
A Note on the Hodge Theory of Curves and Periods of Iterated Integrals

Reuben Rabi1

Institut des Hautes Études Scientifiques, Bures-sur-Yvette, France.

1st October, 1996; revised 30th December, 1996

List of contents

0. Introduction
1. Extensions of mixed Hodge structures

1.1.1 Mixed Hodge structures – Recapitulation
1.1.2 Extension groups in H
1.2 A description of the extension group

Appendix I.A
2. Differential forms and the fundamental group

2.1.1 The complex of iterated integrals
2.1.2 Basic properties of iterated integrals
2.1.3 Iterated integrals and the fundamental group
2.2. Hodge theory on the fundamental group
2.3 The case of smooth projective curves minus a point
2.4 Mixed Hodge and de Rham structures on π1

3 Calculation of some extension data
3.1 Restricted extension data in the category of
mixed Hodge structures and divisors
3.2 The map Etor − {0} −→ Ext1

HQ
(
⊗3H1(E),H1(E))

3.3 Gauss-Manin determined by J/J3

Example calculation
Appendix to §3.3: Extension data in HDR

Appendix B: Baer Summation in a certain diagram
Appendix C: The mixed Hodge structure on J/J4

and divisors on curves: A Certain Commutative
Diagram induced by X− {P} ↪→ X
References

0. Introduction

0.1 Motivation

Sullivan [Su] and Chen [C1] showed that part of the homotopy theory of spaces
can be computed using differential forms, through the Sullivan minimal model
and iterated integrals respectively. Morgan [Mo] and Hain [Ha1 and Ha2] have
used Sullivan’s theory and Chen’s theory respectively to construct mixed Hodge
structures associated to homotopy, when given a complex algebraic variety. In

1A major part of this manuscript formed part of the author’s PhD thesis at King’s College,

London, June 1996
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particular, they respectively put mixed Hodge structures on the Malčev lie algebra
of π1 and on the completion of the group ring Zπ1 with respect to its augmentation
ideal.

There are two strands of motivation for studying the mixed Hodge structure
associated to the fundamental group—a geometric one and a number-theoretic one.

The geometric motivation may be illustrated by the following theorem due to
Hain and Pulte (see [Ha1]).

Theorem: Let X and Y be smooth, projective curves of genus > 1 and let p ∈ X and
q ∈ Y. Let Ip and Iq denote the augmentation ideals of Zπ1(X, p) and Zπ1(Y, q)
respectively (that is the set of elements of the group ring whose integer coefficients
add up to zero). Then, with the possible exception of two points, p in X, if there
is a ring isomorphism which is also a morphism of mixed Hodge structures

Zπ1(X, p)/I
3
p −→ Zπ1(Y, q)/I

3
q ,

then there is a biholomorphism X −→ Y which takes p to q.

Their proof of this uses a combination of polarised Hodge structures on 1-
cohomology and extension data of mixed Hodge structures associated to Zπ1(X, p)/J

3
p

to keep track of moduli and marked point simultaneously.

Our motivation was mainly from number theory, although the objects studied
here have been studied for their own sake. However, some of our calculations could
be seen as a prelude to such a study. To explain this, it is necessary to recall a few
preliminary facts.

Given a space, let J denote the augmentation ideal of the group ring Zπ1 of the

fundamental group of the space and let Zπ∧
1 :=

lim←− Zπ1/J
l+1 denote the completion

of Zπ1 with respect to J (the unipotent completion or the Malčev completion). It
has been known that the mixed Hodge structure on Zπ1(P

1(C)− {0, 1,∞}, ∗)∧ is
related to integer values of the Riemann zeta function ζ(s) = Σn>0

1
ns (Re (s) > 1).

Deligne (see [Ha3] for the details) has shown (in a more general setting) how to
associate a mixed Hodge structure to π1, relative to a tangent vector at infinity–in
describing the mixed Hodge structure on a subquotient of this for P1(C)−{0, 1,∞},
at the point 1 relative to the tangent vector ∂

∂z
, integer values of the zeta function

ζ(n)′s (n ≥ 2) naturally appear. In analytic terms, this relationship comes through
the classical polylogarithms.

Somewhat similar phenomena occur in genus 1 as well, although the situation
here is not not as neat as the above picture and is far from clearly understood.
In number theory, to curves over number fields, one can attach analytical objects
like the Riemann zeta function called L-functions which play a fundamental role
in elucidating the number theory of the curves concerned. In fact, q-averaged
versions of the classical polylogarithms have been known to be related to integer
values of L-functions L(E, n) of elliptic curves (see [Bl]; L(E, 2)). Such q-averaged
versions (elliptic polylogarithms) have been shown to arise [BL] in explicit compu-
tations of the monodromy associated to variations of mixed Hodge structure (in
fact “mixed sheaves”) constructed by Beilinson and Levin (op. cit.) as follows.
Suppose F π−→M is a given family of elliptic curves. Then, construct the follow-
ing local system on F − i(M), where i : M −→ F is the zero section. Consider
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the local system obtained by erecting above every x ∈ F − i(M), the mixed Hodge
structure Qπ1(Fπ(x) − {0}, x)∧ where 0 refers to the origin of the elliptic curve
Fπ(x). The set of primitive (i.e. lie algebra-like) elements of this ring yields the
Malčev lie algebra of π1(Fπ(x) − {0}, x); a subquotient of the latter is the elliptic
polylogarithm sheaf of Beilinson and Levin referred to above. More recently, given
a modular elliptic curve E over Q, Goncharov, Zagier and others have come up
with algebraic criteria on principal divisors with rational support such that, a q-
averaged version of the dilogarithm, when evaluated on them (i.e. such principal
divisors) yields the value of the L-function associated to the elliptic curve at integer
2, L(E, 2) up to a rational multiple.

Elliptic polylogarithms also provide elements in Ext1
MM(Q(0), SymlH1(E)(l +

1)), where MM denotes a suitable category of ‘mixed realisations’ (and hence in
H).

From the point of analytic number theory, the strategy is to evaluate certain
distinguished transcendental functions on algebraic points–the role of Hodge theory
and the algebraic de Rham lattice in this is to produce such interesting (usually
multi-valued) functions. In practice, these arise from calculations of period inte-
grals, either coming from calculating extension data or monodromy. In a nutshell,
this has been the main motivation of this work.

The mixed Hodge structure supported by π1 plays an important role in an an-
other way. Recall that the Deligne cohomology of an algebraic variety X (defined
over, say, Q) acts as the recipient of the regulator map. Beilinson [Be1] refined
the definition of Deligne cohomology and defined his absolute Hodge cohomol-

ogy as to compute them in terms of extension groups in the category of mixed
Hodge structures. Carlson and Hain [CH] have shown that when X is a rational
K(π, 1), Beilinson’s Hodge cohomology can be identified with an extension group
in the category H(X) of good unipotent variations of mixed Hodge structure on
X, namely Ext·H(X)(Q,Q(p)). (Here Q and Q(p) are trivial variations of the (0,0)
Hodge structure and the Tate hodge structure Q(p) respectively; see 1.1.1.8 for
the definition of Q(p).) A central role in this identification is played by iterated

integrals via the variation of mixed Hodge structure given by Qπ1(X, x)
∧ under

base-point variation. This is due to the fact that the mixed Hodge structure on
Qπ∧

1 (X, base point) is a classifying object in H(X). By way of a concrete example,
Deninger [Den] has computed (as a consequence of Beilinson’s conjectures) L(E, 3)
using his Massey products in Deligne cohomology. Thus, it “should” be possible to
describe Deninger’s results in terms of iterated integrals.

Iterated integrals are the principal tool in all our calculations. In view of the
above, we felt that studying the mixed Hodge structure associated to the funda-
mental group of punctured smooth projective curves as explicitly as possible would
be helpful in the direction of the above-mentioned motivation; however as we pro-
gressed, it became clear that there were several interesting features intrinsic to the
situation

(curve, divisor) −→ (mixed Hodge structure associated to π1)

and hence our work.
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0.2 Description of Calculations

Let X be a smooth projective genus g ( ≥ 1) curve/C with a marked point Q
and let JP denote the augmentation ideal of Zπ1(Y, Q), where Y = X − {P}.
Here, we mainly study the mixed Hodge structure associated to the quotients
Zπ1(Y, Q)/J l+1, l ≥ 1 (the unipotent quotients). To a lesser extent, we also study
a families version of these groups–more precisely, local systems determined by these
groups, given suitable algebraic families of curves. In studying the mixed Hodge
structure on Zπ1(Y, Q)/J l+1, a good part of our focus is on extension data which
can be read off the short exact sequence of mixed Hodge structures (see section
2.3) for l ≥ 2

(0.2.a) 0 −→ (JP/J
l
P )∗ −→ (JP/J

l+1
P )∗

pl−→ ⊗lH1(X) −→ 0

and studying their dependence on the choice of the puncture P . The first interesting
quotient JP/J

l+1
P is JP/J

3
P . (JP/J

2
P coincides with H1(X).) We show in 3.1.1 and

in the discussion between 3.1.4 and 3.1.8 that the following map this gives (that is
when l = 2)

θweak
Q,2 : X− {Q} −→ Ext1

H(⊗2H1(X),H1(X))

where H denotes the category of mixed Hodge structures (section 1.1.1), when
extended Z-linearly to all degree zero divisors avoiding Q factors through the Picard
group Pic(X) of X. This map contains the mixed Hodge structure information
used by Hain and Pulte to prove their pointed Torelli theorem, since the extension
pertinent to them can be obtained as the pull-back of the extension(s) giving rise
to the above through the inclusion K −→ ⊗2H1(X) where K denotes the kernel of
the multiplication map Λ : ⊗2H1(X) −→ H2(X):

(0.2.b)

0 −→ H1(X) −→ (I/I3)∗ −→ K −→ 0

||
y

y
0 −→ H1(X) −→ (JP/J

3
P )∗ −→ ⊗2H1(X) −→ 0yΛ

H2(X).

There is an inclusion of H2(X) into⊗2H1(X) which we may use to pullback the short
exact sequence at the bottom of the above diagram to the short exact sequence
below where we have identified H2(X) with Z(−1):

(0.2.c) 0 −→ H1(X) −→ L(P ;Q) −→ Z(−1) −→ 0.

Between 3.1.4 and 3.1.8, we exhibit a congruence between the Baer difference of
the above short exact sequences for two choices of P (where the basepoint is fixed)
and twice Abel-Jacobi; in fact, in the case of genus 1, as an example we work out
explicitly the map

(0.2.d) X× X− diagonal −→ Ext1
H(Z(−1),H1(X))

which sends (Q,P ) to the extension data determined by the short exact sequence
(0.2.c), and one sees that the above map sends (Q,P ) to 2[(Q) − (P )] with the
extension group on the RHS above identified with Jac(X).
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In the general case, l ≥ 2, (g ≥ 1, a similar picture holds good, if one forgets
a good deal of information by composing corresponding extension data with pl−1

(see the short exact sequence 0.2.a above). This is studied in detail in 3.1.1 and
we should remark that arguments of that section are vital to proving Lemma C.2
as well. Thus, the map θweak

Q,2 extends to

Example (a): (Proposition 3.1.1)

θweak
Q,l : X− {Q} −→ Ext1

H(⊗lH1(X),⊗l−1H1(X))

and factors through Pic(X), for l ≥ 2.

The local systems on Y obtained by erecting on each Q ∈ Y, the unipotent quo-
tients Zπ1(Y, Q)/J l+1 determine admissible, unipotent variations of mixed Hodge
structure on Y. Realising Y as the diagonal Y ↪→ Y × Y, one also sees that these
variations of mixed Hodge structure extend to variations of mixed Hodge structure
on Y×Y (also admissible, unipotent variations of mixed Hodge structure), and so
do the sub-variations of mixed Hodge structure on Y ↪→ Y × Y supported by the
local systems on Y given by Jk/J l, which may also be obtained by parallel trans-
porting J from over the diagonal to Y × Y and taking quotients of appropriate
powers.

Similar to (0.2.a) one has the short exact sequence coming from the ‘grupoid
version’ of the unipotent quotients of the above paragraph

0 −→ (Jy0,y1/J
l
y0,y1

)∗ −→ (Jy0,y1/J
l+1
y0,y1

)∗ −→ ⊗lH(X) −→ 0.

We see in 3.1.11 that the analogue of the map (0.2.d) coming from the above short
exact sequence for l = 2 and g = 1 is given by

(P ; y0, y1) 7→ 2
[
(y0)− (P )

]
+ [(y0)− (y1)]

where the expression on the RHS is to be understood with the identification of E
with Ext1

H(Z(−1),H1(E)).

The splitting conditions implied by the above map and the analogue of (0.2.b),
in HQ yield the following picture (given in 3.1.10.1 and in 3.2.2.a), where below E
is an elliptic curve and Etor is the group of torsion points over C. The nontriviality
of the same follows from that of the composition of the horizontal with the two
upward verticals, whose proof is sketched in § 3.2.3:

Ext1
HQ

(Q(0),Q(1))x
Ext1

HQ
(Q(0),⊗2H1(E)(2))x

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗3H1(E),H1(E))y
Ext1

HQ
(Q(0), Sym2(Sym2H1(E))(3))

(0.2.e)

The extension data determined by this map is intimately related to elliptic units.
The above picture was made possible by ‘mangling out’ the weight two graded piece
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from (Jy0,y1/J
4
y0,y1

)∗; we may push this one step further, that is, we may also mangle
out the weight two and three graded pieces from (Jy0,y1/J

5
y0,y1

)∗: when (y0−P ) and
(y1 − P ) are torsion points of E, we may pushforward and pullback the following
short exact sequence as indicated, in HQ (see §3.1.11),

⊗4H1(E)y
0 −→ (Jy0,y1/J

3
y0,y1

)∗ −→ (Jy0,y1/J
5
y0,y1

)∗ −→ (J3
y0,y1

/J5
y0,y1

)∗ −→ 0y
H1(E)

to obtain the following picture of maps which we expect to be nontrivial as well:

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗4H1(E),H1(E))y
Ext1

HQ
(Q(0),⊗3H1(E)(3)).

To summarise, the following table gives a rough qualitative picture of the extension
data given by the first few unipotent quotients:

map into Ext1
H(⊗2H1(X),H1(X)) more or less equivalent to Abel-Jacobi g ≥ 1

map into Ext1
HQ

(⊗3H1(E),H1(E)) ‘essentially’ determined by Elliptic Units g = 1

map into Ext1
HQ

(⊗4H1(E),H1(E)) ∗

where ∗ denotes information about periods of the forms ωP
1,2,3 in (0.2.g) below, for

suitable choices of ωi (i = 1, 2, 3). The reason for this will become clearer in chapter
3.

All our calculations of extension data are either based on the calculation of
Ext1

H( , ) for separated extensions of mixed Hodge structures as explained by
Carlson [Ca] or on a trivial extension of the same. For instance, we consider a
slightly enriched version of this situation (the Hodge-de Rham structures as defined
in the beginning of chapter 1) and show in section 1.2 (Appendix I) that Carlson’s
arguments extend to this case as well. This gives the following (example (a′))
Hodge-de Rham version of the above example (a) in Appendix 3.3.A. However, we
point out that we have not calculated the corresponding period integrals.

Example (a′) (Appendix 3.3.A)

Let X be smooth projective algebraic curve (genus g ≥ 1) defined over a subfield
K of C and let Q be a K-rational point of X. Then there are maps, l ≥ 2

{
K-rational points
of X avoiding Q

}
−→ Ext1

HDR(⊗lH1(X),⊗l−1H1(X))

where HDR denotes the category of Hodge-de Rham structures. The extension
data here are determined by iterated period integrals.

Our approach to studying the mixed Hodge structure on Zπ1(Y, Q)/J l+1 may
be illustrated by the following. Suppose ω1, .., ωl are closed smooth 1-forms on X.
Then, consider the iterated integrals (see section 2.1) on X - {P}

(0.2.f)
∫
ω1 ..ωl +

∫
ωP

1,2 ..ωl + .. +
∫
ωP

1,..,l.
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Lemma 3.1.2 gives a criterion for the homotopy invariance of it. Then, when
l = 2, the ωP

i,i+1’s can be written in terms of Green’s functions (see the proof of
Proposition 3.1.1), and the additivity property of Green’s functions is responsible
for Proposition 3.1.1 (and also for C.2).

When l = 3, the 1-forms ωP
1,2,3 become the interesting objects. In fact, the

conditions given by 3.1.2 in this case

dωP
1,2 + ω1 ∧ ω2 = 0

dωP
2,3 + ω2 ∧ ω3 = 0 0.2.g

dωP
1,2,3 + ω1 ∧ ωP

2,3 + ωP
1,2 ∧ ω3 = 0

are precisely the conditions for the (existence of and) vanishing of triple Massey
products in ordinary cohomology. In general, we adopt the principle that it is
desirable to understand contributions from “higher order” (what “higher order”
precisely means will become clearer in 3.1.2) terms such as ωP

1,2,..,l and the depen-
dence of such contributions on the choice(s) of P . For l = 3, this is brought out in
(0.3.e) indicated above.

The mixed Hodge structure J/J4 yielded the picture (0.2.e) in the category
HQ; we attempted (in Appendix C) to extract information of a similar nature in
H itself, but have been less successful. Our effort in this hinges on the observation
that when l = 3, in the commutative diagram (C.a) of short exact sequences below,

induced by the inclusion X - {P} j
↪→ X,

0 0 0y
y

y

0 −→ (I/I l)∗
iI−→ (I/I l+1)∗

πI−→ (I l/I l+1)∗ −→ 0y
y

y

0 −→ (J/J l
P )∗

iPJ−→ (J/J l+1
P )∗

πP
J−→ ⊗lH1 −→ 0y

y
y

0 −→ (K l−1
P )∗

iPK−→ (K l
P )∗

πP
K−→ AsymlH1 −→ 0y

y
y

0 0 0

(K l−1
P )∗ = Asym2H1(X) (both are defined in section Appendix C) and hence the

former is independent of the choice of the puncture P . A key point here, which
we have not fully exploited is the fact that the Baer sums of both the bottom
horizontal short exact sequence and the extreme left vertical short exact sequence
split when summed with respect to P over a principal divisor, a priori avoiding Q.
(Also, note that when l = 2 this commutative diagram contains the short exact
sequence studied by Hain and Pulte to prove their result (op. cit.) referred to in
0.1 above as the top horizontal short exact sequence.)

A question this raises is “how to encode the effect of Baer summation along the
extreme left vertical and bottom horizontal short exact sequences for P ranging
over a finite set”. We have not sought to answer this question but, have made a few
tentative steps; in Appendix B, we have written down some constructions which
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are motivated by the above question for the following finite family of commutative
diagrams (λ ∈ Λ) of short exact sequences

0 0 0y
y

y

0 −→ A1
iA−→ A2

πA−→ A3 −→ 0y
y

y

0 −→ Bλ
1

iλB−→ Bλ
2

πλ
B−→ B3 −→ 0y

y
y

0 −→ C1

iλC−→ Cλ
2

πλ
C−→ C3 −→ 0y

y
y

0 0 0

These latter constructions, when applied to the family of commutative diagrams
C.a corresponding to a given divisor on X yield the constructions of Appendix C.
Perhaps the only fact worth mention is the map Σ(D) : B(D) −→ (JD/J

3
D)∗ whose

description is partially given in Proposition C.4.

In §3.3 we compute the Picard-Fuchs equation determined by the sheafified
version of (JP/J

3
P )∗ applied to the Legendre family of elliptic curves.
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Chapter 1

Extensions of Mixed Hodge
Structures

In section 1.1, we repeat the definition of and basic facts about mixed Hodge
structures for the convenience of the reader.

In 1.2, we give the explicit description of the extension group Ext1
HDR( , ) which

is a direct adaptation of [Ca] (we make the elementary observation that the strict
inequality in the separatedness hypothesis assumed in [Ca] is unnecessary); these
we have collected here merely for the convenience of the reader.

Notation:

H will denote the category of mixed hodge structures over Z. When F is a subring
of C containing Z, and contained in R, HF will denote the category of F -mixed
hodge structures. For any ring B, B-mod will denote the category of B-modules.
Let K be a subfield of C. Let K-HDR denote the category whose objects are those
of H with a K-sublattice which gives the complex vector space when tensored with
C over K and whose morphisms are those of H which respect the K-lattice (which
we call the (algebraic) K-de Rham lattice). We shall drop the K from K-HDR
unless there is any risk of confusion, and refer to HDR as the category of Hodge-de
Rham structures. Note that when K = C, HDR coincides with the category of
mixed Hodge structures H. Note that our definition of K- HDR is not the usual
one as we do not insist that the Hodge and weight filtrations be defined over K.

1.1 Mixed Hodge structures - recapitulation

1.1.1 Definition. Pure Hodge Structures

Given an integer m, a pure Hodge structure of weight m is a finitely generated
Z-module HZ with a decreasing filtration F · on the complexification HZ⊗Z C such
that denoting by F̄ p the complex conjugate of F p,

F pHC ⊕ F̄m−p+1HC
∼= HC

for all p (where the isomorphism is induced via the inclusions of F p and F̄m−p+1

in HC). That is, F · and F̄ · are m-opposed in the terminology of [De1; §1.2].

1.1.2 Remark:

This decomposition of HC is equivalent to the decomposition HC
∼= ⊕p+q=mHp,q
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where Hp,q := F pHC ∩ F̄ qHC. We say a given pure hodge structure H is of type
(p, q) if all Hi,j’s vanish except (i, j) = (p, q).

1.1.3 Polarisation

A bilinear pairing 〈 , 〉 : HC ⊗ HC −→ C is said to polarise H if

(a) 〈u, v〉 = 0 if u ∈ Hp,m−p and v ∈ Hq,m−p with p+ q 6= m.

(b) (−1)m〈u, ū〉 > 0 for nonzero u ∈ Hp,m−p.

1.1.4 Definition. Mixed Hodge Structures

A mixed Hodge structure A comprises of

(a) a finite Z-module AZ

(b) a finite increasing filtration W· on the rational vector space AQ := AZ ⊗Z Q
called the weight filtration

(c) a finite decreasing filtration F · on the complexification AC := HZ ⊗Z C called
the Hodge filtration.

These should satisfy the condition that extending the weight filtration to AC, the
weight-graded pieces grm

W := (WmAC/Wm−1AC) should each satisfy the condition

grm
W AC = F pgrm

W AC ⊕ F̄m−p+1grm
W AC

for all p where

F pgrm
W AC =

F pAC ∩WmAC

F pAC ∩Wm−1AC

.

1.1.1.5 Definition. A morphism f : A −→ A′ of mixed Hodge structures is a
morphism of Z-modules f : AZ −→ A′

Z, such that the induced morphisms over Q
and C are compatible with the weight and hodge filtrations respectively.

1.1.6 Lemma: ([De1])

(i) The category H of mixed Hodge structures is abelian.

(ii) The kernel (respectively cokernel) of a morphism f : A −→ A′ has for its
integral structure, the kernel (respectively cokernel) K of the map f : AZ −→ A′

Z,
K⊗Z Q and K⊗Z C being respectively equipped with the induced filtrations from
W·AQ and F ·AC (respectively W·A

′
Q and F ·A′

C).

1.1.7 When F is a ring containing Z and contained in R, we may forget some of the
information of mixed Hodge structures and demand that the underlying modules
only be defined over F instead of over Z; all the statements of lemma 1.1.1.6 extend
to this case trivially. The common instances of F other than Z are Q and R.

1.1.8 Tate Hodge structure: The Tate Hodge structure of weight −2p is the 1-
dimensional (−p,−p)-type pure hodge structure (2π

√
−1)pZ and is usually denoted

by Z(p). We shall sometimes use the symbol Q(p) to denote the Q-mixed Hodge
structure Z(p) ⊗ Q, and refer to that as well as a Tate hodge structure (to be
precise, we should call it the Tate Q-hodge structure of weight −2p).

1.1.9 Mixed Hodge Structure on Hom( , ): If A and B are mixed Hodge structures,
then Hom(A, B) is given the mixed Hodge structure: Hom(A, B)Z = HomZ(A, B),

WkHom(A, B)Q = {ϕ ∈ HomQ(A,B): ϕ(WiAQ) ⊂ Wi+kBQ}
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and similarly for the Hodge filtration

F pHom(A, B)C = {ϕ ∈ HomC(A,B): ϕ(F iAC) ⊂ F i+pBC}.
In particular, the dual of A will acquire a mixed Hodge structure by taking B to
be the (0, 0) pure hodge structure Z(0).

