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1. Introduction

Given a commutative ring R, Grayson [8] has constructed an interesting family of chain

complexes of abelian groups associated to R. In this paper, we study this family of chain

complexes, whose tth member we write as GW⊕(t)R, where t a nonnegative integer which

we think of as representing the “weight” of the complex. The family of complexes can

be defined more generally for any scheme, and we may view GW⊕(t) as a contravariant

functor from the category of schemes of finite type over a fixed ground field k to chain

complexes of abelian groups. Thinking of GW⊕(t) as a complex of presheaves, one may

consider the Zariski hypercohomology of the associated sheafified complex at a smooth

scheme X:

Hi
Zar(X,GW

⊕(t)).

It is hoped that these groups form a reasonable bigraded cohomology theory for smooth

schemes. For example, the “weight 0” complex GW⊕(0) is equivalent, after sheafification,

to the complex with the Zariski sheaf Z concentrated in degree 0. The “weight one”

complex GW⊕(1) is expected to be the complex with the sheaf of units O∗ concentrated

1Partially supported by an NSF Graduate Research Fellowship

1



in cohomological degree 1. In general, one may conjecture that these complexes are the

“motivic complexes”; see [10] for a list of expected properties of such complexes.

The definition of GW⊕(t) at a regular ring R involves the K-theory of automorphisms.

First, one defines the exact category P(R,Gt
m) as follows. Objects are tuples (P ; θ1, . . . , θt),

where P is a finitely generated projective R-module and the θi’s are pairwise commuting

automorphisms of P . A morphism in P(R,Gt
m) from (P ; θ1, . . . , θt) to (Q;ψ1, . . . , ψt) is an

R-module map f from P toQ satisfying f◦θi = ψi◦f , for all i. An exact sequence of objects

in this category is one which is exact as a sequence of projective R-modules, ignoring the

automorphisms. We define K0(R,G
t
m) to be the Grothendieck group associated to this

exact category so that K0(R,G
t
m) is the abelian group given by generators [P ; θ1, . . . , θn]

and relations which are obtained in the usual manner from short exact sequences. Define

K0(R,G
∧t
m ) to be the summand of K0(R,G

t
m) formed by modding out by the submodule

generated by elements of the form [P ; θ1, . . . , θt] with θi = idP , for some i. Finally, let

R∆• denote the simplicial ring whose ring of d-simplices is the standard algebraic d-

simplex R[x0, . . . , xd]/(x0 + · · ·+ xd − 1). Applying the functor K0(−,G
∧t
m ) degreewise to

the simplicial ring R∆•, one forms a simplicial abelian group whose associated normalized

chain complex shifted cohomologically by −t will be called GW (t)R. (Notice the absence

the direct sum symbol). Goodwillie and Lichtenbaum proposed that this complex is a

candidate for the motivic complex of weight t, at least for R a regular local ring. The

definition K(R,G∧t
m ) is easily extended to arbitrary schemes, and we think of GW (t) as a

presheaf of complexes of abelian groups.

Grayson has defined an analog of the complex GW (t)R, which we write as GW⊕(t)R,
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constructed in exactly the same fashion except that one uses the direct sum Grothendieck

groups K⊕
0 (R,Gt

m) in which only the split exact sequences of P(R,Gt
m) are used to give the

relations. (Observe that not every short exact sequence in P(R,Gt
m) splits if t > 0.) The

interest in the complexes GW⊕(t) stems from Grayson’s work [8], in which he constructs

a spectral sequence converging to the K-groups of a regular ring R whose E1-terms are

the homology groups of the complexes GW⊕(t)R. Grayson’s spectral sequence arise by

constructing a “weight” filtration

· · · −→W t+1 −→W t −→ · · · −→W 0 = K(R)

of the K-theory spectrum for a regular ring. The homotopy cofiber W t/t+1 of the map

W t+1 → W t is weakly equivalent to the geometric realization of the chain complex

K⊕
0 (R∆•,G∧t

m )[t], where the shifting refers to cohomological indexing. Thus, πnW
t/t+1 ∼=

H−n+t(K⊕
0 (R∆•,G∧t

m )) ∼= H−n+2t(GW⊕(t)R). Explicitly, Grayson’s spectral sequence is

Ep′,q′

1 = π−p′−q′W p′/p′+1 = H3p′+q′

(GW⊕(p′)R) =⇒ K−p′−q′(R).

If we reindex using p′ = 2p + q and q′ = −p, we may write this spectral sequence in the

more familiar form

(1.1) Ep,q
2 = Hp−q(GW⊕(−q)R) =⇒ K−p−q(R).

Moreover, using Thomason’s work [18], one may “sheafify” Grayson’s filtration of the

K-theory spectrum to form the spectral sequence

(1.2) Ep,q
2 = Hp−q

Zar(X,GW
⊕(−q)) =⇒ K−p−q(X).
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One should think of Grayson’s spectral sequence as a possible analog of the Atiyah-

Hirzebruch spectral sequence relating the integral cohomology groups of a topological space

with its topological K-groups.

It is hoped the evident natural surjection GW⊕(t) −→ GW (t) is a quasi-isomorphism

for regular local rings. This would be a highly useful result, if established. On the one

hand, the complexes GW⊕(t) are involved in the “Atiyah-Hirzebruch” spectral sequence

(1.2), as is expected for the motivic complexes. On the other hand, it can be shown

that the complexes GW (t) agree with the proposed definition of the motivic complexes

given by Voevodsky ([21], [22]), at least locally (see [24, Corollary 6.32]). Thus, if the

map GW⊕(t) −→ GW (t) were a quasi-isomorphism on regular local rings, then after

sheafification in the Zariski topology, one would obtain a spectral sequence converging to

the K-groups of a smooth variety X whose E2-terms are Voevodsky’s motivic cohomology

groups

Hp−q
M

(X,Z(−q)) = Hp−q
Zar(X,GW (−q)).

It should be pointed out that Bloch and Lichtenbaum have established a spectral se-

quence of this type whose E2-terms are the higher Chow groups, but it is only known to

be valid for fields [4].

It can be shown ([24,Corollary 5.31]) that the map from GW⊕(t) to GW (t) induces a

quasi-isomorphism at a smooth local ring R provided it does so at the field of fractions

of R. The question of whether GW⊕(t) and GW (t) are equivalent (after sheafification)

therefore reduces to the question of whether they are quasi-isomorphic at an arbitrary

field. Unfortunately, this restricted question concerning fields appears difficult to answer.
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Nevertheless, in this paper, we establish a significant partial result. Namely, we show that

the two complexes are equivalent over an algebraically closed field k after tensoring with

Z/n (assuming char k - n). This leads to the spectral sequence with finite coefficients

(1.3) Ep,q
2 = Hp−q(Γ(Spec k,GW (−q) ⊗L Z/n)) =⇒ K−p−q(Spec k,Z/n).

Moreover, we show that Γ(Spec k,GW (t) ⊗L Z/n) ∼= Z/n(t) := µ⊗t
n , which implies that

the spectral sequence (1.3) collapses at E2, thereby providing another proof of Suslin’s

computation of the K-theory of algebraically closed fields with finite coefficients (see [15],

[16]).

