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This work was motivated in part by the following question of Soulé: given a sim-
plicial presheaf X on a site C, how does one produce a map of simplicial presheaves
X → LHZX in such a way that each of the maps in sections X(U) → LHZX(U),
U ∈ C, is an integral homology localization map in the sense of Bousfield? Secondly,
if Y is a simplicial presheaf which is integrally homology local in a suitable sense,
is it the case that the map X → LHZX induces an isomorphism

[LHZX, Y ] ∼= [X, Y ]

relating sets of morphisms in the homotopy category of simplicial presheaves on C?
These questions are related to the definition of the K-theory of simplicial sheaves
that appears in [8].

The first of these questions is easily answered by observing that associated fi-
brations in the closed model category describing Bousfield’s homology localizations
are created with small object constructions and are therefore natural; in particular
there is a functorial method of picking out a fibrant model Y → LHZY for arbitrary
simplicial sets Y , which restricts in particular to a natural simplicial presheaf map
X(U)→ LHZX(U), U ∈ C.

The second question involves homotopy coherence, and is therefore much more
subtle: the analogous space-level problem can be solved by Bousfield’s original tech-
niques, but this does not imply the functorial global solution that Soulé requires.
The problem is solved by using methods introduced in this paper, and in partic-
ular by applying Theorem 3.9 below. In the case corresponding to the identity
functor on the site C, the chaotic topology on C and the constant presheaf of spec-
tra associated to the Eilenberg-Mac Lane spectrum HZ, Theorem 3.9 implies that
there is a closed simplicial model structure in the sense of Quillen on the category
SPre(C) of simplicial presheaves on C such that the cofibrations are the pointwise
monomorphisms and the weak equivalences are the pointwise integral homology
isomorphisms. The map i : X → LHZX is then just a choice of fibrant model (ie.
trivial cofibration, taking values in fibrant object) for this closed model structure,
and the induced maps in sections i : X(U) → LHZX(U) are fibrant models for
the corresponding theory on simplicial sets (ie. integral homology localizations in
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Bousfield’s original sense), because the U -sections functor has a left adjoint which
preserves cofibrations and takes integral homology isomorphisms to pointwise in-
tegral homology isomorphisms. Furthermore, if we say that a simplicial presheaf
Y is integral homology local if it’s fibrant with respect to this new closed model
structure on SPre(C), then Y is globally fibrant in the traditional sense, and the
closed simplicial model structure gives an isomorphism

π(LHZX, Y ) ∼= π(X, Y )

in naive homotopy classes of maps which is induced by the HZ-trivial cofibration i
(here π(X, Y ) = π0hom(X, Y ), for example).

This application is based on a very special case of the results that appear here,
which hold in striking generality. The overall point is that a very wide class of
results, which includes objects as apparently diverse as Theorem 3.9, the closed
model structure for simplicial presheaves [15] (see also Remark 2.9), a general f -
localization theory for simplicial presheaves (Theorem 4.6), the closed model struc-
tures of various stable categories (Theorem 3.7) and a homology localization tech-
nique for presheaves of spectra (Theorem 3.10), all arise from a simple collection of
axioms for classes of cofibrations and weak equivalences (see axioms E1–E7 almost
immediately below, and then sE1–sE7 for spectra in Section 3). The proofs, in
all cases, involve relatively simple cardinality counts which are modelled simulta-
neously on Bousfield’s original work on homology localization and the derivation
of the closed model structures for simplicial presheaves. Some new theories have
been discovered along the way, including a notion of localization along a geometric
topos morphism (Theorem 2.7, Theorem 3.10) and a resulting method of localizing
a space or a spectrum at a generalized homology theory arising from a presheaf of
spectra on an arbitrary site.

There is a further application for these techniques, in that the Morel-Voevodsky
A

1-localization theory is an instance of the f -localization results of Section 4 (see
Remark 4.10, but note that we do not discuss properness). The collection of known
applications is, however, still quite small. It’s rather difficult, in particular, to know
what localization along an arbitrary geometric morphism of toposes should mean
in the context of traditional homotopy theory. The fibrant objects in all of these
theories continue to be really quite mysterious.

The second author would like to thank Vladimir Voevodsky for a series of con-
versations which helped to determine the final form of the axiom list E1–E7.
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1. Fundamental results.

Suppose that C is a small Grothendieck site, and that α is an infinite cardinal.
A simplicial presheaf X on C is said to be α-bounded if α is an upper bound on the
cardinality of all sets of sections of X in the sense that |Xn(U)| ≤ α for all n ≥ 0
and all objects U of C.

Suppose that E is a class of morphisms of SPre(C), and say that a monomorphism
of simplicial presheaves is a cofibration. Say that a simplicial presheaf cofibration
which is also a member of E is an E-trivial cofibration.

In many examples, we shall see that the class E and the class of cofibrations
together satisfy the following axioms:

E1: The class of morphisms E is closed under retracts.

E2: Given a composable pair of morphisms

X
f

−→ Y
g

−→ Z,

if any two of f , g and gf are in the class E, then so is the third.
E3: Every pointwise weak equivalence is in E.

E4: The class of E-trivial cofibrations is closed under pushout.

E5: Suppose that γ is a limit ordinal, and there is a functor X : γ → SPre(C)
such that for each morphism i ≤ j of γ, the induced map X(i) → X(j) is
an E-trivial cofibration. Then the canonical maps

X(i)
τi

−→ lim
−→
j∈γ

X(j)

are E-trivial cofibrations.

E6: Suppose that the morphisms fi : Xi → Yi are E-trivial cofibrations for i ∈ I.
Then the morphism

⊔

i∈I

fi :
⊔

i∈I

Xi →
⊔

i∈I

Yi

is an E-trivial cofibration.

E7: There is an infinite cardinal α which is an upper bound for the cardinality
of the set of morphisms of C, such that for every simplicial presheaf diagram

X

i

A Y
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with i an E-trivial cofibration and A α-bounded, there is a subobject B ⊂ Y
such that A ⊂ B, the object B is α-bounded, and the inclusion B ∩X ↪→ B
is an E-trivial cofibration.

We shall refer to condition E7 as the bounded cofibration condition. It is the only
axiom of the list that is not a standard part of a closed model structure, and is
almost always the most difficult to verify.

Say that a morphism p : X → Y is an E-fibration if it has the right lifting
property with respect to all E-trivial cofibrations. An E-weak equivalence is a
member of the class E.

If K is a simplicial set and X is a simplicial sheaf, then the tensor object X ×K
is defined in sections for U ∈ C by

(X ×K)(U) = X(U)×K.

For the simplicial presheaves X and Y , the function complex hom(X, Y ) is the
simplicial set whose set of n-simplices is defined by

hom(X, Y )n = hom(X ×∆n, Y )

where the morphism set on the right is in the category of simplicial presheaves
on C. The ordinary exponential law for simplicial sets bootstraps immediately to
a simplicial category structure on the simplicial presheaf category SPre(C). The
exponential object XK associated to a simplicial presheaf X and a simplicial set
K is the simplicial presheaf which is defined in sections by the function spaces

XK(U) = hom(K, X(U))

for U ∈ C.

Theorem 1.1.

(1) Under the conditions E1 – E7 listed above, there is a closed model structure
on SPre(C) such that the cofibrations are the monomorphisms, the weak
equivalences are the E-weak equivalences, and fibrations (ie. E-fibrations)
are defined by a right lifting property.

(2) Suppose further that, given an inclusion i : K → L of finite simplicial sets
and a cofibration j : X ↪→ Y , then the induced monomorphism

X × L ∪X×K Y ×K ↪→ Y × L

is an E-trivial cofibration if either i is a weak equivalence of simplicial sets
or j is an E-weak equivalence of simplicial presheaves. Then SPre(C) has
the structure of a closed simplicial model category.
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The proof of this result is a distillation of ideas which are common to Bous-
field’s work on homology localizations [2], and the homotopy theory of simplicial
presheaves [12].

Proof: We only need to prove the first statement. Suppose that α is an infinite
cardinal which is an upper bound for the cardinality of the set of morphisms of a
site C. Say that a cofibration A ↪→ B of SPre(C) is α-bounded if the object B is
α-bounded. We begin by showing that a morphism of SPre(C) is an E-fibration if
and only it has the right lifting property with respect to all α-bounded cofibrations
which are E-weak equivalences.

Suppose that K is a simplicial set and U is an object of C, then the simplicial
presheaf LUK is defined for V ∈ C by LUK(V ) =

⊔

φ:V →U K. Observe that
morphisms of simplicial presheaves LUK → X are in one to one correspondence
with simplicial set maps K → X(U). If the simplicial set K is α-bounded in the
sense that |Kn| ≤ α for n ≥ 0, then the simplicial presheaf LUK is α-bounded.

Suppose given a diagram

A

i

X

p

B Y

where i is a cofibration and an E-weak equivalence, and p has the right lifting
property with respect to all α-bounded E-trivial cofibrations. We shall show that
the indicated dotted arrow exists, making the diagram commute. Assume that the
map i is not an isomorphism, for otherwise the problem is solved trivially.

The object B is a filtered colimit of its α-bounded subobjects, since all generating
simplicial presheaves LU∆n are α-bounded. The map i is not an isomorphism, so
there is an α-bounded subobject D of B such D is not a subobject of A. But then
the bounded cofibration condition E7 says that there is an α-bounded E such that
D ⊂ E ⊂ B, and such that the inclusion E ∩ A ↪→ E is an E-weak equivalence.
Form the diagram

E ∩A A

i∗

X

pE E ∪ A

B Y
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where the indicated partial lift exists since p is assumed to have the right lifting
property with respect to all α-bounded cofibrations which are E-weak equivalences.
Observe further that the map i∗ is an E-weak equivalence since the class of E-trivial
cofibrations is closed under pushout, by E4. It follows that the category of all such
partial lifts is non-empty. This category has maximal elements, by a Zorn’s lemma
argument and E5, and any such maximal element must be a solution to the lifting
problem.

Every simplicial presheaf map f : X → Y has a factorization

X
f

i

Y

Z

p

where p is an E-fibration and i is a E-trivial cofibration. In effect, take a cardinal
β > 2α. We define a functor F : β → SPre(C) ↓ Y by first setting F (0) = f : X →
Y . We let

X(ζ) = lim
−→
γ<ζ

X(γ)

for limit ordinals ζ. Further, the map X(γ) → X(γ + 1) is defined by taking the
set of all diagrams

D :

UD

iD

X(γ)

F (γ)

VD Y

such that iD is an α-bounded E-trivial cofibration, and then forming the pushout

⊔

D

UD

⊔

D iD

X(γ)

i∗

⊔

D

VD X(γ + 1)
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Then i∗ is an E-trivial cofibration, by axioms E4 and E6, as is the map iβ in the
resulting diagram

X
f

iβ

Y

X(β),

F (β)

by axiom E5, where X(β) = lim
−→γ<β

X(γ), and F (β) is induced by all maps F (γ).

In any diagram

U
g

i

X(β)

F (β)

V Y

where i an α-bounded E-trivial cofibration, the simplicial presheaf U is α-bounded,
so that g must factor through some subcomplex X(γ) ⊂ X(β) with γ < β (for
otherwise U has too many subobjects). It follows that the dotted arrow exists,
making the diagram commute.

