̃ is continuous.

(2) ρ is split by P = Γγ̃, a composite of continuous functions.

7However, the splittings are not natural with respect to the pair (A, B).



24 C. L. SCHOCHET

(3) σ is split by Σ = 1 − Pρ. The map σΣ is obviously continuous as a self-map of
KK∗(A,B) and, since lim1

←−
KK∗(Ai, B) has the relative topology, Σ is continuous.

(4) ψ is split by Ψ = Σδ, a composite of continuous maps.

Thus each splitting is continuous. �
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6. Topologies on the fine structure subgroup

In this section we demonstrate that several possible topologies on the fine structure group

lim1

←−
HomZ(K∗(Ai), K∗(B))

are homeomorphic. This technical result leads to a strengthening of the main decompo-
sition theorem of [S:D]: under bootstrap hypotheses, the group KK∗(A,B) decomposes
into the direct sum of three groups, as topological groups.

Suppose that G is a countable abelian group written as the union of an increasing
sequence of finitely generated subgroups

G1
ξ1
−→ G2

ξ2
−→ G3 −→ · · · −→ G.

C.U. Jensen [J] shows that there is a natural isomorphism

(6.1) lim1

←−
HomZ(Gi, H) ∼= Pext1Z(G,H)

where Pext1
Z
(G,H) is the subgroup of Ext1

Z
(G,H) of pure extensions.8

In the presence of the UCT, there are two ways in which the fine structure group
lim1

←−
HomZ(K∗(Ai), K∗(B)) may be regarded as a subgroup of KK∗(A,B). The first is

via the map σ in diagram (5.9), which arises from the lim1

←−
sequence. The second is via

(6.1) and the identification of Pext as a subgroup of Ext. It is an exercise (using the proof
of (6.1)) to demonstrate that these two inclusions are the same, so that one may speak of
the topological group

lim1

←−
HomZ(K∗(Ai), K∗(B))rel

with no ambiguity, and the identity map is a natural homeomorphism

(6.2) lim1

←−
HomZ(K∗(Ai), K∗(B))rel ∼= Pext1Z(K∗(A), K∗(B))rel.

We shall show in 6.9 that this topology coincides with the topology induced upon lim1

←−

as a quotient of
∏

i

HomZ(K∗(Ai), K∗(B))

via the Eilenberg identification.

8An extension of abelian groups
0 → H → K → G → 0

is pure provided that
nH = H ∩ nK

for each natural number n (in which case H is said to be a pure subgroup of K). Any split extension is
pure. The torsion subgroup of a group is always pure but not always a direct summand. See Fuchs [FI]

for much more information.
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Define

(6.3) αn = (−1)nξn : Gn → Gn+1.

Lemma 6.4. Define φn : Gn → Gn by

φ4n = φ4n+1 = id φ4n+2 = φ4n+3 = −(id)

Then
φ : {Gn, ξn} −→ {Gn, αn}

is an isomorphism of filtered abelian groups, and

G ∼= lim
−→
{Gn, ξn} ∼= lim

−→
{Gn, αn}

Proof. A direct and elementary check shows that the diagram

G4n
ξ4n
−−−−→ G4n+1

ξ4n+1

−−−−→ G4n+2
ξ4n+2

−−−−→ G4n+3
ξ4n+3

−−−−→ G4n+4




y

1





y

1





y

−1





y

−1





y

1

G4n
ξ4n−−−−→ G4n+1

−ξ4n+1

−−−−−→ G4n+2
ξ4n+2

−−−−→ G4n+3
−ξ4n+3

−−−−−→ G4n+4

commutes, so that φ is a map of filtered abelian groups. Since φ2 = id, the lemma is
proved. �

Define ζk : Gk → ⊕Gi by

ζk(xk) = (0, 0, . . . , xk, αk(xk), 0, . . . )

and let ζ = ⊕ζk : ⊕Gi → ⊕Gi.Then there is a pure short exact sequence

(6.5) 0→ ⊕Gi
ζ
−→ ⊕Gi −→ G→ 0.

Finitely generated groups play the role of projectives for Pext, and hence

(6.6) Pext1Z(G,H) ∼= Cok[HomZ(⊕Gi, H)
ζ∗

−→ HomZ(⊕Gi, H)].