The main techniques of this paper were inspired by the work of Vladimir Voevodsky and

Andrei Suslin. In particular, the notion of a “K0-presheaf”, is a variation of Voevodsky’s

notion of a presheaf with transfers. Additionally, the results involving coefficients in Z/n

rely on the work done by Suslin and Voevodsky with the so-called h-topology.

The author thanks his thesis advisor Daniel Grayson for assistance throughout the

preparation of these results and Vladimir Voevodsky for explaining his work on several

occasions. Most of the results in this paper are from the author’s doctoral dissertation

[24].

Conventions and Notation. Throughout this paper, all schemes are assumed to be noe-

therian and all morphisms of schemes are assumed to be separated. If k is a field, we let

Sch/k denote the category of quasiprojective schemes over k and Sm/k denote the full

subcategory of Sch/k consisting of smooth schemes.

A simplicial object in a category C is a contravariant functor from Ord to C, where

Ord is the category of finite, non-empty, totally ordered sets with morphisms given by
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monotonically increasing functions. We frequently blur the distinction between Ord and its

equivalent skeletal subcategory consisting of objects [d] := {0, 1, . . . , d}. Thus a simplicial

object in C is described using the notation d 7→ Xd, where Xd, for d ≥ 0, is an object of

C, together with prescribed face and boundary maps. We let 41
· denote the simplicial set

HomOrd(−, [1]), whose geometric realization is the unit interval.

For the purposes of this paper, a spectrum (the topological kind) is a sequence

X0, X1, . . . of pointed topological spaces together with weak equivalences Xn
∼
→ ΩXn+1.

This is often called an Ω-spectrum elsewhere. In fact all spectra considered in this paper

will be tacitly assumed to be connective in the sense that πqXn = 0 for q < n. Whenever

we refer to the homotopy colimit of a diagram of spectra (for example, the homotopy

cofiber of a map of spectra), we mean the associated Ω-spectrum – or “spectrification” –

of the usual homotopy colimit. See [18, Chapter 5] for more details.
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2. Background

In this section we recall some facts and constructions from the author’s thesis [24] and

from Voevodsky’s work [21], [22]. The results presented here from the author’s thesis are

of a technical nature and represent analogs and modifications of the work of Voevodsky.

It is planned that these results will also appear with proofs in a paper in preparation [25].

Let us fix a base field k and assume all our schemes are quasiprojective over k.

We define the bivariant K-groups as follows. Given schemes X and Y , the abelian

category M(X,Y ) is defined as the full subcategory of those coherent sheaves on X × Y

whose supports are finite over X. The exact category P(X,Y ) is defined as the full

subcategory of M(X,Y ) consisting of sheaves F satisfying the property that π∗F is locally

free on X. The category P(X,Y ) is closed under extension in M(X,Y ) and thus has the

induced notion of an exact sequence. In the case X = SpecA and Y = SpecB, the

category M(X,Y ) is naturally equivalent to the category of A-B-bimodules which are

finitely generated as A-modules, and the category P(X,Y ) is equivalent to the category

of A-B-bimodules which are A-projective of finite rank. The K-groups of M(X,Y ) and

P(X,Y ) are written as K ′
n(X,Y ) and Kn(X,Y ) respectively. The groups Kn(X,Y ) are

contravariant in the first variable and covariant in the second.

Given a map of schemes π : Y → X, we can define the abelian category M(Y/X), which

is the full subcategory of M(Y × X) consisting of coherent sheaves whose supports are

finite over X. We also have P(Y/X), the exact category defined as the full subcategory of

M(Y/X) consisting of those sheaves F such that π∗F is locally free on X. Observe that

M(X,Y ) = M(X × Y/X) and P(X,Y ) = P(X × Y/X). We let K ′
n(Y/X) and Kn(Y/X)
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denote the K-groups of M(Y/X) and P(Y/X) respectively.

If X = SpecR and Gt
m = (A1 − {0})×t, then P(X,Gt

m) is equivalent to the category

P(R,Gt
m) of the introduction. An object of M(X,Gt

m) is finitely generated R-module

equipped with a t-tuple of pairwise commuting automorphisms.

An n-dimensional cube of schemes or n-cube of schemes is a functor from the

category (in fact, poset) (n) of subsets of {1, . . . , n} to the category of schemes. The

(external) product of an n-cube of schemes X and an m-cube of schemes Y is the (n+m)-

dimensional cube of schemes written asX�Y and defined byX�Y (A∪B) = X(A)×Y (B),

where A ∈ (n) and B ∈ (m). Of primary interest for us is the one-dimensional cube of

schemes G∧1
m :=

(

Spec k → G1
m

)

, where G1
m := A1 − {0} and the inclusion is at the point

“1”. We define the t-cube of schemes G∧t
m to be the external product of G∧1

m with itself t

times.

We can extend the functor K(X,−) to t-cubes of schemes by first applying the functor

degreewise to form a t-cube of spectra and then taking the iterated homotopy cofiber (or

“total spectrum”) of this cube. For example, we can construct the spectrum K(X,G∧t
m ).

Observe that K0(X,G
∧t
m ) := π0K(X,G∧t

m ) is naturally isomorphic to the group with the

same name defined in the introduction.

Given schemes X, Y , and Z, there is a natural pairing K(X,Y ) ∧K(Y, Z) → K(X,Z)

induced by tensor product. If X = SpecA, Y = SpecB and Z = SpecC, this pairing

is induced by the biexact functor (M,N) 7→ M ⊗B N , where M is in P(A,B) and N is

in P(B,C). At the level of π0, this defines a pairing K0(X,Y ) ⊗ K0(Y, Z) → K0(X,Z)

which satisfies the evident notion of associativity. We can thus define a new category
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K0(Sch/k), whose objects are the schemes over k and whose morphisms are given by

the abelian groups K0(X,Y ). A contravariant functor from K0(Sch/k) to abelian groups

– i.e. a presheaf on K0(Sch/k) – is what we term a K0-presheaf. Examples of K0-

presheaves include the usual K and K ′-groups and the functors Kn(−, Y ) (where Y may

be taken to be a cube of schemes). A homotopy invariant K0-presheaf is one which

sends the natural projection X × A1 → X to an isomorphism, for all X. The K ′-groups

are homotopy invariant, as are the K-groups if one restricts to the category of smooth

schemes. Associated to anyK0-presheaf F is a complex of such presheaves whose homology

presheaves are homotopy invariant. To construct this complex, consider the standard

cosimplicial scheme ∆•
k whose dimension d component is Spec k[x0, . . . , xd]/(x0 + · · ·+xd).

The desired presheaf of complexes is defined by X 7→ F (X × ∆•), where F is applied

degreewise to the cosimplicial scheme X×∆• and one takes the normalized chain complex

associated to a simplicial abelian group. The mth homology presheaf of this complex is

written, following Voevodsky, as hmF , and is easily seen to be homotopy invariant.

We may repeat much of the above constructions using the direct sumK-groupsK⊕
0 (X,Y )

defined by regarding the category P(X,Y ) as an exact category whose exact sequences

are precisely the split exact sequences. (Observe that not every short exact sequence of

P(X,Y ) splits, even if X and Y are affine.) One thereby defines the notion of a K⊕
0 -

presheaf, of which K⊕
0 (−, Y ) is the primary example. Since short exact sequences split up

to homotopy, a homotopy invariant K⊕
0 -presheaf is the same thing as a homotopy invariant

K0-presheaf (see [24, pp. 51-52]).

