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ABSTRACT

For compact groups the Chern characters ch : K∗
G(G)⊗Q→ H∗

DR,G(G;Q) were already
constructed. In this paper we propose the corresponding non-commutative Chern charac-
ters, which are also homomorphisms from quantum K-groups into entire current periodic
cyclic homology groups of group C*-algebras chC∗ : KG

∗ (C∗(G)) → HEG
∗ (C∗(G)). We

obtain also the corresponding algebraic version chalg : K∗(C
∗(G))→ HP∗(C

∗(G)), which
coincides with the Fedosov-Cuntz-Quillen formula for Chern characters.
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1. Introduction

Let G be a compact group, H∗
DR,G(G;Q) the rational de Rham cohomology. It is

classical that the Chern character

ch : K∗
G(G)⊗Q→ H∗

DR,G(G;Q),

is an isomorphism, see [16].There have also been other Chern characters from K-theory to

such (co)homologies as Hochschild and cyclic (co)homologies, etc and theories have played

important role in geometry, index theory etc. More recently, some of the theories e.g.

cyclic cohomology, have been quantized as the so called non-commutative geometry: Since

then, there has been more need to define non-commutative version of Chern characters

that would play in quantum theories similar roles to the ordinary commutative Chern char-

acters in classical theories. The aim of this paper is to construct such non-commutative

Chern characters. In §2 we review some preliminaries on C∗(G) for compact groups G

and KK functors. We also define the periodic cyclic homology HP∗(A) and entire cyclic

homology HE(A) for a general Banach involutive Banach algebra A. In §3, we define a

non-commutative Chern character ch : K∗(A) → HE∗(A) (see 3.1) and show in 3.2 that

when A = C∗(G) for a compact group G, ch is an isomorphism, which can be identified

with the classical Chern character KW
∗ (C(T))→ HEW

∗ (C(T)) that is also an isomorphism

where T is a maximal torus of G with Weyl group W . In §4, we show at first that the peri-

odic cyclic homology HP∗(A) defined in §2 through ideals of A coincides with the periodic

cyclic homology of Cuntz-Quillen [6] when A = C∗(G) for a compact group G. We then go

on to show in 4.5 that the Chern character ch : K∗(C
∗(G))→ HP∗(C

∗(G)) is an isomor-

phism which can be identified with the classical Chern character K∗(C(T))→ HP∗(C(T))

which is also an isomorphism.

2. Preliminaries

2.1. Group C*-Algebras. We introduce in this subsection the definition and the main

properties of C*-algebras of compact groups we need for later use. Let us recall that in

a compact group G there exists a (bi)invariant Haar measure denoted dg. Consider the

involutive Banach algebra of absolutely integrable complex-valued functions on G with

the convolution product

(f ∗ g)(x) :=
∫

G
f(y)g(y−1x)dy,

the involution

f ∗(x) := f(x−1)

and the L1-norm

‖f‖ :=
∫

G
|f(x)|dx.
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This algebra is not regular in the sense that in general

‖ϕ ∗ ψ‖ 6= ‖ϕ‖‖ψ‖.

Let us consider the new regular norm defined by

‖ϕ‖ := sup
π∈Ĝ

‖π(ϕ)‖,

where by definition Ĝ is the dual object of G, i.e. the set of (unitary) equivalence irre-

ducible (unitary) representations of G. The completion of the involutive Banach algebra

L1(G) with respect to this norm is a regular involutive complete Banach algebra with unit

element, which is called the group C*-algebra of G.

The following facts are well known.

1. The dual object Ĝ is not more than denumerable, finte if the group G is finite and

of cardinal N if G is coninuous compact.

2. Every irreducible representation of the compact group G is equivalent to a unitary

one (unitarization) and is finite dimensional, namely of dimension ni, say

3. Every representation of G can be extended to a *-representation of C∗(G) by the

Fourier-Gel’fand tranform

f̂(π) = π(f) :=
∫

G
π(x)f(x)dx.

4. There is one-to-one correspondence between the irreducible representations of G and

the non-degenerate irreducible *-representation of C∗(G).

