SEMI-STABLE CONJECTURE FOR VERTICAL LOG-SMOOTH
FAMILIES

WIESLAWA NIZIOL

1. INTRODUCTION

The purpose of this paper is to generalize our results from [16] to certain log-smooth
families. More precisely, we would like to show that, for odd primes, the Semi-stable
Conjecture of Jannsen and Fontaine [6] (proved before by Tsuji [20] and Faltings [4]) is
true for projective vertical fine and saturated log-smooth families with reduction of Cartier
type. We will derive it from Thomason’s comparison theorem [18] between algebraic and
étale K-theories.

Recall the formulation of this conjecture. Let K be a complete discrete valuation field
of mixed characteristic (0, p) with ring of integers V' and a perfect residue field k. Let X *
be a fine log-smooth projective V *-scheme, where V is equipped with the log-structure
associated to the closed point, such that the generic fiber X is smooth over K and the
special fiber X is of Cartier type. Then the conjecture postulates an existence of a
natural period isomorphism

a: H (X%, Qp) ®q, By ~ H (X /W (K)°) @w ) B,

where K is an algebraic closure of K, W (k) is the ring W (k) equipped with the log-
structure associated to (N — W (k), 1+ 0), and By is a certain ring of periods introduced
by Fontaine [6]. The ring By is equipped with Galois action, Frobenius and monodromy
operators. The log-crystalline cohomology groups H (X /W (k)°)[1/p] are also equipped
with Frobenius and monodromy operators, and the period isomorphism is expected to
preserve these structures. Moreover, the ring By maps naturally into another ring of
periods Byr, which is equipped with a decreasing filtration. There is also a canonical iso-
morphism of K @y ) HZ (X /W (k)°) with the de Rham cohomology groups Hjp(Xk/K)
via which Hodge filtration induces a descending filtration on the log-crystalline groups.
The base change of the period isomorphism to Byg is expected to yield an isomorphism
on the filtrations. As a corollary, one gets that étale cohomology can be recovered from
de Rham cohomology (with all the extra structures) and vice versa.

To prove the conjecture, by a standard argument (see, [7], [3]), it suffices to construct
a map

o H (X, Q) — HA(X5 /W (K)°) @) Bu (L1)

compatible with all the above structures, and, in addition, with Poincaré duality and the
trace map.
Our idea was to construct the map « by passing via the higher K-theory groups. In the

first step of the construction one passes from the right hand side of (1.1) to a cohomology
1
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group of the scheme X%, where V is the integral closure of V in K. Namely, by an
argument of Kato [13],

Q @ proj imHZ, (X /Wi (k)
~ ker(monodromy : H.(XJ /W (k)°) ® BY — H.(X; /W (k)°) @ Bf),
where BZ is a subring of By. Hence, we need to construct a well-behaved map

0l s HY (X, 20" (0) — HE(OXE /W), Oxcx (1),

at least for large enough 7. Here, the twist in the crystalline cohomology refers to twisting
the filtration and the Frobenius.
Our construction is based on the following diagram

BTG X2 T BTG (X 2p)

—er —ét
J/ Cij lcl]

where K;(-;Z/p") is the K-theory with coefficients and FK;(-;Z/p") is the y-filtration.
The term in the left upper corner stands, loosely speaking, for a limit of K-theory groups
of (global) resolutions of the schemes Xy, for V' a finite extension of V. The maps

o K (X Z/p") — H* 7 (X, Z/p" (i),
i K( Xy Z/p") — HE (X3 ,./ Wa(k), Oxé Wi (k) (2))
are the étale [8] and the log-crystalline Chern class maps respectively. The log-crystalline
Chern class map is the composition of the standard crystalline Chern class map cj; :

Ki( X Z/p") — HZ 7 ( Xy, /Wa(k), Ox_ jwak(i)) with the natural map
He ™ (X0 /Walk), Ox pwaty) — HET (X [Walk), Oxe. jwio)-

A priori, because of the nature of the term “F!/F!*'K;(Xv; Z/p™)" its domain is really
the K-theory of the resolutions of the schemes X, and it lands in the log-crystalline coho-
mology groups of these resolutions. We show though (Corollary 2.1) that the cohomology
of these resolutions is isomorphic to the cohomology of the original schemes X,.

The arrow wj; is to be constructed below. Our map ay;_;; will make the above diagram
commute. First, we prove that the restriction j* is an isomorphism. Again, it is in a
very loose sense, but good enough to allow us to lift K-theory classes from the generic
fiber to the model. Namely, by [16, Lemma 3.1], we know that we can lift these classes
to K’-theory of the schemes X,. Then, we show that there is a well-behaved map
from the K’'-theory of the schemes X, to the K’-theory of their resolutions (since the
resolutions are regular, it is just K-theory). Our construction of this map hinges on the
fact that the resolution maps are log-étale hence have the unique lifting property over
exact nilpotent immersions. This gives us the required lifting. Finally, we show that this
lifting is unambiguous modulo a field extension and a change of resolution (Lemma 3.1).
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Next, using the fact that [16], for large j, the étale Chern class map Ef; is surjective,
modulo a constant depending only on the dimension of Xx and ¢, 7, and the elements
in its kernel are annihilated, modulo the same constant, by a power of the Bott element
Bn € Ko(X3;Z/p"), we construct the dotted arrow w;; in the above diagram: a map
defined only modulo powers of the Bott element (3, and the above constant, which makes
the diagram commute. We set ay;_;; = €5} w;;. Twisting the maps ay;_;; by some power
of the Bott element and a constant, we get a well-defined map. We take the projective
limit, over n, of these maps and after tensoring it with Q and appropriately untwisting,
we get our map g;_j ;.

Our construction of the map aw,_;; makes it now very easy to check its compatibility
with Poincaré duality and trace maps.

I would like to thank A. Besser. S. Bloch, W. Gajda, A. Huber, K. Kato, C. Soulé, and
T. Tsuji for helpful discussions.

Throughout the paper, let p be a fixed odd prime, let K denote a chosen algebraic
closure of a field K, and, for a scheme X, let X,, = X ® Z/p".

2. PRELIMINARIES

Let V' be a complete discrete valuation ring with fraction field K of characteristic 0 and
with perfect residue field k of characteristic p. Let W (k) be the ring of Witt vectors with
coefficients in k with fraction field Ky. Set G = Gal(K/K), and let o be the absolute
Frobenius on W (k). For a V-scheme X, let X, denote the special fiber of X. We will
denote by V', V* and V? the scheme Spec(V') with the trivial, canonical (i.e., associated
to the closed point), and (N — V, 1 — 0) log-structure respectively, and, for a log-scheme

X, we will denote by X the underlying scheme.

2.1. The rings of periods. Let’s recall the definitions of the rings B.., Bgr, By of
Fontaine [5], [6], [7]. We have

B(—;,n = ng(Spec(Vn/Wn(k:)), B; = proj lim Bct,n[l/pL By = Bct[t_l]’
where V is the integral closure of V in K and ¢ is a certain element of BJ (see [5]
for a precise definition of t). The ring BZ is a topological Ky-module equipped with a
Frobenius ¢ coming from the crystalline cohomology and a natural G g-action. We have
that ¢(t) = pt and that Gk acts on t via the cyclotomic character.

