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Abstra ct. Quasidiagonalit y was intro duced by P.R. Halmos for operators and
quickly generalized to C � -algebras. D. Voiculescu asked how quasidiagonalit y (in its
various forms) was related to top ological invariants. N. Salinas systematically studied
the top ology of the Kasparov groups K K � (A; B ) and showed that this top ology is
related to relativ e quasidiagonalit y.

In this paper we identify QD � (A; B ), the quasidiagonal elements in K K � (A; B ),
in terms of K � (A) and K � (B ), and we use these results in various applications.

Here is our central result. Let N denote the bootstrap category.

Theorem. Suppose that A 2 N and A is quasidiagonal relativ e to B . Then there
is a natural isomorphism

QD � (A; B ) �= P ext 1
Z(K � (A); K � (B )) �� 1 :

Th us for A 2 N relativ e quasidiagonalit y is indeed a top ological invariant. We
also settle a question raised by L.G. Brown on the relation between relativ e quasidi-
agonalit y and the kernel of the natural map

� � : E xt 1
Z(K � (A); K � (B )) � ! E xt 1

Z (K � (A) t ; K � (B )) :

where K � (A) t denotes the torsion subgroup of K � (A). Finally we establish a converse
to a theorem of Davidson, Herrero, and Salinas, giving conditions under which the
quasidiagonalit y of A=K implies the quasidiagonalit y of A .
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1. In tro duction: Quasidiagonalit y and K K -theory

This is the secondin a seriesof papers in which the topological structure of the Kasparov
groups,systematically studied �rst by Salinas,is developed and put to use. The �rst paper
[S:FI] is devoted to generalstructural results and servesas the theoretical background for
the present work, which centers about quasidiagonality. From the point of view of [S:FI],
this is an exploration of the closureof zero in the Kasparov groups, which we have labeled
the �ne structure subgroup.

Quasidiagonality was de�ned by P.R. Halmos [H] in 1970. A bounded operator on
Hilb ert spaceis quasidiagonal if it is a compact perturbation of a block-diagonal operator.
This soon was generalizedto C � -algebras. Quasidiagonality is thus a �nite dimensional
approximation property. It is not well understood.

L.G. Brown, R.G. Douglas, and P.A. Fillmore [BDF] �rst recognizedthat the study
of quasidiagonality for operators and for C � -algebrasmight be approached by topological
methods. They topologizedtheir functor Ext (X ) (which is known now to beK K 1(C(X ); C))
and announcedthat the closureof zero corresponded to the quasidiagonalextensions(cf.
3.1 below). L.G. Brown pursued this theme, particularly in [B] (cf. xx6,7).

Salinas[Sal ] studied the topology on the Kasparov groupsK K � (A; B ) and showed that
this topology is related to relativequasidiagonality. The quasidiagonalelements QD � (A; B )
(de�ned precisely in x3) constitute a certain graded subgroup of K K -theory:

QD � (A; B ) � K K � (A; B ):

If A is in the bootstrap category1 N and B has a countable approximate unit then more
can be said. The bootstrap hypothesisimplies that the UniversalCoe�cien t Theorem [RS]
holds. The UCT is a natural short exact sequence

(1.1) 0 ! Ext 1
Z(K � (A); K � (B )) �! K K � (A; B )



! H omZ(K � (A); K � (B )) ! 0

which splits unnaturally and thus computesK K � (A; B ) in terms of K � (A) and K � (B ). In
particular, it identi�es a canonical subgroup of K K � (A; B ), namely

Ext 1
Z(K � (A); K � (B ))

��= K er(
 ) ,! K K � (A; B )

Henceforth we suppressmention of the map � .2

Salinashas shown [Sal Lemma 5.1] that

(1.2) QD (A; B ) � � Ext 1
Z(K � (A); K � (B )) �� 1

1The bootstrap category N [S:II, RS] is the smallest full subcategory of separable nuclear C � -algebras
which contains all separable Type I C � -algebras and which is closed under strong Morita equivalence,
direct limits, extensions, and crossed products by Z and R. We may also require that if J is an ideal of A
and if J , A 2 N then so is A=J , and if A and A=J are in N then so is J .

2Note, though, that the map � has degree one and so the elements of degree zero in the group
E xt 1

Z (K � (A); K � (B )), denoted by E xt 1
Z(K � (A); K � (B )) 0 , are contained in K K 1 (A; B ).
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and in fact [Sal, Theorem 5.2a as reformulated by M. Dadarlat (priv ate communication) ]
that in general,

(1.3) QD (A; B ) � � Pext1
Z(K � (A); K � (B )) �� 1

where Pext1
Z(G; H ) is the subgroup of Ext 1

Z(G; H ) consisting of pure extensions.3

In the �rst paper of this series[S:FI, Theorem 6.11] we demonstrated that if A 2 N
then K K � (A; B ) breaks apart as topological groups into three direct summands, one of
which is the group

Pext1
Z(K � (A); K � (B ))

and we showed there that the relative topology on this group induced by regarding it as a
subgroupof K K � (A; B ) coincidedwith the natural topologyobtained on Pext1

Z(K � (A); K � (B ))
via the isomorphism

Pext1
Z(K � (A); K � (B )) �= l im 1

 �
H omZ(K � (A i ); K � (B )) :

We refer to this group as the �ne structure subgroup of K K � (A; B ).

The following theorem is a generalization of a theorem of Salinas([Sal, Theorem 5.2b],
and seealso [B], [BD, Theorem 5]). He proved the theorem under certain stringent as-
sumptions on A and K � (A) which we have removed.

Theorem 1.4. Supposethat A 2 N and A is quasidiagonalrelative to B . Then there is
a natural homeomorphismof topological groups

QD (A; B ) �
�= Pext1

Z(K � (A); K � (B )) �� 1

regardedastopological subgroupsof K K � (A; B ) via the canonical inclusion � in the UCT.
Further, QD � (A; B ) is a direct summand of K K � (A; B ) as topological groups.