Now, if a map f : X → Y has the right lifting property with respect to all
morphisms of the form A ⊂ LU∆n, then f has the right lifting property with
respect to all cofibrations, by an argument similar to that which characterizes E-
fibrations above. A corresponding transfinite small object argument then shows
that f has a factorization

X
f

j

Y

W

q

where j is a cofibration, and q has the right lifting property with respect to all
cofibrations. In particular, q is an E-fibration; it is also a pointwise trivial fibration
and hence a pointwise weak equivalence, since it has the right lifting property with
respect to all maps LU∂∆n ⊂ LU∆n. Axiom E3 says that every pointwise weak
equivalence is an E-weak equivalence, so q is an E-trivial fibration.
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We have therefore proved the factorization axioms. To verify the lifting axiom
CM4, observe that if p : X → Y is a E-trivial fibration, then p has a factorization

X
p

j

Y

W

q

where j is a cofibration and q has the right lifting property with respect to all
cofibrations. But then j is a E-trivial cofibration by E2 and E3, since q is a
pointwise weak equivalence, so that there is a commutative diagram

X
1X

j

X

p

W q Y,

and so p is a retract of q. In particular, p has the right lifting property with respect
to all cofibrations. The weak equivalence axiom CM2 is axiom E2, and the retract
axiom CM3 is a direct consequence of axiom E1 and the definitions. �

We say that a closed model structure on the category of simplicial presheaves on
a site C which arises from a class E of cofibrations which satisfies conditions E1

– E7 is a localization theory. This usage is consistent with and specializes to the
standard examples of localization theories in ordinary homotopy theory. There are
corresponding localization theories for simplicial sheaf categories, according to the
following result:

Theorem 1.2. Suppose that the conditions E1 – E7 are satisfied for some cardinal
α which is an upper bound on the cardinality of the set of morphisms of the site C.
Suppose further that the canonical map η : X → L2X from a simplicial presheaf
to its associated simplicial sheaf is always an E-weak equivalence. Then we have
the following:

(1) The category SShv(C) inherits a closed model structure from the corre-
sponding simplicial presheaf category, for which the the cofibrations are the
monomorphisms, and the weak equivalences are the maps which are E-weak
equivalences of simplicial presheaves.

(2) If the simplicial presheaf category on C has a closed simplicial model struc-
ture with respect to these definitions, then the simplicial sheaf category
SShv(C) is also a closed simplicial model category.
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(3) The associated sheaf functor and the inclusion SShv(C) ⊂ SPre(C) together
induce an equivalence

HoE(SShv(C)) ' HoE(SPre(C))

of the respective homotopy categories.

Proof: We shall only prove statements (1) and (2). The third statement is an
automatic consequence of (1) and the assumption that the canonical map η : X →
L2X is an E-weak equivalence.

To verify statement (1), observe that the closed model axioms CM1, CM2 and
CM3 are immediate. The assumption on η guarantees that the associated sheaf
functor preserves E-weak equivalences, and it follows that a map p : X → Y is
an E-fibration of simplicial sheaves if and only if p is an E-fibration of simplicial
presheaves. The lifting axiom CM4 for simplicial sheaves on C is an easy conse-
quence.

It therefore remains only to prove the factorization axiom CM5. We will show
that any map f : X → Y of simplicial sheaves has a factorization

X
f

i

Y

Z

p

where Z is a simplicial sheaf, p is an E-fibration and i is a E-trivial cofibration.
The other part of CM5 has a similar proof.

As before, take a cardinal β > 2α, and form the factorization

X
f

iβ

Y

X(β),

F (β)

in the category of simplicial sheaves on C, by analogy with the transfinite small
object argument appearing in the proof of Theorem 1.1. In particular, X(β) is the
colimit in the simplicial sheaf category of a functor X : β → SShv(C) having

X(ζ) = lim
−→
γ<ζ

X(γ)
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at all limit ordinals ζ ≤ β. The map X(γ)→ X(γ + 1) is defined by taking the set
of all diagrams

UD

iD

X(γ)

VD Y

of simplicial presheaf morphisms with iD an α-bounded E-trivial cofibration, and
then forming the pushout

L2(
⊔

D

UD) X(γ)

L2(
⊔

D

VD) X(γ + 1)

of simplicial sheaves. Then the induced canonical map iβ : X → X(β) is a trivial
E-cofibration of simplicial sheaves.

To prove that the map F (β) : X(β) → Y is an E-fibration it suffices to show
that any simplicial presheaf map g : B → X(β) has a factorization

X(γ)

B g X(β)

for some γ < β, provided that B is α-bounded.
Suppose that this is not so. Write B(γ) = B ×X(β) X(γ). Then the idea is to

show that, for each γ < β, there is an ordinal ζ with γ < ζ < β and such that
B(ζ)−B(γ) is non-empty. This would give a contradiction, for then the α-bounded
simplicial presheaf B would have too many subobjects.

Finally, if B(γ) 6= B, then there is a section x ∈ B(U) such that g(x) is not in
X(γ)(U). The element g(x) lifts to elements yV in the presheaf colimit lim

−→ζ<β
X(ζ),
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after refinement along members φ : V → U of a covering sieve for U , since the
associated sheaf map

η : lim
−→
ζ<β

X(ζ)→ X(β)

is a local epimorphism. At least one of the sections yV is not in X(γ)(V ), for
otherwise g(x) is in the image of the simplicial sheaf monomorphism X(γ)→ X(β).
We can therefore assume that B has a section x such that g(x) lifts to some z ∈
lim
−→ζ<β

X(ζ) but is not in X(γ). But then z ∈ X(ζ) for some ζ with γ < ζ < β, so

we’re done.

For statement (2), suppose that X is a simplicial sheaf and that K is a simplicial
set. The tensor object X⊗K is defined to be the simplicial sheaf L2(X×K) which
is obtained by applying the associated sheaf functor to the corresponding tensor
object in the simplicial presheaf category. The function complex hom(X, Y ) is the
simplicial set having n-simplices

hom(X, Y )n = hom(X ⊗∆n, Y ),

where the morphisms on the right are in the simplicial sheaf category. The sim-
plicial category structure on SShv(C) is then induced from the simplicial category
structure on the simplicial presheaf category, through the associated sheaf functor.

Assume that SPre(C) has the structure of a closed simplicial model category
with respect to the ambient definitions. Suppose that j : X ↪→ Y is a cofibration
of simplicial sheaves and an that i : K ↪→ L is an inclusion of simplicial sets. Then
the induced monomorphism

(1.3) X ⊗ L ∪X⊗K Y ⊗K ↪→ Y ⊗ L

of simplicial sheaves is obtained from the corresponding monomorphism

(1.4) X × L ∪X×K Y ×K ↪→ Y × L

by applying the associated sheaf functor. If either i is a weak equivalence or j is an
E-weak equivalence, the simplicial presheaf map (1.4) is an E-weak equivalence by
assumption. The associated sheaf functor preserves E-weak equivalences, so that
the map (1.3) is an E-weak equivalence. �

2. Geometric morphisms.

We shall follow Mac Lane and Moerdijk [16] in saying that a morphism of

Grothendieck sites is a functor F : C → D such that

(a) C and D are sites having all finite limits, and F preserves them

(b) If R ⊂ hom( , U) is a covering sieve for U ∈ C, then the image F (R) of the
collection of morphisms of R under F generates a covering sieve for F (U).
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In the presence of a site morphism, if X is a sheaf on D, then the composite functor
X ◦ F is a sheaf on C (which is denoted by F∗X and called the direct image of X
along F ) on account of the second condition; this condition is often paraphrased
by saying that F is continuous.

Remark 2.1. Any geometric morphism f : F → E is induced by a site morphism
F : C → D, for a suitable choices of sites C and D underlying the toposes E and
F respectively. This is a consequence of the inner workings of Giraud’s Theorem.
Implicitly, the claim that E is a Grothendieck topos means, in part, that E has a
small set of generators G(E). The topos E has all finite limits, so that the original
set of generators can be expanded to a new set of generators that we shall call
Ob(C) which is closed under finite limits. The full subcategory C ⊂ E on this set of
generators comes equipped with a canonical choice of Grothendieck topology (the
covering families are the epimorphic families), in such a way that the sheaf category
Shv(C) is equivalent to the topos E . The corresponding set Ob(D) of generators
for the topos F is obtained by closing up the set of objects G(F) ∪ f ∗(Ob(C))
under finite limits. The full subcategory D ⊂ F has a canonical topology such that
Shv(D) is equivalent to the topos F , and the inverse image functor f ∗ : E → F
restricts to a site morphism f ′ : C → D which induces the geometric morphism f
in the sense that f∗ can be identified up to isomorphism with composition with f ′,
and f∗ is equivalent to f ′∗.

Not to worry: any continous map of topological spaces or any scheme homo-
morphism induces a site morphism between the corresponding Grothendieck sites
straight up, for all of the favourite topologies, since all such sites have finite limits
which are preserved by the corresponding functors. �

Recall [12], [15] that the category SPre(C) of simplicial presheaves on a small
Grothendieck site is a proper closed simplicial model category in which the cofi-
brations are the monomorphisms. The weak equivalences of simplicial presheaves
on C are the local weak equivalences, which can be described as maps that induce
isomorphisms in all local sheaves of homotopy groups: in the case where the topos
Shv(C) has enough points, this means that a local weak equivalence is a map which
induces a weak equivalence of ordinary simplicial sets in all stalks. The fibrations of
SPre(C) are the global fibrations, which are those maps which have the right lifting
property with respect to all maps which are simultaneously local weak equivalences
and cofibrations. The associated sheaf maps η : X → L2X are local weak equiv-
alences, and the proper closed simplicial model structure on SPre(C) restricts to
a proper closed simplicial model structure on the category SShv(C) for which the
cofibrations are the monomorphisms, the weak equivalences (respectively fibrations)
are those maps of simplicial sheaves which are local weak equivalences (respectively
global fibrations) of simplicial presheaves. The associated sheaf functor and the in-
clusion functor SShv(C) ↪→ SPre(C) both preserve weak equivalences, and induce
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an adjoint equivalence

Ho(SShv(C)) ' Ho(SPre(C))

of associated homotopy categories.
The reader who has visited the first section of this paper might now be experi-

encing a bit of déja vu, for good reason: the method of proof of the existence of
the closed model structure on SPre(C) that appears in [15] can be interpreted as
showing that the collection of local weak equivalences, suitably defined, satisfies
axioms E1 – E7, so that Theorems 1.1 and 1.2 apply. In other words, the stan-
dard homotopy theory of simplicial presheaves and sheaves on an arbitrary small
Grothendieck site C is a type of localization theory.

More explicitly, recall that a Boolean localization of the topos Shv(C) is a geo-
metric morphism ℘ : Shv(B)→ Shv(C) such that B is a complete Boolean algebra
and such that the associated inverse image functor ℘∗ : Shv(C)→ Shv(B) is faith-
ful. Any topos Shv(C) has a Boolean localization — this is a result of Barr and
Diaconescu [16]. The game, as it’s played in [15], is first to show that the axiom
of choice for the Boolean topos Shv(B) implies that every locally fibrant simpli-
cial presheaf on B is actually a presheaf of Kan complexes, and that every local
weak equivalence f : X → Y of simplicial sheaves on B is a weak equivalence of
simplicial sets in each section. We’ve always known, one way or another (but see
Lemma 2.6 below), that inverse image functors preserve local weak equivalences, so
one is led to decree that a local weak equivalence on simplicial presheaves on C is a
map g : Z → W such that the induced map g∗ : ℘∗L2 Ex∞ Z → ℘∗L2 Ex∞ W is a
local (hence pointwise) weak equivalence of sheaves of Kan complexes on B. Note
the use of Kan’s Ex∞-functor [9]; this is a functorial and combinatorial method of
replacing a simplicial set by a Kan complex, and hence can be applied to simplicial
presheaves.