We need the following result.
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Lemma 2.1. [24, Theorem 5.28] If R is the localization of a smooth scheme over k at a

point and E is its field of fractions, then for any homotopy invariant K0-presheaf F , the

natural map F (SpecR) → F (SpecE) is an injection.

We should point out that both the preceding lemma and the notion of a K0-presheaf

were inspired by Voevodsky’s work, some of which we will need. Of particular importance

is his notion of a “pretheory” whose definition we recall now. First, given X → S a map of

schemes, we define, following Voevodsky, the group C0(X/S) to be the free abelian group

on the set of integral, closed subschemes of X which map finitely and surjectively onto an

irreducible component of S. We define C0(X,Y ) to be C0(X × Y/X) for any schemes X

and Y .

Definition 2.2. [21] A pretheory is a contravariant functor from the category Sm/k of

smooth schemes over k to abelian groups equipped with “transfer” maps, for X −→ S a

smooth map of relative dimension one with both X and S in Sm/k, of the form

φX/S : C0(X/S) −→ Hom(F (X), F (S)),

such that the following three conditions hold.

(1) For any object S of Sm/k, any smooth curve p : X −→ S over S and any S-point

i : S −→ X of X one has φX/S(i(S)) = F (i).

(2) Let f : S1 −→ S2 be a morphism of smooth schemes of finite type over k and

p : X2 −→ S2 be a smooth curve over S2. Consider the cartesian square

X1
g

X2

S1
f

S2.
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Then for any Z in C0(X2/S2) one has

F (f) ◦ φX2/S2
(Z) = φX1/S1

(f∗(Z)) ◦ F (g).

(3) For any pair X, Y of objects of Sm/k the canonical morphism

F (X q Y ) −→ F (X) ⊕ F (Y )

is an isomorphism.

Voevodsky’s original definition is more general in that the functor F is allowed to take

values in any additive category, which is then part of the data. One detail requiring further

explanation is the definition of f∗(Z). In the situation of (2) of the definition, Voevodsky

defines an inverse image homomorphism

(2.3) f∗ : C0(X2/S2) −→ C0(X1/S1)

by identifying C0(Xi/Si) with the group Divc(Xi/Si) of relative Cartier divisors of Xi

over Si. (Recall Xi is a smooth curve over Si and Si is smooth over k.) The inverse image

homomorphism in (2.3) is thus induced from the more familiar one

f∗ : Divc(X2/S2) −→ Divc(X1/S1).

The interested reader should consult [21] and [22] for a host of interesting properties of

pretheories and the related notion of a presheaf with transfers.

In general, functors defined using K-theory will not be pretheories (see [24, Example

6.22] for an example of this failure), but we do have the following result.
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Lemma 2.4. [24, Corollary 6.24] If F is a homotopy invariant K0-presheaf, then its

sheafification in the Zariski topology, written as FZar, is a pretheory. In fact, the structure

of a pretheory is natural in the sense that there is a functor from the category of K0-

presheaves to the category of pretheories which are also Zariski sheaves on the category of

smooth schemes over k.

We now want to mention a connection between the K-theory of automorphisms and

Voevodsky’s definition of the motivic complexes. One of his equivalent definitions of the

motivic complexes takes the form

Z(t) := C0(−× ∆•,G∧t
m )[−t].

The index shift refers to the cohomological indexing and we have tacitly taken the associ-

ated normalized chain complex of the presheaf of simplicial abelian groups. Also, the use of

the cube of schemes G∧t
m amounts to modding out the presheaf of complexes C0(−×∆•,Gt

m)

by certain degeneracies as in the introduction of this paper. The functor C0(−, Y ) is a

sheaf for any Y and thus C0(− × ∆•,G∧t
m )[−t] is actually a complex of sheaves. Recall

from the introduction that the proposed definition for the motivic complexes given by the

K-theory of automorphisms is given by

Z(t) := K0(−× ∆•,G∧t
m )[−t].

In general, given a map X → S of schemes, we can define a cycle map

(2.5) cX/S : K0(X/S) −→ C0(X/S)

as follows. Given F in P(X/S), let {z1, . . . , zn} be the set of generic points of supp (F)

satisfying the property that Zi = zi dominates a connected component of S. (Here, zi is
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the closure of zi in X which is necessarily finite over S.) Now make the definition

(2.6) cX/S ([F ]) =
∑

i

lengthOX,zi
(Fzi

) · [Zi].

Since the zi are the generic points of the support of F , the lengths in this definition will

be finite. Given an exact sequence

(2.7) 0 → F ′ → F → F ′′ → 0

of objects in P(X/S) and a generic point z of supp (F), we have the equation

(2.8) lengthOX,z
(Fz) = lengthOX,z

(F ′
z) + lengthOX,z

(F ′′
z )

obtained by localizing the exact sequence (2.7) at z and taking lengths of the resulting

modules. We can therefore extend the definition above to obtain the map cX/S as desired.

The definition of the cycle map makes sense for objects that aren’t locally free over S. So

we can just as well define

(2.9) c′X/S : K ′
0(X/S) −→ C0(X/S).

Furthermore, it is clear from the definitions that we have the factorization

(2.10)

K0(X/S)
cX/S

C0(X/S)

K ′
0(X/S)

c′X/S

.

Proposition 2.11. [24, Proposition 6.15] Given S and S ′ in Sm/k and a map f : S′ −→

S, assume X is any smooth S-scheme. Let X ′ be the pullback X ×S S
′. Then the diagram

(2.12)

K0(X/S)
cX/S

f∗

C0(X/S)

f∗

K0(X
′/S′)

cX′/S′

C0(X
′/S′)
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commutes.

Using the cycle map of this proposition and Lemma 2.4, it is not difficult to establish

the following theorem.

Theorem 2.13. [24, Corollary 6.32] There is a quasi-isomorphism of complexes of sheaves

(2.14) K0(−× ∆•,G∧t
m )Zar

∼
−→ C0(−× ∆•,G∧t

m ).

Thus, the definition of the motivic cohomology groups arising from the K-theory of auto-

morphisms and the definition given by Voevodsky coincide.
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3. Complexes with finite coefficients

One of the conjectural properties of the motivic complexes relates the motivic complexes

in the étale topology with finite coefficients to certain étale sheaves. More specifically, the

motivic complex Z(t)ét ⊗
L Z/n should be isomorphic to the étale sheaf µ⊗t

n , viewed as

a complex concentrated in degree zero. Recall that µ⊗t
n is the t-fold tensor product of

µn := ker(O∗ ·n
−→ O∗). We let Z/n(t) denote the complex with the sheaf µ⊗t

n concentrated

in degree zero. Thus, one hopes for a distinguished triangle in the derived category of étale

sheaves on Sch/k

Z(t)ét
·n Z(t)ét Z/n(t) Z(t)ét[−1],

whenever n is relatively prime to the characteristic of k. We establish this property for

the proposed definition

Z(t) := K⊕
0 (−× ∆•

k,G
∧t
m )[−t]

under the additional assumption that k is algebraically closed. In this case, by picking a

primitive nth root of unity, we may noncanonically identify Z/n(t) with Z/n.

The primary machinery used here is the h-topology developed by Voevodsky in [20].