Recall that given an inverse sequence Ki+1
κi−→ Ki of abelian groups, the group lim1

←−
Ki

has been characterized by Eilenberg as follows. Let

Ψ :
∏

i

Ki →
∏

i

Ki

be defined by

(6.7) Ψ((ki)) = ((ki − κ(ki+1)).

and then there is a natural isomorphism

lim1

←−
Ki
∼= Cok(Ψ).
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Lemma 6.8. Let G be a countable abelian group written as a union of finitely generated
subgroups Gi, and let H be an abelian group. Define α as in (6.3 ) and Ψ as in (6.7).
Then for each k,

α∗k = (−1)kΨk :
∏

i

HomZ(Gi, H) −→ HomZ(Gk, H).

Further,
Cok(Ψk) ∼= Cok(α∗k).

for each k, and thus
Cok(Ψ) ∼= Cok(α∗).

Proof. Let (fi) ∈
∏

i HomZ(Gi, H). Then

(α∗)k(fi) = (−1)kfk + (−1)k+1fk+1ξk = (−1)k(fk − fk+1ξk) = (−1)kΨk.

�

This is enough to prove the theorem.

Theorem 6.9. The topology on lim1

←−
HomZ(K∗(Ai), K∗(B)) obtained as a subgroup of

KK∗(A,B) coincides with the topology obtained from the quotient map
∏

HomZ(K∗(Ai), K∗(B)) −→ lim1

←−
HomZ(K∗(Ai), K∗(B)).

Proof. Consider the following diagram:

∏

HomZ(K∗(Ai), K∗(B))
Ψ
−→

∏

HomZ(K∗(Ai), K∗(B))




y

1





y

Q

(−1)k

∏

HomZ(K∗(Ai), K∗(B))
α∗

−→
∏

HomZ(K∗(Ai), K∗(B))




y

1





y

1

∏

HomZ(K∗(Ai), K∗(B))
ξ∗

−→
∏

HomZ(K∗(Ai), K∗(B))




y

∼=





y

∼=

HomZ(⊕K∗(Ai), K∗(B))
ζ∗

−→ HomZ(⊕K∗(Ai), K∗(B))

The top square commutes up to sign, as noted, and the other squares commute, and each
vertical map is the natural isomorphism. Thus

lim1

←−
HomZ(K∗(Ai), K∗(B))quot ∼= Cok(Ψ)

∼= Cok(ζ∗)

∼= Pext1Z(G,K∗(B))quot

Thus there are homeomorphisms
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lim1

←−
HomZ(K∗(Ai), K∗(B))quot ∼= Pext1Z(G,K∗(B))quot

∼= Pext1Z(G,K∗(B))rel by the argument of 5.3

∼= lim1

←−
HomZ(K∗(Ai), K∗(B))rel by 6.2

as desired. �

Corollary 6.10. Suppose that Ai is a KK-filtration of A ∈ N . Then the natural isomor-
phism

lim1

←−
γi : lim1

←−
KK∗(Ai, B) −→ lim1

←−
HomZ(K∗(Ai), K∗(B))

is a homeomorphism.

Proof. The map is an isomorphism by (5.9) and it is continuous, so it suffices to prove
that the map lim1

←−
γi is an open map. Each map

γi : KK∗(Ai, B)→ HomZ(K∗(Ai), K∗(B))

is open, by 5.1 and thus the map
∏

γi is open in the commutative diagram

∏

KK∗(Ai, B)
Q

γi
−−−−→

∏

HomZ(K∗(Ai), K∗(B))




y

Ψ





y

Ψ′

∏

KK∗(Ai, B)
Q

γi
−−−−→

∏

HomZ(K∗(Ai), K∗(B))




y

π





y

π′

lim1

←−
KK∗(Ai, B)

lim1

←−

γi

−−−−→ lim1

←−
HomZ(K∗(Ai), K∗(B))





y





y

0 0

The maps π and π′ are continuous and open quotient maps. This shows that (lim1

←−
γi)π is

open, which implies that lim1

←−
γi is open. �

We have thus established the strengthening of the decomposition theorem of [S:D The-
orem 3.1].

