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1 Preface

In this paper we begin to develope a machinery which we call A-homotopy
theory of schemes. All our constructions are based on the intuitive feeling
that if the category of algebraic varieties is in any way similar to the category
of topological spaces then there should exist a homotopy theory of algebraic
varieties where affine line plays the role of the unit interval. For a discussion
of main ideas on which our approached is based we refer the reader to [33].

2 Homotopy category of a site with interval

In this section we prove a number of general results about simplicial sheaves
on sites which will be later applied to our study of the homotopy category of
schemes. In the first part (Section 2.1) we describe the main features of the
homotopy theory of simplicial sheaves on a site. Many results of this part can
be found in [20] and [17],[18]. Surprisingly, there are some nontrivial things



to be proven in relation to basic functoriality of the homotopy categories of
simplicial sheaves. This is done in Section 2.1.6.

In Section 2.2 we prove a general theorem which shows that there is
a “good” way to invert any set of morphisms in the simplicial homotopy
category of a site. Here “good” means that the resulting localized category
is again the homotopy category for some model category structure on the
category of simplicial sheaves. The results of this sections remain valid in
a more general context of model categories satisfying suitable conditions of
being “locally small” but we do not consider this generalizations here.

In Section 2.3 we apply this localization theorem to define a model cat-
egory structure on the category of simplicial sheaves on a site with interval
(see [32, 2.2]). We show that this model category structure is always proper
(in the sense of [2, Definition 1.2]) and give examples of how some known
homotopy categories can be obtained using this construction.

All through this section we use freely the standard terminology associated
with Quillen’s theory of model categories. The notion of a model category
which we use here first appeared in [9] and is a little stronger than the one
originally proposed by Quillen. To avoid confusion we recall it here.

Definition 2.0.1 A category C equipped with three classes of morphisms re-
spectively called weak equivalences, cofibrations and fibrations is called a
model category if the following axioms hold :

e MC1 C has all small limits and colimits

e MC2 If f and g are two composable morphisms and two of f, g or
go f are weak equivalences, then so is the third

e MC3 If the morphism f is retract of g and g is a weak-equivalence,
cofibration or fibration then so is f

e MC4 Any fibration has the right lifting property with respect to trivial
cofibrations (cofibrations which are also weak equivalences) and any
trivial fibration (a fibration which is also a weak equivalence) has the
right lifting property with respect to cofibrations

e MC5 Any morphism f can be functorialy (in f) factorized as a com-
position poi where p is a fibration and i an trivial cofibration and as a
composition q o 7 where q is an trivial fibration and j a cofibration.



The only differences between these axioms and Quillen’s axioms CM1,...,
CM5 of a closed model category are the existence of all small limits and
colimits in axiom MCI1 instead of just finite limites and colimites, and the
existence of functorial factorisations in axiom MC5.

Recall that a site is a category with a Grothendieck topology, see [13, I1.1.1.5].
All the sites we consider in this paper are essentially small (equivalent to a
small category) and, to simplify the exposition, we always assume they have
enough points (see [13]).

2.1  Homotopy theory of simplicial sheaves
2.1.1 Simplicial sheaves

Let T be a site. Denote by Shv(T') the category of sheaves of sets on T'. We
shall usually denote by the same letter an object of T" and the associated sheaf
because in our applications the sites we shall consider will have the property
that any representable presheaf is a sheaf, in which case the canonical functor
T — Shv(T) is a fully faithfull embedding. Let A°?Shv(T') be the category
of simplicial objects in Shv(T) ; this category is a topos (cf [13]) and in
particular has all small limits and colimits and internal function objects (the
latter means that for any simplicial sheaf X’ the functor )V — ) x X has a
right adjoint Z — Hom(X, Z)).

An object X of A?Shv(T), i.e. a functor A” — Shv(T) is determined
by a collection of sheaves of sets X,,, n > 0, together with morphisms

ar.- X, - X,.1 n>1 i=0,...,n
st X, =X n>0 1=0,...,n

called the faces and degeneracies which satisfy the usual simplicial relations
(122)).

To any set E one may assign the corresponding constant sheaf on T
which we also denote by E. This correspondence extends to a functor from
the category A Sets of simplicial sets to A?Sho(T'). For any simplicial set
K the corresponding constant simplicial sheaf is again denoted K.

The cosimplicial object

A 2 APSh(T)
W w
n A"



defines as usual a structure of simplicial category on A?Shv(T) (see [26])
with the simplicial function object S(—, —) given by

S(X,y) = HOonpS}w(T)(X X A',y).

Observe that for a simplicial sheaf X and an object U of T' the simplicial set
S(U, X) is just the simplicial set of sections of X over U.

For any simplicial sheaf X and any n > 0, let X9 C X,, be the union of
the images of all degeneracy morphisms from X,,_; to A,,, i.e.

X0 = UiZy 577 (Xoma)-

For any simplicial sheaf X and any n > 0, one defines its n-th skeleton
skn,(X) C X as the image of the obvious morphism X, x A" — X. We
extend this definition to the case n = —1 by setting sk_;(X) := (. For
example, (sk,X)nyq is equal to X%

The skeleton functor X +— sk,(X) has a right adjoint X — cosk,(X)
which is called the n-th coskeleton functor.

A simplicial sheaf X" is said to be of simplicial dimension < n if X, x A" —
X is an epimorphism, or equivalently if sk, (X)) = X. We will identify sheaves
of sets with simplicial sheaves of simplicial dimension zero.

For any n > 0, let 0A™ be the boundary of the n-th standard simplicial
simplex. The following straightforward lemma (which can be proven using
points of T" and the corresponding lemmas for simplicial sets) provides the
basis for skeleton induction and will be used in Section 2.3.2 below.

Lemma 2.1.1 For any monomorphism of simplicial sheaves f : X — Y
denote by sk,(f) the union of f(X) and sk,(Y) in Y. Then for any n > 0
the square

((Xn H;\fgeg y;kg) X An) H(XnHXdeg)}geg)XaA”(y” X aA”) - Skn—l(f)

il i
Y, x A" —  sku(f)

18 cocartesian.

2.1.2 The simplicial model category structure

Recall that a point of a site 7" is a functor z* : Shv(T) — Sets which
commute with finite limits and all colimits.



Definition 2.1.2 Let f: X — Y be a morphism of simplicial sheaves.

1. f is called a weak equivalence if for any point x of the site T the mor-
phism of simplicial sets x*(f) : x*(X) — x*(Y) is a weak equivalence

2. f is called a cofibration if it is a monomorphism

3. f is called a fibration if it has the right lifting property with respect
to any cofibration which is a weak equivalence (see [26, 1.5] for the
definition of the right-(or left-) lifting property).

Denote by Wy (resp. C, F) the class of (simplicial) weak equivalences (resp.
cofibration, (simplicial) fibrations).

Remark 2.1.3 Let X be a simplicial sheaf. One defines its n-th homotopy
sheaf II,,(X) as the sheaf of pointed sets over Xj associated to the presheaf
(g : U — AXp) — mo(X(U),x0) (of course, it is a sheaf of groups (resp.
abelian groups) over X; for n > 1 (resp. n > 2)). A morphism of simplicial
sheaves f : X — ) is a weak equivalence if and only if for any n > 0 the
square
IL,(X) — TI,())
l l
Xo - Yo

is cartesian. Using this fact one can see that f is a weak equivalence if and
only if x* f is a weak equivalences for all = in a conservative set of points of
T (see [13] for this notion).

Theorem 2.1.4 For any small site T the triple (W, C,Fy) gives the cate-
gory A?Shu(T) the structure of a model category.

Proof: It was shown in [18, Corollary 2.7] that the triple (W, C, F,) defines
a closed model structure on A?Shv(T) in the sense of Quillen. The proof
of existence of factorizations given in [18] shows that they are functorial and
therefore the stronger axioms which we use are satisfied.

This model category structure is called the simplicial model category struc-
ture on A?Shv(T'). In the sequel, if not otherwise stated, we shall always
consider the category A% Shv(T) endowed with that model category struc-
ture. We shall sometimes use the terminology simplicial weak equivalence



(resp. fibration, cofibration) if we want to insist that we use this model
category structure.
We denote the corresponding homotopy category by H(T).

Remark 2.1.5 The simplicial model category structure on A?Shv(T) is
proper (cf [2, Definition 1.2]). This is proven in [19].

By the axiom MC5 of model categories, we know that it is possible to
find a functor Ex : A?Shv(T) — A°?Shv(T) and a natural transformation
Id — FEx such that for any X the object Ez(X) is fibrant and the morphism
X — FEx(X) is a trivial cofibration.

Definition 2.1.6 A resolution functor on a site T is a pair (Ex,0) consist-
ing of a functor Ex : A?Shv(T) — A®?Shv(T) and a natural transformation

0 : Id — Ex such that for any X the object Ex(X) is fibrant and the mor-
phism X — Ez(X) is a trivial cofibration.

Remark 2.1.7 It is not hard to check that the functor which sends a simpli-
cial set to the corresponding constant simplicial sheaf preserves weak equiv-
alences. It gives us for any T an “augmentation” functor H,(A%Sets) —
Hs(T). Any point z of T gives a functor x* : Hs(T') — Hs(A%Sets) which
splits this augmentation functor.

If we consider the category of simplicial sheaves on T as a symmetric monoidal
category with respect to the categorical product then it is a closed symmetric
monoidal category (cf [21]) because of the existence of the internal function
objects. The following lemma says that, in the terminology of [16, B.3], the
model category structure we consider on A”?Shv(T') is an enriched model
category structure :

Lemma 2.1.8 1. For any pair (i : A — B,j : X — ) of cofibrations,
the obvious morphism

P(i,7) : (AXY) gy (Bx X) - Bx)Y
s a cofibration which is trivial if either i or j is

2. For any pair of morphisms (i : X — Y,p : & — B) such that i is a
cofibration and p a fibration the obvious morphism

]’{077@(:)}7 5) — HOTTL(X, 8) X Hom(X ,B) M(y7 B)

1s a fibration which is trivial if either 1 or p is
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3. For any pair of morphisms (i : X — Y,p : & — B) such that i is a
cofibration and p a fibration the obvious morphism of simplicial sets

S(ya 5) - S(X7 5) XS(x,B) S(ya B)
1s a Kan fibration which is trivial if either i or p is.

