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Introduction

In this paper we present a modified version of the proof of excision in bivariant
periodic cyclic cohomology by J. Cuntz and D. Quillen. This modified proof has the
advantage of working also in the framework of entire cyclic and asymptotic cyclic
cohomology or more general in the framework of cyclic and local cyclic cohomology
of algebras with supports. As applications we derive an estimate for the behaviour
of the dimension of a cyclic cocycle under the Cuntz-Quillen boundary map, calcu-
late the entire cyclic cohomology of the algebra of smooth functions on a compact
manifold and construct a bivariant Chern-Connes character on Kasparovs bivariant
K-theory.

The strategy of the proof of excision is as follows. Given an extension

α : 0→ I → A
x
→
p
B → 0

of algebras with a linear section s, we construct a fundamental diagram of chain
complexes

ĈC∗(I) −→ ĈC∗(A) −→ ĈC∗(B)

↑ ↑ ↑

0→ C ′
∗(α) −→ C∗(α) −→ C

′′

∗ (α) −→ 0

such that

• the diagram is natural with respect to maps of linear split extensions.

• it is commutative up to natural chain homotopy.

• the bottom line is a short exact sequence of complexes and possesses a natural
linear split.

• the vertical chain maps are chain homotopy equivalences.

From these properties the excision theorem in bivariant periodic cyclic cohomology
follows immediately by applying a suitable Hom-functor and taking cohomology. In
the case of algebras with supports there is an analogous fundamental diagram of
Ind-complexes of Fréchet spaces which implies the excision theorem for cyclic and
local cyclic cohomology of Fréchet-algebras with supports.

We explain now the construction of the fundamental diagram in more detail. Let
π : TA → A be the canonical epimorphism of the tensor algebra over A to A and
let
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0 → I → A

s
x
→p B → 0

↑ ↑ π ‖

0 → J → TA → B → 0

be the assiociated diagram of extensions. The Ideal J is free as a left TA-module.
This implies that there is in isomorphism of vector spaces

TA ' GrJ(TA) ' TI ∗ ΩevB

which preserves J-adic filtrations. (Here GrJ(TA) denotes the associated graded
algebra of TA with its J-adic filtration). Moreover the multiplication on TA is close
to the multiplication on GrJ(TA). This isomorphism turns TA and CC∗(TA) into
graded vector spaces and one can form the subspace

CC>
∗ (R)J :=

∞⊕

n=0

〈
x = r0dr1 . . . drn, deg x > n

〉

⊕
∞⊕

m=1

〈
y = dr1 . . . drm, deg y > m− 1

〉

with natural complement CC≤
∗ (TA)J of CC∗(TA). One observes immediately that

CC>
∗ (TA)J is a subcomplex of CC∗(TA). Thus one obtains a linear split extension

of complexes 0 → CC>
∗ (TA)J → CC∗(TA) → CC≤

∗ (TA)J → 0 which yields after
completion the bottom line of the fundamental diagram.

0→ C ′
∗(α)→ C∗(α) = ĈC∗(T̂A)→ C ′′

∗ (α)→ 0

The projection π : T̂A → A induces a map of cyclic complexes which provides the
middle and right vertical maps in the fundamental diagram. The main step in the
proof of excision consists in the construction of the left vertical chain map in the
fundamental diagram. One looks for a chain map Φ : CC>

∗ (TA)J → CC∗(J) such
that the composition with the inclusion CC∗(J)→ CC∗(TA) is chain homotopic to
i : CC>

∗ (TA)J → CC∗(TA). All these maps and homotopies have to be continuous
in order to extend to the appropriate completions of the considered complexes. It
turns out that it suffices in order to establish continuity to find a chain map Φ as
above which perserves the Hodge- and the J-adic filtration of CC>

∗ (TA)J and maps
tensor monomials in this complex to a sum of tensor monomials with the number of
summands being bounded by some exponential bound.

The tensor algebra TA carries a characteristic filtration Filc such that
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• Fil>0
c (TA) = J

• Grc(TA) ' TI ∗ ΩevB as algebras

This allows to reduce the construction of Φ to the following problem. Let R be
a graded algebra of the form R ' TI ∗ Ωev(B) where the grading is given by the
length of tensors on TI and by one half the degree of differential forms on ΩevB.
This algebra is close to be free in positive degrees and has most defining relations
in degree zero. Let R+ be the ideal of elements of strictly positive degree. Problem:
Find a chain map Φ′ : CC∗(R)→ CC∗(R) which is chain homotopic to the identity
and maps CC>

∗ (R) = 〈α ∈ CCn(R), degα > n〉 to CC∗(R
+). This can be achieved

by chain homotopies generalising the ones used by Wodzicki in his proof of excision
in cyclic homology for H-unital algebras.

At this point the construction of the fundamental diagram has been achieved and it
remains to verify that the vertical chain maps in the diagram are chain homotopy
equivalences. This is a consequence of the topological version of Goodwillies Theo-
rem because the complexes in the bottom line of the fundamental diagram can be
viewed as cyclic bicomplexes of topologically nilpotent extensions of the algebras in
the given extension α.

For the appplications look directly at the corresponding sections of the paper.

The proof of excision in cyclic homology theories given here was presented in a series
of talks in the Oberseminar Nichtkommutative Geometrie in Muenster in the fall of
1997. I want to thank J. Cuntz heartly for fruitful discussions about the contents
of the paper.

I also want to express my heartly thanks to Hildegard Eissing for her excellent typing
and to my wife Wieke Benjes for typing and mastering Tex.

I understand that Ralf Meyer announces another proof of excision in cyclic homology
theories (at the moment at least for extensions with multiplicative splitting) which
seems to be closer in spirit to the Cuntz-Quillen proof and does not use our elaborate
generalisation of Wodzickis chain homotopies.

This paper is a preliminary version and will be followed by a more detailed account.
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1 Preliminaries

Filtrations of tensor algebras associated to an extension

Let
0→ I → A

x
→
p
B → 0

be an extension of associative algebras with linear split s.

Let TA be the tensor algebra over A and let π : TA→ A be the canonical epimor-
phism. There is an induced diagram

0 → I → A

s
x
→
p

B → 0

↑ ↑ π ‖

0 → J → TA → B → 0

where the epimorphism p ◦ π : TA→ B is linearly split by ρ ◦ s [CQ2].

Note that any ideal in a quasifree algebra R is projective as R-left module. [CQ]

Lemma 1.1

i) The ideal J ⊂ TA is a free TA-left module with basis

V := I ⊕ I ⊗B ⊕ B ⊗ B

∈ ∈ ∈

ρ(i), ρ(i)⊗ ρ(s(b)), ω(s(b), s(b′))

ii) Consider the J-adic filtration on TA. There is a natural, filtration preserving
isomorphism of vector spaces

TA
'
←− GrJ(TA)

'
←− TI ∗ ΩevB

(The grading on the right hand side is given by the length of tensors on TI
and one half of the degree of forms on ΩevB.)

This isomorphism identifies

GrnJ(TA) ' V ⊗n ⊕ ρ(s(B))⊗ V ⊗n ' V n ⊕ ρ(s(B))V n ⊂ TA

iii) For every k ∈ lN there exists a linear splicing map

σk : TA→ TA⊗ V k

such that σk

∣∣∣
Grn

J
(TA)

= 0 for n ≤ k and for n > k

σk : GrnJ(TA)
'
−→ Grn−kJ ⊗ V k

splits the multiplication m : TA⊗ V k → TA.
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iv) The multiplication on TA satisfies

m
(
GrnJ(TA)⊗GrmJ (TA)

)
⊂ Grn+m

J (TA)⊕Grn+m+1
J (TA)

Proof: Similar to [CQ2], 1.2 q.e.d.

Definition 1.2

i) Define a new grading on TI ∗ ΩevB by two times the length of tensors on
TI and by one half times the degree of forms on ΩevB. It induces via the
isomorphism 1.1. a grading on the vector space TA. The associated filtration
of TA is called the characteristic filtration.

ii) The characteristic filtration turns TA into a filtered algebra. The linear iso-
morphism of (1.1) induces an isomorphism of graded algebras

Grc(TA)
'
←− TI ∗ ΩevB

where the free product is given the new grading of (1.2.)a).

Proof: Similar to [CQ2], 1.2. q.e.d.

Filtrations of cyclic complexes associated to an extension

Let J be an ideal in an algebra R and suppose that a linear, filtration preserving
isomorphism

R
'
←− GrJ(R)

has been fixed turning R itself as well as the spaces TR,ΩR ' R̃⊗TR and CC∗(R) '
ΩR into graded vector spaces. (Here CC∗ denotes the non-complete (b, B)-bicomplex
of R [CO]).

