VOEV ODSKY'S SEATTLE LECTURES:
K-THEOR Y AND MOTIVIC COHOMOLOGY

V. Voevodsky (Notes by C. Weibel)

Thesenotesare basedon a seriesof talks givenby V. Voevodsky at the AMS Sum-
mer Researth Conferenceon algebraic K -theory, held in Seattle during July 1997.
The purpose of these talks was to outline the proof of \Milnor's conjecture” [V]
that the Milnor K -theory of a eld F, reduced modulo two, is isomorphic to the
etale conomologyof F with coe cien ts Z=2: KM (F)=2 = H(F;Z=2).

The rst two parts dewvelop a motivic homotopy theory, and are joint work with
Fabien Morel. In the third part we de ne the motivic cohomologyof a variety in
this setting, a setting whereit carries conomologyoperations. The nal part usesa
seriesof reductionsto reduceMilnor's conjectureto a vanishingassertionin motivic
cohomology which can be cheded using these operations and two results of Rost.

x1. Unst able Motivic Homotopy Theor y
(joint with Fabien Morel)

Fix a eld k. In these notes, we will set up the foundations of a homotopy
theory for algebraic varieties over k. Morally, we will replacethe category Top of
topological spacesby the category of algebraic varieties over k. The actual details
are, of course,more involved.

First we recall how topologists construct stable homotopy theory. Using a sub-
script = ' to denote pointed categories,the topologists' homotopy category Hot
is obtained from Top by inverting weak homotopy equivalences.Then the stable
homotopy category SHot is obtained from Hot by inverting the suspension,i.e.,
the smashproduct with the circle S. If we view the singular chain complexC (X)
of a topological spaceX as a functor to the derived category D (Ab ) of abelian
groups, then this functor factors through SHot

To invert W? Hot

3 2
cy Yinvert S
D(Ab) SHot

Remark. Thinking of SHot asthe categoryof S°-modules, the bottom arrow is the
base-tiange functor induced by the morphism S°! K (Z;0) of ring spectra. This
is only a special caseof a more general construction. For example, the morphisms
from S° to the cobordism spectrum MU and the topological complex K -theory
spectrum KU give rise to functors from SHot to the derived categoriesof MU -
modules and KU -modules.

Typesetby Ap S-TEX
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Now let us begin our construction of a homotopy theory for algebraic varieties.
Our approad is motivated by an analysis of what operations we would like to
perform.

Let SmA = SmA =k denotethe category of smooth a ne algebraicvarieties of
nite type over k. As nice asit is, this category has someundesirable properties,
such as the fact that quotients do not always exist. As a rst step in correcting
this defect, we replacevarieties by presheaes. This hasthe advantage that we can
construct arbitrary colimits of presheaes,and in particular quotients of presheaes.

De nition  1.1. Let PreShv = PreShv(SmA =k) denote the category of con-
travariant functors from SmA =k to the category of sets; we call sud functors
preshaves Any schemeY over k gives a representablepresheafhy, de ned by
hy (X) = Hom(X;Y). Thus we have Yonedaembeddings:

SmA Schemes PreShyv:

We will abusenotation and write Y for the presheafhy .

Colimits. Any presheafF is a colimit of represertable functors. This well-known
obsenation is due to Kan: F is the colimit of the hy over an indexing category of
pairs (Y; ), where 2 F(Y). Themaps :hy ! F aredeterminedfrom (Y; )
by the Yonedalemma; a morphism from (Y% 9 to (Y; )isamorphismf : Y%l Y

sending °to , and f inducesa factorization hyo f hy ! F of O.

If Z is a substhieme of Y then we shall write Y=Z for the quotient presheaf
hy =hz. This presheafis not usually represemiable by a scheme. However, Y=Z
is always a pushout of represenable presheaes, in the sensethat the following
diagram is a cocartesian square of presheaes:

y Ly
? ?
? 2
y y

Speqk) | Y=Z:

Examples 1.2. (1) The 0-sphee S is the disjoint union of two copiesof Speqk).

(2) Let St denotethe simplicial circle A1=f 0; 1g, which is the quotient presheaf
obtained from the a ne line A® by identifying the two points 0 and 1. The
presheafS! is represerted by the ane node, which by coincidenceis the
corresponding pushout in the category of schemes.

(3) The Tate object T is obtained asthe quotient of the ane line Al by A f0g.
This makessenseas a cocartesian squareas above.

(4) The Thom spaceof avectorbundle E ! X isthe quotient presheafTh(E) =
E=E s(X) . Heres(X) is the zero-sectionof E. For example, the Tate
object T is the Thom spaceof the vector bundle A !  Spedk).

For comparison, the Thom space of a topological vector bundle E is
usually described asthe one-point compacti cation of E. But it canalsobe
described asthe quotient of the unit disk bundle by the unit spherebundle.
The complemen of the zero-sectionis clearly the algebraic analogueof the
spherebundle.
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(5) If (X;x) and (Y;y) are pointed presheaes, their smash product is the
pointed presheaf

XrY =X Y=(X fyg][ (fxg Y):

Unfortunately, the presheafTh(E; E») neednot equal Th(E;) * Th(E>),
becausethe Yonedaenbedding from schemesto presheaes doesnot com-
mute with colimits.

Exercise 1.3. Shaw that if Ox is the trivial line bundle on X, and X, denotesthe
union of X and a disjoint basemint, then Th(Ox )= X4+ * T.