Proof: It is an easy exercise in adjointness to prove that 1) implies 2) and
3). One proves 1) by reducing to the corresponding lemma in the category
of simplicial sets using points of 7.

Remark 2.1.9 Lemma 2.1.8 clearly implies that the model category struc-
ture on A?Sho(T) is a simplicial model category structure : indeed, the
third point in this lemma is precisely axiom SMT7 of [26, I1.2].

Lemma 2.1.10 Let f : X — Y be a morphism between fibrant simplicial
sheaves. Then the following conditions are equivalent :

1. f is a simplicial homotopy equivalence (i.e. there exists g : Y — X
such that fog and go f are simplicially homotopic) ;

2. f is a weak equivalence ;

3. for any object U € T the map of (Kan) simplicial sets :
S, f):S(U,X) — S(U,Y)
is a weak equivalence (in fact a homotopy equuvalence).

Proof: The implication (2) = (1) is standard : one factorizes first f as triv-
ial cofibration followed by a (trivial) fibration and applies [26, Cor. II1.2.5].
(1) = (3) follows easily from the canonical isomorphism S(U, Hom(A', X)) =
Hom(A', X(U)). To prove (3) = (2) we note from [13, IV.6.8.2] that any
point x of T is associated to a pro-object {U,} of the category T'. Then z*(f)
is a filtering colimit of weak equivalences and thus a weak equivalence.

2.1.3 Local fibrations and resolution lemmas

Besides the classes of cofibrations, fibrations and weak equivalences there is
another important class of morphisms F,. in A’ Shv(T') which is called the
class of local fibrations.



Definition 2.1.11 A morphism of simplicial sheaves f : X — Y is called
a local fibration (resp. trivial local fibration) if for any point x of T the
corresponding morphism of simplicial sets x*(X) — x*()) is a Kan fibration
(resp. a Kan fibration and a weak equivalence).

The list of most important properties of local fibrations can be found in
[17]. We will only recall the following result. For simplicial sheaves X', Y
denote by m(X,)) the quotient of Hom(X,Y) = So(X,)) with respect to
the equivalence relation generated by simplicial homotopies, i.e. the set of
connected components of the simplicial function object S(&X',)), and call it
the set of simplicial homotopy classes of morphisms from X to ). One easily
checks that the simplicial homotopy relation is compatible with composition
and thus one gets a category TA°?Shv(T) with objects the simplicial sheaves
and morphisms the simplicial homotopy classes of morphisms. For any sim-
plicial sheaf X denote by #Triv/X the category whose objects are the trivial
local fibrations to X and whose morphisms are the obvious commutative
triangle in 7TA?Sho(T). From [6, §2] this category is filtering.

Lemma 2.1.12 For any simplicial sheaf X, the category mTriv/X is a es-
sentially small, 1.e. equivalent to a small one.

Proof: Let’s say that a simplicial sheaf ) is (T, X)-bounded if for each
n > 0 and each U € T the cardinal of the set ), (U) is less or equal to that
of Supyer men#Xm (V). The full subcategory of (7', X)-bounded simplicial
sheaves is clearly essentially small. Thus to prove the lemma it suffices to
prove that for any trivial local fibration f : ) — X there is a (T, X')-bounded
simplicial sheaf )’ and a morphism ¢ : ) — Y such that f o g is a trivial
local fibration. This fact is proven as follows. Let n > 1 and Z C Y
a sub-simplicial sheaf which is (T, X')-bounded and such that for each i €
{0,...,n — 1} the morphism of sheaves :

Z; — Hom(OA', Z)o X gom(oni x), X;

is an epimorphism (observe that Z — X is a trivial local fibration exactly
when one has this property for any ¢ > 0). Now there is an (7', X')-bounded
subsheaf S,, C ), whose image by the morphism

Y — Hom(0A",Y)o X Hom(dam,x)e Xo

is Hom(OA", Z)o X Hom(@an,x), Xn © this follows easily from the fact that the
latter sheaf is (7', X')-bounded (observe it is a subsheaf of (Z,,_1)" x &},). Call
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Z’ the sub-simplicial sheaf of ) generated by Z and S,,. It is clear that Z’ is
(T, X)-bounded and has the same property as Z up to i = n. By induction
we get the result.

Proposition 2.1.13 For any simplicial sheaves X, Y, with Y locally fibrant,
the canonical map :

colimpxr— xerrriv/x (X', V) — Homay, 1) (X, D)
s a bijection.

For the proof see [6, §2] for sheaves on topological spaces and [18, p.55] in
the general case.

Remark 2.1.14 One of the corollaries of Proposition 2.1.13 is the fact that
for any pair (X,Y) of sheaves of simplicial dimension zero the map

Homghym)(X,Y) = Homy(1)(X,Y)

is bijective. In other words, the obvious functor Shv(T) — H(T) is a full
embedding.

An important class of local fibrations can be obtained as follows. Let
f: X — Y be a morphism of sheaves of sets. Denote by C'(f) the simplicial
sheaf such that

C’(f)n = X{/L—H

and faces and degeneracy morphisms are given by partial projections and
diagonals respectively. Then f factors through an obvious morphism C'(f) —
Y which we denote py.

Lemma 2.1.15 The morphism py is a local fibration. It is a trivial local
fibration iof and only if f is an epimorphism.

Proof: Since T has enough points, it is sufficient to prove the lemma for T
the category of sets in which case it is obvious.

The following two “resolution lemmas” will be used below to replace simpli-
cial sheaves by weakly equivalent simplicial sheaves of a given type.
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Lemma 2.1.16 Let S be a set of objects in Shv(T) such that for any U in
T there exists an epimorphism F — U with F being a sum of elements in
S. Then there exists a functor ®s : A*Shv(T) — A®Shv(T) and a natural
transformation ®s — Id such that for any Y one has

1. for any n > 0 the sheaf of sets ®s(Y), is a direct sum of sheaves in €
2. the morphism ®s(Y) — Y is a trivial local fibration.

Proof: For a morphism f : X — ) define ®}5(f) by the cocartesian square

[TF xo0A™ — X

l l
[TF x A" — ®L(f)

where the coproduct is taken over the set of all commutative squares of the

form
FxoA" — X

] W
FxA» — Y

with n > 0 and F in €. Let ®5(f) be the canonical morphism ®5(f) —
Y. Set ®7F(f) to be ®5(PT(f)) and let ®FT(f) be the corresponding
morphism ®2+(f) — Y. We get a sequence of simplicial sheaves ®%(f)
and monomorphisms ®%(f) — ®5(f) and we set ®5(f) to be the colimit
of this sequence. This construction gives a functorial decomposition of any
morphism f of the form X — ®s(f) — V.

One verifies easily that the functor Y — ®g() — ) satisfies the condi-
tions of the lemma by using the fact ([13, IV.6.8] that any point « of T is

associated to a pro-object {F,} with each F, € F.

Remark 2.1.17 Lemma 2.1.16 applied to the class of representable sheaves
shows, using Lemma 2.1.1, that the smallest full subcategory of H,(T") which
contains all representable sheaves and which is closed under isomorphisms,
homotopy cofiber and direct sums is H4(7") itself.

Lemma 2.1.18 Let X be a simplicial sheaf and po : X, — Xy be an epimor-

phism of sheaves. Then there exists a trivial local fibration p : X' — X such
that pg is the zero component of p.

11



Proof: Consider py as a morphism of simplicial sheaves X — X. Then
construct its decomposition in the same way as in the proof of Lemma 2.1.16
using the inclusions U x 0A™ — U x A™ with U running through all objects
of T" and n being strictly greater than zero.

2.1.4 Homotopy limits and colimits.

Let Z be a small category. For any functor X : 7 — A?Shv(T) we may
define by the usual formulas (c¢f [3, X1.4.5,XI1.3.7]) its homotopy limit and
its homotopy colimit which gives us functors

holimz : A? Shv(T)* — A Shv(T)

hocolimz : APShv(T): — A Shu(T)

where holimzX is the sheaf of the form
U +— holimz(X(U))
and hocolimz X is the sheaf associated with the presheaf of the form
U — hocolimz (X (U)).

Lemma 2.1.19 For any functor X : T — AShu(T) and any simplicial
sheaf ), there is a canonical isomorphism

Hom/(hocolimzX,)) = holimzoo Hom(X,Y),
and in particular there’s a canonical isomorphism of simplicial sets
S(hocolimz X ,Y) = holimzer S(X, ).
Similarly, there are canonical isomorphisms
Hom(Y, holimzX) = holimzHom(), X),

and
S(Y, holimzX') = holimzS(Y, X).

Lemma 2.1.20 For any functor X : T — A?Shv(T) and any point x of T,
the simplicial set x*(hocolimzX) is canonically isomorphic to the simplicial
set hocolimzx*(X). If T is a finite category the same holds for holimz.

12



Corollary 2.1.21 Let X,)Y be functors T — A’Shv(T) and f a natural
transformation X — ). Then :

1. if for any i € T the morphism f(i) is a cofibration (resp. a weak
equivalence) then the morphism hocolimz(f) is cofibration (resp. a
weak equivalence)

2. if T is a right filtering category (cf [3, X11.3.5]) , then the obvious
morphism :
hocolimz X — colimzX

1 a weak equivalence.

Proof: The first point and the third one are easy corollaries of Lemma 2.1.20
and [3, XII,3.5,4.2,5.2]. The second point is an easy exercise in adjointness
using Lemmas 2.1.19, 2.1.10 and [3, XI,5.5,5.6].