5. Let us fix a bijection between πn ∈ Ĝ and n ∈ N. Then for each function f ∈ C∗(G),

there exists a constant c = cf such that

‖f̂(n)− cf .Id‖ → 0,

as n→∞.

Let us denote the restricted Cartisean product of matrix algebras Matni
(C) by

′∏∞

i=1
Matni

(C) = {f̂ ; |̂f(n)− cf .Id| → 0, as n→∞}

The main property of the group C*-algebra C∗(G) is the fact that

C∗(G) ∼=
′∏∞

i=1
Matni

(C).

This means also that

C∗(G) = lim−→ IN ,

and that the right-hand side is dense in norm, where

IN :=
∏N

i=1
Matni

(C)

are two-sided closed ideals in C∗(G).
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2.2. KK-groups. We recall in this subsection a brief definition of operator K-functors.

Following G. G. Kasparov, a G-equivariant Fredholm representation of C*-algebra A is

a triple (π1, π2, F ), consisting of *-representations π1, π2 : A → L(HB) and a Fredholm

(adjointable) operator F ∈ F(HB) in the Hilbert C*-module HB over C*-algebra B,

satisfying the relations

π1(a)F − Fπ2(a) ∈ KB,

where KB is the ideal of compact (adjointable) C*-module endomorphisms of HB. The

classes of homotopy invariance and unitary equivalence of Fredholm modules form the

so called Kasparov operator K-group KK(A,B). If G acts on HB, F is G-equivariant

and the action of G commutes with π1, π2. Hence we have the G-equivariant K-group

KKG(A,B). Herewith put A = C∗(G), B = C, where G is a compact group. In this case

we have KG
∗ (C∗(G)) = KKG(C∗(G),C), where K∗(A) is algebraic K-group of A. Note

that

KK0(A,C) ∼= K0(A),

KK1(A,C) ∼= K1(A).

2.3. Entire Homology of Involutive Banach Algebras. Let A be an involutive Ba-

nach algebra. Recall that A. Connes defines HE∗(A) and a pairing

K∗(A)× HE∗(A)→ C.

Also M. Khalkhali [11] proved Morita and homotopy invariance of HE∗(A). We now

define the entire homology HE∗(A) as follows: Given a collection {Iα}α∈Γ of ideals in A,

equipped with a so called adA-invariant trace

τα : Iα → C,

satisfying the properties:

1. τα is a continuous linear functional, normalized as ‖τα‖ = 1,

2. τα is positive in the sense that

τα(a∗a) ≥ 0, ∀α ∈ Γ,

where the map a 7→ a∗ is the involution defining the involutive Banach algebra

structure, i.e. an antihermitian endomorphism such that a∗∗ = a

3. τα is stricly positive in the sense that τα(a∗a) = 0, iff a = 0, for every α ∈ Γ.

4. τα is adA-invariant in the sense that

τ − α(xa) = τα(ax), ∀x ∈ A, ∀a ∈ Iα,

then we have for every α ∈ Γ a scalar product

〈a, b〉α := τα(a∗b)
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and also an inverse system {Iα, τα}α∈Γ. Let Īα be the completion of Iα under the scalar

product above and ˜̄Iα denote Iα with formally adjoined unity element. Define the Cn(Iα)

the set of n+ 1-linear maps ϕ : (˜̄Iα)n+1 → C.

For α ≤ β, we have a well-defined map

Dβ
α : Cn(˜̄Iα)→ Cn(˜̄Iβ),

which makes {Cn(˜̄Iα)} into a direct system. Write Q = lim−→Cn(˜̄Iα). Let Cn(A) :=

Hom(lim−→Cn(˜̄Iα),C).

Let

b, b′ : Cn(˜̄Iα)→ Cn+1(˜̄Iα),

N : Cn(˜̄Iα)→ Cn(˜̄Iα),

λ : Cn(˜̄Iα)→ Cn(˜̄Iα),

S : Cn+1(˜̄Iα)→ Cn(˜̄Iα)

be corresponding adjoint operators.