The canonical morphism Bf — V/ p" is surjective. Let J, , denote its kernel. Let

cr,n

B = projlim(Q ® projlim B, ,/JI),  Bar = Bjplt™"].

The ring B, has a discrete valuation given by powers of ¢. Its quotient field is Bqr. We
will denote by F"Byg the filtration induced on Byg by powers of t.

Let 7 be a uniformizer of V. Fontaine associates to it an element u, of Bj,. Let
BZ; denote the subring of Byr generated by Bf and u,. Fontaine shows that u, is
transcendental over BXf. Hence By is a polynomial algebra in one variable over BZ. This
construction does depend on the choice of m. The action of Gx on Bjj restricts well to
BZ;. Frobenius ¢ extends to By by ¢(u,) = pu, and one defines a monodromy operator
N : B{ — B as a unique BZ-derivation such that Nu, = —1. We have N¢ = poN.
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Let By = Be[u,]. Different choices of the uniformizer 7 yield isomorphic rings By, so we
can and we will identify them via these isomorphisms. The dependence on 7 will then be
encoded in the morphism ¢, : B — Bj5.

We will need the following crystalline interpretation of the ring Byi. Let R denote the
PD-envelope of the ring W, [z] with respect to the closed immersion W, [z] — V,,, z — ,
equipped with the log-structure associated to N — R,,, 1 — x. Let

B = projlim HY(Spec(Oy,)/ R;)[1/p).

The ring ESJ{ has a natural action of Gk, Frobenius ¢, and a monodromy operator N. Kato
[13, 3.7] shows that the ring By is canonically (and compatibly with all the structures)
isomorphic to the elements of E; annihilated by a power of the monodromy operator V.

More generally, for any fine log-scheme X *, which is log-smooth and proper over V>,
and whose special fiber is of Cartier type, set

H (X /W (R)) = proj lim HL (X /Wa(K)),  HL(X7) == Q@ H (X5 /W (k)").
Then Kato defines [13, 4.2] a canonical morphism
he - Q® Hiy (X2 /W () — BY @k Hip(X7)
and computes [13, 4.5] that we have morphisms
QOH (X7 /W (k) —— ker(N - Bf @y Hy(X™) — BS @y Hi (X))
& ker(N : Bf ®k, HL.(X*) — B} @k, HL.(XX)).

It can be checked (cf. [20, 4.5.6-7]) that these morphisms are compatible with the product
structure, Galois action, and the Frobenius.
Moreover, Hyodo and Kato [11, 5.1] have constructed a canonical K-isomorphism

Pr - K®K0 HZ (XX) = HéR(X;é/K)a

Ccr

which is compatible with products 20, 4.4.13]. Hence the composition
prhr s Q®@ He (X /W (k) — By @k, Hip(Xg/K)

is functorial in X* and compatible with products, Galois action, and the Frobenius and
the monodromy operators.

Let X* be any fine log-scheme, which is log-smooth and proper over V* with saturated
log-structure on the generic fiber. Then we have the following isomorphisms

Bip®w, Hyp(X ¢/ K) = proj im(Q @ HL(X2/V*,0/J%)) [20,4.7.6],
: (2.1)

F (Bin® sy Hi(X3/K)) = projlim(Q @ HE (X2/V*, JU1/79))  [20,4.7.13]
o (2.2)
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2.2. Syntomic regulators. Let f; : 77 — 15 and f5 : T} — T be two morphisms of
topoi. Consider the induced topos (T}, T3) with sheaves given by tuples F = (Fr,, Fr,, w1, ws),
where Fr,, Frp, are sheaves on 17 and 75 respectively, and w; is a morphism f;Fp, — Fry,

t = 1,2, and morphisms given by pairs of maps Fr, — G, compatible with the maps w;.
For a complex of sheaves of abelian groups F on (T3, Ts), we have

F(Tl,Tg,f') = ker(F(Tg,f'T2) ﬂ) F(Tl,fT1>>

It is a left exact functor and its right derived functor RI'(T}, T3, -) is also the right derived
functor of the functor

F,(Tl, Tg, f) = CODG(F(TQ, ng) M F(Tl, le))[—l]
In particular, we have a distinguished triangle of functors
RI(Ty, T, F') — RU(Ty, Fy,) === RI(Ty, Fp,) —

For two complexes of sheaves F* = (Fr,, Fr,, wr 1,wr 2) and G = (G, Gy, wg- 1, Wg 2)
on (T3, T3), we define the tensor product 7" ®; G to be the complex with

(F @G ), = Fp, @Gn,,

(F @y G, 1= Cone((fi F, & f5F7,) © G, & Fry, @ (1 G, @ f391,) = Fr, © Gr)[=1],

where p = (wr 1 +wr 2) ® Id —Id ®(wg- 1 + wg- 2). For the connecting morphisms
wreg,it [i (F ®rG)n —(F QG ),

we take wrgg i = wr; ® [d+Id®wg ;. There is a canonical map from F @ G to
F ®JI? G in the derived category D(T7,T5) of sheaves of abelian groups on (77, 75). Hence,
for ', G in D*(T}, Ty) such that RT(Ty, Ty, F'), RT(T1,T3,G '), and F ®% G are in the
corresponding derived categories of bounded complexes, the corresponding left derived
functor gives a morphism RT(Ty, T, F') @ RI(T1, T3, G') — RU(T1, To, F @ G).

Let L be the category of integral log-schemes over W (k). For X* € L, n > 1, define the
topoi T1(X ™) = (X7 /Wn(k))er, T3(X™) = (X)) /Wp(k))er, and the topos T™(X*) :=
(TH(X ™), T3(X ™)) as above with the maps fi := 4, fo := i¢, where ¢ is the Frobenius on
(X7 /W, (k))er and 4 is the natural morphism i : (X7 /W, (k))er — (X /Wi(k))er. Define
a complex S, (m)x of sheaves on T"(X*) by

. ._ . . 7lm]
Sn(m)Tl"(XX) = OXlx/Wn(k)v Sn(m)TS(XX) = Jx;/Wn(k)‘

The connecting morphism w; is given by the map 7*.J, W (k)

connecting morphism wy is given by the map ¢*i*J )[(mj Wak) ¢*0X1>< W) X, OXlx W (k)

pm
— OX1>< IWa (k) The other

We have a functorial in X * pairing
S}L(m/)xx ®? Sn(TTL)Xx —>8n(m/ + m)Xx .
It is defined by a family of maps
Ua : Sﬁ(m,)Xx ®f Sn(m)xx —>Sn(m' + m)Xx s
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for every a € Z,. To construct U,, we need to define two morphisms of complexes

[m] [m’+m]
Ty J /Wn( >®‘]X ) T Wy
[m x -k p(m]
aT" COHG((Z JX X< W @¢ ¢ JX < /W (k) ) ® OXX/W (k)
[m] [m]
@Oxlx/W( ® (iF JX X W (K) ® ¢ JX /W())

P
2 O waty) @ Oxz wao) (=1 = Oz iy
compatible with the connecting morphisms. Set
Ua,zp (a1 ® az) = ayas

and define U,, T by the maps

i JX /W ®(’)X <wat) —Oxwayy TOwW —(1—a)p™aw

¢*irJ! X /W 0 © Oxxway = Oxzxpwapy TOW —ap(x)w
OXF/W ) ®T JX /W w0 —Oxxwamy TOW —apTw

Compatibility Wlth the connectlng morphism is easy to check. The maps U, form a
homotopic family, Uy and U; are associative, and U,, U;_, anticommute.