This is a Grothendieck topology on the category of quasi-projective schemes over k and

the resulting site is denoted by (Sch/k)h. A covering of a scheme X in the h-topology is

a finite family, {Ui −→ X}, of maps in Sch/k such that the map

∐

i

Ui −→ X

is a universal topological epimorphism. A map Y −→ X of schemes is a topological

epimorphism if the map of underlying topological spaces is a quotient map. Such a map
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is a universal topological epimorphism if any map Y ′ −→ X ′ obtained by base change

along X ′ −→ X is a topological epimorphism. The main examples of coverings in the

h-topology are étale coverings and singleton coverings consisting of a proper, surjective

map. The h-topology is thus strictly finer than the étale topology.

Observe that the h-topology requires us to work the category of all schemes of finite

type over k, and not just those that are smooth, since an h-covering of a smooth scheme

need not consist of smooth schemes. An important tool for addressing this difficulty is

provided by de Jong’s recent work [6], which leads to the following lemma.

Lemma 3.1. The collection of coverings of a scheme X in the h-topology that are of the

form {Yi −→ X} with the property that Yi is smooth form a cofinal system among all

coverings of X. Moreover, given a presheaf F on Sch/k, if the sheafification, Fét, of F

restricted to Sm/k in the étale topology is zero, then Fh, the sheafification of F in the

h-topology on Sch/k, is zero as well.

Proof. It suffices to show each scheme X in Sch/h admits a singleton covering Y −→ X

with Y smooth. The map Xred −→ X is a covering in the h-topology. For each irreducible

component Xi of Xred, there exists by [6, Theorem 3.1] a smooth scheme Yi and a proper

surjective map Yi −→ Xi. The composite map

∐

i

Yi −→ Xred −→ X

gives the desired covering.

For the second claim, choose a scheme X and an element α of Fh(X). There exists a

covering X ′ −→ X in the h-topology such that the restriction of α to X ′ is in the image

of the map F(X ′) −→ Fh(X ′). Let Y −→ X ′ be a covering of X ′ by a smooth scheme
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Y and observe that α|Y is in the image of F(Y ) −→ Fh(Y ) – say α coincides with the

image of β ∈ F(Y ). Since Fét(Y ) vanishes, one can find an étale cover U −→ Y so that

β|Y vanishes. It follows that α|U = 0 as well, and since U −→ X is a covering in the

h-topology, the claim is established. �

The relevance of the h-topology when studying torsion sheaves in the étale topology

arises from the following lemma of Suslin and Voevodsky.

Lemma 3.2. [17, Corollary 10.10] For any sheaf F on (Sch/k)ét and positive integer n,

the natural map

Ext∗ét(F,Z/n) −→ Ext∗h(Fh,Z/n)

is an isomorphism, where Fh denotes F sheafified in the h-topology.

We shall also need a rigidity property for homotopy invariant K0-presheaves, similar

to that established in [17] for presheaves with transfers. Let Ψ be a homotopy invariant

K0-presheaf satisfying n ·Ψ = 0, for some integer n. We want to show Ψ satisfies a rigidity

property – namely, Ψ(S) should be the same as Ψ(k) whenever S is the Henselization of a

smooth scheme over k at a closed point, with k algebraically closed. One could establish

such a property by observing that ΨZar is a pretheory and following the proofs of Suslin

and Voevodsky in [17, §4]. Alternatively, one could use the proof of Gillet and Thomason

presented in [7] that K∗(S; Z/n) ∼= K∗(k; Z/n) if S is the Henselization of a smooth scheme

over k, noticing that Ψ satisfies all the needed properties to ensure the proof works. We

will describe a complete proof here, borrowing from both sources.

To begin, we recall the notion of a “good compactification” of a smooth relative curve

X → S introduced in [17, §3]. For our purposes, we take X and S to be affine and smooth.
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A good compactification is an open embedding X ↪→ X of S-schemes such that X is

normal and proper with fibers of dimension one over S and the scheme X−X has an affine

neighborhood.

Lemma 3.3. (compare with [17, Theorem 4.3]) Let Ψ be a homotopy invariant K0-

presheaf on Sch/k, k an algebraically closed field, satisfying n · Ψ = 0 for some n with

char k - n. Let S be the Henselization of a smooth scheme over k at a closed point. As-

sume π : X −→ SpecS is a affine smooth curve with a good compactification X and

f, g : SpecS −→ X are two sections of π agreeing at the closed point s of SpecS. Then

f∗ = g∗ : Ψ(X) −→ Ψ(SpecS).

Proof. (see [7, proof of Theorem 4.1]) Let F denote the field of fractions of S, X0 denote

the fiber of X over the point s, and XF denote the fiber of X over the generic point SpecF

of SpecS. Using (2.11), we have a commutative diagram

(3.3.1)

K0(XF / SpecF ) K0(X/ SpecS) K0(X0/ Spec k(s))

C0(XF / SpecF ) C0(X/ SpecS) C0(X0/ Spec k(s)).

The left-most and right-most vertical maps are isomorphisms. Indeed, if C is any smooth

affine curve over a field L, both K0(C/ SpecL) and C0(C/ SpecL) are naturally isomorphic

to the free abelian group on the set of closed points of C.

There is a natural map K0(X/ SpecS) → Hom(Ψ(X),Ψ(SpecS)), induced from the

homomorphism K0(X/ SpecS) → K0(SpecS,X) which arises from the map of schemes

X → SpecS × X. Since Ψ is both homotopy invariant and n-torsion, we get a map

[X/ SpecS] ⊗ Z/n −→ Hom(Ψ(X),Ψ(SpecS)), where [X/ SpecS] denotes

coker

(

K0(X × A1/ SpecS × A1)
ι∗
0
−ι∗

1−→K0(X/ SpecS)

)

.
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If D = f(SpecS) and E = g(SpecS), then the map f ∗−g∗ : Ψ(X) −→ Ψ(S) is induced

by the element γ = [OD] − [OE ] of K0(X/ SpecS). We may regard γ as an element of

[X/S]/n. We need to show γ induces the zero map γ∗ : Ψ(X) −→ Ψ(S). From the diagram

(3.3.1), one derives the commutative diagram

(3.3.2)

[XF / SpecF ]/n

∼=

[X/ SpecS)]/n [X0/ Spec k(s)]/n

∼=

H0(XF/ SpecF )/n H0(X/ SpecS)/n H0(X0/ Spec k(s))/n,

where H0(Y/T ) is defined by taking the group C0(Y/T ) modulo homotopies, as in the

definition of [Y/T ].

In [17, proof of Theorem 4.3], Suslin and Voevodsky establish natural injections

H0(X/ SpecS)/n ↪→ H2
ét(X, j!(µn))

and

H0(X0/ Spec k(s))/n ↪→ H2
ét(X0, (j0)!(µn)),

where j (respectively, j0) is the inclusion of X into X (respectively, X0 into X0), and

µn is the sheaf of nth roots of unity. (The scheme X0 is the fiber of X over the point s

and represents, one can check, a good compactification of X0.) The Proper Base Change

Theorem [12, Corollary 2.6] gives us the natural isomorphism

(3.3.3) H2
ét(X, j!µn) ∼= H2

ét(X0, (j0)!µn),

and thus

H0(X/ SpecS)/n −→ H0(X0/ Spec k(s))/n

is an injection. By assumption, γ is sent to zero under [X/ SpecS]/n −→ [X0/ Spec k(s)]/n,

since f and g agree at the closed point of S. By a simple diagram chase using (3.3.2),
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γ must be sent to zero under the map [X/ SpecS]/n −→ [XF/ SpecF ]/n as well. But

now, since Ψ is a homotopy invariant K0-presheaf, we know Ψ(SpecS) −→ Ψ(SpecF )

is an injection. Actually, this is stated to hold only for smooth local rings essentially of

finite type over field in Lemma 2.1. To extend to rings such as S, one uses a simple limit

argument. That is, if S is the Henselization of Y at y, then

S = lim
−→

(U,u)→(Y,y)

Γ(U,OU ),

where the limit ranges over pointed étale neighborhoods of y. We can just as well write

S = lim
−→

(U,u)→(Y,y)

OU,u.