Proposition 2.1.22 Let X, be functors T — A?Shv(T) and f a natural
transformation X — Y such that all the simplicial sheaves X (i), V(i) are
pointwise fibrant and the morphisms f(i) are fibrations. Then holim(f) is a
fibration. In particular if all the sheaves X (i) are fibrant then holimzX is
fibrant.

Proof: Follows from [22, XI, 5.5,5.6], Lemma 2.1.8(3) and the obvious fact
that S(—, holimz—) = holimzS(—, —).

Unlike the theory of homotopy colimits the theory of homotopy limits for
simplicial sheaves on sites is different from the corresponding theory for sim-
plicial sets because the analog of Lemma 2.1.20 does not hold for infinite
homotopy limits. As a result holim functor may not preserve weak equiva-
lences even between systems of pointwise fibrant objects unless the objects
are actually fibrant. An example of such a situation for an infinite product
is given below. A more sofisticated example is given in 2.1.30.

Example 2.1.23 Let T be a site with precanonical topology i.e. such that
any representable presheaf is a sheaf. Assume that there exists a family of
coverings p; : U; — pt of the final object of T" such that for any U in T
the intersection of images of Hom(U, U;) in pt = Hom(U, pt) is empty (such
a family can be found for example in the site associated with any profinite
group which is not finite). Consider the simplicial sheaves X; = C'(U; — pt)

13



(see definition prior to Lemma 2.1.15) and let Ex be a resolution functor on
A?Shv(T). We claim that the canonical morphism [ &X; — [] Ez 4] is not a
weak equivalence. Indeed, by Lemma 2.1.15 each of &}’s is weakly equivalent
to the final object and therefore [] EFxX; is weakly equivalent to the final
object as well. On the other hand our condition on U;’s implies that the
product [T & is empty.

2.1.5 Eilenberg-MacLane sheaves and Postnikoff towers

In this section we give a reformulation of main results of [22, Ch.V] for the
case of simplicial sheaves. In this context there are two noticable differences
between simplicial sheaves and simplicial sets. The first is that the weak
homotopy type of a simplicial sheaf can not be recovered from the weak
homotopy type of its Postnikoff tower unless some finitness assumptions are
used (Example 2.1.30). The second is that a simplicial abelian group object
is not necessarily weakly equivalent to the product of Eilenberg-MacLane
objects corresponding to its homotopy groups (Theorem 2.1.34).

For a sheaf of simplicial abelian groups G on T denote by m,(G) the
presheaf of the form U — m;(G(U),0). Similarly, for a complex of sheaves of
abelian groups C' denote by H,(C') the presheaf U — H;(C(U)).

Let N(G) be the complex of sheaves of abelian groups on 7" obtained
from a simplicial abelian group G by applying the functor of the normalized
complex (see [22, p.93]) pointwise. Then we have m;(G) = H;(N(G)). The
functor N has a right adjoint I ([22, p.95]) and we get the following result
([22, Th.22.4]).

Proposition 2.1.24 (N,T') is a pair of mutually inverse equivalences be-
tween the category of complexes of sheaves of abelian groups A with A; =0
for i < 0 and the category of sheaves of simplicial abelian groups.

Remark 2.1.25 For a complex A which does not satisfy the condition A; =
0 for i < 0 the composition N o' maps A to the truncation of A of the form
NoI'(A); =A; fori>0and NoI'(A); =0 fori <O0.

One define the Eilenberg-MacLane objects associated with a sheaf of abelian
groups A as K(A,n) = I'(A[n]) where A[n] is the complex of sheaves with
the only nontrivial term being A in dimension n.

Denote the category of complexes of sheaves of abelian groups on T
by Compl(AbShv(T)). Recall that a morphism of complexes f : ¢/ — C

14



is called a quasi-isomorphism if the corresponding morphisms of homology
sheaves aH,;(C") — aH,;(C) are isomorphisms for all i € Z. The localiza-
tion of the category Compl(AbShv(T')) with respect to quasi-isomorphisms
is called the derived category of complexes of sheaves on T" and denoted by
D(AbShv(T)).

For any complex of sheaves C' let 7T'riv/C be the category whose objects
are epimorphisms of complexes C’ — C' which are quasi-isomorphisms and
whose morphisms are the obvious homotopy commutative triangles of com-
plexes. The same method as the one used in the proof of Lemma 2.1.12 shows
that 7Triv/C is a (left) filtering category, essentially small. This implies that
the derived category D(AbShv(T)) obtained from Comp(AbShv(T)) by in-
verting all the quasi-isomorphisms is indeed a category, in which the set of
morphisms from C to D is given by the colimit :

COlim(p;C’qC)eﬂTm'v/Cﬂ-(Clu D)

where m(—, —) denotes the set of homotopy classes of morphisms of com-
plexes.

Recall that hypercohomology H*(U, A) of an object U of T with coeffi-
cients in a complex of sheaves A is the group of morphisms Hom(Z, pj;A) in
the derived category of complexes of sheaves on T'/U where py : T/U — T
is the obvious morphism of sites. The following almost tautological result
provides an interpretation of hypercohomology groups in terms of simplicial
sheaves (for a proof see [6, §3 Theorem 2]).

Proposition 2.1.26 Let C' be a complex of sheaves of abelian groups on T
Then for any integer n and any object U of T one has a canonical isomor-
phism H"(U,C) = Homy, (U,I'(C[n])) in particular if C = A is a sheaf of
abelian groups we have H"(U, A) = Homy (U, K(A,n)).

For a simplicial sheaf X denote by P"(X) the sheaf associated with the
presheaf U — (X(U))" where K — K" = Im(K — cosk,(K)) is the func-
tor on simplicial sets defined in [22, p.32]. The folloiwng result is a direct
corollary of [22, 8.2, 8.4].

Proposition 2.1.27 Let X be a locally fibrant simplicial sheaf. Then the
sheaves P™ X are locally fibrant and the morphisms

X —»pxy

15



prtly - pMy

are local fibrations.
If f: X — Y is a weak equivalence of locally fibrant simplicial sheaves
then for any n > 0 the morphism P™(f) is a weak equivalence.

Remark 2.1.28 Let X be a pointwise fibrant simplicial sheaf i.e. a simpli-
cial sheaf such that for any U in T' the simplicial set X'(U) is Kan. Then
the simplicial sheaf P X is pointwise fibrant. For any U and 7" and a point
x € X(U) one has

m(PMX(U), ) = m(X(U), ) fori <n
7 (PMWX(U), ) = colimy_y Im(m;(X(U),z) — 7 (XU),x)) fori=n
m(PMX(U),2) =0 fori >n

where the colimit in the middle row is taken over all coverings i = {U; — U}
of U and (X (U), x) = [1,; m(X(U;), x).

Definition 2.1.29 The tower of local fibrations (P™ X, P+ X — PMX)
associated to a locally fibrant simplicial sheaf X is called the Postnikoff tower
of X.

Functors P™ do not take fibrant simplicial sheaves to fibrant simplicial
sheaves. As a result of this fact the homotopy limit holim,soEz(P™X) of
the tower of fibrant objects associated to the Postnikoff tower of X is not in
general weakly equivalent to X as shown in the following example.

Example 2.1.30 Let T be the site of finite G-sets where G = [ Z/2 is
the product of infinitely many copies of Z/2. Consider the constant simpli-
cial sheaf X on T which corresponds to the product of Eilenberg-MacLane
spaces of the form [[;5 K(Z/2,7) (it is also the product of the correspond-
ing Eilenberg-MacLane sheaves in the category of sheaves). Then P™X is
weakly equivalent to [,>;~0 K (Z/2,1) and one can easily see that for any res-
olution functor Ex the homotopy limit holim,>oEx(P™ X) is weakly equiv-
alent to X = [[,»0 Ex(K(Z/2,1)). We claim that the sheaf associated to the
presheaf U — mo(X(U)) is nontrivial while the corresponding sheaf for X is
clearly trivial. By Proposition 2.1.26 we have for any U in T'

m(X(U) = [[ H'(U.Z/2)

1>0
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Let 7 be the generator of H'(Z/2,Z/2) and p; : G — Z/2 the projection to
the i-th multiple. Consider the element o = [[p;(7"%) in m(X(pt)). This
element does not become zero on any covering of the point and therefore gives

a nontrivial element in the sections of the sheaf associated to U +— mo (X (U)).

Definition 2.1.31 A site T is called a site of finite type if for any simplicial
sheaf X on T the canonical morphism X — holim,soEx(P™X) is a weak
equivalence.

Our next goal is to show that any site satisfying a fairly weak finitness con-
ditions on cohomological dimension is a site of finite type in the sense of
Definition 2.1.31. In order to do it we will need a description of simplicial
sheaves with only one nontrivial “homotopy group” which is also of indepen-
dent interest.

Definition 2.1.32 Let X be a simplicial sheaf. We say that X has only one
nontrivial homotopy group in dimension d > 0 if the following conditions
hold:

1. the sheaf amy(X) associated with the presheaf U — mo(X(U)) is iso-
morphic to the point

2. forany U inT, any x € X(U) and any n > 0, n # d the sheaf on T /U
associated with the presheaf V/U — m,(X(V),x) is isomorphic to the
point

We say that X has only one nontrivial abelian homotopy group in dimension
d > 1 if it has only one nontrivial homotopy group in dimension d and for
any U in T and any x € X(U) the sheaf of groups on T /U associated with
the presheaf VU w— m4(X(V),x) is abelian (this condition is of course only
meaningful for d =1).

The forgetful functor from the category of sheaves of simplicial abelian
groups on T to the category of simplicial sheaves (of sets) on T has the
left adjoint which we call the functor of free abelian group and denote by
Z : APSho(T) — APAbShu(T). For any simplicial sheaf X the sheaf
of simplicial abelian groups Z(X) is the sheaf associated with the presheaf
U — Z(X(U)) where Z(X(U)) is the free abelian group generated by the
simplicial set X(U) (in [22] the functor Z is denoted by C : K — C(K)).

