
Cyclic Homology Theories

for Topological Algebras

Michael Puschnigg

1



Introduction

Cyclic homology has been introduced by A. Connes and B. Tsygan more than fifteen
years ago. It is defined on suitable categories of algebras as the homology of a natural
chain complex and is the target of a natural Chern character from topological (or
algebraic) K-Theory. The intention was that cyclic homology should provide (via the
Chern character) a good approximation to K-Theory while (by its very definition)
it should be calculable by methods of homological algebra. One would like to realise
this goal for a large class of algebras including Banach- and C∗-algebras.

In the case of algebras of smooth functions on a manifold cyclic homology or more
precisely the closely related periodic cyclic homology coincides with de Rham coho-
mology of the manifold and the cyclic Chern character coincides with the classical
one. For more general topological algebras, however, ordinary and periodic cyclic ho-
mology provide no good approximation of K-Theory anymore as they do not reflect
the most important functorial properties of K-Theory. The basic features of topo-
logical K-Theory are homotopy invariance, excision and stability. Periodic cyclic
homology is invariant under smooth and polynomial homotopies (Connes) and also
satisfies excision (Cuntz-Quillen). It fails, however, to be continuously homotopy
invariant (the periodic cyclic cohomology of the algebra of continuous functions on
the unit interval equals the space of all Radon measures on the interval and does
not coincide with the homology of a point). The appropriate stability properties
also usually do not hold for periodic cyclic cohomology. For example the periodic
cyclic cohomology of a C∗-algebra vanishes after stabilisation (tensoring with the
algebra of compact operators). Another difficulty originates in the fact that the
cyclic chain complexes associated to topological algebras are complexes of complete
topological vector spaces. Topological vector spaces form only an additive rather
than an abelian category. Therefore many of the usual methods of homological
algebra cannot be applied anymore.

Due to these problems, one was searching for versions of cyclic homology which are
more suitable in the topological context. The attempt to find a Chern character
also in the setting of bivariant operator-K-theory led to the invention of two new
cyclic cohomology theories, the entire cyclic cohomology of Connes and the asymp-
totic cyclic cohomology of Connes-Moscovici. Especially the latter provides a good
approximation of K-Theory on a large class of Banach and C∗-algebras. These the-
ories, however, could not be computed explicitely for infinite dimensional Banach
algebras except in very few cases.
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In this paper we develop in an abstract setup two new kinds of cyclic cohomol-
ogy theories for topological algebras, called cyclic and local cyclic cohomology of
Ind-algebras with supports. They generalise entire respectively asymptotic cyclic
cohomology. Both theories are developed in analogy to the Cuntz-Quillen approach
to cyclic homology.

Both theories satisfy excision with respect to extensions of topological algebras with
bounded linear splitting.

Moreover, the local cyclic cohomology (which generalises the asymptotic cyclic the-
ory) is a continuous homotopy functor and has strong stability properties: Tensoring
with the algebra of compact operators does not change the local cyclic cohomology.

This implies that the Chern character from topological K-theory to local cyclic ho-
mology becomes an isomorphism (after complexification) for a large class of Banach-
or C∗-algebras.

The local cyclic cohomology groups can (in principle) be calculated via a natural
spectral sequence which makes them to some extent accessible to methods of homo-
logical algebra.

This spectral sequence degenerates for algebras satisfying the Grothendieck approx-
imation property, for example nuclear algebras.

In more detail the contents of this paper are as follows:

In chapter one we introduce the notion of a “system of supports” for an algebra or
more general for a formal inductive limit of algebras (an Ind-algebra). A system of
supports for an Ind-algebra is essentially a directed family of (bounded) multiplica-
tively closed subsets of the underlying Ind-algebra. For a Banach algebra there are
two natural systems of supports given by the open unit ball respectively by the fam-
ily of compact multiplicatively closed subsets of the open unit ball. The role of this
notion is to translate the topology of the originally given algebra into combinatorial
data: the system of supports with its order relation.

After this, we introduce the notion of almost multiplicative linear maps and the
universal linear deformation (T A, T S) of an Ind-algebra with supports (A,S). A
linear map f of Ind-algebras is said to be almost multiplicative if not necessarily
the “curvature” elements ωf(a, a

′) := f(aa′) − f(a)f(a′), but a product of a large
number of curvature elements becomes arbitrarily small when measured on the given
supports. Equivalently, f is almost multiplicative if it factorises as f = g ◦ s

A
p
←−
−→

s
A′

g
−→ B

where s is a support preserving linear section in a topologically nilpotent extension

0 −→ N −→ A′
p
−→ A −→ 0

and g is a homomorphism of algebras with supports.
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The forgetful functor from the category of Ind-Fréchet-algebras with supports to
the corresponding category with the same objects and almost multiplicative, linear
maps as morphisms has a left adjoint, given by the universal linear deformation
(T A, T S) of the Ind-algebra with supports (A,S). This universal deformation yields
the universal, linear split, topologically nilpotent extension of (A,S).

The universal linear deformation (T A, T S) plays exactly the same role in the topo-

logical context as the I-adic completion of the tensor algebra T̂A in the algebraic
context. In particular, (T A, T S) is topologically quasifree in the category of Ind-
Fréchet-algebras with supports. For all this see also [?] chapter 5.

Cyclic and local cyclic cohomology of Ind-algebras with supports are introduced in
chapter three. The X-complex [?] of the universal linear deformation is a formal
inductive limit of complexes of complete, locally convex vector spaces. Following
Cuntz-Quillen we define the bivariant cyclic cohomology of a pair (A,B) of Ind-
algebras with supports

HC∗(A,B) := Hom ∗
Ho(IndC)(X•(T A), X•(T B))

as the group of morphisms between the X-complexes of the universal linear defor-
mations in the homotopy category of Ind-complexes of topological vector spaces.
The cyclic cohomology of a Banach algebra equipped with the system of bounded
supports actually equals A.Connes entire cyclic cohomology of the Banach algebra.

The cyclic cohomology of algebras with supports is difficult to compute because it
cannot be predicted from the homology of the individual chain complexes build-
ing up the Ind-complex X∗(T A). To remedy this, we introduce in chapter two a
localisation of the homotopy category of Ind-complexes, the derived Ind-category
D(IndC). It is obtained from the homotopy category of Ind-complexes by annihilat-
ing all Ind-complexes which are isomorphic to a formal inductive limit of contractible
complexes. The local cyclic cohomology of (A,B) then is defined as

HC∗l (A,B) := Hom ∗
D(IndC)(X•(T A), X•(T B))

Almost by definition, there exists a spectral sequence

Epq
2 = R lim

←−

I

p lim
−→

J

Hq(Hom ∗(C(i)
• , D

(j)
• ))

converging to
Epq
∞ = GrpHom p+q

D(IndC)(“ lim
−→

I

”C(i)
• , “ lim

−→

J

”D(j)
• )

which allows to calculate Hom-groups in the derived Ind-category.

By construction, cyclic and local cyclic homology are bifunctors on the category of
Ind-algebras with supports with almost multiplicative linear maps as morphisms.
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It follows that a topological version of Goodwillies theorem holds, i.e. cyclic and local
cyclic cohomology are preserved under topologically nilpotent extensions. Moreover,
there exist exterior and composition products and a Cartan homotopy formula for
smooth and polynomial homotopies.

From this point on we will concentrate on the local cyclic cohomology of admissible
Fréchet-algebras (for example Banach algebras) equipped with the system of sup-
ports generated by the compact subsets of an open unit ball. It has particularly nice
properties, for example it is a continuous homotopy functor. (A comparison of the
corresponding spectral sequences shows that the inclusion C∞([0, 1])↪→C([0, 1]) is a
local cohomology equivalence). Moreover it is functorial under linear asymptotic
morphisms and thus in spirit very close to asymptotic cyclic cohomology.

In chapter four we study the local cyclic cohomology of admissible Fréchet-algebras
which have the approximation property of Grothendieck. For such algebras the big
Ind-complex X•(T A) becomes isomorphic in the derived Ind-category to a countable
formal inductive limit. Therefore the spectral sequence reduces to a short exact lim

←−

1-
sequence.

This is used to show that every n-trace, [?], on a Banach algebra with approximation
property defines a local cyclic cocycle. Thus one can define a homology relation
between n-traces in this case.

Finally, a strong compatibility criterion of local cyclic cohomology with topological
direct limits of approximable Banach algebras is established. It should allow some
explicit calculations of these groups.

The problem of excision for these theories and its calculation in specific examples
will be dealt with in subsequent papers.

It is a pleasure for me to thank Joachim Cuntz and Annette Huber for fruitful
discussions. Moreover Joachim Cuntz gave me the occasion to present the material
of this paper in a series of talks in the Seminar Nichtkommutative Geometrie last
fall in Muenster which helped to clarify ideas a lot. I also want to thank Hildegard
Eissing for her excellent typing. Finally I want to thank my wife Wieke Benjes for
the many hours she spent with typing the text and mastering the computer.

The main results of this paper were presented at the Workshop on the Baum Connes
Conjecture in Muenster 1996 and the Topology Seminar in Oxford 1998.
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Chapter 1

Ind-Algebras with Supports and
their Universal Linear
Deformations

1.1 Formal inductive limits

Let C be a category. The category Ind C of Ind -objects or formal inductive limits
over C is defined as follows.

The objects of Ind C are small directed diagrams over C:

ob Ind C = {“ lim
−→

I

”Ai

∣∣∣ I a partially ordered directed set }

= {Ai, fij : Ai → Aj, i ≤ j ∈ I
∣∣∣ fjk ◦ fij = fik}

The morphisms between two Ind -objects are given by

morInd C(“ lim
−→

I

”Ai, “ lim
−→

J

”Bj) := lim
←−

I

lim
−→

J

morC(Ai, Bj)

where the limits on the right hand side are taken in the category of sets.

1.2 Ind-algebras with supports

1.2.1 Notations and Conventions

• Let Alg (Fr-Alg) be the category of associative, not necessarily unital com-
plex algebras (complex Fréchet-algebras) with (continuous) algebra homomor-
phisms as morphisms.
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• Let Ind -Alg. (Ind -Fr-Alg) be the associated categories of formal inductive
limits.

• If S is a subset of an algebra A, then its multiplicative closure will be denoted
by

S∞ := ∪∞n=1{a
1 . . . an, ai ∈ S}

• The strict convex hull of a subset S ⊂ A is denoted by

Conv S :=
{ ∑

λiai

∣∣∣
∑
|λi| ≤ 1, λi ∈ lC, ai ∈ S

}

• For S, S ′ ⊂ A define a relation by

S ≺ S ′ :⇔ ∃λ ∈ lC such that S ⊂ λS ′

• Let A = “ lim
−→

I

”Ai be an Ind -algebra. For i ∈ I let Si be a family of subsets

of Ai and let S :=
∐
I

Si be its disjoint union. Then S becomes a partially

ordered set by the convention

Si ≤ Sj :⇔

{
i = j and Si ⊂ Sj or

i < j and fij(Si) ≺ Sj

• A weaker transitive ralation, called domination is given by

Si � Sj :⇔ i ≤ j and fij(Si) ≺ Sj

• Let
∑

be the set of families S =
∐
Si of subsets of a fixed Ind -algebra

A = “ lim
−→

I

”Ai as above.