Each local ring OU,u has the property that Ψ(SpecOU,u) −→ Ψ(SpecFU ) is an injection,

where FU is the field of quotients of OU,u. Further, F is a direct limit of the FU . Hence

Ψ(SpecS) −→ Ψ(SpecF ) is an injection.

Finally, the diagram

Ψ(X)

γ∗

Ψ(XF )

0

Ψ(S) Ψ(SpecF )

commutes; thus, γ∗ must be the zero map, as desired. �

Lemma 3.4. (compare with [17, Theorem 4.4] and the proof of [17, Theorem 4.5])

Let Ψ be a homotopy invariant K0-presheaf defined on Sch/k, for k an algebraically

closed field. Assume n · Ψ = 0 for some positive integer n such that char k - n. Then

Ψ(SpecS) ∼= Ψ(Spec k) when S is the Henselization at a closed point of a smooth scheme

over k. Furthermore, Ψh is equal to the constant h-sheaf associated to Ψ(Spec k).
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Proof. As shown in [17, 4.5], the second claim follows from the first. For granting the

former, define Ψ0 to be the constant presheaf Ψ(Spec k) and define Ψ′ to be the cokernel

of the split monomorphism Ψ0 −→ Ψ. (It is split because k is algebraically closed.) Then

(3.4.1) Ψ′(SpecS) = 0

for S as in the statement of the Lemma. Thus Ψ′
ét = 0 on Sm/k, and so Ψ′

h = 0 by Lemma

3.1. Sheafifying the sequence

0 −→ Ψ0 −→ Ψ −→ Ψ′ −→ 0

in the h-topology establishes the second claim.

To establish the first claim, we proceed as in the proof of [17, Theorem 4.4]. We need to

show Γ(Spec k,Ψ) −→ Γ(SpecS,Ψ) is surjective. The Henselization of a smooth k-scheme

X at a closed point x is given by

lim
−→

(U,u)→(X,x)

Γ(U,OU ),

where the limit ranges over pointed étale neighborhoods of x. As k is algebraically closed,

all of the residue fields involved are isomorphic to k. Locally near x, X is an étale extension

of an affine space. Thus, the Henselization at x and at the corresponding point in affine

space coincide. We may assume, therefore, that S is the Henselization of the origin in An
k .

Call this ring Sn and let the natural map from SpecSn to An be denoted by j.

Notice that

(3.4.2) Ψ(SpecSn) = lim
−→

Ψ(U),
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where the limit ranges over pointed étale neighborhoods of the origin in An
k . (This is either

a definition or a property of the functor Ψ, depending on the context.) As in [17, 4.4],

given any such neighborhood i : U → An, one can find a linear projection p : An −→ An−1,

taking the origin to the origin, so that if U ′ is defined by the cartesian square

U ′ q
U

p ◦ i

SpecSn
p ◦ j

An−1,

then U ′ is an affine curve with good compactification over SpecSn. The structure map

U ′ −→ SpecSn admits two sections f and g, induced by the natural map SpecSn −→ U

and the composite map

SpecSn
p̃

−→ SpecSn−1 −→ SpecSn −→ U

respectively. The map p̃ denotes the map induced by the projection p, and the map

SpecSn−1 −→ SpecSn is induced by the inclusion An−1 ↪→ An.

Since Ψ is homotopy invariant, it suffices to show j∗ : Ψ(An) −→ Ψ(SpecSn) is a sur-

jection. Given an element α of Ψ(SpecSn), there is a sufficiently small étale neighborhood

U as above so that α lies in the image of (q ◦ f)∗ : Ψ(U) −→ Ψ(SpecSn). But now f and

g agree at the closed point of SpecS, and thus by Lemma 3.3 we have f ∗ = g∗. In light of

the definition of g, this shows α belongs to the image of p̃∗ : Ψ(SpecSn−1) −→ Ψ(SpecSn).

Using the commutative diagram

SpecSn
p̃

j

SpecSn−1

An p
An−1

and induction of n, the result now follows since S0 = k. �
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Note 3.5. Results in §10 of [17] show that the constant Zariski sheaf on Sch/k associated

to an abelian group A is actually an h-sheaf. Thus the h-sheaf associated to A is the sheaf

that assigns to a scheme X a direct sum of copies of A, with the number of summands

equal to the number of connected components of X. (See the statement of [17, Theorem

10.2].)

The following lemma provides the connection between the problem at hand and sheaves

in the h-topology.

Lemma 3.6. Let F be a K⊕
0 -presheaf on the category Sch/k, where k is an algebraically

closed field. Let Fh denote the sheafification of F into the h-topology. Then there are

natural isomorphisms

Ext∗h(Fh,Z/n) ∼= Ext∗h(F (∆•
k)h,Z/n) ∼= Ext∗Ab(F (∆•

k),Z/n),

for any positive integer n such that char k - n.

Proof. (borrowing from the proof of [17, Theorem 4.5]) The complex of h-sheaves F (∆•
k)h

is the complex whose dth degree is the h-sheaf associated to the constant presheaf F (∆d).

The isomorphism

(3.7) Ext∗h(F (∆•
k)h,Z/n) ∼= Ext∗Ab(F (∆•

k),Z/n)

is a consequence of the fact that taking sections at Spec k is an exact functor from h-sheaves

on Sch/k to abelian groups which takes injective h-sheaves to injective abelian groups. (It

is necessary for k to be algebraically closed for this to hold.) Thus, if

Z/n
∼
−→I·
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is a resolution of Z/n by injective h-sheaves, we have by universal properties the isomor-

phisms

Homh(F (∆•
k)h, I

·) ∼= Hompresheaves(F (∆•
k), I·) ∼= HomAb (F (∆•

k),Γ(Spec k, I ·)) ,

from which the isomorphism (3.7) follows.

In [17, Corollary 7.3], Suslin and Voevodsky show that the natural map

Fh → F (−× ∆•)h

induces an isomorphism on hyper-Ext groups with finite coefficients for any presheaf F . It

remains to show the natural map F (∆•
k)h → F (−×∆•)h induces isomorphisms on hyper-

Ext groups with coefficients in Z/n. Here, the complex F (∆•
k)h denotes the associated

complex of constant h-sheaves.