1.1.10 With A and B as above, a map ϕ: A −→ B defined over Z is an (r, r)-
morphism of mixed Hodge structures if ϕ(F pA) ⊂ F p+rB and ϕ(WkAQ) ⊂ Wk+2rBQ

∀ k, p.
1.1.11 Examples of Mixed Hodge Structures:

(a) Deligne in [De1, 2] showed that the cohomology of any complex algebraic variety
can be equipped with a mixed Hodge structure. It is a fundamental fact of hodge
theory that the mixed Hodge structure associated to a smooth, proper scheme over
C is necessarily pure. It is a classical fact that, if X is a compact Kähler manifold,
then, the pure Hodge structure on Hn(X) is given by the standard decomposition of
C∞-forms into (p, q) forms Hn(X,C) ∼= ⊕

p+q=n Hp,q(X,C) and by the betti lattice
coming from integral cohomology.

(b) Suppose X is a compact riemann surface and x, y two distinct points on X. Then
H1(X− {x, y}) has a mixed Hodge structure–the actual prescription of the hodge
and weight filtrations, which come from using the logarithmic de Rham complex
A·

∞(X logD) (where D denotes the divisor (x) + (y)) is recollected in §2.2.1. This
is easiest to visualise through the following exact sequence of complex vector spaces

0 −→ H1(X,C) −→ H1(X− {x, y},C)
Residue−−−−→ Cx ⊕Cy

Poincaré

dual
−→ H2(X,C) −→ 0

where the residue map is defined using the identification H1(X − {x, y},C) ∼=
H1(A·

∞(X logD)). One can also see that this exact sequence is defined over Z,
for a suitable choice of underlying Z-lattice–for an explanation see 3.1.4.e and the
remarks preceding it. Here, the weight filtrations in fact descend to over the integers
(so, in particular they are defined over Q) and are given by W1H

1(X−{x, y},Z) =
H1(X,Z) and W2H

1(X−{x, y},Z) = H1(X−{x, y},Z). Thus, in this example, the
nontrivial weights come from the divisors, as we see from the Gysin map in the
above exact sequence.

However, nontrivial weights also arise from singularities as shown by Deligne in
[De2]. One can understand this in terms of suitable normalising diagrams–see [Ca]
for an explanation of such an example.

1.2 A Description of the Extension Group

In this section we have computed the extension group in the category of Hodge-de
Rham structures by arguments similar to those of [Ca]; corollary 1.2.2 contains the
elementary observation that the strict inequality in the separatedness hypothesis
in [Ca] is unnecessary and this will be used in §3.3.

Lemma 1.2.1

Consider extensions of Hodge-de Rham structures where the underlying Z-modules
of A and C are free

0 −→ A
i−→ B

π−→ C −→ 0

12



where the least weight of C ≥ the highest weight of A. Then Ext1
HDR(C, A) is natu-

rally isomorphic to HomDR
K (C,A)×HomF (C,A)\HomC(C,A)×HomC(C,A)/4HomZ(C,A)

where 4HomZ(C,A) denotes
{(f, f) : f ∈ HomZ(C,A)}, the isomorphism being given by sending an extension
to the class of the pair of compositions (rZ ◦ sF , rZ ◦ sDR

K ) where sF is a splitting
of π which respects the hodge filtration, sDR

K is a splitting of π which respects the
K-de Rham lattice and rZ, a splitting of i over Z.

Proof: Given in appendix I.A–there we adapt the computation of Carlson (op. cit.)
for Ext1

H( , ) to our case Ext1
HDR( , ) in a straightforward manner.

Corollary 1.2.2

When K = C, the extension group (= Ext1
H(C, A)) is given by

HomC(C,A)

HomF(C,A) + HomZ(C,A)

in the notation of Lemma 1.2.1.

However, if we forget some of the Z-lattice structure,

Lemma 1.2.3 ([Mo])

Let A and C above be from HQ with no restrictions on their weights. Then
Ext1

HQ
(C, A) is naturally isomorphic to

HomW
C (C,A)

HomW
F (C,A) + HomW

Q (C,A)

where the association is given by sending an extension to the class of the difference
sW - sF

W where sW is a section of π over Q which preserves the weight filtration
and sF

W , a section over C which preserves both the weight and hodge filtrations.

Lemma 1.2.4

For A, C in H, Extn
H(C, A) = 0, ∀n > 1.

Proof: See [Be1]

Remark 1.2.5 It may be seen from the expression for the Ext1
H groups in the next

section that given any non-zero object say A, in H, we may choose a p such that
2p < the least weight of A, so that Ext1

H(A, Tate hodge structure of weight 2p) 6=
0. Hence there is no nonzero projective object in H.

APPENDIX I.A

Proof of Lemma 1.2.1

Calculation of Ext1
HDR(B,A)

This is a straightforward adaptation of Carlson’s proof [Ca]. Let A,B ∈ HDR such
that (a) AZ and BZ are free Z-modules and (b) highest weight of A ≤ least weight
of B. Here, we shall calculate the extension group in the category of Hodge-de
Rham structures, Ext1

HDR(B,A), writing down the proof as explicitly as possible.
An extension 0 −→ A −→ L −→ B −→ 0 in HDR is said to be normalised if
LZ = AZ ⊕ BZ and WmLQ = WmAQ ⊕WmBQ. Let Ẽxt

1

HDR(B,A) denote the set
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of all normalised extensions of B by A (we shall see that it becomes a group). We
shall show that any extension in HDR is congruent to a normalised one so that

Ext1
HDR(B,A) ∼= Ẽxt

1

HDR(B,A)/congruence

.

Step (1): To show that any extension is congruent to a normalised one:

Let 0 −→ A
i−→ E

π−→ B −→ 0 be an extension in HDR and rZ an integral retract
of i. Then the following commutative diagram where AZ ⊕ BZ is the underlying
Z-lattice of the mixed Hodge structure L,

0 −→ A
i−→ E

π−→ B −→ 0

||
y ||

0 −→ A −→ A⊕ B −→ B −→ 0

where the vertical morphism E −→ A⊕B is (rZ, π), yields the desired congruence:
It clearly yields the desired congruence in Z-mod; we construct L (so that 0 −→
A −→ L −→ B −→ 0 is congruent to the given extension) by LZ := AZ ⊕ BZ,
WmLQ := WmAQ ⊕ WmBQ, LDR

K := (rZ, π)EDR
K , F pLC := (rZ, π)F pEC and the

inclusion and projection are the obvious ones. Thus, to see that (rZ, π) gives a
congruence in HDR, it suffices to verify that (rZ, π)WmEQ = WmAQ ⊕WmBQ.

case (i) m < highest weight of A ≤ least weight of B.

Then WmEQ ⊂ i(AQ), so that WmEQ ∩ i(AQ) = WmEQ = i(WmAQ). Hence,
(rZ, π)WmEQ = (rZ ◦ i)(WmAQ)⊕ 0 = WmAQ ⊕WmBQ.

case (ii) m ≥ highest weight of A ≤ least weight of B.

Then, WmAQ = AQ so that i(AQ) ⊂ WmEQ. Then (rZ, π)WmE =
{(rZ(e), π(e)) : e ∈ WmEQ} ⊂ AQ ⊕ WmBQ = WmAQ ⊕ WmBQ. We trivially
see that the image of this inclusion is WmAQ ⊕WmBQ. (It may also trivially be
verified that the multiplication map (rZ, π)(EDR

K )⊗K C −→ LC is an isomorphism,
and hence from the above remarks, L ∈ HDR.)

Step 2: Description of Ẽxt
1

HDR(B,A)

2(a) Action of the group HomC(B,A)× HomC(B,A) on Ẽxt
1

HDR(B,A):

Let 0 −→ A
i−→ L

π−→ B −→ 0 be a normalised extension in HDR. Suppose we
are given (ϕ, ψ) ∈ HomC(B,A)×HomC(B,A). Then, define a normalised extension

0 −→ A
i′−→ L′ π′

−→ B −→ 0 as follows:

L′
Z := AZ ⊕ BZ, WmL′

Q := WmAQ ⊕ WmBQ, L′DR
K := g(ϕ)LDR

K and F pL′
C :=

g(ψ)(F pLC) where g(∗) is given by
(

1 ∗
0 1

)
. We only need to check that L′ ∈ HDR

and that with the above prescription, i′ and π′ are morphisms in HDR; it suffices
to show that g(ψ)(WmLQ) = WmL′

Q = WmAQ ⊕WmBQ.

case (i): m < highest weight of A ≤ least weight of B. As before, WmB = 0 and
hence g(ψ)(WmA⊕WmB) = WmA = WmA⊕WmB

case (ii): m ≥ highest weight of A ≤ least weight of B. Then WmA = A and hence
g(ψ)(WmA⊕WmB) = A⊕WmB = WmA⊕WmB.
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Compatibility of the hodge and weight filtrations thus imposed on L′ carries through
from that on L through the case ∗ = ψ of the following commutative diagram; the
other case ∗ = ϕ ensures that i′ and π′ respect the K-de Rham lattices as well and
that the multiplication L′DR

K ⊗K C −→ L′
C is an isomorphism.

0 −→ A
i−→ L

π−→ B −→ 0

||
yg(∗) ||

0 −→ A
i′−→ L′ π′

−→ B −→ 0

Since (g(ϕ1+ϕ2), g(ψ1+ψ2)) = (g(ϕ1)◦g(ϕ2), g(ψ1)◦g(ψ2)), the group HomC(B,A)×
HomC(B,A) acts on Ẽxt

1

HDR(B,A). Below we show that the action is transitive:

2(b) Transitivity of the Group Action:

Let 0 −→ A
i−→ E

π−→ B −→ 0 be an extension in HDR. Let sDR
K be a splitting

of π which respects the K-de Rham structure. Then the composition of the two
vertical arrows (rZ, π) ◦ (i+ sDR

K ) in the following diagram gives us the K-de Rham
lattice of the required normalised extension:

0 −→ A −→ AC ⊕ BC −→ B −→ 0

||
y ||

0 −→ A
i−→ E

π−→ B −→ 0

||
y ||

0 −→ A −→ A⊕ B −→ B −→ 0

(rZ, π) ◦ (i+ sDR
K )(ADR

K ⊕BDR
K ) = g(ϕ)(ADR

K ⊕BDR
K ) where ϕ = rZ ◦ sDR

K . Similarly,
for the hodge filtration one considers a splitting sF of π which respects the hodge
structure (instead of sDR

K ) and we have (rZ, π)◦(i+sF )(F pA⊕F pB) = g(ψ)(F pA⊕
F pB) where ψ = rZ ◦ sF .

Step 2(c) Isotropy Subgroup:

If (ϕ, ψ) ∈ HomDR
K (B,A) × HomF (B,A), then g(ϕ)(ADR

K ⊕ BDR
K ) = ADR

K ⊕ BDR
K

and g(ψ)(F pA⊕ F pB) = F pA⊕ F pB. Conversely, if (g(ϕ), g(ψ)) ∈ HomC(B,A)×
HomC(B,A) and /∈ HomDR

K (B,A) × HomF (B,A), then we may produce b1 ∈ BDR
K

and b2 ∈ F pB for some p such that either g(ϕ)(0, b1) /∈ ADR
K ⊕BDR

K or g(ψ)(0, b2) /∈
F pA ⊕ F pB. Thus, the isotropy subgroup at the trivial normalised extension is
HomDR

K (B,A)×HomF (B,A); the isomorphisms between the isotropy subgroups cor-

responding to the various points of Ẽxt
1

HDR(B,A) are the identity map as HomC(B,A)×
HomC(B,A) is abelian. Hence,

Ẽxt
1

HDR(B,A) =
HomC(B,A)× HomC(B,A)

HomDR
K (B,A)× HomF (B,A)

Step 3: Congruence Relation:

Suppose that (ϕ2, ψ2)− (ϕ1, ψ1) = (ϕ̄, ϕ̄); ϕ̄ ∈ HomZ(B,A). Then, g(ϕ2) = g(ϕ̄) ◦
g(ϕ1) and g(ψ2) = g(ϕ̄)◦g(ψ2); that is, g(ϕ̄) provides a congruence between the nor-
malised extensions [(ϕ2, ψ2)] and [(ϕ1, ψ1)]. Conversely, suppose c is a congruence
between the normalised extensions L1 = [(ϕ1, ψ1)] and L2 = [(ϕ2, ψ2)]; it would
have to be of the form g(ϕ̄) where ϕ̄ ∈ HomZ(B,A). Since g(ϕ2)(A

DR
K ⊕ BDR

K ) =
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g(ϕ̄)◦g(ϕ1)(A
DR
K ⊕BDR

K ), and g(ψ2)(F
pA⊕F pB) = g(ϕ̄)◦g(ψ1)(F

pA⊕F pB). From
our discussion of isotropy subgroups, we have that (ϕ2 − ϕ1)− ϕ̄ ∈ HomDR

K (B,A)
and (ψ2 − ψ1)− ϕ̄ ∈ HomF (B,A). Hence,

Ext1
HDR(B,A) is given by

HomDR
K (B,A)× HomF (B,A)\HomC(B,A)× HomC(B,A)/4HomZ(B,A)

where 4HomZ(B,A) is given by {(f, f) : f ∈ HomZ(B,A)}.
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Chapter 2

The Fundamental Group and
Differential Forms

2.1.1 The Complex of Iterated Integrals

The bar construction of Chen, when applied on the differential graded algebra
of differential forms of a space X yields part of cohomology of the loop space of
X. Preceding this, and related to this idea, are the Adams cobar construction
(applied on the singular chains), the notion of loop group asociated to a (reduced)
simplicial set, the minimal simplicial group of Kan and the minimal model of
Sullivan. However, what makes the bar construction a most powerful tool for us is
the fact that it can be identified with iterated integrals, and through this plays the
role of a classifying object for local systems on X which support extra structures–see
Remark 2.2.1.A and [W] for the de Rham case.

Given a smooth manifold M, the bar construction on its de Rham complex
can be explicitly written down as a complex of iterated integrals, a subcomplex of
the de Rham complex of the loop space (to be defined below, through a suitably
defined differentiable structure on the loop space). In order to do this, we need
to define what we mean by differentiable structure on the loop space of M. The
reader who only needs a working definition of the complex of iterated integrals may
skip 2.1.1.1 to 2.1.1.9 (which give a geometric description of the same-in fact, the
rest of the work is logically independent of these remarks) and take lemma 2.1.1.10
as its definition. The proofs of the facts 2.1.1.6 to 2.1.1.11 are all straightforward
adaptations of those found in [C2; sections 1.4 and 1.5] and hence, we have not
repeated them here.

2.1.1.1 Definition: A differentiable space X is a topological space X with a given
set of continuous maps to X, called plots, satisfying the conditions

(a) a plot is a map from a convex region (with boundary included) in some euclidean
space to X

(b) Given a plot φ : U −→ X and a smooth map θ : U′ −→ U, U′ a convex region
in some euclidean space, φ ◦ θ : U′ −→ X is also a plot.

(c) {0} −→ X is always a plot

2.1.1.2 Definition: A differential form (on a differentiable space X) is the assignment
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of a form ωα on U for each plot α : U −→ X such that if θ : U′ −→ U is a smooth
map, then ωα◦θ = θ∗ ωα. We shall denote the complex of differential forms on X by
A·(X).

2.1.1.3 Definition: Path space as a differentiable space (PX)

Set I = [0, 1]. As a topological space, PX is the set {continuous maps I
γ−→ X :

there is a finite partition 0 = t0 < t1 < .. < tn = 1 of I s.t. γ|[ti−1, ti]’s are all plots
of X}. The plots of PX are defined as follows. A continuous map U

α−→ PX is a

plot of X iff the suspension I×U
φα−→ X defined by φα : (t, χ) 7→ α(t)(χ), is a plot of

X for every restriction φα|[ti−1, ti] for some finite partition 0 = t0 < t1 < .. < tn = 1
of I.

2.1.1.4 Definition: Given a convex n-region in Rn with coordinates (χ1, ..., χn),
an A∗(U)-valued function of t (on I) is a C∞ form on U × I of the type ω(t) =
Σi1,..,ik ai1,..,ik(χ1, ..., χn, t)dχi1 ∧ .. ∧ dχik where ai1,..,ik(χ1, ..., χn, t) is smooth in
(χ1, ..., χn, t).

2.1.1.4′ Definition: In the above definition, if we allow ai1,..,ik(χ1, ..., χn, t) to be a
continuous function on U × I which is C∞ on every U× [ti−1, ti] for some partition
0 = t0 < t1 < .. < tn = 1 of I, we call such an ω(t), an A∗(U)-valued piecewise
defined smooth function of t.

2.1.1.5 Given a (p+1)-form ω on PX, ∀ plots U
α−→ PX we write the Ap+1

∞ (U)-
valued piecewise defined function on I, ωφα as dt ∧ ω′ + ω′′. We define piecewise
differentiable homotopy in the obvious manner.

Let M and M′ be differentiable spaces, f0 and f1 maps between them and F , a
piecewise differentiable homotopy between them. Let A ∈ A∗(M′). We may write
F ∗ω as dt ∧ ω′ + ω′′. Call the map Ap+1(M′) −→ Ap(M); ω 7→ ∫ 1

0 ω
′(t)dt the

Poincaré operator and denote it by
∫ ′. We have

2.1.1.6 Lemma: f ∗
1 − f ∗

0 = d ◦ ∫ ′ + ∫ ′ ◦d.
2.1.1.7 Let F be the map I× PM−→ PM given by (t, γ) 7→ γt where γt(τ) := γ(tτ),
τ ∈ I. The continuity of the multiplication map I × I −→ I ensures that F is a
piecewise differentiable map so that lemma 2.1.1.6 holds good for F.

Some notation: Let pt: PM −→ M denote the map γ 7→ γ(t). Thus, F homotopes
between the identity and the map PM −→ PM which sends every path γ to γ(0).
Also, let, in lemma 2.1.9, ∂

∂t
VF ∗(ω) := ω′′.

2.1.1.8 Definition: Iterated Integrals: Let ω1, .., ωr ∈ A·(M). Define
∫
ω1 :=

∫ ′ p∗1ω1∫
ω1 ..ωr :=

∫ ′(J
∫
ω1 ..ωr−1) ∧ p∗1ωr when ω1, .., ωr ∈ Ω+(M) and∫

ω1 ..ωr := 0 if any one of the ωis is a 0-form

where the Poincaré operator
∫ ′ is induced by the homotopy F on PM mentioned

above and where J(?) = (−1)degree(?)

Thus the operation of taking iterated integrals provides a map

Ak1(M)⊗Ak2(M)⊗ .. ⊗Akr(M) −→ Ar1+...+rk−k(PM).

Lemma 2.1.1.9 Let F be the homotopy of 2.1.1.7 and ω ∈ A∗(PM). Then u =
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F ∗ ∫ ′ ω is a Ap−1(M)-valued piecewise defined function on I and is given by u(s) =∫ s
0

∂
∂t

V(F ∗ω)dt s ∈ I.

Lemma 2.1.1.10 Let ω1, .., ωr ∈ A+(M). Given a plot U
α−→ PM, set ω(α, α̇) :=

∂
∂t
V φ∗

α(ω). Then,

(
∫
ω1..ωr)α =

∫ 1

0
(
∫ tr

0
(..(

∫ t2

0
ω1(α, α̇)dt1)..) ∧ ωr−1(α, α̇)dtr−1) ∧ ωr(α, α̇)dtr

Lemma 2.1.1.11: For forms ω1, .., ωr ∈ A+(M),

d
∫
ω1 ..ωr =

Σi (−1)i
∫
Jω1 ..Jωi−1 (dωi)ωi+1 ..ωr

−Σi (−1)i
∫
Jω1 ..Jωi−1(Jωi ∧ ωi+1)..ωr

−p∗0ω1 ∧
∫
ω2 ..ωr + (J

∫
ω1 ..ωr−1) ∧ p∗1wr

.

When the above is restricted to P(M; x0, x1), the space of paths beginning at x0

and ending at x1, the last two summands (i.e. those on the last line of the expression
above) vanish.

The Bar Construction and Iterated Integrals

2.1.1.12 The reduced Bar Construction:

Here we recall Chen’s bar construction as described in [C3] for the convenience
of the reader; in 2.1.1.13, the reader will see how iterated integrals compute the
reduced bar construction.

Let A· be an augmented differential graded algebra (DGA for short) over a field
R of characteristic zero. Let the augmentation A −→ R be denoted by ε. Let us
define a cochain complex over R, T·(A·) := T(R, A·, R) as follows.

T(R,A·,R) := ⊕r≥0Tr (R,A·, R)

where T0(R, A·, R) := R and Tr (R, A·, R) := ⊗rA+ for r > 0. For ω ∈
T(R, A·, R) set degree(ω) := Σidegωi−r. The differential is given by d[ω1 |..|ωr] :=
Σ1≤i≤r(−1)i [Jω1 |..|Jωi−1|dωi |..|ωr]
−Σ1≤i<r(−1)i [Jω1 |..|Jωi−1|Jωi ∧ ωi+1 |..|ωr].

We shall take the quotient of T·(A·) by a suitable subcomplex I·; this subcomplex
is chosen having the formula

∫
ω1 ..ωi−1(df)ωi+1 ..ωr =∫

ω1 ..ωi−1(fωi+1)..ωr −
∫
ω1 ..(fωi−1)ωi+1 ..ωr for iterated integrals (see §2.1.2) in

mind. I· := graded R-submodule of T·(A·) generated by all the elements Ri(u, f)
(defined below), f ∈ A0, u = [ω1 |..|ωr] if r > 0 and 0 ≤ i ≤ r and u = 1 if r = 0:

R1(u, f) = −[fω1 |..|ωr] + ε(f)[ω1 |..|ωr] + [df |ω1 |..|ωr],

Ri(u, f) = −[ω1 |..|fωi |..|ωr] + [ω1 |..|fωi−1 |..|ωr] + [ω1 |..|ωi−1 |df |ωi+1 |..|ωr]

for 1 < i ≤ r and

R0(u, f) = [ω1 |..|fωr]− [ω1 |..|ωr]ε(f) + [ω1 |..|ωr |df ]

and when r = 0, R0(u, f) = −[ ]f + f [ ] + [df ] = [df ].
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It may be verified [C3] that I· as defined above is closed under d and we define the
reduced bar construction B̄(A·) to be the quotient complex T·(A·)/I·. Let B̄l(A

·)
denote the quotient ⊕0≤r≤lT

r (R,A·, R)/I·.

Fact 2.1.1.A

If φ : A·
1 −→ A·

2 is a DGA morphism which induces an isomorphism in cohomol-
ogy where H0(A·

1) = R, then by [C3; Corollary 2 of §2], the induced morphisms
Er(B̄(A·

1)) −→ Er(B̄(A·
2)) at the level of the spectral sequence induced by filter-

ing the reduced bar construction by tensor powers (that is, by B̄l(A
·)) the bar

filtration (known as the Eilenberg-Moore spectral sequence) for r ≥ 1 are isomor-
phisms and therefore the induced morphisms φ∗ : H∗(B̄(A·

1) −→ H∗(B̄(A·
2)) are all

isomorphisms.

Let X be a path-connected differentiable space with basepoint x0 chosen. Let R
be either R or C. Let A∗ ↪→ A∗(X) be a sub-DGA such that dA0 = A1 ∩ dA∗(X),
for example the whole DGA A∗(X) itself. Let A′

xo
denote the complex of iterated

integrals restricted to P(X; x0, x0), the loop space of X based at x0 and A′
xo

(l) the
subcomplex of those iterated integrals whose length ≤ l. Then the following lemma
tells us that iterated integrals are merely a computation of the bar construction.
The augmentation ε is given here by the choice of basepoint. Let R be either R
or C for the below indentification. We shall be needing the following Lemma for
section 2.4.

Lemma 2.1.1.13

The map B̄(A∗)
ρ−→ A′

xo
; [ω1 |..|ωr]

ρ7→ ∫
ω1 ..ωr is a filtered isomorphism of cochain

complexes where the filtration on the right is that given by the A′
xo

(l)′s and on the
left by the bar filtration.

The reader is reminded that 2.1.1.13 does not contain any originality; we are merely
making somewhat more explicit the proof of the above statement in [C3] since we
thought this would be of assistance to a general reader. What follows is not logically
necessary for our calculations of chapter 3, provided the reader takes the statement
of the above lemma (lemma 2.1.1.13) on faith. The statement of the above lemma
is a consequence of lemma 4.3.1 of [C1] (mentioned below) and the choice of the
subcomplex I· in the definition of the reduced bar construction. In fact, for the
applications we have in mind in chapter 3, a much weaker statement, i.e. the above
with the additional condition that A0 = R would suffice; that for instance would
follow from Theorem 4.1.1 and lemma 2.5.2 of [C2]. (In our examples of chapter
3, one could always find differential graded subalgebras A∗ such that the inclusion
A∗ ↪→ A∗(X) induces an isomorphism in cohomology and dA0 = A1∩dA∗(X) = 0.)