Note as an immediate consequenceof this theorem that relative quasidiagonality is a
topological invariant for A 2 N , answering the relative form of a question of D. Voiculescu
[V1, V2]. For instance (seeTheorem 4.5), if

0 ! B 
 K ! E ! A ! 0

representing � 2 K K 1(A; B ) is an essential extensionsuch that A 2 N , A is quasidiagonal
and B is separable,then E is quasidiagonalasa set relative to B if and only if both of the
following topological conditions hold:

(1) 
 (� ) = 0 : K � (A) ! K � (B ), and

3A subgroup G0 � G is said to be pure if for each n 2 N,

nG 0 = nG \ G0

and an extension of abelian groups
0 ! G0 ! G ! G0 ! 0

is said to be pure if G0 is a pure subgroup of G. If G0 is a direct summand of G then G0 is pure, but the
most interesting casesinvolve non-split pure extentions. For example, tG , the torsion subgroup of G, is
always a pure subgroup of G but it is not necessarily a direct summand of G. See[FI x53].
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(2)
� 2

\

n

nE xt 1
Z(K � (A); K � (B ))0 = Pext1

Z(K � (A); K � (B ))0:

If K � (A) is torsionfree then condition 2) is automatically satis�ed, so that E is quasidiag-
onal as a set if and only if 
 (� ) = 0.

The remainder of the paper is organizedas follows.

Section 2 contains the de�nition of the Salinas topology and a demonstration that if
A = l im

� !
A j with each K � (A j ) �nitely generated then the closure of zero in K K � (A; B )

may be identi�ed with Pext.

In Section 3 the de�nitions of quasidiagonality are recalled and Theorem 1.4 is estab-
lished.

Theorem 1.4 has several corollaries which are developed in x4. Here is one. Suppose
that f : A ! B so that [f ] 2 K K 0(A; B ). When is [f ] quasidiagonal? It is easyto show
that the following are necessaryconditions:

(1) The induced homomorphism f � : K � (A) ! K � (B ) is trivial; and,

(2) The associated short exact sequence

0 ! K � (SB ) ! K � (Cf ) ! K � (A) ! 0

is pure exact, where Cf denotesthe mapping coneof f .

It is shown that (for A 2 N ) theseconditions arealsosu�cien t. If K � (A) is torsionfreethen
(2) is automatic, and so [f ] is quasidiagonal if and only if f � = 0. The section concludes
with Theorem 4.5, which demonstratesthe topological nature of relative quasidiagonality
in a concretemanner.

The remaining four sectionsare devoted to applications.

Section 5 is devoted to the application of someof the theory of in�nite abelian groups
to obtain results on quasidiagonality.

In Section 6 we answer a question raised by L.G. Brown [B] concerning the relation
betweenquasidiagonality and the kernel of the map

� � : Ext 1
Z(K � (A); K � (B )) � ! Ext 1

Z(K � (A) t ; K � (B )):

induced by the natural inclusion of K � (A) t , the torsion subgroup of A, into K � (A).

Section 7 dealswith another result of L.G. Brown. Brown constructed [B] an operator
T which was not quasidiagonal but such that T � T was quasidiagonal. In Section 7 a
complete analysisof such phenomenais provided.

Section8 presents a converseto a theorem of Davidson, Herrero, and Salinaswhich deals
with conditions under which the quasidiagonality of A=K implies the quasidiagonality of
A.
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It is a pleasureto acknowledgehelpful correspondenceand conversationsregarding qua-
sidiagonality and abelian groups with L.G. Brown, M. Dadarlat, J. Irwin, T. Loring, N.
Salinas,and D. Voiculescu,with a special thanks to N. Salinasfor his help and encourage-
ment.

In this paper all C � -algebras are assumedseparable, with the obvious exceptions of
multiplier algebrasM (A), their quotients, and an occasionalB that is assumedto have a
countable approximate unit. Any C � -algebra which appearsin the �rst variable of K K is
assumednuclear, so that

Ext � (A; B ) �= K K � (A; B ):

A homeomorphismof topological groups is an algebraic isomorphism and a homeomor-
phism of topological spaces.

Note: This paper, and to a small extent [S:FI], replace and very substantially extend
the preliminary preprint entitled \Con tinuit y of the Kasparov pairing and relative quasidi-
agonality "which will not appear.
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2. The Salinas top ology

In this section the de�nition of the Salinastopology on K K � (A; B ) is recalled and it is
shown (Proposition 2.3) that if A is the direct limit of a sequenceof subalgebrasA j with
each K � (A j ) �nitely generated then the closure of zero in the Salinas topology may be
identi�ed as a Pext group.

Recall from [Sal] that the Salinas topology on the group K K 1(A; B ) is de�ned for A
unital as follows. Given a countable densesequenceof non-zero elements f ai g in A and
extensions� and � 0 regardedas maps

A � ! M (B 
 K)=B

let

� (� ; � 0) =
1X

i =1

k(� � � 0)ai k
2i kai k

:

This yields a complete metric on the set of extensions. Di�eren t densesequencesyield
equivalent metrics.

Given x, x0 2 K K 1(A; B ), de�ne

(2.1) � (x; x0) = inf � (� ; � 0)

where the inf is taken over all � 2 x, � 0 2 x0. Salinasshows [Sal, 3.1] that one obtains a
pseudometricon K K 1(A; B ) whosetopology is independent of the choice of the sequence
f ai g and with respect to which K K 1(A; B ) is a topological group. It is easyto seethat this
de�nes a functor to the category of topological groups and continuous homomorphismsin
each variable.

If A is not necessarilyunital, let A+ denotethe unitalization of A. Then there is a short
exact sequence

0 ! K K 1(C; B ) ! K K 1(A+ ; B ) ! K K 1(A; B ) ! 0

so K K 1(A; B ) is a quotient of the group K K 1(A+ ; B ) and may be given the quotient
topology. Thus the Salinas topology is de�ned here as well. Finally , declaring suspension
in the A variable to be a homeomorphism, one obtains the structure of a Z=2-graded
topological group on K K � (A; B ).