Recall that Hq(F (−× ∆•)) is a homotopy invariant K0-presheaf. Let G be any homo-

topy invariant K0-presheaf and let G0 be the constant presheaf G(Spec k). Because k is

algebraically closed, G0 injects into G. Call the cokernel of this injection G̃ and consider

the endomorphism of it given by multiplication by n. The kernel and cokernel of this

endomorphism are homotopy invariant K0-presheaves, killed by n, with no sections over

Spec k. In light of the rigidity property of Lemma 3.4, such presheaves become trivial in

the h-topology. Multiplication by n induces, therefore, an automorphism of G̃h, and as a

result we see Ext∗h(G̃h,Z/n) = 0. By the long exact sequence for Ext-groups, we have

Ext∗Ab(G0,Z/n) ∼= Ext∗h(G0,Z/n) ∼= Ext∗h(Gh,Z/n).

Applying these considerations to Hq(F (−× ∆•)) yields

(3.8) Ext∗Ab (Hq (F (∆•
k)) ,Z/n) ∼= Ext∗h (Hq (F (−× ∆•)h) ,Z/n) .
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As in [17, §7], we now consider the map of spectral sequences from

Extp
Ab (Hq (F (∆•

k)) ,Z/n) =⇒ Extp+q
Ab (F (∆•

k) ,Z/n)

to

Extp
h(Hq(F (−× ∆•)h),Z/n) =⇒ Extp+q

h (F (−× ∆•)h,Z/n).

From (3.8) the maps on the E2-terms of these spectral sequences are isomorphisms, and

hence

Ext∗Ab (F (∆•
k) ,Z/n) ∼= Ext∗h(F (−× ∆•)h,Z/n)

as desired. �

As a special case of this Lemma, consider the map of complexes of abelian groups

K⊕
0 (∆•

k,G
∧t
m ) −→ K0(∆

•
k,G

∧t
m ).

In order to establish isomorphisms on hyper-Ext groups with coefficients in Z/n, it suffices

to establish the isomorphism

Ext∗h(K⊕
0 (−,G∧t

m )h,Z/n) ∼= Ext∗h(K0(−,G
∧t
m )h,Z/n).

We now define a variation on the K-theory of automorphisms. Let M(R,Ut) denote the

full subcategory of M(R,Gt
m) consisting of those objects such that each of the t associated

automorphisms satisfies a completely split monic polynomial with unit constant term.

That is, each automorphism should satisfy a polynomial of the form
∏

(T − αi), where

the αi are units of R. Let P(R,Ut) denote the full subcategory consisting of those objects

for which the associated R-module is projective. Let K ′
0(R,U

t) and K0(R,U
t) denote the
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corresponding Grothendieck groups for these exact categories. We will also consider the

group K⊕
0 (R,Ut) associated to P⊕(R,Ut), the exact category in which only split exact

sequences are declared to be exact. Notice that we can extend these definitions, replacing

R with any scheme X, by considering coherent sheaves onX×Gt
m supported on subschemes

defined by appropriate polynomials in Γ(X,OX)[T1, . . . , Tt].

The relevance of these groups is shown by the following lemma.

Lemma 3.9. The natural maps

K⊕
0 (−,Ut) −→ K⊕

0 (−,Gt
m)

and

K0(−,U
t) −→ K0(−,G

t
m)

induce isomorphisms after sheafification in the h-topology.

Proof. A ring extension defined by any monic polynomial is a covering in the h-topology,

and thus, locally in the h-topology, the characteristic polynomials of a finite set of given au-

tomorphisms split completely. The extra condition placed on the objects in the definitions

of K⊕
0 (−,Ut) and K0(−,U

t) is therefore, locally in the h-topology, a trivial condition. �

Let G(X) be the kernel of the surjection K⊕
0 (X,Ut) −→ K0(X,U

t) and J(X) be the

kernel of the surjection K⊕
0 (X,Gt

m) −→ K0(X,G
t
m). As mentioned in the proof of (3.6),

for any presheaf Ψ, the natural map Ψh −→ Ψ(− × ∆•)h becomes an isomorphism after

applying the functor Ext∗h(−,Z/n) ([17, Corollary 7.3]). In the diagram

( 3.10 )

G(−× ∆•)h K⊕
0 (−× ∆•,Ut)h K0(−× ∆•,Ut)h

J(−× ∆•)h K⊕
0 (−× ∆•,Gt

m)h K0(−× ∆•,Gt
m)h,
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the middle and right-most vertical arrows therefore induce isomorphisms after applying

Ext∗h(−,Z/n). As the rows induce distinguished triangles in the derived category of h-

sheaves, we see that

(3.11) Ext∗h (G(−× ∆•)h,Z/n)
∼=

−→Ext∗h (J(−× ∆•)h,Z/n)

is an isomorphism. We would like to show Exti
h(J(−× ∆•)h,Z/n) is zero for all integers

i, or, equivalently, the analogous statement for the presheaf G.

Lemma 3.12. For any field F , the simplicial abelian group G(∆•
F ) is weakly equivalent

to zero.

Proof. The statement is equivalent to the claim that the map of simplicial abelian groups

K⊕
0 (∆•

F ,U
t) −→ K0(∆

•
F ,U

t)

is a weak equivalence. In fact, both simplicial objects are weakly equivalent to the con-

stant simplicial abelian group Z[(F×)t] which denotes the free abelian group on the t-fold

cartesian product of copies of F×. The map from Z[(F×)t] to each of these complexes

arises by associating to t units α1, . . . , αt of F the object (F∆d;α1, . . . , αt) of P(F∆d,Ut).

We show the map Z[(F×)t] −→ K0(∆
•
F ,U

t) is a weak equivalence by showing the func-

tor K0(−,U
t) is homotopy invariant on regular rings. In fact, this holds for the higher

K-groups as well. To show this, we first establish that objects of M(R,Ut) can be resolved

in finitely many steps by objects of P(R,Ut). (The construction of this resolution was sug-

gested in a different context by Grayson.) Given an object (M ; θ1, . . . , θt) of M(R,Ut),

let fi(Yi) and gi(Yi) be completely split monic polynomials satisfied by θi and θ−1
i respec-

tively. Such polynomials exist because EndR(M) is a finite R-module and R is noetherian.
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Then define hi(Yi) = Y deg gi

i (fi(Yi) + gi(Y
−1
i )) so that hi is a monic polynomial with unit

constant term and hi(θi) = 0. If π : Rn −→ M is any surjection of R-modules, then we

can form the surjection

Rn[Y1, . . . , Yt]/ (h1(Y1), . . . , ht(Yt)) −→M,

by sending v · Y m
i to θm

i (π(v)). Since Rn[Y1, . . . , Yt]/ (h1(Y1), . . . , ht(Yt)) is clearly a free

R-module of finite rank, this represents the first stage in a resolution of (M ; θ1, . . . , θt)

by objects in P(R,Gt
m). Since R is regular, taking the kernel after dimR steps gives the

desired finite resolution. Quillen’s Resolution Theorem [numrefQuillen, Theorem 3] now

applies to show Km(R,Ut) ∼= K ′
m(R,Ut), for all m.

An object in M(R∆d,Ut) may be regarded as a module on the ring

R∆d[Y1, . . . , Yt]/ (f1(Y1), . . . ft(Yt)) ,

for some completely split polynomials fi. The fi are actually polynomials in R[Yi], and

therefore we have the isomorphism

R∆d[Y1, . . . , Yt]/(f1(Y1), . . . ft(Yt)) ∼= (R[Y1, . . . , Yt]/(f1, . . . , ft))∆d.