Theorem 6.11. Suppose that A has KK-filtration {Ai}. Then KK∗(A,B) is (unnatu-
rally) homeomorphic to the direct sum of three topological groups, namely:

(1) The group HomZ(K∗(A), K∗(B)), which stores index information;
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(2) The group lim
←−

Ext1
Z
(K∗(Ai), K∗(B)), which is the Z-adic completion of Ext1

Z
(K∗(A), K∗(B));

(3) The group

lim1

←−
HomZ(K∗(Ai), K∗(B)) ∼= Pext1Z(K∗(A), K∗(B)),

which is the fine structure group. It is the closure of zero in KK∗(A,B) in the
Salinas topology.

Each of these groups depends only upon K∗(A) and K∗(B). �
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7. Geometric Resolutions and K∗(A)

In this section we assume that A ∈ N and focus attention upon the functor

K∗(A) = KK∗(A,C).

We produce a geometric separation of the torsion and torsion-free parts of K∗(A). More
precisely, we demonstrate that given a C∗-algebra A, there are C∗-algebras At and Af such
that K∗(At) is isomorphic to K∗(A)t, the torsion subgroup of K∗(A), and that K∗(Af ) is
isomorphic to K∗(A)f , the torsionfree quotient of K∗(A). Further, there is a short exact
sequence of C∗-algebras

0→ A⊗ K → Af → SAt → 0

whose K∗-long exact sequence is up to isomorphism just the natural sequence

0→ K∗(A)t → K∗(A)→ K∗(A)f → 0.

In addition, At has a p-primary decomposition: it is KK-equivalent to the C∗-algebra
⊕pAp, where K∗(Ap) is isomorphic to the p-primary torsion subgroup of K∗(A).

If one also assumes that A ∈ N then so are At and Af , and a UCT argument shows
that there is a short exact sequence

0→ K∗(Af )→ K∗(A)→ K∗(At)→ 0

and, more generally,

0→ KK∗(Af , B)→ KK∗(A,B)→ KK∗(At, B)→ 0

when K∗(B) is torsionfree. Thus, at least up to group extension, one may concentrate
upon the cases of K∗(A) torsion and torsionfree separately.

We start this section with that problem, and we show, for instance, that if K∗(A) is
torsion with A ∈ N then K∗(A) is homeomorphic to the Pontryagin dual of K∗(A).

The first proposition is an immediate consequence of the UCT and is a restatement of
6.11 in this case.

Proposition 7.1. Let A ∈ N . Then there is a short exact sequence

(7.2) 0→ Ext1Z(K∗(A),Z)→ K∗(A)→ HomZ(K∗(A),Z)→ 0

which splits unnaturally. Further, the group Ext1
Z
(K∗(A),Z) fits into a natural short exact

sequence

(7.3) 0→ Pext1Z(K∗(A),Z)→ Ext1Z(K∗(A),Z)→ lim
←−

Ext1Z(K∗(Ai),Z)→ 0

which splits unnaturally, for any KK-filtration {Ai}. The group K∗(A) is (unnaturally)
homeomorphic to the direct sum of three topological groups:

K∗(A) ∼= HomZ(K∗(A),Z)⊕ lim
←−

Ext1Z(K∗(Ai),Z)⊕ Pext1Z(K∗(A),Z).
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�

Next we consider some important special cases.
Any abelian group G has a canonical decomposition of the form

0→ Gt → G→ Gf → 0

where Gt is the torsion subgroup of G and Gf = G/Gt is the maximal torsionfree quotient
group of G. Note that for any abelian group G,

HomZ(G,R) ∼= HomZ(Gf ,R)

and this group is zero if and only if Gf = 0.9 In a similar vein, note that

HomZ(G,Z) = 0

if and only if G has no free direct summand.10

We use this information in the following theorem. Let X(G) denote the Pontryagin dual
of the topological group G.

Theorem 7.4. Suppose that A ∈ N and that K∗(A) has no free direct summand. Then
there is a natural short exact sequence of topological groups

(*) 0→ HomZ(K∗(A),R)→ X(K∗(A))
χ
−→ K∗(A)→ 0.

The map
χ : X(K∗(A)) −→ K∗(A)

is a degree one continuous open surjection. It is a homeomorphism if and only if K∗(A) is
a torsion group.

To be explicit about the grading,

χ : X(Kj(A)) −→ Kj−1(A)

which is the usual shift in parity as torsion phenomona move from homology to cohomology.