The limitations of the presheafapproad becomeapparert when we considerthe
Mayer-Vietoris construction, starting with a covering of X by two open substiemes
U and V. In order to study this we considerthe pushout (in PreShv) of U and
V along U\ V; it is not represened by the pushout scheme X = U [ V. Indeed,
the canonical elemen 1x 2 hx (X) cannot comefrom an elemen of hy (X) unless
U= X.

To x this problem, we passto sheaves Although the Zariski topology su ces for
the pushout example above, we will evertually want to usethe Nisnevich topology
for our sheares. Here is a quick way to de ne Nisnevich sheares, which su ces for
our purposes.

De nition  1.4. An elementary distinguished squae is a cartesian square

|
U xV Ly
5 5
y yP
U X

in which i is an open embedding, p is an etale morphism, and p inducesan isomor-

phism of closedsubsthiemes:p *(X U)ieg T (X  U)reg.

A presheafis called a Nisnevich shef if it takeselemerary distinguished squares
into cartesian squaresof sets. We write Spc for the category of Nisnevich sheaves
on SmA =k. We will often refer to objects of Spc as\spaces."Y

Every represettiable scheme hy is a Nisnevich sheaf. This is equivalert to the
fact that the family fU ! X;V ! Xg is a universal e ective epimorphism for
every elemenary distinguished square.

The Nisnevich topology. A Nisnevich sheafis the sameas a sheaffor the Nisnevich
topology, which is a Grothendied topology de ned asfollows.

A family fU ! X g of etale morphismsis called a Nisnevich cover if, for every
point x of X, thereisan andapointu2 U sudthat U ! X sendsu to x and
induces an isomorphism of residue elds: k(x) = k(u). This is equivalernt to the
requiremert that for every eld K the function U (K)! X (K) is surjective.

YThere are alternativ e approaches to the construction of Hot which take a dieren t basic
category of spaces. One such construction uses the category of cdh sheaves on all varieties,
including singular varieties. In the presence of resolution of singularities, the theorem below on
Blow-up squares shows that both constructions yield the same stable homotopy category SHot .
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Any sheaf for the Nisnevich topology satis es the cartesian condition above,
becausd U;V gis a Nisnevich coverin any elemenary distinguished square. A proof
that Nisnevich sheaesare sheavesfor the Nisnevich topology is givenin [MV, 3.1],
and is basedupon the following obsenation. If fU ! X g is a Nisnevich cover,
then for eadh genericpoint x of X thereisan sudthat U ! X is a birational
isomorphism.

Example 1.5. The Nisnevich topology re ects many of the arithmetic properties
of k. For example,for eadh a6 0 in k, the square

Al fg Pag 1 Al 10 ag
? ?

y ysquare
Al fag ] Al:

is an elemerary distinguished square if and only if the equation y> = a has a
solution in k.

Note that colimits of sheares(e.g., pushouts, quotients and smashproducts) are
the shea cation of the corresponding colimits of presheaes. From now on, when
we refer to the Tate object T, the Thom spaceTh(E) or the smashproduct X 2 Y,
we shall meanthe corresponding Nisnevich sheaf,rather than the presheaf.

Thom Spaces 1.6. Let E and E°be vector bundles over X and X ©, respectively.
Then E  ECis a vector bundle over X X % On the level of Nisnevich sheareswe
have

Th(E E% = Th(E)” Th(EY:

In particular, if Ox is the trivial line bundle on X then Th(E Ox)= Th(E)"T.
If + denotessmashingwith T, then this implies that Th(E Of) = JTh(E).
SinceT = Th(A%), this alsoimplies that A"=A" f0g= Th(A") = T"".

Exercise 1.7. Supposethat U, V and X form an elemenary distinguished square,
and let U [ y\ v V denotethe pushout of U andV alongU\ V = U x V in the
category of Nisnevich sheaves. Showv that a) U[ yyv V! X is an isomorphism of
Nisnevich sheares,and hencethat b) X=U is isomorphicto V=(U\ V). (See[MV,
3.1.6].)

Remark. This exerciseshows that we could have started with the category Sm=k of
all smooth schemesover k, instead of the category SmA of smooth a ne schemes.
The resulting category Spc of spaceswould have beenthe same.

The homotop y category Hot .

In order to form the homotopy category of spaceswe shall de ne a model struc-
ture on the category Spc, in the senseof Quillen. The role of co brations will be
played by the classC of all monomorphisms.

Sincewe want the a ne line A! to bethe analogueof the unit interval, we require
X All X to be aweakequivalence. This leadsto the following de nition.

De nition  1.8. The classW = Wa: of (AY{) weak equivalenes is the smallest
classof morphismsin Spc containing all isomorphismsand satisfying the following
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axioms. A trivial co bration is de ned to be a co bration which is also a weak
equivalence.

(1) (Homotopy) ead projection X Al X isin W;
(2) (Saturation) If two of f, g and f g arein W, sois the third;

(3) (Continuity) If X f I X isa ltered systemof trivial co brations, then
eahh X ! colim X isin W.

(4) The pushout of a weak equivalencealong a co bration is alsoa weak equiv-
alence. That is, if c is a co bration and w a weak equivalencein the left
pushout diagram below then w® is also a weak equivalence.

w w

X "1y X "Iy
? 2 ? ?
5 5 5 5
oy y y y
Z "1 zZIxY zZ “izZ[xY

(5) Similarly, the pushout of a trivial co bration along any map is a weak
equivalence. That is, if w is both a co bration and a weak equivalencein
the right pushout diagram above then w° is also a weak equivalence.