Definition and Lemma 1.3 Let ν : lN → lN be a monotone increasing function.
Then the vector space

CC>ν
∗ (R)J :=

∞⊕

n=0

〈
x = r0dr1 . . . drn, deg x > ν(n)

〉

⊕

∞⊕

m=1

〈
y = dr1 . . . drm, deg y > ν(m− 1)

〉

is a subcomplex of CC∗(R). The quotient complex is isomorphic to the vector space

CC≤ν
∗ (R)J :=

∞⊕

n=0

〈
x = r0dr1 . . . drn, deg x ≤ ν(n)

〉

⊕
∞⊕

m=1

〈
y = dr1 . . . drm, deg y ≤ ν(m− 1)

〉

6



The extension of complexes

0→ CC>ν
∗ (R)J → CC∗(R)

s′

x
→ CC≤ν

∗ (R)J → 0

possesses a canonical linear split.

Proof: The fact that CC>ν
∗ (R)J is a complex follows from the definition.

Giving a linear split s′ is equivalent to identifying the quotient complex CC≤ν
∗ (R)J

with a complement of CC>ν
∗ (R)J in CC∗(R) which we have done in the definition

of CC≤ν
∗ .

The complexes CC>ν
∗ , CC≤ν

∗ associated to the function ν(n) := n are simply denoted
by CC>

∗ (R)J , CC
≤
∗ (R)J . q.e.d.

Definition and Lemma 1.4 Let

α : 0→ I → A

s
x
→p B → 0

be a linear split extension of algebras and let

0→ J → TA
x
→
p◦π

B → 0

be the associated extension. Let the identification (1.1) of TA with GrJ(TA) be
understood. According to (1.3) there is a natural decomposition of vector spaces

CC∗(TA) ' CC>
∗ (TA)J ⊕ CC

≤
∗ (TA)J .

Denote by p1,2 the canonical projections onto the direct summands.

Let ĈC∗(T̂A) be the complete (with respect to the Hodge filtration) cyclic bicomplex

of the I-adic completion T̂A of TA. It carries the canonical topology induced from
the product of the Hodge- and I-adic filtration.

The projections p1,2 are continuous in the canonical topology and completion of the
linear decomposition above yields the (continuously linear split) extension

0→ CC>
∗ (TA)J → ĈC∗(T̂A)

x
→ CC≤

∗ (TA)J → 0

‖ ‖ ‖
.. .. ..

C ′
∗(α) C∗(α) C

′′

∗ (α)

of adically complete chain complexes.
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2 The fundamental diagram associated to an ex-

tension and excision in periodic cyclic cohomol-

ogy

The combinatorial main result

The following theorem lies at the heart of our version of the Cuntz-Quillen proof
of excision in periodic cyclic cohomology. It is a refined version of Wodzickis chain
maps and chain homotopies used in the proof of excision for cyclic homology of
H-unital algebras ([CQ],4).

Theorem 2.1 Let TA be the tensor algebra of A and let J, IA ⊂ J ⊂ TA be an
ideal as in (1.1).

There exists a natural linear map

H : CC∗(TA)→ CC∗+1(TA)

such that

i) H preserves the Hodge-filtration of CC∗(TA)

ii) H preserves the J-adic filtration of CC∗(TA)

iii) the chain map
Φ := Id− (H ◦ ∂ + ∂ ◦H)

maps the subcomplex CC>
∗ (TA)J to the subcomplex CC∗(J) of CC∗(TA):

Φ(CC>
∗ (TA)J) ⊂ CC∗(J).

The proof is given in the Appendix.

Naturality means that the operators H,Φ are functorial with respect to maps of
linear split extensions preserving the splitting.

The fundamental diagram

Lemma 2.2 Let 0→ I → A→ B → 0 be a linear split extension of algebras and let
CC>

∗ (TA)J be the associated subcomplex of CC∗(TA) (1.4). There exists a natural
chain map

ψ′ : CC>
∗ (TA)J → CC>

∗ (TA)J

such that
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i) ψ′ is continuous and continuously chain homotopic to the identity with respect

to the topology induced from the canonical topology on ĈC∗(T̂A)

ii) ψ′(CC>
∗ (TA)J) ⊂ CC∗(J) + CC≤ν

∗ (TA) with ν(n) = 4n+ 1.

Proof: Consider the extension

0→ CC>
∗ (TA)J

i
−→ CC∗(TA)

s′

x
→ p′CC≤

∗ (TA)J → 0

associated to the ideal J ⊂ TA and let s′ be the natural linear section constructed
in (1.4). It is continuous in the canonical topology.

Let now HIA be the homotopy operator of Theorem 2.1. associated to the extension
0 → 0 → A → A → 0 i.e. to J = IA ⊂ TA. Then HIA preserves both Hodge- and
I-adic filtrations and is thus continuous in the canonical topology, too.

Put
H ′ : CC>

∗ (TA)→ CC>
∗+1(TA)

H ′ := (Id− s′ ◦ p′) ◦HIA ◦ i

The map H ′ is then continuous in the canonical topology. Define ψ′ as

ψ′ := Id− (∂ ◦H ′ +H ′ ◦ ∂)

Part i) of the proposition is then evident.

A simple computation shows

ψ′ = (∂ ◦ s′ − s′ ◦ ∂) ◦ p′ ◦HIA ◦ i

+ (Id− s′ ◦ p′) ◦ ΦIA ◦ i

Now by Lemma 1.1 iv) the multiplication on TA preserves the J-adic grading of
TA modulo error terms of degree given by the sum of the degrees of the factors plus
one.

This implies that

(∂ ◦ s′ − s′ ◦ ∂)(CC≤
∗ (TA)J) ⊂ CC≤ν′

∗ (TA)J

for every ν ′ satisfying ν ′(n) ≥ n + 2.

The subcomplex CC>
∗ (TA)IA corresponding to the ideal IA ⊂ TA is mapped under

(Id − s′ ◦ p′) ◦ ΦIA to CC∗(IA) ⊂ CC∗(J). Thus to prove ii) it remains to study
the map (Id − s′ ◦ p′) ◦ ΦIA on the subspace CC≤

∗ (TA)IA of CC∗(TA). Now an
elementary calculation using Lemma (1.1) shows the relations

GrnIA(TA) ⊂

2n+1⊕

k=n

GrkJ(TA)

GrmJ (TA) ⊂
m⊕

l=0

GrlIA(TA)
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The sharper first relation is due to the inclusion IA ⊂ J . It follows from the explicit
definition of the homotopy operator HIA in the Appendix that

ΦIA(CC≤
∗ (TA)IA) ⊂ CC≤ν′′

∗ (TA)IA

for every ν ′′ satisfying ν ′′(n) ≥ 2n.

The projection (Id− s′ ◦ p′) preserves the J-adic filtration so that one finds

(Id− s′ ◦ p′) ◦ ΦIA(CC≤
∗ (TA)IA) ⊂ (Id− s′ ◦ p′)(CC≤ν′′

∗ (TA)IA)

⊂ (Id− s′ ◦ p′)(CC≤2ν′′+1
∗ (TA)J) ⊂ CC≤2ν′′+1

∗ (TA)J ⊂ CC≤2ν′′+1
∗ (TA)IA

Putting these results together we obtain

ψ′(CC>
∗ (TA)J) ⊂ CC∗(J) + CC≤ν

∗ (TA)IA

for every ν satisfying ν(n) ≥ 4n+ 1. q.e.d.

Proposition 2.3 Let 0 → I → A → B → 0 be a linear split extension of algebras
and let CC>

∗ (TA) be the associated subcomplex of CC∗(TA) (1.4).

There exists a natural chain map

ψ : CC>
∗ (TA)J −→ CC∗(J)

such that

i) ψ is continuous with respect to the canonical topology induced from ĈC∗(T̂A).

ii) The composition

CC>
∗ (TA)J

ψ
−→ CC∗(J) −→ CC∗(TA)

is continuously chain homotopic to the natural inclusion

CC>
∗ (TAJ) ↪→ CC∗(TA)

Proof: Define ψ as the composition

ψ : CC>
∗ (TA)J

ψ′

−→ CC>
∗ (TA)J

ΦJ−→ CC∗(J)

where ψ′ and ΦJ were constructed in (2.2) and(2.1). One has however to take care
of the fact that ΦJ is continuous in the J-adic but by now means in the I-adic
topology. So ΦJ is not continuous in the canonical topology.

By Lemma (2.2) ii) it is sufficient though to establish the continuity of ΦJ and HJ

in the canonical topology on the subspace CC∗(J) + CC≤ν
∗ (TA)IA of CC∗(TA) for

ν(n) = 4n+ 1.
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Now ΦJ equals the identity and HJ vanishes on CC∗(J) so that we are left with the
study of ΦJ and HJ on CC≤ν

∗ (TA)IA.

The map HJ preserves the Hodge-filtration so that

HJ(CCn(TA)) ⊂

∞⊕

k=n+1

CCk(TA).

The canonical topology of ĈC∗(T̂A) is associated to the product of Hodge- and
I-adic filtration so that the canonical degree of an element of CC∗(TA) is given by
deg(x) = degHodge(x) + degIA(x).