Define a transitive domination relation an
∑

by

S � S ′ :⇔ ∀Si ∈ S ∃S
′
j ∈ S

′ : Si ≺ S ′j

1.2.2 Supports of Ind-Algebras

A basic definition of this paper is the

Definition 1.1 Let A = “ lim
−→

I

”Ai be a formal inductive limit of algebras (Fréchet-

algebras). For i ∈ I let Si be a family of subsets of Ai and let S :=
∐
I

Si be its

disjoint union.

Then S is called a “system of supports” for A if the following conditions are satisfied:
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A0: Si 6= ∅ ∀i ∈ I

A1: The partial ordering of S is directed, i.e. ∀Si, Sj ∈ S ∃ Sk ∈ S such that
Si ≤ Sk, Sj ≤ Sk

A2: The multiplicative closure of S is dominated by S:

S∞ := {S∞, S ∈ S} � S

And in the case of Fréchet-algebras

A3: The elements of Si are bounded subsets of Ai, ∀i ∈ I

Definition 1.2 Let (A,S), (A′,S ′) be Ind-algebras (Ind-Fréchet-algebras) with sup-
ports. Then a homomorphism (linear map) of Ind-algebras with supports is given by
a homomorphism (linear map)

ϕ : A → A′

of Ind-algebras which preserves supports,

i.e. ϕ(S) � S ′

This notion is independent of the chosen representatives (ϕij, i ∈ I, j ∈ J) for ϕ.

Clearly Ind-algebras with supports form a category both under homomorphisms and
under linear maps of Ind-algebras with support.

1.2.3 Convex, saturated and complete systems of supports

Definition 1.3

a) Let (A,S) be an Ind-algebra with supports. Then S is called strictly convex if
it dominates its strictly convex hull:

Conv (S) := {Conv (S), S ∈ S} � S

b) Let (A′,S ′) be an Ind-Fréchet-algebra with supports. Then S ′ is called complete
if it dominates its closure:

S := {S, S ∈ S} � S

Lemma 1.4 The forgetful functors from the category of Ind-algebras with strictly
convex supports (Ind-Fréchet-algebras with complete (strictly convex and complete)
supports) to the corresponding categories of Ind-algebras (Ind-Fréchet-algebras) with
arbitrary supports have left adjoints.
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Proof: The adjoint functors are given by (A,S) → (A,Conv (S)) respectively
(A′,S ′)→ (A′,S ′), (A′,Conv (S ′)). 2

Definition 1.5 Let (A,S) = (“ lim
−→

I

“ Ai,
∐
I

Si) be an Ind-Fréchet-algebra with sup-

ports. Then S is called stratified if

• The sets Si, i ∈ I consist of a single element Si = {Si}, Si ⊂ Ai

• The sets Conv (S∞i ) ⊂ Ai have nonempty interior.

Lemma 1.6 The forgetful functor from the category of Ind-Fréchet-algebras with
stratified supports to the category of Ind-Fréchet-algebras with arbitrary supports
possesses a right adjoint.

Proof: Let (A,S) = (“ lim
−→

I

“Ai,
∐
Si) be an Ind-algebra with supports. For Si ∈ Si

let ASi
be the subalgebra of Ai generated by Si ⊂ Ai. Equip ASi

with the finest
locally convex topology for which S∞i is bounded. Then the family StratA :=(
ASi

)
Si∈S

forms an Ind-algebra over the set S with its natural partial order and

with the system of supports

StratS :=
∐

S

SSi
, SSi

= {Si}

it becomes a stratified Ind-Fréchet-algebra. It is easily verified that this construction
is functorial and provides a right adjoint to the natural forgetful functor. 2

?? and ?? also hold in the corresponding categories of linear support preserving
maps.

Example 1.7

a) Let A be an abstract algebra.
Every multiplicatively closed subset S of A defines a system of supports
S = {S}.

b) The family of multiplicative closures of finite subsets of A defines a system of
supports

S = {S∞
∣∣∣ S ⊂ A finite}

Let A be a Banach algebra with open unit ball U .

c) The family of all bounded subsets of U defines the system of bounded supports
Sb of A.
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d) The family of all compact subsets of U defines the system of compact supports
Sc of A.

e) The family of all nullsequences in U defines a system of supports Sn of A.

Recall the

Definition 1.8 [?] A Fréchet algebra A is called admissible iff there exists an open
neighbourhood U of zero in A such that the multiplicative closure of any compact
subset of U is relatively compact in A.

This is equivalent to the statement that the family of compact subsets of U defines
a system of supports Sc for A. The open set U is called an “open unit ball” for A.
It is by no means unique.

Remark 1.9 [?] The class of admissible Fréchet algebras contains all Banach alge-
bras and derived subalgebras of Banach algebras [?] as well as many Fréchet algebras
which occur as dense, holomorphically closed subalgebras of Banach algebras. They
share a number of properties with Banach algebras: the spectrum of an element of
an admissible Fréchet-algebra is compact and nonempty and holomorphic functional
calculus is valid in admissible Fréchet-algebras.

Example 1.10

f) Let A be an admissible Fréchet-algebra and let U be an open unit ball for A.
The families of compact sets (respectively nullsequences) contained in U define
systems of supports Sc(Sn) for A.

g) Let S respectively S ′ be systems of supports for (the Ind-(Fréchet)-algebras) A

respectively A′. Then S ⊗ S ′ := {S ⊗ S ′
∣∣∣ S ∈ S, S ′ ∈ S ′} where S ⊗ S ′ :=

{a⊗a′
∣∣ a ∈ S, a′ ∈ S ′} is a system of supperts for A⊗B (respectively A⊗πB

in the case of Fréchet-algebras).

1.3 Almost multiplicative maps

The following class of morphisms will play a crucial role throughout the paper. It
is inspired but different from the notion of “asymptotic morphism” introduced by
Connes and Higson [?].
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Definition 1.11 [?] Let f : A → B be a linear map of algebras and let S ⊂ A.
Then the deviation of f from multiplicativity or “curvature” of f is measured on S
by the set

ωf(S) := {f(aa′)− f(a)f(a′)
∣∣∣ a, a′ ∈ S}

Definition 1.12 Let ϕ : (A,S)→ (A′,S ′) be a linear map of Ind-(Fréchet)-algebras
with supports. Then ϕ is called almost multiplicative if

(N · ωϕ(S))∞ � S ′

for all N > 0.

This definition is independent of the choice of representatives (ϕij) for ϕ.

Proposition 1.13 Let f : (A,S) → (B,S ′), g : (B,S ′) → (C,S ′′) be almost mul-
tiplicative, linear maps of Ind-(Fréchet)-algebras with supports. Suppose that S ′′ is
strictly convex (??). Then g ◦ f is almost multiplicative.

Corollary 1.14 The class of Ind-(Fréchet)-algebras with strictly convex supports
forms a category under almost multiplicative, linear maps.

The proof of Proposition ?? follows from a straightforward calculation and the
following combinatorial Lemma.

Lemma 1.15 Let f : A→ B, g : B → C be linear maps of algebras and denote by
ωf , ωg their curvatures.

Let g ◦ f : A→ C be their composition and ωg◦f its curvature.

Then for elements a1, . . . , a2n ∈ S ⊂ A contained in a subset S of A
(ωg◦f)

n(a1, . . . , a2n) can be written as

ωg◦f (a1, a2) . . . ωg◦f (a2n−1, a2n) =
∑

j

g(αj
0)ωg(α

j
1, α

j
2) . . . ωg(α

j
2kj−1, α

j
2kj

)

where each element αj
i is of the form

αi = f(a′0)ωf(a
′
1, a
′
2) . . . ωf(a

′
2li−1, a

′
2li

).

Moreover this presentation is natural i.e. is bifunctorial on the category of pairs of
algebras equipped with a linear map between them and satisfies

• a′0, . . . , a
′
2li
∈ S∞ ∀i, j
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• ]ωf :=
2kj∑
i=0

li ≤ n ∀j

• ]ωg := kj ≤ n ∀j

• ]ωf + ]ωg ≥ n ∀j

• the number ]j of summands is bounded by ]j ≤ 9n

This follows from a simple induction argument by taking powers of the identity

ωg◦f (a, a
′) = g(ωf(a, a

′)) + ωg(f(a), f(a′))

and applying the “Bianchi identity”

ωf (a, a
′) · f(a′′) = ωf(a, a

′a′′)− ωf(aa
′, a′′) + f(a)ω(a′, a′′)

1.3.1 Examples of almost multiplicative linear maps

Example 1.16 Let ft : A →→ B be a linear asymptotic morphism of Banach
algebras (admissible Fréchet-algebras) [?], i.e. (ft),t≥0 is a continuous, bounded
family of bounded, linear maps such that

lim
t→∞

ft(aa
′)− ft(a)ft(a

′) = 0 ∀a, a′ ∈ A

Let f̃ : A→ Cb(lR+, B) be the associated linear map satisfying evalt ◦ f̃ = ft. Then
f induces an almost multiplicative, linear map

f̃ : (A,Sc)→ “ lim
−→

V

“
(
Cb(V, B),Sc

)

where V runs over the neighbourhoods of ∞ ∈ lR+ ordered by inclusion.

The class of almost multiplicative maps is however much larger than the class of
asymptotic morphisms. Whereas the curvature of a linear asymptotic morphism
is arbitrarily small in norm (if the asymptotic morphism is viewed as map of Ind-
algebras as above), almost multiplicativity means that the curvatuve terms are not
necessarily small in norm but generate a topologically nilpotent Ind-subalgebra.
Especially this implies that the spectral radius of the curvature has to be arbitrarily
small.

Consequently, if i : A ↪→ A is an inclusion of admissible Fréchet-algebras with A
dense and holomorphically closed in A, then any family of bounded, linear regular-
isations

ft : A→ A, lim
t→∞

i ◦ ft = IdA, lim
t→∞

ft ◦ i = IdA

is close to be almost multiplicative (although ωf might be large in norm).

For example this is the case in
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Example 1.17 Let [0, 1] ⊂ lR be the unit interval and let νt ∈ C∞([0, 1]×[0, 1]×R+)
be a family of smooth kernels on [0, 1]×[0, 1] approaching the delta-distribution along
the diagonal as t tends to infinity.

Then
C0([0, 1]) −→ “ lim

−→

V

“C∞(V × [0, 1])

f −→ νt ∗ f

is not quite almost multiplicative as it does not preserve supports but for a given
compact subset S ⊂ C([0, 1]) there exists a neighbourhood V of ∞ in lR+∪{∞} such
that for any compact interval V ′ ⊂ V the induced map

ϕ : C0([0, 1])→ C∞([0, 1]× V)→ C∞([0, 1]× V ′)

satisfies

ωϕ(S)∞ ≺ Sc

(
C∞([0, 1]× V ′)

)
.

See [?] Chapter 7.

Example 1.18 Let

(∗) : 0→ (I,S ′)→ (A,S)
π
−→ (B,S ′′)→ 0

be an extension of Ind-(Fréchet)-algebras with supports, i.e. it is an extension in
the underlying additive category of Ind-(Fréchet)-vector spaces, the homomorphism
π preserves supports and I carries the supports induced from (A,S). Suppose that
(I,S ′) is topologically nilpotent,

i.e. (N · S ′)∞ � S ′ for all N > 0.

Then, if S is strictly convex, every linear, support preserving section of π is almost
multiplicative.

1.4 The universal linear deformation of an Ind-

algebra with supports

In the category of abstract algebras the I-adic completion of the tensor algebra over
a given algebra A provides a universal infinitesemal deformation of A. (See [?]). In
this section an analogous construction in the topological context, i.e. in the context
of Ind-algebras with supports, is developed. The universal linear deformation of an
Ind-algebra with supports will be an admissible Ind-Fréchet-algebra with a stratified
system of supports.