We de ne the Al-brations in Spc to be the classF,: of all morphisms with the
right lifting property relative to trivial co brations.

The following result is basedupon results Joyal [Jo] and Jardine [J]. Its proof
requiresthe use of simplicial sheares,and will be sketched shortly.

Theorem 1.9. The classesC, Wa: and Fa: form a proper (left and right) closed
model structure on Spc.

De nition  1.10. The homotopy category Hot = Hot a:(k) of schemesover k
is the category obtained from Spc by the standard processof inverting the weak
equivalencesin a model category. In particular, morphismsin Hot are of the form
fw 1 and composition is described by a calculus of fractions.

There is a variant of these constructions, starting from the category Spc of
pointed spaces.There is a proper closedmodel structure on Spc ; amap in Spc
is a co bration, weak equivalence or bration if the underlying map in Spc is
one. This allows us to form the corresponding homotopy category Hot  of pointed
spacesover k. It is not hard to show that the smashproduct makesHot into a
symmetric monoidal category with unit S°.

Example of a bration 1.11. A schemeX is called rigid if Hom(Y Al;X) =
Hom(Y; X ) for every Y. If X is rigid, then every projection Y X ! Y is an
Al-bration, and Hompe (Y;X) = Homspc(Y; X).

Any curve X of gerus > 0 is rigid, becauseany map Al ! X is trivial. Thus
there is a full embedding of the category of such curvesinto Hot .

Simplicial Structure.

Let us write °P Spc for the category of simplicial \spaces," i.e., simplicial
objectsin Spc. Sincewe may regard any setasa scheme(a disjoint union of copies
of Speqk)), and henceas an object of Spc, we may regard every simplicial set as
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a simplicial space.It should not be surprising that the standard n-simplex [ n] is
a very useful simplicial space.

Here is another way to obtain simplicial spaces. Let denote the standard
cosimplicial object in SmA which in degreen is the scheme
X

N = SpedK[to;::::th]=( t = 1)):

There is a \chains" functor C : Spc! °P Spc sendingthe sheafX to the sim-
plicial sheafX ({ ), which in degreen is Y 7! C,(X)(Y) = X (Y n).

There is also a geometric realization functor X 7! jXja1, from ©°P Spc to Spc.
It is the left adjoint functor to C , just asthe geometric realization of topological
spacesis left adjoint to the singular chain complex. By adjointness, the realization
of a constart simplicial spacen 7! X is just X. Hencethe geometric realization
functor is characterized by the fact that it sendsthe n-simplex [ n] to the scheme

". For example,the realization of the boundary of the n-simplexis the union of the
\faces" of the scheme ", and the realization of the simplicial circle St = 1=f0; 1g
is the node S¢.

Joyal proved in [Jo] that there is a \simplicial® model structure on °P Spc,
which is closedand proper in the senseof [BF]. The \simplicial co brations" are
the monomorphisms, and the \simplicial weak equivalences"are the maps which
induce isomorphismson all sheares of homotopy groups. The \simplicial mapping
spaces"in this structure are the simplicial setsHom (X;Y) = Hom(X 1Y),

We shall write Hot ( °P Spc) for the corresponding \simplicial® homotopy cat-
egory, obtained from °P Spc by inverting the simplicial weak equivalences.

With this simplicial structure available, it is possibleto prove that the monomor-
phisms, Al-weak equivalences(de ned usingC At in placeof Al) and Al- brations
provide the category ©°P Spc with the structure of a proper closed model cat-
egory; see[MV, 2.2.5]. The correspnding homotopy category Hot A:( °P Spc)
may be obtained from the simplicial homotopy categoryHot ( °P Spc) by classical
f -localization, i.e., by inverting all the projectionsf: C A X I X. (See[B].)

The usualargumert in topology showns that the adjoint functors C andj{ja: take
Al-weak equivalencesto Al-weak equivalences,and Al- brations to Al- brations.
It followsthat the Al-structure alsomakesSpc into a proper closedmodel category,
and we can identify the homotopy categoriesHot of Spc and Hot A:( °P Spc).

Up to this point, ewerything we have said has been equally true for Zariski
sheaves. Here are two results whose Zariski analoguesare false.

Theorem 1.12 (\Homotop y Purit y"). Let Z X be a smamth pair, with
normal bunde Nx Z. Then Th(Nx Z) is Al-weak equivalentto X=(X Z), i.e.,
there is a homotopy cocartesian squae

X Z !
2
?
y

point I Th(Nx Z)

<0V X
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Theorem 1.13 (Blo w-ups). LetZ X be a smath pair, and X the blowup of
X alongZ. Then the rst Sl-susgnsion of the blowup squae

1 |
p')Z ' >§
? ?
y yP
Z I X

is homotopy cocartesian.

We do not know if the suspensionis necessaryin this theorem. The rst stepin
the proof is to show that the homotopy co b er of the left column is the sameas
the homotopy coberof X=U! X=U.

Classifying spaces of algebraic groups.

We will write Bygm (GL,) for the in nite  GrassmannianG(n; 1 ). This is a geo-
metric substitute for the classifying spaceof GL , in our setting.