The faithfulness of the inverse image functor ℘∗ is then used to show that this
definition of local weak equivalence coincides with the standard notion involving
isomorphisms of local sheaves of homotopy groups. On closer examination, one sees
that the faithfulness of the functor ℘∗ only appears at the very end, and is in fact
independent of the existence of a closed model structure for the simplicial presheaf
category SPre(C).

This is the point of this section: we show here that any geometric morphism
f : E → Shv(C) determines a closed model structure on SPre(C) for which the
cofibrations are the monomorphisms and the weak equivalences are those maps
g : X → Y for which the induced maps f∗L2g : f∗L2X → f∗L2Y are local weak
equivalences of simplicial objects of E . This result is Theorem 2.7. This closed
model structure coincides with the standard one on SPre(C) if the inverse image
functor f∗ : Shv(C)→ E is faithful (see Remark 2.9), but is otherwise new.

There is a technical assumption, which will appear from time to time in what
follows, that f : C → D is a continuous functor between small sites which induces
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a geometric morphism Shv(D) → Shv(C). The functor f is the sort of thing that
arises most easily when one wants to construct a site level functor underlying a
geometric topos morphism E → Shv(C) according to the trick involving Giraud’s
Theorem which is described in Remark 2.1, and in the case where one has reason
to avoid adding finite limits to the site C inside the topos Shv(C). It is typical,
for example, that one wouldn’t want to fatten up the site C in any way when the
focus of concern is the category of simplicial presheaves on C. Note that there is a
fairly extensive discussion in [16] concerning the question of when a functor C → D
between Grothendieck sites induces a geometric morphism; in their terminology a
continuous functor f : C → D induces a geometric morphism Shv(D)→ Shv(C) if
and only if f is also “flat”, or equivalently “filtering”.

We begin by establishing a technical condition (Lemma 2.3) which leads to in-
stances of the bounded cofibration axiom E7 that hold quite generally for base
change along any functor between Grothendieck sites.

Suppose that f : X → Y is a morphism of simplicial presheaves on a small
Grothendieck site C, and let i : K ⊂ L be an inclusion of finite simplicial sets.
We say that f has the local right lifting property with respect to i if given any
commutative diagram of simplicial set maps

(2.2)

K X(U)

f

L Y (U)

and for any object U of C there is a covering sieve R ⊂ hom( , U) such that for each
φ : V → U in R there is a commutative diagram of simplicial set maps

K X(U)
φ∗

X(V )

f

L Y (U)
φ∗ Y (V ).

In other words, all lifting problems having the form of diagram (2.2) have solutions
after refinement along covering sieves. This condition is equivalent, variously, to
the requirement that the induced sheaf map

L2XL
(i∗,f∗)
−−−−→ L2XK ×L2Y K L2Y L
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is a sheaf epimorphism, and to the requirement that the presheaf map

XL
(i∗,f∗)
−−−−→ XK ×Y K Y L

is a local epimorphism in the sense that all sections of the base lift to XL after
refinement along some covering sieve. Here, for example, XL is the presheaf on C
which is defined via simplicial set maps in sections by the formula

XL(U) = homS(L, X(U)).

Suppose that the functor F : C → D is any functor between two Grothendieck
sites. The direct image functor F∗ : Pre(D) → Pre(C) is nevertheless defined by
composition with F — it’s just that F∗ might not preserve sheaves. Furthermore,
the functor F∗ always has a left adjoint F p : Pre(C) → Pre(D), which can be
defined explicitly for a presheaf Y on D, in sections, by

F pY (d) = lim
−→

d→F (c) in D

Y (c).

If the cardinal α is an upper bound for the size of the set of morphisms of D and
the presheaf Y on C is α-bounded, then the presheaf F pY is α-bounded.

Lemma 2.3. Suppose that F : C → D is any functor between small Grothendieck
sites. Let α be an infinite cardinal which is an upper bound on the cardinalities of
the sets of morphisms for the categories C and D. Suppose that f : X → Y is a
map of simplicial presheaves on C and that Z ⊂ Y is an α-bounded subcomplex of
Y . Assume further that

(1) F pf : F pX → F pY has the local right lifting property with respect to a
family Ki ⊂ Li of simplicial set monomorphisms, where Li is finite, i ∈ I,
and |I| < α,

(2) there is a functor defined on the α-bounded subcomplexes W ⊂ Y with
Z ⊂W , taking values in commutative diagrams of simplicial presheaf maps
of the form

XW

fW

X

f

W Y

such that XW is α-bounded, and such that f = lim
−→Z⊂W

fW and further that

the functor V 7→ fV preserves filtered colimits in the category of α-bounded
subobjects V ⊂ X with Z ⊂ V .
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Then there is some α-bounded subcomplex W ⊂ Y with Z ⊂ W such that the
map F pfW : F pXW → F pW has the local right lifting property with respect to all
Ki ⊂ Li.

Proof: The functor F p has a right adjoint, so that V 7→ F pfV preserves filtered
colimits in V .

The simplicial presheaves F pXZ and F pZ are α-bounded, so there is an α-
bounded collection of diagrams of simplicial set maps

(2.4)

Ki F pXZ(U)

F pfZ

F pX(U)

F pf

Li F pZ(U) F pY (U)

Given such a diagram, there is a covering sieve R ⊂ hom(U, ) such that for all
φ : V → U there is a lifting

Ki F pXZ(U) F pX(U) F pX(V )

F pf

Li

xφ

F pZ(U) F pY (U) F pY (V )

The simplicial set Li is finite, and F pX = lim
−→Z⊂W

F pXW . It follows that there is

an α-bounded W ′ with Z ⊂W ′ such that all xφ live in F pXW ′ . Taking the union of
all such subcomplexes W ′ over all diagrams (2.4) gives an α-bounded subcomplex
Z1 of Y such that Z ⊂ Z1 and such that all lifting problems (2.4) are solved in
F pXZ1

. Repeat the construction of obtain a sequence of α-bounded subobjects

Z = Z0 ⊂ Z1 ⊂ Z2 ⊂ . . .

such that all local lifting problems

Ki F pXZj
(U)

F pfZ

Li F pZj(U)

16



are solved over Zj+1.
Let W be the α-bounded subcomplex defined by

W = ∪j≥0Zj .

Then F pXW = lim
−→j≥0

F pXZj
, and any map Ki → F pXW (U) factors through

some map Ki → F pXZj
(U) since Ki is finite. It follows that that the induced

map F pfW : F pXW → F pW has the local right lifting property with respect to all
Ki ⊂ Li. �

Remark 2.5. There is a natural source of functors V 7→ fV satisfying condition
(2) of Lemma 2.3. Suppose that f : X → Y is a map of simplicial presheaves on a
site C. Then f has a factorization

X
j∗

f X

p∗
Y

such that p∗ is a pointwise Kan fibration and j∗ is a pointwise weak equivalence,
and this factorization is natural and preserves filtered colimits in f . In effect, take
the standard factorization

Ex∞ X
j

Ex∞ f Ex∞ X ×Ex∞ Y hom(∆1, Ex∞ Y )

p

Ex∞ Y

and pull it back to Y using the diagram

X ν

f

Ex∞ X

Ex∞ f

Y ν Ex∞ Y,
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so that

X = Y ×Ex∞ Y Ex∞ X ×Ex∞ Y hom(∆1, Ex∞ Y ).

The maps ν are pointwise weak equivalences, and weak equivalences are preserved
by pullback along fibrations in the simplicial set category, so the induced map j∗
is a pointwise weak equivalence. This construction is natural in morphisms f , and
preserves filtered colimits in the category of simplicial presheaf morphisms. Note
finally that if X and Y are α-bounded simplicial presheaves, then so is X.

It follows, for example, that if g : X → Y is a morphism of simplicial presheaves
such that g−1(W ) is α-bounded whenever W is an α-bounded subcomplex of Y ,
then the functor defined on α-bounded subcomplexes W of Y containing a fixed
α-bounded subobject Z by sending W to the pointwise fibration p∗ : g−1(W )→W
converges to the map p∗ : X → Y , and thus satisfies condition (2) of Lemma 2.3,
for f = p∗. �

Lemma 2.6. Suppose that f : C → D is a continuous functor between small
Grothendieck sites which induces a geometric morphism Shv(D)→ Shv(C). Then

(1) The functors fp : SPre(C) → SPre(D) and f∗ : SShv(C) → SShv(D)
preserve local weak equivalences.

(2) If p : X → Y is a global fibration of simplicial sheaves on D, then the
direct image f∗p : f∗p : f∗X → f∗Y is a global fibration of SShv(C). If
the functor f preserves finite limits, then f∗ preserves global fibrations of
simplicial presheaves.

Proof: Only the statement about preservation of local weak equivalences on the
simplicial presheaf level requires proof, because the functor f ∗ preserves cofibrations
in general, and fp preserves cofibrations under the extra exactness condition of f .

Suppose that g : X → Y is a local weak equivalence of SPre(C). We want to
show that f∗L2g ∼= L2fpg is a local weak equivalence of simplicial presheaves over
D, for then fpg is also a local weak equivalence.

The functor f∗L2 preserves the Ex∞ construction: in effect, f∗L2 Ex∞ X ∼=
L2 Ex∞ f∗L2X by the exactness of f∗, and the associated sheaf functor L2 takes
pointwise weak equivalences to local weak equivalences. It follows that f ∗L2g is a
local weak equivalence over D if and only if f ∗L2 Ex∞ g is a local weak equivalence.
It therefore suffices to assume that g : X → Y is a morphism of presheaves of Kan
complexes. Then there is a commutative diagram

Z
π

X

i

g Y

18



in which π is a pointwise Kan fibration and i is right inverse to a pointwise trivial
fibration π′ : Z → X. But then π is a local weak equivalence and a pointwise Kan
fibration between presheaves of Kan complexes, and therefore has the local right
lifting property with respect to all inclusions ∂∆n ⊂ ∆n, as does the map π′. The
functor f∗L2 preserves this local right lifting property, by exactness, so that the
maps f∗L2π and f∗L2π′ are local weak equivalences over D, as is f ∗L2g. �

Suppose that f : E → Shv(C) is a geometric topos morphism, and consider the
composite functor

SPre(C)
L2

−→ SShv(C)
f∗

−→ SE .

Then we know that the category of simplicial objects in E is a proper closed
simplicial model category in a canonical way. Say that a map g : Z → W
of simplicial presheaves on C is an f ∗L2-weak equivalence if the induced map
f∗L2(g) : f∗L2Z → f∗L2W is a local weak equivalence of the category SE of
simplicial objects in the Grothendieck topos E .

Theorem 2.7. Suppose that f : E → Shv(C) is a geometric morphism, where C is
a small site. Then the composite functor f ∗L2 : SPre(C) → SE induces a proper
closed simplicial model category structure on SPre(C), for which the (f ∗-local)
weak equivalences are the f ∗L2-weak equivalences, the cofibrations are inclusions,
and the (f∗-global) fibrations are defined by a right lifting property.

Proof: This result is proved by appealing to Theorem 1.1, where the morphism
class E is the collection of f∗L2-weak equivalences. We can assume that f is
induced by a continuous functor f : C → D. We know from Lemma 2.6 that the
functor f∗L2 preserves local weak equivalences, and therefore takes pointwise weak
equivalences to local weak equivalences, giving E3.