For x ∈ CC≤ν
n (TA)IA

deg(x) = degHodge(x) + degIA(x) ≤ n+ ν(n)

≤ 5n+ 1 ≤ 6n if n > 0

for the choice of ν made in (2.2).

Then deg(HJ(x)) ≥ n ≥ 1
6
deg x which establishes the continuity of HJ and Φj on

CC≤ν
∗ (TA)IA. q.e.d.

Definition and Lemma 2.4 (The fundamental diagram)

Let
α : 0→ I

i
−→ A

p
−→ B → 0

be a linear split extension of algebras and let

0→ C ′
∗(α)→ C∗(α)→ C

′′

∗ (α)→ 0

the associated linear split extension constructed in Lemma (1.4).

i) There exists a diagram of adically complete chain complexes which commutes
up to chain homotopy.

ĈC∗(I) −→ ĈC∗(A) −→ ĈC∗(B)

↑ ↑ ↑

0→ C ′
∗(α) −→ C∗(α) −→ C

′′

∗ (α) −→ 0

ii) The diagram and the chain homotopies of i) are natural with respect to maps
of linear split extensions preserving the linear splittings

11



Proof: Consider the diagram of chain complexes

CC∗(I)
i∗−→ CC∗(A)

p∗
−→ CC∗(B)

↑ π∗ ↑ π∗ ↑ id

CC∗(J) −→ CC∗(TA) −→ CC∗(B)

↑ ψ ↑ Id ↑ π∗

0 −→ CC>
∗ (TA)J −→ CC∗(TA) −→ CC≤

∗ (TA)J −→ 0

The chain map π∗ is induced from the canonical epomorphism π : TA→ A.

All squares are strictly commutative except the lower left square which commutes
up to natural chain homotopy by Proposition 2.3. ii). All the chain maps induced by
algebra homomorphisms are continuous in the canonical topologies. The chain map
ψ is continuous by Proposition (2.3) i) and the bottom line possesses a continuous
linear split by Lemma (1.4). Thus one may complete the diagram in the canonical
topologies and obtains after omitting the middle line the fundamental diagram (2.4)
i). Its naturality is clear from the construction. q.e.d.

Goodwillies Theorem and Excision in periodic cyclic homology

The theorem of Goodwillie states that the projection p in a nilpotent or topologically
nilpotent extension

0→ N → A′ p
−→ A→ 0

induces a chain homotopy equivalence on the appropriate periodic cyclic complexes.

We need the following consequence of Goodwillies theorem.

Theorem 2.5 The vertical chain maps in the fundamental diagram (2.4) are chain
homotopy equivalences.

Proof: To study nilpotence phenomena in cyclic homology it is convenient to use
the Cuntz-Quillen picture. It is connected to Connes picture by a normalisation
process which preserves Hodge- and adic filtrations. The Connes bicomplex ĈC∗(A)

is replaced in the Cuntz-Quillen picture by the X-complex X∗(T̂A) of the I-adic
completion of TA.

The canonical epimorphism π : T̂A → A induces a smooth homotopy equivalence
T̂ π : T̂ (T̂A)→ T̂A. An inverse up to homotopy is given by T̂ ρ : T̂A→ T̂ (T̂A). Tak-
ing X-complexes one obtains chain homotopy equivalencesX∗(T̂ π), X∗(T̂ ρ) because

T̂A and T̂ (T̂A) are quasifree (see [CQ3], [P1], [P2]). q.e.d.

Thus the vertical map in the middle of the fundamental diagram

C∗(α) ' ĈC∗(T̂A)
π∗−→ ĈC∗(A)
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is a chain homotopy equivalence.

The next case is treated by the

Lemma 2.6 Let ν be a monotone increasing function.

i) Then the natural map

CC≤ν
∗ (TA)J −→ CC∗(B)

is a natural chain homotopy equivalence

ii) If ν ≤ ν ′ are monotone increasing functions, then the natural maps

CC>ν′

∗ (TA)J → CC>ν
∗ (TA)J

CC≤ν′

∗ (TA)J → CC≤ν
∗ (TA)J

are natural chain homotopy equivalences

iii) All maps and homotopies are continuous in the canonical topologies so that
the results carry over to the completions of the considered complexes.

Proof: Let s : B → A be the fixed linear section of p : A→ B. Then ρ◦s : B → TA
is a linear map and induces a homomorphism TB → T (TA) and thus a map of com-
plexes X∗(TB) → X∗(T (TA)). The map ρ ◦ s is not multiplicative but multiplica-
tive modulo the ideal J ⊂ TA. Therefore the chain map X∗(TB)→ X∗(T (TA)) or
equivalently CC∗(B)→ CC∗(TA) is not continuous but its composition with

p′ : CC∗(TA) −→ CC≤ν
∗ (TA)J

is.

(The projection p′ cuts off terms of high J-adic valuation which cause the disconti-
nuity of X∗T (ρ ◦ s).)

Thus we have to show (in the Cuntz-Quillen picture) that the two chain maps
ϕ1 = X∗T (p ◦ π) ◦ p′ and ϕ2 = p′ ◦X∗T (ρ ◦ s) are homotopy inverse to each other.
Now ϕ1 ◦ ϕ2 = Id and ϕ2 ◦ ϕ1 = p′ ◦X∗T (ρ ◦ s ◦ p ◦ π) ◦ p′.

The linear homotopy connecting the linear map ρ ◦ s ◦ p ◦π : TA→ TA to the iden-
tity is constant module J . Applying the Cartan homotopy formula to the induced
homotopy of algebra homomorphisms between T (ρ◦s◦p◦π) : T (TA)→ T (TA) and
the identity one obtains an unbounded chain homotopy between X∗T (ρ ◦ s ◦ p ◦ π)
and the identity.

Its discontinuity being related again to terms of high J-adic valuation, composition of
this homotopy with the projection p′ will be a continuous chain homotopy connecting
ϕ1 ◦ ϕ2 to the identity.
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This proves i). Part ii) is an immediate consequence of applying i) twice to the
diagram

CC≤ν′

∗ (TA)J −→ CC≤ν
∗ (TA)J −→ CC∗(B)

respectively of the long exact cohomology sequence associated to the linear split
extensions

0 −→ CC>ν′

∗ (TA)J −→ CC∗(TA) −→ CC≤ν′

∗ (TA)J −→ 0

↓ ↓ ↓

0 −→ CC>ν
∗ (TA)J −→ CC∗(TA) −→ CC≤ν

∗ (TA)J −→ 0

q.e.d.

Proposition 2.7 The chain maps

ψ : CC>
∗ (TA)J −→ CC∗(J)

and
π∗ : CC∗(J) −→ CC∗(I)

are continuous chain homotopy equivalences.

Proof: The assertion about π follows from the argument used in the proof of Lemma
2.6. The map ψ is given by the composition

ψ : CC>
∗ (TA)J

ψ′

−→ CC>
∗ (TA)J

ΦJ−→ CC∗(J)

Let j : CC∗(J)→ CC>
∗ (TA)J be the inclusion.

Both the chain map ψ′ and the canonical homotopy operator connecting it with the
identity preserve the subcomplex CC∗(J) of CC>

∗ (TA)J . Moreover ΦJ equals the
identity on CC∗(J).

Therefore
ψ ◦ j = ΦJ ◦ ψ

′ ◦ j = ψ′ ◦ j = IdCC∗(J).

The unbounded chain map ΦJ is chain homotopic to the identity via the un-
bounded chain homotopy HJ . This homotopy vanishes on the subcomplex CC∗(J)
of CC>

∗ (TA)J .

The construction of HJ in the Appendix shows moreover the following:

If x ∈ CCn(TA) is of J-adic degree k then

HJ(x) ∈

2n+k⊕

j=n

CCj(TA).
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Recall (2.2) that ψ′ maps CC>
∗ (TA)J to the subspace CC∗(J) + C≤ν′(TA)IA ⊂

CC∗(J) + CC≤2ν′+1
∗ (TA)J for ν ′(n) = 2n. It follows not only that the composition

HJ ◦ψ
′ : CC>

∗ (TA)J → CC∗(TA) is continuous but also that its image is contained
in the subcomplex CC>ν′′

∗ (TA)J where ν ′′(n) =
[
n
10

]
is the integer part of n

10
.

Consider the natural map

j ′ : CC>
∗ (TA)J −→ CC>ν′′

∗ (TA)J

The chain map j ′ ◦ (j ◦ ψ) factorises as

CC>
∗ (TA)J

ψ′

−→ CC>
∗ (TA)J

ΦJ−→ CC>ν′′

∗ (TA).

By what we explained above this map is chain homotopic to j ′ ◦ ψ′ which itself is
chain homotopic to j ′ by (2.2). Thus j ′ ◦ (j ◦ ψ) ∼ j ′ and therefore j ◦ ψ ∼ id as j ′

is a chain homotopy equivalence by (2.6). q.e.d.

As consequence of our efforts we obtain

Theorem 2.8 (Excision) Let 0 → I → A → B → 0 be a linear split extension
of algebras. Then it induces six-term exact sequences an on bivariant periods cyclic
cohomology groups. Moreover this sequence depends naturally on the given extension.