Here is a geometric construction which works more generally for any linear al-
gebraicgroup G de ned over k. The geometric classifying space B 4y, (G) of G is an
object of Spc which is well-de ned up to Al-weak equivalence. To construct it, we
x a faithful represemation :G! GL,. In the diagonal represetation ' of G
on A" = (A", let Ui A" be the maximal open substiemewhere G acts freely.
The geometric quotient V; = U;=G is smooth over k. We de ne Byn(G) to be
the colimit V; of the spacesV; along the system of closedembeddingsV; | Vii1
induced by the A" AN(+D)

For example,if G = GL, and we consider A" as parametrizing n i matrices,
then V; is the classicalGrassmannvariety of n-dimensional linear subspacesof A',
andV; isthe usualin nite GrassmannianG(n; 1 ) classifyingn-dimensionalvector
bundles. Thus our two de nitions of By (GL) agree.

Lemma 1.14. Up to isomorphism in Hot (k), the space Bgym (G) doesrit depend
upon

In topology, the classifying spaceB G of a group G is a simplicial set. This
provides another way to construct a classifying spacefor a group schemeG. Since
ead G(U) is a group, the simplicial setsB G(U) assenble to form the simplicial
(nisnevich) sheafBs G: U 7! B G(U) . By abuseof notation, we shall write BG
for the geometric realization jBnis Gja:. The following is a restatemert of [MV,
4.1.18and 4.2.7].

Lemma 1.15. Thereis a natural map BG ! By G. This map is an Al-weak
equivalene if and only if \Hilb ert's Theorem 90" holds for G, i.e., HL(K;G) = 0
for every nitely generted eld extensionK of k.

Example 1.16. Considerthe algebraic group GL,. The usual proof of Hilb ert's
Theorem 90 [Milne, 111(4.10)] shavs that H Y (K;GLy) = HL(K;GL,) = 0. Thus
BGL, is weak equivalent to Bgn (GLp) = G(n; 1).

Example 1.17. Considerthe algebraicgroup » with % 2 k. The spacesB , and
Bgm( 2) are not weak equivalert, becauseHZ (K; 2) = K =K 2 is nonzero for
K = k(t).
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x2. The stable motivic homotopy categor y

The pointed category Spc has two circles, the simplicial circle S} (or node)
and the \T ate circle” St = A! f0g, with 1 as basemint. The smash product
with thesetwo circles givestwo di erent typesof suspension( s and ) on the
category Spc , aswell ason the homotopy category Hot

The simplicial susgension ¢F of a pointed simplicial sheaf F is the smash
product of S! with F. This is the sheafassaiated to the presheafU 7! F(U),
where denotesthe usual suspension of a pointed simplicial set. If X is a space
thenj sC Xjar ' jSIj~ X. If we only invert the simplicial suspensionon Hot
we obtain the stable simplicial homotopy category, which we write as Hot °.

De nition  2.1. The stable homotopy category SHot (k) of schemesover k is de-
ned to be the homotopy category Hot with T-suspension +(X) = T" X in-
verted.

The next exerciseshawvs that T-suspensionis ; . HenceSHot (k) may also
be obtained from Hot ° by inverting only the \T ate" suspension .

Exercise2.2. Show that the Tate object T is weakequivalert to both S}~ St and the
pointed projective line P1. Hint: Construct weak equivalencesS:~ St P ! T,
whereP is the pushout of A* and A*~ St along St. For the secondassertion, shav
that T' P!=Al"' Pl=point = P!

Theorem 2.3. SHot (k) is a triangulated category, where the translation functor
is simplicial susgension: E[1]= <E. The smashproduct~ providesSHot (k) with
a tensor structure compatible with the triangulated structure.

The proof of this result is long but straightforward; see[V, 3.10]. It usesthe fact
that the cyclic permutation on S*~ S~ St is equivalert to the identit y. However
the readershould beware that, although the transposemap on S?# S? is (homotopic
to) the identity in topology, the transposemap 1 on T T is not the identity in
general. We remark that 1 is the identit y whenewer k cortains = 1.

Here is another approad to constructing SHot (k), the stable homotopy cate-
gory: instead of inverting Al-weak equivalencesrst and T-suspensionssecond,we
could rst invert T-suspensions. This leadsto the notion of T-spectra.

De nition  2.4. A T-spectrum E is a sequenceof pointed spacesE;, together with
bondingmapsT™E; ! E;+1. Wewrite T-Spectra for the categoryof T-spectra; a
morphismE ! F of T-spectrais just a sequenceof mapsk,, ! F, which comnute
with the bonding maps.

The category of T-spectra has an evidert notion of stable A-weak equivalence.
If we localizethe category of T-spectra by inverting stable Al-weak equivalencesa
la Bous eld-Friedlander [BF], we get a homotopy category of T-spectra, SHot ' (k).

As in topology, there is a susgension T-spectrum functor % from Spc to
T-Spectra ; the ith spaceof 1 X is T"' 2~ X, and the bonding maps are the
asseiativity maps. The functor 1 presenes Al-weak equivalences,and smash
products: 1 (X ~Y)isequivalent to 1 (X)” 1 (Y). Sincethe smashproduct
with T is a self-equivalence on the category of T-spectra, 1 inducesa functor
from SHot to SHot ' (k). This functor is an equivalenceof homotopy categories.
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Theorem 2.5. ([V, 3.10) The functor 1 : Spc ! T-Spectra takesco bration
saquen@s to distinguished triangles.

We shall write SI' and §" for the suspension T-spectra 1 S and 1 S,
respectively. Note that if m < 0 the object S' belongsto Hot ® but not Hot ,
while the object S™ of SHot doesnot even belongto Hot °; it exists asthe formal
object , ™(S9).