Let Ā∗ be the cochain complex obtained by setting Ā0 := A1/dA0 and Āp := Ap+1

for p > 0 and Â
∗

that obtained by setting Â
p

:= Ap+1 for p ≥ 0 and Āp and
Â

p
both are set to be 0 for p < 0. Lemma 4.3.1 of [C1] tells us that the maps

⊗lĀ −→ A′
x0

(l)/A′
x0

(l − 1) (l ≥ 0) are isomorphisms (A′
x0

(−1) = 0). Choosing a
splitting of the short exact sequences of cochain complexes

0 −→ dA0 −→ Â
∗ −→ Ā∗ −→ 0

we may verify that the kernel of the map
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⊗lÂ −→ A′
x0

(l)/A′
x0

(l − 1) 2.1.1.13.a

is the submodule generated by

{(ai1 ⊗ .. ⊗ dfij ⊗ ..⊗ ail) : fij ∈ A0, 1 ≤ j ≤ l}.
T(l)(A∗) := ⊕r≤lT

r(A∗) and I(l)(A∗) := T(l)(A∗) ∩ I·(A∗) and T(0)(A) = R. Notice
that ker{T2(A∗) −→ A′

x0
(2)} = I2 which may be easily verified as follows. The fact

that the kernel of the map 2.1.1.13.a above is as described above implies that any
element in the kernel would have to be of the form Σiωi⊗dfi +Σjdgj⊗ω′

j +ω+λ.
On the other hand,

ρ(Σiωi ⊗ dfi + Σjdgj ⊗ ω′
j + ω + λ) = Σi

∫
ωidfi + Σj

∫
dgjω

′
j + ω + λ = 0

would imply that λ = 0 and that

ω = −Σi(fi(x0)ωi − fiωi)− Σj(gjωj − gj(xx0)ωj) + da0

Hence, Σiωi ⊗ dfi + Σjdgj ⊗ ω′
j + ω + λ on the LHS becomes

Σi(ωi ⊗ dfi − fi(x0)ωi + fiωi) + Σj(dgj ⊗ ω′
j − gjωj + gj(x0)ωj)

For higher l′s we (again) use the fact that the kernel of the map 2.1.1.13.a is a
linear combination of (ai1 ⊗ .. ⊗ dfij ⊗ ..⊗ a′ils (1 ≤ j ≤ l) to reduce the iterated
integrals of order greater than two and less than l which vanishes upon evalu-
ated by ρ by using the formula

∫
ω1 ..ωi−1 (df)ωi+1 ..ωr =

∫
ω1 ..ωi−1 (fωi+1)..ωr −∫

ω1 ..(fωi−1)ωi+1 ..ωr proved in §1.2. We may then successively add suitable ele-
ments from I(l) to the element (in question) which vanishes upon application of ρ
to give an element in I(2) by the above-mentioned argument. Thus we have shown
that any element in ker(ρ) has to be in I·(A∗). That ρ(I·(A∗)) = 0 is obvious; as
we remarked in 2.1.1.12, this is why I· was defined the way it was. The surjectivity
of ρ also follows trivially from the definitions.

2.1.2 Basic Properties of Iterated Integrals

Here and in the next section (2.1.2) we shall confine our attention to iterated
integrals arising from 1-forms on the given smooth manifold. We shall recall basic
properties of iterated integrals from [Ha1] which we shall be using later.

Let X be a smooth manifold; then if ω1, .., ωr are smooth 1-forms on X,
∫
ω1 ..ωr

will be an R-valued (R is either R or C) function on PX, the path space of X.
PX then becomes the space of piecewise smooth paths on the manifold X, as per
our definition of the loop space in 2.1.1. We shall restrict ourselves to loops based
at, say Q. The closed iterated integrals are then linear combinations of functions
PX −→ R; γ 7→ (

∫
ω1 ..ωr)γ which are homotopy-invariant. We shall indicate

(
∫
ω1 ..ωr)γ by

∫
γ ω1 ..ωr for γ in PX.

2.1.2.1 Functoriality:

If f : X −→ Y is a smooth map of smooth manifolds, then given γ ∈ PY ,

21



∫

γ
f ∗ω1 ..f

∗ωr =
∫

f◦γ
ω1 ..ωr.

2.1.2.2 Reduction of order (4.1.1, 4.1.2 and 4.1.3 of [C1]):

It is precisely the following which motivated the definition of the subcomplex I· of
T·(A) in the definition of the reduced bar construction. If f is a smooth function
on X, then following relations hold.

(i)
∫
γ(df)ω1 ..ωr =

∫
(fω1)ω2 ..ωr − f(Q)

∫
ω1 ..ωr.

(ii)
∫
ω1 ..ωi(df)ωi+1 ..ωr =

∫
γ ω1 ..ωi(fωi+1)..ωr −

∫
γ ω1 ..(fωi)ωi+1 ..ωr.

(iii)
∫
ω1 ..ωr (df) = f(Q)

∫
ω1 ..ωr −

∫
ω1 ..(fωr).

2.1.2.3
∫
γ ω1 ..ωr is independent of the parametrisation of γ.

2.1.2.4 (Product of plots (paths) 1.5.1 of [C1].) If α, β ∈ PX such that α(1) = β(0),
then,

∫

αβ
ω1 ..ωr = Σr

i=0

∫

α
ω1 ..ωi

∫

β
ωi+1 ..ωr

2.1.2.5 Product of iterated integrals; 4.1.1 of [C1]. Let τ be a permutation on n
letters; then ω1 ..ωr differs from ωτ (1) ..ωτ (r) by ±1 depending on τ ; we denote this
factor by v(τ). We say a permutation σ of n = r + s letters is an (r, s)-shuffle if
σ−1(1) < .. < σ−1(r) and σ−1(r + 1) < .. < σ−1(r + s). Then,

∫
ω1 ..ωr

∫
ωr+1 ..ωr+s = Σσ

∫
ωσ(1) ..ωσ(r+s)

where the summation of the right hand side is over all (r, s)-shuffles.

2.1.2.6
∫
γ−1 ω1 ..ωr = (−1)r

∫
γ ω1 ..ωr

2.1.2.7 For r > 0,
〈∫
ω1 ..ωr, constant loop atQ

〉
= 0, where

〈
∗, ∗∗

〉
denotes the

evaluation of the iterated integral ∗ at the loop ∗∗. Hence, we may extend the
definition of iterated integrals to formal linear combinations of loops in X, based
at Q. Let B·(X, Q) denote the complex of iterated integrals on X. Henceforth, by
a ‘homotopy invariant iterated integral’ we shall mean an element of H0B·(X, Q).

2.1.2.8
〈∫
ω1 ..ωr, (γ1 − 1)..(γr − 1)

〉
= Πi

∫
γi
ωi for γ1, .., γr loops based at Q on

X.

2.1.2.9 (Lemma 2.10 of [Ha1]. For γ1, .. , γs loops in X based at Q,
〈∫
ω1 ..ωr, (γ1−

1) ..(γs − 1)
〉

= 0 when s > r. Also,〈∫
ω1 ..ωr, [γ1 [γ2 [..[γs−1, γs]]]..]

〉
= 0 when s > r where [ , ] denotes the commu-

tator.

2.1.3 Iterated integrals and the fundamental group:

the π1-de Rham theorem

Given a finitely generated group π1, the lie algebra of the Tannaka dual of the
category of finite dimensional unipotent representations of π1 over Q (see [JW]) is in
fact its Malčev lie algebra (over Q); the Malčev lie algebra is the set of primitive (i.e.
lie algebra-like elements) of Qπ∧

1 and the latter, the universal enveloping algebra of
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the former. It should be mentioned that the Malčev lie algebra of the fundamental
group is accessible from differential forms via Sullivan’s minimal models. And,
they can also be used to put a mixed Hodge structure on it. However, below, we
shall see these ideas manifesting in concrete terms using iterated integrals; we have
chosen the latter course due to the ease with which one may work with iterated
integrals of differential forms. For a Tannakian treatment, the reader might refer
to [JW].

With the conventions of the previous section, we may extend the homotopy in-
variant iterated integrals H0B·(X, Q) to the group ring Zπ1(X, Q). Let us denote
by H0B·

l(X, Q) those homotopy invariant iterated integrals whose lengths do not
exceed l . By 2.1.2.9, we have that the map given by integration H0B·

l(X, Q) −→
HomZ(Zπ1(X, Q),R) factors as

H0B·
l(X, Q) −→ HomZ(Zπ1(X, Q)/J l+1,R) −→ HomZ(Zπ1(X, Q),R)

where J is the augmentation ideal of Zπ1(X, Q) and the last map is the obvious one
induced by the projection Zπ1(X, Q) −→ Zπ1(X, Q)/J l+1. The action of π1(X, Q)
on Rπ1(X, Q)/J l+1 by multiplication on the right yields a (finite-dimensional) local
system (let us denote that by E) on X; the filtration of the R-vector space
Rπ1(X, Q)/J l+1 given by

2.1.3.a J l/J l+1 ⊂ J l−1/J l+1 ⊂ .. ⊂ J/J l+1 ⊂ Rπ1(X, Q)/J l+1

being stable under this action of π1(X, Q), the local system E can be filtered by
a decreasing family of sublocal systems Ek. It may be trivially verified that that
each of the graded pieces grkE = Ek/Ek+1 is a constant local system. It is possible
to obtain a smooth global trivialisation of (the vector bundle associated to) E such
that the induced trivialisations on each of the graded pieces Ek are flat trivialisa-
tions with respect to the induced connexion on each of them (that is, on each of
the graded pieces). It turns out that the parallel transport on this bundle, by this
trivialisation yields a nondegenerate pairing H0B·

l(X, Q) ⊗ Rπ1(X, Q)/J l+1 −→ R
which (as explained in [Ha1]) implies

2.1.3.1 The π1-de Rham Theorem (Chen; see [C4] or [Ha1]).

The above-mentioned map given by integration

H0B·
l(X, Q) −→ HomZ(Zπ1(X, Q)/J l+1,R)

is an isomorphism of R-modules.

2.2 Hodge Theory on the Fundamental Group

2.2.1 The mixed Hodge structure

Recapitulation of Hodge theory on cohomology:

Suppose V is a smooth algebraic variety over C given by X − D, where X is a
smooth projective variety/C and D is a divisor with normal crossings. Then, re-
call that H∗(V) can be given a mixed Hodge structure by prescribing the Hodge
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and weight filtrations to be those induced from the following filtrations on the
complex of logarithmic C∞ forms A·

∞(X logD). (It can be shown that the inclu-
sion A·

∞(X logD) ↪→ A·
∞(V) is a quasi-isomorphism.) F pA·

∞(X logD) = forms
in A·

∞(X logD) with at least p dz′s and WmA·
∞(X logD) = forms with no more

than m logarithmic singularities of the form
dzj

(zj−some pole)
, that is of the form

dzj1

(z−pj1
)
∧ .. ∧ dzjl

(z−pjl
)
∧ a smooth form in a neighourhood (of the point in D in ques-

tion) in X, where l ≥ m and (z1 − p1)..(zr − pr) = 0 is the given divisor D in local
coordinates, 1 ≤ j1 < .. < jl ≤ r. The weight filtration thus defined descends to
Q. See [De1] and [GS] for further details and definitions.

Hodge Theory on π1:

Let Q be a marked point on the variety V. The π1 de Rham theorem enables a
mixed Hodge structure to be placed on Zπ1(V, Q)/J l+1 where the augmentation
ideal J , we recall, is the ideal of elements in Zπ1(V, Q) whose integer coefficients
add up to zero. For a proof and details of the same, the reader is referred to [Ha1]
and [Ha2]; here we shall merely recollect the definition of the same as it suffices
for our purposes to know the prescription of the hodge and weight filtrations on
(Zπ1(V, Q)/J l+1)∗:

Set H0B·
l(XlogD,Q) to be the set of those homotopy invariant iterated integrals

whose 1-forms are drawn from A·
∞(X logD). The weight and hodge filtrations are

as follows over R and C:

We say
∫
ω1 ..ωk ∈ F pB·

l(XlogD,Q) if the sum of the number of dz′s in each ωi ≥ p.
And

∫
ω1 ..ωk ∈ WmB·

l(XlogD,Q) if k + sum of number of logarithmic singularities
in each ωi ≤ m. The filtrations they induce on the H0 of the above complex
B·

l(XlogD,Q) are our sought-after filtrations.

Note that Zπ1/J
2 = Z ⊕ H1 so that, it is only the the quotients J/J l+1 for l ≥ 2

which are of interest to us.

2.2.1.A Remarks:
In §2.1.3, we mentioned that one way of proving the π1-de Rham theorem is to con-
struct unipotent local systems from Zπ1(V, Q)/J l+1; l ≥ 1. In fact the mixed Hodge

structure on the completion Zπ1(X, Q)∧ =
lim← Zπ1(X, Q)/J l+1 acts as a classifying

object in the category of local systems which are endowed with mixed Hodge struc-
ture fibre-wise and which are compatible in a manner determined by the condition
that they determine an admissible unipotent variation of mixed Hodge structure

(see [HZ] for the definition of ‘admissible’ (referred to as ‘good’ there) unipotent
variation of mixed Hodge structure) on V. More precisely, Hain and Zucker (op.
cit.) proved the equivalence of categories





admissible unipotent variations U
of mixed Hodge structure on V

with index of unipotency l




←→





unipotent representations π1(X, Q) −→ Aut(UQ)
such that the induced morphisms
Qπ1(X, Q)/J l+1 −→ End(UQ)

are all morphisms of Q-mixed Hodge structure
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2.2.1.B Remarks:

[Ha3] informs that this equivalence of categories is a special case of a conjecture
due to Deligne. To state it we recollect the notion of relative Malčev completion
from [Ha4].

Relative Malčev Completion:

Suppose Γ is a finitely generated group. Given ρ : Γ −→ S(F ), a representation
with Zariski dense image where S is a reductive algebraic group over F , a field
of characteristic zero, one can associate to it the following commutative diagram
(which we shall refer to as the Malčev completion of Γ with respect to ρ)

1 −→ U −→ G −→ S −→ 1x ||
Γ −→ S

where G is a proalgebraic group, U is prounipotent, and the horizontal short se-
quence is an exact sequence of proalgebraic groups. This is universal in that given
any commutative diagram

1 −→ U −→ G −→ S −→ 1x ||
Γ −→ S

where G is an algebraic group and U a unipotent subgroup, and the horizontal
short sequence a short exact sequence of algebraic groups, such that the image
of Γ −→ G is Zariski dense, the latter factors through the former in that there
is a unique morphism of proalgebraic groups G −→ G such that the following
commutative diagram holds good.

Γ −→ G −→ S

||
y ||

Γ −→ G −→ S.

Using ideas of Deligne, [Ha4] shows that if (H, 〈 , 〉) is a given polarised variation of
pure hodge structure (see [GS] for its definition), then (the holonomy representation
ρ : π1(V, Q) −→ Aut(HQ, 〈 , 〉) has Zariski dense image) the coordinate ring of the
Malčev completion of π1(V, Q) relative to the holonomy representation has a mixed
Hodge structure (where we allow for infinite dimensional modules).

Deligne’s conjecture (see [Ha3]; Introduction) states that the category of hodge
representations of the coordinate ring of the Malčev completion of π1(V, Q) relative
to ρ : π1(V, Q) −→ Aut(HQ, 〈 , 〉) is equivalent to the category of variations of
mixed Hodge structure whose weight graded pieces are at worst Tate twists (a
Tate twist corresponds to taking the tensor product with a Tate Hodge structure–
see 1.1.1.8) of subquotients of tensor powers of (H, 〈 , 〉). Thus, taking H to be the
trivial variation, one obtains the result proved by [HZ] referred to in 2.2.1.A above.

2.2.2 Mixed Hodge structure on π1 and on H1

Let, as above, J be the augmentation ideal of Zπ1(V, Q). Then using the iden-
tification J/J2 = H1(V), we may see that the prescription αi1 ⊗ .. ⊗ αil 7→
(γi1 − 1)..(γil − 1), where γλ denotes a lifting in π1(V, Q) of αλ ∈ H1(V)
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⊗lH1(V) = (J/J2)⊗ .. ⊗ (J/J2) −→ (J l/J l+1) 2.2.2.a

is well-defined. Then, using the short exact sequence

0 −→ J l/J l+1 −→ J/J l+1 −→ J/J l −→ 0

we have the exact sequence

0 −→ (J/J l)∗
i−→ (J/J l+1)∗

p−→ ⊗lH1(V) 2.2.2.b

This is an exact sequence in H and will allow us, in our calculations, to describe
mixed Hodge structure of higher order J/J l′s in terms of lower order ones. ([Ha1]
uses this to put a mixed Hodge structure on Zπ1(X, Q)∧.)

2.2.3 Mixed Hodge structure supported by the ‘fundamental grupoid’:

Let Y be a smooth manifold, and let y0, y1 be two points in Y. Let P(Y; ∗, ∗) denote
the space of piecewise-smooth paths on Y, and let P(Y; y0, y1) denote the subspace

of paths from y0 to y1. One has the map P(Y; ∗, ∗) p−→ Y×Y, which sends a path
γ to its end points (γ(0), γ(1)) which upon application of the functor H0 yields the

local system H0P(Y; ∗, ∗) p−→ Y × Y. Restricting it to the diagonal Y ↪→ Y × Y,
one has the “tautological local system” on Y. ∀(y0, y0) ∈ Y × Y, the group ring
H0P(Y; y0, y1) = Zπ1(Y, y0) has a filtration by H0P(Y; y0, y1)-submodules given by
the powers of the augmentation ideal J (recall the filtration 2.1.3.a):

.. ⊂ J l+1 ⊂ J l ⊂ .. ⊂ J ⊂ H0P(Y; y0, y1)

Given a (y0, y1) ∈ Y × Y and a path γ from y0 to y1, one may use the parallel
transport of the local system p to parallel transport the above filtration to one on
H0P(Y; y0, y1)

(2.2.3.a) .. ⊂ J l+1
y0,y1
⊂ J l

y0,y1
.. ⊂ ..Jy0,y1 ⊂ H0P(Y; y0, y1).

This filtration is independent of the choice of the path γ used to parallel transport
the filtration from Zπ1(Y, y0). Similarly, one could have chosen a path from y1

to y0 to parallel transport the filtration by powers of the augmentation ideal on
Zπ1(Y, y1). It is easy to see that the two filtrations on H0P(Y; y0, y1) coincide. One
may tautologically rephrase the above statement as:

J l
y0,y1

= Im
{
J l⊗H0P(Y; y0, y1) −→ H0P(Y; y0, y1)

}

under the natural left action of Zπ1(Y, y0), or the image of H0P(Y; y0, y1)⊗J l under
the action of Zπ1(Y, y1) on the right.

When Y is a smooth complex algebraic variety, or more generally, a Zariski open
subset of a compact Kähler manifold, it can also be shown that ∀(y0, y1) ∈ Y ×
Y, the quotients H0P(Y; y0, y1)/J

l+1
y0,y1

also acquire mixed Hodge structures ([HZ;
Proposition 3.21]). Also, they determine an admissible, unipotent, variation of
mixed Hodge structure on Y×Y [HZ; Proposition 4.22]. (Note that the local system
referred-to in §2.1.3 is obtained by restricting the above to {y0} × Y ↪→ Y.) In
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accordance with [HZ], we shall refer to this as the canonical variation. Admissible,
unipotent variations of mixed Hodge structure on a smooth, complex algebraic
variety are rigid in the sense that, knowledge of the supporting local systems, with
the weight filtration sub-local systems together with the knowledge of the Hodge
filtration at any one point of Y suffice to determine the given variation of mixed
Hodge structure on Y. This and the fact that the above quotients determine an
admissible variation of mixed Hodge structure on Y imply the following analogue
of (2.2.b), a short exact sequence of mixed Hodge structures

(2.2.3.b) 0 −→ (Jy0,y1/J
l
y0,y1

)∗ −→ (Jy0,y1/J
l+1
y0,y1

)∗ −→ ⊗lH1(X)

where (J l
y0,y1

/J l+1
y0,y1

)∗ has been identified with ⊗lH1(X) through the identification
(γ1−1)..(γl−1)γ̄ 7→ α1⊗..⊗αl, where γi is a homotopy representative of αi ∈ H1(Y)
in H0P(Y; y0, y0) and γ̄ ∈ H0P(Y; y0, y1).

The Hodge filtration on the objects (H0P(Y; y0, y1)/J
l+1
y0,y1

)∗ are prescribed by count-
ing “the number of dz′s” in the reduced circular bar construction (see [HZ] for
the details of it) on the C∞ logarithmic de Rham complex A∗

∞(X log(D)) where
Y = X−D, D is a normal crossings divisor, with the two augmentations provided
by evaluation of C∞ functions at y0 and y1.

Also note that by Theorem 3.18 of [HZ], we may identify over R, the reduced
circular bar construction B̄·(Y; y0, y1) with the complex of iterated integrals on
P(Y; y0, y1). Now, given a homotopy invariant iterated integral ω1 ..ωl+ lower order
iterated integrals on P(Y; y0, y1), it follows that, under the map (H0P(Y; y0, y1)/J

l+1
y0,y1

)∗ −→
⊗lH1(X), it goes to

α1 ⊗ .. ⊗ αl 7→ Πi=l
i=1

∫

γi

ωi,

where γi is a loop in Y based at y0 representing the homology class αi.

2.3 The Case of Smooth Projective Curves Minus a Point

When π1(V, Q) is a (finitely generated) free group, the map (J/J l+1)∗ −→ ⊗lH1(V)
is a surjection; although this is an elementary and well-known fact, in this section
we write down an explicit proof of this to reassure the reader as we have not
seen it written down elsewhere. The reader who believes in this identification
(J l/J l+1)∗ = ⊗lH1(V) may skip section 2.3.

As a preliminary remark, notice that when l = 2, the above identification follows
from Lemma 6.1 of [Ha1] which identifies the image of p in the above exact se-
quence with the kernel of the cup product morphism (of mixed Hodge structures)
H1(V,Z)⊗H1(V,Z) −→ H2(V,Z), so that in the case of smooth projective curves
minus a point, the result is immediate.

The surjectivity of the map ⊗lH1(V) −→ (J l/J l+1) is clear; to show that it is
injective, we shall construct a basis for the free Z-module (J l/J l+1).

In fact, we shall construct a basis for J/J l+1 compatible with the filtration by
powers of J . Let G = {ĝ1, .., ĝq} be a free basis for the group π1(V, Q). Let ˆM

:= {all products of the form Âi1 .. Âis where Âik = (ĝik - 1), ĝik ∈ G}. Observe
that ˆM is linearly independent in J . We want to show that the classes of elements
in J/J l+1 of ˆM form a basis. Observe that every element of the form (g−1 - 1)
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in J/J l+1 would be expressible as a polynomial in the (g - 1)’s and hence we only
need to verify that no nontrivial linear combination of elements from ˆM of order
(that is the degree of the polynomial in the noncommutative variables Âi1 , .., Âis)
not exceeding l lies in J l+1. Let the elements of ˆM whose order does not exceed l
be denoted by ˆM(l).

Although this is a group-theoretical fact, we shall find it convenient to prove it using
iterated integrals. Any finitely generated free group (with at least two generators)
can be realised as the fundamental group of a compact riemann surface minus a
(nontrivial) divisor. Let V be an open riemann surface obtained thus. Let α1, ..,
αq denote the homology classes determined by the elements ĝ1, .., ĝq in π1(V, Q).
Let ω1, .., ωq denote smooth 1-forms on V which represent the basis in H1(V) dual
to {α1, .., αq}. Now writing a given linear combination of elements of ˆM(l) by
Σiχi such that it belongs to J l+1, where each χi is obtained by collecting together
linear combinations of elements of order i in ˆM(l), we proceed inductively and
show that χi = 0 from i = 1 to i = l. Let χ1 = Σjc

1
j ĝj. Then

0 =
〈
Σiχi,

∫
ωj

〉
=
〈
χ1,

∫
ωj

〉
= c1j ; ∀j

because 1-iterated integrals vanish on J2. Hence, Σiχi = Σi>1χi. Similarly, in the
next stage

0 =
〈
Σiχi,

∫
ωj1ωj2 + iterated 1-integral

〉
=
〈
χ2,

∫
ωj1ωj2

〉
.