9If Gf 6= 0 then the map Gf → Gf ⊗ R ∼= ⊕αR is mono and so the map

Gf → Gf ⊗ R ∼= ⊕αR
pβ
−→ R

must be nontrivial for some β.
10If φ : G → Z is a nontrivial homomorphism then there is an exact sequence

0 → Ker(φ) → G → Im(φ) → 0

which splits since Im(φ) ∼= Z is free.
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Proof. The remarks preceeding the statement of the Theorem show that under the hy-
potheses given the UCT degenerates to the homeomorphism

Ext1Z(K∗(A),Z)
∼=−→ K∗(A)

so it suffices to compute Ext. In general the short exact sequence

0→ Z→ R→ R/Z→ 0

yields a long exact sequence

HomZ(K∗(A),Z)→ HomZ(K∗(A),R)→ X(K∗(A))→ Ext1Z(K∗(A),Z)→ 0.

As K∗(A) has no free direct summand, this degenerates to

0→ HomZ(K∗(A),R)→ X(K∗(A))→ Ext1Z(K∗(A),Z)→ 0.

Using the UCT, one obtains sequence (*). The map χ is the composite of the UCT map
and a natural homeomorphism. The rest of the Theorem is immediate. �

The second case considers the other extreme.

Proposition 7.5. Suppose that A ∈ N and that K∗(A) is torsionfree. Then there is a
natural sequence of topological groups

(7.6) 0→ Pext1Z(K∗(A),Z)→ K∗(A)→ HomZ(K∗(A),Z)→ 0

which splits unnaturally as topological groups.

Proof. Each group K∗(Ai) is free abelian, and so

Ext1Z(K∗(Ai),Z) = 0

for each i. Sequence 7.6 is then immediate from 7.2 and 7.3. �

The following theorem demonstrates that the sequence

0→ Gt → G→ Gf → 0

may be produced geometrically at the level of K-theory.

Theorem 7.7. Suppose that A is a C∗-algebra. Then there is an associated C∗-algebra
At ∈ N , a separable C∗-algebra Af , and a short exact sequence

(7.8) 0→ A⊗ K → Af → SAt → 0

whose induced K-theory long exact sequence fits into the commuting diagram

(7.9)

0 −−−−→ K∗(At) −−−−→ K∗(A⊗ K) −−−−→ K∗(Af ) −−−−→ 0




y

∼=





y

∼=





y

∼=

0 −−−−→ K∗(A)t −−−−→ K∗(A) −−−−→ K∗(A)f −−−−→ 0.
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If A is nuclear then so is Af . If A ∈ N then so is Af .

Proof. Choose some At ∈ N with

K∗(At) ∼= K∗(A)t

the torsion subgroup of K∗(A). (The C∗-algebra At is unique up to KK-equivalence by
the UCT.) Let

φ : K∗(At) −→ K∗(A)

be the corresponding homomorphism. Since At ∈ N the UCT holds for the pair (At, A)
and so

φ = γ(τ)

for some
τ ∈ KK0(At, A).

As At is nuclear,
KK0(At, A) ∼= Ext(SAt, A)

and hence τ is the class of an extension of C∗-algebras

0→ A⊗ K → E → SAt → 0.

Define Af = E. (This choice depends upon the choice of At among its KK-equivalence
class, the choice of τ modulo Ker(γ) and the choice of representative for τ .) Then the
diagram

Kj(SAt)
δ

−−−−→ Kj−1(A⊗ K)




y

∼=





y

∼=

Kj−1(At)
φ

−−−−→ Kj−1(A)

commutes, and thus δ is mono and the K∗-sequence breaks apart as shown. �

Corollary 7.10. Under the notation and hypotheses of Theorem 7.7, At isKK-equivalent
to a C∗-algebra ⊕Ap, where

K∗(Ap) ∼= K∗(A)p

the p-primary torsion subgroup of K∗(A).

Proof. For each prime p, choose Np ∈ N with K1(Np) = 0 and

K0(Np) ∼= Zp

the integers localized at p. Define

Ap = At ⊗Np.