We now have a bicomplex

C(A) :

(−b′)∗ ↓ b∗ ↓ (−b′)∗ ↓
1− λ∗ N∗ 1− λ∗ N∗

. . . ← C1(A) ← C1(A) ← C1(A) ← . . .

(−b′)∗ ↓ b∗ ↓ (−b′)∗ ↓
1− λ∗ N∗ 1− λ∗ N∗

. . . ← C0(A) ← C0(A) ← C0(A) ← . . .

with b∗ in the even columns and (−b′)∗ in the odd columns. Now we have

Tot(C(A)even) = Tot(C(A)odd) := ⊕n≥0Cn(A),

which is periodic with period two. Hence, we have

∂
⊕n≥0Cn(A) ⇐⇒ ⊕n≥0Cn(A)

∂

where ∂ = dv + dh is the total differential.

Let HP∗(A) be the homology of the total complex (TotC(A)).

Definition 2.1. An even (or odd) chain (fn)n≥0 in C(A) is called entire if the radius of

convergence of the power series
∑

n
n!

[n

2
]!
‖fn‖z

n, z ∈ C is infinite.

Let Ce(A) be the subcomplex of C(A) consisting of entire chains. Then we have a

periodic complex.
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Theorem 2.2.

Tot(Ce(A)even) = Tot(Ce(A)odd) :=
⊕

n≥0

Ce
n(A),

where Ce
n(A) is the entire n-chain. Hence we have

∂⊕
n≥0 C

e
n(A) ⇐⇒

⊕
n≥0C

e
n(A)

∂

3. Non-commutative Chern Characters for Involutive Banach Algebras

Let A be an involutive Banach algebra. In this section, we construct a non-commutative

character

ch : K∗(A)→ HE(A)

and later show that when A = C∗(G), this Chern character reduces up to isomorphism

to classical Chern chracter.

Let A be an involutive Banach algebra with unity.

Theorem 3.1. There exists a Chern character

ch : K∗(A)→ HE∗(A).

Proof. We first recall that there exists a pairing

Kn(A)× Cn(A)→ C

due to A. Connes, see [4]. Hence there exists a map Kn(A)
Cn−→ Hom(Cn(A),C). So,

by 1.1, we have for each α ∈ C, a map Kn(A)
Cα

n−→ Hom(Cn(˜̄Iα),C) and hence a map

Kn(A)
Cn−→ Hom(Cn(˜̄Iα),C). We now show that Cn induces the Chern map

ch : Kn(A)→ HEn(A)

Now let e be an idempotent in Mk(A) for some k ∈ N. It suffies to show that for n

even, if ϕ = ∂ψ, where ϕ ∈ Cn(˜̄Iα) and ψ ∈ Cn+1(˜̄Iα), then

〈e, ϕ〉 =
∞∑

n=1

(−1)n

n!
ϕ(e, e, . . . , e) = 0.

However, this follows from Connes’ results in ([4],Lemma 7).

The proof of the case for n odd would also follow from [4].

Our next result computes the Chern character in 2.1 for A = C∗(G) by reducing it to

the classical case.

Let T be a fixed maximal torus of G with Weyl group W := NG(T)/T.

Theorem 3.2. Then the Chern character

KG
∗ (C∗(G))→ HEG

∗ (C∗(G))
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is an isomorphism, which can be identified with the classical Chern character

KW
∗ (C(T))→ HEW

∗ (C(T))

that is also an isomorphism.

Proof. First observe that we have an isomorphism

KG
∗ (C∗(G)) ∼= K∗

G(G)

since there is a one-one correspondence between non-degenerate C∗(G)-modules and uni-

tary representations of G. Next we have an isomorphism

K∗
G(G) ∼= K∗

W (T)

because unitary representations are defined by their characters (weights).

Furthermore, we have from standard results in topology that

K∗
W (T) ∼= K∗

W (BT).

Also we have an isomorphism

HEG
∗ (C∗(G)) ∼= HEW

∗ (C(T)) ∼= HEW
∗ (C(T)).