Let us assumethat A is the closureof the union of an increasingsequenceof subalgebras
A j in the bootstrap category N . For convenienceassumethat A is unital and that this
unit is contained in each A j . For each of thesesubalgebrasA j , choosea countable dense
sequenceof non-zeroelements f aij g. Given elements x; x0 2 K K 1(A j ; B ), de�ne

� j (x; x0) = inf
1X

i =1

k(� � � 0)aij k
2i + j kaij k

:

where the inf is with respect to all � 2 x and � 0 2 x0. Then

� j (x; x0) =
1
2j � (x; x0)
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and so � j is a pseudometricyielding the Salinas topology on K K � (A j ; B ).
Given elements x; x0 2 K K 1(A; B ), de�ne

(2.2) � (x; x0) =
1X

j =1

� j (x j ; x0
j ) = inf

1X

j =1

1X

i =1

k(� j � � 0
j )aij k

2i + j kaij k

where the subscript j on x and � denotes the restriction to A j . The function � is a
pseudometricwhich is equivalent to a Salinaspseudometricon K K 1(A; B ) .

The following Proposition is more or lessthe sameas [Sal, Theorem 5.2] to whom we
credit the result. The proof is our own.

Prop osition 2.3. (Salinas) Supposethat A = l im
� !

A j is the direct limit of an increasing

union of subalgebraswith each A j 2 N and each K � (A j ) �nitely generated. Then the
closureof zero in the Salinastopology on the group K K � (A; B ) is the group

Pext1
Z(K � (A); K � (B )) �� 1

regardedas a subgroup of K K � (A; B ) via the canonical inclusion in the UCT.

Proof. By suspension in the A-variable, it su�ces to considerK K 1(A; B ). First consider
the casewhen A is unital and the unit is contained in each A j . The closure of zero is a
subgroupof Pext1

Z(A; B ) by (1.3), soit su�ces to prove the opposite inclusion. Recall from
[S:FI, Theorem 6.11]that the group Pext1

Z(K � (A); K � (B )) is homeomorphicastopological
groups to the kernel of the canonical map

� : K K � (A; B ) � ! l im
 �

K K � (A j ; B ):

induced by the various maps A j ! A. Supposethat

x 2 K K 1(A; B ) \ K er(� ):

Then � (x) = 0 and hence x j = 0 for each j , so that x j is distance zero from 0j 2
K K 1(A j ; B ). In other words,

� j (x j ; 0j ) = 0

for each j . Thus
� (x; 0) =

X
� j (x j ; 0j ) = 0

so that x is in the closureof zero of K K 1(A; B ) as required.
Next consider the generalcasewith A = l im

� !
A j . It is easyto seethat A+ = l im

� !
(A+

j ).

Further, since K � (A+ ) �= K � (A) � Z, it follows that the natural map induces an isomor-
phism

Pext1
Z(K � (A+ ); K � (B )) �

�= Pext1
Z(K � (A); K � (B )) � :

Consider the commuting exact diagram
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0
?
?
y

K K � (C; B )
?
?
y

0 � � � � ! Pext1
Z(K � (A+ ); K � (B )) �� 1 � � � � ! K K � (A+ ; B )

?
?
y �=

?
?
y �

0 � � � � ! Pext1
Z(K � (A); K � (B )) �� 1 � � � � ! K K � (A; B )

?
?
y

0

The group K K � (C; B ) �= K � (B ) is countable, complete, and hencediscrete. This implies
that the map � is a local homeomorphismin a suitably small neighborhood of zero. Using
the fact that

Pext1
Z(K � (A+ ); K � (B )) �� 1

is the closureof zero in K K � (A+ ; B ), it follows that

Pext1
Z(K � (A); K � (B )) �� 1

is indeed the closureof zero in K K � (A; B ) as required. �
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3. Quasidiagonalit y

In this section we de�ne quasidiagonality and using the results of x2 we demonstrate
Theorem 1.4, which answers Voiculescu's question on the topological nature of relative
quasidiagonality and servesas the key result for the rest of the paper.

Supposethat A is a unital C � -algebraand B hasa countable approximate unit consisting
of projections. An extension of C � -algebrasrepresented as

� : A ! M (B 
 K)=B 
 K

is said to be quasidiagonal if there exists a completely positive lifting

� : A ! M (B 
 K)

and a quasicentral approximate unit , that is, an increasingsequenceof projections f pn g in
B 
 K that tend strictly to 1 in M (B 
 K) and such that

l im
n !1

jj � (a)pn � pn � (a)jj = 0

for each a 2 A. A is said to be quasidiagonalrelative to B if there exists an absorbing
trivial quasidiagonalextension

A ! M (B 
 K):

If A is quasidiagonalrelative to K then A is said to be quasidiagonal. For instance, every
commutativ e unital C � -algebra has a faithful diagonal representation on M (K) = L (H)
and henceis quasidiagonal.

An element x 2 K K 1(A; B ) is quasidiagonal if x = [� ] for somequasidiagonalextension
� . Let QD 1(A; B ) denote the set of quasidiagonal elements of K K 1(A; B ). This set is
non-empty if and only if A is quasidiagonal relative to B , by [Sal, Theorem 4.4]. Since
taking suspensionsin the A variable preserves quasidiagonality relative to B , it follows
that QD 1(SA; B ) is non-empty if and only if QD 1(A; B ) is non-empty. De�ne

QD0(A; B ) = QD 1(SA; B ) � K K 1(SA; B ) = K K 0(A; B ):

Salinashasshown that the quasidiagonalelements may be described in terms of his topol-
ogy on K K � (A; B ). For B = K the following theorem was establishedby L.G. Brown [B,
p. 63, Remark 1.]