Proof: Construct the fundamental diagram (2.4) associated to the given extension.

For any algebras C,D applay the functors Hom ∗(ĈC.CC),−),Hom ∗(−, ĈC.CD))
and take the homologay of the resulting diagrams of Hom-complexes. The vertical
maps in the fundamental diagram being chain homotopy equivalences they induce
isomorphisms on biavariant cohomology groups. This allows to identify the coho-
mology of groups of the top line with those of the bottom line. The squares in the
diagram become strictly commutative after taking homology which allows to identify
moreover the maps in the upper and lower lines of the diagram. The bottom line
of the fundamental diagram being continuously linear split extension one obtains a
short exact sequence of Hom-complexes in the bottom line. The long exact coho-
mology sequence associated to this extension is then the six-term exact sequence of
the excision theorem. Its naturality follows from the naturality of the fundamental
diagram. q.e.d.

It is clear that all the constructions carry over to the continuous periodic cyclic
cohomology of Fréchet-algebras.

3 The dimension of a periodic cyclic cohomology

class

The periodic cyclic cohomolgy HP ∗ of an algebra A equals the direct limit of the
integer graded cyclic cohomology group under the S-operation
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HP ∗(A) = lim
−→

HC∗+2n(A)

The dimension of a periodic cyclic cohomology class is the minimal degree of an
ordinary cyclic cocycle representing the given cohomology class.

Definition 3.1 Let α ∈ HP ∗(A) be a periodic cyclic cohomology class. Its dimen-
sion is

dim(α) := Min{k, α ∈ Im(HCk(A)→ HP ∗(A))}

We want to investigate the behaviour of the dimension under the boundary map in
periodic cyclic cohomology. First we recall a few facts about this problem which are
well known.

i) If 0 → I → A → B → 0 is an extension with H-unital kernel I then excision
holds already in cyclic cohomology [WO] and the boundary map in cyclic
cohomology is also a boundary map in periodic cyclic cohomology. Therefore

dim(δ(α)) ≤ dim(α) + 1

in this case.

ii) Let M be a compact manifold of even dimension 2n and let S∗M ⊂ T ∗M be
its cosphere bundle. Consider the pseudodifferential operator extension

0→ P<0(M)→ P≤0(M)
σ
−→ C∞(S∗M)→ 0

where σ is the principal symbol. This is an extension of Fréchet-algebras with
continuous linear split.

If the considered pseudodifferential operators act on a suitable Hilbert space
of L2-functions on M or L2-sections of some bundle over M , it follows from
Weyls theorem that P<0(M) ⊂ l2n+1(H), i.e. the pseudodifferential oper-
ators of negative order belong to the Schatten ideal l2n+1 ⊂ B(H). The
periodic cyclic cohomology HP 0(l2n+1(H)) ' lC has the canonical genera-
tor [Snτ ] ∈ HC2n(l2n+1(H)), τ the trace, which yields by restriction a class
α ∈ HC2n(P<0(M)). The local index theorem and the compatibility of the
boundary maps inK-theory and periodic cyclic cohomology imply that α maps
under the boundary map associated to the pseudodifferential extension to the
Poincare dual of the total Todd class

Todd(T ∗M) ∩ [S∗M ] ∈ H∗(S
∗M, lC) ' HP ∗(C∞(S∗M))

The Todd class coming from the Todd genus it is of the form Todd(T ∗M) =
1 + higher order classes.
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So its Poincare dual is of the form Todd(T ∗M) ∩ [S∗M ] = fundamental class
of S∗M+ lower order classes.

Especially dim(Todd(T ∗M) ∩ S∗M) = dim(δ(α)) = 4n− 1.

Thus the dimension of the generator ofHP 0(l(2n+1)(H) is essentially multiplied
by 2 in this example. dim(δ(α)) ≥ 2dim(α)− 1

The same holds more generally for extensions

0→ lp(H)→ E → A→ 0

defining odd, finitely summable Fredholm modules [CO1].

iii) The Cuntz-Quillen proof [CQ] of excision in periodic cyclic cohomology estab-
lishes also the estimate

dim(δ(α)) ≤ 2dim(α)+1 + dim(α) + 1 which holds for arbitraty extensions of
algebras and arbitrary cohomology classes.

We want to sharpen the estimate of Cuntz-Quillen by using our modified boundary
map in periodic cyclic cohomology. The main result of this section is

Theorem 3.2 Let 0 → I → A → B → 0 be a linear split extension of algebras
and let α ∈ HP ∗(I). Let δ : HP ∗(I) → HP ∗+1(B) be the boundary map in the
associated long exact cohomology sequence. Then

dim(δ(α)) ≤ 3dim(α) + 3

Problem: Is this bound optimal?

Proof: Consider the chain map π∗ : CC≤
∗ (TA)J → CC∗(B) (Lemma 2.6). We

want to study the behaviour of its homotopy inverse with respect to the Hodge
filtration. This homotopy inverse is given in the Cuntz-Quillen picture by the map
X∗T (ρ ◦ s) : X∗(TB) → X∗(T (TA)) followed by the projection p′ : CC∗(TA) →
CC≤

∗ (TA)J The Cuntz-Quillen projection preserves the Hodge-filtration so that
there is no difference between working with the (b, B)-bicomplex or the X-complex.
Let %(b0)ω(b1, b2)...ω(b2n−1, b2n) ∈ X0(TB) be a tensor in standard form [CQ2] 1.2.
It maps under X∗T (ρ ◦ s) to the tensor

%(ρ(s(b0)))Πn
i=1(ω(%(s(b2i−1)), %(s(b2i)) + %(ω(s(b2i−1), s(b2i)) + %(%(j(b2i−1, b2i)))

where j(b2i−1, b2i) := s(b2i−1b2i)− s(b2i−1)s(b2i) ∈ I

Expanding this product and bringing the summands into standard form (1.1) one
finds a sum of terms Σα%αω

nα
α of J-adic valuation degree kα satisfying nα+kα ≥ n for

all α. The projection p′ kills all these summands except those satisfying kα ≤ 2nα.
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A summand of degree nα is mapped under p′ to a (b, B)-chain of degree 2nα. Thus
n ≤ nα + kα ≤ 3nα and we deduce that a 2n-chain in CC∗(B) is mapped under the
homotopy inverse of π : CC≤

∗ (TA)J → CC∗(B) to an element in
⊕∞

k=m CC2k(TA)
where the occuring degrees satisfy the estimate n ≤ 3m.

Consider now the fundamental diagram 2-4. As the boundary map of the bottom
extension lowers the degrees in the (b, B)-bicomplex by at most one and as the chain
maps π∗ and ψ preserve Hodge-filtrations we deduce:

The boundary map in periodic cyclic cohomology derived from the fundamental
diagram maps a chain α ∈ CC2n(B) to a chain δ(α) ∈

⊕∞
k=mCC2k−1(B) where

m satisfies the estimate 3m ≥ n. A similar calculation is valid for odd chains in
X1(TB).

Passing from chains to cochains one sees that any cochain in CCk(I) maps under
the boundary map to

⊕3k+3
j=0 CCj(B) and the conclusion follows. q.e.d.

Passing from linear split extensions to linearly contractible m-extensions, i.e. ex-
tensions of algebras

0→ E0 → E1 → . . .→ Em → A→ 0

of length m a similar argument as in the proof of the preceding theorem shows the

Theorem 3.3 Let
0→ E0 → E1 → . . .→ Em → A→ 0

be a linearly contractible m-extension of algebras and let δm : HP ∗(A)→ HP ∗+m(E0)
be the iterated boundary map of this extension. Let α ∈ HP ∗(A). Then

dim(δm(α)) ≤ (2m+1 − 1)(dim(α) +m)

This should be compared with [CU] section 8. The proof will be given in a later
version of the paper.

4 Excision in topological cyclic homology theories

Let

αtop : 0→ (I,S ′)→ (A,S)

s
x
→ (B,S

′′

)→ 0

be an extension of Fréchet algebras equipped with systems of strictly convex, com-
plete supports and let s be a continuous, support preserving linear section [P2]. We
want to extend our approach to excision to the cyclic and local cyclic cohomology
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of algebras with supports. The case of Ind-algebras with supports will be treated in
a later version of the paper.

Definition 4.1 Let (A,S) be a Fréchet algebra with strictly convex and complete
supports and let (T A, T S) = “ lim

−→

(S,N)

“TA(S,N), S ∈ S, N > 0 be its universal linear

deformation.[P2]

Let X∗(T A, T S) = “ lim
−→

“X∗(TA(S,N)) be its X-complex. It is an Ind -complex of

Fréchet spaces. For S ∈ S let AS be the subalgebra of A generated by S and let
CC∗(AS) be its cyclic bicomplex. Then under the identification [CQ3] of the cyclic
bicomplex CC∗(AS) and the X-complex X∗(TAS) ⊂ X∗(TA(S,N)) the cyclic bicom-
plex inherits a locally convex topology from X∗(TA(S,N)).