Recall the
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Lemma 1.19 [?]
Let A be an algebra and let TA := ⊕∞k=1A

⊗k be the tensor algebra over A. Let
ρ : A → TA be the canonical linear inclusion of A into its tensor algebra and let
π : TA→ A be the canonical surjective algebra homomorphism satisfying π◦ρ = IdA.
The associated extension of algebras

0→ IA→ TA
π
→ A→ 0

is the universal linear split extension of A. The kernel IA is a twosided ideal of TA
and defines an adic filtration of TA. There is a canonical isomorphism of filtered
vector spaces

TA
'
←− ΩevA

between the tensor algebra over A and the module of algebraic differential forms of
even degree over A. It is given explicitely by the formulas

ρ(a0)ω(a1, a2) . . . ω(a2n−1, a2n) ←− a0da1 . . . da2n

ω(a1, a2) . . . ω(a2n−1, a2n) ←− da1 . . . da2n

where ω(a, a′) := ρ(aa′)− ρ(a)ρ(a′) ∈ IA is the curvature of ρ.

Under this isomorphism the I-adic filtration of TA corresponds to the degree (Hodge)-
filtration of ΩevA.

Actually the linear isomorphism above induces isomorphisms of algebras

TA
'
←− (ΩevA, ∗)

GrIA(TA)
'
←− ΩevA

identifying the associated graded algebra of TA with respect to the I-adic filtration
and the algebra of even differential forms respectively the tensor algebra and the
algebra of even differential forms under the Fedosov product

α ∗ β := αβ − dαdβ

The I-adic completion T̂A :=lim
←−

TA/IAn provides then a universal infinitesimal

extension of A.

An analogous construction in the topological context is given by

Definition and Lemma 1.20 Let (A,S) = (“ lim
−→

I

“Ai,
∐

I Si) be an Ind-(Fréchet)-

algebra with supports. Let S ∈ Si. Let AS ⊂ Ai be the subalgebra generated by S ⊂ Ai

and let TAS be its tensor algebra. Let N > 1 be a real number. Then the following
holds:

a) For every m ∈ lN there exists a largest seminorm ‖ ‖SN,m on TAS satisfying
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• ‖ρ(a0)ω(a1, a2) . . . ω(a2n−1, a2n)‖SN,m ≤ (2 + 2n)mN−n∀a0, . . . , a2n ∈ S∞

b) The completion of TAS with respect to the seminorms ‖ ‖SN,m, m ∈ lN is an
admissible Fréchet-algebra TA(S,N). The defining seminorms are not submul-
tiplicative but satisfy

‖xy‖N,m ≤ ‖x‖N,m+1 · ‖y‖N,m

A possible open unit ball for TA(S,N) is given by

U(S,N) := {x ∈ TA(S,N)

∣∣∣ ‖x‖SN,1 < 1}

Proof: It is clear that the seminorms in a) exist. The properties of the completion
TA(S,N) claimed in b) are shown in [?], 5.6 2

Definition and Lemma 1.21 Let (A,S) be an Ind-(Fréchet)-algebra with sup-
ports.

a) Let S ≤ S ′ be elements of S (for the partial ordering see subsection ??.) and
let N < N ′ be real numbers. Then the natural homomorphism TAS → TAS′

extends to a continuous homomorphism of Fréchet-algebras

TA(S,N) −→ TA(S′,N ′)

b) Let S ′ := S × lR+ be equipped with the product ordering.

The family (TA(S,N)

∣∣∣ (S,N) ∈ S ′) of completed tensor algebras forms an

admissible Ind-Fréchet-algebra

T A := “ lim
−→

S′

“TA(S,N)

over the directed set S ′.

c) For (S,N) ∈ S ′ let U(S,N) ⊂ TA(S,N) be the unit ball described in ??. Then the
family

T S := {U(S,N)

∣∣∣ (S,N) ∈ S ′}

defines a strictly convex, complete and stratified system of supports for the
Ind-Fréchet algebra T A. The admissible Ind-Fréchet algebra with supports

(T A, T S)

is called the universal linear deformation of the Ind-(Fréchet)-algebras (A,S).
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Proof: The statements a), b) follow directly from the definitions. The only nonobvi-
ous point in c) is the verification of axiom A 2) for T S, i.e. to show that T S∞ � T S.
To this end note that

U∞(S,N) ⊂ U0 := {y ∈ TA(S,N)

∣∣∣ ‖y‖SN,0 < 1}

by ?? b) and that for N ′ > N the natural homomorphism TA(S,N) → TA(S,N ′)

maps U0 to a bounded subset of the latter Fréchet algebra. 2

The construction of the universal linear deformation is clearly functorial, i.e.

Lemma 1.22 The universal linear deformation defines a functor

(A,S)→ (T A, T S)

from the category of Ind-(Fréchet)-algebras with supports to the category of ad-
missible Ind-Fréchet algebras with strictly convex complete and stratified supports.
The universal linear deformations of the Ind-algebras (A,S), (A,S), (A,Conv S),
(A, StratS) all coincide.

We end this section with a few remarks about the structure of the universal defor-
mation of an admissible Fréchet-algebra.

Lemma 1.23 Let A be an admissible Fréchet-algebra with open unit ball U and let
Sn,Sc be the systems of supports defined by the nullsequences resp. compact sets
contained in U . (??, ??).

a) The universal linear deformation (T A, T Sc) does not depend on the choice of
the open unit ball U .

b) The natural homomorphism (A,Sn) → (A,Sc) covering the identity of A in-
duces an isomorphism of linear deformations

(T A, T Sn)
'
−→ (T A, T Sc)

c) Let the admissible Ind-Fréchet-algebra T A be equipped by the system of sup-
ports Sc given by the family of compact subsets of U(S,N) for(S,N) ∈ S ′. Then
the identity on T A induces on isomorphism of Ind-Fréchet-algebras with sup-
ports

(T A,Sc)
'
−→ (T A, T Sc).

Proof: a) and b) follow from [?] 5.6 and [?] 5.8. c) is equivalent to the asser-
tion that for all (S,N) ∈ Sc one can find (S,N) ≤ (S ′, N ′) such that the natural
homomorphism TA(S,N) → TA(S′,N ′) is compact.
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By [?] 5.8 one may assume that S is a nullsequence in U ∈ A. Choose then a
nullsequence S ′ ⊂ U such that the linear subspaces generated by the nullsequences
S∞ and S ′ are equal and such that the identity map.

A
〈
S∞

〉
−→ A

〈
S ′

〉
is a compact in the corresponding l1-topologies. For N ′ > N

large enough the pair (S ∪ S ′, N ′) will then satisfy the desired conditions. 2

1.4.1 The universal property of the linear deformation

This property is formulated in

Theorem 1.24 The forgetful functor from the category of Ind-Fréchet-algebras with
strictly convex, complete and stratified supports to the category with the same objects
but with almost multiplicative, linear maps as morphisms has a left adjoint. It is
given by the universal linear deformation

Hom almost
mult

(
(A,S), (A′,S ′)

)
∼= Hom Alg

(
(T A, T S), (A′,S ′)

)

The proof of the theorem relies on the following

Lemma 1.25 Let A be an algebra and let S ⊂ A,N > 1. Let f : AS → B be a
linear map of the abstract algebra AS to some Ind-Fréchet-algebra B with strictly
convex, complete supports S ′.

a) Suppose that f(S∞) and
(
Nωf (S

∞)
)∞

are dominated by S ′.

Then the algebra homomorphism

Tf : TAS → B

extends to a homomorphism of Ind-Fréchet-algebras with supports

(TA(K,N), U(K,N))→ (B,S ′)

b) Suppose that Tf : TAS → B extends to a homomorphism of Ind-Fréchet-
algebras with supports

T f : (TA(S,N), U(S,N))→ (B,S ′)

Then the sets f(S∞) and
(
N ′ωf (S

∞)
)∞

are dominated by S ′ for every N ′ <

N .

17



Proof: The definition of the defining seminorms for TA(S,N) implies that under the
assumptions in a) the map Tf extends to a continuous homomorphism TA(S,N) → B.
It preserves supports if S ′ is strictly convex and complete. Part b) follows from the

fact that
(
N ′ωρ(S

∞)
)∞

is dominated by U(S,N) ⊂ TA(S,N). 2

Proof of the theorem:
Let f : (A,S)→ (A′,S ′) be an almost multiplicative, linear map to an Ind-Fréchet-
algebra with strictly convex and complete supports. Let (Si, N) ∈ S × R+. Then
Lemma ?? implies that f : ASi

→ A′ extends to a homomorphism of Ind-Fréchet
algebras with supports

T f : (TA(S,N), U(S,N))→ (A′,S ′)

and these homomorphisms fit together to a homomorphism

T f : (T A, T S)→ (A′,S ′)

This construction defines a map

Hom almost
mult

(
(A,S), (A′,S ′)

)
→ Hom Alg

(
(T A, T S), (A′,S ′)

)

(Up to this point (A,S) may be any abstract Ind-algebra with supports.)

We want to define an inverse of the map above. So let ϕ : (T A, T S) → (A′,S ′) be
a homomorphism. Let Ai ⊃ Si ∈ S. Then the composition

ASi

ρ
−→ TA(Si,N)

ϕ
−→ T A′

provides a densely defined linear map fi : Ai → T A′ and as S is stratified, strictly
convex and complete ϕi extends to a bounded, globally defined linear map on Ai. It
is clear by construction that these maps fit together to a linear, support preserving
map

f : (A,S)→ (A′,S ′).

By Lemma ?? b) it is moreover almost multiplicative. It is clear that these two
constructions are functional and inverse to each other.

The proof has also shown the validity of

Proposition 1.26 Let (A,S) be any abstract Ind-algebra with stratified supports
and let (A′,S ′) be an Ind-Fréchet-algebra with strictly convex and complete supports.
Then the constructions of Theorem ?? yield an isomorphism

Hom almost
mult

(
(A,S), j(A′,S ′)

)
∼= Hom

(
(T A, T S), (A′,S ′)

)

where j is the forgetful functor from Fréchet- to abstract algebras.
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1.4.2 Iterated Universal Deformations

Let (A,S) be an Ind-algebra with supports. The construction of the universal linear
deformation can be iterated and one obtains a sequence of admissible Ind-Fréchet-
algebras with supports

(T A, T S), (T 2A, T 2S) := (T (T A), T (T S)), . . . , (T nA, T nS)

Let ρ : (A,S) → (T A, T S) be the universal, almost multiplicative linear map
corresponding under the adjunction (??) to the identity on T A. Then

T ρ : (T A, T S)→ (T 2A, T 2S)

is a homomorphism of Ind-Fréchet-algebras with supports.

If moreover (A,S) is an Ind-Fréchet-algebra with strictly convex and complete sup-
ports there exists the natural epimorphism π : (T A, T S) → (A,S) adjoint to the
identity of (A,S).

The relations between the iterated universal linear deformations are summarized in
the following Theorem:

Theorem 1.27 Let (A,S) be an Ind-algebra with supports.

a) The family of iterated universal deformations

∆•(A,S) := {∆n(A,S) := (T n+1A, T n+1S), n ∈ lN}

together with the face and degeneracy maps induced by π and T ρ forms a
simplicial admissible Ind-Fréchet-algebra with supports.

b) If (A,S) itself is an Ind-Fréchet-algebra with strictly convex and complete sup-
ports then ∆•(A,S) is augmented by

π : ∆0(A,S) = (T A, T S)→ (A,S)

c) All face and degeneracy maps are smooth homotopy equivalences (??) so that
all iterated linear deformations are smoothly homotopy equivalent. If moreover
the assumptions of b) hold the augmentation map is a homotopy equivalence
in the category of Ind-Fréchet algebras and almost multiplicative linear maps.