Theorem 3.1 ( Salinas [Sal, Theorem 4.4]). If A is quasidiagonalrelative to B then the
closureof zero in K K � (A; B ) is the set QD � (A; B ) of quasidiagonalextensions.

�

Of course this implies that QD � (A; B ) is a subgroup of K K � (A; B ). Combining this
theorem with our results yields Theorem 1.4:
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Theorem 1.4. Supposethat A 2 N and A is quasidiagonalrelative to B . Then there is
a natural homeomorphismof topological groups

QD � (A; B ) �= Pext1
Z(K � (A); K � (B )) �� 1

regarded as subgroupsof K K � (A; B ) via the canonical inclusion � in the UCT. Further,
QD � (A; B ) is a direct summand of K K � (A; B ) as topological groups.

Note that this shows that for A 2 N that QD � (A; B ) is a topological invariant, which
answers the question of D. Voiculescu [V1, V2] on the topological invariance of relative
quasidiagonality.

Theorem 1.4, together with Theorem 6.11 of [S:FI], imply that if A 2 N and A is
quasidiagonalrelative to B then K K � (A; B ) is topologically the direct sum of the group

H omZ (K � (A); K � (B ))

which housesindex information, the group

l im
 �

Ext 1
Z(K � (A i ); K � (B ))

which is the Z-adic completion of Ext 1
Z(K � (A); K � (B )) � , and the group

QD � (A; B ) �= Pext1
Z(K � (A); K � (B )) �� 1

�= l im 1

 �
H omZ (K � (A); K � (B )) �� 1

which is the �ne structure subgroup.

Proof. Choose a K K -�ltration f A j g for A. This consists of an increasing sequenceof
separablecommutativ e C � -algebras

A1 ,! A2 ,! A3 ,! : : :

where each A+
j

�= C(X j ) for some�nite complex X j , the induced maps

K � (A j ) ! K � (A j +1 )

are injective, and l im
� !

A j is K K -equivalent to A. (K K -�ltrations exist and are unique

in a suitable sensefor each A 2 N by [S:D Theorem 1.5].) Then by Theorem 3.10 (a
consequenceof Theorem 1.4) there is a homeomorphism

K K � (A; B ) �= K K � (l im
� !

A j ; B ):

which implies that the closure of zero in K K � (A; B ) is homeomorphic to the closure of
zero in K K � (l im

� !
A j ; B ). Since A is quasidiagonal relative to B , the closure of zero in

K K � (A; B ) is isomorphic to QD � (A; B ). On the other hand, the C � -algebral im
� !

A j is com-

mutativ e, hencequasidiagonal,and hencequasidiagonalrelative to B by [Sal, Lemma 4.3].



FINE STRUCTURE I I 11

This implies that the closureof zero in K K � (l im
� !

A i ; B ) is isomorphic to QD � (l im
� !

A i ; B ):

Combining results, there is a natural homeomorphism

QD � (A; B ) �= QD � (l im
� !

A i ; B )

and thus without lossof generality we may assumethat A = l im
� !

A j . Then

QD � (A; B ) �= (closure of zero)

by Theorem 3.1 (Salinas)
�= Pext1

Z(K � (A); K � (B )) �� 1

by Proposition 2.3. This establishesthe �rst part of the Theorem.
It remainsto show that QD � (A; B ) is a direct summand. From the �rst part of the Theo-

rem it su�ces to show that Pext1
Z(K � (A); K � (B )) �� 1 is a direct summand,and this follows

from [S:FI Theorem 6.11]together with the identi�cation of Pext1
Z(K � (A); K � (B )) �� 1 with

the �ne structure subgroup of K K � (A; B ). �

Corollary 3.2. Supposethat A 2 N and that A is quasidiagonal. Then

QD � (A; K) �= Pext1
Z(K �� 1(A); Z):

�

Theorem 1.4 and Corollary 3.2 may be usedreadily sincemuch is known about comput-
ing the Pext groups shown. For instance, supposethat K � (A) and K � (B ) are torsionfree
and QD � (A; B ) 6= 0. Then QD � (A; B ) is divisible and uncountable. For much more
information on the computation of thesegroups, see[S:FII I].

Remark 3.3. The group QD (A; B ) may well have torsion. For instance, supposethat
A 2 N , A is quasidiagonaland K � (A) is torsionfree. Then4

QD1(A; K) �= Pext1
Z(K 0(A); Z) �= Ext 1

Z(K 0(A); Z):

ChooseA 2 N with K 0(A) = Zp. Then

QD1(A; K) �= Q@0 � Z(p1 ):

where Z(p1 ) denotesthe p-torsion subgroup of Q=Z. This point was overlooked in [Sal,
Cor. 5.4]. In that paper the primary interest was the casewith K � (B ) torsionfree and
K � (A) �nitely generated. If G is �nitely generatedthen Pext1

Z(G; H ) = 0 for all H , so if
A 2 N with K � (A) �nitely generatedthen every quasidiagonalextension of the form

0 ! B ! E ! A ! 0

is trivial.

4since
P ext 1

Z(G; H ) �= E xt 1
Z(G; H )

whenever G is torsionfree
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4. Homomorphisms and Split Morphisms

In this section the identi�cation of the quasidiagonal elements of Theorem 1.4 is made
concrete. One corollary answers a simple question: suppose that f : A ! B so that
[f ] 2 K K 0(A; B ). When is [f ] quasidiagonal? There are certain easyalgebraic necessary
conditions, and we show that (for A 2 N ) these conditions are su�cien t. Finally , we
demonstrate the workings of our results on the topological nature of relative quasidiago-
nalit y in a concretecontext.