17



Proposition 2.1.33 Let X be a simplicial sheaf which has only one non-
trivial abelian homotopy group in dimension d > 1. Denote by E(X) the fiber
product
E(X) — P9Y(Z(X))
| |

pt N Z

Then the obvious morphism X — E(X) is a weak equivalence.

Proof: For any point z of T one has 2*(P@(Z(X))) = (C(z*X))" (where
the right hand side is written in the notations of [22, Def. 8.1]) which shows
that it is enough to prove the proposition in the case of simplicial sets. For
any simplicial set K the homotopy groups of the simplicial abelian group
C(K) are the homology groups of K and by our assumption on X', Hurewicz
Theorems ([22, Th.§13]) and the main property of functors K — K™ ([22, Th.
8.4]) we conclude that (C(z*X))" = 2*X x Z which implies the statement of
the proposition.

For X satisfying the conditions of Definition 2.1.32(2) we define a sheaf
amy(X) as the sheaf associated with the presheaf U — Hy(X(U)). Using
Hurewicz Theorems ([22, Th.§13]) one can verify immediately that for any
U in T such that X' (U) is not empty and any = € X (U), there is a canonical
isomorphism between am,;(X)r/y and the sheaf on T'/U associated with the
presheaf V +— my(X(V), x).

The simplicial sheaf P(Y(Z(X)) has a canonical structure of a sheaf of
simplicial abelain groups, the morphism PY(Z(X)) — Z is a surjective ho-
momorphism and its kernel is canonically weakly equivalent to I'(am,(X)[d]).
Thus the complex of sheaves N(P@(Z(X))) has two nontrivial homology
groups namely aH, = Z and aH,; = amy(X). Therefore it defines a mor-
phism in the derived category of complexes of sheaves on T of the form
Z — army(X)[d + 1] and the projection P@(Z(X)) — Z splits if and only
if this morphism is zero. Combining this observations we get the following
result.

Theorem 2.1.34 Let X be a simplicial sheaf whose only nontrivial homo-
topy group amy(X) is abelian and lies in dimension d > 1. Any such X
defines a cohomology class ny € HYT, ax (X)) and the pair (ax (X)), nx)
determines X up to a weak equivalence.
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If in addition X is fibrant then

_f0 if the restriction of ny to U is not zero
mo(X(U)) = { HYU,amy(X)) otherwise

Corollary 2.1.35 Let X be a fibrant simplicial sheaf satisfying the condi-
tions of Definition 2.1.32(2) for some d > 1 and let U be an object of T
such that for any sheaf of abelian groups F' on T and any m > d one has
H™U,F)=0. Then mo(X(U)) = pt.

Sheaves with only one nontrivial homotopy group are realted to Postnikoff
towers as follows.

Proposition 2.1.36 Let X be a locally fibrant simplicial sheaf and p 1Y —
Z be a local fibration weakly equivalent to the local fibration P X — PU-Dx
Then for any U in T and any point z in Z(U)q the fiber F, of p over z consid-
ered as a sheaf on T /U has only one nontrivial homotopy group in dimension
d (which is abelian if d > 2).

Proof: Follows by the use of points from [22, Cor. 8.7].

Theorem 2.1.37 Let T be a site and suppose that there exists a family
(Ad)aso of classes of objects of T such that the following conditions hold:

1. Any object U in Ay has cohomological dimension < d i.e. for any sheaf
F onT/U and any m > d one has H™(U, F') =0

2. For any object V' of T there exists an integer dy such that any covering
of VinT has a refiniment of the form {U; — V'} with U; being in Ay,

Then T is a site of finite type.

Proof: Let X be a simplicial sheaf on T. Denote by p¥ : GPY(X) —
GPU=D(X) a tower of fibrations weakly equivalent to the tower of local fi-
brations POX — PG-DX. This tower is then pointwise weakly equivalent
to the tower (Ex(P%WX)) for any resolution functor Ex on simplicial sheaves
and since homotopy limits preserve pointwise weak equivalences of Kan sim-
plicial sets and homotopy limit of a tower of fibration is weakly equivalent to
the ordinary limit we conclude that to prove the theorem we have to show
that the canonical morphism X — lim;> GPWX is weak equivalence. We
may further assume that X is a fibrant simplicial sheaf.
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It is easy to see that our claim will follow if we show that the sheaves
ary(X) and amy(lim;>o GP®X) are isomorphic for all X' (to deduce the same
fact for 7; one then replaces X by the simplicial sheaf of pointed maps from
any model of the i-sphere to X).

By the second condition of the theorem any object in T" has a covering
consisting of objects in A, for some d. Therefore it is sufficient to ver-
ify that for any d > 0 and any U € Ay the canonical map amy(X)(U) —
amy(lim;so GPYX)(U) is an isomorphism. By definition of P® for any i > 0
we have

amy(PYX) = amy(GPYX) = amy(X)

which immediately implies that the map in question is a monomorphism.
The fact that it is an epimorphism follows from the standard criterion for a
map of presheaves to give an epimorphism of sheaves, Lemma 2.1.38 below
and the exact form of condition (2) of the theorem.

Lemma 2.1.38 Let U be an object in Ay. Then mo(lim>o GPYDX(U)) —
7o(GPYX(U)) is an isomorphism.

Proof: Let p® : K@ — KG=1 ;> 1 be a sequence of Kan fibrations of Kan
simplicial sets and d be such that for any m > d and any = € Kém) one has
7o((p )~ (x)) = pt. Then the map mo(lim; K@) — mo( K@) is bijective.
Combining this fact with Corrolary 2.1.35 and Proposition 2.1.36 we get the
statement of the lemma.

Remark 2.1.39 We do not know of any example of a site where each object
has a finite cohomological dimension but condition (2) of Theorem 2.1.37 does
not hold.

For sites of finite type Corollary 2.1.35 has the following important general-
ization which is the basis for all kinds of convergence theorems for spectral
sequences build out of towers of local fibrations on such sites.

Proposition 2.1.40 Let T be a site of finite type and U be an object of T
of cohomological dimension less or equal to d > 2. Let further X be a fibrant
simplicial sheaf on T which has no nontrivial homotopy groups in dimension
< d i.e. such that the sheaf PYX is weakly equivalent to the point. Then
mo(X(U)) = pt.
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Proof: Let GPUtDXY — GPWX be a tower of fibrations weakly equiva-
lent to the tower of local fibrations PU*DX — POX. Since T is a site
of finite type one has X (U) 2 lim;»o GPYX(U). By Corollary 2.1.35 and
Proposition 2.1.36 the fibers F; of the maps GP™'X(U) — GP'X(U) sat-
isfy the condition m(F;) = pt for i > d. Therefore my(lim;>o GPDX(U)) =
7o(GPYWX(U)) and the later set is pt by our condition on X'

Corollary 2.1.41 For any T and U as in Proposition 2.1.40 and any sim-
plicial sheaf X one has

1. the map mo(Ex(X)(U)) — mo(Ez(PX)(U)) is an epimorphism for
1 >d—1 and an isomorphism for i > d

2. for any v € X(U) the map mp(Ex(X)(U),x) — mp(Ex(P'X)(U), x) is
an epimorphism for i — k > d — 1 and an isomorphism for i — k > d.

2.1.6 Functoriality

We first recall briefly the standard definitions related to morphisms of sites.
Let f~' : Ty, — T, be a functor between the underlying categories of sites
Ty, Ty. Associated to any such functor we have a pair of adjoint functors
between the corresponding categories of presheaves of sets

fr.: PreShv(Ty) — PreShv(Ty)

pre

f« 1 PreShv(Ty) — PreShv(T)

(where f, is just the functor given by the composition with f~1.)

Definition 2.1.42 A continuous map of sites f : Ty — T5 is a functor
f~Y: Ty — Ty such that for any sheaf F on Ty the presheaf f.(F) is a sheaf
on 1.

If f is a continuous map of sites, the functor f, : Shv(T}) — Shv(T3) has a
left adjoint f* : Shv(1y) — Shv(T}) given by the composition of the inclusion
Shv(Ty) C PreShv(T3) with the functor f;.. and the functor associated sheaf
a: PreShv(Ty) — Shv(Th).

Definition 2.1.43 A continuous map f : Ty — T5 is called a morphism of
sites if the functor f*: Shv(Ty) — Shv(Ty) commutes with finite limits.
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Remark 2.1.44 If the topology on 75 is defined by a pretopology ([13, II.
Définition 1.3]) and the functor f~! commutes with fiber products then f~!
defines a continuous map of sites if and only if it takes coverings (of the
pretopology on T5) to coverings (c¢f [13, III. Proposition 1.6]). See [13, III.
Exemple 1.9.3] for an example of a functor f~' which takes coverings to
coverings and which is not continuous.

Remark 2.1.45 If the category T5 has fiber products and any representable
presheaf on 77 is a sheaf then a continuous map f is a morphism of sites if
and only if the functor f~! commutes with fiber products. A more general
statement can be found in (¢f [13, IV.4.9.2]).

Example 2.1.46 A typical example of a continuous map which is not a
morphism of sites is given by the inclusion functor Sm/S — Sch/S from the
category of smooth S-schemes of finite type to the category of all schemes of
finite type over some base scheme S considered with Zariski (or etale, flat,
Nisnevich etc.) topology (cf 3.1.19 below).

Let f : 177 — T3 be a continuous map of sites. Then we have a pair of adjoint

functors
frr APSho(Ty) — APSho(Th)

fe : APSho(Ty) — APSho(Ts)

between the corresponding categories of simplicial sheaves. In general neither
one of them preserves weak equivalences.