Since for any Lie group G, with Lie algebra g Chevalley theorem gives an isomorphism

C[g]G ∼= C[t]W (T) (where C[t] is the algebra of polynomials over t) and hence the G-

equivariant differential forms on G are rquivalent to the W -equivariant differential forms

on T while the G-equivariant vector fields on G are completely defined by the correspond-

ing W -equivariant vector fields on T.

Now consider the commutative diagram

KG
∗ (C∗(G))

η

−−−− −→ KW
∗ (C(T))

| |
| |
↓ chC∗ ↓ ch

HEG
∗ (C∗(G))

δ
−−−− −→ HEW

∗ (C(T))

Since η, δ are isomorphisms and ch is also an isomorphism, we have that chC∗ = δ−1(ch)η

is also an isomorphism.

Remark 3.3. For some classical groups, e. g. SU(n + 1), SO(2n + 1), SU(2n), Sp(n) etc.

the groups

K∗(C
∗(G)) ∼= HE∗(C

∗(G)) ∼= H∗(G) ∼= HP∗(C
∗(G))

are as follows.

(a). For any compact group G, let R[G] be the representation ring. Then the Z/(2)-

graded K∗(G)-algebra K∗(G) = ∧C(β(ρ1), β(ρ2), . . . , β(ρn)), where ρi are the standard

irreducible representations and β : R[G] → K∗(G) is the Bott map. Hence, from [16] we

have

K∗(SU(n + 1)) ∼= ∧C(β(ρ1), . . . , β(ρn)),
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K∗(SO(2n + 1)) ∼= ∧C(β(ρ1), . . . , β(ρn), ε2n+1).

(b). It follows from [17] that the Z/(2)-graded complex cohomology groups are exterior

algebras over C and in particular

H∗(SU(2n)) ∼= ∧C(x3, x5, . . . , x4n−1),

H∗(Sp(n)) ∼= ∧C(x3, x7, . . . , x4n−1),

H∗(SU(2n + 1)) ∼= ∧C(x3, x5, . . . , x4n+1),

H∗(SO(2n + 1)) ∼= ∧C(x3, x7, . . . , x4n−1).

(c). Define a function Φ : N×N×N→ Z by

Φ(n, k, ε) =
k∑

i=1

(−1)i−1

(
n

k − i

)
iq−1.

It then follows from [16], [17] that we have Chern character ch : KSU(n+1)(SU(n + 1)) →

HSU(n+1)(SU(n + 1)) given by

ch(β(ρk)) =
n∑

i=1

(−1)i

i!
Φ(n+ 1, k, i+ 1)x2i+1, ∀k ≥ 1,

ch : K∗
SO(2n+1)(SO(2n + 1))→ H∗

SO(2n+1)(SO(2n + 1)), given by the formula

ch(β(λk)) =
n∑

i=1

(−1)i−12

(2i− 1)!
Φ(2n + 1, k, 2i)x4i−1(∀k = 1, 2, . . . , n− 1)

ch(ε2n+1) =
n∑

i=1

(−1)i−1

2n−1(2i− 1)!

n∑

k=1

Φ(2n+ 1, k, 2i)x4i−1.

4. Algebraic Version of Non-commutative Chern Character

Let G be a compact group, HP∗(C
∗(G)) the periodic cyclic homology introduced in §2.

Since C∗(G) = lim−→N

∏N
i=1 Matni

(C), HP∗(C
∗(G)) coincides with the HP∗(C

∗(G)) defined

by J. Cuntz-D. Quillen [6].

Lemma 4.1. Let {IN}N∈N be the above defined collection of ideals in C∗(G). Then

K∗(C
∗(G)) = lim−→ N∈NK∗(IN) = K∗(C(T)),

where T is the fixed maximal torus of G.

Proof. First note that the algebraic K-theory of C∗-algebras has the stability property

K∗(A⊗Mn(C)) ∼= K∗(C(T)).