Let IT be the category of topoi T"(X*) as above for X* € L, and let IT"be the category
of sheaves in II, i.e., collections of sheaves Fpn(xx) for every T"(X*), and morphisms
J*Frnxxy — Frnyx) for every V-morphism f: Y — X* satisfying the usual compati-
bilities.

For any diagram X* : I — L denote by T"(X* ) the category of sheaves in T™(X ).
Denote by I'(T"(X *), -) the functor given by the composition

()gn (xx rojlim
I ——5 (X 5 Sets! Prolim, Gets

The complexes S;,(m)yx, Y € L, define a sheaf S;,(m) in II. Set
Hy(X™,0,(m)) := RI(T™(X™,S,(m)).
The above pairings define an anticommutative and associative product
Hi(X*,0,(m") @ Hy (X, 0,(m)) — Hp (X, O0n(m' +m)).
We have a distinguished triangle of functors on L
Hy(X*, 0 (m)) — Ho (X /W (R), T2 ) 2 Ha( X7 W (R), Oy ) —

X /W (k
where (z,y) = (p"x — ¢(z)).
The functors H; are also cohomologies of certain complexes of sheaves in the Zariski
topology. Consider the left-exact functor a, : [I'— £ o (F)(X*) :=T(T™(X*), F). For
F = ((F1, Fa), w1, ws), we have a distinguished triangle
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where, for a W, (k)-diagram Y™, uy < w, @) : (Y*/Wh(k))e — Yz, is the natural projec-
tion. Set

S, (m)zar == RS, (m).
We get a canonical isomorphism RI'(X*, S, (m)za) =~ H(X*, O,(m)), a distinguished
triangle

. [m] g
() zanxx = B pw, e s ) = Bz ywa o O pwiaiy =
and an anticommutative and associative multiplication
Sﬁ(m/)Zar ™ S, (m)zar — Sﬁ(m/ + M) zar

Remark 1. For any syntomic fine log-scheme X * over W (k), the cohomology H3 (X, O, ())
is isomorphic to the syntomic cohomology defined by Tsuji [20, 2.1].

For a scheme X, let K(X) be the spectrum of Quillen K-theory. For a natural number
I > 2, let K/I(X) denote the corresponding spectrum mod [ [18, A.5]. Set K;(X) :=
mi(K(X)) and K;(X;Z/1) := m(K/1(X)).

Using Illusie’s computation of the crystalline cohomology of B.GL,,/W (k) [10, II], one
can define universal classes C;,, € H7'(B.G Ly, /W (k), Op(i)). For any integral log-scheme
X over W (k), via the method of Gillet [8, 2.22], [16], they yield functorial and compatible
families of Chern classes

Cij Kj(X) —>H2i_j(X, Sﬁ(i)zar) fOI‘j Z O,
¢ KG(X;Z/p") — H* (X, S, (i)zar) for j > 2.

These classes composed with the natural morphism H? (X, S, (i)za) — H* (X *, S, (1) zar)
give Chern classes

K (X) — HP (XX, 0,(i) for j >0,
LK (XGZ /") — HE (XX, 0,(0)) for j > 2.

Remark 2. Interpreted appropriately, Gross’ syntomic Chern classes [10] are equal to the
above classes c¢;;, G;;.

Remark 3. Much less general theory of syntomic cohomology than defined here would
have sufficed for this paper. We will need though the general theory in the future to be
able to work with syntomic cohomology of simplicial schemes.

Lemma 2.1. The above Chern classes have the following properties
o c;i", for j >0, is a group homomorphism.
o c", for j > 2 and p # 2, is a group homomorphism.

o Ifae Ki(X;Z/p") and o' € K, (X;Z/p"), then

_syn A (7’ _ 1)' _syn —syn/ /
Cij (aa) - _T-’-g:i (T — 1)‘(8 _ 1)!Crl (O./)qu (O./ )7

assuming that l,q > 2, l+q=17,2i>j,1>0, p # 2.
Moreover, if the scheme X is reqular then
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Ifa € FIKo(X), j #0, and o’ € FfK(X;Z/p"), ¢ > 2, p# 2, then

_syn / (]+k—1)' syn _syn,/ _/
Cj—)ll—k,q(aa) = _(] — 1)'(]{3 — 1)'0]8/ (O./)Ckz (a )

Similarly, for ¢}y (), if o' € FFKy(X), k # 0.

The integral Chern class maps ciy” restrict to zero on FiT'Ko(X), i > 1.

For p # 2, the Chern class maps T;}" restrict to zero on FITK;(X;Z/p"), § > 2.
The classes c;; and T;; are compatible with the crystalline Chern classes

¢ - KG(X) = HG 7/ (X /W), o« K(XGZ/p") — HE ™ (X /Wi (k).

ij ij

Proof. The proof is analogous to the proof of Lemma 2.1 in [16]. O

2.3. A pullback map in K’-theory. We will construct here well-behaving maps from
the K’ -theory of certain log-schemes to the K’ -theory of their resolutions. The resolution
morphisms are rather ugly: they are composed of normalizations and blow-ups at not-
necessarily regularly embedded centers. In particular, they will not, in general, have a
finite Tor-dimension (examples are easy to generate using [1, I111.3.4]). Since the maps of
finite Tor-dimension form the most general class of maps (that I am aware of) through
which we can pullback K’-theory classes [19, 3.14.1], we have to resort here to a very ad
hoc construction. Troughout the rest of the paper, unless otherwise stated, we work in
the category of fine and saturated log-schemes.

We call a morphism ¢ : U* — Y™ of log-schemes a modification if it is a sequence of
(saturated) log-blow-ups [12, 1.6]. Hence ¢ is a universally surjective map that is log-étale
and induces an identity on the open subset of triviality of Y *. Clearly modifications are
stable under compositions; that they are also stable under base change was proved in [17,
7].
We say that a V*-log-scheme Y* has a (generalized) semi-stable reduction if Y is
regular, the special fiber Y} is a divisor with normal crossings, and the log-structure on Y *
is defined by Yj. Let X* be a vertical (i.e., the open subset of triviality of log-structure of
X*is X[1/p]), V*-log-scheme. A morphism f:U* — X* is called a semi-stable model,
if it is a modification and the log-scheme U* has a semi-stable reduction.

Lemma 2.2. Any log-scheme X* that is vertical and log-smooth over V> admits a semi-
stable model.

Proof. By Corollary 3.2 of [17], we can find a sequence of saturated log-blow-ups f : U* —
X from a regular scheme U, such that, for any x € U, (M/O*)y, ~ N"@_ for some
r(x) > 0, where M is the sheaf of monoids on U. That U has a semi-stable reduction was
computed by Nakayama in [15, A2,2.4]. O

We will work now in the category of fine log-schemes. Assume that the residue field of V'
is algebraically closed. Let V' be a finite totally ramified extension of V. Let X* be a
vertical V' *-log-scheme with the underlying scheme X regular. Since the structure map
X* — V> is integral, underlying scheme of X, is Xy (we take Xy, in the category of
fine log-schemes). For any log-étale map f : U* — X%, from a semi-stable V'*-log-scheme
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U*, we will construct well-behaving homomorphisms

Kj(Xv) 5 Ky(U): - Kj(Xvi Z/n) 5 Ky(U3 Z/n),
We will describe the construction for the K-theory with no coefficients. The case with
coefficients is similar.