Choose a resolution functor Ex for T (see 2.1.6). The functor f, o Ex :
APShv(Ty) — A®?Shv(T;) does preserve weak equivalences because for any
weak equivalence f the morphism Fz(f) is a simplicial homotopy equivalence
(¢f2.1.10) and the functor f, clearly preserves simplicial homotopies. Let us
denote by

Rf* . HS(Tl) - HS(T2)

the functor induced by the functor f, o Ez. One can easily see that Rf, is
the total right derived of f, in the sense of [26, [.4] ; in particular it doesn’t
depend on the choice of the resolution functor Ex.

The following simple result describes the basic functoriality of the sim-
plicial homotopy categories for morphisms of sites.
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Proposition 2.1.47 Let f : Ty — T, be a morphism of sites. Then the
functor f* preserves weak equivalences and the corresponding functor between
homotopy categories is left adjoint to Rf,. If T} EN Ty % Ty is a composable
pair of morphisms of sites then the canonical morphism of functors

R(go f)s — Rg. o Rf.
s an 1somorphism.

For a site T denote by T” the site with the same underlying category consid-
ered with the trivial topology and let 7w : T — T” be the canonical morphism
of sites. Then 7, is the inclusion of sheaves to presheaves, 7* is the functor of
associated sheaf and we have the following refinement of Proposition 2.1.47.

Lemma 2.1.48 In the notations given above the functor
7 H (T — Hs(T)

is a localization, the functor Rm, : Hs(T) — Hs(T") is a full embedding and
there 1s a canonical isomorphism w*Rm, = Id.

If f is not a morphism of sites it is not clear in general whether or not Rf,
has a left adjoint. There are also examples of composable pairs of continuous
maps f and g such that the natural morphism R(gof). — Rg.oR f, is not an
isomorphism. We are going to define now a class of continuous maps called
reasonable for which a left adjoint to R f, always exists and the composition
morphisms are isomorphisms.

Recall that for simplicial sheaves X, X', the simplicial function object
S(X,X’) is the simplicial set of the form

S(X, Xl)n = HOonpShv(T)(X X An, X/)

Definition 2.1.49 Let T} — T, be a continuous map of sites. A simplicial
sheaf Y on Ty is said to be f-admissible if for any fibrant simplicial sheaf X
on Ty and any simplicial set K the map :

(Y x K, f(X)) = Homy, 1) (Y X K, fo(X))
18 bijective.

We say that T5 has enough f-admissibles if there is a functor ady :
APShv(Ty) — A®Shu(Ty) and a natural transformation ady — Id such
that ady takes values in the full subcategory of objects admissible with respect
to f and for any Y on Ty the morphism ad;()) — Y is a weak equivalence.
We then say that the pair (ady,ad; — Id) is an f-admissible resolution.
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Remark 2.1.50 Observe that a simplicial sheaf ) on Ty is f-admissible
if and only if for any fibrant simplicial sheaf X on 77 and for any weak

equivalence f,(X) — X’ with X" fibrant the induced map of simplicial sets
SV, f.(X)) — S(Y,X’) is a weak equivalence.

The following two results follow immediately from the definitions (and
the formal fact that for any simplicial sheaves X on T}, Y on T5, the map
(Y x K, fu(X)) — «(f*()) x K, X) is bijective).

Proposition 2.1.51 Let T} — Ty be a continuous map of sites such that
Ty has enough admissibles with respect to f and (ads,ady — Id) be an f-
admissible resolution. Then the functor f* oad; preserves weak equivalences
and the induced functor Lf* : Hs(Ty) — Hs(T1) is left adjoint to Rf. (in
particular this induced functor is independent of the f-admissible resolution,).

Proposition 2.1.52 Let T} — T, be a continuous map of sites such that T,
has enough f-admissibles. Then a simplicial sheaf Y on Ty is f-admissible
if and only if the canonical morphism f*(ads(X)) — f*(X) is a weak equiv-
alence.

Lemma 2.1.53 Let Ty — T, be a continuous map of sites and Ay be the
class of f-admissible simplicial sheaves on Ty. Then one has:

1. Ay is closed under sums

2. for any diagram of the form Yo % Y1 5 .. "5 Y, — ... such that
Y. € Ay and all the morphisms w,, f*(u,) are monomorphisms one
has colim, Yy, € Ay

3. for any cocartesian square of the form

Yo = M
! !
Vo — Vs

such that Yo, Y1, Ve € Ay and both uw and f*(u) are monomorphisms
one has Y3 € Ajy.
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Proof: The first statement is obvious. The second follows from the fact that
an inverse limit of a tower of weak equivalences of simplicial sets is a weak
equivalence at least if all the morphisms in the towers are fibrations.

To prove the third one, one notes that for any fibrant X on 7} we have
a morphism of Cartesian squares of simplicial sets consisting of S(V;, f«(X))
and S(Y;, Ex(f.(X))) respectively such that three out of four morphisms are
weak equivalences and all we have to show is that the fourth one is also a
weak equivalence. This follows immediately from the fact that the maps

SV, Ex(f.(X))) — SO, Ex(f.(X)))

induced by w are fibrations - the first one since f*(u) is a monomorphism
and X is fibrant and the second since u is a monomorphism and Ez(f.(X))
is fibrant.

Proposition 2.1.54 Let Y be a simplicial sheaf on Ty such that all its terms
YV, are f-admissible. Then so is Y.

Proof: Let X be a fibrant simplicial sheaf on T7. We have to show that the
morphism of simplicial sets S(Y, f.(X)) — S(Y, X’) is a weak equivalence
for any weak equivalence X — X’ with X’ fibrant. This morphism can be
obtained by applying the total space functor to the morphism of the corre-
sponding cosimplicial simplicial sets (cf [3, X.3]) which is a weak equivalence
in the sense of [3] by the conditions of the proposition.

For any simplicial sheaf ) and any fibrant simplicial sheaf Z the cosimpli-
cial simplicial set S(), Z) is fibrant (in the sense of [3, X]). Since S(Y, f.(X)) =
S(f*(¥),X) we conclude that both cosimplicial simplicial sets we consider
are fibrant and our result follows now from [3, X.5.2].

Definition 2.1.55 A continuous map Ty — Ty is called reasonable if any
representable sheaf on Ty is f-admissible.

Example 2.1.56 One may get an “unreasonable” map of sites as follows.
Let f : T} — T5 be any continuous map which is not a morphism of sites.
Consider Shv(T}) and Shu(T3) as sites with the canonical topologies. Then
the functor of inverse image Shv(Ty) — Shv(T}) is an unreasonable continu-
ous map. Note that this example also confirms that the notion of a reasonable
map actually depends on sites and not just on the corresponding toposes.
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Let f : Ty — T5 be a reasonable continuous map of sites. By Lemma 2.1.16
applied to the set & of representable sheaves there exists a functor &4, :
A?Shu(T) — A?Shu(T) and a natural transformation &5, — Id such
that for any X and any n > 0 the sheaf of sets ®r,(X), is a direct sum
of representable sheaves and the morphism ®7,(X) — X is a trivial local
fibration. Proposition 2.1.54 then implies that 75 has enough f-admissibles.
We may sum up the situation as follows using Propositions 2.1.51, 2.1.52 and
keeping previous notations.

Proposition 2.1.57 Let f : Ty — T, be a reasonable continuous map of
sites.

1. the functor f* o ®p, : APShv(Ty) — A®Shv(T)) preserves weak equiv-
alences and the induced functor Lf* : Hy(Ty) — Hs(Th) is left adjoint
to R f,

2. if Y is a simplicial sheaf such that any term Y, of Y is a direct sum
of representable sheaves then the canonical morphism f*(®q,(F)) —
f*(F) is a weak equivalence

. f g . . .
3. if Ty = Ty = Ty is a composable pair of reasonable continuous maps
of sites then there are canonical isomorphisms

L(go f)" =Lf"oLg"

R(gOf)* = Rg*oRf*

of functors between the corresponding homotopy categories.

Remark 2.1.58 An example of a reasonable continuous map f : T} — T,
and a simplicial sheaf ) on T, such the morphism Lf*()) — f*())) is not a
weak equivalence is given in 3.1.22

2.1.7 Godement resolutions

The main result of this section is Theorem 2.1.66 below which asserts that
for any site of finite type there exists a resolution functor on the category of
simplicial sheaves which commutes with finite limits and takes local fibrations
to global fibrations. We do not know whether the finite type assumption is
really necessary for this result or not.
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For any set of points £ of T define a functor G} from sheaves on 7" to
cosimplicial sheaves on T as follows. Let £ be the product of £ copies of the
category of sets. A point of T' is a morphism of sites Sets — T and a set of
points £ defines a morphism of sites p : &€ — T. The corresponding adjoint
pair of functors p* and p, gives in a standard way a cosimplicial functor with
terms of the form (p.p*)"™ which we denote by G&. In most places below
we omit £ from our notations.

Proposition 2.1.59 For any local fibration of locally fibrant simplicial sheaves
f: X — Y the morphism

holimaG*(f) : holimaG*X — holimaG*X
1s a fibration.

Proof: By definition of local fibration the functor p* takes local fibrations to
fibrations in A°?Shv(€). Since direct images preserve fibrations the compo-
sition p,p* takes local fibrations to fibrations and in particular locally fibrant
sheaves to fibrant sheaves. The statement of the proposition follows now
from Proposition 2.1.22.

Proposition 2.1.60 The functor X — holimaG®*(X) takes weak equiva-
lences of locally fibrant simplicial sheaves to weak equivalences of simplicial
sheaves.

Proof: One can easily see that the functors (p,p*)"*! take weak equivalences
to pointwise weak equivalences. The statement of the proposition follows
now from the fact that holim preserves pointwise weak equivalences between
pointwise fibrant sheaves by its definition and the corresponding result for
simplicial sets (see [3, XI,5.6]).