The class of local trivial cofibrations of SShv(D) is closed under pushout in
the standard closed model structure for the closed model structure on D, and the
functor f∗L2 is left and right exact, so axiom E4 is satisfied. Similar exactness
assertions and the closed model structure for SShv(D) together lead to axioms
E5 and E6, while E1 and E2 are trivial. It remains only to verify the bounded
cofibration property E7.

Let α be an infinite cardinal which is an upper bound for the cardinalities of
the sets of morphisms for the categories C and D, and suppose given a simplicial
presheaf diagram

X

i

A Y
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on C, where A is an α-bounded subcomplex of Y and the map i is a cofibration
and a p∗L2-weak equivalence. As seen previously, we can apply the construction of
Remark 2.5 to the map i and all of the inclusions V ∩X ↪→ V arising from α-bounded
subcomplexes V of Y which contain A, to obtain the pointwise Kan fibration p∗ :
X → Y as a filtered colimit of the pointwise fibrations p∗ : V ∩X → V , where
the functor V 7→ V ∩X preserves filtered colimits, and all objects V ∩X are α-
bounded. The image L2fpp∗ = f∗L2p∗ in SShv(D) of the map p∗ : X → Y has the
local right lifting property with respect to all inclusions ∂∆n ⊂ ∆n. The associated
sheaf functor reflects this local left lifting property, so the simplicial presheaf map
fpp∗ also has the local right lifting property with respect of all inclusions ∂∆n ⊂ ∆n.

Now apply Lemma 2.3 in the case where the site-level functor is f : C → D, the
simplicial set inclusions are the morphisms ∂∆n ⊂ ∆n, n ≥ 0, the morphism f is
the map p∗ : X → Y , and the functor W 7→ fW in that statement is identified
with the functor which takes W to the pointwise fibration p∗ : W ∩X → W .
This gives and α-bounded subcomplex B ⊂ Y with A ⊂ B such that the map
fpp∗ : fpB ∩X → fpB has the local right lifting property with respect to all
inclusions ∂∆n ⊂ ∆n. Applying the associated sheaf functor therefore shows that
the map f∗L2p∗ : f∗L2B ∩X → f∗L2B has the same local left lifting property,
and is therefore a local weak equivalence of the simplicial sheaf category on D. The
corresponding inclusion B ∩X ↪→ B is thus part of a commutative diagram

B ∩X
j∗ B ∩X

p∗

B

in which the maps j∗ and p∗ are f∗L2-weak equivalences.

Suppose that the diagram

Z
g∗ X

p

W g Y

is a pullback diagram in SPre(C), where g is an f ∗L2-weak equivalence and p is
an f∗-global fibration. Every local weak equivalence is an f ∗L2-weak equivalence,
by Lemma 2.6, so that every f∗-global fibration is a global fibration, and hence a
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local fibration. It follows that applying the functor f ∗L2 gives a pullback diagram

f∗L2Z
f∗L2g∗ f∗L2X

f∗L2p

f∗L2W
f∗L2g

f∗L2Y

of simplicial sheaves on D in which f∗L2p is a local fibration and f∗L2g is a local
weak equivalence. A Boolean localization argument (see the proof of Theorem 24
in [15]) shows that local weak equivalences are stable under pullback along local
fibrations, so f∗L2g∗ is a local weak equivalence. �

Theorem 2.8. Suppose that f : E → Shv(C) is a geometric morphism, where C is a
small site. Then there is a proper closed simplicial model structure on the simplicial
sheaf category SShv(C) such that the cofibrations are the monomorphisms, and a
map g : X → Y is a weak equivalence if and only if the map f ∗g : f∗X → f∗Y
is a weak equivalence of SE . Furthermore, the associated sheaf functor preserves
f∗-local weak equivalences, so there is an induced adjoint equivalence

Hof (SPre(C)) ' Hof (SShv(C)).

Proof: Observe that the weak equivalences of simplicial sheaves on C are exactly
those maps which are f∗L2-weak equivalences in the simplicial presheaf category,
and that the fibrations are f∗-global fibrations. This result is a consequence of The-
orem 2.7 and Theorem 1.2. One uses Lemma 2.6 to show that that the associated
sheaf map η : X → L2X is an f∗L2-weak equivalence. �

Remark 2.9. Generally, for any geometric morphism f : E → Shv(C), the functor
f∗L2 : SPre(C)→ SE takes local weak equivalences to local weak equivalences, by
Lemma 2.6. However, if the inverse image map f ∗ : Shv(C) → E is also faithful,
then a simplicial presheaf map g : X → Y on C is a local weak equivalence if and
only if f∗L2g is a local weak equivalence of simplicial sheaves, so that the local
weak equivalences and the f∗-local weak equivalences of SPre(C) coincide. To see
this, take a map g : X → Y and form the factorization

X
j∗

g X

p∗
Y
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such that p∗ is a pointwise Kan fibration and j∗ is a pointwise weak equivalence,
according to the method outlined in Remark 2.5. Then the composite functor
f∗L2 preserves local weak equivalences and local fibrations, so that g is an f ∗L2-
weak equivalence if and only if the map f ∗L2p∗ has the local right lifting property
with respect to all inclusions ∂∆n ⊂ ∆n. In the case that f∗ is faithful, the
composite f∗L2 reflects this local left lifting property, so therefore g is an f ∗L2-
weak equivalence if and only if the map p∗ has the local right lifting property with
respect to all inclusions ∂∆n ⊂ ∆n, and hence if and only if g is a local weak
equivalence. �

3. Homology theories.

Going further requires that we first back up, and see that the conditions of
Theorem 1.1 and its proof can, after minor adjustments, be used as a template for
results about presheaves of spectra.

Suppose that sE is a class of morphisms of the category SptPre(C) of presheaves
of spectra on a site C. A cofibration i : X → Y presheaves of spectra is the standard
thing [5], [14], namely a map such that the level 0 map i0 : X0 → Y 0 is a cofibration
of pointed simplicial presheaves, as are all induced maps

S1 ∧ Y n ∪S1∧Xn Xn+1 → Y n+1.

Say that a cofibration of presheaves of spectra which is also a member of sE is an
sE-trivial cofibration.

For any infinite cardinal α, a presheaf of spectra A is said to be α-bounded if each
of its constituent simplicial presheaves An, n ≥ 0, is α-bounded. If α is an upper
bound for the cardinality of the set of morphisms of the underlying site C, then
every presheaf of spectra X is a filtered colimit of its α-bounded subobjects. In
effect, take some section x ∈ Xn

m(U), and form the corresponding pointed simplicial
presheaf map x : (LU∆m)+ → Xn. The simplicial presheaf (LU∆m)+ is α-bounded
by the assumption on the size of the cardinal α. Then x canonically determines
a map of presheaves of spectra x∗ : Σ∞(LU∆m)+[−n] → X, whose image is an
α-bounded subobject of X which contains the section x. Here,

Σ∞(LU∆m)+[−n]k =

{

∗ if k − n < 0, and

Σ∞(LU∆m)k−n
+ if k − n ≥ 0,

according to the usual indexing conventions, and Σ∞(LU∆m)+ is the standard
suspension spectrum object for the pointed simplicial presheaf (LU∆m)+.

The analogue of the list of conditions E1 – E7 for Theorem 1.1 is the following
collection of statements:

sE1: The class of morphisms sE is closed under retracts.
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sE2: Given a composable pair of morphisms

X
f

−→ Y
g

−→ Z,

if any two of f , g and gf are in the class sE, then so is the third.
sE3: Every pointwise strict equivalence is in sE.

sE4: The class of sE-trivial cofibrations is closed under pushout.

sE5: Suppose that γ is a limit ordinal, and there is a functor X : γ → SptPre(C)
such that for each morphism i ≤ j of γ, the induced map X(i) → X(j) is
an sE-trivial cofibration. Then the canonical maps

X(i)
τi

−→ lim
−→
j∈γ

X(j)

are sE-trivial cofibrations.

sE6: Suppose that the morphisms fi : Xi → Yi are sE-trivial cofibrations for
i ∈ I. Then the morphism

∨

i∈I

fi :
∨

i∈I

Xi →
∨

i∈I

Yi

is an E-trivial cofibration.

sE7: There is an infinite cardinal α which is at least as large as the cardinality of
the set of morphisms of C, such that for every diagram

X

i

A Y

of maps of presheaves of spectra with i a sE-trivial cofibration, and A α-
bounded, there is an α-bounded subobject B ⊂ Y such that A ⊂ B, and
such that the inclusion B ∩X ↪→ B is an sE-trivial cofibration.

A pointwise strict equivalence is a map f : X → Y of presheaves of spectra such
that all induced maps of simplicial sets f : Xn(U) → Y n(U), U ∈ C are weak
equivalences. Also, perhaps it’s hard to believe, but the following requires proof so
that the statement sE7 makes sense:
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Lemma 3.1. Suppose that i : A ↪→ B is a cofibration of spectra, and that j : V ⊂ B
is a subcomplex of B. Then the induced map i∗ : V ∩ A → V is a cofibration of
spectra.

Remark 3.2. When we say that j : V ⊂ B is a subobject or subcomplex of B,
we mean simply that all maps j : V n → Bn are monomorphisms. We do not mean
that j is a cofibration. �

Proof of Lemma 3.1: We need to show that all induced maps

(S1 ∧ V n) ∪S1∧(V n∩An) (V n+1 ∩ An+1)
(σ,i∗)
−−−→ V n+1

are cofibrations in the pointed simplicial set category. Given that the diagram of
spectrum maps

V ∩A
j∗

i∗

A

i

V
j

B

induces a commutative diagram

(3.3)

(S1 ∧ V n) ∪S1∧(V n∩An) (V n+1 ∩An+1)
(σ, i∗)

j∗

V n+1

j

(S1 ∧ Bn) ∪(S1∧An) An+1

(σ, i)
Bn+1

it suffices to show that the vertical map j∗ in (3.3) is a cofibration.
Note that any pointed map

(S1 ∧Bn) ∪(S1∧An) An+1 → Y

can be identified with a pair of maps f : An+1 → Y and g : Bn → ΩY , such that
the diagram

An σ∗

i

ΩAn+1

Ωf

Bn
g ΩY
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commutes, where σ∗ is the adjoint of the bonding map σ : S1 ∧ An → An+1. In
this language, suppose given a commutative diagram

(3.4)

(S1 ∧ V n) ∪S1∧(V n∩An) (V n+1 ∩ An+1)
(g′

∗, f
′)

j∗

X

p

S1 ∧Bn ∪S1∧An An+1

(g∗, f)
Y

where p is a trivial fibration. Then there is a map h making the diagram

V n+1 ∩ An+1 f ′

j∗

X

p

An+1

f

h

Y

commute, since j∗ is a cofibration of simplicial sets and p is a trivial fibration.
The maps Ωh ◦ σ∗ : An → ΩX and g′ : V n → ΩX together induce a morphism
H : V n ∪ An → ΩX, and there is a commutative diagram

V n ∪ An H ΩX

Ωp

Bn
g

K

ΩY

since Ωp is a trivial fibration. The map

(K∗, h) : S1 ∧Bn ∪S1∧An An+1 → X

solves the lifting problem posed by the diagram (3.4), so that j∗ has the left lifting
property with respect to all trivial fibrations, and is therefore a cofibration. �

Observe that the class of cofibrations satisfies analogues of the axioms sE4 –
sE6 (ie. without the “sE-trivial” condition), because they are defined pointwise,
and cofibrations of ordinary spectra fit into a (strict) closed model structure — one
could also argue directly.
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Say that a morphism p : X → Y is an sE-fibration if it has the right lifting
property with respect to all sE-trivial cofibrations. An sE-weak equivalence is a
member of the class sE.