In applications many of the most interesting classesin K K -theory comefrom � -homomorphisms
f : A ! B . Recall that the mapping cone Cf is the C � algebra

Cf = f (� ; a) 2 B [0; 1] � A : � (0) = 0; � (1) = f (a)g

with associated mapping conesequence(cf. [S:II I] )

0 ! SB ! Cf ! A ! 0:

This givesrise to a class

[f ] 2 K K 1(A; SB ) �= K K 0(A; B ):

Alternately , we may de�ne

[f ] = f � [1A ]

where [1A ] 2 K K 0(A; A) is the ring identit y. Thus [f ] is closely related to the structure of
K K � (A; B ) regarded as a left module over the ring K K � (A; A) with the action given by
f .

When is this classquasidiagonal?Here is the answer.

Corollary 4.1. Supposethat A 2 N and A is quasidiagonalrelative to B . Let f : A ! B
be a � -homomorphism. Then [f ] 2 K K 0(A; B ) is quasidiagonal if and only if both of the
following conditions hold:

(1) The induced homomorphism f � : K � (A) ! K � (B ) is trivial; and,

(2) The associated short exact sequence

0 ! K � (SB ) ! K � (Cf ) ! K � (A) ! 0

is pure exact.

If K � (A) is torsionfree then condition (2) is automatically satis�ed, so that [f ] is quasidi-
agonal if and only if f � = 0.

Note that conditions 1) and 2) are necessaryby Salinas's result (1.3). The point here
is that they su�ce.
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Proof. By Theorem 1.4 it su�ces to show that

[f ] 2 Pext1
Z(K � (A); K � (SB ))1

if and only if conditions 1) and 2) hold. Condition 1) is necessaryand su�cien t for

[f ] 2 Ext 1
Z(K � (A); K � (SB ))1

by the UCT, and condition 2) picks out those elements of Ext 1
Z(K � (A); K � (SB ))1 which

lie in Pext1
Z(K � (A); K � (SB ))1. If K � (A) is torsionfree then

Pext1
Z(K � (A); K � (SB ))1 = Ext 1

Z(K � (A); K � (SB ))1

and the corollary follows. �

As remarked previously, every K K -classmay be represented as the K K -product of a
classinduced by a homomorphism and by a split morphism. Corollary 4.1 tells us when a
classinduced by a homomorphism is quasidiagonal. The following Corollary answers the
samequestion for split morphisms. It turns out that quasidiagonal split morphisms are
trivial.

Corollary 4.2. Suppose that A 2 N and A is quasidiagonal relative to B . Further,
supposegiven an extension of C � -algebras

(4.3) 0 ! B i� ! A
p

� ! A=B ! 0

which is split by a � -homomorphism s : A=B ! A. Let

� s 2 K K 0(A; B )

be the associated split morphism.5

Then the following are equivalent:

(1) � s is quasidiagonal;

(2) K � (B ) = 0.

(3) K K � (A; B ) = 0.

(4) � s = 0 .

5This is the unique class in the group K K 0 (A; B ) with the prop erty that

i � (� s ) = [1] � [sp] 2 K K 0 (A; A):
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Proof. The implications 3) ! 4) ! 1) are obvious. We shall show that 1) ! 2) ! 3).
Suppose�rst that � s is quasidiagonal. Then 
 (� s) = 0 by Theorem 1.4, and

1 � s� p� = 
 ([1] � [sp]) = 
 (i � (� s)) = i � (
 (� s)) = 0

so that
0 = 
 ([1]) � 
 ([sp]) = 1 � s� p�

in the short exact sequence

0 ! K � (B )
i �� ! K � (A)

p�� ! K � (A=B ) ! 0

which implies that p� is an isomorphism and thus that K � (B ) = 0 as required. Thus
1) ! 2). If K � (B ) = 0 then K K � (A; B ) = 0 by the UCT. Thus 2) ! 3). �

Corollary 4.1 tells when a class[f ] is quasidiagonal. Corollary 4.2 tells when a split mor-
phism � s is quasidiagonal. The following theorem describeswhen a classwith factorization
x = [f ] 
 D � s = f � (� s) is quasidiagonal. As explained in [S:FI, 3.6], every K K -classhas
this form. Thus this theorem givesa completesolution to the quasidiagonality of particular
K K -classes.

Theorem 4.4. Suppose that A 2 N and A is quasidiagonal relative to B . Let x 2
K K 0(A; B ) with factorization

x = [f ] 
 D � s = f � (� s)

with respect to the map
f : A ! D

and short exact sequence

0 ! B 
 K ! D
p

� ! A ! 0

with splitting s : A ! D and � s 2 K K 0(D ; B ).

Then:

(a) The following conditions are equivalent:

(1)

 (x) = 0 2 H omZ(K � (A); K � (B )) 0

(2)

I m(f � : K � (A) ! K � (D )) � K er(
 (� s) : K � (D ) ! K � (B )

= I m(s� : K � (A) ! K � (D ))
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(b) Supposethat 
 (x) = 0, so that

x 2 Ext 1
Z(K � (A); K � (B ))1 � K K 0(A; B ):

Then

(*) x = z 
 D � s

for some
z 2 Ext 1

Z(K � (A); K � (D )) 1 � K K 0(A; D):

The element z is unique modulo the subgroup

s� (Ext 1
Z(K � (A); K � (A))) 1:

Conversely, any element x of form (*) is in the group Ext 1
Z(K � (A); K � (B ))1.

(c) Supposethat x 2 Pext1
Z(K � (A); K � (B ))1 � K K 0(A; B ). Then

(**) x = z 
 D � s

for some
z 2 Pext1

Z(K � (A); K � (D )) 1 � K K 0(A; D):

The element z is unique modulo the subgroup

s� (Pext1
Z(K � (A); K � (A))) 1:

Conversely, any element of form (**) is in the group Pext1
Z(K � (A); K � (B ))0

Proof. For Part (a) we compute:


 (x) = 
 ( [f ] 
 D � s ) = 
 (� s)f �

and hence
 (x) = 0 if and only if I m(f � ) � K er( 
 (� s) ). The identi�cation K er( 
 (� s) ) =
I m(s� ) is immediate from the de�nition of 
 (� s). This provesPart (a).