De nition  2.6. For integersp, q the bigraded sphereT -spectrum is
SPd = gP dn gl
If E is a T-spectrum, we write E(qg)[p] for SP9 " E.

For example, applying ¢! to S2™" = T"" = A"=A" {(g yields a canonical
isomorphismin Hot °:

An ngZ SZn Lin — (Sé)n 1A (Stl)n:

E-Cohomology 2.7. If E is a T-spectrum, we can de ne a bigraded cohomology
theory on Hot (k):

EPA(X) = Homspor 1 (X+);E(Q)[P] :

This de nition is parallel to the usual de nition in topology, except for the fact
that we needto allow for two kinds of suspension. The same sort of bigrading
occursin Atiy ah's K R-theory, for example. The (p;q) indexing corvertion we use
is chosento enhancethe comparisonwith etale cohomology(which is alsobigraded).

In the next part, we will introducethe Eilenberg-MacLane T-spectra Hg. Here
are someother important examplesof T-spectra, and their assaiated cohomology
theories.

Example 2.8. Let BGL denotethe in nite Grassmannian,the union over N of the
GrassmanniansG(N; 1 ). Considerthe T-spectrumK = (BGL; T"BGL ! BGL).
This is the analogueof the B U-spectrum in topology, wherethe bonding mapscome
from Bott periodicity. If we take T = P!, asin the exerciseabove, the bonding
map P~ BGL ! BGL is the classifying map for the canonical\Bott" elemer of
Ko(P*~ BGL).

Theorem 2.9. If X is smath over k, then K P4(X) is isomorphic to Kg‘gg o(X),
the algebaic K -theory of X . In particular, KP9(X) = 0if p> 2q.

Note that this bigraded cohomologytheory hasa (2; 1)-periodicity: K P*2:a+1 =
K P4, The periodicity is induced by the identi cations K 2PP (k) = K U2P(point).

Example 2.10. Considerthe T-spectrum MGL = fTh(E, ! BGL,)gy, with
bonding mapscomingfromE, O! E, ., viaTh(E O)= +Th(E).

The T-spectrum MGL represens algebraic cobordism, once we impose etale
descemh and passto nite coe cien ts. It is not known what M GLP9(X) is, but it
can be proven that M GL 2P (k) is the topological cobordism group M U2P(point).
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x3. Motivic Cohomology and the Motivic Steenr od Algebra

If X is aschemeof nite type overk, there is a sheaflL (X ), the \free sheafwith
transfers generatedby X ," de ned as follows.

De nition  3.1. L(X): SmA =k°® I Ab is the presheafsendinga connectedU
to the free abelian group on the set of all closedirreducible W U X sud that
the projection W ! U is nite and surjective.

If R is aring, we dene L(X;R) to be the presheafsendingU to the free R-
module on the above set. It is a theorem that L(X) and L(X;R) are Nisnevich
sheaves,i.e., objects of Spc. (See[SV2, 6.6 and 5.18]or [SV, 4.2.9].)

The graph of a function givesa map Hom(U; X)! L(X)(U), inducing a canon-
icalmap X ! L(X) in Spc. This is the analogueof the Dold-Thom construction:

Let S"X denote the nth symmetric product of X, i.e., S"X = X"= ,, and let
S X denote | ,S"X. In topology S X is the free abelian monoid on X, and it
represens homology by the Dold-Thom theorem [DT]: H,(X;Z) = (S X) for all
n. In algebraic geometry, we needto group complete the Hom monoid:

Lemma 3.2. ([SVZ2,6.8]) If U is smamth over k, then L (X )(U) is the group com-
pletion of the akelian monoid Homy 4 jeties (U; S X).

De nition 3.3 (HR). Givenaring R, we de ne K (R(n);2n) to be the sheafof
abelian groups (consideredas a sheafof sets,i.e., as an object of Spc):

K(R(n);2n) = L(A";R)=L(A" fO0g;R):

There are product maps K (R(m);2m) * K(R(n);2n) ! K(R(m + n);2m + 2n),
induced from the external product of cycles. Bonding maps T * K (R(n);2n) !
K(R(n+ 1);2n + 2) are obtained by composing with the natural map from T =
A=A f0gto L(AY)=L(Al! f0g) = K (R(1);2).

We write Hgi for the resulting T-spectrum, formed from the K (R(n); 2n), and
call it the \Eilen berg-Mac Lane T-spectrum assaiated to R."

De nition  3.4. The motivic cohomolay of X over k is de ned to be its Hy-
cohomology:

HPI(X;R) = HRY(X) = Homspot 7 (X+); Hr(Q[p] :

Here are someof the main properties of motivic cohomology We assumethat k
admits resolution of singularities, and that X is smaooth.

(1) H?PP(X:Z) = CHP(X), the classicalChow group of p-cycleson X ;

(2) HPP(Speck; 2Z) = Kg" (k), the Milnor K -groups of the eld k;

(3) HPY(X;R) = Owhenp> g+ dim(X);

(4) HPY(X;R)= O0whenp> 2q;

(5) HPY(X;R)= 0whenqg< 0;

(6) HPA(X;Z)= CHY9(X;29 p), the higher Chow groups of Bloch;

(7) H (X;R) is a bigraded ring, natural in X.