Proposition 2.1.61 Let X'* be a cosimplicial simplicial sheaf such that all
of its simplicial terms are locally fibrant and there exists s > 0 such that the

canonical morphisms
X" — pelxn

are weak equivalences for alln > 0. Then for any point x of T the canonical
morphism
¥ (holimaX®) — holimax*X'*

18 a weak equivalence.
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Proof: Let Ex® be a resolution functor on the category of cosimplicial
simplicial sets (with respect to the standard closed model structure described
in [3]). Below we use the equality sign instead of specifying explicit weak
equivalences. Unless otherwise specified functors on cosimplicial simplicial
sets are extended to functors on cosimplicial simplicial presheaves pointwise.
The functor of associated sheaf is denoted by a. We have

z*(holimaX®) = z*a(holimaX*®) = x*a(holima Ex®(X*))

since the functor z*a takes pointwise weak equivalences of simplicial presheaves
to weak equivalences of simplicial sets. We have

z*a(holima Ex"(X*)) = 2" a(Tot(Ex"(X*)))

since the homotopy limit is weakly equivalent to T'ot for fibrant cosimplicial
simplicial sets. By Lemma 2.1.62 we have

z*a(Tot(Ex®(X*))) = *a(Tot 1 (ExT(X*)))

Since Totsyq involves only finite limits and functors x* and a commute with
such limits we have

w*a(Tote1(ExR(X*))) = Totg (z*a( Ex®(X*)))

The functor x*a commutes with finite limits and takes pointwise fibrations
of simplicial presheaves to Kan fibrations of simplicial sets. In addition
r*a commutes with pointwise P®). Therefore cosimplicial simplicial set
r*a(Ex®(X*)) satisfies the condition of Lemma 2.1.62 and we have

Totei(x*a(Ex®(X*))) = Tot(z*a(Ex"(X*))) = holima(z*a( ExT(X*)))

Finally z*a takes pointwise weak equivalences to weak equivalences and there-
fore
holima (x*a(Ex®(X*))) = holimaz*aX® = holimax*X*.

Lemma 2.1.62 Let K*® be a fibrant cosimplicial simplicial set and s > 0 be
an integer such that for any n > 0 the map of simplicial sets K™ — P K"
1s a weak equivalence. Then the canonical map

TotK®* — Toty 1 K*

1s a weak equivalence of simplicial sets.
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Proof: Let cosk,, 1 K*® be the cosimplicial simplicial set obtained from K*® by
applying the coskeleton functor to each simplicial term. Under our assump-
tions on K* the canonical morphism K* — cosk, 1 K*® is a weak equivalence
of cosimplicial simplicial sets. In addition, the cosimplicial simplicial set
cosk, 1 K* is fibrant i.e. all the maps cosk, (K"T! — M"cosk,, 1 K® are
fibrations (see [3]). To prove this fact observe that the functor cosky;; com-
mutes with finite limits which implies that M"cosk, 1 K*® = cosks. 1 M"K*®.
Although the coskeleton functor does not in general take Kan fibrations to
Kan fibrations the following simple result holds.

Lemma 2.1.63 Let f : E — B be a Kan fibration of Kan simplicial sets
and s be an integer such that for any point x in B one has msy1(B,x) = 0.
Then cosksy1(f) is again a Kan fibration.

Under our assumptions on K*® we have 7,1 (M"K*®,x) = 0 for any point z in
M™K*. This can be shown by induction on n using the intermediate objects
MPK® as in [3, Lemma 5.3, p.278]. Therefore the maps cosks K" —
cosks 1 M™K*® are fibrations and cosks,1 X is fibrant.

For any cosimplicial simplicial set K® the canonical map T'ot(cosks,1K®) —
Tots,1(cosks1K*®) is an isomorphism of cosimplicial simplicial sets. Since
both functors Tot and Tot,,; preserve weak equivalences between fibrant
objects we conclude that

Tot(K*®) = Tot(cosks11K*) = Tots1(cosksi1K*) = Totg 1 (K®)

Lemma 2.1.64 For any simplicial sheaf X the composition
p*X — p*(holimpaG*X) — holimap™(G*X)
1s a weak equivalence of simplicial sheaves on &.

Proof: This is a particular case of [23, Cor. 3.5]. In the notations of that
paper one takes U = Id, F' = p* and T = p.p*.

Recall that a set £ of points of T is called conservative if any morphism
f: F — G of sheaves on T for which all the maps of sets *(f) : 2*F — 2*G
are isomorphisms is an isomorphism.

Proposition 2.1.65 Let T be a site of finite type and L be a conservative set
of points of T'. Then for any locally fibrant simplicial sheaf X the canonical
morphism gy : X — holimaG*(X) is a weak equivalence.
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Proof: We will prove this fact in several steps.

1. For any s the canonical morphism P®X — holimaG*P®) X is a weak
equivalence.

Proof: Since L is a conservative set of points it is sufficient to show
that the morphism

p* (PO X) — p*(holimaG* P X)

is a weak equivalence. This follows from Proposition 2.1.61 and Lemma
2.1.64.

2. The canonical morphism
holimaG* X — holimso(holimaG® P X)

is a weak equivalence.

Proof: By Proposition 2.1.59 all the simplicial sheaves holimaG® P X
are fibrant and the morphisms between them are fibrations. Thus by

[3, XI,4.1] the right hand side is pointwise weakly equivalent to to
lim,so(holimaG® P X). We further have

li%(holimAQ'P(s)X) = holima 11%(9'13(8)2()

since holim commutes with limits. On the other hand for any n we
have

lim(p.p*)" ™ (PYX) = (pup”)"* (lim POX) = (pp*)" ()
since the towers of sheaves of sets (P®) X); stabilize after finitely many
steps for each ¢ which implies that

lim(G*PPX) =G x.

s>0

3. By step 1 holimaG*P®)X is weakly equivalent to P®)X and since
it is fibrant (by Proposition 2.1.59) it is pointwise weakly equivalent
to Ex(P®X) for any resolution functor Ex on A?Shv(T). Since
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holims>o preserves pointwise weak equivalences between pointwise fi-
brant objects step 2 implies that holimaG®X is weakly equivalent to
holimgsoEx(P®X) which is weakly equivalent to X by definition of
site of finite type.

Theorem 2.1.66 Let T' be a site of finite type. Then there exists a functor
Ex9 : A?Sho(T) — APSho(T)
and a natural transformation Id — Ex9 with the following properties

1. Ex9 commutes with finite limits and in particular takes the final object
to the final object

2. ExY takes any simplicial sheaf to a fibrant simplicial sheaf
3. ExY takes local fibrations to fibrations

4. for any X the canonical morphism X — Ex9(X) is a weak equivalence.

Proof: For a simplicial sheaf X denote by Ex*¢** X" the simplicial sheaf of the
form U +— Ex*(X(U)) where Ex* is a resolution functor on the category
of simplicial sets satisfying the conditions of Lemma 2.1.67 below (note that
Ex5 takes sheaves to sheaves since Ez* commutes with finite limits). Let
L be a conservative set of points of T. We set

Ez9(X) = holimaG(Ex** X)

The properties (1)-(4) for this functor follow immediately from Propositions
2.1.59, 2.1.65 and the fact that all the functors involved in the construction
of Ex9 commute with finite limits.

Lemma 2.1.67 There exists a functor Ex™ : A°?Sets — A%Sets and a
natural transformation Id — Ex*° such that the following conditions hold:

1. Ex®™ commutes with finite limits and in particular takes the final object
to the final object

2. Ex™> takes Kan fibrations to Kan fibrations
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3. for any simplicial set X the map X — FEx*>X is a monomorphism and
a weak equivalence and Ex>*X is a Kan simplicial set.

Proof: A purely combinatorial construction of Ex*> as a filtered colimit of
functors right adjoint to certain subdivision functors can be found in [11, pp.
212-215].

2.2 A localization theorem for simplicial sheaves
2.2.1 Basic definitions and main results

Let T be a small site and let A be a set of morphisms in H(7"). Let us recall
the standard notions of A-local objects and A-weak equivalences (c¢f [10] and

[4, §7]).

Definition 2.2.1 An object X of Hs(T) is called A-local if for any Y in
Hs(T) and any f : Z1 — Z5 in A the map

HomHS(T) (y X Zg, X) — HomHS(T) (y X Zl, X)
s a bijection.
We denote the full subcategory of A-local objects in Hy (1) by Hs a(T).

Definition 2.2.2 A morphism f : X1 — Xy in A?Shv(T) is called an A-
weak equivalence if for any A-local object Y the map

Homyy,1)(Xo,Y) — Homyy, (1) (Xa, V)

induced by f is a bijection.

Denote the class of A-weak equivalences by W 4 and define the class of A-
fibrations F 4 as the class of morphisms with the right lifting property with
respect to C N W 4. Observe that for any Y and any f: Z; — Z5 in A the
map

VX Z =YX 2Z

is an A-weak equivalence by definition.

Remark 2.2.3 An object £ is A-local if and only if for any A-weak equiv-
alence f : X — Y the induced map Homy (1)(YV,E) — Homy,(1)(X,E) is
bijective.

32



Remark 2.2.4 Let A’ be the set of morphisms of H,(7) consisting of the
coproduct of each member of A. Then the notions of A’-local objects, A’-
weak equivalences and A’-fibrations coincides with the corresponding notions
associated to A. So that it is always possible to assume A has exactly one
element.

The main result of this section is the following theorem.

Theorem 2.2.5 For any set A the classes (W 4, F 4, C) define a model cat-
egory structure on A?Shv(T). The inclusion functor Hs (1) — Hs(T') has
a left adjoint L which identifies H, A(T) with the localization of H(T') with
respect to A-weak equivalences.

Remark 2.2.6 This theorem appears in [5, Th. 4.6] for T" the category of
sets. See also [10, §C.2].

We also investigate the question of whether or not the A-model structure
(W4, F 4, C) is proper in the sense of [2, Definition 1.2]. We do not know
the answer in general but we are able to prove the following result which is
sufficient to demonstrate properness in the case of sites with intervals. We
shall give in §2.2.4 a proof of the following result.