If χ2 = Σp1,p2c
2
p1,p2

ĝp1
ĝp2

, then from the above equation and 2.1.2.7, c2j1,j2
= 0 for

all 1 ≤ j1, j2 ≤ q. We can repeat this for higher i′s and using 2.1.2.7 and 2.1.2.9,
repeatedly as above, we conclude that χ = 0.

Given a smooth projective curve X over C of genus g ≥ 1, with marked point Q,
let YP denote X - P for any P ∈ X − Q. Denoting by JP the augmentation ideal
of Zπ1(YP , Q), we have as a consequence of the above remarks, the following short
exact sequence in H:

(2.3.a) 0 −→ (JP/J
l
P )∗ −→ (JP/J

l+1
P )∗

pl−→ ⊗lH1(X) −→ 0

From the above short exact sequence, we see that if k < l, then Wk(JP/J
l+1
P )∗ is

contained in (JP/J
k+1
P )∗. On the other hand, using Lemma 3.1.2, we can write

down a splitting of the short exact sequence for (JP/J
k+1
P )∗ which respects the

weight filtration in such a way that constituents of the leading term of the iterated
integrals one obtains this way are all smooth forms defined on X (rather than
logarithmic ones) so that (JP/J

k+1
P )∗ ⊂ Wk(JP/J

l+1
P )∗. Thus,

Wk(JP/J
l+1
P )∗ =





(JP/J
k+1
P )∗ if k ≤ l

(JP/J
l+1
P )∗ if k > l.

2.3.b

Note that the weight filtration would in fact descend to over Z: By 2.1.2.9, any
iterated integral in (JP/J

k
P )∗ = H0Bk−1(X, Q) would identically vanish on Jk/J l+1,

so that, Jk/J l+1 ⊂ W−k(J/J
l+1)∗ and on the other hand, again by Lemma 3.1.2,

given any element ϕ ∈ Jk−1/J l+1 we may write down a homotopy invariant iterated
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integral of length k − 1, which when evaluated on ϕ does not vanish, so that,
ϕ /∈ W−k(J/J

l+1)∗. Repeating this procedure for i < k − 1, we see that

W−k(J/J
l+1)∗ = Jk/J l+1.

The above remarks extend to the mixed Hodge structures (H0P(Y; y0, y1)/J
l+1
y0,y1

)∗

as well. In particular, the short exact sequences (2.2.3.b) become

(2.3.c) 0 −→ (Jy0,y1/J
l
y0,y1

)∗ −→ (Jy0,y1/J
l+1
y0,y1

)∗ −→ ⊗lH1(X) −→ 0

and the weight filtrations on H0P(Y; y0, y1)/J
l+1
y0,y1

descend to over the integers, as
above. The latter is a consequence of the fact that the parallel transport of the
canonical variation preserves the weight filtration. Alternatively, one could deduce
this fact, as in the case of (J/J l+1)∗ where J is the augmentation ideal of Zπ1(Y, y0),
from the expression for the surjection of the short exact sequence (2.2.3.b) given in
the concluding remarks of §2.2.3.

Remark:

Suppose we are given a family of elliptic curves F π−→M (recall the mention of this
in the Introduction) such that the local system on F given by erecting H1(Fπ(x))
over each point x in F − i(M) (where i : M −→ F is the zero section), is a
polarised variation of hodge structure. Also, assume that the family F π−→ M is
sufficiently well-behaved so that the local system obtained by erecting above each
point x, the mixed Hodge structure HomZ(Zπ1(Fπ(x) − {0}, x)∧,Z) is a variation
of mixed Hodge structure amenable to the as-of-yet unproven conjecture due to
Deligne. Here 0 refers to the origin of each fibre regarded as an elliptic curve.
Let for an x ∈ F , X = Fx. Hence, by 2.3.b above, the weight graded pieces
of (JP/J

l+1
P )∗, when nontrivial, are in fact tensor powers of H1(X) so that the

variation of mixed Hodge structure given by x 7→ HomZ(Zπ∧
1 (Fπ(x) −{0}, x),Z) is

a good candidate for a description via the Malčev completion of π1(F , ∗) relative
to the monodromy representation arising from the above-referred to variation of
Hodge structure given by 1-cohomology of the fibres via the Deligne conjecture (see
Remarks 2.2.1.B). Part of the variation of mixed Hodge structure given by x 7→
HomZ(Zπ1(Fπ(x) − {0}, x),Z)∧ is of interest when, for instance, F is the universal
family associated to some level n moduli of elliptic curves. The above-referred-to
part is (the dual of) the elliptic polylogarithm sheaf of Beilinson [BL].

2.4 Mixed Hodge and de Rham Structures on π1

This section makes no pretense of originality; its sole novelty might be the pointing
out that the embarrassingly simple observations of §2.2.2 allow us to extend the
extensions considered in §2.1 to the category HDR of Hodge-de Rham structures
and that the extension data may still be accessible in terms of natural period
integrals; these observations will be used in §3.2. The commutative diagram of
§2.4.2 has been included to serve as a convenient recapitulation for the reader
not well-versed in algebraic geometry. There we have recalled the proof of the
comparison theorem of [De4; chapter II, §6].

2.4.1 The algebraic de Rham lattice on Cπ∧
1 for a K-scheme

Let Y be a smooth proper scheme over K, where K is a subfield of C and let
Q be a K-rational point of Y. Navarro Aznar (Sur la théorie de Hodge-Deligne,
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Inventiones, Vol. 9, 1987, §1 - §6) has introduced a construction (which he calls
the “Thom-Whitney simple”) which when applied to the complex of sheaves of
regular (algebraic) K-differential forms yields a K-differential graded algebra (we
shall abbreviate ‘differential graded algebra’ by DGA in what follows) unique up to
quasi-isomorphism, which computes the K-homotopy type of Y. There are natural
DGA quasi-isomorphisms

2.4.1.1 sTW (Ω∗
Y/K)⊗K C −→ sTW (A∗

Yan,∞)←− Γ(Yan,A∗
Yan,∞)

where Ω∗
Y/K denotes the complex of sheaves of regular (algebraic) differential forms

on Y (over K), A∗
?,∞ that of smooth forms on ‘?’, Yan the analytic space associated

to Y and sTW the ‘Thom-Whitney simple’ functor. This yields a K-lattice in the
complex homotopy of Y. In particular, if H0(Y

an) = Z, then the natural map from
the (Chen’s, op. cit.) reduced bar construction to iterated integrals

H0 [B̄(A∗
Yan,∞, Q)] −→

{
homotopy invariant iterated integrals

on loops on Yan based at Q

}
−→ HomZ(Zπ1(Y

an, Q)∧,C)

is a filtered quasi-isomorphism (lemma 2.1.1.13 and the π1-de Rham theorem
(2.1.3.1) or corollary 2 of §2 of [C3]).

DGA quasi-isomorphisms between cohomologically connected DGA’s induce iso-
morphisms at the level of H0 B̄( )’s and hence there are K-lattices in HomZ(Zπ1 (Yan, Q)/J l+1,C) l ≥
1 coming from the natural maps of 2.4.1.1.

2.4.2 The case of (‘punctured’) curves/K

Given a subfield K of C, a curve/K will, for us, mean a smooth proper K-scheme
which when base-changed to C yields a smooth projective genus g (≥ 1) curve
(over C). Given any K-scheme X and a K-rational point x of X, for any field
extension K′ of K, let x̄ denote the corresponding point of X×KK′. Then, x̄ is
a K′-rational point of X×KK′ and the following lemma assures us that the open-
subvariety (X×KK′ - x̄) coincides with X - x after base-change.

Lemma 2.4.2.1

Denote the projection morphism X×KK′ −→ X by π. Then, π−1(x) = x̄.

Proof: Restrict attention to an affine open neighbourhood Spec(A) of x. π−1(A) =
Spec(A ⊗K K′) and the map π−1Spec(A) −→ Spec(A) is induced by the algebra

morphism A
ϕ−→ A⊗KK′ so that π−1(x) = {q ∈ Spec(A⊗K K′) : ϕ−1q = m where

x is given by the maximal ideal m of A}. Since x is a K-rational point of X, the
natural short exact sequence

0 −→ m −→ A −→ κm −→ 0

where κm is the residue field at x (and has a natural identification with K) becomes
upon tensoring with K′,

0 −→ m⊗KK′ −→ A⊗KK′ −→ K′ −→ 0

so that m⊗KK′ is a maximal ideal of A ⊗K K′. Hence, ϕ−1(q) = m =⇒ ϕ(m) =
m⊗ 1 ⊂ q =⇒ m⊗K K′ ⊂ q, hence m⊗K K′ = q.
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Hence, given a K-rational point P in X - {Q}, the inclusion YP (= X− {P}) j
↪→ X

induces, by the algebraic de Rham theorem, the following commutative diagram

(2.4.2.a)





H1(X,Ω∗
X/C) −→ H1(X, j∗Ω

∗
YP /C)

an isomorphism←− H1(Ω∗
YP /C)

↓ ↓
H1(Xan,Ω∗

Xan,hol) −→ H1(Xan,Ω∗
Xan,hol(∗(P )))

↓ ↓
H1(Xan,A∗

Xan,∞) −→ H1(Xan, j∗A∗
Yan

P ,∞) ←− H1 (A∗
Yan

P ,∞)

where H∗(?) denotes the hypercohomology of ? with respect to the given space and
H∗ (?), the cohomology of the complex of global sections of ?, where ? is a complex of
sheaves and Ω∗

?,hol(∗(D)) the complex of sheaves of meromorphic differential forms
on ? with poles along D, and all arrows are isomorphisms. It is an elementary
consequence of the fact that smooth projective curve over C minus finitely many
points is affine (or of the Kodaira vanishing theorem) that Hi(Xan,Ωp

Xan,hol(∗(P ))) =
0 ∀ p and i > 0. Hence the natural morphism of complexes Γ(YP ,Ω

∗
YP /C) −→

Γ(Yan
P ,A∗

Yan
P ,∞) is a DGA quasi-isomorphism. §2.4.1 and the above remarks imply

that

0 −→ (JP/J
l
P )∗ −→ (JP/J

l+1
P )∗

pl−→ ⊗lH1(X) −→ 0 (2.4.2.b)

is a short exact sequence in HDR, the algebraic de Rham lattice on (JP/J
s+1
P )∗

(s ≥ 1) being given by the bar construction on Γ(YP ,Ω
∗
YP /K). As an aside, we

remark that the above identification of H1
DR(YP ,K) with H1

DR(X,K) can be de-
duced, for elliptic curves (with at least two K-rational points, say P and P ′) directly
by explicitly constructing an affine open cover of the elliptic curve/K, U = {U1,
U2} where U1 := X - {P} and U2 := X - {P ′} and showing that the morphism

H1(X,K)
j∗−→ H1

DR(YP ,K) induced by the inclusion YP
j
↪→ X is injective; one can

then use the fact that both cohomology groups have the same dimension, which
we anyway know from the algebraic de Rham theorem without regard to the above
commutative diagram 2.4.2.a.

Remark: According to Z. Wojtkowiak (Theorem (E) [W]) the hodge and weight fil-
trations descend to K in our situation and hence one might demand to consider the
above remarks in the category whose objects and morphisms satisfy the additional
condition (in addition to those of HDR) that the weight and Hodge filtrations be
defined over K as well.

31



Chapter 3

Calculation of Some Extension
Data

The simplest nontrivial case of the unipotent quotients (J/J l+1), namely l = 2,
is describable completely in terms of a map to an extension group in H which is
independent of the choice of the puncture (and the base-point). We can explicitly
describe the above extension data using Green’s functions. In fact, between 3.1.4
and 3.1.7, we even more explicitly show in the genus g = 1 case that the significant
part of the above map into an extension group in H, which describes the mixed
Hodge structure on (J/J3)∗ associated to basepoint Q and puncture P sends (Q,P )
to the element 2 [(Q)−(P )] in the given elliptic curve. Higher genus generalisations
of this, and of those described below exist, but we have not worked all of them
out. (In 3.1.8, we give an elementary proof of the duality in H between natural
extensions involving H1(X − D) and H1(X, D) where X is a genus g ≥ 1 smooth,
projective curve/C and D = {x, y}, where x 6= y. Despite this being elementary
and well-known, we included it since we could not find a reference to which we
could refer.)

In the general case l ≥ 3, we show that forgetting some (actually a good
deal of) information contained in the mixed Hodge structure J/J l, we obtain a
map θweak

Q,l : X− {Q} −→ Ext1
H(⊗lH1(X),⊗l−1H1(X)) which satisfies the condition

ΣP nP θ
weak
Q,l (P ) = 0 where D = ΣPnP (P ), when D is principal, which is analogous

to the description of J/J3 mentioned in the first paragraph above. More precisely,
we should point out that Proposition 3.1.1 for general l should essentially be a
combination of 3.1.1 for l = 2 plus linear algebra.

Suppose E is an elliptic curve over C. We then use our calculations between
3.1.4 and 3.1.11 to construct maps

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗3H1(E),H1(E))

and

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗4H1(E),H1(E))y
Ext1

HQ
(Q(0),⊗3H1(E)(3)).

where Etor denotes the group of torsion points of E (over C).
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In §3.2, we consider a restriction of this map to Etor − {0} ↪→ (Etor − {0}) ×
(Etor − {0}); given a principal divisor (f) = D on E supported on the nonzero
torsion points of E, and another torsion point away from the support of D, we
work out the extension data determined by the above map.

In §3.3, we compute the Picard-Fuchs equation of the Gauss-Manin equation
determined by puncturing fibrewise and considering J/J3 on the Legendre family
of elliptic curves. As an example of extension data in HDR, in the appendix to
§3.3, we exhibit the period integrals which determine the extension data of the
extension (2.4.2.a). We have included this merely to illustrate that the calculation
of Carlson can be extended to the case of HDR as well. (Remember, in our HDR,
we do not insist that the weight and Hodge filtrations are defined over the field
of definition of the given curve.) The important task here is the calculation of
corresponding period integrals, which we have not done.

3.1 Restricted Extension Data in H and Divisors

Consider the extension of mixed Hodge structures (2.3.a) obtained by puncturing
the given smooth projective curve X (of genus g ≥ 1) at a point P ∈ X− {Q}

0 −→ (JP/J
l
P )∗ −→ (JP/J

l+1
P )∗

pl−→ ⊗lH1(X) −→ 0.

It is easy to see that it is a separated extension of mixed Hodge structures - one
way of seeing this is to write down a basis for each (JP/J

l+1
P ), l ≥ 2 by choosing a

basis in H1(X) and smooth 1-forms ω1, .., ω2g on X representing such a basis and
writing down homotopy invariant iterated integrals

∫
ωi1 ..ωil + lower order iterated integrals

using lemma 3.1.2, where 1 ≤ i1, ..il ≤ 2g. Hence from the description of Ext1
H( , )

of section 2, we have that Ext1
H(⊗lH1(X), (JP/J

l
P )∗) is given by

HomC(⊗lH1(X), (JP/JP
l)∗)

HomF(⊗lH1(X), (JP/JP
l)∗) + HomZ(⊗lH1(X), (JP/JP

l)∗)

The dependence of the extension group above on the choice of the puncture P
(when l ≥ 2) prevents us from making good use of this to study the relationship
between divisors on X and the mixed Hodge structures on the (JP/J

l+1
P )∗s. A first

simplification we could do is: suppose r̄Z is an integral retract of the inclusion
(JP/J

l
P )∗ −→ (JP/J

l+1
P )∗ and s̄F , a splitting of the surjection (JP/J

l+1
P )∗ −→

⊗lH1(X) which respects the hodge filtration, then by the discussion in section 1.2,
the class of r̄Z ◦ s̄F in the above extension group determines the extension datum -
composing r̄Z ◦ s̄F with the projection pl−1 : (JP/JP )∗ −→ ⊗l−1H1(X) (which is a
morphism in H) for each puncture P yields the map

θweak
Q,l : X− {Q} −→ HomC(⊗lH1(X),⊗l−1H1(X))

HomF(⊗lH1(X),⊗l−1H1(X)) + HomZ(⊗lH1(X),⊗l−1H1(X))
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Consider the short exact sequence in Z-mod

0 −→ J l
P/J

l+1
P −→ J l−1

P /J l+1
P −→ J l−1

P /J l
P −→ 0

Imposing the mixed Hodge structure on (J l−1
P /J l+1

P )∗ coming from it being the
cokernel of the inclusion (JP/J

l−1
P )∗ −→ (JP/J

l+1
P )∗, one has the following commu-

tative diagram in H which is obtained by quotienting (JP/J
l
P )∗ and (JP/J

l+1
P )∗ by

(JP/J
l−1
P )∗

0 −→ (JP/J
l
P )∗ −→ (JP/J

l+1
P )∗ −→ ⊗lH1(X) −→ 0

pl−1

y p′
y ||

0 −→ ⊗l−1H1(X) −→ (J l−1
P /J l+1

P )∗ −→ ⊗lH1(X) −→ 0.

The above-mentioned integral retract r̄Z induces an integral retract rZ of the inclu-
sion ⊗l−1H1(X) −→ (J l−1

P /J l+1
P )∗ such that pl−1 ◦ r̄Z = rZ ◦ p′; also, we may choose

sF = p′ ◦ s̄F . Hence, the map θweak
Q,l coincides with the map which sends a puncture

P to the extension

0 −→ ⊗l−1H1(X) −→ (J l−1
P /J l+1

P )∗ −→ ⊗lH1(X) −→ 0.

We may additively extend θweak
Q,l to

θweak
Q,l : DivQ(X) −→ Ext1

H(⊗lH1(X),⊗l−1H1(X))

where DivQ (X) := {divisors on X which avoid Q}.
In 3.1.1 below we shall show that θweak

Q,l (D) = 0 if D is principal and is from
DivQ(X). That would imply that θweak

Q,l factors through

divisors on X which avoid Q

principal divisors on X which avoid Q
.

This can be identified with the Picard group

Pic(X) =
divisors on X

principal divisors on X

using the (‘moving lemma’ in this situation) fact that for any choice of Q, we
can choose a rational function which has a pole precisely of order 1 at Q which
follows from the Riemann-Roch theorem: we can choose an effective divisor D̄ from
DivQ(X) such that for no nontrivial holomorphic 1-form ω on X, (ω) ≥ D̄. Hence,
l(D̄ + (Q)) = l(D̄) + 1; that is, there is a meromorphic function on X with a pole
of order 1 at Q.

Proposition 3.1.1

Let X be a smooth, projective curve (over C) of genus g ≥ 1. Then the maps θweak
Q,l

(l ≥ 2) factor through Pic (X)

DivQ (X) Pic (X)

Ext1
H (⊗lH1,⊗l−1H1)

@
@

@@R

�
�

��	

-
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Proof:

Given a principal divisor D = div(f) on X which avoids Q, we shall choose the
integral retract rZ of the inclusion and the section sF of the surjection which
respects the hodge filtration in the short exact sequence

0 −→ ⊗l−1H1(X) −→ (J l−1
P /J l+1

P )∗ −→ ⊗lH1(X) −→ 0

suitably. A key role in the choice of the splittings sF is played by Green’s functions.
Below, we recollect a gadget which provides a prescription for sF - given closed
1-forms ωi1 , .., ωil on X, it suggests how we may construct homotopy invariant
iterated integrals on X - {P} of the form

∫
ωi1 ..ωil + iterated integrals of order

< l.

POWER SERIES CONNEXIONS AND FORMS ON LOOP SPACE

Let X be a differentiable space in the sense of Chen [C1] (e.g. a C∞ manifold).
Let P(X; x0, x1) denote the space of paths from x0 to x1 in X regarded as a
differentiable space (§2.1.1, set of piecewise smooth paths from x0 to x1 in the case
of a C∞ manifold).

Lemma 3.1.2 (Chen)

Suppose that A∗
∞(X) is generated as an algebra by A0

∞(X) and dA0
∞(X). Let

ω = ΣωiXi + Σωi,jXi Xj + Σωi,j,kXi Xj Xk + ....

be a formal power series connexion where the ωi’s are forms on X and {Xi}, a set
of noncommutative indeterminates. Let T be the formal power series

T = 1 + ΣTiXi + ΣTi,jXi Xj + ΣTi,j,kXi Xj Xk + ...

whose coefficients are iterated integrals given by

Ti =
∫
ωi, Ti,j =

∫
(ωi,j + ωi ωj), Ti,j,k =

∫
(ωi,j,k + ωi ωj,k + ωi,j ωk + ωi ωj ωk)

and so on ...

Then T is closed (as a vector-valued differential form) on P(X; x0, x1) if κ =
dω − Jω ∧ ω = 0 where Jω is (−1)degree (ω)ω.

Remark: If ω is viewed as a connexion on the natural infinite-dimensional vector
bundle with fibre the space of formal power series in {Xi}, then T becomes the
corresponding parallel transport.

Now coming back to the proof of Proposition 3.1.1, let ω1, .., ωg be smooth 1-forms
on X of type (1,0) and ωg+1, .., ω2g smooth 1-forms of type (0,1) such that their
cohomology classes yield a basis for H1(X,C). We shall presently describe how to
write down a prescription for s̄F (so that sF := p′ ◦ s̄F ) - although this level of
detail can be avoided for the proof of Proposition 3.1.1, we give it here to serve as
a reference for our discussions in sections 3.2 and 3.3.

To prescribe s̄F , we want to write down a formal power series connexion

ω = Σ2g
i ωiXi + Σ2g

i1,i2=1ω
P
i1,i2

Xi1 Xi2 + Σ2g
i1,i2,i3=1ω

P
i1,i2,i3=1Xi1 Xi2 Xi3 + ....
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by choosing suitable coefficient 1-forms for the higher products of the formal vari-
ables Xis such that dω − Jω ∧ ω = 0 = dω + ω ∧ ω and subject to them also
satisfying suitable hodge conditions as detailed in what follows.

Firstly, the ωP
i1,i2

s, 1 ≤ i1, i2 ≤ l. The condition dω + ω ∧ ω = 0 here means

dωP
i1,i2

+ ωi1 ∧ ωi2 = 0; 1 ≤ i1, i2 ≤ l

The two uninteresting cases are when ωi1 and ωi2 are both of hodge type (0,1) or
(1,0), for which we prescribe the solution to be 0. When one of them is of type
(1,0) and the other of type (0,1), we are assured that there is a solution in F1A1

∞
(X log (P )) by the

(∗) Fact: If X̄ is a smooth completion of a variety V (smooth in our case) such that
D = X̄ - V is a divisor with normal crossings, then the natural map H·(FpA∗

∞(X̄ log D)) −→
FpH·(A∗

∞(X̄ log D)) is an inclusion.

Proof: Essentially, this is due to [De2] (scholie 8.1.9 (v)). For a direct proof: The
C∞ logarithmic de Rham complex A∗

∞(X̄ log D)) forms part of a Q - mixed Hodge
structure as defined in [Ha2] and from op. cit., (lemma 3.2.8(a)), this follows.

Similarly, at the kth stage, we would need to solve the equation below

dωP
i1,...,ik

+ ωi1 ∧ ωP
i2,...,ik

+ ωP
i1,i2
∧ ωP

i3,...,ik
+ ... = 0

For k ≥ 3, we don’t bother about the specific form of the solution, and simply
invoke the above-quoted fact (∗) which ensures that when we write down a non-
trivial solution, it is of type (1,0); we may repeatedly invoke this fact since H2(YP )
vanishes. Thus, the prescription

s̄P
F ([ωi1]⊗ ... ⊗ [ωil]) := T1,...,l = ΣI

∫
ωiλ1

...iλ2−1
ωiλ2

...iλ3−1
... ωiλk

...il

where the sum is taken over all partitions 1 = λ1 < λ2 < .. < λk ≤ l, 1 ≤
k ≤ l, and where we have suppressed the dependence of the various forms on
on the choice of P , yields a homotopy-invariant iterated integral which lies in
FpH0Bl(X, Q) whenever [ω1]⊗ ... ⊗ [ωl] ∈ Fp⊗lH1(X).

Hence

sF
P ([ωi1 ]⊗ ... ⊗ [ωil]) =

∫
ωi1 ..ωil + Σ1≤t<lωi1 ..(ω

P
it,it+1

)..ωil |(J l−1/J l+1).

The lower order iterated integral terms (that is of order < l−1) of the expression for
s̄P

F ([ωi1]⊗ ... ⊗[ωil ]) do not appear here since by 2.1.2.9, they vanish when evaluated
on J l−1. Now for the prescription of the integral retract rZ : (J l−1

P /J l+1
P )∗ −→

⊗l−1H1(X) for each P ∈ |D|. We shall for the moment assume that D = ΣP nP (P )
where the nP ’s do not have any common factor other than ±1. Then, let mP ’s be
integers such that ΣPmPnP = −1. Let γ̄1, .., γ̄2g be loops based at Q, lying in
X − |D| such that their homology classes (which we denote by α1, .., α2g) form a
basis for H1(X,Z). Let

Ni :=
1

2π
√
−1

∫

γ̄i

dlogf.
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Let λP be a “small loop” based at Q, around P and lying in X − |D| (so that it
is trivial in H1(X,Z) and 1

2π
√
−1

∫
λP
dlogf = nP ). Let γi := γ̄iΠPλ

mP Ni
P for each i.