If K is a simplicial set and X is a presheaf of spectra, then the tensor object
X n K is defined in sections for U ∈ C by

(X n K)(U) = X(U) n K = (X(U)×K)/(∗ ×K) = X(U) ∧K+,

where K+ = Kt∗ is a copy of K with a disjoint base point attached. For presheaves
of spectra X and Y , the function complex hom(X, Y ) is the simplicial set whose
set of n-simplices is defined by

hom(X, Y )n = hom(X n ∆n, Y )

where the morphism set on the right is in the category of presheaves of spectra on
C. The ordinary exponential law for spectra induces a simplicial category structure
on SptPre(C).

Theorem 3.5.

(1) Under the conditions sE1 – sE7 listed above, there is a closed model struc-
ture on SptPre(C) such that the cofibrations are the (pointwise) cofibrations
as described above, the weak equivalences are the sE-weak equivalences, and
fibrations (ie. sE-fibrations) are defined by a right lifting property.

(2) Suppose further that, given an inclusion i : K → L of finite simplicial sets
and a cofibration j : X ↪→ Y , then the induced map

X n L ∪XnK Y n K ↪→ Y n L

is an sE-trivial cofibration if either i is a weak equivalence of simplicial sets
or j is an sE-weak equivalence of presheaves of spectra. Then SptPre(C)
has the structure of a closed simplicial model category.

Proof: Suppose that α is an infinite cardinal which is an upper bound for the
cardinality of the set of morphisms of the site C.

The proof is analogous to the argument for Theorem 1.1, except that we need
Lemma 3.1 for the proof of the factorization axiom CM5. One further shows, via
the techniques in the proof of Theorem 1.1, that a map has the right lifting property
with respect to all cofibrations if and only if it has the right lifting property with
respect to all α-bounded cofibrations. Then a transfinite small object argument is
used to show that every map f : X → Y of presheaves of spectra has a factorization

X
f

j

Y

W

q
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where j is a cofibration, and q has the right lifting property with respect to all
cofibrations. In particular, the maps q : W m → Y m have the right lifting property
with respect to all cofibrations ∂∆n ⊂ ∆n, since the induced maps of presheaves of
spectra

Σ∞(LU∂∆n)+ → Σ∞(LU∆n)+

are cofibrations. It follows that the maps q : W m → Y m are pointwise weak
equivalences, so that q : W → Y is a pointwise stable equivalence and therefore an
sE-weak equivalence as well as an sE-fibration, by sE3. �

Remark 3.6. The proof of Theorem 3.5 does not assume the standard closed
model structure for presheaves of spectra. This structure appears as a consequence
of Theorem 3.5 in Theorem 3.7 below.

Suppose that X and Y are pointed simplicial sets, and that K is an arbitrary
simplicial set. The canonical isomorphism

hom(K, X)× hom(K, Y )
∼=
−→ hom(K, X × Y )

induces a map

hom(K, X) ∧ hom(K, Y )
φ

−→ hom(K, X ∧ Y )

which is natural in K, X and Y . It follows that the maps

hom(sdn ∆m, X) ∧ hom(sdn ∆m, Y )
φ

−→ hom(sdn ∆m, X ∧ Y )

induce a pointed simplicial set map

Ex∞ X ∧ Ex∞ Y
φ

−→ Ex∞(X ∧ Y )

which is natural in X and Y . In particular, any pointed simplicial set map

S1 ∧X
σ
−→ Y

induces a composite pointed map

S1 ∧ Ex∞ X
ν∧1
−−→ Ex∞ S1 ∧ Ex∞ X

φ

−→ Ex∞(S1 ∧X)
Ex∞ σ
−−−−→ Ex∞ Y,

which will be denoted by σ̃. Here, ν is a special case of Kan’s natural weak equiv-
alence ν : Z → Ex∞ Z

It follows that, if X is a spectrum with bonding maps σ : S1 ∧ Xn → Xn+1,
then there is a spectrum Ex∞ X consisting of the pointed spaces Ex∞ Xn, and
with bonding maps given by the induced maps σ̃ : S1 ∧ Ex∞ Xn → Ex∞ Xn+1.
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The spectrum Ex∞ X is strictly fibrant (ie. consists of Kan complexes) and that
the maps ν : Xn → Ex∞ Xn define a strict weak equivalence of spectra ν : X →
Ex∞ X.

Suppose, generally, that Z is a presheaf of spectra such that each of the objects
Zn is a presheaf of Kan complexes. Then Z has sheaves of stable homotopy groups
πiZ, defined for i ∈ Z, where πiZ is the colimit in the sheaf category of the system
of maps

πiZ
n+i → πi+1Z

n+i+1 → . . .

of sheaves of ordinary homotopy groups, which is, in turn, induced by the diagram
of simplicial presheaf maps

Z0
σ
−→ ΩZ1

Ωσ
−−→ Ω2Z2

Ω2σ
−−→ . . .

The homotopy group sheaf πiZ
n+i is, by definition, the sheaf associated to the

presheaf U 7→ πi(Z
n+i(U), ∗), where ∗ denotes the implicit global choice of base

point. We say that a map f : X → Y is a local stable equivalence if f induces
isomorphisms πi Ex∞ X ∼= πi Ex∞ Y for all i ∈ Z.

Suppose again that Z is a presheaf of spectra which consists of presheaves of Kan
complexes. The presheaf of spectra QZ has space at level n defined by the filtered
colimit

Zn
σ∗

−→ ΩZn+1
Ωσ∗

−−→ Ω2Zn+2
Ω2σ∗

−−−→ . . . ,

with bonding map σ : QZn → ΩQZn+1 induced by the maps Ωkσ : ΩkZn+k →
Ωk+1Zn+k+1. A cofinality argument implies that all bonding maps σ : QZn →
ΩQZn+1 are isomorphisms of simplicial presheaves, and that the canonical map
Z → QZ induces an isomorphism of presheaves of stable homotopy groups, and
hence is a local stable equivalence. Finally, the canonical map

πiQZn → πn−iQZ

is an isomorphism for all n ≥ 0 and i ≥ 0, so that a map f : X → Y of
presheaves of spectra is a local stable equivalence if and only if all induced maps
f∗ : πiQ Ex∞ Xn → πiQ Ex∞ Y n of sheaves of (ordinary) homotopy groups are
isomorphisms.

In particular, all the morphisms f∗ : Q Ex∞ Xn → Q Ex∞ Y n are local weak
equivalences. This is proved with a Boolean localization argument: if p : Shv(B)→
Shv(C) is a Boolean localization, then each of induced map

p∗f∗ : p∗L2Q Ex∞ Xn(b)→ p∗L2Q Ex∞ Y n(b)

in sections is a map of Kan complexes which are also loop spaces, and this map
preserves the loop space structure. Furthermore, this map induces an isomorphism

πip
∗L2Q Ex∞ Xn(b) ∼= πip

∗L2Q Ex∞ Xn(b),
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for i ≥ 0, since Boolean localization commutes with the formation of all sheaves of
homotopy groups (see [15]), and so the ambient H-space structures can be used to
show that it is a weak equivalence, in all sections.

Conversely, or at least partially so, if f : X → Y is a map of presheaves of spectra
such that each of the maps f : Xn → Y n is a local weak equivalence, then f induces
an isomorphism in sheaves of stable homotopy groups.

The following result was first proved in [13]. We give here a new “one step”
proof which is based on Theorem 3.5. The proof of this result specializes to an al-
ternative demonstration of the existence of the Bousfield-Friedlander stable closed
model structure for ordinary spectra [5]. Note, however, that we still require the
strict closed model structure for ordinary spectra to take care of some of the stan-
dard assertions about cofibrations. The existence of the strict structure is just an
exercise.

Theorem 3.7. Say that a map f : X → Y of presheaves of spectra on a small
site C is a local stable equivalence if it induces an isomorphism in all sheaves of
stable homotopy groups, and that a map is a global fibration if it has the right
lifting property with respect to all maps which are cofibrations and local stable
equivalences. Then with these definitions, the category SptPre(C) of presheaves of
spectra on a Grothendieck site C satisfies the axioms for a proper closed simplicial
model category.

Proof: We verify the conditions of Theorem 3.5 to show that the category of
presheaves of spectra on C is a closed simplicial model category where, in the
notation of that result, sE stands for the class of local stable equivalences.

The stable homotopy group functor preserves filtered colimits and takes wedges
to direct sums, so the only axiom having any content is sE7. Suppose that α is
an infinite cardinal which is a strict upper bound for the cardinality of the set of
morphisms of the underlying site, and suppose given a diagram

X

i

A Y

where A is an α-bounded subobject of Y and i is a cofibration which is a local
stable equivalence. This means in particular that the presheaves of stable homotopy
groups πp

i Y/X are locally trivial in the sense that any section x ∈ πp
i Y/X(U) maps

to 0 along some covering sieve R ⊂ hom( , U) in the sense that φ∗(x) = 0 for all
φ : V → U in R. The presheaf of spectra Y is a filtered colimit of its α-bounded
subobjects, so it follows that any x ∈ πp

∗(A/A∩X)(U) maps to 0 in πp
∗(A1/A1∩X)
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for some α-bounded A1 with A ⊂ A1 ⊂ Y . Continue inductively, to produce a
sequence of α-bounded subobjects

A = A0 ⊂ A1 ⊂ A2 ⊂ . . .

of Y such that the induced maps

πp
∗(Ai/Ai ∩X)→ πp

∗(Ai+1/Ai+1 ∩X)

of presheaves of stable homotopy groups are all 0-maps. Let B = ∪i≥0Ai. Then B
is an α-bounded subobject of Y containing A such that πp

∗(B/B ∩X) = 0, so that
the cofibration B ∩X ↪→ B is a local stable equivalence.

The class of maps which are both cofibrations and local stable equivalences is
closed under pushout, by a standard long exact sequence argument. Suppose that
i : K ↪→ L is an inclusion of finite simplicial sets and that j : X → Y is a cofibration
of presheaves of spectra. Then the induced cofibration

(3.8) X n L ∪XnK Y n K ↪→ Y n L

is a local stable equivalence if either i is a weak equivalence or j is a local stable
equivalence. In effect, if i is a weak equivalence, then the maps X n i and Y n i are
strict and hence local stable equivalences, as is the pushout map

Y n K
i∗
−→ X n L ∪XnK Y n K.

For the other case, if i : X → Y is a local stable equivalence, then the maps

i∗ :
∨

σ∈Kn

X →
∨

σ∈Kn

Y

are local stable equivalences, so that the map i : X n K → Y n K is a local
stable equivalence, by a spectral sequence argument (see [14]). This holds for every
simplicial set K, and in particular for L.

Every global fibration p : X → Y is a strict fibration, in the sense that all
maps p : Xn → Y n are global fibrations of simplicial presheaves, since the functors
U 7→ Σ∞U+[−n] take trivial cofibrations of simplicial presheaves to cofibrations of
presheaves of spectra which are local stable equivalences. Suppose that the diagram

Z
g∗ X

p

W g Y
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is a pullback in the category of presheaves of spectra, where p is a global fibration
and g is a local stable equivalence. We want to show that the map g∗ is a local
stable equivalence. Each induced diagram

Q Ex∞ Zn Q Ex∞ g∗ Q Ex∞ Xn

Q Ex∞ p

Q Ex∞ Wn

Q Ex∞ g
Q Ex∞ Y n

is a pullback diagram of simplicial presheaves in which all the objects are presheaves
of Kan complexes, the map Q Ex∞ g is a local weak equivalence, and the map
Q Ex∞ p is a local fibration. We saw in the proof of Theorem 2.7 that local weak
equivalences are stable under pullback along local fibrations, so that Q Ex∞ g∗ is a
local weak equivalence, and so the map g∗ is a local stable equivalence.