Hence,

lim−→K∗(Ini
) ∼= K∗(

∏

w=heighest weight
Cw) ∼= K∗(C(T))

by Pontriyagin duality.
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J. Cuntz and D. Quillen [6] defined the so called X-complexes of C-algebras and then

used some ideas of Fedosov product to define algebraic Chern characters. We now briefly

recall the their definitions. For a (non-commutative) associate C-algebra A, consider

the space of even non-commutative differential forms Ω+(A) ∼= RA, equipped with the

Fedosov product

ω1 ◦ ω2 := ω1ω2 − (−1)|ω1|dω1dω2,

see [6]. Consider also the ideal IA := ⊕k≥1Ω
2k(A). It is easy to see that RA/IA ∼= A

and that RA admits the universal property that any based linear map ρ : A→M can be

uniquely extended to a derivation D : RA→M . The derivations D : RA→M bijectively

correspond to lifting homomorpisms from RA to the semi-direct product RA⊕M , which

also bijectively correspond to linear map ρ̄ : Ā = A/C→M given by

a ∈ Ā 7→ D(ρa).

From the universal property of Ω1(RA), we obtain a bimodule isomorphism

RA⊗ Ā⊗RA ∼= Ω1(RA).

As in [6], let Ω−A = ⊕k≥0Ω
2k+1A. Then we have

Ω−A ∼= RA⊗ Ā ∼= Ω1(RA)# := Ω1(RA)/[(Ω1(RA), RA)].

J. Cuntz and D. Quillen proved

Theorem 4.2. ([6], Theorem1): There exists an isomorphism of Z/(2)-graded complexes

Φ : ΩA = Ω+A⊕ Ω−A ∼= RA⊕ Ω1(RA)#,

such that

Φ : Ω+A ∼= RA,

is defined by

Φ(a0da1 . . . da2n = ρ(a1)ω(a1, a2) . . . ω(a2n−1, a2n),

and

Φ : Ω−A ∼= Ω1(RA)#,

Φ(a0da1 . . . da2n+1) = ρ(a1)ω(a1, a2) . . . ω(a2n−1, a2n)δ(a2n+1).

With respect to this identification, the product in RA is just the Fedosov product on even

differential forms and the differentials on the X-complex

X(RA) : RA ∼= Ω+A→ Ω1(RA)#
∼= Ω−A→ RA

become the operators

β = b− (1 + κ)d : Ω−A→ Ω+A,

δ = −Nκ2b +B : Ω+A→ Ω−A,

where Nκ2 =
∑n−1

j=0 κ
2j, κ(da1 . . . dan) := dan . . . da1.
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Let us denote by IA/RA the ideal of even non-commutative differential forms of order

≥ 2. By the universal property of Ω1

Ω1(RA/IA) = Ω1RA/((IA)Ω1RA+ Ω1RA.(IA) + dIA).

Since Ω1RA = (RA)dRA = dRA.(RA), then Ω1RA(IA) ∼= IAΩ1RA mod [RA,Ω1R].

Ω1(RA/IA)# = Ω1RA/([RA,Ω1RA] + IA.dRA+ dIA).

For IA-adic tower RA/(IA)n+1, we have the complex

X (RA/(IA)n+1) : RA/IAn+1 ← Ω1RA/([RA,Ω1RA] + (IA)n+1dRA+ d(IA)n+1).

Define

X 2n+1(RA, IA) : RA/(IA)n+1 → Ω1RA/([RA,Ω1RA] + (IA)n+1dRA+ d(IA)n+1)

→ RA/(IA)n+1,

X 2n(RA, IA) : RA/((IA)n+1 + [RA, IAn])→ Ω1RA/([RA,Ω1RA] + d(IA)ndRA)

→ RA/((IA)n+1 + [RA, IAn]).

One has

b((IA)ndIA) = [(IA)n, IA] ⊂ (IA)n+1,

d(IA)n+1 ⊂
n∑

j=0

(IA)jd(IA)(IA)n−j ⊂ (IA)ndIA+ [RA,Ω1RA].

and hence

X 1(RA, IA = X(RA, IA),

X 0(RA, IA) = (RA/IA)#.