Proof: a) and b) follow from the formal properties of the adjunction (??). For c)
it suffices to show that T ρ : (T A, T S) → (T 2A, T 2S) and T π : (T 2A, T 2S) →
(T A, T S) are homotopy inverse to each other. Now T π ◦ T ρ = Id and T ρ ◦ T π
corresponds under the adjunction to the almost multiplicative, linear map ρ◦(ρ◦π) :
(T A, T S) → (T 2A, T 2S). To construct a homotopy between T ρ ◦ T π and the
identity it is sufficient to find an almost multiplicative, linear homotopy between
ρ ◦ (ρ ◦ π) and the identity which is provided by the affine linear homotopy Ft :=
(1− t)ρ ◦ (ρ ◦ π) + t.Id : (T A, T S)→ (T 2A, T 2S). 2
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Chapter 2

Homological Algebra in Categories
of formal inductive Limits

Let A be an additive category. In this section we will associate two types of bi-
variant cohomology groups to formal inductive limits of chain complexes over A.
Both types of cohomology groups will be defined as groups of morphisms in certain
categories of Ind -chain complexes. The first of these categories will be the homo-
topy category of Ind -chain complexes whereas the second will be a localisation of
this homotopy category analogous to the derived category of an abelian category.
Finally we construct a spectral sequence calculating these localised bivariant groups.

2.1 Bivariant and local bivariant cohomology of

formal inductive limits of chain complexes

Let A be an additive category, (i.e. Hom-sets are abelian groups, composition of
morphisms is bilinear and finite direct sums exist). Let C(A) be the category of
ZZ-graded (respectively ZZ/2-graded) chain complexes over A. Let Ind C(A) be the
category of Ind -objects, parametrised by directed sets, over C(A).

Definition 2.1 The homotopy category Ho(Ind C(A)) of (directed) Ind -complexes
over A is the category with the same objects as Ind C(A) and with homotopy classes
of chain maps (of degree k) as morphisms (of degree k):

Mork(“ lim
−→

I

“C(i)
• , “ lim

−→

J

“D(j)
• ) :=

= Hk(Hom ∗(“ lim
−→

I

“C(i)
• , “ lim

−→

J

“D(j)
• ))

= Hk(lim
←−

I

lim
−→

J

Hom ∗(C(i)
• , D

(j)
• ))
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where Hom ∗(C•, D•) :=
∏

l

Hom A(Cl, Dl+∗).

These groups of morphisms are defined as the cohomology groups of a Hom-complex

and are called the bivariant cohomology groups of
(
“ lim
−→

I

“C(i)
• , “ lim

−→

J

“D(j)
•

)
.

The homotopy category of chain complexes over an additive category forms a tri-
angulated category (see [?]). The same holds in the setting of formal inductive
limits:

Lemma 2.2 The homotopy category Ho(Ind C(A)) of Ind -complexes over A is a
triangulated category.

The bivariant cohomology groups defined above are quite difficult to compute. This
is due to the fact that the cohomology groups of the individual Hom-complexes
H∗(Hom •(C

(i)
• , D

(j)
• )) do not determine the bivariant cohomology groups

H∗(lim
←−

I

lim
−→

J

Hom •(C(i)
• , D

(j)
• )) as the inverse limit lim

←−

I

is not an exact functor. To over-

come this difficulty we introduce a localisation of the homotopy category Ho(Ind C(A)),
the derived Ind -category D(IndA) of A.

Lemma 2.3 The class of Ind -complexes which are isomorphic (in Ind C(A)) to for-
mal inductive limits of contractible complexes forms a null systemN in Ho(Ind C(A))
([?]).

Definition 2.4

a) Let D(IndA) be the localisation of Ho
(
Ind C(A)

)
at the Serre subcategory as-

sociated to the null system N of ??, i.e. D(IndA) is obtained from Ho(Ind C(A))
by inverting all chain maps whose mapping cone is isomorphic to a formal
inductive limit of contractible complexes. Then D(IndA) is a triangulated
category called the derived Ind -category of the additive category A.

b) The local bivariant cohomology groups of a pair of (directed) Ind -complexes
over A are defined as their group of morphisms

H∗l

(
“ lim
−→

I

“C(i)
• , “ lim

−→

J

“D(j)
•

)
:= Mor∗D(A)

(
“ lim
−→

I

“C(i)
• , “ lim

−→

J

“D(j)
•

)

in the derived Ind -category.

The rest of this section will be devoted to the construction of a universal chain
complex calculating bivariant local cohomology groups.
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2.2 The canonical resolution of an Ind -complex

Let C• = “ lim
I

“C(i)
• be an Ind -complex over A parametrised by the directed set I

(with differentials of degree -1).

Definition 2.5

a) Let I ′ ⊂ I be a finite subset with largest element i ∈ I ′. There exists a

bicomplex P
(I′)
∗∗ (C•) with underlying vector space

P (I′)
pq (C•) :=

⊕

(i0,... ,ip)

C(ip)
q

where the direct sum is taken over the (finite) set of strings i ≥ i0 > i1 > . . . >
ip of elements of I ′ : i0, . . . , ip ∈ I ′.

The differentials ∂ ′, ∂′′ in this bicomplex are given as follows:

∂′ :=

p∑

k=0

(−1)k∂k, ∂′ : P (I′)
pq (C•)→ P

(I′)
(p−1)q(C•)

where the face maps ∂k, k < p act on the indices (i0, . . . , ip) by deleting the k-

th element of the string and by the identity on the corresponding module C
(ip)
q

whereas ∂p acts on the indices by deleting the last element of the string and

by the structure map of the Ind -complex C
(ip)
q → C

(ip−1)
q on the corresponding

module.

The second differential ∂ ′′ in the bicomplex is given by

∂
′′

:= P
(I′)
pq (C•)→ P

(I′)
p(q−1)(C•)

∂
′′

:= (−1)p · dq

where dq : C
(ip)
q → C

(ip)
q−1 is the boundary map in the complex C

(ip)
• .

b) The total complexes P
(I′)
∗ (C•) associated to the bicomplex P

(I′)
∗∗ (C•) form an

inductive system parametrised by the directed family F of finite subsets of I
which possess a largest element. If I ′ ⊂ I ′′ are two such finite sets the struc-

ture map P
(I′)
∗ (C•) → P

(I′′)
∗ (C•) is given by the natural inclusion identifying

P
(I′)
∗ (C•) with a canonical direct summand (as vector spaces) of P

(I′′)
∗ (C•). The

associated Ind -complex

P∗(C•) := “ lim
−→

F

“P (I′)
∗ (C•)

is called the canonical resolution of C.
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2.2.1 Calculation of local cohomology via the canonical res-

olution

Lemma 2.6 Let C• = “ lim
−→

I

“C(i)
• be an Ind -complex over A and let P∗(C•) be its

canonical resolution.

a) There is a canonical epimorphism p : P∗(C•)→ C∗ of Ind -complexes over A.

b) Ker p is isomorphic to a formal inductive limit of contractible complexes.

c) The projection p is an isomorphism in the derived Ind -category D(IndA).

Proof: Identity first C• with the Ind -complex

C ′• := “ lim
−→

F

“C
′(I′)
• , C

′(I′)
• := C(i)

•

where i is the largest element of the finite set I ′ ⊂ I.

a) Define p
′(I′) : P

(I′)
• (C•)→ C

′(I′)
• as the sum of the structure maps C

(j)
• → C

(i)
•

on P
(I′)
0∗ (C•) =

⊕
j∈I′ C

(j)
• and set p

′(I′) := 0 on P
(I′)
p∗ (C•) for p > 0. Then

p′ := “ lim
−→

F

“p
′(I′) defines a map of Ind -complexes p′ : P∗(C•) → C ′∗. The map

p : P∗(C•) → C∗ obtained by composing p′ with the isomorphism identifying
C• with C ′• is then a chain map of Ind -complexes and the underlying map of
Ind -vector spaces is an epimorphism.

b) Moreover Ker p ' “ lim
−→

F

”Ker p
′(I′). Fix a finite set I ′ ∈ F with largest element

i. Define a linear operator h : P
(I′)
∗ (C•) → P

(I′)
∗+1(C•) by sending a direct

summand C
(ip)
q of P

(I′)
∗ (C•) indexed by the string (i0, . . . , ip) i ≥ i0 > i1 >

. . . > ip, i0, . . . , ip ∈ I ′ to zero if i0 = i respectively mapping it to the direct

summand of P
(I′)
∗+1(C•) indexed by the string (i, i0, . . . , ip) via the identity if

i0 6= i. Then h preserves the subcomplex Ker p
′(I′) of P

(I′)
∗ (C•) and defines a

contracting homotopy of this subcomplex.

Finally c) is a formal consequence of a) and b) as Ker p ' Cone p[−1] in
Ho(Ind C(A)).

2

Lemma 2.7 Let C• be an Ind -complex over A and let D• be isomorphic to a formal
inductive limit of contractible complexes. Then

MorHo(Ind C(A))(P∗(C•), D∗) = 0
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The proof will be postponed until remark ??.

As a consequence of the preceding lemmata we note the

Corollary 2.8 For Ind -complexes C•, C
′

• over A there are isomorphisms

MorD(IndA)(C∗, C
′

∗) ' MorD(IndA)(P∗(C•), C
′

∗)

MorD(IndA)(P∗(C•), C
′

∗) ' MorHo(Ind C(A))(P∗(C•), C
′

∗)

This corollary allows to calculate the group of morphisms between two Ind -complexes
in the derived Ind -category as the homology of a suitable chain complex. One ob-
tains

Theorem 2.9 Let A be an additive category and let
C• = “ lim

−→

I

“C(i)
• , D• = “ lim

−→

J

“D(j)
• be Ind -complexes over A with directed parameter

sets I, J . Then there exists a natural spectral sequence with E2-term

Epq
2 = Rp lim

←−

I

lim
−→

J

Hq(Hom ∗(C(i)
• , D

(j)
• ))

converging to the local bivariant cohomology of (C•, D•)

Epq
∞ = Grp Hp+q

l (C•, D•).

Here Rp lim
←−

denotes the p-th right derived functor of the inverse limit functor lim
←−

.

Proof: By corollary ??.

Hn
l (C•, D•) ∼= Morn

Ho(Ind C(A))(P•(C), D•) =

= Hn(lim
←−

F

lim
−→

J

Hom ∗(P (I′)
• (C•), D

(j)
• ))

= Hn(lim
←−

F

lim
−→

J

Hom ∗(
⊕

p

⊕

i≥i0>...>ip

i,i0,... ,ip∈I′

C(ip)
• [−p], D(j)

• ))

= Hn(lim
←−

F

lim
−→

J

∏

p

∏

i≥i0>...>ip

i,i0,... ,ip∈I′

Hom ∗(C(ip)
• [−p], D(j)

• ))

= Hn(lim
←−

F

∏

p

∏

i≥i0>...>ip

i,i0,...,ip∈I′

lim
−→

J

Hom ∗(C(ip)
• [−p], D(j)

• ))

because direct limits and finite products commute

= Hn(
∏

p

∏

i0>i1>...>ip

lim
−→

J

Hom ∗(C(ip)
• [−p], D(j)

• ))
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Thus H∗l (C•, D•) equals the cohomology of the double complex (C ′pq, p ≥ 0) with

C ′pq =
∏

i0>...>ip

lim
−→J

Hom q(C(ip)
• , D(j)

• )

C ′n =
∏

p

C ′p,n−p

This double complex is located in the right half plane and its cohomology can be
calculated via the spectral sequence coming from the filtration by columns.