One shows that local stable equivalences are preserved by pushing out along
cofibrations by comparing long exact sequences for cofibrations. �

Theorem 3.9. Suppose that F : C → D is a continuous functor between small
Grothendieck sites which induces a geometric morphism Shv(D) → Shv(C), and
that E is a presheaf of spectra on D. Say that a map g : X → Y of simplicial
presheaves on C is an E∗-weak equivalence if the induced map g∗ : E ∧ F pX+ →
E ∧ F pY+ is a local stable equivalence of presheaves of spectra on D. Say that
a map p : Z → W is an E∗-global fibration if p has the right lifting property
with respect to all cofibrations which are E∗-weak equivalences. Then the classes
of cofibrations, E∗-weak equivalences and E∗-global fibrations give the category
SPre(C) the structure of a closed simplicial model category.

Proof: The functor X 7→ E ∧ F pX+ takes values in the category of presheaves
of spectra on the site D, which is a closed simplicial model category by the main
result of [13], or Theorem 3.7. The notation F pX+, as usual, denotes F pX with a
disjoint base point attached. We shall prove this result by invoking Theorem 1.1,
where the class E is the collection of E∗-weak equivalences.

We can assume that the presheaf of spectra E is cofibrant, because otherwise
there is a trivial strict fibration π : E ′ → E, where E′ is cofibrant, and the induced
map π ∧ 1 : E′ ∧ F pX+ → E ∧ F pX+ is a strict and hence local stable weak
equivalence for all X, so that a map g : X → Y of simplicial presheaves on C is an
E∗-weak equivalence if and only if it is an E ′

∗-weak equivalence.

If i : A→ B is a cofibration of SPre(C), then the induced map F p(i) : F pA+ →
F pB+ is canonically locally weakly equivalent to a natural choice of cofibration,
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namely the L2F p(i) : L2F pA+ → L2F pB+. In particular, if the diagram

A

i

C

i∗

B D

is a pushout diagram of simplicial presheaves on the site C, where i is an E∗-trivial
cofibration, then the pushout diagram

L2F pA

L2F p(i)

L2F pC

L2F p(i∗)

L2F pB L2F pD

of simplicial sheaves on D contains a cofibration L2F p(i) which induces a local
stable equivalence

E ∧ L2F p(i)+ : E ∧ L2F pA+ → E ∧ L2F pB+.

Cofibrations of SPre(D) which induce a local stable equivalence after smashing with
E are stable under pushout, and so the same is true for cofibrations of simplicial
sheaves on D, since the associated sheaf functor preserves pushouts. It follows that
the class of E∗-trivial cofibrations of SPre(C) is closed under pushout.

We used a piece of Lemma 2.6 implicitly in this last argument: if f : X → Y is a
pointwise weak equivalence, then the simplicial presheaf map f∗ : F pX+ → F pY+

on D is a local weak equivalence. It follows that the induced map f∗ : E∧F pX+ →
E ∧ F pY+ is a strict and hence local stable equivalence, so that every pointwise
equivalence is an E∗-weak equivalence, giving E3.

With the exception of E7, the remaining axioms have trivial proofs. It remains
to verify the bounded cofibration condition.

Let α be an infinite cardinal which is an upper bound on the cardinalities of the
morphisms set of C, the morphism set of D, and all sets of sections of all simplicial
presheaves En, n ≥ 0 making up the presheaf of spectra E. Suppose that we are
given a diagram of simplicial presheaf maps

X

i

A Y
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on C, where i is a cofibration which is an E∗-equivalence, and A is an α-bounded
subobject of Y . The assertion that i is an E∗-equivalence means exactly that all
stable homotopy group presheaves πp

i (E ∧F p(Y/X)) are locally trivial in the sense
that every section x ∈ πp

i (E ∧ F p(Y/X))(U) maps to 0 along all maps in some
covering sieve R ⊂ hom( , U), and for all objects U of the site D. The presheaves of
stable homotopy groups πp

i (E∧F p(A/(A∩X)) are α-bounded, by the choice of the
size of the cardinal α. The functor B 7→ πp

i (E ∧F pB) preserves filtered colimits in
pointed simplicial presheaves B on C, and Y is a filtered colimit of its α-bounded
subobjects. It follows that there is an α-bounded subobject A1 of Y such that
A ⊂ A1, and such that the induced map of presheaves of stable homotopy groups

πp
i (E ∧ F p(A/(A ∩X)))→ πp

i (E ∧ F p(A1/(A1 ∩X)))

is the zero map in all sections, and for all i. Repeating this construction inductively
gives a sequence of inclusions

A = A0 ⊂ A1 ⊂ A1 ⊂ . . .

of α-bounded subobjects of Y such that all induced maps

πp
i (E ∧ F p(Aj/(Aj ∩X)))→ πp

i (E ∧ F p(Aj+1/(Aj+1 ∩X)))

of presheaves of stable homotopy groups are 0. Let B = ∪iAi: then B is an α-
bounded subobject of Y containing A such that πi(E ∧F p(B/(B∩X))) = 0 for all
i, so that the inclusion B ∩X ↪→ B is an E∗-equivalence.

The natural simplicial set isomorphism

K+ n L ∼= (K × L)+

implies that the functor X 7→ E ∧ F pX+ is a simplicial functor which preserves
tensors, along with pushouts and cofibrations. It follows that if i : X ↪→ Y is a
cofibration of simplicial presheaves on C and j : K ↪→ L is an inclusion of finite
simplicial sets, then the induced cofibration

(X × L) ∪(X×K) (Y ×K) ↪→ Y × L

is an E∗-weak equivalence if either i is an E∗-weak equivalence or j is a trivial
cofibration of simplicial sets. �

We say that the closed model structure arising from the presheaf of spectra E
and the functor F : C → D is the E∗-theory. An E∗-fibrant model X → LEX is
an E∗-weak equivalence such that LEX is E∗-fibrant. Such things always exist,
and any two E∗-fibrant models for X are non-canonically homotopy equivalent,
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by the Whitehead Theorem. An E∗-fibrant model for X is also said to be an
E∗-localization of X.

Recall from [14] that a bispectrum X can be defined to be a spectrum object in
the category of spectra, in the sense that X consists of spectra Xn, n ≥ 0, and
maps of spectra σ : Xn ∧ S1 → Xn+1. The maps σ are usually called bonding
maps. A morphism i : X → Y of bispectra is a cofibration if the map i0 : X0 → Y 0

at level 0 is a cofibration of ordinary spectra, along with all induced maps

(Y n ∧ S1) ∪(Xn∧S1) Xn+1 → Y n+1.

The spectra Y n themselves consist of spaces Y n,k, k ≥ 0, and there is a diag-
onal spectrum d(Y ) associated to the bispectrum Y , such that d(Y )2r = Y r,r,
d(Y )2r+1 = Y r,r+1, and such that the bonding maps are given by the pointed
simplicial set maps

S1 ∧ Y r,r → Y r,r+1,

and the composites

S1 ∧ Y r,r+1
τ
−→
∼=

Y r,r+1 ∧ S1 → Y r+1,r+1

arising from the spectrum structure for Y r and the bispectrum structure for Y ,
respectively. A map f : X → Y of bispectra is said to be a stable equivalence if the
induced map f∗ : d(X)→ d(Y ) is a stable equivalence of ordinary spectra.

These definitions generalize quite naturally to presheaves of bispectra. A map
f : X → Y of presheaves of bispectra is said to be a cofibration if each of the maps
f : X(U) → Y (U), U ∈ C, in sections of ordinary bispectra is a cofibration in the
sense described above. The map f : X → Y is said to be a local stable equivalence
if the induced map f∗ : d(X) → d(Y ) of diagonal presheaves of spectra is a local
stable equivalence. Write Spt2Pre(C) for the category of presheaves of bispectra
on the site C. We shall use the result, proved in [14], that the category Spt2Pre(C)
has a proper closed simplicial model structure for which the weak equivalences are
the local stable equivalences and the cofibrations are as above.

Theorem 3.10. Suppose that F : C → D is a continuous functor between small
Grothendieck sites which induces a geometric morphism Shv(D) → Shv(C), and
that E is a presheaf of spectra on D. Say that a map f : X → Y of presheaves of
spectra on C is an E∗-weak equivalence if the induced map f∗ : F pX∧E → F pY ∧E
is a local stable equivalence of presheaves of bispectra on D. Say that a map
p : Z →W is an E∗-global fibration if p has the right lifting property with respect
to all cofibrations which are E∗-weak equivalences. Then the classes of cofibrations,
E∗-weak equivalences and E∗-global fibrations give the category SptPre(C) the
structure of a closed simplicial model category.

34



Proof: We can assume that the spectrum E is cofibrant, by replacing it up to
strict weak equivalence by a cofibrant object. Axioms sE1 and sE2 are trivial.

If the map g : Z → W of presheaves of spectra on C is a pointwise strict weak
equivalence, then each level map g : Zn → W n is a local weak equivalence of
simplicial presheaves, so that each map F p(g) : F pZn → F pWn is a local weak
equivalence of simplicial presheaves on D. But then each of the induced maps
F pZn ∧Em → F pWn ∧Em is a local weak equivalence of simplicial presheaves on
D, so that g∗ : F pZ ∧ E → F pW ∧ E is a local stable equivalence of presheaves of
bispectra on D, giving sE3.

Suppose given a pushout diagram

A

i

C

i∗

B D

of presheaves of spectra on the site C for which the map i is a cofibration and an
E∗-weak equivalence. In order to prove sE4, it suffices to show that the map i∗ is
an E∗-weak equivalence. There is an induced pushout diagram

F pA

F p(i)

F pC

F p(i∗)

F pB F pD

of presheaves of spectra on D. The map F p(i) may not be a cofibration, but it
induces a map L2F p(i) : L2F pA → L2F pB which is a pointwise cofibration [14,
Ch.2] in the sense that all level maps L2F p(i) : L2F pAn → L2F pBn are cofibrations
of simplicial (pre-) sheaves, after applying the associated sheaf functor, by exactness
of the inverse image functor F ∗ : Shv(C)→ Shv(D). Furthermore, the induced map
E ∧ L2F pA → E ∧ L2F pB is a local stable equivalence of presheaves of bispectra
on D, since it is strictly locally weakly equivalent to the map E ∧F pA→ E ∧F pB.
The collection of pointwise cofibrations of presheaves of spectra on D which induce
a local stable equivalence of presheaves of bispectra after smashing with E is closed
under pushout, by a standard long exact sequence argument. It follows that the
map i∗ induces local stable equivalences E∧L2F pC → E∧L2F pD and E∧F pC →
E ∧ F pD.
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Axioms sE5 and sE6 are easily verified. The proof of the bounded cofibration
axiom sE7 proceeds just as in the proof of Theorem 3.9. �

Note the use of sheaves of spectra in the proof of Theorem 3.10. In general, a
sheaf of spectra Y is a presheaf of spectra such that all of the objects Y n, n ≥ 0,
are simplicial sheaves.

