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Abstract : in this note, we show that for a Vandiver prime p Bökstedt’s space

JKZ ∧
p is a retract of KZ ∧

p . This result is used to determine how far from a

split injection the Hurewicz map h : K∗Z−−→H∗(KZ; Z) is, thus producing lower

bounds for the order of the Postnikov invariants of the K-theory space KZ. Under

an extra hypothesis (compatible with the Quillen-Lichtenbaum conjecture for Z),

we give the exact p-primary part of the order of the latter invariants.

Introduction.

D. Quillen defined for n ≥ 1 the higher algebraic K-theory groups of a ring R as the homotopy groups

KnR = πn(BGLR+). In this paper, we will denote by KR the space BGLR+ and, for a space or group X ,

by X ∧
p the p-adic completion of X .

In [3], M. Bökstedt constructed for any prime p a space called JKZ ∧
p , which is the homotopy fibre of the

composite map

BO ∧

p

Ψl
−1

−−→BSpin ∧

p

c
−−→BSU ∧

p

where l is a generator of (Z/p2)∗ if p is odd, l ≡ ±3 mod 8 if p = 2, Ψl is the Adams operation, and where

c is induced by the complexification of vector bundles. He then proved that for p = 2, there exists a map

KZ ∧
2

φ

−−→ JKZ ∧
2 which is a retraction after looping once. The recent calculation (in [11] and [9]) of the

2-primary part of K∗Z implies that the map

φ : KZ ∧

2

'

−−→ JKZ ∧

2

is actually a homotopy equivalence.

The homotopy groups of JKZ ∧
p can easily be computed, and are isomorphic to direct summands of (K∗Z) ∧

p .

If p is a regular prime, the Quillen-Lichtenbaum conjecture asserts that KZ ∧
p and JKZ∧

p have same homotopy

groups (see [5], Corollary 2.3), while if p is irregular, there are p-torsion classes in (K∗Z) ∧
p which do not

appear in the homotopy of JKZ ∧
p . It is not known whether the group-level splitting

(K∗Z) ∧

p
∼= π∗(JKZ ∧

p ) ⊕ . . .
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can be induced by a retraction KZ ∧
p −→ JKZ∧

p or not. The first goal of this paper is to show that this is

the case when p is a Vandiver prime (Proposition 1), that is when p is an odd prime which does not divide

the class number h+(Q(ζp)) of the maximal real subfield of the cyclotomic field Q(ζp). It is a conjecture

by Vandiver that all primes verify this condition, and it is known to be true for p < 125′000 (see [10], page

159). We then use this retraction to determine the Hurewicz map

h : K∗Z −→ H∗(KZ; Z) ∼= H∗(GLZ; Z)

on the elements of infinite order (Borel classes) and on Quillen’s torsion elements in K∗Z, at Vandiver primes

p (see Theorem 3). In Corollaries 4 and 5 we finally apply these calculations to produce lower bounds for

the Postnikov k-invariants of KZ, as well as their exact order at Vandiver primes (under an extra hypothesis

compatible with the Quillen-Lichtenbaum conjecture for Z). Remark 6 states the corresponding results at

the prime number 2.

Statements and proofs.

Proposition 1. If p is a Vandiver prime, then JKZ ∧
p is a retract of KZ ∧

p .

Proof. If p is an odd prime, the space BSU ∧
p splits as a product BSU ∧

p ' BO ∧
p × B(SU/SO) ∧

p , thus

induces a splitting JKZ ∧
p ' (FΨl) ∧

p × (SU/SO) ∧
p , where (FΨl) ∧

p is the p-adic completion of the homotopy

fibre FΨl of Ψl − 1 : BU −−→BU , or equivalently the homotopy fibre of Ψl − 1 : BO ∧
p −−→BO ∧

p (because

of the above choice of l). However, the space FΨl is homotopy equivalent to KFl, and the reduction map

KZ ∧
p −−→KFl

∧
p is a retraction according to [8].

On the other hand, W. Dwyer and S. Mitchell proved in [6], Theorem 9.3 and Example 12.2, that if p is a

Vandiver prime, then U/O ∧
p is a retract of KZ[ 1

p
] ∧p . The space SU/SO ∧

p is the universal cover of U/O ∧
p

and, by the localization exact sequence, KZ ∧
p is the universal cover of KZ[ 1

p
] ∧p . This implies that SU/SO ∧

p

is a retract of KZ ∧
p . The product of the above retractions

KZ ∧

p −−→(FΨl) ∧

p × (SU/SO) ∧

p ' JKZ ∧

p

is then itself a retraction. �

The existence of a retraction KZ ∧
p −−→ JKZ ∧

p at Vandiver primes has of course consequences on the homo-

topy type of KZ. We will use it now to study the Hurewicz map h : K∗Z−−→H∗(KZ; Z) and the order of

the Postnikov k-invariants of KZ. We will need the following lemma:

Lemma 2. Let n be a positive integer.

a) If ε is a generator of the infinite cyclic summand of π4n+1(SU/SO), then the Hurewicz homomorphism

h : π4n+1(SU/SO)−−→H4n+1(SU/SO; Z) sends ε to (2n)!x modulo torsion elements, where x is a

generator of an infinite cyclic summand of H4n+1(SU/SO; Z).

b) The image of the Hurewicz homomorphism h : π4n−1(FΨl) ∼= Z/(l2n − 1)−−→H4n−1(FΨl; Z) is a

subgroup of order l2n
−1

(l2n−1,(2n−1)!) .