Using homotopy invariance for the usual K ′-groups, we get

K ′
m(R∆d,Ut) = lim

−→
f1,...,ft

K ′
m

(

(R[Y1, . . . , Yt]/(f1(Y1), . . . ft(Yt)))∆d
)

= lim
−→

f1,...,ft

K ′
m (R[Y1, . . . , Yt]/(f1(Y1), . . . ft(Yt)))

= K ′
m(R,Ut).

While the functor K⊕
0 (−,Ut) is not homotopy invariant, we can establish the desired

weak equivalence by using the following observation. Any automorphism α of a projective
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F∆d-module P satisfying a completely split polynomial admits a unique factorization

α = β+γ such that α, β and γ pairwise commute, β is a semisimple automorphism, and γ

is a nilpotent endomorphism. This amounts to a “Jordan decomposition” for polynomial

rings with automorphisms satisfying completely split polynomials. By “semisimple”, we

mean P admits some direct sum decomposition so that β acts as multiplication by a

scalar on each of the summands. To prove this claim, regard P as a F∆d[T ]-module

with T · x = α(x) for any x ∈ P . Suppose f(T ) is a completely split polynomial with

unit constant term that α satisfies, so that P is an F∆d[T ]/(f(T ))-module. As f factors

completely, we can rewrite this ring as a product of rings

F∆d[T ]/(T − λ1)
m1 × · · · × F∆d[T ]/(T − λl)

ml ,

where the λi are distinct nonzero elements of F . This gives a decomposition of P into

a direct sum of modules M1, . . . ,Ml satisfying (T − λi)
mi ·Mi = 0. This decomposition

translates into a decomposition of (P ;α) since each Mi is naturally a projective F∆d-

module equipped with an automorphism. Now define β to be the automorphism of P given

by multiplication by λi on the summand Mi. Define γ to be α− β. Checking the desired

commutativity conditions is straightforward. Uniqueness follows from the classical Jordan

decomposition for automorphisms of vector spaces by passing to the field of fractions of

F∆d (see [5, I.4]).

In fact, we can generalize this. Given a projective F∆d-module P equipped with t

commuting automorphisms α1, . . . , αt each of which satisfies a completely split polynomial,

each αi admits a unique factorization αi = βi + γi. Moreover, all of the automorphisms

involved commute with one another. This follows from the construction above and the
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corresponding statement for a family of commuting automorphisms of a vector space over

the field of quotients of F∆d [5, I.4]. Every object in P(F∆d,Ut) therefore admits a direct

sum decomposition into objects of the form (P ;λ1 + γ1, . . . , λt + γt), where the λi are

nonzero field elements and the γi are nilpotent endomorphisms.

We are now ready to prove

j : Z[(F×)t] −→ K⊕
0 (F∆•,Ut)

is a weak equivalence. This map is split via a map p given as the composite map

K⊕
0 (F∆•,Ut) −→ K0(F∆•,Ut) ∼= Z[(F×)t].

If (P ;λ1 + γ1, . . . , λt + γt) is an object of P(F∆•, U t) with λi ∈ F× and γi nilpotent,

then under the splitting above, the element [P ;λ1 + γ1, . . . , λt + γt] maps to the element

rk(P )·(λ1, . . . , λt) of Z[(F×)t]. As such objects generate K⊕
0 (F∆d,Ut), the composite map

i ◦ p sends a generator [P ;α1, . . . , αt] to [P ; β1, . . . , βt], where βi is the unique semisimple

part of αi. We must show this map is homotopic to the identity. Define

H : 41
· ×K⊕

0 (F∆•,Ut) −→ K⊕
0 (F∆•,Ut)

by

H(g, [P ;α1, . . . , αt]) = [P ; β1 + g∗(T ) · γ1, . . . , βt + g∗(T ) · γt].

As usual βi + γi is the Jordan decomposition of αi, and T is any element of F∆1 whose

images under the two face maps are 0 and 1. The map H is well-defined because of the

uniqueness properties of the Jordan decomposition. The fact that the description of H on

generators extends to all of K⊕
0 (F∆d,Ut) results from the fact that the only relations in

30



this groups arise from split exact sequences. Clearly, H is a homotopy from the identity

to i ◦ p as desired. �

Observe now that the homology sheaves of the complex J(− × ∆•) are homotopy in-

variant K0-presheaves. If R is the localization of any smooth scheme over k at a point and

F is its field of fractions, then by (2.1)

Hq (J(SpecR× ∆•)) −→ Hq (J(SpecF × ∆•))

is an injection. In light of the diagram

(3.13)

G(SpecR× ∆•) G(SpecF × ∆•)

J(SpecR× ∆•) J(SpecF × ∆•)

and Lemma (3.12) the map G(−× ∆•)Zar −→ J(−× ∆•)Zar of complexes of sheaves on

Sm/k induces the zero map on homology sheaves. Applying Lemma 3.1 to the homology

presheaves of the kernel and the cokernel of the map

G(−× ∆•) −→ J(−× ∆•),

we see that map of complexes

G(−× ∆•)h −→ J(−× ∆•)h

on the site (Sch/k)h induces the zero map on homology sheaves.

Consider the map of convergent spectral sequences from

Extp
h (Hq (G(−× ∆•)h) ,Z/n) =⇒ Extp+q

h (G(−× ∆•
h),Z/n)
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to

Extp
h (Hq (J(−× ∆•)h) ,Z/n) =⇒ Extp+q

h (J(−× ∆•
h),Z/n).

By (3.11) the map

Extp+q
h (G(−× ∆•

h),Z/n) −→ Extp+q
h (J(−× ∆•

h),Z/n)

is an isomorphism. Yet the maps on the E2-terms of the spectral sequences are all zero.

This can only happen if Extp+q
h (J(−× ∆•

h),Z/n) = 0.

Theorem 3.14. For k an algebraically closed field, there is an isomorphism in the derived

category of abelian groups

RHom(K⊕
0 (∆•

k,G
∧t
m ),Z/n) ∼= RHom(K0(∆

•
k,G

∧t
m ),Z/n).

Proof. From the preceding remarks, diagram (3.10) and Lemma 3.6, the map

K⊕
0 (∆•

F ,G
∧t
m ) −→ K0(∆

•
F ,G

∧t
m )

becomes an isomorphism after applying the functor Ext∗Ab(−,Z/n). �

Recall from Theorem 2.13 that there is a quasi-isomorphism of complexes of Zariski

sheaves on (Sm/k)Zar

K0(−× ∆•,G∧t
m )Zar

∼
−→ C0(−× ∆•,G∧t

m ).

By Lemma 3.1 we have therefore a quasi-isomorphism

K0(−× ∆•,G∧t
m )h

∼
−→ C0(−× ∆•,G∧t

m )h
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of complexes of sheaves on (Sch/k)h. Using the preceding results, we therefore have

isomorphisms

Ext∗h(K⊕
0 (−× ∆•,G∧t

m )h,Z/n) ∼= Ext∗h(K0(−× ∆•,G∧t
m )h,Z/n)

∼= Ext∗h(C0(−× ∆•,G∧t
m )h,Z/n).

Let p be the characteristic exponent of k (i.e., p = char k if char k 6= 0 and p = 1 otherwise).