Hence,
∫
γi
dlogf = 0; i = 1, .., 2g. We prescribe rZ to be the dual map induced by

the prescription ⊗l−1H1(X,Z) −→ J l−1
P /J l+1

P

αj1 ⊗ .. ⊗ αjl−1
7→ (γi1 − 1)..(γil−1

− 1)

and this is well-defined since the the tensor products terms αj1 ⊗ .. ⊗ αjl−1
form a

basis for ⊗l−1H1(X,Z).

Then[
ΣPnP (rZ ◦ sF )P ([ωi1] ⊗ .. ⊗ [ωil])

]
(αj1 ⊗ .. ⊗ αjl−1

) =

= ΣPnp

〈∫
ωi1 ..ωil, (γi1−1)..(γil−1

−1)〉+Σ1≤t<lΣPnP

〈∫
ωi1 ..ω

P
i1,i2

..ωil, (γi1−1)..(γil−1
−

1)
〉

=

= Σ1≤t<l(
∫
γ1
ωi1)..(

∫
γt

ΣP nPω
P
it,it+1

)..(
∫
γjl−1

ωil).

It is useful to write down ωP
it,it+1

explicitly, for which we shall make use of Green’s
functions on the riemann surface X, that is, to write down solutions to the equation
dω+ωit∧ωit+1 = 0 in A1

∞(Xlog(P )) for all P ∈ |D|. More generally, given a divisor
D̄ on X, consider the equation

dω + deg(D̄)Ω = 0

where, for the moment, we shall assume that Ω is a real-valued normalised (that
is
∫
X Ω = 1) (1,1)-form on X - we shall show our arguments can be changed in the

general case.

Recall (for (standardised) notation, see for instance [La; II chapter]) that given any
divisor D̄ on X, there exists a C∞ function GD̄ : X− Support(D̄) −→ R, uniquely
determined up to a constant by the two conditions:

GR(1): If on an open set U ⊂ X the divisor D̄ is given by (f) = div(f) = D̄, for
some rational function f on U , then there is an α ∈ C∞(U) such that

GD̄|U = −log(|f |2) + α

and

GR(2): ddcGD = deg(D̄) Ω where

dϕ =
∂ϕ

∂z
dz +

∂ϕ

∂z̄
dz̄ and dcϕ =

√−1

4π
(
∂ϕ

∂z̄
dz̄ − ∂ϕ

∂z
dz).

Now set uD̄ :=
√
−1

4π
(−2∂GD̄

∂z
dz) = 1

2π
√
−1

∂GD̄

∂z
dz so that duD̄ = ddcGD̄ = deg(D̄)Ω.

uD̄ is uniquely determined by the divisor and the volume form and uD1+D2 =
uD1 + uD2 where the addition D1 + D2 is in the group Div(X). It may be easily
verified that uD̄ ∈ F 1A1

∞ (XlogD̄). (uD̄ | a ‘small’ open neighbourhood of P (∈ |D|)
is given by 1

2π
√
−1
∂ (−log(z − aP )nP + α) = −nP

2π
√
−1

dz
(z−aP )

+ C∞ 1-form, where aP

denotes the value of the local coordinate at P .) We prescribe our choice of a
solution to the equation dωP

i1,i2
+ ωi1 ∧ ωi2 = 0 to be ωP

i1,i2
= uP := −u(P ).
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By condition GR(1), GD = −log|f |2 + constant on X since ddclog|f |2 = 0 (i.e.
log|f |2 is harmonic) so that GD = − 1

2π
√
−1

∂
∂z

log|f |2dz. Set Re(f) = s and Im(f) =
t. Then we have:

∂

∂z
log|f |2 =

ssx + ttx
s2 + t2

−
√
−1

ssy + tty
s2 + t2

which by Cauchy-Riemann becomes fx

f
= 1

2f
[fx −

√
−1fy] = ∂f

∂z
dz
f

. Again, using

the meromorphicity of f , we have on X - Supp(D),

uD =
−1

2π
√
−1f

[fzdz + fz̄dz̄] =
−1

2π
√
−1

d logf

where the second summand in the middle expression vanishes.

Then,
[
ΣPnP (rZ ◦ sF )P ([ωi1] ⊗ .. ⊗ [ωil ])

]
(αj1 ⊗ .. ⊗ αjl−1

) is given by

1

2π
√
−1

Σ1≤t<l (
∫

γ1

ωi1)..(
∫

γt

dlogf)..(
∫

γjl−1

ωil) = 0

We now state the necessary modifications when Ω is not necessarily a normalised
real (1,1)-form. We may split Ω = Ω1 +

√
−1Ω2 in local coordinates into its real

and imaginary parts Ω = g(x, y)dx ∧ dy = u(x, y)dx ∧ dy +
√
−1v(x, y)dx ∧ dy,

u, v being real-valued C∞ functions on X - this decomposition is independent of
the choice of coordinate system.

case (1) V1 =
∫
X Ω1 = 0 and V2 =

∫
X Ω2 6= 0. Then,

ωP
it,it+1

:= β1 +
√
−1V2

[
uP for(

Ω2

V2
)
]

where β1 ∈ F 1A1
∞(X), satisfies dβ1 + Ω1 = 0, and is chosen independent of P .

case (2) V1 =
∫
X Ω1 6= 0 and V2 =

∫
X Ω2 = 0. Then,

ωP
it,it+1

= V1

[
uP for(

Ω1

V1
)
]
+
√
−1β2

where β2 ∈ F 1A1
∞(X) satisfies the equation dβ2+Ω2 = 0, and is chosen independent

of P .

case (3) V1 = V2 = 0. Then, ωP
it,it+1

= β1 +
√
−1β2.

case (4) V1 6= 0 and V2 6= 0. Then,

ωP
it,it+1

= V1

[
uP for(

Ω1

V1

)
]
+
√
−1V2

[
uP for(

Ω2

V2

)
]

It is clear that in all the above cases,
[
ΣPnP (rZ ◦ sF )P ([ωi1 ]⊗ ..⊗ [ωil ])

]
(αj1 ⊗ ..⊗

αjl−1
) = 0.

To show that the equation θweak
Q,l (D) = 0 is satisfied for all principal divisors avoiding

Q: given a principal divisor D ∈ DivQ(X), by Riemann-Roch one can produce a
principal divisor D′ s.t., both for D and D + D′, the nP ’s do not have a common
factor other than ±1. Then choosing a Q1 outside the support of D and D′, we
have that θweak

Q1,l (D) = 0; but θweak
Q,l (degree zero divisor) is independent of the choice

of the base point Q (chosen outside the support of the divisor in question).
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3.1.3 Remarks: Base-point dependence: (JP/J
3
P )

The remarks here are a straightforward consequence of [Ha1; §7]. Let X be a
smooth, projective genus g ( ≥ 1) curve. Suppose the puncture P is fixed and that
the base-point Q is allowed to vary in X - {P}. Let J(Q) denote the augmentation
ideal of Zπ1(X− {P}, Q). Consider the Albanese

Alb(YP ) :=
H1(YP ,C)

F0H1(YP ) + H1(YP ,Z)
= Jac (X)

where YP :=X - {P}. The map Φ̃ : H1(YP ,Z) −→ HomZ(⊗2H1,H1) given by

Φ̃(A)(Σ ai,j ωi ⊗ ωj)(B) = −Σ ai,j

∣∣∣∣∣
(ωi, A) (ωj, A)
(ωi, B) (ωj, B)

∣∣∣∣∣

induces a map Φ: Alb(YP ) −→ Ext1
H(⊗2H1,H1). We have as an immediate con-

sequence of Lemma 7.3 of [Ha1] that Φ is injective. Now (see for instance loc.
cit.) the map sending a chosen base-point to the extension datum of the short
exact sequence 0 −→ H1 −→ (J(Q)/J(Q)3)∗ −→ ⊗2H1 −→ 0 minus that for a
reference base point say Q0, factors through the map Φ precomposed by the map

YP −→ Alb(YP ) =
Hom(Ω1

hol(X log (P )),C)

H1(X,Z)
; Q 7→ {ω 7→ ∫Q

Q0
ω}. Thus, the injectivity

of the map YP −→ Ext1
H(⊗2H1,H1) would depend on that of the map YP −→

Alb(YP ). Since Ω1
hol (X log (P )) is simply Ω1

hol (X) we may make the identification
Alb(YP ) = Alb(X) and by loc. cit., the map X - {P} −→ Jac (X) would be injec-
tive for any smooth projective curve X of genus g ≥ 2 and hence the map X - {P}
−→ Ext1

H(⊗2H1,H1) will be injective for g ≥ 2.

3.1.4: Here we shall, between 3.1.4 and 3.1.7, explicitly show in the genus g = 1
case, that a part of the extension data of the short exact sequence 2.3.a, associated
to choice of basepoint Q and puncture P , may be identified with 2 [(Q) − (P )]
in elliptic curve, the latter expression meant on the given elliptic curve. Before
that, somewhat more conceptually, we exhibit a congruence between a short exact
sequence in H which describes the above-referred-to extension data, and ‘twice’
another which yields Abel-Jacobi. Except in §3.8, we shall be referring to the
genus g = 1 case, and hence we shall use E, when a remark or calculation pertains
to the genus g = 1 case.

Consider the short exact sequences

0 −→ H1(E) −→ (JP/J
3
P )∗

p−→ ⊗2H1(E) −→ 0

and let L(P ;Q) denote the mixed Hodge structure, the preimage through p of the

sub-mixed Hodge structure of ⊗2H1(E) given by the image of the map ⊗2H1(E)
∇−→

⊗2H1(E), ϕ⊗ψ 7→
[
ϕ⊗ψ−ψ⊗ϕ

]
; the latter is 1-dimensional and may be regarded

as corresponding to a ‘small loop around the puncture P ’. (We can also identify
Image(∇) with the Asym2H1(E) of the diagram C.a.) Then, one has the short
exact sequences in H

(3.1.4.a) 0 −→ H1(E)
jP−→ L(P ;Q)

πP−→ Z(−1) −→ 0

where Im(∇) is identified with Z(−1) through the map

[ϕ]⊗ [ψ]− [ψ]⊗ [ϕ] 7→ 1

4π
√
−1

∫

E
(ϕ ∧ ψ − ψ ∧ ϕ).

39



Note that the above short exact sequence 3.1.4.a is the pullback of the short exact
sequence 2.3.a through the inclusion Im(∇) ↪→ ⊗2H1(E):

(3.1.4.a′)

0 −→ H1(E) −→ L(P ;Q) −→ Z(−1) −→ 0

||
y

y
0 −→ H1(E) −→ (JP/J

3
P )∗ −→ ⊗2H1(E) −→ 0.

For x, y in E - {Q} (x 6= y) let

3.1.4.b 0 −→ H1(E)
jx,y−→ L(x, y;Q)

πx,y−→ Z(−1) −→ 0

denote the Baer difference of the short exact sequences 3.1.4.a for P = x and P = y.

Lemma 3.1.6

There exists the following (natural) commutative diagram of mixed Hodge struc-
tures

(3.1.4.c)

0 −→ H1(E) −→ L(x, y;Q) −→ Z(−1) −→ 0y
y

y
0 −→ H1(E) −→ B(x,y)

D(x,y)
−→ Z(0) −→ 0

where the bottom horizontal short exact sequence is the standard model of “2(0 −→
H1(E) −→ H1(E, {x, y}) −→ Z(−1) −→ 0)” and the vertical arrows are (- 1, -
1)-type isomorphisms of mixed Hodge structures; recall that the (classical) Abel-
Jacobi map may be recovered from the map sending the divisor (x) − (y) to the
extension datum of the short exact sequence 0 −→ H1(E) −→ H1(E, {x, y}) −→
Z(0) −→ 0.

We shall prove Lemma 3.1.6 by recalling a short exact sequence involving H1(X−
{x, y}), showing that it is congruent to the short exact sequence 3.1.4.b and then
using the fact (Lemma 3.1.8 below) that the former is related to (the bottom short
exact sequence in 3.1.4.c)

(3.1.4.d) 0 −→ H1(X) −→ H1(X, {x, y}) −→ Z(0) −→ 0

by a (- 1, - 1)-type isomorphism of mixed Hodge structures (Lemma 3.1.8 below).

In this paragraph, we recollect the well-known exact sequence of mixed Hodge
structures involving H1(X− {x, y}), where, X is a genus g ≥ 1 smooth, projective
curve/C. Consider the following short exact sequence of C-vector spaces

0 −→ H1(X,C) −→ H1(X− {x, y},C)
Residue
−−−−→ Cx ⊕Cy

Poincaré

dual
−→ H2(X,C) −→ 0

where the residue map is defined using the identification H1(X − {x, y},C) ∼=
H1(A·

∞(X logD)). Assign Cx ⊕ Cy the pure Hodge structure of type (1,1) by
setting the underlying Z-lattice to be Z(−1)x ⊕ Z(−1)y. One sees immediately
that the above sequence preserves the Hodge and weight filtrations over C.

The integral structure:

Consider the long exact sequence of Z-modules

0 −→ 2π
√
−1 H2(X,Z) −→ Z(1)x ⊕ Z(1)y −→ H1(X− {x, y},Z) −→ H1(X,Z) −→ 0
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where the map 2π
√
−1H2(X,Z) −→ Z(1)x ⊕ Z(1)y is given by α 7→ (α, α) and the

map Z(1)x⊕Z(1)y −→ H1(X−{x, y},Z) is given by 2π
√
−1(α, β) 7→ α[γx]+β [γy]

where γx and γy are two ‘small loops around x and y’ with the ‘same orientation’
(so that [γx] + [γy] = 0 in H1(X− {x, y},Z)).

It is easy to see that the following diagram

0 −→ H1(X,C) −→ H1(X− {x, y},C)
Residue
−−−−→ Cx ⊕Cy

Poincaré
dual−→ H2(X,C) −→ 0y

y
y( )

y
0 −→ [H1(X,Z)]∗ −→ [H1(X− {x, y},Z)]∗ −−−−→ Z(−1)x ⊕ Z(−1)y −→ 1

2π
√
−1

[H2(X,Z)]∗ −→ 0

where [ ]∗ indicates applying Hom( ,C) and the map ( ) is given by (a, b) 7→
{(α, β) 7→ aα + bβ}, commutes (and where the bottom short exact sequence is
the dual of the short exact sequence preceding the above commutative diagram).

Collecting the previous remarks one has the following long exact sequence in H
(in fact, the weight filtrations descend to Z and the morphisms respect the weight
filtrations over Z).

0 −→ H1(X) −→ H1(X− {x, y}) −→ Z(−1)x ⊕ Z(−1)y −→ H2(X) −→ 0 (3.1.4.e)

In what follows we shall make use of the following short exact sequence (in H)
determined by the above long exact sequence.

0 −→ H1(X) −→ H1(X− {x, y}) −→ Z(−1) −→ 0. (3.1.4.f)

To prove Lemma 3.1.6, we first construct a congruence in H of the short exact
sequence 3.1.4.b with twice of 3.1.4.f above. An explicit description of the Baer
difference of 3.1.4.b would read (for example see [CE; chapter XIV]):

L(x, y;Q) = H(x, y)/D(x, y)

H(x, y) = Ker{L(x;Q)⊕ L(y;Q)
difference−→ Z(−1)}

D(x, y) = {(jx(ϕ), jy(ϕ)) : ϕ ∈ H1(X)}
πx,y([lx, ly]) := πx(lx) = πy(ly)

jx,y(ϕ) := [(ϕ, 0)] = −[(0, ϕ)].

The inclusions E−D ↪→ E− {P}, (P = x, y), induce a pair of mappings

λP : L(P ;Q) ↪→ (JP/J
3
P )∗ −→ (JD/J

3
D)∗

which we use to construct the congruence between the short exact sequence involv-
ing L(x, y;Q) and that involving

H1(E− {x, y}) = (JD/J
2
D)∗ ⊂ (JD/J

3
D)∗.

In fact, L(x, y;Q) is the quotient of Ker[λx−λy : L(x;Q)⊕L(y;Q) −→ (J2
D/J

3
D)∗]

by the image of H1(X), embedded diagonally in L(x;Q)⊕ L(y;Q).

Let 0 −→ H1(E) −→ (B′(x, y)/C ′(x, y)) −→ Z(−1) −→ 0 denote the standard
model for the Baer sum “2(0 −→ H1(E) −→ H(E − {x, y}) −→ 0)”. Thus, as
above,
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B′(x, y) = Ker
[
H1(E− {x, y})⊕ H1(E− {x, y}) difference−→ Z(−1)

]

and

C ′(x, y) = Image of the antidiagonal embedding of H1(E) in B′(x, y).

We prescribe the map L(x, y;Q) −→
[
B′(x, y)/C ′(x, y)

]
to be [lx, ly] 7→

(
1
2
[lx −

ly],
1
2
[lx − ly]

)
; a priori, [lx − ly] lies in (JD/J

3
D)∗ (where D = (x) + (y) and JD

is the augmentation ideal of Zπ1(E − |D|)) but (lx, ly) ∈ H(x, y) implies lx − ly
vanishes when evaluated on J2

D (by the short exact sequence of §2.2.2, l = 2) and
hence [lx − ly] in fact lies in H1(E− {x, y}); then, a priori the image of the above

prescription lies in
[
B′(x, y)/C ′(x, y)

]
(2)

where we have inverted 2 in the underlying

Z-lattice, but we shall presently verify that it respects the Z-lattices themselves.
With ω1 and ω2 and αi and γi, i = 1, 2, as in §3.1.9, we may write an integral
splitting sZ of the surjection (JP/J

3
P )∗ −→ ⊗2H1(E) as

sZ([ω1]⊗ [ω2]) :=
∫
ω1ω2 +

∫
uP

Z and sZ([ω2]⊗ [ω1]) :=
∫
ω2ω1 −

∫
uP

Z

where uP
Z ∈ F 1A1(E log (P )) and satisfies the equation duP

Z +ω1 ∧ω2 = 0 and such
that

∫
γi
uP

Z vanish where γi is as above, for i = 1, 2. For instance, this may be ar-

ranged by adding suitable linear combinations of ωi, i = 1, 2 to uP = − 1
2π

√
−1

∂GP (z)
∂z

where GP (z) is, as in the proof of Proposition 3.1.1, the Green’s function associated
to ω1 ∧ ω2, and divisor (P ). Using this, we may write down a basis for L(P ;Q) as
{ω1, ω2,

∫
(ω1ω2−ω2ω1)}. Then by writing an integral basis for L(x, y;Q), it is easy

to see that the above prescription L(x, y;Q) −→
[
B′(x, y)/C ′(x, y)

]
respects the

integral lattices themselves, and that it is a morphism of mixed Hodge structures.
It determines the congruence

0 −→ H1(E) −→ L(x, y) −→ Z(−1) −→ 0

||
y ||

0 −→ H1(E) −→ B′(x,y)
C′(x,y

−→ Z(−1) −→ 0.

3.1.7: Here we shall write down the Green’s function associated to the puncture
P on the given elliptic curve and explicitly compute the extension data in Ext1

H
determined by the short exact sequence 3.1.4.a. Let ωa denote the invariant holo-
morphic differential 1-form ω on E normalised such that

√
−1

∫
E ω ∧ ω̄ = 1. Let ωb

denote
√
−1ω̄. From the commutative diagram 3.1.4.a′, it is clear that to compute

the extension data associated to the short exact sequence 3.1.4.a, we may use the
choice of the integral retract rZ made in the proof of Proposition 3.1.1; also, the
choice of the splitting respecting the hodge filtration sF there, also applies here
without any change. Thus, recall that

sF ([ωa]⊗ [ωb]− [ωb]⊗ [ωa]) :=
[∫

(ωaωb − ωbωa)
]
+ 2uP

where uP ∈ F 1A∗
∞(E log(P )) and satisfies the equation duP + ωa ∧ ωb = 0 on

Y = E−{P}. We set uP := − 1
2π

√
−1

∂GP (z)
∂z

where GP is the Green’s function on E,

with respect to the (normalised) volume form ωa ∧ ωb and divisor (P ).

Suppose the above elliptic curve is given by C/Λ where Λ is the lattice in C given
by Z{1, τ}, Im(τ) > 0. Let σ(z) be the Weierstrass sigma function associated to
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Λ; we shall not indicate Λ together with σ(z) when there is no risk of confusion.
Let ζ(z) be the Weierstrass zeta function associated to this (i.e., to Λ). This gives
the additive function N : Λ −→ C, χ 7→ 2ζ(χ/2). We may extend this R-linearly
to C using the identification C ∼= Λ⊗ZR. Let us also denote this extended map
by N . Then, we prescribe the Green’s function for the volume form ωa ∧ ωb and
puncture P by GP (z) := G(z − P ), where G(z) is given by

G(z) := −2 log |σ(z)|+ Re{zN(z)}

Then letting N(1) = N1 = µ1 +
√
−1n1 and N(τ) = N2 = µ2 +

√
−1n2, where

µi and ni, i = 1, 2 are real, and letting H(z) denote the quadratic part of G,

Re{zN(z)}, we have Hx = 2(µ1x− n1y) and Hy = −2
[
n1x+µ1y

]
+ 4π

v2
y. Similarly,

one sees that
∂H

∂z
=
[
N1 −

π

v2

]
z +

π

v2
z̄

where v2 = Im(τ). From this, it may be verified that ddcG = ωa ∧ ωb. Calculating

the period integrals rZ◦sF (
(
[ωa]⊗[ωb]−[ωb]⊗[ωa]

)
), we find that the extension data

associated to (Q,P ) is given by the following expression, with the identification of
Ext1

H(Z(−1),H1(E)) with E

τ
∫

γ1

uP −
∫

γ2

uP = 2(Q− P ) + (τ − 1)

where we have identified E with the standard (parallelogram) fundamental domain
for the action of Λ on C, with respect to which, γ1 is the homotopy class of the loop
based at 0 represented by t 7→ t and γ2 by t 7→ τ.t. Consequently, denoting the
map which sends (Q,P ) to the extension class of the short exact sequence (3.1.4.a)
by θ2, one has

3.1.7.1 θ2 : (Q,P ) 7→ 2
[
(Q)− (P )

]

with the extension group Ext1
H(Z(−1),H1(E)) identified with E.

The following must be known to experts; however, as we could not find a related
reference save an analogous assertion at the level of relative (algebraic) de Rham
([Co; Lemma 1.5.5]), we give below a detailed and elementary proof.

Lemma 3.1.8

There is a natural (-1,-1)-type mixed Hodge isomorphism between the short exact
sequence 3.1.4.f and 3.1.4.d

0 −→ H1(X) −→ H1(X− {x, y}) −→ Z(−1) −→ 0y
y

y
0 −→ H1(X) −→ H1(X, {x, y}) −→ Z(0) −→ 0

given by (-1,-1)-type isomorphisms of mixed Hodge structures (the vertical arrows
above). Over C, the middle arrow is induced by the pairing H1(X, {x, y})⊗H1(X−
{x, y}) −→ C, [ω]⊗ [η] 7→ ∫

X ω ∧ η.
The main part of the proof comprises of showing that intersection products over Z,
when dualised coincide over C with the above-mentioned wedge products of forms
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representing classes in H1(X, {x, y},C) and H1(X− {x, y},C)–this is proved by a
simple reciprocity-like calculation.

First, the pairing over C.

Λ : H1(X, {x, y},C)⊗ H1(X− {x, y},C) −→ C

It is easy to see that if [ω] ∈ H1(X, {x, y},C) and η ∈ H1(A·
∞(XlogD)) then,

∫
X ω∧η

is finite and well-defined:

Let ε > 0 such that η is represented by fx(z)
(z−x)

dz and fy(z)
(z−y)

dz in discs 4x
ε and

4y
ε centered at x and y respectively. Hence, by the ∂̄-Poincaré lemma, one has

gx ∈ C∞(4̄x
ε/2) and gy ∈ C∞(4̄y

ε/2) such that ∂gx(z)
∂z̄

= fx(z) and ∂gy(z)
∂z̄

= fy(z)

on 4̄x
ε/4 and 4̄y

ε/4 respectively. (Here ¯( ) denotes some open set containing ( ).)