Beilinson-Soule Vanishing Conjecture. For smooth X, is HP4(X;Z) = 0 for p< 0?
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Example 3.5. For ead integer = > 0 we have HPP(k;Z=") = Kg" (k)=". This
follows from the above properties and the exact sequence

HPP(k:Z) | HPP(k:Z)! HPP(k:Z=)! HP?P(k:Z):

Exercise 3.6. Let * be a prime. (1) Show that HP9(X;Z) is the localization of
the abelian group HP9(X; Z) at the prime .

(2) Show that K} (k) Q=Z(-y = HPP(Speck; Q=Z)).

Here is the only theorem in this part that cannot preserly be proven without
using resolution of singularities. Let 1 be the right adjoint of +, sothat the
bonding maps tE;! Ej:; of an T-spectrum E induce mapsE; ! TEi+1.

Theorem 3.7. Assumethat k admits resolution of singularities. Then Hg is an
\ 1-spectrum,” i.e., the spacesK (R(n); 2n) satisfy:

K(R(n);2n)' tK(R(n+ 1);2n+ 2) in Hot

In particular, the unstablegroup Homy,: X;K (R(n);2n) equalsthe stable group
H2" (X;R) = Homsror ~ + (X+); K (R(n);2n) .

As in algebraic topology, we can interpret a natural motivic cohomology oper-
ation x:EPA(X)! EP*A*i(X) asa (stable) map :E! E(j)[i]=S" "E
in SHot . Indeed, g sendsthe identity elemen in E°°(E) = Hom(E;E) to
consideredas an elemen of E' (E) = Hom(E; E(j)I[i]).

Conversely the map determinesthe operations x . For ead x in EP9(X), the
identi cation EPI(X) = Homsnot ( 1 (X+); E(p)[d]) allows us to composex with

E(q[p]= SMAE Y1 SPAA Sl AE = SPHIati A E = E(q+j)[p+ i]

to get the elemen x (x) of EP*5A*I(X). As in topology, the fact that is stable
implies that eadh x is additive: x(xX+y)= x(X)+ x(y).

Restricting our attention to the T-spectrum H - which yields the motivic co-
homology groups HP2. (X) = HPI(X;Z="), we seethat natural motivic cohomol-
ogy operations x : HP9(X;Z=") ! HP*H*i(X;Z=") correspnd to elemens of
Hi (Hz-;Z=).

De nition  3.8. The (mod *) motivic Steenrod algeba APY = AP4(k;Z=") is the
algebraof endomorphismsof the T-spectrum H z-- in the stable category SHot (k).
That is,

AP = Homspor (Hz=;Hz=(Q)[p]) = HP(Hz=;Z=):

Examples 3.9. (1) The bigradedring H = H (k;Z=") is a subring of the
bigraded A . Indeed, if a2 H then left multiplication by a induces a natural
map from HPI(X;Z=") to HP*#a*] (X :Z="), andis nonzeroon H(k; Z=") if a 6 0.

When p = g, we seeby example3.5that the group K B" (k)="isasubgroupof APP,
In particular, we will be interested in the cohomology operation 2 H(k;Zz=")
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Bolesmnding to the classof 12 k =k . When " is odd, or when ™ = 2 and
12 k, then clearly = 0.
(2) (v, 3.14]) If char(k) = 0, then APY = AP4(k;Z=") is zerofor g < 0, and
A% = 7="is generatedby the identity, 1.
(3) The Bockstein 2 A0 is the connecting homomorphism in the distin-
guishedtriangle

Hy-- ! Hzo2 ! Hzo ! Hzoo:

Theorem 3.10. Fix a eld k of characteristic zer, and a prime . Then there are
motivic cohomolay operations Q; 2 AZ' 1" 1 satisfying the following properties:
() QQj = QQiandQ?=0;
(i) Qo is the Bockstein , and there are operations g sothat Q; = [ ;qg], i > O.
@iy H (Hz=:;Z=)! H (Hz=;Z=) w H (Hz=,Z=) satises

X
(Q)=1 Qi+Q 1+ (" j)

where the operations ; and ; havebidegrees (p;q) with pﬁ 2q.
In particular, Q; is primitive if ~ is odd, orif = 2and 12 k.

The casei = 1 of formula (i) is ( Q1) =1 Q1+ Q; 1+ Qo Qo.

Realization 3.11. Any embedding of k in C givesa functor from Sm=k to complex
manifolds, and henceto topological spaces.Using the fact that any sheafis a colimit
of represenable sheaves, this functor can be extendedto a topological realization
functor tc from Spc to topological spaces.This sendsH -+ to the usual Eilenberg-
MacLane spectrum with coe cients Z=", and maps A to the usual Steenrad
algebra. Under this realization, tc(Q;j) is the usual conomologyoperation Q; (see
[M58] or [Mar, ch. 15]). For example, when * = 2 we have Q; = [S¢?;Sql] =
So® + S?Sqt.

Remark 3.12. There should be a spectral sequencecorvergingto K (X ; Z=2):
EPY=HP 9X;Z2=2( q) =) K p ¢(X;Z=2):

Bloch and Lichtenbaum have constructed sud a spectral sequencewhen X =
Speqk). The dierential d, goes from HPY(X;Z=2) to HP*3:9*1(X;Z=2), and
it is reasonableto askif d, equalsthe motivic operation Q;.