In order to prove Parts (b) and (c) the following Lemma is required. It usesthe notation
and assumptionsof Theorem 4.4.

Lemma 4.5. The diagram

Ext 1
Z(K � (A); K � (D )) 1

� D� � � � ! K K 0(A; D)
?
?
y 
 ( � s ) �

?
?
y ( � ) 
 D � s

Ext 1
Z(K � (A); K � (B )) 1

� B� � � � ! K K 0(A; B )
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commutes, where the maps � are the inclusion maps from the UCT.

Proof. This does not follow immediately from the naturalit y of the UCT, since the map
(� ) 
 D � s is not induced by a map of C � -algebras. We argue as follows. Expand the
diagram to the diagram

0 0
?
?
y

?
?
y

Ext 1
Z(K � (A); K � (A)) 1

� A� � � � ! K K 0(A; A)
?
?
y s�

?
?
y s�

Ext 1
Z(K � (A); K � (D )) 1

� D� � � � ! K K 0(A; D)
?
?
y 
 ( � s ) �

?
?
y ( � ) 
 D � s

Ext 1
Z(K � (A); K � (B )) 1

� B� � � � ! K K 0(A; B )
?
?
y

?
?
y

0 0

Each column is split exact, since s� : K � (A) ! K � (D ) is split mono, and the upper
squarecommutes by the naturalit y of the UCT (since the map s� is induced by the map
s : A ! D) and it is easyto seethat the map � B is the quotient map, making the lower
squarecommute. �

Returning to the proof of Part (b), we seefrom Lemma 4.5 that the restriction of the
map (� ) 
 D � s) to the map

(� ) 
 D � s : Ext 1
Z(K � (A); K � (D )) ! Ext 1

Z(K � (A); K � (B ))

is just the split surjection 
 (� s). This implies that each element of the group Ext 1
Z(K � (A); K � (B ))

is of the requisite form and the indeterminacy is as stated.
For Part (c), consider the commuting diagram

Pext1
Z(K � (A); K � (D ))

( � ) 
 D � s� � � � � � ! Pext1
Z(K � (A); K � (B ))

?
?
y  

?
?
y  

Ext 1
Z(K � (A); K � (D ))

( � ) 
 D � s� � � � � � ! Ext 1
Z(K � (A); K � (B ))

The lower horizontal map is just the map 
 (� s) � by the Lemma, and sothe upper horizontal
map (which is a further restriction, of course) is just the map 
 (� s) � as well. Then the
conclusion of the Theorem is an easy consequenceof previous results and the fact that
both horizontal maps are split surjections with known kernels. �

Here is our solution to the relative quasidiagonality problem, applied to a concrete
extension.
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Theorem 4.6. Supposethat A 2 N is quasidiagonaland that B is separable. Suppose
given an essential extension

0 ! B 
 K ! E ! A ! 0

representing � 2 K K 1(A; B ). Then E is quasidiagonalas a set relative to B if and only if
both of the following conditions hold:

(1) 
 (� ) = 0, or, equivalently , the boundary homomorphismK � (A) ! K � (B ) is trivial;
and

(2)

� 2
\

n

nE xt 1
Z(K � (A); K � (B ))0

or, equivalently ,

� 2 K er[� : Ext 1
Z(K � (A); K � (B ))0 � ! Ext 1

Z(K � (A); K � (B ))0
^ ]

where G^ denotesthe Z-adic completion of G.

If K � (A) is torsionfree then condition (2) is satis�ed automatically, so that E is quasidi-
agonalas a set relative to B if and only if the boundary homoorphism K � (A) ! K � (B ) is
trivial.

Proof. Conditions 1) and 2) are exactly the conditions that guarantee that � lies in the
subgroup QD 1(A; B ). �
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5. Purit y and Quasidiagonalit y

In this section we take advantage of standard results in in�nite abelian groups to deduce
results on quasidiagonality. Recall the following facts from [FI].

Prop osition 5.1.
(a) Supposethat H is a countable abelian group. Then the following are equivalent:

(1) Pext1
Z(G; H ) = 0 for all countable abelian groups G.

(2) Pext1
Z(G; H ) = 0 for the groups G = Q and Q=Z.

(3) H is algebraically compact.

(b) Supposethat G is a countable abelian group. Then the following are equivalent:

(1) Pext1
Z(G; H ) = 0 for all countable abelian groups H .

(2) Pext1
Z(G; H ) = 0 for all countable direct sumsof cyclic groups H .

(3) G is the direct sum of cyclic groups.

Proof. First concentrate on Part (a). Of course (a1) implies (a2). The implication (a3)
implies (a1) is immediate from [FI, 53.4]. The implication (a2) implies (a3) is the least
obvious, but it is also found in Fuchs [FI, page232.]

Turning to part (b), the implication (b1) implies (b2) is trivial, and the implication (b3)
implies (b1) follows from [FI, 53.4] as well. For the following argument that (b2) implies
(b3) I am endebtedto John Irwin. Supposethat G satis�es condition (b2). Let ~G be the
free abelian group on the (countable) set

f [g] : g 2 Gg

modulo the relations given by
n[g] = 0

if g 2 G has order n. There is an obvious surjection ~G ! G and hence a short exact
sequence

� : 0 ! K ! ~G ! G ! 0:

This sequenceis pure, since every torsion element of G lifts to a torsion element of ~G of
the sameorder. The group ~G is countable by construction, henceK is countable. Further,
~G is a direct sum of cyclic groups. The group K is a subgroup of a direct sum of cyclic
groups and by Kulik ov's theorem (cf. [FI, 18.1] ) K itself is a direct sum of cyclic groups.
Thus

� 2 Pext1
Z(G; K ) = 0

and hencethe extension� must be split. This implies that G is isomorphic to a subgroup
of a direct sum of cyclic groups and hence(by Kulik ov's theorem) is itself a direct sum of
cyclic groups. �
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The following theorem is the K K -version of the preceeding,purely algebraic results.
First a bit of notation. For G any countable abelian group, let CG be a separablecommu-
tativ e C � -algebra such that for each j = 0; 1,

K j (CG ) = G:

Note that CG exists by geometric realization and is unique up to K K -equivalenceby the
UCT.