For the E1-term one obtains

Epq
1 = Hq(C ′p∗, ∂vert) =

= Hq(
∏

i0>...>ip

lim
−→

J

Hom ∗(C(ip)
• , D(j)

• ), ∂Hom ∗)

=
∏

i0>...>ip

Hq(lim
−→

J

Hom ∗(C(ip)
• , D(j)

• ))

=
∏

i0>...>ip

lim
−→

J

Hq(Hom ∗(C(ip)
• , D(j)

• ))

because J is directed and the direct limit over a directed set is exact.

For the E2-term one finds

Epq
2 = Hp(

∏

i0>...>i∗

lim
−→

J

Hq(Hom •(C(i∗)
• , D(j)

• )), ∂hor)

This latter complex equals however the standard complex calculating the higher
inverse limits of the inverse system (lim

−→

J

Hq(Hom •(C(i)
• , D

(j)
• )), i ∈ I so that one

obtains finally
Epq

2 = Rp lim
←−

I

lim
−→

J

Hq(Hom •(C(i)
• , D

(i)
• ))

2

Remark 2.10 If D• = lim
−→

J

D(j)
• is the formal inductive limit of contractible com-

plexes D
(j)
• , j ∈ J the spectral sequence shows especially that

MorHo(Ind C(A))(P•(C), D•) = 0

for every Ind -complex C• which is the content of Lemma ??.

2.3 An isomorphism criterion

A useful criterion to check whether a given map of Ind -complexes induces an iso-
morphism in the derived Ind -category is given by the
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Proposition 2.11 Let f : “ lim
−→

I

“C(i)
• → “ lim

−→

J

“D(j)
• be a chain map of Ind -complexes

over A.

Suppose that for every chain map fij : C
(i)
• → D

(j)
• representing to restriction of f

to C
(i)
• there exists a diagram of chain maps

C
(i)
• D

(j)
•

C
(i′)
• D

(j′)
•

-
fij

-
fi′j′

@
@

@
@

@
@

@
@

@
@I

ψ

6 6

such that

• the vertical arrows are given by the structure maps of the Ind -complexes C•, D•

• the horizontal maps represent the restrictions of f to C
(i)
• , C

(i′)
•

• the diagram is commutative up to chain homotopy

Then f becomes an isomorphism in the derived Ind -category.

Proof: Let C ′• be any Ind -complex over A and consider the map of Hom-sets

f∗ : MorD(C ′•, C•)→ MorD(C ′•, D•)

induced by f . It suffices to show that f∗ is an isomorphism for every C ′• (Yoneda
lemma).

By naturality f∗ induces a map of the spectral sequences calculating these Hom-
groups and especially a map of the E2-terms

f∗ : Rp lim
←−

I′

lim
−→

I

[C
′(i′)
• , C(i)

• ]q → Rp lim
←−

I′

lim
−→

J

[C
′(i′)
• , D(j)

• ]q

where we write [ , ]q for the group of homotopy classes of chain maps of degree q.
If this map of E2-terms is an isomorphism the same will be true for the E∞-terms
and our claim will hold. So to prove the proposition it suffices to show that

f∗ : lim
−→

I

[−, C(i)
• ]q −→ lim

−→

J

[−, D(j)
• ]q
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is an isomorphism for all q.

This however follows from a simple diagram chase using the diagrams occuring in
the statement of the proposition. 2
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Chapter 3

Cyclic and local cyclic cohomology
of Ind-algebras with supports

Recall the following basic notions from cyclic homology [?]:

• An algebra is called quasifree iff it possesses the lifting property with respect
to nilpotent extensions, i.e. A is quasifree iff every nilpotent extension of A

0→ I → R→ A→ 0

splits as extension of algebras.

• The X-complex of an algebra A is the ZZ/2-graded chain complex

X∗(A) := A
d
−→
←−

b
Ω1A/[Ω1A,A]

• Let Â → A be a presentation of A by an adically complete, quasifree algebra
Â. (i.e. 0 → I → Â → A → 0 is a topologically nilpotent extension and Â is
quasifree). Then X∗(Â) does not depend (up to chain homotopy equivalence)
on the choice of the quasifree resolution and computes the periodic cyclic
homology of A:

HP∗(A) ∼= H∗(X•(Â))

The corresponding notions in the category of Ind-Fréchet-algebras with supports are
given by

Definition 3.1 Consider the category of Ind-algebras with supports respectively the
category of Ind-Fréchet algebras with strictly convex and complete supports.

An Ind-(Fréchet)-algebra (A,S) is called (topologically) quasifree iff every topologi-
cally nilpotent extension (??)

0→ (I,S ′)→ (R,S
′′

)
x
→ (A,S)→ 0
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in the corresponding category which possesses a support preserving linear section
splits as extension of Ind-(Fréchet)-algebras with supports.

Definition 3.2 The X-complex of a complete, locally convex algebra R is the ZZ/2-
graded complex of complete, locally convex vector spaces

X∗(R) : R
d
−→
←−

b
Ω1R / [Ω1R,R]

Here [Ω1R,R] denotes the closure of the commutator subspace of Ω1R ∼= R̃⊗πR. The
differentials b,d of the algebraic X-complex extend to bounded, linear differentials of
the topological X-complex.

The X-complex defines a functor from the category of Ind-Fréchet-algebras to the
category of Ind-complexes over the additive category of complete, locally convex
vector spaces.

Lemma 3.3

a) Let (A,S) be an Ind-algebra with supports. Then its universal linear deforma-
tion (T A, T S) is topologically quasifree.

b) If (A,S) is moreover an Ind-Fréchet-algebra with strictly convex and complete
supports, then

π : (T A, T S)
x
→

ρ

(A,S)

is a topologically quasifree presentation of (A,S).

Proof:

a) Let 0 → (I,S ′) → (R,S
′′

) → (T A, T S) → 0 be a topologically nilpotent

extension of (T A, T S). The composition (A,S)
ρ
−→ (T A, T S)

s
−→ (R,S

′′

) is
an almost multiplicative, linear map by ?? and ??. It corresponds via the ad-
junction formula ?? to a homomorphism of Ind-Fréchet-algebras (T A, T S)→
(R,S

′′

) splitting p.

b) It suffices to show that

0→ (JA, T S ′)→ (T A, T S)→ (A,S)→ 0

is a topologically nilpotent extension.

This follows immediately from the definitions.

2

The cyclic cohomology theories to be studied in this paper are introduced now.
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Definition 3.4 Denote by Ho resp. D the homotopy category of Ind-complexes resp.
the derived Ind-category over the additive category of complete, locally convex vector
spaces.

Let (A,S), (A′,S ′) be Ind-algebras with supports

a) The ZZ/2-graded groups

HC∗((A,S), (A′,S ′)) := Mor∗Ho(X∗(T A, T S), X∗(T A
′, T S ′))

are called the bivariant cyclic cohomology groups of the pair ((A,S), (A′,S ′)).

b) The ZZ/2-graded groups

HC∗l ((A,S), (A′,S ′)) := Mor∗D(X∗(T A, T S), X∗(T A
′, T S ′))

are called the bivariant local cyclic cohomology groups of ((A,S), (A′,S ′)).

c) The cyclic and local cyclic homology and cohomology groups of an Ind-algebra
with supports are defined as

HC∗(A,S) := Mor∗Ho( lC, X∗(T A, T S))

HC l
∗(A,S) := Mor∗D( lC, X∗(T A, T S)).

and
HC∗(A,S) := Mor∗Ho(X∗(T A, T S), lC)

HC∗l (A,S) := Mor∗D(X∗(T A, T S), lC)

3.1 Functorial behaviour of (local) cyclic coho-

mology

3.1.1 Composition Products

Theorem 3.5 There exist natural associative composition products

HC∗((A,S), (B,S ′))⊗HC∗((B,S ′), (C,S
′′

))→ HC∗((A,S), (C,S
′′

))

HC∗(A,S)⊗HC∗((A,S), (B,S
′

))→ HC∗(B,S
′

)

HC∗((A,S), (B,S ′))⊗HC∗(B,S ′)→ HC∗((A,S)

and similar products in local cyclic cohomology.

Proof: All cohomology groups involved are defined as groups of morphisms in
suitable categories. The composition product corresponds then to the composition
of morphisms. This makes also the associativity of the product evident. 2
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Definition 3.6 A bivariant (local) cyclic cohomology class is called HC(l)-invertible
or a (local) cohomology equivalence if it is invertible with respect to the composition
product in the corresponding cohomology theory.

The naturality of the composition product is the content of

Lemma 3.7 Let f : (A,S) → (A′,S ′) be a homomorphism or more general an
almost multiplicative, linear map of Ind -algebras with supports. Then f defines
elements

f∗ ∈ HC
∗((A,S), (A′,S ′)), f∗ ∈ HC

∗
l ((A,S), (A′,S ′)).

The composition product with these elements turns bivariant (local) cyclic cohomol-
ogy into a bifunctor and cyclic and local cyclic (co)homology into a covariant (con-
travariant) functor over the category of Ind -algebras with (strictly convex) supports
and almost multiplicative, linear maps as morphisms.

Lemma 3.8 There is a natural forgetful transformation from cyclic to local cyclic
cohomology

HC∗((A,S), (A′,S ′)) −→ HC∗l ((A,S), (A′,S ′))

HC∗(A,S) −→ HC l
∗(A,S)

HC∗(A′,S ′) −→ HC∗l (A
′,S ′)

which is compatible with composition products.

Proof: This transformation is induced by the “quotient functor” from the homotopy
category Ho to the derived Ind -category D. 2

Lemma 3.9 There are natural equivalences of functors

• HC∗(l)(A,S)
'
−→ HC∗(l)((A,S), lC)

• HC(l)
∗ (A′,S ′)

'
−→ HC∗(l)( lC, (A′,S ′))

• HC∗(A,S)
'
−→ HC l

∗(A,S)

Proof: In the bivariant groups under question the algebra lC is viewed as Banach
algebra and is equipped with the system of supports Sb given by its unit ball. It is
easy to see that ( lC,Sb) is topologically quasifree so that the epimorphism

π : (T lC, T Sb)→ ( lC,Sb)

31



has a multiplicative section ϕ. Every such section satisfies moreover

π ◦ ϕ = Id lC, ϕ ◦ π ∼ Id
T lC

so that T lC and lC become smoothly homotopy equivalent. The Cartan-homotopy
formula [?] implies then that X•(T lC, T Sb) and X•( lC,Sb) = lC are chain homotopy
equivalent which establishes the first two equivalences. (see also [?], 5.15).

The last equivalence follows from the fact that the spectral sequence (??) calculating
HC l

∗(A,S) collapses and identifies this group with HC∗(A,S). 2

Remark 3.10 Being defined as groups of morphisms in a triangulated category
there exist also relative cyclic and relative local cyclic cohomology groups related
to the absolute groups by the usual exact sequences.