For motivation, considerthe topological analogue. If X is a topological space
then there is an Atiy ah-Hirzebruch spectral sequenceconvergingto KU (X ;Z=2);
the rst nontrivial dierential d3: HP(X;Z=2)! HP*3(X;Z=2) is a cohomology
operation, sods is a degree3 elemen of the usual Steenrad algebraA. Now A2 is
spannedby Se?Sq* and Sq?, and simple computations with X = RP* and X = RP®
shaw that d; must equal Q; = S?Sqg* + So. (This folklore result dates badk to
the calculations in [St, p. 542].)
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x4. Motivic Cohomology of Quadrics and the Milnor Conjecture

Recall (from x3) that the motivic cohomologyof X wasde ned as
HPI(X;R) = Homspor ( 1 X4+; PIHR);

where the bigraded suspension P9 is the smashproduct with SP4 and Hy is the
T-spectrum with nth spaceK (R(n);2n) = L(A";R)=L(A" fO0g;R):

Also recall from x1 that if F is a presheafthen C (F) is the simplicial presheaf
F({ ). If F is a presheafof abelian groupsthen we shall alsowrite C (F) for
the chain complex of presheaes(of abelian groups) corresponding to this simplicial
presheafunder the Dold-Kan correspondence.

De nition 4.1. ([V2, 4.1.8]) If R is aring, the motivic complexR(n) over Kk is the
chain complex of presheaes

R(n)=C L(A";R)=L(A" f0Og;R) [ 2n]

Indexing convention. Here we use the shifting corvertion that if F is a chain
complex then the degreei part of the chain complexF[n]is F; . In order to take
the hypercohomologyof F , we reindex as a cochain complex (F" = F ), sothat
H (X;F [n]) = H*"(X;F).

Theorem 4.2. HPY(X;R) = HY, (X;R(q)).

In particular, this shows that the groups HP9(X;R) do not depend upon the
choice of the ground eld k, sincethe presheaxesR(qg) do not.

This theorem follows by combining the following lemma, partly dueto K. Brown
[Br, p. 426], with the (hard) theorem 3.6 which states that the stable groups
HP4(X; R) coincide with the unstable Hom groupsin the lemma.

Main Lemma 4.3. H21 (X;R(n)) = HZ (X;R(Nn)) = Homye (X;K (R(N);2n)).

De nition 4.4 (H_ ). The Lichtenbaum motivic cohomol@y of X is de ned to
be the etale hypercohomologyof R(q): HPY(X;R) = HE (X; R(d)).

Warning. There is a subtlenessin this de nition. There is a stable etale homotopy
category SHot ¢, obtained by replacing Nisnevich sheares by etale shearesin the
de nitions, and \ etale motivic cohomology” groups Homsyot ., ( * X+ ; PIHR) of
X. In characteristic zero, they agreewith H(X;R). However, they are not the
sameasH (X ;R) in characteristic p, unlesswe replacethe coe cien ts R by R[%].

To seewhy, consider the Frobenius morphism F in characteristic p. Let G,
denote the sheafof abelian groups X 7! HY(X;Ox ). SinceG, ' 0 in the derived
category DMy of [V2], the Artin-Schreier sequenced ! Z=p! G, LT Ga! O
implies that the constart sheafZ=pis zeroin DMy, and that DMy is Z[1=p|-linear
in characteristic p. (See[V1, 4.1.7].) Applying X 7! L(X) to Z=p yields H z-p,.
HenceH -, is Al-weak equivalernt to zeroin SHot .

We can identify Lichtenbaum motivic cohomologywith nite coe cien ts.
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Theorem 4.5. (Suslin-Voevadsky) If 1="2 k then for all X
HPY(X:Z=) = HE(X: - 9):

The proof doesn't require resolution of singularities, provided that we use the
above de nition of H. The caseq = 1 follows from the fact that Z(1)et = Gm[ 1]
in the etale topology, which implies that Z="(1)¢ =

We are interested in the following fundamertal conjecture, made independerily

by Beilinson ([Bei, p. 22]) and Lichtenbaum ([L, p. 130]). It e ectiv ely connects
motivic cohomologyto etale cohomology

Beilinson-Lic htenbaum Conjecture 4.6. The map HP3(X;Z)! HPYX;Z) is
an isomorphismfor all p q+ 1

If true, this would imply as a corollary that HP9(X;Z=") = HE(X; . %) for
p @ SinceHPP(k;zZ=")= Kg" (k)=", the casep = g of Lichtenbaum's Conjecture
includesthe:

Norm Residue Homomorphism Conjecture 4.7. ([BK, p.118) If % 2 k, the
Norm Residue homomorphism

K (kK)="1 HE(G - P)
is an isomorphism for all p.

This in turn is a generalization to all primes ~ of Milnor's conjecture, that
KM (k)=2 = HE (k;Z=2). (This was originally asked asa questionin [M70].)

It is helpful to localize the Lichtenbaum Conjecture at a prime ". Since the
sheafZy(q) is the localization of Z(q) at *, we seethat the groups HP9(X;Z)
and H™(X;Z) are the localizations of HP4(X ; Z) and H(X; Z) at the prime ",
respectively.

Example 4.8 (R = Q). We have HPY(X;Q) = H/(X;Q) for all p and g. This
follows from the fact that etale and Nisnevich hypercohomologyagreefor any com-
plex of etale shearesof Q-vector spacessud asQ(qg), which is true in turn because
all higher Galois cohomologygroups vanish for uniquely divisible coe cien ts.
Hencethe kernel and cokernel of HP4(X;Z) ! H(X;Z) are torsion groups.

This leadsto the following de nition, basedon the Beilinson-Lichtenbaum Con-
jecture for g; a modi ed versionof this wasdiscussedn the Suslin-Voevodsky paper
[SV1, 5.6].