Denote by CC∗(A)(S,N) its completion and put

CC∗(A) := lim
−→

(S,N)

CC∗(A)(S,N)

Then the Cuntz-Quillen projection induces a chain homotopy equivalence

X∗(T A, T S)
∼
←→ CC∗(A)

of Ind-complexes of Fréchet spaces.

Similarly one obtains a chain homotopy equivalence between the X-complex of the
iterated universal linear deformation and a suitable completed cyclic bicomplex

X∗(T (T A), T (T S))
∼
←→ CC∗(T A)

Lemma 4.2 Let 0 → (I,S ′) → (A,S)

s
x
→
p

(B,S ′′) → 0 be an extension of Fréchet

algebras with strictly convex and complete support and with bounded, support pre-
serving linear section S. Let J := ker(p ◦ π) ⊂ TA be the associated ideal.

For S ∈ S put JS := J ∩ TAS where AS ⊂ A is the subalgebra generated by S.

Let ν : lN→ lN be a monotone increasing function of at most linear growth and let

0→ CC>ν
∗ (AS)JS

→ CC∗(AS)→ CC≤ν
∗ (AS)JS

→ 0

be the extension of (1.3), (1.4) and let p1 be the canonical projection of CC∗(AS)
onto CC>ν

∗ (AS)JS
.

Then these sequences fit together for different (S,N) ∈ S × lR+ and provide after
completion an extension of Ind-complexes

0→ CC>ν∗ (T A)J → CC∗(T A)→ CC≤ν∗ (T A)J → 0
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Moreover the projection p1 extends to a projection of Ind-complexes and is bounded
in the associated Fréchet topology. Thus the extension possesses a natural continuous
linear section

0→ CC>ν∗ (T A)J → CC∗(T A)

s′

x
→ CC≤ν∗ (T A)J → 0

Remark: For this result it is essential that the cutoff function ν is of at most linear
growth. For the choice ν(n) := n the associated extension is denoted by

0→ CC>∗ (T A)J → CC∗(T A)

s′

x
→ CC≤∗ (T A)J → 0

To prove excision in the topological case one needs more precise information about
the chain maps involved in the combinatorial main theorem. This is given by

Theorem 4.3 Let TA be the tensor algebra over A and let IA ⊂ J ⊂ TA be the
ideal associated to the extension αtop.

Let H : CC∗(TA) → CC∗+1(TA), ∗ ∈ ZZ/2 be the homotopy operator of Theorem
(2.1).

i) If CC∗(TA) is graded by the integers then

H : CCn(TA)→

(n+1)/2⊕

k=0

CCn+2k+1(TA)

ii) Let x ∈ CCn(TA) be an element which is given by a tensor monomial if it is
written in standard form (1.1.)ii), i.e. x = α0 ⊗ . . .⊗ αn with

αi = ρ(s(b0))ω(s(b′), s(b′′))n0ρ(j)n1 . . . ρ(s(bk−1))ω(s(b′), s(b′′))nk−1ρ(j)nk

where b0, b′, b′′, . . . ∈ S ′′ ⊂ B and j0, . . . , jk, . . . ∈ S ′ ⊂ I.

Let |x| be the total J-adic valuation of x. Then there exists a universal constant C
such that the following holds:

H(x) =

(n+1)/2∑

k=0

yn+2k+1

and yn+2k+1 ∈ CCn+2k+1(TA) can be written as a sum yn+2k+1 =
∑
y′ of at most

Cn+|x| · n · (n+ 1) . . . (n+ k)
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tensor monomials

y′ = α
′

0 ⊗ . . .⊗ α
′

m,

α
′

i = ρ(s(b̃0))ω(s(b̃), s(
≈

b))n0ρ(j̃)n1 . . .

. . . ρ(s(b̃k−1))ω(s(b̃), s(
≈

b))nk−1ρ(j̃k)
nk

satisfying

• |x| ≤ |y′| ≤ |x|+ n for all summands y′ of H(xn)

• The entries
∼

b0,
∼

b,
≈

b, . . . ,
∼

bk−1 of each summand y′ belong to the multiplicative
closure of S ′′ ⊂ B.

• The entries
∼

j0, . . . ,
∼

jk of each summand y′ belong to the union of S ′ and the set

{s(bb′)− s(b)s(b′)
∣∣∣ b, b′ ∈ (S ′′)∞} ⊂ I where (S ′′)∞ denotes the multiplicative

closure of S ′′.

The proof is given in the appendix.

Coming back to the excision problems one notes the

Proposition 4.4 Let

αtop : 0→ (I,S ′)→ (A,S)

s
x
→ (B,S ′′)→ 0

be an extension of (Fréchet)-algebras with strictly convex and complete supports
and with a bounded, support preserving, linear section s and let CC>∗ (T A)J be the
associated subcomplex of CC∗(T A) (4.2).

Then the natural chain map ψ′ of Lemma (2.2) extends to a chain map of Ind -
complexes

ψ′ : CC>∗ (T A)J → CC
>
∗ (T A)J

such that

i) ψ′ is continuous and continuously chain homotopic to the identity

ii) ψ′(CC>∗ (T A)J) ⊂ CC∗(J) + CC≤ν(TA)J with ν(n) = 4n+ 1

(This statement makes sense because ν is of linear growth).

Proof: First of all ψ′ defines a chain map of the noncomplete Ind-complex
lim
−→

S

CC>
∗ (AS)JS

, S ∈ S. This is due to the following facts: The linear section
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s : B → A preserves supports and I ⊂ A carries the system of supports S ′ in-
duced from the supports S of A. Theorem 4.3 provides then enough information
about the behaviour of the fundamental homotopy operator to conclude that ψ ′

defines a map of Ind-complexes. To check its continuity one has to know that the
homotopy operator HIA preserves I-adic filtrations (which it does by (2.2)) and
maps a tensor monomial in CCn(TA) to a sum of monomials with the number of
summands growing at most exponentially in n which is guaranteed by Theorem 4.3.

As moreover the projection Id−s′ ◦p′ (2.2) from CC∗(TAS) to CC>
∗ (TAS)JS

is con-
tinuous by (4.2) the maps H ′ and ψ′ (2.2) induce continuous maps of Ind-complexes
and i) is proved. Part ii) follows then immediately from (2.2) ii). q.e.d.

Proposition 4.5 Let

0→ (I,S ′)→ (A,S)

s
x
→ (B,S ′′)→ 0

be an extension of Fréchet algebras with strictly convex and complete supports with
bounded, support preserving, linear section s.

Let CC>∗ (T A)J ⊂ CC∗(T A) be the associated chain complex.

There exists a bounded chain map of Ind-complexes

ψ : CC>∗ (T A)J → CC∗(J)

such that the composition CC>∗ (T A)J
ψ
−→ CC∗(J) ↪→ CC∗(T A) is chain homotopic

to the natural inclusion CC>∗ (T A)J ↪→ CC∗(T A).

Proof: The proof of Proposition (2.3) applies essentially unchanged. The most
important point is that all cutoff functions ν involved are of at most linear growth.
Moreover Theorem 4.3 guarantees that not too many terms are created by the
canonical chain map ΦJ . Finally writing elements which are given in standard form
in the J-adic valuation as a sum of elements of standard form for the I-adic valuation
also creates a number of summands which grows at most exponentially in terms of
the total J-adic valuation of the initial element. q.e.d.

Now one can construct the fundamental diagram in the topological case

Theorem 4.6 Let

0→ (I,S ′)→ (A,S)

s
x
→ (B,S ′′)→ 0

be an extension of Fréchet-algebras with strictly convex and complete supports and
with bounded, support preserving, linear section s.

Let
0→ CC>∗ (T A)J → CC∗(T A)→ CC≤∗ (T A)J → 0

be the associated, linear split extension of Ind-complexes of Fréchet spaces (4.2).
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i) There exists a diagram of Ind-complexes of Fréchet spaces

CC∗(I) −→ CC∗(A) −→ CC∗(B)

↑ ↑ ↑

0 −→ CC>∗ (T A)J −→ CC∗(T A) −→ CC≤∗ (T A)J −→ 0

which commutes up to chain homotopy.

ii) The diagram and the chain homotopies are natural with respect to maps of
extensions preserving all given structures.

Proof: Carries directly over from (2.4). q.e.d.

The topological version of Goodwillies Theorem [P2] gives

Theorem 4.7 All vertical arrows in the fundamental diagram are chain homotopy
equivalences of Ind-complexes of Fréchet-spaces.

Proof: The demonstrations of (2.5),(2.6) and (2.7) generalise immediately to the
topological situation. The assertion about the middle vertical arrow is just [P2], ?
The statement of (2.6) continues to be true provided all cutoff functions ν, ν ′ are of
at most linear growth. This is however the case for the cutoff function used in the
proof of (2.7) so that this result also still holds in the topological situation. q.e.d.