Choose a uniformizer 7' of V' and consider the associated exact immersion i : Xy}, <
X[T)*,T — n'. Here, X[T]* = X* xySpec(V[T])*, where Spec(V[T'])* has log-structure
induced by N — V[T],1 — T. Since the morphism Spec(V[T])* — V is integral, the
underlying scheme of X[T']* is X[T'] := X Xgpec(v)Spec(V[T]). In particular, it is regular.
The log-scheme X‘Q,?, arises from the log-scheme X7, by modifying the log-structure so
as to make the closed immersion i : Xy, — X[T]*,T — 7’ into an exact one. More
explicitely, V'V = V' xy V¥ and X7 = XX xyx VIV = X% %y VX = X% x VX In
particular, there is a natural morphism V' Y 5 V", As a base change of the integral
morphism V* — V' it is integral. Hence the natural morphisms X‘?, — Xy, are integral

as well.
Consider now the log-scheme UY = U* X X‘?, = U* xy V*. Notice that the map
V/

Xg, — Xy, being integral, the underlying scheme of U" is the same as the one of U*.
Since the original map f : U* — X5, was log-étale, so is the induced map f¥ : UY — X‘?,.

Hence there exists a unique log-étale lifting ¢ : Uy — X[T]{o of the scheme U Y. where
V/

X[T]% X9, is the completion of the scheme X [T]* along the closed subscheme Xy, (under-

stood as the inductive limit of the exact closed immersions of successive neighborhoods
of Xy, in X[T]%).

To construct f* : Kj(Xyr) — K;(U), choose a finite affine Zariski covering X = {X; —
X|i € I} of X and a finite affine Zariski covering U = {U; — Ulj € J} of U refining
the cover f~!(Xy+). For any set L of U; — U drawn from U, and for the fiber product
Ur over U of the elements of L, let Uy, = Spec(By) and Uy = Spf(CL). Consider the
following maps of spectra

fi K(X[T), Xyr) —holim( [ K(X;[T), Xigv') —  [I K (Xigin [T, Xiginvr) =)

o€l (i0,i1)€I?
—>h0111'I1( H K(CJO, BJO) - H K(Cjo,jw Bjo,jl) —>)7
jo€J (Jo.j1)€T?
fs t K(U) = holim([] K(Bj,) — ] K(Bjos) —)
Jo€J (jo,j1)€J?
—> hOhm H K Cjoa B ) - H K(Cjo,jUBjo,h) _))
Jo€J (Jo,j1)€J?

The next to the last map is a homotopy equivalence by [19, 8.3].

For the above definition to work we need a strictly functorial spectra K () (instead of
functors up to homotopy). To achieve that, it suffices to rigidify the underlying category
valued functors to make f*¢* = (¢f)* on O-modules strictly (cf., [9, 5.1.2]).

For a closed immersion of noetherian schemes Z C Y, let P'(Y, Z) denote the complicial
biWaldhausen category [19, 1.2.10] whose objects associate to every morphism f: 7T — Y
from a noetherian scheme 7" a bounded complex of locally free sheaves 7, on T acyclic
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on T'\ Tz and to every morphism ¢ : (f; : 71 — Y) — (fe : To — Y') an isomorphism
9 (Fy,) = F 7, satisfying the usual compatibility condition (note that, since g* is exact
on elements of P(1%,T5 z) — the corresponding category on the small Zariski site of 75,
g*(]:fz) S P(Tl,TLz)).

Set K (Y, Z) to be the K-theory spectrum of Thomason [19, 3.8.3] built from the cat-
egory P'(Y, Z) (we choose the default setting here: cofibrations are the degree-wise split
monomorphisms and weak equivalences are the quasi-isomorphisms). It is now clear that
K(Y, Z) is strictly functorial (on noetherian schemes). As the simple lemma below states
this spectrum is homotopy equivalent to any of the standard models of K(Y,Z) [19,
3.5,3.7].

Lemma 2.3. The restriction functor r : P'(Y,Z) — P(Y,Z) is exact [19, 1.2.3] and
induces an equivalence of categories. In particular, it yields a homotopy equivalence of
K-theory spectra.

Proof. Consider the functor i : P(Y,Z) — P'(Y, Z). Since the complexes in P(Y, Z) are
bounded and built from sheaves acyclic for the pullbacks, this functor is well-defined and
exact. We have that ri = Id and that ir is equivalent to Id, hence the lemma. O

For the map 7, in the above diagram to be defined at all we have to choose yet another
set of models for the K-theory spectra. Recall [19, 3.18], that the cartesian diagram of
maps of schemes on the left in the following yields the commutative, up to a canonical
homotopy, diagram of spectra on the right assuming the immersions iz and iz to be
regular of codimension 1.

7

7% 2Ly K(7) 2 K(Y,2)

gl hl gﬂ hﬂ (2.3)
7* 2, yx  K(Z) 22 K(Y,Z).
Assume now that all the schemes in the above diagram have ample families of line bundles

[19, 2.1.3]. In the case when Y is regular, we would like the above diagram of spectra to
commute on the nose. By the following lemma this would yield our map 7, on holim’s.

Lemma 2.4. For every subset L C J of the index set J, the ring C, is reqular and the
immersion ig, : Spec(Br) < Spec(Cyr) is a regular immersion of codimension 1.

Proof. By assumption, étale locally Spec(B}) has a generalized semi-stable reduction over
V', i.e., Spec(By) can be covered with étale opens Spec(B’) that are strict étale over the

fiber product Z* of a diagram V' Lo, Z[N] &% Z[N] for some r > 1, where h is an

injection. Consider the fiber product Z;* of a diagram V[T =T Z[N] Z Z[N"]. The

scheme Z; lifts the scheme Z* from V'* to the log-scheme Spec(V[T])* via the exact
immersion V'* < Spec(V[T])*, T + «'. Let Z¥ and Z be the base change of the
schemes Z* and Z;* to V[T]*. Since this base change does not change the underlying
schemes, both schemes are classically regular. Locally, we can now lift Spec(B’) to an
étale Z;-scheme Spec(Bj). Since the completion of Spec(B;) along Spec(B) admits a
formally étale map to Spf(CL), the above allows us to cover Spec(Cp) with flat regular
schemes. Hence (', is regular, as wanted.
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Also, the immersion Z < Z; is clearly regular. Therefore, so is the immersion
Spec(Br) — Spec(B), and by descent the immersion Spec(B) < Spec(C), as claimed.
]

Let 7(Y, Z) be the category of morphisms f : T'— Y from a noetherian scheme 7" such
that the immersion 7, C T is regular (note that 7 (Y, Z) includes open immersions). Let
S(Y, Z) be the category of coherent sheaves on Y such that Lh*F = h*F for all maps in
T(Y,Z).