3.1.2 Exterior Products

If (A,S), (A′,S ′) are Ind -algebras with supports then their tensor product carries
a natural system S ⊗ S ′ of supports (??). The main result of [?] implies then

Theorem 3.11 Let (A,S), (A′,S ′) be unital Ind -algebras with supports and let (A⊗
A′,S ⊗ S ′) be their tensor product. Then the Ind -complexes

X∗(T A, T S)⊗π X∗(T A
′, T S ′)

'
−→ X∗(T (A⊗A′), T (S ⊗ S ′))

are naturally isomorphic in the homotopy category of Ind -complexes of complete,
locally convex vector spaces.

As a consequence we obtain exterior products on cyclic and local cyclic cohomology
theories

Corollary 3.12

a) There exist exterior products on cyclic cohomology

µ : HC∗(A,S)⊗HC∗(A
′,S ′)→ HC∗(A⊗A′,S ⊗ S ′)

and cyclic homology

ν : HC∗(A,S)⊗HC∗(A
′,S ′)→ HC∗(A⊗A

′,S ⊗ S ′)

as well as on bivariant cyclic cohomology

x : HC∗((A,S), (B, T ))⊗HC∗((A′,S ′), (B′, T ′))

↓

HC∗((A⊗A′,S ⊗ S ′), (B ⊗ B′, T ⊗ T ′))
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b) Similar products exist for local cyclic cohomology. All products are compatible
with the forgetful transformation from cyclic to local cyclic cohomology.

c) All products are associative, compatible with composition products and natural
with respect to unital homomorphisms respectively unital almost multiplicative,
linear maps of the underlying unital Ind -algebras.

For details see [?].

In order to work with the product it is necessary to identify the tensor product of
algebras with supports. An important special case is given by

Lemma 3.13 Let A,B be admissible unital Ind -Fréchet algebras and denote by Sc

the system of supports given by the compact subsets of the open unit balls. (??)

Then the identity on the algebraic tensor products induces an isomorphism

(T (A⊗ B), T (Sc ⊗ Sc)) ' (T (A⊗π B), T Sc).

Proof: This is [?], 8.11. 2

3.2 Homotopy invariance under polynomial and

smooth homotopies

The algebra of polynomials lC and the Fréchet-algebra C∞([0, 1])carry natural sys-
tems of supports St,Sc given by the intersection of any set of polynomials of bounded
degree in lC[t] with the open unit ball U in C0([0, 1]) respectively the family of all
compact subsets of C∞([0, 1]) contained in U .

Definition 3.14

a) Two homomorphisms (almost multiplicative, linear maps) (A,S)
f
−→
−→

g
(A′,S ′)

of abstract Ind-algebras with supports are called polynomially homotopic if they
factorise as

(A,S)
F
−→ (A′ ⊗ lC[t],S ′ ⊗ St)

e0−→
−→

e1

(A′,S ′)

e0 ◦ F = f, e1 ◦ F = g

33



b) Similarly two homomorphisms (almost multiplicative linear maps)

(A,S)
f
−→
−→

g
(A′,S ′) of Ind-Fréchet-algebras with strictly convex and complete

supports are smoothly homotopic if they factorise as

(A,S)
F
−→ (A′ ⊗π C∞([0, 1]),Conv (S ′ ⊗ Sc))

e0−→
−→

e1

(A′,S ′)

e0 ◦ F = f, e1 ◦ F = g.

Here e0, e1 denotes the evaluation at 0 respectively 1.

Theorem 3.15 Let f, g : (A,S) −→ (A′,S ′) be two polynomially or smoothly ho-
motopic, almost multiplicative linear maps as described in ??.
Then [f∗] = [g∗] ∈ HC0((A,S), (A′,S ′))

Proof: We treat the case of polynomial homotopies, the other case being similar.
Let F be a homotopy connecting f and g. Define an almost multiplicative, linear
map by the composition

(A,S)
F
−→ (A′ ⊗ lC[t],S ′ ⊗ S ′t)

ρ⊗id
−→ (T A′ ⊗π C

∞([0, 1]), Conv (T S ′ ⊗ Sc)) which
defines a smooth homotopy between e0 ◦ F ′ = T f and e1 ◦ F ′ = T g.

The universal linear deformation (T A, T S) being topologically quasifree, one may
apply the Cartan homotopy formula of Cuntz-Quillen [?], which shows that the
induced maps of X-complexes X∗(T f) = f∗ and X∗(T g) = g∗ are chain homotopic.

2

Corollary 3.16 The iterated universal deformations
(T A, T S), (T 2A, T 2S), ...., (T nA, T nS) of an Ind-algebra with supports are all co-
homology equivalent to (A,S).

3.3 Local cyclic cohomology of admissible Fréchet-

algebras

The most important class of algebras studied in this paper is the class of admissible
Ind-Fréchet-algebras with the system of supports given by the compact subsets of the
open unit balls. The local cyclic cohomology of these algebras has strong functorial
properties, the most noteworthy being its invariance under continuous homotopies
which distinguishes it from the other cyclic theories. First we recall the
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Definition 3.17

a) An Ind-Fréchet-algebraA = “ lim
−→

I

”Ai is called admissible if there exist nonempty

open balls U ⊂ Ai ∀i ∈ I such that the families Si of compact subsets of
Ui, i ∈ I define a system of supports Sc for A.

b) The local cyclic cohomology of admissible Ind-algebras A,B is defined as

HC∗lc(A,B) := HC∗l ((A,Sc), (B,Sc)).

Theorem 3.18 (Continuous homotopy invariance) Let A be an admissible Ind-
Fréchet-algebra and let e0, e1 : C([0, 1],A)→ A

be the evaluation maps at 0 and 1.

Then
[e0]∗ = [e1]∗ ∈ HC

0
lc((C[0, 1],A),A)

Proof: According to theorem ?? it suffices to show that the natural inclusion
C∞([0, 1]) ⊗π A ∼= C∞([0, 1],A)↪→C0([0, 1],A) is a local cohomology equivalence.
We will verify the isomorphism criterion ?? in the derived Ind-category for the map
of Ind-complexes

X∗(T (C∞[0, 1],A), T Sc)→ X∗(T (C0([0, 1],A)), T Sc).

So let Si ⊂ C0([0, 1], Ai) be a compact subset of a unit ball Ui ⊂ Ai and fix N >> 0.
Let νt ∈ C∞([0, 1] × [0, 1]) be a family of smooth kernels approaching the delta
distribution along the diagonal. For sufficiently large t convolution with νt maps
S∞i to a compact subset S ′ of C∞([0, 1], Ai) and is pointwise (and thus uniformly as
S∞i is relatively compact) close to the identity on S∞i .

Especially this convolution operator is close enough to be multiplicative to induce
a continuous homomorphism

TC0([0, 1], A)(Si,N) → TC∞([0, 1], Ai)(S′,N ′). The corresponding map Ψ ofX-complexes
fits into a diagram

X∗(TC
∞([0, 1], Ai)(S0,N0)) X∗(TC

0([0, 1], Ai)(S,N))

X∗(TC
∞([0, 1], Ai)(S′,N ′)) X∗(TC

0([0, 1], Ai)(S′′,N ′′))

-

-

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
QQk

ψ

6 6
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and if (S ′;N ′) and (S ′′, N ′′) are taken large enough the underlying diagram of alge-
bras commutes up to smooth homotopy so that the actual diagram of X-complexes
commutes also up to homotopy by the Cartan-homotopy formula.

In the same spirit one obtains

Theorem 3.19 Let (A, αt) be an admissible Fréchet-algebra with a continuous one
parameter group of isometric automorphisms (αt)t∈lR. Then the inclusion A↪→A of
the dense subalgebra of elements which are smooth with respect to the action of (αt)
is a local cyclic cohomology equivalence.

For more examples see [?], Chapter 7.

Theorem 3.20 (Functoriality under linear asymptotic morphisms)
Let ft : A −→ B, t > 0 be a linear asymptotic morphism of admissible Fréchet-
algebras [?]. Then f induces a natural element f∗ ∈ HC0

lc(A,B) depending only
on the continuous homotopy class of f . Moreover (g ◦ f)∗ = g∗ ◦ f∗ under the
composition product. Consequently local cyclic cohomology of admissible Fréchet-
algebras is functorial under linear asymptotic morphisms.

Proof: Let ft : A −→ B, t ≥ 0 be a linear asymptotic morphism [?] of admissi-
ble Fréchet-algebras. One may suppose that ft depends smoothly on the param-
eter t. The local cyclic cohomology equals the cohomology of the Hom-complex.
lim
←−

F

lim
−→

Sc

Hom ∗(P•(X•(T A, T Sc)), X•(T B, T Sc)).

We will construct directly a cocycle in this complex whose cohomology class f∗ will
be independent of the choices involved. For each S ∈ Sc(A), N >> 0 choose t large
enough so that for t′ ≥ t ft′ : AS → B extends to a homomorphism TA(S,N) →
(T B, T Sc). Then X0(Tft

) : X∗(TA(S,N)) → X∗(T B, T Sc) is a well defined chain
map. These chain maps are not compatible to yield maps of Ind-complexes but are
rather compatible (for different (S,N), (S ′, N ′)) by canonical primary and higher
homotopies because t was chosen inside a contractible parameter space (a suitable
subset [t0,∞[ of lR). These higher homotopies are precisely the data needed to
obtain a cocycle in the Hom-complex under consideration. 2

3.4 Comparison with other cyclic homology the-

ories

We want to identify cyclic and local cyclic cohomology of algebras with supports
in some cases with theories already known in the literature. Recall that a Banach
algebra carries the system of bounded supports given by its open unit ball.
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Proposition 3.21 Let A be a Banach algebra. Then its cyclic cohomology with
bounded supports equals Alain Connes entire cyclic cohomology:

HC∗ε (A) ∼= HC∗(A,Sb)

Proof: Follows from [?], 5.27. 2

Lemma 3.22 The cyclic cohomology of admissible Fréchet-algebras with compact
supports Sc equals its analytic cyclic cohomology ([?] chapter 5).

HC∗anal(A,B) ∼= HC∗((A,Sc), (B,Sc))

.

Proposition 3.23 There exists a canonical natural transformation

HC∗α → HC∗lc

from bivariant asymptotic cyclic cohomology [?],[?] to bivariant local cyclic coho-
mology of admissible Fréchet-algebras.

Proof: In terms of this paper bivariant asymptotic cyclic cohomology is defined
as follows: Let A,B be admissible Fréchet-algebras and let (T A, T S c), (T B, T Sc)
be their universal, linear deformations. Consider X•(ΩT A) as Ind-complex of DG-
modules where ΩT A denotes the universal, differential graded algebra over T A. If
V ⊂ lRn is a neighbourhood of ∞, denote by E(V) the differential graded algebra of
differential forms over V and letX•(ΩT B)⊗̂shE(V) be the sheafification of the graded
tensor product X•(ΩT B)⊗̂E(V). It is a complex of DG-modules. The asymptotic
cyclic cohomology groups of (A,B) are then defined as

HC∗α(A,B) := Hom Ho(DG−mod)(X•(ΩT A), “ lim
−→

V

”X•(ΩT B)⊗̂shE(V))

whereHo (DG-mod) is the homotopy category of Ind-complexes of DG-modules. Let
D(DG) be the localisation of this homotopy category with respect to the null system
given by Ind-complexes of DG-modules which are isomorphic to formal inductive
limits of contractible complexes of DG-modules. Then there are natural maps

HC∗α(A,B) = Hom Ho(DG)(X•(ΩT A), “ lim
−→

V

”X•(ΩT B)⊗̂shE(V))

→ Hom D(DG)(X•(ΩT A), “ lim
−→

V

”X•(ΩT B)⊗̂shE(V))

∼= Hom D(DG)(X•(ΩT A), X•(ΩT B)) by [?], 6.9
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∼= Hom D(DG)(X•(T A), X•(T B)) by [?], 4.14

∼= Hom D(X•(T A), X•(T B)) = HC∗lc(A,B)

where D denotes the derived Ind-category of Ind-complexes of complete, locally
convex vector spaces. It is clear that this map defines a natural transformation.
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Chapter 4

Algebras with approximation
property and their local cyclic
cohomology

Cyclic homology theories are usually defined on rather large classes of algebras but
tend to be well behaved only on algebras of a special type. Examples are continuous
and entire cyclic cohomology which are defined for Banach- or more general m-
algebras but usually turn out to be manageable only for nuclear Fréchet-algebras.
Similarly, local cyclic cohomology of admissible Fréchet-algebras turns out to be
especially well behaved on a specific class of algebras, namely those possessing the
Grothendieck approximation property.