If X is a pointed simplicial presheaf on a site C and K is a pointed simplicial set,
there is a natural canonical map

η∗ : K ∧ L2X → L2(K ∧X)

which respects the associated sheaf maps η : X → L2X and η : K∧X → L2(K∧X)
in the obvious way. It follows that, given a presheaf of spectra Z, there is an
associated sheaf of spectra L2Z having bonding maps given by the composites

S1 ∧ L2Zn
η∗

−→ L2(S1 ∧ Zn)
L2(σ)
−−−→ L2Zn+1.

This construction is functorial in Z, and there is a natural map of presheaves of
spectra η : Z → L2Z which consists of the associated sheaf map η : Zn → L2Zn in
all levels. This map η is a strict local weak equivalence.

Remark 3.11. There is a stable proper closed simplicial model structure for the
category SptShv(C), for which the weak equivalences are those maps which are local
stable equivalences in the simplicial presheaf category. The cofibrations, however,
are different in that they need to be defined within the category of simplicial sheaves.
Explicitly, a map i : X → Y is a cofibration of sheaves of spectra if the following
two conditions hold:

(1) the map i : X0 → Y 0 is a cofibration of simplicial sheaves, and

(2) for each n ≥ 0 the map

L2((S1 ∧ Y n) ∪(S1∧Xn) Xn+1) ↪→ Y n+1

is a cofibration of simplicial sheaves.

Observe that every map of sheaves of spectra which is a cofibration of presheaves of
spectra is also a cofibration of sheaves of spectra. The stable proper closed simpli-
cial model structure for SptShv(C) follows from the existence of the corresponding
structure for the category SptPre(C) of presheaves of spectra on C (Theorem 3.7),
in the same way that Theorem 1.2 follows from Theorem 1.1. Furthermore, the
natural map η : Z → L2Z is a strict local equivalence, so the stable closed model
structures for presheaves of spectra and sheaves of spectra have equivalent associ-
ated homotopy categories.

The pointwise cofibration L2F p(i) : L2F pA → L2F pB of presheaves of spectra
which appears in the proof of Theorem 3.10 is actually a cofibration of sheaves of
spectra, and the proof of that result can be rewritten on this basis.
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Remark 3.12. Theorem 3.10 specializes to a closed model structure for ordinary
spectra, where E is any spectrum, and the weak equivalences are those maps which
induce stable equivalences after smashing with E.

4. Localization with respect to a map.

Let S be the category of simplicial sets and f : A → B a cofibration. A great
deal of thought has gone into the notion of an f -localization. We refer the reader
especially to the work of Dror-Farjoun ([6], [7]), Hirschhorn [10], and Bousfield [4].
All of these contain further references and applications. We begin this section by
presenting a synopsis of the theory.

A simplicial set X is f -local if it is fibrant and if the fibration

f∗ : hom(B, X)→ hom(A, X)

is a weak equivalence. An f -localization of Y ∈ S is a morphism Y → X in S to
an f -local object which is initial among all such morphisms; that is, given a map
Y → Z to a f -local object there is a unique homotopy class of maps X → Z making
the following triangle commute in the homotopy category:

Y X

Z.

One of the main results of the work cited above is that localizations exist and
induce a functor Lf : Ho(S) → Ho(S) which is augmented in the sense that there
is a natural map ηX : X → LfX and idempotent in the sense that the two natural
maps

LfηX , ηLf X : LfX → (Lf )2X

are equal and isomorphisms in Ho(S).
The functor Lf : Ho(S) → Ho(S) is induced by a functor L = Lf : S → S. To

describe L, consider the set C of cofibrations with elements

A×∆n ∪A×∂∆n B × ∂∆n → B ×∆n, n ≥ 0.

Since C is a set, there is an infinite cardinal α so that the source and target of all
morphisms in C are α-bounded.

The space LX is defined by a filtered colimit

LX = lim
−→
s<κ

EsX,
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where κ is some fixed cardinal with κ > 2α, and EsX is defined by transfinite
induction. E0X is a functorial choice of fibrant model for X — it is most convenient
here to write E0X = Ex∞ X. If s is a limit ordinal Es = lim

−→t<s
Et, and for successor

ordinals s + 1, there is a push-out square

⊔

C

Ci × hom(Ci, EsX) EsX

⊔

C

Di × hom(Ci, EsX) Es+1X,

and then Es+1X = Ex∞ Es+1X is a fibrant model for Es+1X. We shall say that κ
is the defining cardinal for the functor L.

The slightly expanded definition of the stages in the factorization (using function
spaces rather than merely sets of maps) is required for the resulting object to be
continuous in the sense of L7 below.

The canonical map ηX : X → LX is a cofibration and induces a weak equivalence

η∗
X : hom(LX, Z)→ hom(X, Z)

for all f -local objects Z, by construction. Furthermore, LX is f -local: it is clearly
fibrant and any map Ci → LX factors through some EsX, for otherwise Ci would
have too many subobjects.

The functor L also satisfies the following properties.

L1: L preserves weak equivalences.

L2: L preserves cofibrations.

L3: Let β be any cardinal with β ≥ α. Let {Xj} be the filtered system of
sub-objects of X which are β-bounded. Then the map

lim
−→

j

L(Xj)→ L(X)

is an isomorphism.

L4: Let γ be an ordinal number of cardinality strictly greater than 2α. Let
X : γ → S be a diagram of cofibrations so that for all limit ordinals s < γ
the induced map

lim
−→
t<s

X(t)→ X(s)
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is an isomorphism. Then lim
−→t<γ

L(X(t)) ∼= L(lim
−→t<γ

X(t)).

L5: Suppose that λ = 2κ, where κ is the defining cardinal for the functor L. If
X is λ-bounded, then L(X) is λ-bounded.

L6: Let Y, Z be two subobjects of X. Then

L(Y ) ∩ L(Z) = L(Y ∩ Z)

in L(X).

L7: The functor L is continuous; that is, it extends to a natural morphism of
simplicial sets

L : hom(X, Y )→ hom(LX,LY )

compatible with composition.

The idea of proof for L1 is to show inductively that any weak equivalence g :
X → Y induces weak equivalences g∗ : EsX → EsY . This is a patching lemma
argument, given that g induces a weak equivalence

g∗ : hom(Ci, EsX)→ hom(Ci, EsY )

since EsX and EsY are fibrant.
For L2, one shows inductively that if X → Y is a cofibration, then EsX → EsY

is a cofibration and, for successor ordinals,

Es(Y ) ∪Es(X) Es+1(X)→ Es+1(Y )

is a cofibration. This last ultimately relies on the fact that for all Ci → Di in C,
the map

Ci × hom(Ci, EsY ) ∪Ci×hom(Ci,EsX) Di × hom(Ci, EsX)→ Di × hom(Ci, EsY )

is an inclusion, hence a cofibration. In particular, one needs that

hom(Ci, EsX)→ hom(Ci, EsY )

is an inclusion. Note further that Kan’s Ex∞ construction preserves cofibrations.
The statement L3 is again verified by proving the corresponding statement for

each of the functors Es. Suppose that g : Ci × ∆n → EsX is a map, and take a
simplex (x, θ) of Ci×∆n. Then g(x, θ) lies in some EsY such that Y is a β-bounded
subcomplex of X by the inductive assumption. But then all images f(x, θ) lie in
some EsW where W is a β-bounded subcomplex of X, since |Ci × ∆n| ≤ α, and
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the collection of all β-bounded subcomplexes of X is closed under unions of size at
most β. We have therefore seen that

lim
−→

j

hom(Ci, EsXj)→ hom(Ci, EsX)

is an isomorphism for all Ci → Di in C. The rest of the verification is formal, since
the Ex∞ functor preserves filtered colimits.

The statement L4 has a similar but easier argument: there is an isomorphism

lim
−→
t<γ

hom(Ci, EsX(t)) ∼= hom(Ci, lim−→
t<γ

EsX(t)),

since otherwise Ci would have too many subobjects.
For L5, one shows that Es(X) is λ-bounded, and uses the observation that

λ = 2κ > κ > 2α > α.

The fact that Es+1(X) is λ-bounded ultimately relies on the fact that

|Di × hom(Ci, EsX)| ≤ α · λα = α · (2κ)α = α · 2κ·α = λ.

Note that if Y is λ-bounded, then Ex∞ Y is λ-bounded, since λ is infinite.
Note that by L2 we may assume we have L(Y ) ∩ L(Z) ⊆ L(Y ∩ Z) ⊆ L(X).

One shows that Es(Y ) ∩ Es(Z) = Es(Y ∩ Z). The limit ordinal case follows from
the successor ordinal case because filtered colimits commute with pullbacks. The
successor ordinal case follows from fact that, degreewise, Es+1Xn has the form

Es+1Xn = (
⊔

C

(Di − Ci)× hom(Ci, EsX)n) t EsXn,

and the image of the inclusion EsYn ↪→ EsXn associated to any subcomplex Y ⊂ X
has the form

(
⊔

C

(Di − Ci)× hom(Ci, EsY )n) t EsYn.

The Ex∞ functor preserves pullbacks, giving L6.
The statement L7 is equivalent to asserting that for all X, K ∈ S, there is a

natural map L(X)×K → L(X ×K) so that the following triangle commutes

X ×K
ηX×1

ηX×K

L(X)×K

L(X ×K)
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subject to the requirements that L(X)×∆0 ∼= L(X ×∆0), and the following two
maps agree:

L(X)× (K × L)→ L(X × (K × L)) ∼= L((X ×K)× L))

and

L(X)× (K × L)→ (L(X)×K)× L)→ L(X ×K)× L→ L((X ×K)× L)).

Again, one shows the result holds for all Es. The limit ordinal case follows from
the successor ordinal case, which in turn follows by induction and the fact that, for
sets, the push-out of

B ×K
i×K
←−−− A×K

j×K

−−−→ C ×K

is isomorphic to (B ∪A C)×K. Note as well that the Ex∞ functor is continuous in
the same sense.

Suppose now that f : A→ B is a cofibration of simplicial presheaves on a small
Grothendieck site C, and say that a simplicial presheaf Z on C is f -local if Z is
globally fibrant and if the induced fibration

f∗ : hom(B, Z)→ hom(A, Z)

is a weak equivalence.
We construct a functor L = Lf : SPre(C)→ SPre(C) by starting with an infinite

cardinal α which is an upper bound for the cardinality of the set of morphisms of
C and that of all sets of sections of B. The method of constructing the functor L is
analogous to the simplicial set construction, starting with the set C of cofibrations
having elements

A× LU∆n ∪A×Y B × Y ↪→ B × LU∆n,

indexed over the set of all cofibrations Y ⊂ LU∆n.
Observe, however, that the construction of L for simplicial sets depends on the

existence of a continuous functorial fibrant model construction. For simplicial
presheaves, we require a continuous functorial globally fibrant model jX : X → GX
in order to carry out the analogous argument. The Ex∞ functor does not produce
globally fibrant models for simplicial presheaves, so we have to do something more
interesting:

Lemma 4.1. Suppose that the infinite cardinal α is an upper bound for the car-
dinality of the set of morphisms of a small Grothendieck site C. Then there is a
functorial natural map jX : X → GX such that the map jX is a trivial cofibration,
GX is globally fibrant, and the following properties hold:

G1: G preserves weak equivalences.
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G2: G preserves cofibrations.

G3: Let β be any cardinal with β ≥ α. Let {Xj} be the filtered system of
sub-objects of X which are β-bounded. Then the map

lim
−→

j

GXj → GX

is an isomorphism.