The Künneth formula [S:II] implies that

K∗(Ap) ∼= K∗(At)⊗ Zp
∼= K∗(A)p

as desired. Then

K∗(⊕pAp) ∼= ⊕pK∗(Ap) ∼= ⊕pK∗(A)p ∼= K∗(At)

and another use of the UCT implies that At is KK-equivalent to ⊕pAp. �

Next we use the existence of the splitting of Theorem 7.7 to study the group K∗(A).
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Theorem 7.11. Suppose that A ∈ N with associated C∗-algebras At and Af satisfying
the conclusions of (7.7). Then the natural maps induce a short exact sequence

0→ K∗(Af )→ K∗(A)→ K∗(At)→ 0.

More generally, if in addition one is given a C∗-algebra B such that K∗(B) is torsionfree,
then the natural maps induce a short exact sequence

(7.12.) 0→ KK∗(Af , B)→ KK∗(A,B)→ KK∗(At, B)→ 0

If K∗(B) is not necessarily torsionfree then sequence (7.12) is exact if and only if the
natural map

θ∗ : HomZ(K∗(A), K∗(B))→ HomZ(K∗(A)t, K∗(B))

is onto,11 where
θ : K∗(At)→ K∗(A)

is the canonical inclusion.12

Proof. Consider the commutative diagram

(7.13)
0 0




y





y

0 −−−−→ Ext1
Z
(K∗(Af ),Z) −−−−→ K∗(Af ) −−−−→ HomZ(K∗(Af ),Z) −−−−→ 0





y





y





y

0 −−−−→ Ext1
Z
(K∗(A),Z) −−−−→ K∗(A) −−−−→ HomZ(K∗(A),Z) −−−−→ 0





y

θ∗t





y

θ∗





y

0 −−−−→ Ext1
Z
(K∗(At),Z) −−−−→ K∗(At) −−−−→ 0





y

0

11This condition is frequently satisfied. For instance, it holds if K∗(A)t is a direct summand of K∗(A).
(It is not so easy to find a group whose torsion subgroup is not a direct summand, but such groups do

exist!)
12The map θ is, up to homeomorphism, the boundary homomorphism in the K∗-sequence associated

to the short exact sequence

0 → A ⊗K → Af → SAt → 0

and hence
θ(x) = x ⊗At

∆

where ∆ ∈ KK1(At, A) by Proposition 4.2. This implies that maps which are induced from θ such as θ∗

are continuous.
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Each row is exact by three applications of the UCT. The left column and right column
are each part of the Hom − Ext sequence associated to the short exact sequence (7.8)
and each is exact since HomZ(K∗(At),Z) = 0. In particular the map θ∗t is onto, and this
implies that the map θ∗ is onto. Thus the long exact sequence

· · · → K∗(Af )→ K∗(A)
θ∗

−→ K∗(At)
δ
−→ K∗(Af )→ . . .

breaks apart into the short exact sequence

0→ K∗(Af )→ K∗(A)
θ∗

−→ K∗(At)→ 0

as required. This proves the first case of the theorem.
The proof of the general case is formally identical, making use of the UCT three times

to produce a diagram generalizing (7.12). The hypotheses imply that

HomZ(K∗(At), K∗(B)) = 0

and then the rest of the argument is homological. �

Remark 7.14.

L.G. Brown noted in the mid-1970’s that whenever there is a UCT sequence that splits
then K∗(A) has an almost polonais structure. This structure is not natural since the UCT
has no natural splitting. Brown then asked whether KK∗(A,B) has a natural almost
polonais structure. He proved that almost polonais groups form an abelian category,
suitable for homological alebra, and that for G a discrete abelian group there was a natural
isomorphism

Ext1P(Ext1Z(G,Z),Z) ∼= G

where Ext1
P

denotes the first derived functor of Hom in the category of almost polonais
groups. Following along these lines, Brown showed that Pext(X) was isomorphic to the
quotient of the connected component of the identity in X(K0(X)) by the arcwise connected
component of the identity in X(K0(X)).
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[RS2] J. Rosenberg and C. Schochet, The Künneth theorem and the universal coefficient theorem

for equivariant K-theory and KK-theory, Memoirs Amer. Math. Soc. 62 No. 348 (1986).

[Sal] N. Salinas, Relative quasidiagonality and KK-theory, Houston J. Math. 18 (1992), 97-116.

[S:II] C. Schochet, Topological methods for C∗-algebras II: geometric resolutions and the Künneth
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