In [17, Theorem 6.7], Suslin and Voevodsky establish the identity

C0(−, X)h ⊗ Z

[

1

p

]

∼= ZhX ⊗ Z

[

1

p

]

,

for any smooth schemeX, where ZhX represents the h-sheaf associated to the representable

sheaf of abelian groups Z[Hom(−, X)]. In particular, we see, using [17, Corollary 7.3] once

again, that there is an isomorphism

Ext∗h(K⊕
0 (−,G∧t

m ),Z/n) ∼= Ext∗h(ZhG∧t
m ,Z/n).

By [17, Corollary 10.10], there is an isomorphism

Ext∗h(ZhG∧t
m ,Z/n) ∼= Ext∗ét(ZétG

∧t
m ,Z/n).

But now, this latter group is easily shown to be the étale cohomology group H∗
ét(G

∧t
m ,Z/n).

Lemma 3.15. For any scheme X, there is a natural isomorphism

Hm
ét(X × G∧t

m ,Z/n) ∼= Hm−t
ét (X,Z/n(−t)),

where Z/n(−t) denotes the Tate twist µ⊗−t
n .

Proof. To clarify the statement of the lemma, for C a cube of schemes, we define Hm
ét(C,F )

to be the iterated kernel of the cube of abelian groups obtained by applying the functor

Hm
ét(−, F ) to the cube C degreewise.
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By induction on t, it suffices to show that

Hm
ét(X � G∧1

m , F ) ∼= Hm−1
ét (X,F (−1))

for any cube of schemes X and locally constant torsion sheaf F such that char k does not

divide the torsion of F . We may further assume X is a scheme. We apply the Gysin exact

sequence to the smooth pair (X × {0}, X × A1) (see [12, Corollary 5.3]). This produces

the long exact sequence

· · · −→ Hi+1
ét (X × A1, F ) −→ Hi+1

ét (X × G1
m, F ) −→ Hi

ét(X × {1}, F (−1))

−→ Hi+2
ét (X × A1, F ) −→ . . . .

By homotopy invariance of étale cohomology [12, Corollary 4.20], the map

Hi+1
ét (X × A1, F ) −→ Hi+1

ét (X × G1
m, F )

is isomorphic to the map

(3.16) Hi+1
ét (X,F ) −→ Hi+1

ét (X × G1
m, F )

induced by X × G1
m −→ X. The map (3.16) is split by the map induced from

X × {1} −→ X × G1
m

and thus the long exact sequence breaks apart to produce isomorphisms

Hi+1
ét (X × G∧1

m , F ) ∼= Hi
ét(X × {1}, F (−1))

as desired. �

Using the Lemma, we conclude

Extm
Ab(K

⊕
0 (∆•

k,G
∧t
m ),Z/n) ∼=

{

Z/n, for m = t

0, otherwise.

Thus, RHomAb

(

K⊕
0 (∆•

k,G
∧t
m ),Z/n

)

∼= Z/n[−t].
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Lemma 3.17. Let A· be a chain complex of abelian groups. Consider the exact functor

Hom(−,Q/Z), which we designate by (−)#. Then in the derived category of abelian groups,

we have

RHom(A·,Z/n)# ∼= (A· ⊗
L Z/n)## ∼= A##

· ⊗L Z/n.

Furthermore, if RHom(A·,Z/n) has finitely generated homology groups, then

A##
· ⊗L Z/n ∼= A· ⊗

L Z/n.

Proof. Notice that Z/n# ∼= Z/n and more generally Z/n[t]# ∼= Z/n[−t]. Using the exact

sequence

0 −→ Z/n −→ Q/Z
n

−→ Q/Z −→ 0,

we obtain the distinguished triangle

RHom(A·,Z/n) −→ A#
·

n
−→ A#

· −→ RHom(A·,Z/n)[1].

Applying (−)# we obtain the distinguished triangle

A##
·

n
−→ A##

· −→ RHom(A·,Z/n)# −→ A##
· [1]

from which the first claim of the lemma follows immediately.

For the second claim, observe that if homology groups of RHom(A·,Z/n) are finitely

generated, then so are the homology groups of RHom(A·,Z/n)#, since all groups are n-

torsion. From the first part of the Lemma, it follows that (A· ⊗
L Z/n)## has finitely

generated homology groups. Let B· be any chain complex of abelian groups such that the

homology groups of B##
· are finitely generated. To finish the proof, it suffices to show

that the natural map B· −→ B##
· is a quasi-isomorphism.
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To see this, notice that Hi(B##
· ) ∼= Hi(B·)

## and so we need only show Hi(B·) −→

Hi(B·)
## is an isomorphism. But for any abelian group C, finitely generated or not, the

map C −→ C## is an injection. Hence, the homology groups of B· are themselves finitely

generated and the result follows since C −→ C## is an isomorphism whenever C is a

finitely generated abelian group. �

Using the Lemma, we obtain the isomorphisms

K⊕
0 (∆•

k,G
∧t
m ) ⊗L Z/n ∼= RHomAb

(

K⊕
0 (∆•

k,G
∧t
m ),Z/n

)# ∼= Z/n[t].

We have therefore established the following theorem.

Theorem 3.18. If k is an algebraically closed field and char k - n, then there is a distin-

guished triangle in the derived category of étale sheaves

Z(t)ét
·n
−→Z(t)ét −→ Z/n(t) −→ Z(t)ét[1],

where

Z(t) = K⊕
0 (−× ∆•

k,G
∧t
m )[−t] = GW⊕(t).

For an interesting application of this Theorem, we may compute the K-groups of an

algebraically closed field k with coefficients in Z/n, char k - n. This computation was

originally carried out by Suslin in [15] and [16].

To perform the calculation, we smash Grayson’s filtration

−→W t −→ · · · −→W 0 = K(k),

which is used to define his spectral sequence (see [8]), with the Moore spectrum Σ∞/n.

Recall Σ∞ is the sphere spectrum and Σ∞/n is the homotopy cofiber of the map of spectra

Σ∞
·n
−→Σ∞.
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The pth homotopy group of K(k) ∧ Σ∞/n is denoted by Kp(k; Z/n). Using the fibration

sequences

W t+1 ∧ Σ∞/n −→W t ∧ Σ∞/n −→W t/W t+1 ∧ Σ∞/n

and the identification

πm

(

W t/W t+1 ∧ Σ∞/n
)

∼= Hm−2tΓ(Spec k,GW⊕(t) ⊗L Z/n),

we construct the convergent third quadrant spectral sequence

Ep,q
2 = Hp−q(Γ(Spec k,GW⊕(−q) ⊗L Z/n)) =⇒ K−p−q(Spec k).

Using the Theorem, we see that this spectral sequence collapses so that

Ep,q
2 =

{

Z/n, if p = q, and

0, otherwise.

The following corollary is an immediate consequence.

Corollary 3.19. For k an algebraically closed field and n an integer such that char k - n,

we have

Km(k; Z/n) =

{

Z/n, if m is even, and

0, otherwise.

As mentioned, this was originally established by Suslin in the early 1980’s. Interestingly,

the proof presented here, while reminiscent of Suslin’s proof in that it uses a “rigidity”

result (namely, Lemma 3.4), does not need to handle the characteristic zero and charac-

teristic p cases separately, nor does it rely on Quillen’s computation of the K-theory of

finite fields [14] and Suslin’s computation of the K-theory of the complex numbers [16].
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