To achieve the commutativity we want, take for K(Y,Z) the K-theory spectrum of
the complicial biWaldhausen category M'(Y, Z) with objects associating to every map
(f: T —Y)eT(Y,Z) abounded complex F; of coherent sheaves from the category
S(Y, Z) acyclic on T'\ Tz and to every morphism g : (f; : 71 = Y) — (fo: To — Y) an
isomorphism g*(F},) — Fj, satisfying the usual compatibility condition (as before, since
g* is exact on complexes built from elements of S(Ty,Ts2), g*(F},) € T(Th,Th,z)). To

distinguish this spectrum from other models, we will denote it by K(Y, 7).

Lemma 2.5. The restriction functor from M'(Y,Z) to M(Y, Z) is exact and an equiv-
alence of categories. In particular, it induces a homotopy equivalence of the K-theory
spectra.

Proof. Identical to the proof of Lemma 2.3. O

Lemma 2.6. 1. K(Y, Z) is a strict contravariant functor on the maps from T (Y, Z).
2. If' Y is reqular, then the natural map

K(Y,Z) —K(Y,Z)

15 a homotopy equivalence.
3. For the left diagram in (2.3), the following diagram of spectra strictly commutes

K(Z) -2 K(Y',Z)

A ]
K(Z) =2 K(Y,2).

Here, the pushforwards iz, iz are induced by the corresponding pushforward func-
tors on sheaves.

Proof. The first statement is clear.

For the second, by Lemma 2.3 and 2.5, it suffices to work on the small Zariski site of Y.
By [19, 1.9.8], it suffices now to show that every complex from S(Y, Z) is quasi-isomorphic
to a bounded complex of locally free sheaves. Since Y is regular, every bounded complex
of coherent sheaves is perfect [19, 3.21], hence quasi-isomorphic to a bounded complex of
locally free sheaves [19, 2.3.1.d].

For the third statement, notice that the pushforward iz, is well-defined, i.e., that
iz F € MY, Z) for any F' € P(Z). First, let’s check that the sheaves in the complex
(iz+F ")y belong to S(T',Ty) for any map (¢ : T — Y) € T(Y,Z). It suffices to check
that Lt*E = t*€ for any vector bundle £ on Tz and any map (t : W — T') € T(T,Ty).
Localizing, assume that T' = Spec(D), W = Spec(D’), Ty = Spec(A), W = Spec(A4’),
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and that a regular element ¢ € D is a generator of the ideal of Spec(A) in Spec(D). It
suffices to show that Tory (D', A) = 0 for k > 1. But h*(c) generates the ideal of Spec(A’)
in Spec(D’), hence, by assumption, is a regular element. Thus vanishing of the Tor-groups
we want.

It remains now to check that for every morphism g : (fy : 77 — Y) — (fo : To = Y)

the map ¢*((iz.F)y,) LR (iz«F")s, is an isomorphism and that it satisfies the usual

compatibility condition. The map f3, is the composition
g (ZZ*f )f2 =9 ZTz,z*f.fg,z _>ZT1,Z*ngf2,Z _>ZT1,Z*ff1,Z = (ZZ*f )fl’
Here the map + is a base change morphism. Since iz is a closed immersion, 7 is an isomor-
phism. Hence so is 3,. The transitivity condition follows easily from the corresponding
one for the base change morphism and the complex F* € P(Z). Similarly, we check that
the pushforward iz, is well-defined.
Now, to check commutativity of the diagram in the lemma, we easily compute that
Wige =ignh™ :((9:T — Z) = F,)) = ((t: W = Y') = iw,Fp),)s
as claimed. 0

Having defined the map i, we now claim that it is a weak equivalence. It suffices to

check, that for every subset L of the index set .J, the map K (By) LN K(CL,ByL) is a
weak equivalence. To show this consider the following commutative diagram

K(BL) —&— K(Cy,Bp)

| |
G(BL) —< G(Cy,By).
Here G() is the G-theory spectrum defined by Thomason [19, 3.3]. Since By, and Cp, are
regular, by the Poincaré duality [19, 3.21] the vertical maps are homotopy equivalences.
Since the map i is a weak equivalence, so is the map ip..
Define f* : K(Xy/) — K;(U) as the composition

#\—1 px
K (Xyr) — KJ(X[T], Xv) & KG(XIT], Xor) 2 K(0).
Using properties of log-étale morphisms, it is easy to check that this construction is
independent of the choice of the lifting U} and the affine coverings.
Lemma 2.7. The map f*: Kj(Xy) — K;(U) has the following properties
1. It is independent of the choice of the uniformizer n'.
2. Let Vi be a finite extension of V' and let fi : U — Xy, be a log-étale map from
a semi-stable Vi*-log-scheme. Let p : U — U* be a map over the natural map
g: Xy, — Xy, Then the following diagram commutes

K)(Xy) == K/(Xy,)

b

*
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3. The following diagrams commute

K/(Xv) 1= K(U)  Ki(Xv) L= K@)

s }
Ki(Xv) —L= K(U)  K[(Xx) = K(Ug),
wher@ jX XK/ — le; jU U r = lj'><

Proof. For the first property, notice that two different choices of the uniformizer differ by

a unit u € VI[T']{,. Sending T' to uT" induces a map on the formal log-scheme X777 X9,

compatible with the identity on XV,. This map lifts to a map on the liftings U; of U ©
used in our construction, which is compatible with the identity map on UY. The lifted
map yields a map of the simplicial schemes used in the construction. The first property
follows now easily from functoriality of the K-theory spectrum, flatness of the change of
the uniformizer maps, and Lemma 2.6.

For the second property, choose uniformizers 7, € V; and #’ € V' such that =¥ = 7’ for
some k. That allows us to choose compatible (via the map T+ T*) embeddings of the
schemes X‘?, and X ‘Q/Ql into the scheme X[T]*. Using properties of log-étale maps, we can
lift the map T — T" to a map between the liftings Uy and U, used in our construction.
The second property follows now from functoriality of the K-theory spectrum, the fact
that the map 7 +— T* is flat, and Lemma 2.6.

For the third property, pass to the spectra, use that the maps jx, jy are flat, and evoke
again Lemma 2.6. O

2.4. A special case of log-étale descent. The following proposition will be essential
in our construction of the comparison morphism; it will allow us to descent the syntomic
cohomology of the regular resolution to that of the original scheme. We are back in the
category of fine and saturated log-schemes.

Proposition 2.1. For anyn > 1, r > 0, any log-smooth separated scheme of finite type
X* = V* and any modiﬁcatian m:U* — XX, there is a natural isomorphism

} * * [T]

Proof. By Zariski descent for log—crystalhne cohomology, we may assume X to be affine.
There is a commutative diagram of maps of topoi

(Un /Wa(k))ex
S TN Jux

(X /W (k))er 25 <VX/W ()

It suffices to show that the morphism RfXx* X W (k) R Rfo* U W is a quasi-

(k)
isomorphism.