Theorem 5.2.
(a) Supposethat B is a separableC � -algebra. Then the following are equivalent:

(1) For each A 2 N with A quasidiagonalrelative to B ,

QD1(A; B ) = 0:

(2) For G = Q and G = Q=Z,

QD1(CG ; B ) = 0:

(3) K � (B ) is algebraically compact.

(b) Supposegiven a quasidiagonalC � -algebra A 2 N . Then the following are equivalent:
(1) For each separableC � -algebra B ,

QD1(A; B ) = 0:

(2) For H any direct sum of cyclic groups,

QD1(A; CH ) = 0:

(3) K � (A) is the direct sum of cyclic groups.

Proof. First consider(a). The implication (a1) implies (a2) is immediate. The implication
(a3) implies (a1) is elementary, since if K � (B ) is algebraically compact then

(*) Pext1
Z(G; K � (B )) = 0

for all groups G (cf. 5.1). If A 2 N with A quasidiagonalrelative to B then

QD1(A; B ) �= Pext1
Z(K � (A); K � (B )) 0

by Theorem 1.4, and
Pext1

Z(K � (A); K � (B ))0 = 0

by (*), completing the argument.
Next we show that (a2) implies (a3). The condition (a2) implies that

Pext1
Z(G; K � (B )) = 0

for G = Q and G = Q=Z and then Theorem 5.1a implies that K � (B ) is algebraically
compact. This completesthe proof of part (a).

The proof of part (b) is quite similar, and we comment only on the deep implication
(b2) implies (b3). Condition (b2) together with Theorem B imply that

Pext1
Z(K � (A); H )0 = 0

whenever H is a direct sum of cyclic groups, and then Theorem 5.1b implies that K � (A)
is itself a direct sum of cyclic groups. This completesthe proof of Theorem 5.2. �
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6. A problem of L.G. Bro wn

Let � : K � (A) t ! K � (A) be the canonical inclusion of the torsion subgroup of K � (A).
L.G. Brown [B page63] showed that (with B = K ) there is a relation betweenquasidiag-
onality and the kernel of the induced map

� � : Ext 1
Z(K � (A); K � (B )) � ! Ext 1

Z(K � (A) t ; K � (B )):

We generalizehis result as follows. Recall [S:FI, Theorem 7.7] that given A, there is an
associated exact sequenceof C � -algebras

0 ! A 
 K ! A f ! SA t ! 0

which realizesthe short exact sequence

(*) 0 ! K � (A) t
�� ! K � (A) ! K � (A) f ! 0

In particular,
K � (A t ) �= K � (A) t and K � (A f ) �= K � (A) f

whereGt denotesthe torsion subgroupof a group G and Gf = G=Gt denotesthe maximal
torsionfree quotient of G.

Theorem 6.1. Supposethat A 2 N , B is separable,and A is quasidiagonal relative to
B . Then:

(1) There is a natural commutativ e diagram with exact columns:

0 0
?
?
y

?
?
y

K er(Q� � ) �� 1
�=� � � � ! K er(� � ) �� 1

?
?
y

?
?
y

QD � (A; B )
�=� � � � ! Pext1

Z(K � (A); K � (B ))
?
?
y Q� �

?
?
y � �

QD � (A t ; B )
�=� � � � ! Pext1

Z(K � (A) t ; K � (B ))
?
?
y

?
?
y

0 0
(2) There is a natural exact sequence

H omZ(K � (A) t ; K � (B )) � 0

� ! QD � (A f ; B ) ! K er(� � ) �� 1 ! 0

where � 0 is the boundary map in the H om-Pext long exact sequenceassociated to
the pure short exact sequence(*).
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(3) If I m(� 0) = 06 then there is a natural isomorphism

QD (A f ; B ) �= K er(� � ) �� 1:

Proof. The short exact sequenceis pure exact. After identifying the pure extensionswith
the quasidiagonalelements asper Theorem 1.4, one is left with the following commutativ e
diagram with exact columns:7

H omZ(K � (A) t ; K � (B ))
�=� � � � ! H omZ(K � (A) t ; K � (B ))

?
?
y � 0

?
?
y �

QD � (A f ; B )
�=� � � � ! Ext 1

Z(K � (A) f ; K � (B ))
?
?
y

?
?
y

QD � (A; B ) � � � � ! Ext 1
Z(K � (A); K � (B ))

?
?
y Q� �

?
?
y � �

QD � (A t ; B ) � � � � ! Ext 1
Z(K � (A) t ; K � (B ))

?
?
y

?
?
y

0 0

An easy diagram chase shows that K er(Q� � ) �= K er(� � ) from which 1) is immediate.
Part 2) follows from expressingK er(Q� � ) as the quotient of QD (A f ; B ) modulo the group
I m(� 0): �

6This condition usually holds. For instance, it holds if K � (A) t is a direct summand of K � (A) or if
K � (B ) is torsionfree, and of course it holds if H omZ (K � (A) t ; K � (B )) = 0.

7The map

QD � (A f ; B ) ! E xt 1
Z (K � (A f ); K � (B ))

is an isomorphism since K � (A f ) is torsionfree.
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7. Quasidiagonalit y and Torsion

One of the early applications of the Brown-Douglas-Fillmore theory was contained in
work of L.G. Brown [B]. He exhibited an exampleof a bounded operator T which was not
quasidiagonalbut such that T � T was quasidiagonal. In fact Brown showed that T � T
generateda trivial extension. The following theorem presents a complete analysis of such
behavior at the level of K K -theory.