G4: Let γ be an ordinal number of cardinality strictly greater than 2α. Let
X : γ → SPre(C) be a diagram of cofibrations so that for all limit ordinals
s < γ the induced map

lim
−→
t<s

X(t)→ X(s)

is an isomorphism. Then lim
−→t<γ

GX(t) ∼= G(lim
−→t<γ

X(t)).

G5: Suppose that λ = 2κ, where κ is the defining cardinal for the functor G. If
X is λ-bounded, then GX is λ-bounded.

G6: Let and Y, Z be two subobjects of X. Then

G(Y ) ∩G(Z) = G(Y ∩ Z)

in G(X).

G7: The functor G extends to a natural morphism of simplicial sets

G : hom(X, Y ) −→ hom(GX, GY )

compatible with composition.

Proof: As before, the defining cardinal κ for the functor G is a cardinal κ >
2α. We begin by writing Ci → Di for the set of trivial cofibrations Y ⊂ LU∆n,
where U varies through the set of objects of C. Note that there are at most 2α

trivial cofibrations Y ⊂ LU∆n, and that each such Y is α-bounded. Then GX =
lim
−→s<κ

GsX where GsX = lim
−→t<s

GtX at limit ordinals t < κ, and Gs+1X is

constructed from GsX by requiring that the following diagram is a pushout

⊔

i

Ci × hom(Ci, GsX) GsX

⊔

i

Di × hom(Ci, GsX) Gs+1X
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Each of the maps
⊔

i

Ci × hom(Ci, GsX)→
⊔

i

Di × hom(Ci, GsX)

is a trivial cofibration of simplicial presheaves, so that the induced canonical map
jX : X → GX is a trivial cofibration. GX is globally fibrant, since any map
Ci → GX factors through some GsX with s < γ. In particular, G1 is a triviality.
The statements G2 – G7 are proved by analogy with L2 – L7 above. �

To construct LX for a simplicial presheaf X, take κ to be a cardinal greater than
2α, and let E0X = GX. Define EsX = G(lim

−→t<s
EtX) at limit ordinals s < κ,

where G is the globally fibrant model construction of Lemma 4.1. At successor
ordinals, Es+1X = G(Es+1X), where Es+1(X) is defined by the pushout

⊔

C

Ci × hom(Ci, EsX) EsX

⊔

C

Di × hom(Ci, EsX) Es+1X.

The notation Ci → Di refers to all simplicial presheaf morphisms

A× LU∆n ∪A×Y B × Y ↪→ B × LU∆n.

Finally,
LX = lim

−→
s<κ

EsX.

Note that LX is globally fibrant: any map Y → LX must factor through some
EsX since κ > 2α, and all EsX are globally fibrant by construction. A similar
argument shows that LX is f -local. In the presence of Lemma 4.1, arguments for
the simplicial presheaf analogues of statements L1 – L7 go through just as before.
In particular, we have proved

Theorem 4.2. Let f : A → B be a cofibration in SPre(C), and suppose that α
is an infinite cardinal which is an upper bound for the cardinalities of both B and
the set of morphisms of C. Then there is a functor L = Lf : SPre(C) → SPre(C)
and a natural map ηX : X → L(X) so that L(X) is f -local and ηX is a cofibration
which induces weak equivalences

η∗
X : hom(L(X), Z)→ hom(X, Z)

for all f -local simplicial presheaves Z.
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As above, this yields a localization on the homotopy category.
We now use Theorem 1.1 to produce the f -local category structure on SPre(C).

The following result allows us to identify the class E of f -local equivalences.

Lemma 4.3. Let g : X → Y be a morphism of simplicial pre-sheaves in SPre(C).
The following two statements are equivalent.

1) Lg : LX → LY is a weak equivalence

2) g∗ : hom(Y, Z) → hom(X, Z) is a weak equivalence for all f -local objects
Z in SPre(C).

3) [Y, Z]→ [X, Z] is an isomorphism for all f -local Z in SPre(C).

Proof: Note that if C → D is any f -cofibration and Z is f -local, then

hom(D, Z)→ hom(C, Z)

is a weak equivalence. Now examine the following diagram.

hom(LY, Z)
η∗

Lg∗

hom(Y, Z)

g∗

hom(LX, Z)
η∗

hom(X, Z).

Since η is an f -local equivalence, the horizontal maps are weak equivalences. Thus
if Lg : LX → LY is a weak equivalence, so is g∗. Thus (1) implies (2). We have
that (2) implies (3) because any f -local object is globally fibrant. For (3) implies
(1) note that for all X and all f -local Z,

[X, Z] ' [LX, Z]

since L induces the localization functor Lf on the homotopy category. Thus (3)
says [LY, Z] → [LX, Z] is an isomorphism for all f -local Z. Since LX and LY
are f -local, this implies that Lg : LX → LY is an isomorphism in the homotopy
category; Lg is therefore a weak equivalence (see Lemma II.4.1 of [9]). �

We now define E, the class of f -local equivalences, by the three equivalent con-
ditions of Lemma 4.3. We next want to show E satisfies the seven axioms required
by Theorem 1.1. Axioms E1–E3 are obvious, while Lemmas 4.4 and 4.5 handle
axioms E4–E6 and E7, respectively.

Lemma 4.4. The class of f -local trivial cofibrations is closed under cobase change,
colimits over ordinal numbers, and coproducts.
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Proof: Use (2) of Lemma 4.3, and the fact that trivial fibrations in simplicial sets
are closed under base change, limits over ordinal numbers, and products. �

Lemma 4.5. Let λ = 2κ, where κ is the defining cardinal for the functor L (and κ >
2α). Then the class of f -local trivial cofibrations satisfies the bounded cofibration
condition for the cardinal λ.

Proof: Let X → Y be an f -local equivalence and a cofibration, and let A ⊆ Y be
a λ-bounded sub-object. We inductively define a chain of λ-bounded sub-objects
A = A0 ⊆ A1 ⊆ A2 ⊆ · · · ⊆ Y over λ, and a chain of sub-objects

L(A) = L(A0) ⊆ X1 ⊆ L(A1) ⊆ X2 ⊆ L(A2) ⊆ · · ·L(Y ),

also over λ, with the property that

L(X) ∩Xs → Xs

is a weak equivalence. Then we set B = lim
−→s<κ

As and, by L6,

L(X ∩ B) = L(X) ∩ L(B) = lim
−→
s<κ

L(X) ∩Xs

→ lim
−→
s<κ

Xs
∼= L(B)

is a weak equivalence as required.
The As and Xs are defined recursively. Suppose s + 1 is a successor ordinal

and As has been defined. Then, since As is λ-bounded, LAs is λ-bounded by
L5. Hence there is a λ-bounded sub-object Xs+1 ⊆ L(Y ) so that L(As) ⊆ Xs+1

and L(X) ∩ Xs+1 → Xs+1 is a weak equivalence (see the proof of Theorem 2.7
with f the identity functor, or argue directly). Since L(Y ) = lim

−→j
L(Yj) where

Yj ⊆ Y runs over the λ-bounded sub-objects of Y , there is a λ-bounded sub-object
A′

s+1 so that Xs+1 ⊆ L(A′
s+1). Let As+1 = As∪A′

s+1. Finally, suppose s is a limit
ordinal. Then set Xs = lim

−→t<s
L(At) ∼= lim

−→t<s
Xt. The object Xs is λ-bounded and

L(X) ∩Xs → Xs is a weak equivalence. Choose A′
s ⊆ Y so that A′

s is λ-bounded
and Xs ⊆ L(A′

s) and set As = lim
−→t<s

At ∪ A′
s. �

Theorem 4.6. The category SPre(C) acquires the structure of a simplicial model
category with ordinary simplicial presheaf cofibrations and f -local equivalences.

Proof: This follows from Theorem 1.1, once we verify condition (2) for that result.
We will see in the next lemma that if Z ∈ SPre(C) is f -local and K ∈ S, then XK

is f -local. That said, let K → L be a cofibration in S and C → D a cofibration in
SPre(C). Consider the cofibration in SPre(C)

(4.7) D ×K ∪C×K C × L→ D × L.
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Let Z be f -local and apply hom(·, Z). Then there is an augmented pull-back
square in S

hom(D × L, Z) hom(D ×K ∪C×K C × L, Z) hom(C × L, Z)

hom(D ×K, Z) hom(C ×K, Z).

Now, there is a natural isomorphism of this diagram to

hom(D, ZL) hom(D, ZK)×hom(C,ZK) hom(C, ZL)
q

i

hom(C, ZL)

hom(D, ZK) hom(C, ZK).

Now suppose C → D is an f -local equivalence. Then by Lemma 4.3.2,

hom(D, ZK)→ hom(C, ZK)

is trivial fibration; therefore q is a trivial fibration. Since

hom(D, ZL)→ hom(C, ZL)

is a weak equivalence, (4.7) is an f -local equivalence. Similarly, if K → L is a weak
equivalence, hom(C, ZL)→ hom(C, ZK) is a weak-equivalence, since Z is fibrant.
Then i is a weak equivalence and the result follows. �

This leaves the following technical result.

Lemma 4.8. If Z ∈ SPre(C) is f -local and K ∈ S, then ZK is f -local.

Proof: We need hom(B, ZK)→ hom(A, ZK) to be a weak equivalence. But this
fibration of simplicial sets is isomorphic to

homS(K,hom(B, Z))→ homS(K,hom(A, Z)),

and hom(B, Z)→ hom(A, Z) is a trivial fibration by hypothesis. �

One final remark. While the fibrations in the f -local model category structure
of SPre(C) are cloaked in mystery, we do have the following congruence.

Proposition 4.9. An object X ∈ SPre(C) is fibrant in the f -local model category
structure if and only if it is f -local.
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Proof: First suppose X is fibrant. Note that f : A→ B is an f -local equivalence
by Lemma 4.3.2. Thus hom(B, X)→ hom(A, X) is a trivial fibration; hence X is
f -local.

Now suppose X is f -local. Consider a lifting problem

C X

D

where C → D is a f -local trivial cofibration. Since X is f -local there is a map
L(C)→ X making the following diagram commute

C X

L(C).

Since L(C)→ L(D) is a trivial cofibration, there is a map L(D)→ X making

C L(C) X

D L(D)

commute. This solves the original lifting problem. �

Remark 4.10. Let k be a field, and suppose that (Sch|k)κ
Nis is a small model

for the big Nisnevich site on k, in the sense of Section 6.5 of [14]. The objects of
this category consist of all schemes which are locally of finite type over k and have
cardinality of their underlying point sets and all rings of sections bounded above
by κ. Here, κ is just some infinite cardinal with κ > |k|.

The collection of all projections

prX : X × A
1 → X

in (Sch|k)κ
Nis forms a set, and represents a collection of presheaf maps and hence

maps of (constant) simplicial presheaves. Each of the maps prX can be replaced
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by a cofibration fX of simplicial presheaves up to weak equivalence, since there is
a factorization

RX

πX

X × A
1

fX

prX
X,

of prX with πX a global fibration and a local weak equivalence and fX a cofibration.
Let f be the disjoint union of the maps fX :

f =
⊔

X

fX :
⊔

X

X × A
1 →

⊔

X

RX.

The Morel-Voevodsky A
1-local theory [17] is the closed model structure on the

category of simplicial presheaves on (Sch|k)κ
Nis which arises from Theorem 4.6 by

localizing at the cofibration f = tfX .
Note that we could equally well have started with a collection of sections X →

X × A
1 of the corresponding projections. These have the advantage of being cofi-

brations already.
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