So we obtain the

Theorem 4.8 (Excision for cyclic cohomology of algebras with supports.)[P2]
Let

0→ (I,S ′)→ (A,S)

s
x
→ (B,S ′′)→ 0

be an extension of Fréchet-algebras with strictly convex and complete supports and
with bounded, support preserving linear section s.

Then it induces a six term exact sequence on bivariant cyclic cohomology groups for
Ind-algebras with supports [P2]. Moreover this sequence depends naturally on the
given extension.

Especially the fundamental diagram implies that

X∗(T I, T S
′) −→ X∗(T A, T S) −→ X∗(T B, T S

′′

)

is a distinguished triangle in the homotopy category of Ind-complexes of complete, lo-
cally convex vector spaces. As the localisation functor from this homotopy category
to the derived Ind-category maps distinguished triangles to distinguished triangles
one obtains moreover
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Theorem 4.9 (Excision for local cyclic cohomology)[P2].
The excision theorem (4.8) also holds for bivariant local cyclic cohomology of Ind-
algebras with supports.

A detailed proof will be given in a later version of the paper.

5 Consequences

Let A be a Banach algebra or a nuclear, admissible Fréchet algebra. Then the family
of bounded subsets of an open unit ball defines the system of bounded supports. It
was shown in [P2], that the cyclic cohomology of a Banach- or nuclear admissible
Fréchet algebra equipped with the system of bounded supports equals A.Connes
entire cyclic cohomology. Thus the excision theorem (4.8) implies

Theorem 5.1 Let
0 −→ I −→ A −→ B −→ 0

be an extension of Banach- or nuclear admissible Fréchet algebras possessing a
bounded, linear section. Then this extension induces a six-term exact sequence of
entire cyclic cohomology groups

HC∗
ε (I) ←− HC∗

ε (A) ←− HC∗
ε (B)

δ ↓ ↑ δ

HC∗+1
ε (B) −→ HC∗+1

ε (A) −→ HC∗+1
ε (I)

The same holds for entire cyclic homology and bivariant entire cyclic cohomology.

The forgetful transformation HP ∗ → HC∗
ε from periodic to entire cyclic cohomol-

ogy carries the long exact cohomology sequence of periodic cyclic cohomology groups
associated to an extension to the corresponding long exact sequence of entire cyclic
cohomology groups. This is evident from the construction of the long exact coho-
mology sequences. From this one can deduce the following consequence about the
natural transformation from periodic to entire cyclic cohomology.

Theorem 5.2 Let C be the smallest class of Banach- and nuclear admissible Fréchet
algebras satisfying

• lC ∈ C

• C is closed under smooth homotopy equivalence

• If in an extension with bounded linear splitting two algebras belong to C then
also the third one.
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Then for every algebra A in C the natural forgetful transformation from periodic to
entire cyclic cohomology induces an isomorphism

HP ∗(A)
'
−→ HC∗

ε (A)

Proof: Consider the class C ′ of Banach- or nuclear admissible Fréchet- algebras for
which the transformation from periodic to entire cyclic cohomology is an isomor-
phism. Then by Connes paper [CO2], C ′ contains the algebra of complex numbers.
As both periodic and entire cyclic cohomology are smooth homotopy functors [CO]
the class C ′ is closed under smooth homotopy equivalence. If finally an extension is
given for which two of the involved algebras belong to C ′ then the excision theorem
(4.8),(5.1),and the five lemma imply that also the third algebra in the extension
belongs to C ′. Thus C ⊂ C ′ and the theorem is proved. q.e.d.

As application of this we present the solution of a rather long standing problem in
entire cyclic cohomology.

Theorem 5.3 Let M be a smooth, closed manifold and let C∞(M) be the nuclear
admissible Fréchet- algebra of smooth functions on M . Then

HC∗
ε (C

∞(M)) ' HP ∗(C∞(M)) ' H∗(M, lC)

where on the right hand side ZZ/2- graded homology is understood.

First of all we need the

Lemma 5.4 (J.Cuntz)[CU]
Let C∞(M,N) respectively C∞0 (M,N) be the algebras of smooth functions on M
vanishing at N respectively vanishing of infinite order at N .

Then the inclusion
C∞0 (M,N) ↪→ C∞(M,N)

is a smooth homotopy equivalence.

Proof:

Let ϕ : lR+ → lR+ be a strictly monotone increasing homeomorphism of the closed
halfline which is a diffeomorphism on the open halfline, equals the identity outside
the unit interval [0, 1] and whose derivates at 0 of arbitrary order vanish.

Let N ⊂ M be the given codimension one submanifold. Then a tubular neighbour-
hood W of N in M can be identified with the total space of the normal bundle of
N in M . This normal bundle being trivial because N and M are assumed to be
orientable we obtain

N × lR+ ' ν(N,M) ' W ⊂M.
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One can now extend the smooth homeomorphism id ×ϕ of N × lR+ to a smooth
homomorphism ϕ̃ of M by putting it equal the identity outside W .

Then the algebra homomorphism ϕ̃∗ : C∞(M) → C∞(M) maps C∞(M,N) to
C∞0 (M,N) and is obviously an inverse to the inclusion C∞0 (M,N) → C∞(M,N)
up to smooth homotopy. q.e.d.

Proof: of the Theorem. Assume for simplicity that M is oriented. Let N be a
smooth, closed, oriented submanifold N ⊂M of codimension one which decomposes
M into two pieces M1,M2 : M = M1 ∪ M2, N = M1 ∩ M2, and (M1, N) and
(M2, N) are smooth, oriented, compact manifolds with boundary. We show that
if C∞(N), C∞(M1) and C∞(M2) belong to the class C of Theorem (5.2) then also
C∞(M).

Consider the linear split extensions

0 → C∞(M1, N) → C∞(M1) → C∞(N) → 0

0 → C∞(M2, N) → C∞(M2) → C∞(N) → 0

By assumption C∞(M1), C
∞(M2), C

∞(N) ∈ C and therefore C∞(M1, N), C∞(M2, N) ∈
C. But then also C∞0 (M1, N), C∞0 (M2, N) ∈ C by Lemma (5.4). Consequently
C∞0 (M,N) ' C∞0 (M1, N) ⊕ C∞0 (M2, N) ∈ C and running the argument backwards
C∞(M,N) ∈ C and C∞(M) ∈ C by considering the linear split extension

0→ C∞(M,N)→ C∞(M)→ C∞(N)→ 0.

The theorem follows then by running over a handle decomposition of M which can
be obtained from some Morse function. q.e.d.

As another application of the excision theorem we say a few words about the bi-
variant Chern-Connes character. A more detailed discussion will be given in a later
version of the paper.

Consider the category of C∗-algebras. The family of compact subsets of the open
unit ball of a C∗-algebra defines the system of compact supports. Let HC∗

lc(−,−)
be the bivariant local cyclic cohomology of C∗-algebras equipped with the system
of compact supports [P2]. Then the local cyclic cohomology HC∗

lc(−,−) defines a
continuous homotopy bifunctor [P2], and is stable under tensorisation by the algebra
of compact operators. Moreover, by Theorem (4.9) local cyclic cohomology satisfies
excision for extensions of C∗-algebras with bounded linear splitting. Now, by a well
known argument of J.Cuntz, every stable and excisive homotopy bifunctor on the
category of C∗-algebras factorises over the category KK associated to Kasparovs
bivariant K-Theory. Therefore we obtain the
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Theorem 5.5 There exists a natural bivariant Chern-Connes character

chbiv : KK∗(−,−) −→ HC∗
lc(−,−)

on the category of C∗-algebras.

It coincides an ordinary K-theory with the Chern-character in local cyclic homology.

Moreover the bivariant Chern-Connes character is compatible with the Kasparov-
respectively the composition-product which yields the

Theorem 5.6 [P1], [CU]
(Grothendieck-Riemann-Roch Theorem in Noncommutative Geometry)

Let A,B,C be separable C∗-algebras. Then the diagram

KKj(A,B)⊗KKk(B,C)
◦
−→ KKj+k(A,C)

chbiv ⊗
ychbiv

ychbiv

HCj
lc(A,B)⊗HCk

lc(B,C) −→
1

(2πi)jk ◦
HCj+k(A,C)

commutes. Here the upper horizontal map is given by the Kasparov product and the
lower horizontal map is given by 1

(2πi)jk times the composition product.

A presentation of the bivariant Chern-Connes character in the spirit of [CU] will be
given in a later version of the paper.
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6 Appendix

The aim of the appendix is to give a proof of Theorems 2.1 and 4.3. A more detailed
presentation will be given in a later version of this paper.