Theorem 2.2.7 For any set of morphisms A in H(T) the closed model
structure (W 4, F 4, C) is right proper. It is left proper if there exists a set A
of monomorphisms in A?Shu(T') such that

1. the image of A in Mor(H,(T)) coincides with A “up to isomorphisms”

2. for any X in A?Shv(T), any morphism f Y — Z in A and any
morphism p : &€ — X x Z in F 4 the projection

g X(sz) (X X y) — g
15 1 Wy,

2.2.2 Elementary properties of classes W, and F 4

All through this section fl denotes a set of monomorphisms in A?Shv(T')
such that the image of A in Mor(Hs(7T')) coincides with A (up to isomor-
phisms).
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Lemma 2.2.8 Let X be a simplicially fibrant object. Then the following
conditions are equivalent:

1. X is A-local
2. forany f:Y — Z in A the morphism of simplicial sheaves
Hom(Z,X) — Hom(Y, X)
induced by f is a simplicial weak equivalence
3. forany f:Y — Z in A the morphism of simplicial sheaves
Hom(Z, X) — Hom(Y, X)
induced by f is a simplicial trivial fibration

4. forany f:Y — Z in A and any object U of T the map of simplicial
sets
S{UxZ,X)— S(UxY,X)
1s a trivial Kan fibration

Proof: The equivalence of the first three conditions is clear from definitions,
The fact that the last one is equivalent to the second one follows from Lemma
2.1.10.

Proposition 2.2.9 A morphism X — X' is an A-weak equivalence (resp.
an A-weak equivalence and a cofibration) if and only if for any simplicially
fibrant, A-local Y the morphism :

Hom(X',Y) — Hom(X,))
is a simplicial weak equivalence (resp. a trivial fibration).

Proof: This is an easy reformulation (using adjointness) of the fact that if
is simplicially fibrant, A-local then so is Hom(Z,)) for any simplicial sheaf
Z.

Lemmas 2.2.10 and 2.2.11 below which describe some basic properties of A-
weak equivalences follow immediately from the criterion given in Proposition
2.2.9, Theorem 2.1.4, Remark 2.1.5 and standard facts about fibrations in
proper model categories.
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Lemma 2.2.10 Consider a cocartesian square

xX %y
b | ld
X/ i> yl

where a is a monomorphism. Then if b is an A-weak equivalence so is d and
if a s an A-weak equivalence so is c.

Lemma 2.2.11 Consider cocartesian squares

X 5 W
b | | di
x5y

t = 1,2 such that ay,as are monomorphisms and let fx, fy, fxr, fy be a
morphism from the first square to the second such that fx, fy, fxr are A-
weak equivalences. Then fyr is an A-weak equivalence.

The following lemma is an easy consequence of Proposition 2.2.9 and Lemmas
2.1.19,2.1.21.

Lemma 2.2.12 Let 7 be a (small) category, X,Y be functors from T to
APSho(T) and f a natural transformation X — Y such that all the mor-

phisms f; are in W 4. Then the morphism hocolimzX — hocolimz) is in
W 4.

Corollary 2.2.13 LetZ be a right filtering (small) category, X,Y be functors
T — A?Sho(T) and f a natural transformation X — ). Then one has:

1. if for each morphism ¢ — j in I the morphism X; — X; is in W 4,
then for each © € I the obvious morphisms X; — colimzX are also in
W4

2. if for each i € I the morphisms f; are in Wy, then the morphism
colimz : colimzX — colimz) is in W 4.

Proof: It is clear that the first point is a particular case of the second one
(with X a constant functor). By Corollary 2.1.21 the morphisms hocolimz X —
colimz X and hocolimz) — colimz) are weak equivalences and therefore our
result follows from Lemma 2.2.12.
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Proposition 2.2.14 Let X — Y be a morphism of simplicial sheaves such
that for any n > 0 the corresponding morphism of sheaves of sets f, : X, —
YV, is an A-weak equivalence. Then f is an A-weak equivalence.

Proof: Consider X and ) as diagrams of simplicial sheaves of simplicial
dimension zero indexed by A°. The obvious morphisms

hocolimaop X — X
hOCOl’ionpy — y

are weak equivalences by [3, XII.3.4] and our result follows from Lemma
2.2.12.

Lemma 2.2.15 1. Let X — Y be an A-weak equivalence and Z a sim-
plicial sheaf. Then the morphism X x Z — Y X Z is an A-weak
equivalence.

2. For any pair (i : A — B,j: X — )) of cofibrations with either i or j
m W 4, the obvious morphism :

P(i,7): (AxY) gy (Bx X) —>Bx)Y
is in CN Wy.

Proof: The first point follows formally from Proposition 2.2.9 and the fact
that for any fibrant A-local £ then Hom(Z, &) is again fibrant and A-local
(which in turn follows directly from Definition 2.2.1). The second point is an
easy exercice using the first point and Lemma 2.2.10.

The following simple result will be used in computations in Section 4.

Lemma 2.2.16 Let C be a set of objects of Shu(T') satisfying the condition
of Lemma 2.1.16 and f : F' — G be a morphism of sheaves of sets onT" such
that for any X in C and any morphism X — G the projection F XqU — X
is an A-weak equivalence. Then f is an A-weak equivalence.

Proof: By Lemma 2.1.16 we get a trivial local fibration (thus a weak equiv-
alence) ®c(G) — G such that each of the terms & (G),, is a direct sum of
sheaves in C. By the assumption the morphism F' X ®c(G) — Pc(G) is an
A-weak equivalence termwise and thus is an A-weak equivalence by Propo-
sition 2.2.14 which implies the statement of the lemma since the morphism
F xg ®Pa(G) — F is a weak equivalence.
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2.2.3 A-model category structure theorem

We still assume all through this section that A denotes a set of monomor-
phisms in A?Shv(T) such that the image of A in Mor(H,(T)) coincides
with A (up to isomorphisms).

For any f:Y — Z in A, any object U and n > 0 in T denote by (U, f,n)
the object given by the cocartesian square

UxYxoAr "L oz gAn
} l
UxYx A"  — U, f.n)

and by i, n) 1 (U, f,n) — U x Z x A" be the obvious monomorphism.
Denote the set of morphisms of the form i,y by Bi. Note that Lemma
2.2.10 implies that B; C C N Wy,

Lemma 2.2.17 Let X be a fibrant simplicial sheaf. Then the following con-
ditions are equivalent

1. X is A-local ;

2. the projection X — pt has the right lifting property with respect to
morphisms in B

Proof: Observe, that the second condition holds if and only if for any U € T’
and any (f : Y — Z) € A the morphism of simplicial sets S(U x Z, X) —
S(U %Y, X) has the right lifting property with respect to embeddings 0A™ —
A" i.e. if and only if this morphism is a trivial fibration of simplicial sets.
Since X is fibrant and f is a monomorphism this morphism is always a
fibration which implies the required equivalence by Lemma 2.2.8 4).

Corollary 2.2.18 There exists a set (as opposed to a class) B of morphisms
i CN'Wy such that for any simplicial sheaf X if the projection X — pt has
the right lifting property with respect to morphisms in B then X is A-local.

Proof: As was shown by Jardine ([18, Lemma 2.4]) there exists a subset By
in C N Wy such that X is simplicially fibrant if and only if the projection
X — pt has the right lifting property with respect to morphisms in By. In
view of Lemma 2.2.17 it is sufficient to take B to be By U Bj.
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Let B be a set of morphisms in CNW 4. For a morphism f denote by Sy its
source and by T} its target. Define a functor ®% : A?Sho(T) — A?Sho(T)
such that for a simplicial sheaf X the object ®%(X) is given by the cocartesian
square

erB HgGHom(Sf,X) Sy — X
i
Hsen Hgeromes, x) Ty — h(X)

and denote ty : X — ®%(X) the canonical morphism. Observe that ¢y is an
A-weak equivalence by 2.2.10.

For any ordinal number w let’s define as usual the iteration (®%)“ of the
previous functor ; in fact one defines a functor from the ordered set of ordinal
numbers v < w to the “category” of functors. One proceeds by transfinite
induction, requiring that if v = 4/ + 1 then (®%)" = ®%((®%)”") and if ~
is a limit ordinal then (®%)Y = colim. -, (®%)”". Observe that for ordinals
7" < ~ one has a natural transformation (®%)” — (®%)” whose value on a
simplicial sheaf is an A-weak equivalence (2.2.13).

Let a be a cardinal number and Z an ordered set ; we shall write Z > « if
any subset of Z of cardinal < « has an upper bound. Denote Seg[a] the (well-
) ordered set consisting of ordinal numbers v whose cardinality is strictly less
than «. Then if 3 is a cardinal number < a the ordered set Seq|a] satisfies
Seqla] = 5.

Recall [13, I Définition 9.3] the notion of accessible object in A?Shv(T)
(this notion is stronger than the notion of s-definite object from [4, §4.2]). A
simplicial sheaf X’ is called accessible if there is an cardinal number «ay such
that for any functor ) : Z — A Shv(T), with Z an ordered set > ay, the
map :

colimer Homporgho(ry (X, V) — Homaersher) (X, colimz))

is bijective. Any object in A?Shv(T) is accessible by [13, I. Rem.9.11.3].
Let w be a cardinal number such that, for any f € B, as, < w. Then
Seqlw] > ag, for any f € B. Set

Dy, = (BY)5eal],

The following result follows easily from 2.2.17 and from what we said above
(it is essentially a restatement of [4, Corollary 7.2]).
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Proposition 2.2.19 Let B be a set of morphisms satisfying the conclusion
of lemma 2.2.18. Then for w as above, the functor ®p, : APShv(T) —
APShv(T) takes values in the subcategory of A-local fibrant objects and for
any X the canonical morphism i : X — ®p,(X) is a cofibration and an
A-weak equivalence.