Let ip : S* — T —W,(k),p: S* —V,*, be a thickening. Notice that the log-scheme
T* is saturated: S* is saturated (p being étale), i is a nilimmersion, and, since i is an

exact morphism, we have i~ (Mypx /Oy ) = Mgx /O%,, where, for a log-scheme Y, My«
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denotes its log-structure. We have canonically (RfXX*J)[?X W (k))Tx ~ RfX§ /TX*(J;]X e ),
n n S
where f X% /T is the composition

fX§/TX XS/ T )er = (XS )ae =T

We may assume that S* = V(K), where k' is a finite field extension of k and V (k)
denotes the unramified extension of V' corresponding to k'. Let Y := W, (K')[z]* be
the scheme Spec(W,,(k")[z]) equipped with the log-structure associated to the map N —
W, (K")[x], 1 — x. We have an exact closed immersion iy : V(K') «— W, (F')[x]* given
by sending z to a uniformizer of V' (k'). Let I be the kernel of iy . It is a principal ideal.

We may also assume that there exists a retraction h : T — W, (k")[z]* such that
hir = iw (W, (K")[x]* being log-smooth over W,,(k)). Notice that, since T is equipped
with divided powers, the retraction h factors through a closed subscheme Y, of W, (k') [x]*
given by I™.

Since X ¢ is affine and log-smooth over S*, it can be lifted to a (necessarily saturated)
log-smooth scheme Xg — Xyx — Y¥. Let X7 denotes the pullback of Xyx via h

to T*. The scheme X is flat over T* (as it is log-smooth and integral over T* — the
monoid Mpx /Of being generated by one element) thus D X2 (X7) = X7 and canonically

RfXSx T (Jg]sX /TX) o~ RgX*Qi’% oy where gx : X — T is the structure map.

Since 7 : U* — X is log-étale, we have a following cartesian diagram of maps of
log-schemes

Us Ur Uy,
o
X3 X7 Xy

.
g% ir T h Y X
m
where 7y, Ty, are log-étale liftings of 7. Due to the fact that the morphisms Xy — Y
and Uy, — Y are integral it is a cartesian diagram of schemes as well. Since there is an

isomorphism (Rfo*J[[Z]?/Wn(k))TX ~ RgU*Q?];/TX, where gy = gx7r, it suffices to show

that the natural morphism

>r T >r
0= — R0
X3 /T T2y
is a quasi-isomorphism. Since
>r _ * O)Y>T 02T
RWT*QU;/TX = R?TT*WTQX;/TX = QX%/TX ® R?TT*OUT,

it suffices to show that the natural morphism Ox,. RN Rrp,. Oy, is a quasi-isomorphism,
or, because the map Xy — Xy is a homeomorphism of topological spaces, that the

7_‘_*
. Y, .
natural morphism Oy, —= Ry, .Op, = Ry, .7y Ox, = Ox, ®" Ry, O, is a
quasi-isomorphism.
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*

It suffices thus to show that Oy, D, Rmy,, Oy, 1s a quasi-isomorphism. We argue
by induction on m. Assume that the statement is true for m = 1. Since Uy, is flat over
Y,., we have the following exact sequence

O _>OUY,77L71 _>OUY,77L _>OUY,1 —>O
This and the induction hypothesis yield that the sequence
0 _>F(UY,m—17 OUy,m,1> _>F(UY,m7 OUy,m) _>F(UY,17 OUyyl) —0

is exact and that H i(Uym,OUY’m) = 0, for 7+ > 0. Evoking once more the induction
hypothesis, we get that I'( Xy, Ox,.,.) = I'(Uym, Ouy.,,). Since Xy, is affine, this gives
us what we wanted.

It remains to show that Ox, s, Rmg, Oy is a quasi-isomorphism. Since U* — X is
a modification, this is just a Z/p"-version of Corollary 2.2 from [17]. O

Corollary 2.1. Let X* — V> be any log-smooth separated scheme of finite-type. Then
foranyn > 1, r >0, and any modification m : U* — XX, there is a natural isomorphism

H (X, 04(r)) = Hj (U, On(r)).

Proof. Use the distinguished triangle

r 8
— Hy(X*, 0n(r)) = Ha (X Wa(k), Tis o ) 5 Her( X7 /Wa(k), Oy, ) =
where ((z,y) = (p"z — ¢(z)) and Proposition 2.1. O

3. COMPARISON THEOREM

For what follows choose a sequence of nontrivial p-roots of unity (, € Qp, ¢ o=
1, ¢¢.1 = (u, and take for ¢ € B, and for the compatible sequence of Bott classes
Bn € K3(Q,: Z/p"), B, € Ky(Zy;Z/p"), n > 1, the elements associated to the sequence
¢ = (¢n). Recall that we can invert the étale Chern class Ef; modulo the Bott element,
i.e., we have [16, Prop. 4.1.]

Proposition 3.1. Let Y be a smooth quasi-projective scheme over K. Let p # 2. Letn
be such that p™ > 5. Let i be any positive integer. There exists a constant T = T(d, 1, j)
depending only on the dimension d of Y and i,j such that, for j > 2N(d), where N(d) =
(2/3)d(d+1)(d + 2),
1. the cokernel of €} : FI!/FIM K (Y Z/p™) — H* (Y, Z/p"(i)) is annihilated by T
2. if [x] is in the kernel of Ty, then Tlx] = [2] for z € FIK;(Y;Z/p") annihilated by
g,

Let X* be any log-smooth vertical universally saturated quasi-projective scheme over
V> of pure relative dimension d. Assume that b > d + N(d). Define a transformation
g - (X7, Z/p"(0) — He (X /Walk), Oxx jw, i) {0 = N(d)},

where {—b — N(d)} denotes a twist of the filtration and the Frobenius, in the following

way. By passing to an extension of V| assume that the residue field of V' is algebraically
closed. For x € H*( X%, Z/p"(b)), take (¢, ,) ' (z) € F2/Fo Koy o( X5 Z/p") to be
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any element in the preimage of T'(d, b,2b— a)x (Proposition 3.1 yields that T'(d, b,2b—a)z
ligs in the image of &'y, ,). Let 21 € F2Ky o X% Z/p") be a lifting of the element
(Chzp—a) ' (2)-

Choose a semi-stable model Y* £ X* of X* (we need to modify X* to be able to
pullback K'-theory classes). Recall [16, Lemma 3.1] that the open immersion j : Y37 —
Y7z = X7 induces a natural isomorphism

Kj(Yy Z/p") S K (X3 2/p"). (3.1)

We claim that we can find a finite extension V; of V, a semi-stable model U of Yy;
(hence of X7} ), and an element x} € F2Ky,_o(U; Z/p") such that jj; () = x1. To see that,
assume that for some finite extension K of K, x; can be written as avy;, (y1)U. ..U, (yn)
with y; € K (Xx,;Z/p"), yi > 2, a € F°Ko(Xk,), i > 1. After possibly extending
the field K, there exist elements y; € Kj (Yy;;Z/p") restricting to all y;’s. Take any
semi-stable model U* = Yy:. Note that, since the scheme U is regular, the element
a € F*Ko(Xkg,) can be lifted to an element o’ € Fi*Ko(U). We can now take for ) the
product of the elements ~;, (7} (y;)) and the element o’. Here m; : U* — Yy, ! where Y f
denotes the base change of Y in the category of fine log-schemes, is the composition of
the map 7 with the natural (log-étale) map Yy —>YV§f . Notice that the scheme Y™ need
not be universally saturated, hence the underlying scheme of Y7¥ may not be Yy,. On
the other hand, the natural morphism Y* — V* being integral, the underlying scheme
of valf is always Yy, .