There is an sequence of maps between complexes

· · · → X(RA/IA)→ X 2n+1(RA, IA)→ X 2n(RA, IA)→ X(RA/IA)→ . . .

We have the inverse limits

X̂(RA, IA) := lim←−X(RA/(IA)n+1) = lim←−X
n(RA, IA).

Remark that

X q = ΩA/F qΩA,

X̂(RA/IA) = Ω̂A.

We quote the second main result of J. Cuntz and D. Quillen ([6], Thm2), namely:

HiX̂ (RA, IA) = HPi(A).

We now apply this machinery to our case. First we have the following.

Lemma 4.3.

lim−→HP∗(IN) ∼= HP∗(C(T)).
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Proof. By similar arguments as in the previous lemma 4.1. More precisely, we have

HP(Ini
) = HP(

∏

w=heighest weight
Cw) ∼= HP(C(T))

by Pontryagin duality.

Now, for each idempotent e ∈ Mn(A) there is an unique element x ∈ Mn(R̂A). Then

the element

ẽ := x + (x−
1

2
)
∑

n≥1

2n(2n− 1)!!

n!
(x− x2n)2n ∈Mn(R̂A)

is a lifting of e to an idempotent matrix in Mn(R̂A). Then the map [e] 7→ tr(ẽ) defines

the map K0 → H0(X(R̂A)) = HP0(A). To an element g ∈ GLn(A) one associates an

element p ∈ GL(R̂A) and to the element g−1 an element q ∈ GLn(R̂A) then put

x = 1− qp, and y = 1− pq.

And finally, to each class [g] ∈ GLn(A) one associates

tr(g−1dg) = tr(1− x)−1d(1− x) = d(tr(log(1− x))) = −tr
∞∑

n=0

xndx ∈ Ω1(A)#.

Then [g]→ tr(g−1dg) defines the map K1(A)→ HH1(A) = H1(X(R̂A)) = HP1(A).

Definition 4.4. Let HP(Ini
) be the periodic cyclic cohomology defined by Cuntz-Quillen.

Then the pairing

Kalg
∗ (C∗(G))×

⋃

N

HP∗(IN)→ C

defines an algebraic non-commutative Chern character

chalg : Kalg
∗ (C∗(G))→ HP∗(C

∗(G)),

which gives us a variant of non-commutative Chern characters with values in HP-groups.

We close this section with an algebraic analogue of theorem 3.2.

Theorem 4.5. Let G be a compact group and T a fixed maximal compact torus of G.

Then in the notations of 4.3, the Chern character

chalg : K∗(C
∗(G))→ HP∗(C

∗(G))

is an isomorphism, which can be identified with the classical Chern character

ch : K∗(C(T))→ HP(C(T))

which is also an isomorphism.

Proof. First note that

K∗(C
∗(G)) ∼= K∗(lim−→

N∏

i=1

Matni
(C)) = lim−→K∗(

N∏

i=1

Matni
(C)) ∼=



12

∼= K∗(
∏

w=heighest weight
Cw) = K∗(C(T)).

Next we have

HP(C∗(G)) ∼= HP∗(lim−→

N∏

i=1

Matni
(C)) = lim−→HP∗(

N∏

i=1

Matni
(C))

∼= HP(
∏

w=heighest weight

Cw) = HP∗(C(T)).

Furthermore, by a result of Cuntz-Quillen for the commutative C-algebra A, we have

a canonical isomorphism from periodic cyclic homology to the Z/(2)-graded de Rham

homology which is an isomorphism when A is smooth. Hence

K∗(C(T)) ∼= HP∗(C(T)).

Now we have a commutative diagram

K∗(C
∗(G))

η

−−−− −→ K∗(C(T))
| |
| |
↓ chC∗ ↓ ch

HP∗(C
∗(G))

δ
−−−− −→ HP∗(C(T))

where η, δ, ch are isomorphisms. Hence, chalg = δ−1(ch)η is an isomorphism.
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