Hence setting Y := X− 4̄x
ε/4 − 4̄y

ε/4,

∫

X
ω ∧ η =

∫

Y
ω ∧ η +

∫

4̄x
ε/4

ω

(z − x) ∧
∂gx(z)

∂z̄
dz +

∫

4̄y
ε/4

ω

(z − y) ∧
∂gy(z)

∂z̄
dz

is bounded by the C∞ form of the Cauchy integral formula. This pairing is well-
defined since,

(a) if f ∈ C∞(X) such that f(x) = f(y), then
∫
X df ∧ η = 2π

√
−1
[
Resx(η)f(x) +

Resy(η)f(y)
]

= 0 and

(b) A0(XlogD) = C∞(X).

With this said, there is an obvious prescription for the arrows in the following
diagram

(3.1.8.a)





0 −→ H1(X,C) −→ H1(X− {x, y},C) −→ Z(−1) −→ 0y
y 2π

√
−1
y

0 −→
[
H1(X,C)

]∗ −→
[
H1(X, {x, y},C)

]∗ −→
[
Z(0)

]∗ −→ 0

To verify that it is commutative, let a ∈ Z(0)C and f ∈ C∞(X) such that f(x) −
f(y) = a. Then,

∫
X df ∧ η =

[
2π
√
−1Res(η)

]
a. It remains to show that the map

H1(X − {x, y},C) −→
[
H1(X, {x, y},C)

]∗
is in fact defined over Z and that it

preserves the weight filtration over Z.

(a) To show that the pairing descends to over Z:

We want to show that the intersection pairing

∩ : H1(X− {x, y},Z)⊗ H1(X, {x, y},Z) −→ Z

when dualised, over C, coincides with the wedge product pairing defined above.

There is a distinguished homology class (unique up to orientation) in X − {x, y}
corresponding to a small loop around x (or y with suitable orientation)–this is the

generator of Ker
[
H1(X− {x, y},Z) −→ H1(X,Z)

]
= ImZ(1). We have that

∩|ImZ(1)⊗ H1(X,Z) = 0
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It may be trivially verified that the following diagram of Z-modules

(3.1.8.c)





0 −→ H1(X,Z) −→ H1(X, {x, y},Z)
∂−→ Z(0) −→ 0y † †

y
y

0 −→ H1(X,Z) −→ H1(X− {x, y},Z) −→ Z(−1) −→ 0

where the vertical arrows are induced by the intersection pairing ∩, commutes.

To show that the commutative diagrams 3.1.8.a and 3.1.8.c agree over C (with
arrows reversed) is equivalent to showing that ∀[η] ∈ H1(A·

∞(XlogD)) the two
classes [σ] determined by conditions ∗ and ∗∗ below agree

∗ [σ] ∈ H1(X, {x, y},C) such that
∫

γ
η = #([σ], [γ]) ∀ [γ] ∈ H1(X− {x, y},Z)

and

∗∗ [σ] ∈ H1(X, {x, y},C) such that
∫

X
ω ∧ η =

∫

σ
ω ∀ [ω] ∈ H1(X, {x, y},C).

Let γ1, .., γg, γg+1, .., γ2g denote the representatives of 2g generators of H1(X,Z)
appearing as the edges of the standard ‘cut-open model’ Σ (as in Fig. 3.1.8.b
above) of X. Let ηx,y be a meromorphic 1-form on X whose only poles are at x and
y, and which has residues (2π

√
−1)−1λ and −(2π

√
−1)−1λ at them respectively,

and let ω′ be a closed 1-form on X; cohomology classes of 1-forms of the form
Ω = ηx,y + ω′ exhaust H1(X− {x, y},C). Given ω, a closed 1-form on X, set

h(P ) =
∫ P

Q
ω where the integration is carried out using the model Σ of X.

Then,
∫
X ω ∧ Ω =

∫
Σ d(hΩ) =

∫
γx
hΩ +

∫
γy
hΩ +

∫
∂Σ hΩ

= λ
∫
σx,y

ω + Σg
i

∣∣∣∣∣

∫
γi
ω

∫
γi

Ω∫
γi+g

ω
∫
γi+g

Ω

∣∣∣∣∣ 3.1.8.d

Writing σ = Σ2g
i=1αiγi + ασx,y, we may read off from the intersection pairing over

Z (that is from condition ∗)
α = #([σ], [γx]) =

∫
γx

Ω = λ,

αi = #([σ], [γi+g]) =
∫
γi+g

Ω i = 1, .., g

αi+g = −#([σ], [γi]]) = − ∫γi
Ω i = 1, .., g

which coincide with those read off from 3.1.8.d.

(b) The weight filtration

As remarked earlier, the weight filtrations on H1(X, {x, y}) and on H1(X− {x, y})
are defined over Z:

W−1H1(X, {x, y},Z) = {ϕ ∈ Hom(H1(X, {x, y},Z),Z(0)) : ϕ|Z(0) =
0} = H1(X,Z)
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W−2H1(X, {x, y},Z) = 0 and

W0H1(X, {x, y},Z) = H1(X, {x, y},Z)

and

WjH
1(X− {x, y},Z) = 0 for j ≤ 0,

W1H
1(X− {x, y},Z) = H1(X,Z) and

W2H
1(X− {x, y},Z) = H1(X− {x, y},Z).

In the commutative diagram 3.1.8.c, the vertical map †† satisfies the condition

(††)−1(W1H
1(X− {x, y},Z)) = H1(X,Z)

and hence, (††)−1 shifts the weight filtration by -2. The corresponding statements
for the other two vertical arrows in the above diagram (3.1.8.c) are obvious.

(c) the Hodge filtration:

F 0H1(X, {x, y},C) = {[σ] | 〈ω, σ〉 = 0 whenever [ω] ∈
H1(X, {x, y},C) is of type (1,0)}.
F−1H1(X, {x, y},C) = H1(X, {x, y},C)

F pH1(X, {x, y},C) = 0 ∀ p > 0

The map H1(X− {x, y},C) −→ H1(X, {x, y},C) shifts the hodge filtration by −1
since if [η] ∈ F 1H1(X−{x, y},C) and if [ω] ∈ F 1H1(X, {x, y},C), then,

∫
X ω∧η = 0.

3.1.9 Extension data determined by the “grupoid version” of (2.3.a):

Consider the short exact sequence given by (2.3.c) for l = 2 and g = 1, given
puncture P and (y0, y1) ∈ Y × Y

(3.1.9.a) 0 −→ H1(E) −→ (Jy0,y1/J
3
y0,y1

)∗ −→ ⊗2H1(E) −→ 0.

As we did between 3.1.4 and 3.1.7, we may pull back the above short exact sequence
through the inclusions K ↪→ ⊗2H1(E) and Z(−1) ↪→ ⊗2H1(E), we have two short
exact sequences in H. In HQ, one has the splitting ⊗2H1(E) ∼= K⊕Q(−1). Thus,
showing that the two pullbacks split in HQ for a choice of (P ; y0, y1) would imply
the splitting of the above short exact sequence (in HQ).

(I) The pullback through K ↪→ ⊗2H1(E)

Firstly, notice that the pullback is given by

0 −→ H1(E) −→ (Iy0,y1/I
3
y0,y1

)∗ −→ K −→ 0

||
y

y
0 −→ H1(E) −→ (Jy0,y1/J

3
y0,y1

)∗ −→ ⊗2H1(E) −→ 0

where Iy0,y1 is obtained by the parallel transport described in §2.2.3, with the Y
there taken to be the X = E here (i.e., the unpunctured curve). (It is also the case
that the above commutative diagram determines one in the category of admissible,
unipotent variations of mixed Hodge structure over Y.)

The splitting of the surjection of (3.1.9.a) which respects the Hodge filtration is
given by:
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sF ([ωa]⊗ [ωa]) :=
∫
ωaωa,

sF ([ωb]⊗ [ωb]) :=
∫
ωbωb and

sF ([ωa]⊗ [ωb] + [ωb]⊗ [ωa]) :=
∫
(ωaωb + ωbωa).

It follows that letting ωi denote a 1-form representing the dual of αi in H1(E,Z),
where {α1, α2} is a basis for H1(E,Z), we have

sF ([ωi]⊗ [ωi]) =
∫
ωiωi

sF ([ω1]⊗ [ω2] + [ω2]⊗ [ω1]) =
∫
(ω1 ⊗ ω2 + ω2 ⊗ ω1).

To fix the integral retract rZ of the inclusion of (3.1.9.a), let us as usual do so by
choosing representative loops γi (i = 1, 2) based at y0 of homology classes αi in
H1(X,Z). Let us also choose some path γ̄ ∈ P(Y; y0, y1) (the choice of it does not
matter). Then,

(rZ ◦ sF )([ωi]⊗ [ωi]) :

{
αi 7→

∫
γi
ωiωi +

∫
γ̄ ωi

αj 7→
∫
γj
ωiωi ifj 6= i

and

(rZ ◦ sF )([ω1]⊗ [ω2] + [ω2]⊗ [ω1]) :

{
α1 7→

∫
γ1

(ω1ω2 + ω2ω1) +
∫
γ̄ ω2

α2 7→
∫
γ2

(ω1ω2 + ω2ω1) +
∫
γ̄ ω1

Let ωa, ωb, Λ, τ , γi (i = 1, 2) etc.. be as in §3.1.7. Then, we may choose ωi as
follows, where [dz] and [dz̄] are the invariant 1-forms on the elliptic curve C/Λ

ω1 =
1

2
√
−1v2

[
τ [dz̄]− τ̄ [dz]

]
and ω2 =

1

2
√
−1v2

[
[dz]− [dz̄]

]

Then
γ∗jωi = dt if i = j and 0 if not.

Plugging in the above choice of the forms ωi into the above expressions for rZ ◦ sF ,

(rZ ◦ sF )([ωi]⊗ [ωi])(αj) =

{
1
2

+
∫
γ̄ ωi ifj = i

0 if j 6= i

and

(rZ ◦ sF )(ω1 ⊗ ω2 + ω2 ⊗ ω1)(αi) =

{ ∫
γ̄ ω2 if i = 1∫
γ̄ ω1 if i = 2.

Hence we have

Lemma 3.1.9.1

The short exact sequence

0 −→ H1(E) −→ (Iy0,y1/I
3
y0,y1

)∗ −→ K −→ 0

splits in HQ, when y1 − y0 is a torsion point of E.

(II) Pullback through the inclusion Z(−1) ↪→ ⊗2H1(E):
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Consider the other pullback:

0 −→ H1(E) −→ L(P ; y0, y1) −→ Z(−1) −→ 0

||
y

y
0 −→ H1(E) −→ (Jy0,y1/J

3
y0,y1

)∗ −→ ⊗2H1(E) −→ 0.

Then representatives of extension data of the top short exact sequence in the above
commutative diagram are given by

rZ◦sF
( 1

2π
√
−1

)
: αi 7→

〈∫
(ωa ωb−ωb ωa)+2

∫
uP , γi

〉
+
(∫

γi

ωa

∫

γ̄
ωb−

∫

γi

ωb

∫

γ̄
ωa

)

From this and the product of paths formula (2.1.2.4), we have

Lemma 3.1.9.2

The map which sends (P ; y0, y1) to the extension class of

0 −→ H1(E) −→ L(P ; y0, y1) −→ Z(−1) −→ 0

in H, with the identification Ext1
H(Z(−1),H1(E)) = E is given by

(P ; y0, y1) 7→ 2
[
(y0)− (P )

]
+
[
(y0)− (y1)

]
.

3.1.10: An extension of ⊗3H1(E) by H1(E):

From Lemmas 3.1.9.1 and 3.1.9.2, it follows that when (P ; y0, y1) is chosen such
that (y0)− (y1) and (y0)− (P ) are torsion points, the short exact sequence (3.1.9.a)
splits in HQ.

HQ-automorphisms of ⊗2H1(E)⊕H1(E) which preserve the congruence class of the

short exact sequence (3.1.9.a) when the latter is split, are of the form
(

1 ∗
0 1

)
; but

since the least weight of ⊗2H1(E) exceeds the greatest weight of H1(E), ∗ = 0, so
that we have the map

3.1.10.1 (Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗3H1(E),H1(E))

where Etor denotes the subgroup of torsion points over C.

3.1.11: One step further:

The above map was made possible by the fact that we had ‘mangled out’ the weight
two graded piece from (Jy0,y1/J

4
y0,y1

)∗; we can push this one step further, that is,
we can ‘mangle out’ the weight two and three graded pieces from (Jy0,y1/J

5
y0,y1

)∗.

When y0 = y1, the extension datum of the short exact sequence

0 −→ ⊗3H1(X) −→ (J3
y0,y1

/J5
y0,y1

)∗ −→ ⊗4H1(X) −→ 0 (3.1.11.a)

where X is a genus g ≥ 1 smooth, projective curve is given by the Baer sum of
those extensions obtained by tensoring the short exact sequence

0 −→ H1(X) −→ (Jy0,y1/J
3
y0,y1

)∗ −→ ⊗2H1(X) −→ 0
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for y0 = y1 by ⊗2H1(X) on the left, by H1(X) on the left and H1(X) on the right
and thirdly, by ⊗2H1(X) on the right. When X is of genus g = 1, the difference
between the above mentioned Baer sum and the extension datum in the general
case of y0 6= y1 is given by the class of the map

([ωi1 ]⊗ [ωi2 ])⊗ [ωi3 ]⊗ [ωi4 ] 7→ Qi2([ωi1 ]⊗ [ωi3 ]⊗ [ωi4 ]) +Qi3([ωi1]⊗ [ωi2 ]⊗ [ωi4])

where (y0) − (y1) = Q1 + Q2τ , the elliptic curve E in question being given by
C/Z{1, τ}. Hence, from the discussion of §3.1.10, we know that the short exact
sequence 3.1.11.a above splits when (P )− (y0) and (y0)− (y1) are torsion points of
E. Hence, by pushing forward and pulling back in HQ, as in the following picture,

⊗4H1(E)y
0 −→ (Jy0,y1/J

3
y0,y1

)∗ −→ (Jy0,y1/J
5
y0,y1

)∗ −→ (J3
y0,y1

/J5
y0,y1

)∗ −→ 0y
H1(E)

one obtains the following picture

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗4H1(E),H1(E))y
Ext1

HQ
(Q(0),⊗3H1(E)(3)).

(3.1.11.b)

Remark: 3.1.12

It will become apparent from the calculations of §3.2 and those so far, that the
following table gives a reasonable description of the information given by some of
the lower order unipotent quotients:

map into Ext1
H(⊗2H1(X),H1(X)) more or less equivalent to Abel-Jacobi g ≥ 1

map into Ext1
HQ

(⊗3H1(E),H1(E)) ‘essentially’ determined by Elliptic Units g = 1

map into Ext1
HQ

(⊗4H1(E),H1(E))
∫ Q
0 ωP

a,b,b
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3.2 The map
(Etor − {0})× (Etor − {0}) −→
Ext1HQ

(⊗3H1(E),H1(E))

3.2.1 Explication of a special case of the map1: In the previous section, we
obtained an extension of ⊗3H1(E) by H1(E) whenever (y0) − (y1) and (y0) − (P )
are both torsion points of E by taking the pushforward:

(3.2.a)





0 −→ (Jy0,y1/J
3
y0,y1

)∗ −→ (Jy0,y1/J
4
y0,y1

)∗
p3−→ ⊗3H1(E) −→ 0

p
y

y ||
0 −→ H1(E) −→ E3(P ; y0, y1) −→ ⊗3H1(E) −→ 0.

Let Θ3(P ; y0, y1) denote the element in Ext1
HQ

(⊗3H1(E),H1(E)) determined by the
bottom short exact sequence above. In this section, we shall study a restriction
of the map (P ; y0, y1) 7→ Θ3(P ; y0, y1), by looking at the map obtained by sending
a principal divisor D = ΣP nP (P ) supported in Etor − {0} and a torsion point Q
away from the support of D to ΣPnP Θ3(P ;Q,Q).

Firstly, note that the extension data of the short exact sequence

0 −→ H1(E) −→ E3(P ; y0, y1) −→ ⊗3H1(E) −→ 0

is given by the class of p ◦RZ ◦ SF where RZ is an integral retract of the inclusion
(Jy0,y1/J

3
y0,y1

)∗ ↪→ (Jy0,y1/J
4
y0,y1

)∗ and SF a splitting of the projection (Jy0,y1/J
4
y0,y1

)∗ −→
⊗3H1(E). The map p is given by the composition p1 ◦ g(−ϕQ) ◦ (rZ, p2) where
rZ ◦ sF = ϕQ + ϕF , that is ϕQ is the ‘rational part’ of the extension datum of the
split HQ-extension

0 −→ H1(E) −→ (Jy0,y1/J
3
y0,y1

)∗
p2−→ ⊗2H1(E) −→ 0

when y1 − y0 and y0 − P are torsion points of E (this follows from the discussion
in the appendix to §1.2) and p1 is the natural projection H1(E) ⊕ ⊗2H1(E) −→
H1(E). In the above, rZ is an integral retract of the inclusion of the above short
exact sequence (i.e. 3.1.9.a) and sF , a section of p2 which respects the hodge
filtration. The following picture, where the composition of the middle vertical

1When the elliptic curve E has complex multiplication, the extension data is intimately related

to elliptic units; I thank Professor J. H. Coates for his remarks in connexion with my questions

stemming from the calculations this section, which helped me realise this.
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maps g(−ϕQ)◦ (rZ, p2) gives the splitting of the above short exact sequence in HQ,
should clarify the description of p.

0 −→ H1(E) −→ (Jy0,y1/J
3
y0,y1

)∗ −→ ⊗2H1(E) −→ 0

||
y(rZ, p2) ||

0 −→ H1(E) −→ H1(E)⊕⊗2H1(E) −→ ⊗2H1(E) −→ 0

||
yg(−ϕQ) ||

0 −→ H1(E) −→ H1(E)⊕⊗2H1(E) −→ ⊗2H1(E) −→ 0

Below we shall explicate the extension data p ◦RZ ◦ SF beginning with the factor
g(−ϕQ) of p.

Let ω1 and ω2 be as chosen in 3.1.7 and 3.1.9, that is

ω1 =
1

2π
√
−1v2

[
τ [dz̄]− τ̄ [dz]

]

and

ω2 =
1

2π
√
−1v2

[
[dz]− [dz̄]

]
.

With this choice, and P = P1 + P2τ and Q = y0 = y1 = Q1 + Q2τ , with 0 ≤
Pi, Qi ≤ 1 being rational numbers, ϕQ is given by

ϕQ :





[ωi]⊗ [ωi] 7→ 1
2
[ωi]

1
2
([ω1]⊗ [ω2] + [ω2]⊗ [ω1]) 7→ 0

1
2
([ω1]⊗ [ω2]− [ω2]⊗ [ω1]) 7→

[
−P2 ± 1

2
+Q2

]
[ω1] +

[
P1 ± 1

2
−Q1

]
[ω2]

Let ωa and ωb be, as before. Then we prescribe SF by
([ωa]⊗ [ωa]⊗ [ωa]) 7→

∫
ωaωaωa

([ωa]⊗ [ωa]⊗ [ωb]) 7→
∫
ωaωaωb +

∫
ωau

P

...

...

([ωa]⊗ [ωb]⊗ [ωb]) 7→
∫
ωaωbωb +

∫
uPωb +

∫
ωP

a,b,b

([ωb]⊗ [ωb]⊗ [ωb]) 7→
∫
ωbωbωb.

where ωP
a,b,b ∈ F 1A1

∞(E log(P )) satisfies the equation dωa,b,b + uP ∧ ωb = 0.

Now, the extension data Θ3(P ;Q,Q) − Θ3(P ; 0, 0), Q 6= P , would not involve

the ωP
a,b,b, as may be seen by inspection of the form of g(−ϕQ) ◦ (rZ, p2) from the

above expressions for ϕQ. Now consider for instance applying p ◦ RZ ◦ SF to, say
[ωa]⊗ [ωb]⊗ [ωb]; the period integrals are given by

α1 7→ −
∣∣∣∣∣

∫Q
0 uP

∫Q
0 ωb∫

γ1
uP

∫
γ1
ωb

∣∣∣∣∣−Q2

∣∣∣∣∣

∫
γ1
uP

∫
γ1
ωb∫

γ2
uP

∫
γ2
ωb

∣∣∣∣∣+
〈∫

ωaωbωb, ∗
〉
.

Now choose a principal divisor (f) = D = ΣPnP (P ), such that Q /∈ |D|; for

convenience, let 0 < Pi, Qi < 1; i = 1, 2 ∀P ∈ |D|. We have ΣPnP

[
Θ3(P ;Q,Q)−

Θ3(P ; 0, 0)
]
([ωa]⊗ [ωb]⊗ [ωb]) given by

α1 7→ −
1

2π
√
−1

∣∣∣∣∣
log( f(Q)

f(0)
) Q̄

2πn1

√
−1 1

∣∣∣∣∣−Q2

∣∣∣∣∣
n1 1
n2 τ̄

∣∣∣∣∣+mQ̄
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Similarly

α2 7→ −
1

2π
√
−1

∣∣∣∣∣
log( f(Q)

f(0)
) Q̄

2πn2

√
−1 τ̄

∣∣∣∣∣−Q1

∣∣∣∣∣
n1 1
n2 τ̄

∣∣∣∣∣− nQ̄

where m,n ∈ Z; m = ΣPnP (P2) and n = ΣPnP (P1). We may, using the bases
{ωa, ωb} and {ω1, ω2}, write down a model for Ext1

HQ
(⊗3H1(E),H1(E)); then, con-

sidering the period integrals evaluated on the SF ([ωi1] ⊗ [ωi2] ⊗ [ωi3])’s we have
them to be of the form, functions of Q, involving the logarithm of a rational func-
tion and some elementary polynomials in the real and imaginary parts of Q, as
nontrival linear combinations in log f(Q)

f(0)
. In the above expressions, we have chosen

the model of E given by C/Λ where Λ is the lattice given by Z{1, τ}. Given any
principal divisor (f) = D supported on Etor − {0}, there are choices of Q ∈ Etor

such that the classes ΣPnP

[
Θ3(P ;Q,Q) − Θ3(P ; 0, 0)

]
are nontrivial elements in

Ext1
HQ

(⊗3H1(E),H1(E)). This follows from the calculation of the extension data

in Ext1
HQ

(Q(0),Q(1)) given in 3.2.3 below. In particular, this implies the nontriv-
iality of the map obtained by restricting the map 3.1.10.1 by setting the second
component to be zero.

3.2.2 Two others maps: We may take the tensor product of the bottom short
exact sequence of the diagram (3.2.a) with H1(E),

Q(−2)y
0 −→ ⊗2H1(E) −→ E3(P ; y0, y1)⊗ H1(E) −→ ⊗4H1(E) −→ 0y

∗

pushforward along the projection Λ : ⊗2H1(E) −→ H2(E) and pullback along the
inclusion ∗ ↪→ ⊗4H1(E), with ∗ = Q(−2) and ∗ = Sym2(Sym2H1(E)), to obtain
the picture

Ext1
HQ

(Q(0),Q(1))x
Ext1

HQ
(Q(0),⊗2H1(E)(2))x

(Etor − {0})× (Etor − {0}) −→ Ext1
HQ

(⊗3H1(E),H1(E))y
Ext1

HQ
(Q(0), Sym2(Sym2H1(E))(3)).

(3.2.2.a)

3.2.3 A Special Case of the map (Etor−{0})×(Etor−{0}) −→ Ext1
HQ

(Q(0),Q(1)):

Let Ψ(P ; y0, y1) denote the extension class in Ext1
HQ

(Q(0),Q(1)) for the choice of
the triple (P ; y0, y1).

Then, given a principal divisor D = div(f) = ΣPnP (P ) whose support is contained
in Etor − {0}, and any other torsion point Q of E away from the support of D, the

element ΣPnP

[
Ψ(P ;Q,Q)− Ψ(P ; 0, 0)

]
( −1

4π2 ) is given by the class of

3

2

1

2π
√
−1

log
[f (Q)

f (0)

]
in Ext1

HQ
(Q(0),Q(1)) ∼= C/Q.
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Clearly, for any elliptic curve E and and any nonempty principal divisor D whose
support is contained in Etor − {0}, the map sending Q ∈ Etor − |D| to the above
extension datum it determines, is nontrivial.
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3.3 Gauss-Manin on (J/J3)∗ at the
level of the K-de Rham lattice:

Example Calculation

The role played by the choice of basepoint may be seen in the example of the Picard-
Fuchs equation of (J/J l+1)∗ (l > 2) on the Legendre family of elliptic curves. For
λ ∈ P1 − {0, 1,∞}, let Eλ denote the corresponding fibre of the Legendre family,
where K is a subfield of C. Recall that the affine part of Eλ is given by the cubic
y2 = x(x−1)(x−λ). Set E′

λ := Eλ - [(λ, 0, 1)] and let Pλ denote the puncture. Let
ω denote the invariant differential dx

y
on Eλ. As a consequence of Riemann-Roch,

one has that ω and ∂ω
∂λ

represent a basis for H1(Ω·
alg(E

′
λ)) = H1(E′

λ,Ω
·
E′

λ
,alg) since

∂ω
∂λ

has a pole precisely at pλ of order 2. Here we consider the case of (J/J 3)∗.