Since, by Lemma 2.7, there is a commutative diagram

Kj(U;Z/p") —2— K;(Uk,:Z)p") —2— K;(Uk,;Z/p")

TWT Tﬂ-%l 2]\7‘-;(1

Kj(Yii; Z/p") — = Kj(Yie; Z/p") —— K;(Xx,32/p"),

Ji (@) = x1, as wanted.
Having found a lifting « of 21, we can now show its uniqueness (modulo a base extension
and a change of the semi-stable model).

Lemma 3.1. Let U* be a reqular, vertical log-scheme log-smooth over V*. Let x,y be two
elements in K;(U;Z/p™) restricting to the same element z € K;(Ux;Z/p"). Then there
exists a finite extension Va of V' and a semi-stable model Uy — Uy, such that p*(x) = p*(y)
in K;(Us; Z/p™), where the map p is equal to the composition p : Uy — Uy, —U*.

Proof. By [16, Lemma 3.1], there exists a finite extension V5 of V' such that f*(z) = f*(y),
where f* : K;(U;Z/p") — Kj(Uy,;Z/p") is the natural map. Take a regular model

Uy — Uy,. Let U‘Zf denote the base change of U* in the category of fine log-schemes.
Let g : Uy — U\Zf and f : U\Zf — U denote the induced maps. Since, by Lemma 2.7,
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the following diagram commutes

Kj(UZ/p") — K(U;Z/p") —2— K;(Us Z/p")

| | |
iU 2/p") —— Kj(UnsZp") —S— K;(UsZ/p"),
we are done. O
Set
agy (@) = L, )t D (1))~ (So—a(T(d, b, 20 — a)a}))

(uy, ™ induces an isomorphism on the syntomic cohomology groups by Corollary 2.1)
where ¢, is the natural projection H$(Xg, On(b)) — Ho (X5 /Wa(k), Oxx i) —0}
’ V,n

and we set [(b,d) = (—1)ND(N(d) +b—1)!/(b— 1)

Lemma 3.2. The transformation ol is a well-defined natural group homomorphism. It
15 also Galois equivariant provided that we twist the action of Gx on the target by the
N(d) ’th power of the cyclotomic character.

Moreover,

1(b,d)T(d,b,2b — a)*« S (e ) =1b+1,d)T(d,b+1,2b+2 — a)’*ta”,(z).

Proof. We have made several choices in our construction of a;.

That the choice of V; and the semi-stable model U* (hence of the element z) as well) is
of no importance follows from Lemma 3.1 and functoriality of Chern classes with respect
to pullbacks.

The ambiguity introduced by the choice of the lifting x; comes from an element of
F,i’“K%_a(Xf; Z/p™). By Lemma 3.1, after perhaps passing to a finite extension of the
base ring and changing the semi-stable model U*, we get that the ambiguity in the choice
of the corresponding element z} comes from an element of FU*'Ky,_,(U;Z/p"). This
disappears when we apply the syntomic Chern classes (Lemma 2.1).

Finally, to kill the ambiguity in the choice of (¢j'y,_,)~"(x) we first multiply it by
T(d,b,2b—a). Then, by Proposition 3.1, the ambiguity comes from the class of an element
of FPKy, o X5; Z/p") annihilated by S3@. By Lemma 3.1, after perhaps passing to a
finite extension of the base ring and changing the semi-stable model U*, we get that
the ambiguity in the choice of the corresponding element z| comes from an element
z € F,?Kgb_a(U; Z/p") annihilated by 5@ and an element of FI Koy o(U; Z/p™). Since
&'3(B,) =t [16, Lemma 4.1], we have

L, )N Dy (v ) )M (@5 (2)) = (b, d)on () ") M@ (Y )50 (2))
= (7)) (S Ny s on(—a (B P2) = 0

Hence this ambiguity disappears after we multiply by I(b, d)tV(¥) and apply the syntomic
Chern class morphisms.
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For the independence of the choice of the semi-stable model Y* and for functoriality,
use functoriality of Chern classes and K-theory with respect to pullbacks, Proposition 3.1,
Lemma 3.1, and Lemma 2.1.

Since all the genuine maps we used were group homomorphisms (Lemma 2.1), so is the
map .

That it is also Galois equivariant follows from functoriality of Chern classes and func-
toriality of K-theory with respect to pullbacks.

For the last statement of the lemma, let x| € F,?Kgb_a(U; Z/p")and x; € Ff/’Kgb_a(XKl; Z/p™)
be the elements from the construction of o, (z). Since €' (6,) = ¢, [16, Lemma 4.1], we
have

Eze;grl,zbw—a(ﬁna?l) = 1(b, )01 2(ﬁn)cb ab—a(T1) = 1(b, d)(,T(d, b,2b — a)x.
Hence as above
1(b,d)T(d,b,2b — a)*alr, 1 (Caz) = U(b+ 1,d)T(d, b, 2b — a)t" @
Ua((m)) T (@ 2per—a (T(d b+ 1,20+ 2 — a)*5,a1)
= 1(b,)I(b+1,d)T(d,b+1,2b+2 — a)*t"V?
Yu (i ™)) (@5 ()T 5o (T(d, b, 2 — a))))
=1(b+1,d)T(d,b+1,2b+2 —a)? tag (),

as wanted. O

Let b > d+ N(d) and assume X to be projective over V. Define a morphism
aay + H (X7, Qp(0)) — He (Ko /W (K)®, Oxx i) @w iy Boed —b}

as the composition of Q ® projlim,, o with the map (see section 2.1)
. u hx. r7a
Q® Pfoglhm Hcr(X%’n/Wn(k>7 Oxé /Wn(k)) = HE (X /W (k) OX()X/W(k)O) ®w (k) Bst

and with the division by (b, d)T(d,b,2b — a)*tV@. The morphism ag; is functorial in
XX, preserves the Frobenius, the action of Gal(K /K) and the monodromy operator, and,
after extension to Byg, is compatible with filtrations (use the isomorphism (2.2)).

We would also like to know how the map «, behaves with respect to finite base changes.
In what follows, we will add the subscript @ to ag, to underscore the fact that in the
definition of this map we made a choice of a uniformizer. Let V] be a finite extension of
V' with fraction field K; and residue field k;. Let e be the ramification index of K over
K and let m be a uniformizer of Vj. Set X{* := X} .

1

Lemma 3.3. The following diagrams commute

H(X7,Q,(0) ®q, By —=" HL(X*) Qw) Be

| |

HY(X,%,, QD) ®q, Bse —=5 H&(X{) @w,) B,
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s

H (X%, Qp(b)) ®q, Bin —= Hip(Xk/K) @k Bar

| |

dR
ab,mq

HY (X, z,, Qp(b) ®q, Bin —— Hip(Xk,/K1) @, Bar-
In particular, the maps aq and o2F are independent of the choice of the uniformizer .