The elementary homotopy operators

Definition 6.1 Let 0 → I → A → B → 0 be a linear split extension of algebras
and let J ⊂ TA be the associated ideal. Recall (1.1.) ii) the isomorphism

TA
'
←− GrJ(TA)

'
←− TI ∗ ΩevB

of vector spaces inducing a grading on TA. Let TA '
∞⊕
k=0

TAk be the associated

decomposition of TA into homogeneous pieces and let

CC∗(TA) =
∞⊕

n=0

CCn(TA)

CCn(TA) =
⊕

k0,... ,kn

TAk0 ⊗ . . .⊗ TAkn
⊕

⊕

k1,... ,kn

TAk1 ⊗ . . .⊗ TAkn

be the associated decomposition of the cyclic bicomplex.

i) Fix a multiindex (k0, . . . , kn) (or (k1, . . . , kn)) with associated subspace TAk0⊗
. . .⊗ TAkn

(or TAk1 ⊗ . . .⊗ TAkn
). For every maximal string (ki, . . . , kj) of

strictly positive elements of the given multiindex (viewed in cyclic order, i.e.
(0, . . . , n) is indexed by ZZ/n+1) define the associated block as the vector space
TAki

⊗ . . .⊗TAkj
. The number of maximal strings of strictly positive elements

is the number of blocks of the subspace TAk0⊗. . .⊗TAkn
(or TAk1⊗. . .⊗TAkn

)
of CCn(TA).

The set of associated blocks is given the lexicographic order.

ii) Let (k0, . . . , kn) (or (k1, . . . , kn)) be a multiindex and let TAki
⊗ . . .⊗TAkj

be
a block of length l belonging to TAk0 ⊗ . . .⊗ TAkn

.

Assume that TAk0 does not belong to the choosen block or that k0 6= 1 or that
TAk0 is the first factor in the block.

The elementary homotopy operators h1, . . . , hm : TAki
⊗. . .⊗TAkj

→ TA⊗(l+1)

28



are defined as follows

h1 := (−1)εId⊗(l−1) ⊗ σ1

hm := (−1)εId⊗(l−m) ⊗ σ1 ⊗ Id⊗(m−1)

if kr = 1, j −m+ 2 ≤ r ≤ j

:= (−1)εId⊗(l−m+1) ⊗ σ2 ⊗ Id⊗(m−2)

if kj−m+2 > 1; kr = 1, j −m + 3 ≤ r ≤ j

:= (−1)εId⊗(l−m+1) ⊗ σ1 ⊗ Id⊗(m−2)

if ∃ ! r : j −m + 3 ≤ r ≤ j, kj > 1

and by hm = 0 otherwise.

The operators σi are the slicing maps of (1.1) iii). The sign factor (−1)ε is
defined as follows: ε ∈ {0, . . . , n} is given by the position to which the slicing
operator σ is applied.

iii) If TAk0 belongs to the choosen block and k0 = 1 and TAk0 is not the first factor
of the block, i.e. if the block is of the form (TAki

⊗ . . .⊗TAkn
)⊗ (TA1⊗ . . .⊗

TAj) decompose it further according to TA1 ' V ⊕ ρ(s(B)) · V =: V ′ (1.1.)
ii).

Define the elementary homotopy operators on (TAki
⊗ . . .⊗TAkn

)⊗(V ⊕V ′)⊗
(TAk1 ⊗ . . . ⊗ TAkj

) as before except for the operator hj+1 on TAki
⊗ . . . ⊗

TAkn
⊗ V ⊗ TAk1 ⊗ . . .⊗ TAkj

in the case k1 = . . . = kj = 1 where one puts

hj+1((αi⊗. . .⊗αn)⊗(v⊗α1⊗. . .⊗αj)) := (αi⊗. . .⊗αn)⊗1⊗(v⊗α1⊗. . .⊗αj)

Note that all homotopy operators vanish on the subcomplex CC∗(J) of CC∗(TA).

Lemma 6.2 All elementary homotopy operators preserve Hodge- and J-adic filtra-
tions.

Definition 6.3 Let α = α0 ⊗ . . .⊗ αn ∈ CCn(TA) be an element which is given by
a homogeneous tensor monomial in the presentation of (1.1) ii). Similar to (6.1) we
call the tensors αi ⊗ . . .⊗ αj corresponding to maximal strings of factors of strictly
positive degree the blocks of α.

i) A block is called linear if all its factors are of degree one.

ii) A block is called special if it is of the form

αi ⊗ . . .⊗ αj = αi ⊗ . . .⊗ v ⊗ αl ⊗ . . .⊗ αj

where v ∈ V and deg αl = . . . = degαj = 1.
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iii) The element α is called special if it contains a block which is special and such
that all other blocks of lower lexicographic order are special.

The fundamental homotopy operator on the Hochschild complex
of TI ∗ ΩevB in the case of a single block

Consider the Hochschild complex C∗(TI ∗ ΩevB) of the algebra R := TI ∗ ΩevB
graded according to (1.1) ii). This complex can be identified linearly with C∗(TA)
via (1.1.) ii). Especially all the elementary homotopy operators are well defined.

Definition 6.4 Let Rk0⊗ . . .⊗Rkn
(resp. Rk1⊗ . . .⊗Rkn

) be a homogeneous direct
summand of the Hochschild complex of the graded algebra R = TI ∗ ΩevB. Fix a
corresponding block Rki

⊗ . . .⊗ Rkj

i) Define chain maps ϕ′
i, χ

′
i, η

′ : C∗(R)→ C∗(R) by

ϕ′
i := Id− (hi ◦ b+ b ◦ hi),

χ′
i := ϕ′

1 ◦ . . . ◦ ϕ
′
i

η′ := . . . ◦ χ′
m ◦ . . . ◦ χ

′
2 ◦ χ

′
1

where the elementary homotopy operators hi act on the distinguished block.

ii) Define linear selfmaps ϕ′′
i , χ

′′
i , η

′′ of C∗(R) by ϕ′′
i := Id − hi ◦ b and by the

analogous formulas as in i) for χ′′
i and η′′.

Suppose now that the direct summand of C∗(R) choosen in (6.4) possesses a single
block.

Lemma 6.5 Let α ∈ Cn(TI ∗ ΩevB) be a homogeneous element possessing a single
block:

α = b0 ⊗ . . .⊗ bi−1 ⊗ αi ⊗ . . .⊗ αj ⊗ bj+1 ⊗ . . .⊗ bn degαi > 0, . . . , degαj > 0.

i) Suppose degαj = 1, αj = bv, v ∈ V .
Then

ϕ′
1(α) = ϕ′′

1(α) =

= b0 ⊗ . . .⊗ αj−1 ⊗ bv ⊗ bi+1 ⊗ . . .⊗ bn

−b0 ⊗ . . .⊗ αj−1b⊗ v ⊗ bi+1 ⊗ . . .⊗ bn

ii) Suppose degαj = 1, αj = v′, v′ ∈ V . Then ϕ′
1(α) = ϕ′′

1(α) = 0

iii) Suppose degαj > 1, αj = α′v, v ∈ V, degα′ > 0.
Then
ϕ′

1(α) = b0 ⊗ . . .⊗ bi−1 ⊗ αi ⊗ . . .⊗ α′ ⊗ vbj+1 ⊗ bj+2 ⊗ . . .⊗ bn
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Lemma 6.6 Let α ∈ Cn(TI ∗ ΩevB) be a homogeneous element possessing a single
block

α = b0 ⊗ . . .⊗ αi ⊗ . . .⊗ αj−m+1 ⊗ . . .⊗ αj ⊗ bj+1 ⊗ . . .⊗ bn

i) Suppose that degαj−m+1 = . . . = deg αj = 1, i < j −m+ 1 and that αj−m+1 =
bv, v ∈ V . Then

ϕ′
m(α) = ϕ′′

m(α)
= b0 ⊗ . . .⊗ αi ⊗ . . .⊗ αj−m ⊗ bv ⊗ . . .⊗ αj ⊗ bj+1 ⊗ . . .⊗ bn

−b0 ⊗ . . .⊗ αi ⊗ . . .⊗ αj−mb⊗ v ⊗ . . .⊗ αj ⊗ bj+1 ⊗ . . . bn

ii) Suppose that degαj−m+1 = . . . = deg αj = 1, i < j −m+ 1 and that αj−m+1 =
v′ ∈ V . Then ϕ′

m(α) = ϕ′′
m(α) = 0.

iii) Suppose that degαj−m+1 > 1, αj−m+1 = α′v, degα′ > 0 and that degαj−m+2 =
. . . = degαj = 1.
Then

ϕ′
m(α)

= b0 ⊗ . . .⊗ αi ⊗ . . .⊗ αj−m ⊗ σ2(α
j−m+1αj−m+2)⊗ . . .⊗ αj ⊗ . . .⊗ bn

−b0 ⊗ . . .⊗ αi ⊗ . . .⊗ αj−m ⊗ α′ ⊗ vαj−m+2 ⊗ . . .⊗ αj ⊗ . . .⊗ bn

iv) If, under the conditions of iii) αj−m+2 = v′′ ∈ V then ϕ′
m(α) = 0.