Then, the elements 1, π1 = [ω], π2= [∂ω
∂λ

], π3 = [ω|ω], π4 = [ω| ∂ω
∂λ

], π5 = [∂ω
∂λ
|ω]

and π6 = [∂ω
∂λ
| ∂ω

∂λ
] form a basis for H0B̄2(Ω

·
alg(E

′
λ)) which may be seen by splitting

the short exact sequence

0 −→ H0B̄1(Ω
·
alg(E

′
λ), ∗) −→ H0B̄2(Ω

·
alg(E

′
λ), ∗) −→ ⊗2H1(Ω·

alg(E
′
λ)) −→ 0

where the surjection is given by [ω1|ω2] 7→ [ω1] ⊗ [ω2] (with this said, there is an
obvious choice of the splitting) and ∗ denotes the augmentation (determined by
choice of basepoint). Let β denote the rational function on Eλ given by −1

2
y

(x−λ)2
.

Note that we may rewrite it in terms of the Weierstrass ℘-function (for example,
see [Ah; chapter 7, §3.5]) using the fact that λ gives a biholomorphic map

H/Γ2
λ−→ P1(C)− {0, 1,∞}

where H denotes the upper half plane and Γ2 denotes the level 2 congruence sub-
group of SL2(Z). The map λ takes τ corresponding to a lattice in C to its cross-ratio.
One can then take a fundamental domain for the action of Γ2 and use the inverse of
the λ function to write down the corresponding Weierstrass ℘ function and the co-
ordinates x and y in terms of ℘ and ℘′, through a linear coordinate transformation.
A trivial calculation (for example, as in [Cm; pp. 58-61]) gives

dβ =
1

4
+ (2λ− 1)

∂ω

∂λ
+ λ(λ− 1)

∂2ω

∂λ2
(∗ ∗ .1)

Via the identification (2.1.1.13) H0B̄l(Ω
·
alg(E

′
λ), ∗)⊗KC∼= H0B·

l(E
′
λ, ∗), we may write

the above basis in terms of iterated integrals-the desired Picard-Fuchs equation is
obtained by differentiating the periods of these iterated integrals with respect to λ.
Let λ 7→ Qλ ∈ E′

λ be an assignment of a basepoint for every λ in some open subset
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U of P1 − {0, 1,∞}; we may choose this assignment to be algebraic or smooth as
we please. (For instance, any pair (x0, y0) where y0 is nonzero and which satisfies
the cubic y2 = x(x − 1)(x − λ) tautologically gives such a global assignment of
basepoints on P1 − {0, 1,∞}.) Let λ 7→ γλ

i , i = 1, 2 be a “smooth” assignment of
loops based at Qλ in E′

λ as illustrated in the diagram below which describes the
model of Eλ as a ramified covering of P1, Eλ

x−→ P1, ramified at 0, 1 and ∞.

γ1

Qλ′••Qλ
α

γ1

γ2

γ2

0 1 pλ

0 1 pλ

two sheets of the
ramified cover

sheet1

sheet2

Fig. 3.2.a

∞

∞

The first two differential relations, on π1 and π2, come from the (usual) Picard-
Fuchs equation in cohomology.

dπ1

dλ
= π2 and

dπ2

dλ
=

−1

4λ(λ− 1)
π1 −

(2λ− 1)

λ(λ− 1)
π2.

To obtain the differential relations on the second order iterated period integrals,
we need to calculate the contribution of the variation of the basepoint Qλ and of
the forms ω and ∂ω

∂λ
. For this, we use the following expression which follows from

2.1.2.4 and 2.1.2.5 (in all that follows, we shall drop the subscript i and superscript
λ from γλ

i when there is no risk of confusion)

∫

γλ′

ωλ′

1 ω
λ′

2 −
∫

γλ
ωλ

1ω
λ
2 =

∫

γλ

ωλ′

1

∫

α
ωλ′

2 −
∫

α
ωλ′

1

∫

γλ

ωλ′

2 +
∫

γλ

(ωλ′

1 ω
λ′

2 − ωλ
1ω

λ
2 )

where γλ′

= α−1γλα. From this and ∗ ∗ .1,

dπ3

dλ
= π4 + π5

dπ4

dλ
=

−1

y(Qλ)(x(Qλ)− λ)

dx(Qλ)

dλ
π1 +

1

y(Qλ)

dx(Qλ)

dλ
π2 −

1

4λ(λ− 1)
π3

− (2λ− 1)

λ(λ− 1)
π4 + π6 +

∫

γλ
ωdβ

dπ5

dλ
=

1

y(Qλ)(x(Qλ)− λ)

dx(Qλ)

dλ
π1 +

−1

y(Qλ)

dx(Qλ)

dλ
π2 −

1

4λ(λ− 1)
π3
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− (2λ− 1)

λ(λ− 1)
π5 + π6 +

∫

γλ
dβω

dπ6

dλ
= − 1

4λ(λ− 1)
π4 −

1

4λ(λ− 1)
π5 +

−2(2λ− 1)

λ(λ− 1)
π6 +

∫

γλ
dβω +

∫

γλ
ωdβ =

= − 1

4λ(λ− 1)
π4 −

1

4λ(λ− 1)
π5 +

−2(2λ− 1)

λ(λ− 1)
π6

By 2.1.2.2,
∫
γλ ωdβ = β(Qλ)

∫
γ ω −

∫
γ βω and

∫
γλ dβω =

∫
γ βω - β(Qλ)

∫
γ ω. With

respect to the ‘ramified cover model,’ depicted in the diagram, βω is the same
1-form on both sheets of the cover. Hence, both the periods of βω vanish-

∫
γ1
βω

= 0 because the same path is traversed twice in opposite directions, and
∫
γ2
βω

= 0 because βω has zero residue at Pλ (= [(λ, 0, 1)]). If Qλ remains fixed with
respect to this model of of the Legendre family, collecting the calculations above,
the Picard-Fuchs on (J/J3)∗ reads as given below; in the general case, an extra
summand

(
0 0
B 0

)
where B =

dx(Qλ)

dλ




0 0
−1

y(Qλ)(x(Qλ)−λ)
1

y(Qλ)
1

y(Qλ)(x(Qλ)−λ)
−1

y(Qλ)

0 0




of the 6× 6 matrix below occurs.

d

dλ




π1

π2

π3

π4

π5

π6




=
1

λ(λ− 1)
×




0 λ(λ− 1)
−1

4
−(2λ− 1)

0 0 0 λ(λ− 1) λ(λ− 1) 0
β(Qλ) 0 −1

4
−(2λ− 1) 0 λ(λ− 1)

−β(Qλ) 0 −1
4

0 −(2λ− 1) λ(λ− 1)
0 0 0 −1

4
−1

4
−2(2λ− 1)







π1

π2

π3

π4

π5

π6




The above equation holds good for both the periods γ1 and γ2; for the periods on
products, (γi−1)(γj−1) i, j = 1, 2, only the lower right hand 4×4 matrix appears.

The solutions to the Picard-Fuchs equation of H1, (J/J3)∗ and ⊗2H1 over open
subsets of P1 − {0, 1,∞} determine a short exact sequence of locally constant
sheaves, and it is evident from the above equation for the Picard-Fuchs on (J/J 3)∗

that if Qλ is fixed at one of the 2-torsion points, then this short exact sequence
splits. It would be of interest to find out whether this phenomenon is related
to equation (22) of [L] where a generating function for the elliptic polylogarithms
(mentioned in section 2.3) is related to Eisenstein series; the latter is in turn related
to the ‘Eisenstein cohomology classes’ Beilinson and Levin associate to the fibres
of the elliptic polylogarithm sheaf above torsion points of the given elliptic family
in section 2.1 (see subsections 2.1.1 to 2.1.3) of [BL].
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Remark: In the Picard-Fuchs equation corresponding to (J/J l+1)∗ for l > 2, unlike
the above case, the analogues of

∫
γλ ωdβ may not vanish, which would make it

necessary to compute such periods of iterated integrals as functions of λ. More
trivially, note that when the section λ −→ Qλ is regular algebraic and defined over
the field K, the above Picard-Fuchs equation is defined over K.

Appendix to §3.3: Appendix 3.3.A

Restricted Extension Data in HDR and divisors with support in K-
rational points

As in 3.1, one obtains the maps, for l ≥ 2, from the short exact sequences 2.4.2.b,
for X a genus g ≥ 1 curve defined over K

Θweak
Q,l :

{
K-rational points
of X avoiding Q

}
−→ Ext1

HDR(⊗lH1(X),⊗l−1H1(X)).

Reformulating Θweak
Q,l as a map from {divisors on X whose supporting points are

K-rational and avoid Q} by additively extending Θweak
Q,l we describe the extension

data of Θweak
Q,l in Proposition 1.

Let {ω1, ..., ωg} be a basis for Γ(X,Ω1
X/K) and ηP

g+1, ..., η
P
2g be global regular forms on

YP over K such that {ω1, ..., ωg, η
P
g+1, ..., η

P
2g} induces a basis for H1 (YP ,Ω

∗
YP /K) =

H1(Ω∗
YP /K) (the existence of which follows from 2.2.2). Let dhP

i = ω̄i − Ωalg
i+g(P )

where Ωalg
i+g(P ) is a linear combination of ω1, ..., ωg, η

P
g+1, ..., η

P
2g which yields the

same periods as those of ω̄i. Also, set Ωalg
i (P ) := ωi if 1 ≤ i ≤ g.

Proposition 1

Given any principal divisor D = ΣP nP (P ) s.t. Support(D) ⊂ {K-rational points
of X} and the nP ’s do not have a common factor other than ±1 with D = (f) ∈
C(X), Θweak

Q,l is determined by the sums of the periods
∫
γi

ΣP ΩP
j1 ...Ω

P
jl

where ΩP
jk

is either a holomorphic element of B or Ωalg
? (P ) where the γi ’s are loops in X -

Supp(D) based at Q s.t. all the periods
∫
γi
dlog(f) vanish, i = 1, ..., 2g.

Proof: By Lemma 1.2.1, the extension datum for any such a choice of D is an
equivalence class of a pair - one component vanishes under the above conditions
by Proposition 3.1.1; the other is determined by the above iterated integrals: the
section sDR

K of pl which respects the K-de Rham lattice is prescribed as follows:

sDR
K ([Ωj1 ] ⊗ .. ⊗ [Ωjl

]) :=
∫

Ωj1 ..Ωjl
.

Thus, under the above conditions, the periods of the above iterated integrals com-
pletely determine the (sum of the) extension data associated to the given principal
divisor.

Remark: One expects that the condition on the coefficients nP of the divisor can be
dropped; however, we cannot use directly the arguments of the proof of Proposition
3.1.1–one expects the HDR version of Lemma 3.1.6 to be useful for this.
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Appendix B

Baer summation in a certain diagram:

Here we introduce two algebraic constructions related to the following (finite) fam-
ily (λ ∈ Λ) of commutative diagrams in H

0 0 0y
y

y

0 −→ A1
iA−→ A2

πA−→ A3 −→ 0y
y

y

0 −→ Bλ
1

iλB−→ Bλ
2

πλ
B−→ B3 −→ 0y

y
y

0 −→ C1

iλC−→ Cλ
2

πλ
C−→ C3 −→ 0y

y
y

0 0 0

where all the vertical and horizontal short sequences are exact. Our reason for
introducing these constructions is our desire to make use of our observation (made
in Appendix C) that in the commutative diagram of C.a, when l = 2, (Kl−1

P )∗ is
independent of the choice of P . There, at least when the given smooth projective
curve is an elliptic curve, we have a nice criterion for the splittability of the Baer
sums along the extreme vertical left short exact sequence and along the bottom
horizontal short exact sequence–in fact, they split when the above family Λ comes
in that context from a principal divisor avoiding a marked point on the given curve.
As a consequence one has the maps defined in C.3, C.6, C.9 and C.10. (Recall the
remarks of the introductory section 0.2.)

Let the inclusions and projections in the vertical short exact sequences be jλ
1 , jλ

2 ,
j3 and πλ

1 , πλ
2 and π3 respectively. We would like to encode the effect of Baer

summation along the vertical short exact sequence on the extreme left and along
the bottom short exact sequence in the form of suitable short exact sequences
which make use of the family (Bλ

2 )λ∈Λ. We expect the constructions of this section
to carry through for any abelian category; however, we leave it to the reader to
suitably reformulate our constructions by avoiding elements. One reason why we
do it explicitly in terms of elements is that they make it easier to see the analytical
expressions which arise when these constructions are applied in Appendix C

Lemma/Construction B.1

Let 0 −→ A1−→B1(Λ)−→C1 −→ 0 denote the Baer sum Σλ∈ΛEλ
1 (of the extreme

left vertical short exact sequences). Associated to it are two natural short exact
sequences described in what follows.
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Let HB(Λ) := {(bλ2)λ∈Λ : πλ
B(bλ2) = πλ′

B (bλ
′

2 ) ∀λ, λ′ ∈ Λ}. Let DB(Λ) = the submod-
ule generated by {(0, .., 0, iλB ◦ jλ

1 (a1), 0, .., 0,−iλ
′

B ◦ jλ′

1 (a1), 0, .., 0) : a1 ∈ A1, ∀ λ, λ′ ∈
Λ}. HB(Λ) acquires its mixed Hodge structure from the short exact sequence in H
which definies it as an iterated pullback in the category H

0 −→ HB(Λ) −→ ⊕λB
λ
2

‘successive difference map’−→⊕(n−1)−copiesB3 −→ 0

where the ‘successive difference map’ above takes an (ordered) tuple (bλ
2)λ to an

(n − 1)-tuple - for instance letting Λ = {1, .., n}, it is given by (b12, .., b
n
2 ) 7→

(π2
B(b22)−π1

B(b12), .., π
n
B(bn2 )−πn−1

B (bn−1
2 )). Similarly, DB(Λ) acquires a mixed Hodge

structure from being the image of the composition of the morphisms in H

⊕(n−1)−copiesA1 −→ ⊕λB
λ
1 −→ HB(Λ)

where the first of the maps in question can be described as follows. Take Λ to be
{1, .., n}. Then it is given by

(a1, .., an−1) 7→ (j1(a1),−j2(a1), 0, .., 0) + (0, j2(a2),−j3(a2), 0, .., 0)+

+.. + (0, ..0, jn−1(an−1),−jn(an−1)).

Setting B(Λ) := HB(Λ)/DB(Λ), we have a natural monomorphism B1 (Λ) −→ B(Λ)
and an epimorphism B(Λ) −→ B3 both defined in the obvious manner, and a short
sequence in H

0 −→ B1(Λ)−→B(Λ)−→B3 B.a

which fails to be exact in that K(Λ) := Ker{B(Λ) −→ B3} is bigger than B1(Λ),
the difference between them giving rise to the short exact sequence 0 −→ Cn−1 −→
B(Λ)/B1(Λ) −→ B3 −→ 0 and hence we have the following diagram in which the
horizontal and vertical short sequences are exact and in H. Here n := |Λ|, F(Λ)
denotes B(Λ)/B1(Λ) and

Cn−1 :=
⊕

(n−1)−copies

C1.

0y
Cn−1y

0 −→ B1(Λ) −→ B(Λ) −→ F(Λ) −→ 0y
B3y
0





B.1.b

The inexact short sequence B1(Λ)−→B(Λ)−→B3 also gives rise to the short exact
sequence in H

0 −→ G(Λ) −→ B(Λ) −→ B3 −→ 0

where G(Λ) denotes the quotient⊕λBλ
1/DB(Λ) which fits into the following diagram

in H where both the vertical and horizontal sequences are exact:
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0y
B1(Λ)y

0 −→ G(Λ) −→ B(Λ) −→ B3 −→ 0y
Cn−1y

0





B.1.c

Lemma/Construction B.2

Let 0 −→ C1 −→ C(Λ) −→ C3 −→ 0 denote the Baer sum Σλ∈ΛEλ
C (of the

bottom horizontal short exact sequences). Let H2(Λ) := {(bλ2)λ∈Λ : π3 ◦ πλ
B(bλ2) =

π3 ◦ πλ′

B (bλ
′

2 ) ∀ λ, λ′ ∈ Λ} and D2(Λ) := sub- mixed Hodge structure generated
by {(0, .., 0, iλB(bλ1), 0, .., 0,−iλ

′

B (bλ
′

1 ), 0, .., 0) : πλ
1 (bλ1) = πλ′

1 (bλ
′

1 ) for bλ1 ∈ Bλ
1 and bλ

′

1 ∈
Bλ′

1 }. Setting B2(Λ) = H2(Λ)/D2(Λ) we have the obvious short exact sequence in
H:

0 −→
⊕

|Λ|−copies

A3 −→ B2(Λ) −→ C(Λ) −→ 0

If we are given signs σ(λ) = ±1 for each λ ∈ Λ, then to encode the effect of the
signed Baer sums Σλ∈Λσ(λ)Eλ

1 (of the extreme left vertical short exact sequences)
and Σλ∈Λσ(λ)Eλ

C (of the bottom horizontal short exact sequences), we use the fol-
lowing in the place of DB(Λ) and D2(Λ) respectively: Dσ

B(Λ) := the sub-mixed
Hodge structure of HB(Λ) generated by {(0, .., 0, σ(λ)iλB ◦ jλ

1 (a1), 0, .., 0,−σ(λ′)iλ
′

B ◦
jλ′

1 (a1), 0, .., 0) : a1 ∈ A1, ∀ λ, λ′ ∈ Λ} and Dσ
2 (Λ) := sub-mixed Hodge structure

generated by {(0, .., 0, σ(λ)iλB(bλ1), 0, .., 0,−σ(λ′)iλ
′

B (bλ
′

1 ), 0, .., 0) : πλ
1 (bλ1) = πλ′

1 (bλ
′

1 ) for bλ1 ∈
Bλ

1 and bλ
′

1 ∈ Bλ′

1 } and HB(Λ) and H2(Λ) are as before. That all the above construc-
tions will carry through may be seen by simply multiplying each inclusion involved
in the prescription of the above two sub-mixed Hodge structures by the sign σ(λ).
For later use, let πΛ denote the composition of the maps B(Λ) −→ F(Λ) and
F(Λ) −→ B3 in B.1.b.
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Appendix C

The Mixed Hodge Structure on J/J 4 and Divisors on Curves:
A Certain Commutative Diagram induced by X−{P} ↪→ X:

In the case of the extension datum in H corresponding to J/J 3, the solution to the
equation dη +

√
−1ω ∧ ω̄ = 0 played an important role (again we are considering

elliptic curves for illustration, similar remarks apply in higher genus); there we
used Green’s functions corresponding to a real volume form on a Riemann surface
to choose explicit representatives for the hodge splittings sF . In the case of J/J4,
this and solutions to the equation dη + 1

2π
d log(f) ∧ ω̄ = 0 where f ∈ C(X) and ω

is a holomorphic 1-form, appear to play a role. Here we are able to say something
which seems to be specific to J/J4 - we are unable to say anything interesting
about J/J l+1 for l > 3 using our constructions.

Consider the following commutative diagram where the vertical arrows are induced
by the inclusion YP ↪→ X (X any smooth projective genus g (≥ 1) curve over
C) where I denotes the augmentation ideal of Zπ1 (X, Q), and all vertical and
horizontal sequences are exact and l ≥ 2.

0 0 0
↑ ↑ ↑

0 ←− I/I l ←− I/I l+1 ←− I l/I l+1 ←− 0
↑ ↑ ↑

0 ←− J/J l
P ←− J/J l+1

P ←− ⊗lH1 ←− 0

Completing the vertical arrows to short exact sequences by including kernels, we
obtain a commutative diagram comprising of three horizontal and vertical short
exact sequences respectively; dualising the resulting diagram we have the following
commutative diagram where all the vertical and horizontal short sequences are
exact,

0 0 0y
y

y

0 −→ (I/I l)∗
iI−→ (I/I l+1)∗

πI−→ (I l/I l+1)∗ −→ 0y
y

y

0 −→ (J/J l
P )∗

iPJ−→ (J/J l+1
P )∗

πP
J−→ ⊗lH1 −→ 0y

y
y

0 −→ (K l−1
P )∗

iPK−→ (K l
P )∗

πP
K−→ AsymlH1 −→ 0y

y
y

0 0 0





C.a
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where AsymlH1 is the dual of Ker{⊗lH1(X) −→ I l/I l+1} (also, denote by AsymlH1(X),
its dual). When X is an elliptic curve, I l/I l+1 may be identified in # with
SymlH1(X). Observe that all morphisms also respect obvious comultiplication and
multiplication. We point out that we have not formulated this section in the cat-
egory HDR of Hodge-de Rham structures, although the way to proceed is quite
straightforward, from our discussion so far (section 2.4 in particular). We have
done so since describing explicitly the corresponding extension data becomes more
difficult.

Lemma C.1

The Baer sum ΣP nP (0 −→ (I/I3)∗ −→ (JP/J
3
P )∗ −→ Asym2H1(X) −→ 0) of the

extreme left vertical short exact sequences in the above family of diagrams for l =
3, splits when the divisor D = ΣP nP (P ) is principal and avoids Q.

Proof2: We prove this in the genus g = 1 case.

Since the highest weight of (I/I3)∗ = 2 = least weight of Asym2H1(X) (Asym2H1(X)
is a quotient mixed Hodge structure of ⊗2H1(X)) we can apply Corollary 1.2.2 to
calculate the extension data. If {α1, α2} is a basis for H1(X) arising from a meridian

and a longitude, then Ker
[
⊗2H1(X) −→ Sym2H1(X)] is generated by α1⊗α2−α2⊗

α1. Let ω be the invariant differential on X normalised such that
√
−1

∫
X ω∧ ω̄ = 1;

set ωa := ω and ωb :=
√
−1ω̄. Let ω1 and ω2 denote smooth 1-forms on X which

represent the Poincaré duals of α1 and α2 respectively; multiplying by a suitable
factor of ±1, they yield a basis for H1(X,Z) dual to {α2, α1}, in that order. Then,
ω1 ⊗ ω2 − ω2 ⊗ ω1 = det(T)(ωa ⊗ ωb − ωb ⊗ ωa) where T is the linear map which
takes {ωa, ωb} to {ω1, ω2}. But

∫
X ω1 ∧ω2 = ±1 and

∫
X ω1 ∧ω2 = det(T)

∫
X ωa ∧ωb

and hence det(T) = ±1. Hence ([ωa] ⊗ [ωb]− [ωb] ⊗ [ωa]) ∈ ⊗2H1(X,Z).

To choose a splitting sF of the surjection (JP/J
3
P )∗ −→ Asym2H1(X): Set sF ([ωa]⊗

[ωb]− [ωb]⊗ [ωa]) :=
∫
ωaωb−

∫
ωbωa +2

∫
uP , where, as in the proof of Proposition

3.1.1, we set uP to be the solution of the differential equation dη + ωa ∧ ωb = 0
in A1

∞(Xlog(P )) given by − 1
2π

√
−1

∂GP

∂z
dz where GP is the Green’s function with

respect to the volume form ωa ∧ ωb for the divisor (P ).

To choose an integral retract of the inclusion (I/I3)∗ −→ (JP/J
3
P )∗, we choose a

pair of loops γ̄1 and γ̄2 based at Q and lying in X − |D|, which gives a basis for
π1(X, Q). Let A1 and A2 respectively denote the classes in (I/I3)∗ of γ̄1 − 1 and
γ̄2 − 1. Then set

rZ(c1A1 + c2A2 + c1,1A
2
1 + c2,2A

2
2 + c1,2A1A2)

:= c1([γ̄1]−1)+c2([γ̄2]−1])+c1,1([γ̄1]−1)2+c2,2([γ̄2]−1)2+c1,2([γ̄1]−
1)([γ̄2]− 1)

This gives us
〈
ΣP nP (rZ ◦ sF )([ωa] ⊗ [ωb]− [ωb] ⊗ [ωa]), ∗

〉
=

=
〈
ΣP nP

∫
ωaωb −

∫
ωbωa + 2

∫
uP , ∗

〉
= 0

if ∗ is from (I2/I3)∗ (if ∗ is one of the products, the expression will trivially vanish
for any degree zero divisor since there would be no contribution from the uP ’s) and
if ∗ is either A1 or A2 then

2Professor Scholl has pointed out that Lemma C.1 can be made to follow from Proposition

3.1.1
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〈
ΣP nP (rZ ◦ sF )([ωa] ⊗ [ωb]− [ωb] ⊗ [ωa]), ∗

〉
=

2

2π
√
−1

∫

γ̄i

dlogf ∈ Z

where D = divisor of f . Hence, by the previous remarks,

〈
ΣP nP (rZ ◦ sF )([ω1] ⊗ [ω2]− [ω2] ⊗ [ω1]), ∗

〉
= ± 2

2π
√
−1

∫

γ̄i

dlogf ∈ Z

for ∗ ∈ (I/I3)∗ so that ΣP nP (rZ ◦ sF ) ∈ HomZ(Asym2H1(X), (I/I3)∗).