Proof. a) It suffices to consider for instance the fibration SU −−→SU/SO−−→BSO and to use Theorem 6

of [4], which gives a description of the Hurewicz map for SU .
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b) Consider the homotopy fibration U −−→FΨl −−→BU . The map U −→ FΨl induces a surjective homomor-

phism on homotopy groups, and the Leray-Serre spectral sequence of this fibration shows that the primitive

exterior generator of degree 4n − 1 of H∗(U ; Z) maps to an element of order (l2n − 1) in H4n−1(FΨl; Z), so

the assertion follows again from Theorem 6 of [4]. �

Let us choose for all n ≥ 1 a generator bn of the infinite cyclic summand of K4n+1Z, thus obtaining a

decomposition K4n+1Z ∼= 〈bn〉 ⊕ Tn where Tn is a finite group. Since h : K4n+1Z−−→H4n+1(KZ; Z) is

injective after rationalization, there exists a generator xn of an infinite cyclic summand of H4n+1(KZ; Z)

and an integer cn > 0 such that h(bn) ≡ cnxn modulo torsion elements.

Theorem 3. Let n be any positive integer. The Hurewicz homomorphism h : K∗Z−−→H∗(KZ; Z) has the

following properties:

a) if p is a Vandiver prime, then vp(cn) = vp((2n)!), where vp is the p-adic valuation;

b) if p is an odd prime, and if (p−1) divides 2n, then K4n−1Z contains a cyclic subgroup of order pvp(2n)+1

(corresponding to π4n−1

(

(FΨl) ∧
p

)

). This subgroup belongs to the kernel of h for any n except for

n = p−1
2 , where it is reduced to Z/p and maps onto a direct summand of order p of H4n−1(KZ; Z).

Proof. a) For any integer k ≥ 1, consider the following commutative diagram

(K∗Z) ⊗ Z/pk

��

h⊗1

�

�

// π∗(KZ; Z/pk)

��

h̄

// // π∗(SU/SO; Z/pk)

��

h̄

// // π∗(SU/SO) ⊗ Z/pk

��

h⊗1

H∗(KZ; Z) ⊗ Z/pk �

�

// H∗(KZ; Z/pk) // // H∗(SU/SO; Z/pk) // // H∗(SU/SO; Z) ⊗ Z/pk

Here π∗(−, Z/pk) and h̄ are the mod pk homotopy groups and Hurewicz maps (see Chapter 3 of [7]). The

map π∗(KZ; Z/pk) // // π∗(SU/SO; Z/pk) appearing in the diagram is the composite homomorphism

π∗(KZ; Z/pk) ∼= π∗(KZ ∧
p ; Z/pk) // // π∗((SU/SO) ∧

p ; Z/pk) ∼= π∗(SU/SO; Z/pk)

where the map in the middle is induced by the retraction KZ ∧
p −−→(SU/SO) ∧

p (see the proof of Proposition

1). The corresponding map in homology is defined similarly. All horizontal homomorphisms in the above

diagram split. Given n ≥ 1, chose k large enough, that is for instance such that k > vp((2n)!) + vp(τ)

where τ is any torsion element in KmZ or Hm(KZ; Z) for m = 4n, 4n + 1. This ensures that the element

bn ⊗ 1 ∈ (K4n+1Z) ⊗ Z/pk maps to an element b̄n ∈ π4n+1(SU/SO) ⊗ Z/pk of order pk, and that xn ⊗ 1 ∈

H4n+1(KZ; Z) ⊗ Z/pk maps to an element x̄n ∈ H4n+1(SU/SO; Z) ⊗ Z/pk of order pk. Lemma 2a) implies

that vp(cn) = vp((2n)!).

b) If p is an odd prime and l chosen as above, the space FΨl splits off KZ after merely localizing at p. Thus

the assertion follows from Lemma 2b), using the formula

vp(l
2n − 1) =

{

0 if (p − 1) 6 | 2n,
vp(2n) + 1 if (p − 1) | 2n. �

Since KZ is an infinite loop space, its Postnikov invariants km+1(KZ) ∈ Hm+1(KZ[m − 1]; KmZ), where

KZ[m − 1] is the (m − 1)th Postnikov section of KZ, are all of finite order (see [1], Corollary 2.5). Let us

call ρm the order of km+1(KZ) in Hm+1(KZ[m − 1]; KmZ).
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Corollary 4. Let n be any positive integer.

a) If p is a Vandiver prime, then vp(ρ4n+1) ≥ vp((2n)!).

b) If p is an odd prime such that (p − 1) divides 2n and p − 1 6= 2n, then vp(ρ4n−1) ≥ vp(n) + 1

Proof. a) Since k4n+2(KZ) is of finite order, there exists a homomorphism θ : H4n+1(KZ; Z)−−→K4n+1Z

such that the composition θ ◦h is multiplication by ρ4n+1 on K4n+1Z (see Proposition 3 of [2]). By Theorem

3a), such a composition is at least multiplication by pvp((2n)!).

b) It is the same argument applied to Theorem 3b). �

Corollary 5. Let p be a Vandiver prime, and suppose K4n+1Z contains no p-torsion. Then

vp(ρ4n+1) = vp((2n)!).

Proof. This is a consequence of Proposition 5 of [2], asserting that if K4n+1Z contains no p-torsion, then

vp(ρ4n+1) ≤ vp((2n)!). �

Notice that Corollary 5 and Theorem 3a) partially prove Conjectures 1 and 2 of [2].

Remark 6. The equivalence KZ ∧
2 ' JKZ∧

2 allows to determine the Hurewicz map on the 2-primary part

of K∗Z (see Table 1 of [11] for a complete description of it):

a) Theorem 3a) holds for p = 2.

b) The 2-torsion subgroup of KmZ belongs to the kernel of the Hurewicz map when m ≥ 16.

It also provides a computation of the 2-primary part of the order of the Postnikov invariants of KZ.
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