Definition 4.1 (Grothendieck approximation property) Let E be a Fréchet
space. Then E has the Grothendieck approximation property if the finite rank opera-
tors are dense L(E) with respect to the topology of uniform convergence on compacta.
Thus E possesses the approximation property iff for every seminorm ‖ ‖ on E, for
every ε > 0 and every compact set K ⊂ E there exists a bounded linear selfmap
φ ∈ L(E) of finite rank such that supx∈K‖φ(x)− x‖ < ε.

Examples of Fréchet-algebras whose underlying topological vector space has the
approximation property

• nuclear Fréchet-algebras

• nuclear C∗-algebras

• lp-spaces

• separable, symmetrically normed operator ideals

• the reduced group C∗-algebra of a finitely generated free group.

39



The algebra of all bounded operators on a Hilbert space, on the contrary, does not
have the approximation property.

The technical main result of this section which makes the local cyclic cohomology
of algebras with approximation property to some extent accessible is the

Theorem 4.2 (Approximation Theorem) Let A be a separable admissible Fréchet-
algebra with convex open unit ball U . Let 0 ⊂ V0 ⊂ V1 ⊂ ... ⊂ Vn ⊂ ... be an
increasing sequence of finite dimensional subspaces of A such that

⋃∞
i=0 Vi is dense

in A. For n ∈ lN let Kn be the closure of Vn ∩ ( n
n+1

)U . Kn is then a compact subset
of U . Let

i : “ lim
−→
n

”(TA(Kn,n),U(Kn,n)) → (T A, T Sc) be the canonical inclusion. Suppose that

A possesses the Grothendieck approximation property. Then the induced map of
Ind-complexes

“ lim
−→
n

”X∗(TA(Kn,n))→ X∗(T A, T Sc)

is an isomorphism in the derived Ind-category D.

Corollary 4.3 Under the hypothesis of ?? the spectral sequence calculating local
cyclic cohomology reduces to

0→ lim
←−
n

1H∗−1(Hom (X•(TA(Kn,n)), X•(T B)))→

→ HC∗lc(A,B)→ lim
←−
n

H∗(Hom (X•(TA(Kn,n)), X•(T B)))→ 0.

This exact sequence sometimes provides a tool for calculating local cyclic cohomol-
ogy of admissible Fréchet-algebras.

Proof of Theorem ??:

We want to apply the isomorphism criterion ?? to the inclusion

“ lim
−→
n

”X∗(TA(Kn,n))→ X∗(T A, T Sc)

So let K ⊂ U be a compact subset of the unit ball of A and let N >> 0. As A
possesses the Grothendieck approximation property there exists a finite rank selfmap
φ of A which is very close to the identity on the (relatively compact) multiplicative
closure K∞ of K and whose image is contained in the dense subspace

⋃∞
n=0 Vn of

A. Especially φ(A) ⊂ Vm for some m >> 0. Being very close to the identity the
map φ is close to be multiplicative on K∞ and induces therefore a homomorphisms
Tφ : TA(K,N) → TA(Km,m) for m >> 0 large enough. For every homomorphism
TA(Kn,n) → TA(K,N) representing the inclusion TA(K,N) → (T A, T Sc) one obtains
in this manner a diagram of algebras
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TA(Kn,n) TA(K,N)

TA(Km,m) TA(K′,N ′)

-

-

@
@

@
@

@
@

@
@

@
@I

Tφ

6 6

which commutes up to canonical smooth homotopy. Taking X-complexes and apply-
ing the Cartan homotopy formula yields the diagrams asked for in the isomorphism
criterion. 2

As a consequence of the approximation theorem we note the

Theorem 4.4 (Derivation Lemma (See also [?])) Let A be a separable, admis-
sible Fréchet-algebra possessing the approximation property. Let δ : A → A be a
densely defined, unbounded derivation. Suppose that ∩∞j=1dom(δj) is dense in A and
denote by A the closure of this common domain in the Ck-semi-norms with respect to
δ, k ∈ lN. Then the natural inclusion A↪→A is a local cyclic cohomology equivalence.

Proof: Let U be an open unit ball for A. Then A ∩ U is an open unit ball for
A so that A is an admissible Fréchet-algebra, too ([?],7.4). As A is separable and
A ⊂ A is dense, there exists an increasing sequence 0 = V0 ⊂ ... ⊂ Vn ⊂ ... of
finite dimensional subspaces of A such that

⋃∞
n=0 Vn is dense in A. Let 0 ⊂ K1 ⊂

.. ⊂ Kn ⊂ .. be the associated compacta as in Theorem ?? and consider the natural
maps of Ind-complexes

“ lim
−→
n

”X•(TA(Kn,n))
i
−→ X•(T A, T Sc)

j
−→ X•(T A, T Sc)

The approximation theorem implies that j ◦ i is an isomorphism in the derived Ind-
category D. The proof of the approximation theorem applies however also to the
inclusion i (with splitting chain maps X•(Tφ) ◦ j in the notations of the proof of
??). (This is because the unit ball of A is just the intersection of A with the open
unit ball of A.) Thus i and therefore also j : X∗(T A, T Sc) → X∗(T A, T Sc) is an
isomorphism in the derived Ind-category D. The conclusion of the theorem follows.

2

The same holds for the inclusion of the common dense domain of a countable number
of unbounded derivations.
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4.1 n-traces, entire traces and local cyclic coho-

mology

In his monumental paper [?] Alain Connes introduced a special type of densely
defined, unbounded cyclic cocycles on Banach algebras, called n-traces. Every n-
trace defines an additive functional on the K-theory of the underlying algebra, which
is a sensitive tool to detect nontrivial elements inK-groups. In [?] it is asked whether
n-traces can be viewed as cocycles in a suitable chain complex and especially to define
when two n-traces are cohomologous. Here we give a partial answer for algebras with
approximation property. This was inspired by a remark of Alain Connes.

First we recall the

Definition 4.5 Let A be a Banach algebra.

a) (A. Connes)
An n-trace on A is a (n+1)-linear functional τ on a dense subalgebra A of A
such that

i) τ is a cyclic cocycle on A

ii) For any a1, .., an ∈ A there exists C <∞ such that
|τ((x1da1)(x2da2)...(xndan))| ≤ C‖x1‖A...‖x

n‖A∀xi ∈ A.

More general

b) An entire trace τk, k ∈ ZZ/2 on A is a linear functional τk = Π∞n=0φ2n+k of
degree k on the (b, B)-bicomplex CC∗(A) of a dense subalgebra A satisfying

i) τk is a k-cocycle

ii) For every finite subset S ⊂ A there exist constants Cn(S) such that

|φn((x
1da1)(x2da2)...(xndan))| ≤ Cn(S)(

n

2
)!‖x1‖A...‖x

n‖A

for all x1, ..xn ∈ A, a1, ...an ∈ S

iii)

lim
n−→∞

Cn(S)
1
n = 0

.

Now our result is
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Theorem 4.6 Let A be a separable Banach algebra with approximation property.
Then every entire trace τn on A defines a local cyclic cohomology class

[τn] ∈ HCn
lc(A)

Proof: Denote by A the dense domain of definition of τ and let 0 ⊂ V1 ⊂ V2 ⊂ ... ⊂
Vm ⊂ .. be a chain of finite dimensional subspaces of A whose union is dense in A.
Let Km as in the proof of the approximation theorem, be the closure of m

m+1
U ∩ Vm

where U denotes the open unit ball of A. We claim that the entire trace τn defines
a cocycle in Hom ∗

Ho(“ lim
−→
m

”X•(TA(Km,m)), lC) = lim
←−

I

X∗(TA(Km,m))

The natural inclusions of algebras TAK1 ⊂ .. ⊂ TAKm
⊂ .. ⊂ TA induce chain

maps

lim
−→
m

X∗(TAKm
) → lim

−→
m

CC∗(AKm
) → CC∗(A) where the first chain map is the nor-

malised Cuntz-Quillen projection. The generalised trace yields therefore a cocycle
τ ′n ∈ lim

←−
m

X∗(TAKm
) and it remains to check that τ ′n is continuous, i.e. extends to

a functional on the completion X∗(TA(Km,m)) of X∗(TAKm
). As the Cuntz-Quillen

projection is continuous ([?], 5.25) this reduces to prove the estimates

|τ(a1da1...dak)| ≤ C(m)(
k

2
)!m−

k
2

for some constant C(m) and all k, a1, ...ak ∈ K∞m (??)

The set Km ⊂ Vm being bounded, there exist finitely many elements c1, ..cl ∈ Vm

such that Kn is contained in the strict convex hull of S := {c1, ..., cl}.

The estimate

|φk((x
1da1)...(xkdak))| ≤ Ck(S)(k

2
)!‖x1‖...‖xk‖ for all x1, .., xk ∈ A, a1, .., ak ∈ Km

follows.

Let now a1, ..., ak ∈ K∞m . This means that these elements can be written as products

aj = b1j ...b
lj
j with bij ∈ Km. Especially daj = Σ

lj
i=1b

1
j ...b

i−1
j dbijb

i+1
j ..b

lj
j

As by construction ‖Km‖ ≤
m

m+1
the continuity property ii) of the entire trace

implies

|φk(a
0da1...dak)| ≤ (Πk

j=1lj)(
m

m+1
)(Σk

j=0lj−k)(k
2
)!Ck(S)

≤ (k
2
)!Ck(S)(m+1

m
)kΠk

j=1lj(
m

m+1
)lj

≤ (k
2
)!Ck(S)C(m)k for a suitable constant C(m) and all k.

As (Ck(S)
1
k (m + 1)C(m))k ≤ C ′(m) for all k by condition iii) one has
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|φk(a
0da1dak)| ≤ C ′(m)(k

2
)!m−k and the claim follows.

Thus τn defines an element of

Hn(lim
←−
m

X∗(TA(Km,m)) = Morn
Ho(“ lim

−→
m

”X•(TA(Km,m)), lC)

As “ lim
−→
m

”X•(TA(Km,m)) is canonically isomorphic to X•(T A, T Sc) in the derived

Ind-category by ?? one obtains finally a class

[τn] ∈ Morn
D(X•(T A, T Sc), lC) = HCn

lc(A)

This establishes the theorem. 2

4.2 Local cyclic cohomology of direct limits

We will now consider countable inductive systems of Banach algebras and will study
the relation between the local cyclic cohomology of a direct limit of this system and
the homology of the individual algebras.