Remark:

As a consequence, from constructions B.1 (the vertical short exact sequence of B.c)
we have a map

{
Principal divisors on X

which avoidQ

}
−→ Ext1

H(⊕(n−1)−copiesAsym2H1(X), (I/I3)∗⊕Asym2H1(X))

up to an ambiguity induced by automorphisms of (I/I3)∗ ⊕ Asym2H1(X) of the

form
(

1 ∗
0 1

)
where ∗ lies in

HomZ(Asym2H1(X), (I/I3)∗) ∩ HomF (Asym2H1(X), (I/I3)∗)

and that coming from the symmetry group in n = Σ|nP | letters coming from
choosing an order of the points constituting the divisor, counted with multiplicity.

Lemma C.2

The Baer sum ΣP nP (0 −→ Asym2H1(X) −→ (K3
P )∗ −→ Asym3H1(X) −→ 0) of

the bottom horizontal short exact sequences in the family of diagrams 3.3.a for l
= 3, splits when the divisor D = ΣP nP (P ) is principal and avoids Q.

Proof: Similar to that of Proposition 3.1.1.

Construction/Proposition C.3

We apply the construction of B.b (the vertical short exact sequence) to the family
Λ = set of points comprising a given divisor D (let its absolute degree be n) with
the signs taken into account, on X, a genus g smooth projective curve defined
over C for the above commutative diagram with l = 3. Let B(D) denote the
corresponding B(Λ) (where we bear in mind that the corresponding DB(Λ) will be
different in order to take into account the signs in an obvious way, as remarked in
the concluding paragraph of section 1.3); let F(D) denote the corresponding F(Λ).
This yields the separated extension of mixed Hodge structures:

0 −→
⊕

(n−1)−copies

Asym2H1 −→ F(D) −→ ⊗3H1 −→ 0

which gives the map

Φ :

{
divisors on X of absolute
degree n which avoid Q

}
−→

⊕

(n−1)−copies

Ext1
H(⊗3H1,Asym2H1)/∼
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where the equivalence relation ∼ on the right hand side is given by the ambiguity
in choosing a total order for the set of points constituting the divisor taken with
multiplicity (i.e. the action of the permutation group in n alphabets). (The map
Φ (on its own) should be regarded as a map from the n-fold product (X - {P}) ×
.. × (X - {P}).) Set KΦ := Φ−1(0). For (any) D of degree 0, B(D) is related to a
mixed Hodge structure arising from X - |D| as follows.

Comparison of B(D) and (JD/J
3
D)∗:

Given any degree zero divisor D whose support lies in X−{Q}, there is a map from
B(D) to (JD/J

3
D)∗ (recall that JD is the augmentation ideal of Zπ1(X−D,Q)) given

by summing the components of any representative (see below) of a given element
of B(D). Here we show in the genus g = 1 case that the kernel of this map can be
naturally embedded in (I/I3)∗⊕ (I3/I4)∗. (One would like to know how the image
of this map looks like. With that extra information, one could hope to describe
(part of the) the mixed Hodge structures (JD/J

3
D)∗ and B(D) and their dependence

on the choice of the divisor D.) For details which use the construction of B(D),
the reader might wish to refer to Appendix B, and in what follows, notation from
that section will be used without explanation.

Let Λ := {points in |D| counted as many times as to account for the multiplicity of
the points in |D|}. (Thus in Λ, several elements λ(P ) may correspond to a point
P in |D|.) Define the map (a priori the target is (JD/J

4
D)∗, but the third order

terms of the iterated integrals cancel off as explained below)

Σ : B(D) −→ (JD/J
3
D)∗

by

Σ : [(bλ)λ∈Λ] 7→ Σλσ(λ)uλ(D)(bλ)

where σ(λ) is the sign of the point corresponding to λ (in D = ΣP nP (P ) =
Σλσ(λ)(P (λ))) in question and uλ(D) is the same as (for P = P (λ) being the
point corresponding to λ) uP (D) : (JP/J

4
P )∗ ↪→ (JD/J

4
D)∗, the obvious inclusion;

Σ is well-defined since the ambiguity in representing an element of B(D) by one in
the HB(Λ) would cancel itself out:

(0, .., 0, σ(λ)jλ(a), ..., −σ(µ)jµ(a), 0, ..0)
Σ7→

σ2(λ)(uλ(D) ◦ jλ)(a)− σ2(µ)(uµ(D) ◦ jµ)(a) = uD(a)− uD(a) = 0

(The uD (explained below) here is not to be confused with that in the proof of
Proposition 3.1.1.)

In the above expressions, uD is the natural inclusion (I/I4)∗ ↪→ (JD/J
4
D)∗, jλ the

inclusion jP : (I/I4)∗ ↪→ (J/J4
P )∗ for the point P of D corresponding to λ and

uD = uλ(D) ◦ jλ irrespective of the choice of λ and on the LHS, only two of the
components (corresponding to λ and µ) can possibly be nonzero. By the definition
of B(D), every component (bλ) of any representative of an element of B(D) yields
the same element in ⊗3H1(X) and hence they cancel out in (J3

D/J
4
D)∗ and hence, Σ

is defined as map from B(D) to (JD/J
3
D)∗. (Note trivially that it is a morphism of

mixed Hodge structures since B(D) is a quotient mixed Hodge structure of HB(λ)
and the latter is a sub-mixed Hodge structure of ⊕P∈|D| ⊕nP−times (JP/J

4
P )∗.)
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Proposition C.4:

(At least) if genus g = 1, one has a natural inclusion Ker(Σ) ↪→ (I/I3)∗⊕ (I3/I4)∗

(when D is a degree zero divisor).

Proof: It helps to write down explicitly a basis for (JP/J
4
P )∗ over Z as follows. Let

{α1, α2} be a basis for H1(X,Z) and ω1, ω2 two forms in X representing the dual
basis in H1(X). We know that we can write down a basis for (JP/J

4
P )∗ comprising

of
∫
ωi1ωi2ωi3 +

∫
ωP

i1,i2
ωi3 +

∫
ωi1ω

P
i2,i3

+
∫
ωP

i1,i2,i3
,
∫
ω1ω2 +

∫
ωP

1,2,
∫
ω2ω1−

∫
ωP

1,2,∫
ω1 and

∫
ω2 where ωP

p,q is a form in A1
∞(YP ) such that dωP

p,q + ωp ∧ ωq = 0
and ωP

p,q,s a form in A1
∞(YP ) such that dωP

p,q,s + ωP
p,q ∧ ωs + ωp ∧ ωP

q,s = 0. (See
lemma 3.1.2 where the condition given for the ‘curvature’ of Chen’s power series
connexions to vanish; alternatively, one may also directly verify this by using the
expression (2.1.1.11) for d(iterated integral) on the loop space.) We shall use this
form of a basis later. Σ will take a linear combination of such elements for each
λ (and hence for λ(P )), restrict it to X − |D| and add them up. Let γ̄1 and
γ̄2 be loops based at Q, lying in X − |D| such that they represent a basis for
{γ1, γ2} for π1(YP , Q) which yields the basis {α1, α2} in H1(YP ) = H1(X). Let γ̄P

be a ‘small loop around P ’ based at Q and lying in X − |D| and let γP denote
its homotopy class in π1(YP , Q) so that γP (choose its orientation accordingly)
= γ1γ2γ

−1
1 γ−1

2 (in π1(YP , Q)). In JP/J
4
P , this implies (γ − 1)(γP − 1) = (γ −

1)(γ1γ2γ
−1
1 γ−1

2 −1) = (γ−1)((γ1 − 1)(γ2 − 1) − (γ2 − 1)(γ1 − 1))(γ−1
1 γ−1

2 ) = (γ−
1)((γ1 − 1)(γ2 − 1) − (γ2 − 1)(γ1 − 1))[1− (γ1 − 1) + (γ1 − 1)2 − and so on] [1−
(γ2 − 1) + (γ2 − 1)2 − and so on] = (γ − 1)((γ1 − 1)(γ2 − 1) − (γ2 − 1)(γ1 − 1)).
Hence, for instance, Σ(an element of B(D) which goes to [ω1] ⊗ [ω1] ⊗ [ω2] under

the map B(D)
πD

−→ ⊗3H1(X) when evaluated on ([γ1]− 1)([γP ]− 1) yields

nP

〈∫
ω1ω1ω2 +

∫
ω1ω

P
1,2 +

∫
ωP

1,1,2, (γ1 − 1)((γ1 − 1)(γ2 − 1) − (γ2 − 1)(γ1 − 1))
〉

= nP .

That is, the other components bλ′ for λ′ corresponding to P ′ 6= P do not con-
tribute to the image in (JD/J

4
D)∗ since γ̄P is then contractible in YP ′. Now sup-

pose a given element (bλ)λ∈Λ of HB(Λ) (whose image in B(D) lies in Ker(Σ)) when
projected via B(D) by πD contains as a summand the term [ω1] ⊗ [ω1] ⊗ [ω2].
Let us write the third order iterated integral terms of bλ for λ corresponding to
P as

∫
ω1ω1ω2 + c

∫
ω1ω2ω1 + c′

∫
ω2ω1ω1 + a linear combination of

∫
ω1ω2ω2,∫

ω2ω1ω2,
∫
ω2ω2ω1,

∫
ω1ω1ω1and

∫
ω2ω2ω2. Evaluating the image in (JD/J

4
D)∗

of (bλ)λ∈Λ on ([γ̄1] − 1)([γ̄P ] − 1) and on ([γ̄P ] − 1)([γ̄1] − 1), we conclude that
c = c′ = 1 by the same arguments as above. By symmetry we conclude that if
a given element (bλ)λ∈Λ of HB(Λ) when projected via B(D) by πD contains as a
summand the term [ω1] ⊗ [ω2] ⊗ [ω2], then the third order iterated integral terms
of bλ for λ corresponding to P will be of the form

∫
ω1ω2ω2 +

∫
ω2ω1ω2 +

∫
ω2ω2ω1

+ a linear combination of
∫
ω1ω1ω2,

∫
ω1ω2ω1,

∫
ω2ω1ω1,

∫
ω1ω1ω1and

∫
ω2ω2ω2.

But (
∫
ω1ω1ω2 +

∫
ω1ω

P
1,2 +

∫
ωP

1,1,2) + (
∫
ω1ω2ω1 + ωP

1,2ω1 −
∫
ω1ω

P
1,2 +

∫
ωP

1,2,1) +
(
∫
ω2ω1ω1 + − ∫ ωP

1,2ω1 +
∫
ωP

2,1,1) =
∫
ω1ω1ω2 +

∫
ω1ω2ω1 +

∫
ω2ω1ω1 by using

the fact that we may choose ωP
1,2,1 as −(ωP

1,1,2 + ωP
2,1,1) as one may conclude by

inspection for the defining equations for ωP
1,2,1, ω

P
1,1,2 and ωP

2,1,1:

dωP
1,2,1 + ωP

1,2 ∧ ω1 + ω1 ∧ ωP
2,1 = 0
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dωP
1,1,2 + ω1 ∧ ωP

1,2 = 0

dωP
2,1,1 + ωP

2,1 ∧ ω1 = 0

Since we have taken, as we can, ωP
1,2 = −ωP

2,1, we see that setting ωP
1,2,1 to be

−(ωP
1,2 + ωP

2,1), our claim is justified.

Thus, the only homotopy invariant iterated integrals containing leading third or-
der iterated integrals (i.e. those of length not exceeding 3) in each bλ are mul-
tiples of the symmetric expressions

∫
ω1ω1ω1,

∫
ω2ω2ω2, (

∫
ω1ω1ω2 +

∫
ω1ω2ω1 +∫

ω2ω1ω1) and (
∫
ω1ω2ω2 +

∫
ω2ω1ω2 +

∫
ω2ω2ω1) + homotopy invariant iterated

integrals of length not exceeding 2. Thus, it follows from the above that each
component bλ should contain precisely the same linear combination of the above
symmetric expressions irrespective of λ; in particular, the third order homotopy in-

variant iterated integrals do not contribute any second order iterated integral term.
Using this last fact, we shall show below that the summand ‘homotopy invariant
iterated integrals of length not exceeding 2’ (also) comes from an iterated integral
on X (i.e. from (I/I3)∗).

Since, as remarked earlier, the image of Σ ⊂ (JD/J
3
D)∗, to evaluate the image

of an element under Σ, we can ignore the iterated integral terms of length = 3.
Hence, evaluating Σ([(bλ)λ∈Λ]) (when [(bλ)λ∈Λ] lies in Ker(Σ)) on ([γ̄P ] − 1), one
concludes from the fact that the third order homotopy invariant iterated integrals
do not contribute any second order term, that if bλ for λ corresponding to P has a
summand

∫
ω1ω2 +

∫
ωP

1,2, then writing bλ as
∫
ω1ω2 +

∫
ωP

1,2 + c′′(
∫
ω2ω1 −

∫
ωP

1,2)
+ linear combination of

∫
ω1,

∫
ω2,

∫
ω1ω1ω1,

∫
ω2ω2ω2, (

∫
ω1ω1ω2 +

∫
ω1ω2ω1 +∫

ω2ω1ω1) and (
∫
ω1ω2ω2 +

∫
ω2ω1ω2 +

∫
ω2ω2ω1) one sees that c′′ = 1. This

is because in JP/J
3
P , ([γ̄P ] − 1) is given by ((γ1 − 1)(γ2 − 1) − (γ2 − 1)(γ1 −

1)) as can be trivially verified. Hence, bλ has to be a linear combination of∫
ω1,

∫
ω2,

∫
ω1ω1,

∫
ω2ω2,

∫
(ω1ω2+ω2ω1),

∫
ω1ω1ω1,

∫
ω2ω2ω2, (

∫
ω1ω1ω2+

∫
ω1ω2ω1+∫

ω2ω1ω1), (
∫
ω1ω2ω2 +

∫
ω2ω1ω2 +

∫
ω2ω2ω1) and a 1-cohomology class. Hence the

components bλ of elements of HB(Λ) which project into Ker(Σ) come from (I/I4)∗.
From the condition on HB(Λ), one concludes that such elements of HB(Λ) in fact
come from HI

B(Λ) := {(aλ)λ∈Λ : aλ ∈ (I/I4)∗such thatπI(aλ − aλ′) = 0∀λandλ′ ∈
Λ}. From the commutativity of the diagrams

(I/I3)∗ −→ (I/I4)∗y
y

(JP/J
3
P )∗ −→ (JP/J

4
P )∗

one concludes that the Dσ(Λ) (by which one quotients HB(Λ) to obtain B(D)) fac-
tors through Dσ

1 (Λ), the sub-mixed Hodge structure of ⊕|Λ|−copies(I/I
4)∗ generated

by

{(0, ..0, σ(λ)iI(a),−σ(λ+ 1)iI(a), 0, .., 0) : a ∈ (I/I3)∗}
and hence Ker(Σ) lies in the image of HI

B(Λ)/Dσ
1 (Λ). But the latter is simply

(I/I3)∗ ⊕ (I/I4)∗ from the splitting of the short exact sequence Σλσ(λ)(0 −→
(I/I3)∗ −→ (I/I4)∗ −→ (I3/I4)∗ −→ 0), and the map HI

B(Λ)/Dσ
1 (Λ) −→ B(D) is

an injection.

Below, we give an analytic description of the map constructed in Proposition C.3.
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Scholium C.5

Let, as above, X be a genus g smooth, projective curve defined over C. Let D
= ΣP nP (P ) be a divisor on X avoiding the marked point Q. Then, Φ(D) = 0
if ηis, representative 1-forms for a basis of H1(X), ηP

i,j ∈ A1
∞(X log (P )) such that

d ηP
i,j + ηi ∧ ηj = 0 on X - {P} and γa

r , γb
r (1 ≤ r ≤ g), a and b curves lying in X -

Supp (D) representing a basis in H1(X) can be chosen such that the quantity

Σr=g
r=1 (

∫

γa
r

ηP
i,j

∫

γb
r

ηk −
∫

γb
r

ηP
i,j

∫

γa
r

ηk)

has the same value for all P ∈ Supp (D). Let K̄Φ ⊂ KΦ denote the subset of divisors
which satisfy this condition. Note that the above condition is purely quadratic in
that the terms ωi,j,k of the proof of proposition 3.1.1 do not occur here. Indeed,
this is the case for all elements of KΦ.

Proof:

As the extension 0 −→ ⊕
(n−1)−copies Asym2H1 −→ F(D) −→ ⊗3H1 −→ 0 is sepa-

rated, if we can find an integral retract of rZ and section sF respecting the hodge
filtration, respectively of the injection and surjection of the above short exact se-
quence such that rZ ◦ sF = 0, the above short exact sequence will split by lemma
1.2.1. We shall illustrate how the condition given in the scholium will result in that
by an example for elliptic curves.

Set sF for example, by sF ([ωb]⊗ [ωa]⊗ [ωb]) :=
∫
ωb ωa ωb −

∫
uP ωb +

∫
ωb u

P +
lower order iterated integrals and so on for each P . Let γr, r =1, 2 be loops based
at Q in X - Supp (D) representing the lattitude and longitude α1 and α2 in H1(X)
respectively. (Asym2H1)∗ is given by multiples of α1 ⊗ α2 − α2 ⊗ α1 and hence it
suffices to consider rZ ◦sF (?) (α1⊗α2 - α2⊗α1). For ? = [ωb]⊗ [ωa]⊗ [ωb], this is <∫
ωb ωa ωb, (γ1−1) (γ2−1)− (γ2−1) (γ1−1) > + 2 (

∫
γ1
ωb

∫
γ2
uP − ∫γ2

ωb

∫
γ1
uP ).

The first of the summands is independent of the choices of the P ’s and hence the
result.

It is not clear how the set of principal divisors which satisfy the above condition
looks; we do not even know whether it is nonempty. However, if it is nonempty,
the following remark describes another map.

Remark C.6

The construction of B.b yields, by Lemma C.1, the map

Ψ :





principal divisors
on X of absolute
degree n which

avoid Q




∩KΦ −→





⊕
(n−1)−copies Ext1

H(Asym2H1, (I/I3)∗ ⊕ Asym2H1)⊕

Ext1
H(⊗3H1, (I/I3)∗ ⊕ Asym2H1)




/∼

where the equivalence relation ∼ on the right is the one induced by: automorphisms
of

(⊕(n−1)−copiesAsym2H1)
⊕⊗3H1 of the form

(
1 ∗′
0 1

)
where ∗′ lies in

HomZ(⊗3H1,⊕(n−1)−copiesAsym2H1)∩HomF(⊗3H1,⊕(n−1)−copiesAsym2H1), automor-
phisms of

(I/I3)∗
⊕

Asym2H1 of the form
(

1 ∗′′
0 1

)
where ∗′′ lies in
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HomZ(Asym2H1, (I/I3)∗) ∩ HomF(Asym2H1, (I/I3)∗)

and the ambiguity in ordering the points of a given divisor occurring in
⊕(n−1)−copiesAsym2H1.

Scholium C.7

For the sake of illustration, we give a condition for the vanishing of Ψ(D). This
should be taken rather as an illustration of what determines the classes of the mixed
hodge extensions of C.6. For simplicity’s sake, take X to be an elliptic curve. Ψ(D)
= 0 if D, a principal divisor on X which avoids Q, satisfies for the choice ω1 = ωa,
ω2 = ωb and ωP

1,2 = uP in Scholium C.5, the conditions:

(a) <
∫
ωb ωa ωb, (γ1 − 1) (γ2 − 1) − (γ2 − 1) (γ1 − 1) > + 2(

∫
γ1
ωb

∫
γ2
uP −∫

γ2
ωb

∫
γ1
uP ) = 0 for all P ∈ Supp (D),

(b) similar conditions for other choices such as ωa ωa ωb and

(c)
∫
γi

1
2π
dlog(f) ω̄+η = 0, where f ∈ C(X) s.t. div (f) = D and η ∈ A1

∞(X logD)
s.t.
dη+ 1

2π
dlogf∧ω̄ = 0, where ω is the normalised invariant differential on the elliptic

curve mentioned in the proof of Proposition C.1

(d) the integers 1
2π

√
−1

∫
γi
dlog(f)

for γ1 and γ2, two loops based at Q lying in X - Supp(D) representing the lattitude
and longitude in H1(X).

Remarks C.8. Part of our conditions for writing down splittings of the projection
(J/J4

P )∗ −→ ⊗3H1(X) in the above calculations are precisely the same as that
of writing triple Massey products in ordinary cohomology, as was pointed out in
section 0.2 of the introduction. We would like to regard the manifestation of this in
our calculations above as evidence that they are in some way related to the Massey
products of Deninger [Den] in Deligne cohomology. In fact, by the work of Carlson
and Hain [CH], the continuous Deligne-Beilinson cohomology of [CH] satisfies the
short exact sequence

0 −→ Ext1
H(Q,Hn−1(Y,Q(p))) −→ Extn

H(Y)(Q,Q(p)) −→
−→ Ext0

H(Q,Hn(Y,Q(p))) −→ 0

and as shown in [CH], it can be computed by iterated integrals on Y. It therefore
suggests the question of writing down Deninger’s Massey’s products in Deligne
cohomology in terms of iterated integrals.

In contrast to the above constructions, consider the second construction introduced
in Appendix B.

Proposition C.9

The short exact sequence 0 −→ ⊕
n−copies(I

3/I4)∗ −→ B2(D) −→ Asym2H1 ⊕
Asym3H1 −→ 0 obtained by applying Proposition 1.3.2 to the family of commuta-
tive diagrams 3.3.a for l = 3 yields the map as a consequence of Lemma 3.3.2





principal divisors
on X of absolute
degree n which

avoid Q




−→

⊕

n−copies

Ext1
H(Asym2H1(X)⊕ Asym3H1(X), (I3/I4)∗)/∼
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where n is the absolute degree of the concerned divisors and the equivalence rela-
tion ∼ comes from the choice of ordering in the above direct sum and from inner
automorphisms of Asym2H1(X)⊕ Asym3H1(X) of the form

(
1 ∗
0 1

)
where ∗ lies in

HomZ(Asym3H1(X),Asym2H1(X)) ∩ HomF (Asym3H1(X),Asym2H1(X)).

Reflecting the family of commutative diagrams C.a along the antidiagonal and
dualising it, we may visualise the application of construction B.2 to the dual of the
diagrams of C.a.

0 0 0y
y

y
0 −→ Asym3H1 −→ ⊗3H1 −→ (I3/I4) −→ 0y

y
y

0 −→ K3
P −→ (J/J4

P ) −→ I/I4 −→ 0y
y

y
0 −→ Asym2H1 −→ JP/J

3
P −→ I/I3 −→ 0y

y
y

0 0 0





C.a′

It may be easily verified that the dual of the Baer sum of a family of short exact
sequences is congruent to the Baer sum of the corresponding duals. Thus, appli-
cation of Lemma C.1 and construction B.2 to the above family of commutative
diagrams C.a′ yields

Proposition C.10

There is a map, at least when the genus of X is 1




principal divisors
on X of absolute
degree n which

avoid Q




−→

⊕

n−copies

Ext1
H(I/I3 ⊕ Asym2H1, I

3/I4)/∼

where, as above, n is the fixed absolute degree of the concerned divisors and the
equivalence relation is induced by automorphisms of Asym2H1 ⊕ I/I3 of the form(

1 ∗
0 1

)
where ∗ lies in

HomZ(I/I3,Asym2H1) ∩ HomF (I/I3,Asym2H1)

and the ordering of the n summands on the right hand side.
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[De2] P. Deligne, Théorie de Hodge, III, Publ. of the IHES, 1974.

[De3] P. Deligne, Le Groupe Fondamental de la Droite Projective Moins Trois
Points, in (Eds.) Y. Ihara, K. Ribet, J. -P. Serre, Galois Groups over Q, MSRI
Publ. 16, Springer-Verlag, 1989, pp. 79-297.
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