Proof. Arguing exactly like Tsuji in his proof of a similar statement [20, 4.10.4], we reduce
to showing that the maps

gy - H* (X, Z/p" (D)) Hng(X%n/an(]f)a Oxé n/Wn(k)>7
Lrprlir : ng(Xé/W(k)) — Hyp(Xk/K) @K Bjg

are compatible with our base changes.

In the case of the map ), we use the same argument that we have used to prove its
funtoriality (Lemma 3.2).

In the case of the map trprh,, since from the definition [20, 4.7.3] of the isomorphism
Bir ®k, Hip(Xk/K) = projlim(Q ® HY (X3 /V*, O/Jb)) it is easy to see that it is
compatible with our base change, it suffices to show that so is its composition with ¢, ph .
Since this composition is equal [20, 4.8.4] to the natural map

HE (X3 /W (F)) —>prollim(Q ® HY(XZ/V*,0/J1)),
this is clear. -

Theorem 3.1. Let X* be any projective log-smooth vertical V*-scheme with Cartier
type reduction of pure relative dimension d. Then, assuming b > 2d + N(2d), the natural
morphism

aap + H (X7, Qp(b)) ®q, Bsw — He (X5 /W (k) Oxx jyrryo) @wiry Bse{ b}

s an isomorphism.

Moreover, the map ag, preserves the Frobenius, the action of Gal(K/K) and the mon-
odromy operator. It is independent of the choice of w, compatible with base changes and
Tate twists, and, after extension to Bgygr, induces an isomorphism of filtrations.

Proof. By passing to a finite extension of K and using Lemma 3.3, we may assume that
Xk is geometrically irreducible. The line of the argument is standard [7]. Since both sides
of ay;, have the same rank over By, it suffices to show that the morphism «y is injective.
For that, first, we have to check that the morphism a,,;, is compatible with products. This
follows from the fact that the morphism h, is compatible with products and from the
following lemma

Lemma 3.4. Let v € H* (X%, Z/p" (b)) and y € HY(X3,Z/p"(e)). Then
1(b,d)l(e, d)K (b, e)t"DT(d, b,2b — a)*T(d, e, 2¢ — ¢)*all, ez Uy)
=1(b+e, d)K(b,e)T(d,b+e,2b+2e —a— c)’a’(z) U (y),

where K(b,e) = (b+e— 1)!/((b—1)!(e — 1)), assuming that all the indices are in the
valid range.
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Proof. Use Lemma 3.1 and Lemma 2.1. O
Next, since the domain satisfies Poincaré duality
H (X7, Qp(b) @ H*( X7, Qp(b)) = H*! (X7, Qu(20))
and there is a Poincaré-type pairing on the target
HE (X5 /W (K)°, O xx pyrago) @wiry Bot{ =0} © HE (X5 /W (k) Oxcx jyr o) @wiay B {0}
= H2 (X /W (k)°, Oxx ywirp) @wr) Bse{ =20},

to show that a,; has a left inverse, it suffices to verify that the map asq9 is an isomor-
phism. Since the morphisms

pr K ®k, sz(X()X/W(k)O> OX()X/W(k)O) —>H§j‘l%(XK/K), tr K ®r, Bst — Bar

Ccr

are isomorphisms, it suffices to show that so is the composition

H* (X7, Qy(2b) ®q, Bin ———=* H34(Xx/K) @K, Bar.

By functoriality, we may assume that the residue field of K is algebraically closed.
Let P be a rational point of X over V' (note that the special fiber of X is reduced
20, 2.7.7]). Since H* (X%, Q,(2b)) and H3%(Xx/K) are generated by cl(Pg)¢?~7,
respectively cl?®(Py), it suffices to show that

anwa2d,2b(dét(PK)C%_d) _ CldR(PK)t2b_d.

Let Y* — X be a semi-stable model and denote by P’ the unique V-point of Y lying
over P (note that Yx ~ X and Pj; = Pk). Let [Op/| and [Op, | denote the class of Op
and Op, in Ko(Y) and Ky(Xg), respectively (recall that Y is regular). Just like in the
proof of Lemma 4.2 in [16], multiplication formulas yield that

Ton2v-a) (S(A)[Op, 16" ™1) = (=1)*71(2b — 1)ls(d) 1™ (P )G ™.
Here s(d) is a constant (depending only on the dimension d), such that s(d)[Op/] €
FAKo(Y). Since we also have ¢3%([Op,]) = (1)1 (d—1)! c1**(Px), by product formulas
(see Lemma 2.1), it suffices to show that, for any j > 0, the following diagram commutes

dR

Ko(Y) % H(Xk/K)  —— Bly ®x, Hin(Xi/K)
cgfol prwh,ﬂ
Q@ HI(Y*/W(k)) —— Q& HI(X*/W(k)) — Q& HZ(X7/W(k)).
Recall now [20, 4.7.6,4.8.4] that the composition
HZ (X% W (k) <225 By @1, Hig(Xi/K) = proj lim(Q ® HY (X /V*, 0/J*))
is equal to the natural map
HE (X3 /W (k) —projlim(Q @ HZ/ (X /V*,0/J)).

Hence, since all the morphisms in the above diagram are functorial and the isomorphism
H7(Yi/K) = projlim, (Q ® HA(YZ/V*,0/J¥)) (the base changes of Y are taken in
the category of fine log-schemes ) is compatible (by definition [20, 4.7.3]) with the map
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H2(Y > /V*) —projlim (Q® HY (YZ /V*,0/J#)), it suffices to check that the following
diagram commutes

Ko(Y) 0 HE(Yk/K)

| ]
Qe HI(Y* /W (k) —— Q& HI(Y*/VX).
By the universality of Chern classes and the splitting principle, it suffices to check that the
above diagram commutes when we replace Y* with any scheme 7 smooth and proper
over Y and we restrict the maps ¢{f and ¢’ to classes of line bundles on T'.
Since the natural map H2 (T, /W, (k)) — H2(T,,/V;) is compatible with Chern classes,
it suffices to show that the map

HE(T)V) = Q@ HL(T™ /V*) = Hap(Ti /K)

is compatible with Chern classes of line bundles. By functoriality, it suffices to check it
for T* = B.G,,  (the log-structure coming from the special fiber). Since the isomor-

phism H2(B.G.v,/Vn) = Hip(B.Gy.v,/Vys) is known to be compatible with Chern
classes of line bundles [2, 3.4], it suffices to show that so is the natural morphism
Hip(B.Gpy, /Va) — Hig(B.G, . /V,X), what is clear.

To finish the proof of the theorem, it remains to show that a?% (ag, extended to Bgg)
induces an isomorphism on filtrations. Passing to the associated grading, one reduces to
showing that the induced map

Ty 2 Cpll) ®q, H' (X, Qp(0)) =@ Cplb +1 — j) @k H I (X, ¥, i), L€ Z,
JEZ

l

L. . . . _dR. . . , . _dR. - .
is injective. Since the domain of @, satisfies Poincaré duality and @, is compatible

with products, for @ to have a left inverse, it suffices to show that
aggéob : Cp®QpH2d(X?’ Qp(2b)) _>Cp(26_d)®KHd(XK> le(K/K) = Cp(2b_d)®KH§%(XK/K>

is an isomorphism. Since both the target and the domain are one-dimensional and, by
the above, @y (1 (P )(? %) = (P )t?*=4 # 0, we are done. O
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