Let (An, inm)n∈lN be an inductive system of Banach algebras and let lim
−→
n

An be its

algebraic direct limit. For a ∈ An0 put an := in0n(a), n ≥ n0. We can now formulate

Theorem 4.7 Let (An)n∈lN be an inductive system of Banach algebras and let f =
(fn : An → A) be a homomorphism of this inductive system to some Banach algebra
A. Suppose that the following conditions hold

i) A is separable and possesses the Grothendieck approximation property.

ii) The image of lim
−→
m

Am under f is dense in A.

iii) There exists a constant C such that

limn→∞‖an‖An
≤ C‖f(a)‖A

for all a ∈ lim
−→
n

An

Then f induces an isomorphism of cyclic Ind-complexes

X∗(T f) : “ lim
−→
n

”X∗(T An, T Sc)
'
−→ X∗(T A, T Sc)

in the derived Ind-category D. (Here the limit has to be viewed as a single
Ind-complex and not as a formal limit taken in the derived Ind-category.)
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Corollary 4.8 Let f = (fn : An → A) be a homomorphism of an inductive system
of Banach algebras satisfying the conditions of Theorem ??. Let A′, A′′ be admissible
Fréchet-algebras. Then there is a canonical isomorphism of local cyclic homology
groups

lim
−→
n

HC∗lc(A
′, Am)

'
−→ HC∗lc(A

′, A)

respectively a canononical short exact sequence of local cyclic cohomology groups.

0→ lim
←−
n

1HC∗−1
lc (An, A

′′)→ HC∗lc(A,A
′′)→ lim

←−
n

HC∗lc(An, A
′′)→ 0

Proof of Theorem ??: We want to apply the isomorphism criterion to the map
of Ind-complexes X∗(T f) : “ lim

−→
n

”X∗(T An, T Sc)→ X∗(T A, T Sc).

So let

(*) X∗(TAn(Kn,Nn)
)→ X∗(TA(K,N))

Kn ∈ S(An), K ∈ S(A), fn(Kn) ≺ K be a map representing X∗(T f). It has to be
shown that this map extends to a diagram of chain maps

X∗(TAn(Kn,Nn)
) X∗(TA(K,N))

X∗(TAm(Km,Nm)
) X∗(TA(K′,N ′))

-

-

@
@

@
@

@
@

@
@

@
@I

ψ′

6 6

which commutes up to homotopy.

Step 1:

Consider the structure maps inm : An → Am of the inductive system (An) and
the homomorphism fn : An → A representing f . Assumption iii) and the Banach-
Steinhaus theorem imply that for fixed n there exists a constant Cn such that

‖fn‖ ≤ Cn, ‖inm‖ ≤ Cn ∀m ≥ n

Step 2: Let K ⊂ A and Kn ⊂ An be the compact subsets of the unit balls of A
respectively An occuring in (∗) and let ε > 0. As A possesses the approximation
property there exists a bounded selfmap φ ∈ L(A) of finite rank satisfying
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• φ(A) ⊂ f(lim
−→
n

An)

• ‖Id− φ‖ < ε
4C

on K∞ ∪ fn(K∞n )

where C is the constant occuring in assumption iii). (We may suppose C ≥ 1).

Step 3: As φ is of finite rank one finds a finite dimensional subspace V ⊂ An′ for
some n′ ≥ n such that fn′ : An′ → A maps V onto φ(A). Let s : φ(A) → V be
any linear section of fn′ : V → φ(A). The set S := sφ(K∞) − sφ(K∞)sφ(K∞) is
then a bounded and thus relatively compact subset of the finite dimensional space
W := V + V 2 ⊂ An′. Choose a finite set {y1, .., yl} ⊂ An′ such that the union of the
balls around y1, ..., yl with radius ε

4CCn′
covers S. (Cn′ is the constant constructed

in Step 1).

Choose moreover a finite set {z1, .., zk} ⊂ K∞n ⊂ An such that the union of the balls
in An around z1, ..zk with radius ε

2(Cn+CnCn′‖Sφ‖)
cover K∞n .

Put wi := inn′(zi)− s ◦ φ ◦ fn(zi) ∈ An′.
Let finally m ≥ n′ be large enough that

‖in′k(yj)‖Ak
≤ C‖fn′(yj)‖A + ε

4

‖in′k(wi)‖Ak
≤ C‖fn′(wi)‖A + ε

4
for all k ≥ m, 1 ≤ j ≤ l, 1 ≤ i ≤ k.

Put finally Ψ : AK → Am Ψ := in′m ◦ s ◦ φ

Step 4: We want to estimate the deviation of ψ from multiplicativity on K∞. So
let a, a′ ∈ K∞. By construction one finds 1 ≤ j ≤ l such that

‖(sφ(aa′)− sφ(a)sφ(a′))− yj‖A′n ≤
ε

4CCn′
.

Then
‖(Ψ(aa′)−Ψ(a)Ψ(a′))− in′m(yj)‖Am

≤
ε

4C

and
‖(φ(aa′)− φ(a)φ(a′))− fn′(yj)‖A ≤

ε

4C

so that

‖fn′(yj)‖A ≤ ‖fn′(yj)− (φ(aa′)−φ(a)φ(a′))‖A +‖φ(aa′)−φ(a)φ(a′))‖A ≤
ε

4C
+ ε

4C
=

ε
2C

.

This implies

‖in′m(yj)‖Am
≤ C‖fn′(yj)‖A +

ε

4
≤

3

4
ε
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so that finally

‖Ψ(aa′)−Ψ(a)Ψ(a′))‖Am
≤ ‖Ψ(aa′)−Ψ(a)Ψ(a′))−in′m(yj)‖+‖in′m(yj)‖ ≤

ε

4
+

3

4
ε = ε

Step 5: By the estimates of Step 4 one can find a compact set Km ⊂ Um ⊂ Am

and Nm >> 0 such that TΨ : TAK → TAmKm
extends to Ψ′ := X∗(TΨ) :

X∗(TA(K,N))→ X∗(TAm(Km,Nm)
) provided ε is small enough.

Step 6: Performing similar estimates as in step 4 using the elements {z1, .., zk} one
obtains that ‖inm − Ψfn‖ ≤ ε on K∞n

Step 7: Moreover the norm of inm is bounded by Cn (independent of m). Applying
the Cartan homotopy formula to the affine homotopy connecting Ψ ◦ fn and inm,
which is possible if ε is chosen small in terms of Nn and Cn and possibly after
replacing (Km, Nm) by a larger pair (Km′ , Nm′) one finds that the triangle

X∗(TAn(Kn,Nn)
) X∗(TA(K,N))

X∗(TAm(Km,Nm)
)

-
@

@
@

@
@

@
@

@
@

@I

ψ′

6

commutes up to homotopy.

Step 8: As fm ◦ Ψ = φ is by construction close to the identity on K∞ one finds by
applying the Cartan homotopy formula again that the triangle

X∗(TA(K,N))

X∗(TAm(Km,Nm)
) X∗(TA(K′,N ′))

-

@
@

@
@

@
@

@
@

@
@I

ψ′

6
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also commutes up to homotopy for sufficiently large (K ′, N ′) ∈ Sc(A). 2
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4.3 An example

The direct limit theorem provides in principle a powerful tool to calculate local
cyclic cohomology groups. We treat here one particular example, the local cyclic
cohomology of separable operator ideals.

So let H be a separable, infinite dimensional Hilbert space and let B(H) be the
algebra of all bounded, linear operators on H. It is well known that every nontrivial
twosided ideal J of B(H) satisfies F ⊂ J ⊂ K, i.e. contains the smallest nonzero
ideal of finite rank operators and is contained in the largest ideal K of all compact
operators . An ideal J is called symmetrically normed if it is complete with respect
to a norm ‖ ‖J satisfying

• ‖AXB‖J ≤ ‖A‖B(H)‖X‖J ‖B‖B(H) for all X ∈ J , A, B ∈ B(H)

• ‖P‖J = ‖PB(H)‖ = 1

for every rank one projection P ∈ B(H). It follows easily from the definition that the
inclusion J ↪→B(H) becomes a bounded map of Banach spaces and that ‖ ‖B(H) ≤
‖ ‖J on J . This implies in fact that (J , ‖ ‖J ) is a nonunital Banach algebra. It is
known that J is a separable Banach algebra if and only if the ideal F of finite rank
operators is dense in J . (For all this consider [?] and the references therein).

Theorem 4.9 Let J be a separable, symmetrically normed operator ideal in B(H).
Let i : lC → J be a homomorphism mapping 1 ∈ lC to a rank one projection in J .
Then i induces a local cyclic cohomology equivalence i∗ ∈ HC0

lc( lC,J ). Consequently

HC∗lc(J ) ∼= HC∗lc( lC) ∼=

{
lC ∗ = 0
0 ∗ = 1

Proof: First of all J possesses the Grothendieck approximation property. To see
this consider the contraction with a finite rank projection P . It defines a linear
selfmap of J of norm one because

‖PXP‖J ≤ ‖P‖B(H)‖X‖J ‖P‖B(H) = ‖X‖J

As the finite rank operators are dense in J (J is separable) it suffices to prove that
for every finite set {A1, .., Ak} of finite rank operators and every ε > 0 there exists a
finite rank projection P satisfying ‖PAiP−Ai‖J < ε for 1 ≤ i ≤ k. Every finite rank
operator can be written as a product of three such operators: Ai = BiCiDi. Then
‖PAiP −Ai‖J ≤ ‖PBi−Bi‖B(H)‖Ci‖J ‖DiP‖B(H) + ‖Bi‖B(H)‖Ci‖J ‖DiP −Di‖B(H)

so that the claim above has only to be verified for the operator norm for which it is
obvious. Actually this argument shows also the following:
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If e1, .., en, .. is the sequence of rank one projections on the set of vectors of an
orthonormal basis ofH and if in : Mn( lC)↪→J ⊂ B(H) is the homomorphism sending
eii to Pei

∈ B(H), 1 ≤ i ≤ n, then i(
⋃∞

n=1Mn( lC)) ⊂ J is dense in J .

Let now i : lC → J be a homomorphism mapping 1 ∈ lC to a rank one projection
Pe1. As described before it can be extended to an inclusion i′ : lim

−→
n

Mn( lC) → J

having dense image. With the norms induced from J , i′ becomes a homomorphism
of inductive systems of Banach algebras satisfying the assumptions of Theorem ??.

Therefore “ lim
−→
n

”X∗(TMn( lC), T Sc)
'
−→ X∗(T J , T Sc) is an isomorphism in the de-

rived Ind-category. Any two norms on the finite dimensional algebras Mn( lC) being
equivalent, the Ind-complexes X∗(TMn( lC), T Sc) do not depend on the chosen norm

on Mn( lC). In fact X∗(TMn( lC), T Sc)
X∗(π)
−→ X∗(Mn( lC)) is a chain homotopy equiva-

lence because π : TMn( lC)→Mn( lC) is a smooth homotopy equivalence of quasifree
Ind-algebras [?][?].

Thus finally X∗(T J , T Sc)
'
←− “ lim

−→
n

”X∗(TMn( lC), T Sc)
'
−→ “ lim

−→
n

”X∗(Mn( lC)) is

an isomorphism in the derived Ind-category and the theorem follows from the well
known Morita equivalence

i∗ : X∗( lC)
'
−→ “ lim

−→
n

”X∗(Mn( lC)). 2

Corollary 4.10 Let A be a C∗-algebra. Then the inclusion

j : A→ A⊗C∗ K(H)

is a local cyclic cohomology equivalence.
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