Theorem 7.1. Suppose that A 2 N , A is relatively quasidiagonal relative to B , and
� 2 K K � (A; B ) is not quasidiagonal. Then:

(1) If � has in�nite order in K K � (A; B ) then no multiple of � is quasidiagonal.

(2) If � has �nite order n in K K � (A; B ) then n� is quasidiagonal(since it is trivial),
and no smaller multiple of � is quasidiagonal.

Proof. Theorem 1.4 implies that QD � (A; B ) is a direct summand of K K � (A; B ), so that
� =2 QD � (A; B ) implies that n� =2 QD � (A; B ) for all nonzeromultiples of � .

�

8. Lifting Quasidiagonalit y

In this sectionwe present a converseto the following theorem of Davidson, Herrero, and
Salinas.

Theorem 8.1. [DHS] Supposethat

(8.2) � : 0 ! K ! A ! A=K ! 0

is an essential extension with A separablenuclear. If A is quasidiagonal then A=K is
quasidiagonal.

There is an obvious obstruction to a converse,known already to Halmos [H]. Suppose
that S is the unilateral shift. Let A be the C � -algebra generatedby the compacts, the
identit y and S. Then there is an extension

� S : 0 ! K ! A ! A=K �= C(S1) ! 0

and the quotient A=K �= C(S1) is commutativ e, hencequasidiagonal. However the C � -
algebraA itself is not quasidiagonalsincethe unilateral shift is not quasidiagonal. Halmos
demonstratesthis by observing that S has non-trivial Fredholm index, whereasany Fred-
holm quasidiagonal operator must have trivial Fredholm index. In modern jargon, the
map


 : K K 1(C(S1); K) ! H omZ(K 1(S1); Z) �= Z

satis�es

 (� S)(z) = � 1 6= 0

which is an obstruction to quasidiagonality.
Here is the complete story, at least within the bootstrap category.



FINE STRUCTURE I I 23

Theorem 8.3. Supposegiven an essential extension (8.2) with A=K 2 N and quasidiag-
onal. Then A is quasidiagonalas a set if and only if the following two conditions hold:

(1) 
 (� ) = 0.

(2) The resulting K -theory short exact sequence

0 ! Z ! K 0(A) ! K 0(A=K) ! 0

is a pure exact sequence.

If in addition K 0(A=K) is torsionfree then condition 2) is automatically satis�ed, so that
A is quasidiagonal as a set (with respect to this embedding) if and only if condition 1)
holds.

Proof. Theorem 1.4 reducesin this caseto the identi�cation

QD1(A=K; K) �= Pext1
Z(K 0(A=K); Z):

Condition 1) is equivalent to
� 2 Ext 1

Z(K 0(A=K); Z)

and condition 2) is simply a statement that

� 2 Pext1
Z(K 0(A=K); Z):

If in addition K 0(A=K) is torsionfree then

Pext1
Z(K 0(A=K); Z) �= Ext 1

Z(K 0(A=K); Z):

This completesthe proof. �



24 C. L. SCHOCHET

References

[Bl ] B. Blackadar, K-The ory for Operator Algebras, Math. Sci. Res. Inst. No. 5, Springer-V erlag,
New York, 1986.

[B ] L.G. Brown, The Universal coe�cient theorem for Ext and quasidiagonality, , Operator
Algebras and Group Representations, vol. 17, Pitman Press, Boston, 1983, pp. 60-64.

[BD ] L.G. Brown and M. Dadarlat, Extensions of C � -algebras and quasidiagonality , J. London
Math. Soc. (2) 53 (1996), 582-600.

[BDF ] L.G. Brown, R.G. Douglas, and P.A. Fillmore, Extensions of C � -algebras, operators with
compact self-commutators, and K -homology, Bull. Amer. Math. Soc. 79 (1973), 973-978.

[DHS ] K.R. Davidson, D.A. Herrero, and N. Salinas, Quasidiagonal operators, approximations,
and C � -algebras, Indiana U. Math. J. 38 (1989), 973-998.

[FI ] L�aszl�o Fuchs, In�nite Abelian Groups, Pure and Applied Mathematics No. 36 , vol. 1,
Academic Press, New York, 1970.

[H ] P.R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970), 887-933.

[J ] C. U. Jensen, Les Foncteurs D�eriv �es de l im
 �

et leur Applic ations en Th �eorie des Modules,

Lecture Notes in Mathematics , vol. 254, Springer, Verlag, New York, 1972.

[PS ] V. Paulsen and N. Salinas.

[P ] L.S. Pontry agin, Topological Groups, Second Edition, trans. Arlen Brown, Gordon and
Breach, New York, 1966.

[RS ] J. Rosenberg and C. Schochet, The K •unneth theorem and the universal coe�cient theorem
for Kasparov's generalized K-functor , Duk e Math. J. 55 (1987), 431-474.

[Sal ] N. Salinas, Relative quasidiagonality and K K -theory , Houston J. Math. 18 (1992), 97-116.

[S:I I ] C. Schochet, Topological methods for C � -algebras II: geometric resolutions and the K •unneth
formula , Paci�c J. Math. 98 (1982), 443-458.

[S:I I I ] C. Schochet, Topological methods for C � -algebras III: axiomatic homology, Paci�c J. Math.
114 (1984), 399-445.

[S:D ] C. Schochet, The UCT, the Milnor sequence, and a canonical decomposition of the Kasparov
groups, K-Theory 10 (1966), 49-72.

[S:FI ] C. Schochet, The �ne structur e of the Kasparov groups I: continuity of the K K -pairing ,
preprin t, 1996.

[S:FI I I ] C. Schochet, The �ne structur e of the Kasparov groups III: calculating l im 1
 �

, in preparation.

[V1 ] D. Voiculescu, A Note on quasi-diagonal C � -algebras and homotopy , Duk e Math. J. 62
(1991), 267-271.

[V2 ] D. Voiculescu, Around quasidiagonal operators , Integ. Equat. Oper. Th. 17 (1993), 137-149.