Similar formulas hold if α is of the form

α′ = α0 ⊗ . . .⊗ αj ⊗ bj+1 ⊗ . . .⊗ bi−1 ⊗ αi ⊗ . . .⊗ αn or α′′ = 1⊗ α′

Corollary 6.7 Let α ∈ Cn(TI ∗ ΩevB) be a homogeneous element of total degree
|α| possessing a single block

i) If α is special (6.3) then η′(α) = 0

ii) If |α| > n or α = 1⊗ α′ and |α′| ≥ n then η′(α) ∈ C∗((TI ∗ ΩevB)+) ' C∗(J)

iii) If |α| ≤ n or |α′| < n then η′(α) =
∑
i

α′
i

where

• All α′
i possess a single, linear block (6.3) of length |α|

• All summands except one are special

• The number of summands is less or equal to 2|α|

iv) η
′′

(α) = α +
∑
α

′′

where the elements α
′′

are all special and the number of
summands is bounded by 2|α|.
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This follows inductively from (6.5) and (6.6).

The case of several blocks
We would like to treat the case of several blocks by linearising one block after the
other as in (6.7). This is however not possible directly because the lexicographic
order of the blocks is not preserved by the Hochschild differential.
We proceed instead in two steps.

Definition 6.8 Let R be a ring and let J ⊂ R be an ideal. Then the direct sum of
the spaces

Ct
n(R) := J ⊗R⊗n ⊕ 1⊗ J ⊗ R⊗(n−2) ⊗ J ⊂ Cn(R)

forms a subcomplex C t
∗(R) of the Hochschild-complex C∗(R) called the tame subcom-

plex.

If J ⊂ R has a natural complement then so does C t
∗(R) ⊂ C∗(R).

For elements of the tame subcomplex the lexicographic order of its block is invariant
under the Hochschild differential and under all elementary homotopy operators.

Definition 6.9

i) Let hti(k, l) : C∗(TI ∗ ΩevB)→ C∗+1(TI ∗ ΩevB) be defined as follows:
hti(k, l) vanishes on the natural complement of the tame subcomplex and on
the subspace generated by elements with more or less than k blocks. On the
subspace of the tame subcomplex generated by elements possessing precisely k
blocks it is given by the action of the i-th elementary homotopy operator (6.1)
on the l-th block.

ii) Let η′t(k, l), η
′′
t (k, l) be derived from the homotopy operators hti(k, l) as the maps

η′, η′′ in (6.4) i).

iii) There are similar homotopy operators hi(k, l) vanishing on the tame subcom-
plex and acting as elementary homotopy operators on the natural complement
of Ct

∗(TI ∗ ΩevB). Let η′(k, l), η′′(k, l) be the associated chain maps.

Lemma 6.10 Let α ∈ Cn(TI ∗ΩevB) be a homogeneous element possessing exactly
k blocks.

i) η′(k′, l)(α) = η
′′

(k′, l)(α) = α if k′ > k

ii) η′(k, 1)(α) =
∑
α′ +

∑
α′′ +

∑
α′′′ where the elements α′ either contain k

blocks and the first block has been linearised or α′ contains (k− 1)-blocks. The
number of summands in the first sum is at most 2m where m is the sum of the
length of the first block and the number of factors between the first two blocks.
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The elements α′′ belong to the tame subcomplex and have (k − 1) or k blocks.
Their number is at most 2m+1 where m is defined as above.

The elements α′′ are special and possess (k − 1) blocks and their number is
bounded by 2m+1 · n

iii) Put
θ′(k) := . . . ◦ η′(k, l) ◦ η′(k, l − 1) ◦ . . . ◦ η′(k, 1)

θ′ := θ′(1) ◦ θ′(2) ◦ . . . ◦ θ′(k) ◦ . . .

and define θ′t(k) and θ′t similarly.

Put finally
ζ ′ := θ′t ◦ θ

′

Then
ζ ′(α) ∈ C∗((TI ∗ ΩevB)+) ∼= C∗(J)

if |α| > n or α = 1⊗ α′ and |α′| ≥ n.

Otherwise ζ ′(α) is a sum of terms with linearised blocks. The number of blocks
is at most k. ζ ′(α) is a sum of at most 2n homogeneous summands.

iv) If α contains a special block then ζ ′(α) = 0.

v) Let the operator ζ ′′ be defined analogous to ζ ′ as in (6.4) ii).

Then ζ ′′(α) = α +
∑
α̃ where the terms α̃ are special and their number is

bounded by Cn for same universal constant C.

The fundamental homotopy operator on the cyclic bicomplex CC∗(TI ∗ ΩevB)

Definition 6.11

i) Consider the cyclic bicomplex CC∗(TI ∗ ΩevB). Here CCn(R) ' Cn(R) '
ΩnR.

Define analogous to (6.4) chain maps

ϕi := Id− (hi ◦ (b+B) + (b+B) ◦ hi)

and define χi, η(k, l), ηt(k, l), θ, θt, ζ by the same formulas as in (6.4),(6.9) and
(6.10).

All these maps are now chain maps with respect to the cyclic differential.

ii) Define by ζ(n) the operator derived in the same way as ζ from the elemen-
tary homotopy operators with the supplementary condition that the involved
homotopy operators act only on CCn ⊕ CCn−1 and act as zero in all other
degrees.
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iii) Put
Θ := . . . ◦ ζ(n) ◦ . . . ◦ ζ(2) ◦ ζ(1)

Lemma 6.12 Let α ∈ CCn(TI ∗ ΩevB) be a homogeneous element with k blocks.

i) ζ(j)(α) = α if j < n− 1

ii) ζ(n− 1)(α) = ζ ′′(α) = α+special terms

iii) ζ(n)(α) = ζ(n) ◦ ζ(n− 1) ◦ . . . ◦ ζ(1)(α) = ζ ′(α) +
∑
α′ where the summands

α′ belong to CCn+2 and possess at most k-blocks. At least one block of each
summand α′ is special. The number of summands is bounded by 2n+1 · n

iv)

Θ(α) = ζ ′(α) ∈ CCn(TI ∗ ΩevB)

Especially, if |α| > n or α = 1⊗ α′ and |α′| ≥ n, then

Θ(α) ∈ CC∗((TI ∗ ΩevB)+) ' CC∗(J)

v) The chain map Θ is by construction naturally chain homotopic to the identity.
Let HΘ be the associated homotopy operator. Then

HΘ(CCn(R)) ⊂

(n+1)/2⊕

k=0

CCn+2k+1(R)

and the number of generated terms satisfies an estimate similar to (4.3) ii).

The fundamental homotopy operator on CC∗(TA)

Let 0 → I → A

s
x
→ B → 0 be a linear split extension of algebras. Consider the

critical filtration of TA associated to this extension (1.2). This critical filtration is
not an adic filtration associated to an ideal. It satisfies

• Fil>0
c (TA) = J

• Grc(TA) ' TI ∗ ΩevB as algebras

Let CC∗(TA) be the cyclic bicomplex of TA. It carries a filtration induced from the
critical filtration of TA and

Grc(CC∗(TA)) ' CC∗(TI ∗ ΩevB)
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Definition 6.13 Let Θ(n) be the chain map on CC∗(TA) defined similar to Θ with
the supplementary condition that all involved elementary homotopy operators vanish
an elements of critical degree different from n and are given by the same formulas
as in (6.4) to (6.11) on homogeneous elements of CC∗(TA) ' CC∗(TI ∗ ΩevB) of
critical degree n.

Put

Φ : CC∗(TA)→ CC∗(TA)

Φ := . . . ◦Θ(n) ◦ . . . ◦Θ(1) ◦Θ(0)

Then Φ is canonically chain homotopic to the identity via a homotopy operator H.

By (6.2) and the fact that the projection operators onto the subspaces of fixed
critical degree preserve Hodge- and J-adic filtrations, the maps H and Φ preserve
Hodge- and J- adic filtrations, too. This establishes Theorem (2.1), i) and ii).

Lemma 6.14 Let α ∈ CC>
n (TA) correspond to a homogeneous element in CC∗(TI∗

ΩevB) under the isomorphism of (1.1). Let |α| be its total J- adic degree and let m
be its critical degree. Suppose that α possesses k blocks.

i) Θ(j)(α) = α for j < m

ii) Θ(m)(α) =
∑
α′ +

∑
α′′ where α′ ∈ CC∗(J) and the summands α′′ are of

critical degree > m

iii) Φ(α) ∈ CC∗(J) is given by a sum of elements satisfying the conditions of
Theorem (4.3) ii)

With this the proof of Theorem (2.1) and (4.3) is complete.

Remark: The fact that Φ maps CC>
∗ (TA) to CC∗(J) is due to the fact that all

elements α′′ occuring in ii) which are of higher degree with respect to the Hodge-
filtration (Hochschild degree) have at least one special block as in (6.12) iii). Such
terms are finally killed by the operators Θ(n), n� m.

All except very few of the summands α′′ occuring in ii) are special (6.3) and killed
by some operator Θ(n) for n > m. This phenomenon is responsible for the number
of generated terms growing not faster than exponentially.

All this and especially the concrete estimates of the number of terms generated by
the operators H and Φ will be treated in detail in a later version of this paper.
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