The functor ®p sends an A-weak equivalence to a weak equivalence and
the induced functor

LA : HS(T) — 'H&A(T)

is left adjoint to the inclusion Hs a(T) — Hs(T).

Observe now that the functor ®% commutes with (filtering) colimits of
functors YV : T — A®Shv(T), with T an ordered set such that 7 > ag, for
any f € B. Thus ®p,, does also (as any ordinal composition of ®%. Check
this by transfinite induction).

Using Proposition 2.2.19 and this observation, one deduces the following
technical result using an argument similar to the one in the proof of [18,
Lemma 2.4] (see also [4, 4.7]).

Corollary 2.2.20 There ezists a set (as opposed to a class) B' of morphisms
m CN Wy such that a morphism X — Y is in F 4 if and only if it has the
right lifting property with respect to morphisms in B’.

Theorem 2.2.21 The triple (W 4, C,F4) is a model category structure on
APShu(T).

Proof: The axioms MC1-MC3 are obvious from the definitions. The (triv-
ial cofibration)/(fibration) part of MC4 is the definition of F 4. The (cofi-
bration)/(trivial fibration) part of MIC5 follows immediately from the cor-
responding fact in the simplicial case since an trivial fibration is a trivial A-
fibration. The (trivial cofibration)/(fibration) part of the axiom MC5 follows
by the transfinite analog of the small object argument from Corollary 2.2.20
in exactly the same way as in [18, Lemma 2.5]. The (cofibration)/(trivial
fibration) part of M(C4 follows from MC5 and Lemma 2.2.10 by Joyal trick
(see [18, p.64]).

Theorem 2.2.21 finishes the proof of Theorem 2.2.5.

Remark 2.2.22 The A-model category structure (W,,C,F,) is an en-
riched structure (cf [16, B.3]) for the monoidal structure given by the cate-
gorical product by Lemma 2.2.15(1).
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2.2.4 Properness theorem

In this section we shall prove Theorem 2.2.7. Let again A be a set of repre-
sentatives for morphisms in A which satisfies the conditions of this theorem.
We begin by establishing a number of technical results describing different
properties of the classes W4 and F4 which are necessary for the proof of
Theorem 2.2.7.

Proposition 2.2.23 Let p: & — B be a fibration such that B is fibrant and
suppose that for any commutative diagram of the form

e 4 ¢
il Ip
Yy — B

in Hs(T) such that i is in W 4 there exists a morphism Y — & which makes
the corresponding two triangles commutative. Then p is an A-fibration.

Proof: Consider a commutative square

X — £
il Ip
y — B

in A?Shv(T) such that i is in W4 N C. We have to construct a morphism
Y — & which makes the two triangles commutative. By Lemma 2.2.10 we
may replace ) by the coproduct £ [y ) and assume that the upper horizontal
arrow is identity. By our condition on p there exists a morphism ) — & in
H,(T) which makes the two triangles commutative. Applying Lemma 2.2.24
below to the corresponding diagram in the opposite category (A?Shv(T))%
we get a morphism with the required property in A°?Shv(T).

Lemma 2.2.24 Consider a commutative square in a model category C of the

form
X % FE
il Ip
B X p

such that p is a fibration, i is a cofibration, X is cofibrant and B is fibrant.
Suppose that there exists a morphism f : B — E in H(C) which makes the
corresponding two triangles commutative. Then f can be represented by a
morphism with the same property in C.
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Proof: It follows from our conditions that B is cofibrant and F is fibrant
and therefore f can be represented by a morphism in C. Let

XI1x “H opix) - x

be a decomposition of the morphism Id ][] Id into a cofibration and a trivial
fibration (i.e. Cyl(X) is a “good cylinder object for X, see [26]). Then there
is a morphism G : Cyl(X) — E such that the diagrams

X o B X Y B
il 7] lg
Cyl(X) cyl(x) & E

commute (because a is, by hypothesis, homotopic to g o 7). Define X’ and
X" by cocartesian squares

X 4 B x 4 B
] ‘ ! joigl lq
cyl(x) & x X — X"

We have a canonical morphism X’ — X” — B which is a weak equivalence
since it splits the trivial cofibration B — X’. Decompose the last arrow
into a cofibration X” — X" and a trivial fibration X" — B. We have a
commutative diagram

X — F
l

X// l
il

X/// N B

where the composition of the two left vertical arrows is a trivial cofibration.
Therefore there exists a morphism X" — E which makes the corresponding
two triangles commutative. One can easily see now that the composition
B % X" — X" — E is a morphism in C with the required property.

Corollary 2.2.25 Let p : £ — B be a fibration such that the objects €, B
are A-local and fibrant. Then p is a A-fibration.
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Proposition 2.2.26 Let p : £ — B be an A-fibration. Then for any com-
mutative diagram in Hs(T) of the form

X — £
il Ip
y — B

such that i is in W4 there exists a morphism Y — & which makes the
corresponding two triangles commutative.

Proof: Let jp : B — B’ be a trivial cofibration such that B’ is fibrant.
Taking a decomposition of jg o p into a trivial cofibration and a fibration we
get a commutative square

£ B g
pl ‘ Ly
B & B

where the vertical arrows are fibrations and the horizontal ones are trivial
cofibrations. Our diagram in Hs(7') may be represented now by a diagram
of the form

x L o¢g
il 1o
y L B

in A?Sho(T) such that ¢ is in C N W 4. We have to construct a morphism
Y — & in Hy(T) which makes the two triangles commutative. By Lemma
2.2.10 we may replace ) be the coproduct Y[y £ and thus assume that f
is the identity morphism. We may also decompose g into a trivial cofibration
and a fibration and further assume that g is a fibration. Considering the base
change along the morphism j5 we get the diagram

£ 14 £

! l
ExpB B &xpB

! l

yXB/B — B

where the right vertical arrow is p. Since A?Shv(T) is a proper model
category the big square of this diagram is isomorphic to the original one in
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Hs(T) and in particular the left vertical arrow is in W 4. Decomposing it into
a cofibration and a trivial fibration and using the fact that p is an A-fibration
we get a morphism Y — & in H4(T') with the required property.

Combining Propositions 2.2.23 and 2.2.26 we get the following corollary.

Corollary 2.2.27 Let p : £ — B be a fibration such that B is fibrant and
suppose that p is isomorphic in Hs(T) to an A-fibration. Then p is an A-
fibration.

Proposition 2.2.28 Let £ be a fibrant simplicial sheaf. Then the following
conditions are equivalent

1. &€ is A-fibrant
2. € is A-local

Proof: The fact that the second condition implies the first is a particular
case of Corollary 2.2.25. To show that the first one implies the second it
is sufficient in view of Lemma 2.2.8 to verify that if we have a morphism
i:X — Yin CN W, then the morphism Hom(Y,E) — Hom(X,E) is a
trivial fibration. This follows from Lemma 2.2.15, by adjointness.

Let us now assume that A satisfies the conditions of theorem 2.2.7.

Lemma 2.2.29 Let X be a simplicial sheaf and € — ®(X) be a morphism
in Fa. Then the projection X Xgx) & — & isin W, N C.

Proof: Consider the class G of morphisms X — ) in W 4 N C such that for
any A-fibration & — Y the projection X x5 & — £ is in W4 N C. This class
has the following properties :

1. if two out of three morphisms f, g, fog € CN Wy are in G then so is
the third

2. G is closed under filtering colimits (by Corollary 2.2.13)
3. G is closed under arbitrary direct sums

4. G is closed under cobase change (by Lemma 2.2.10)
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5. G contains CN W (since the simplicial model structure is proper and
FuC Fs)

6. G contains A (by assumption)

The statement of the proposition follows easily from these properties, the
construction of the functor ® and the definition of the class B given in the
proof of Corollary 2.2.18.

Lemma 2.2.30 Let p : £ — B be an A-fibration. Then there exists an A-
fibration &' — ®(B) such that p is an B-deformational retract of £' x5z ®(B).

Proof: By Theorem 2.2.21 we can construct a commutative square of the
form

E — &
! !
B — ®(B)

such that the upper horizontal arrow is in CN'W 4 and the right vertical one
is an A-fibration. Using Lemma 2.2.29 we conclude immediately that the
canonical morphism s : & — &' X gy B is in CN'W 4. Since both objects are
fibrant over B we conclude that there is a morphism f : &' xg) B — &£ over
B such that fos = Id. Applying the right lifting property of the A-fibration
[ & Xem B — B to the A-acyclic cofibration P(s,0A" C Al) we get a
homotopy (over B) from s o p to Idgixy 5. (cf Lemma 2.2.15)

To finish the proof of Theorem 2.2.7 we have to show that for any cartesian
square

X — A
! !
Xy — Ay

such that the right vertical arrow is in F 4 and the lower horizontal one is in
W 4, the upper horizontal one is also in W 4. Using Lemma 2.2.30 we see
it is sufficient to prove the result in the case when there exists a cartesian
square of the form

XQ — 5
| l
X4 — <I> (X4)

44



The morphism X3 — ®(AX,) factors through the morphism ®(X3) — $(Xy)
which is a simplicial weak equivalence since both objects are A-local. Our

result follows now from the fact that the simplicial model structure is proper
and Lemma 2.2.29

2.2.5 Localization of loop spaces

Let Shv(T)e (resp. A?Shv(T),) be the category of pointed sheaves (resp.
simplicial pointed sheaves) of sets on 1" whose objects are pairs (X, x) con-
sisting of a sheaf (resp. simplicial sheaf) of sets X together a morphism
x : pt — X. Note that pointed sheaves of sets and sheaves of pointed sets
are two different names for the same type of objects.

Let us say that a morphism of pointed simplicial sheaves is a fibration,
cofibration or weak equivalence (simplicial) if it belongs to the correspond-
ing class as a morphism of sheaves without base points. This definition
clearly provides us with a model category structures which we will call the
simplicial model category structures on