De nition 4.9 (BL condition). We say that BL(q; ) holds for k if for every
p g+ 1andewery X of nite typeover k we have

HPY(X;Z¢y) = HPYX; Z()):

The reduction above shaws that if BL(q; ) holds for k then the Norm Residue
Homomorphism Conjecture holds for g and .

The special casep = g+ 1, X = SpedK) of the BL(q; ') condition turns out
to be critical; since HP9(K;Z~)) = 0 for p > q, it amourts to asking whether

HY 9K ;2 = 0for every eld K over k. Lichtenbaum called this vanishing
condition the (generalized) Hilbert's Theorem 90 in [L], becausewhen q = 1 it
reducesto the classicalversion of Hilb ert's Theorem 90 (seebelow). In fact, this
vanishing condition implies the rest of the BL condition:



VOEV ODSKY'S SEATTLE LECTURES: K-THEORY AND MOTIVIC COHOMOLOGY 15

Theorem 4.10. (Suslin-Voevalsky [SV1, 5.9]) Assumethat k admits resolution of
singularities. Then BL(q; ) holdsfor k if and only

H‘Lﬁl 9(K;Z¢y) = 0 for every eld extensionK of k.

If k has characteristic p> 0, and ~ 6 p, Geisserand Levine proved in [GL] that
the analogueof this theorem for BL(q; *) holds for all g, provided that the groups
HPI(K; Z)) are replacedby Bloch's higher Chow groups.

Low degree cases4.11. Weknow that BL(q; ) holdsforg 1, becausewe know
Z(q) in this range. BL(q; ") is trivial for q < 0 becausethen Z(q) = 0. It holds
for g = 0 becauseZ(0) = Z and H}(K;Z) = Hom(Gal(K =K);Z) = 0. Finally, it
holds for g = 1 becauseZ(1)et = Gm[ 1] and H?(K;Z(1)) = HL(K;Gm) = 0.

Regarding the caseq = 2, Lichtenbaum has shown in [L] that the vanishing of
H¥?(K ;Z) amourts to the \Hilb ert Theorem 90 for K ;" of [MS, 14.1].

Main Theorem 4.12 for ~ = 2. Let k be a eld of characteristic zero. Then:
HY9%k;2) =0 for all q;

This implies Milnor's Conjecture for elds of characteristic zero. We can usethis
caseto verify Milnor's Conjecture for all elds of characteristic 6 2.

Corollary 4.13 (Milnor's  Conjecture). If % 2 k, the mod 2 Norm Residue
homomorphismis an isomorphism for all p:

KY (K)=2 T HE(k;Z=2):

Our proof of the Main Theorem will proceedby induction on g, following the
outline of the proof of the Merkurjev-Suslin theorem [MS]. Here is the rst step,
which works for any prime °, using an inductiv e knowledgethat BL(q 1;°) holds.
(The induction is not neededwhen ™ = 2.)

Lemma 4.14. If KM (K)="= 0then HI"%(K;Z) = 0.

Proof. The exact sequenceof coecients 0! Z-y! Q! Q=Z;y! Oinducesan
exact sequence

HI(K;Q=Z;y(@) ! HIMI(K;Zey) ! HIM(K;Q):

We have seenthat the last term is zero. Soit su ces to show that HJ (K ; Z='(q))
is zero, sincethis will imply that the ("-torsion) rst term is also zero.

To prove this, we may reduce to the casein which K has no extensions of
degreeprime to *. Using the argumerts of [Su] for q = 2; 3, a Galois cohomology
calculation shows that Kg" (E)="= Ofor all nite extensionsk of K.

An elemen  of H9(K;Z="(q)) yanisheson some nite extension E, which we
may assumehasthe form E = K (' b). A calculation shaws that this implies that

= [0 forsome inHY Y(K;Z="(q 1)), where[b]isthe classofbin K =K =
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H(K;Z="(1)). SinceBL(q 1;°) holds, H® Y(K;Z='(q 1)) = K{ 1(K)="= 0.
Hence = 0, andwehave = 0.

Exercise 4.15. Let K be a eld extension of k. Compare the motivic and etale
sequencedor 0! Z (9! Q! Q=Z;y(q)! O, using3.6,4.5and 4.8to show
that there is an exact sequence:

HEUK Zey) ! KT (K) Q=Zey b HA(K;Q=Zey(@) | HIM (K Z¢y) L 0

The secondstep in the proof of the Main Theorem 4.12, outlined below, uses
a geometric construction. For every a = (aj;:::;aq) 2 (k )9 we must nd
an extension K ;=k sud that: 1) fas;:::;840 is in ‘Kg" (Ka), and 2) the map
HY 9k 20yt HI (K 8;Z)) s injective.

The Main Theorem follows from thesetwo steps. Indeed, by repeatedly taking
maximal prime-to-" extensionsand then the composite of the elds K, in step two,
weform an extensionK ofk sothat 1) K} (K )="= 0and2) H"™ (k; Z) embeds

into the group H " (K ; Z+y), which is zeroby stepone. ThusH " “(k; Z()) = 0.

De nition  4.16. Let a= (ai;:::;aq) beasequenceof nonzeroelemerts of k, and
let © be a prime. We sa that a variety X, over k is a generic splitting variety
for (a;7), and that its function eld K, = k(Xj4) is a generic splitting eld, if the
following condition holds for every extension eld K of k:

Wedon't know how to construct genericsplitting elds unless™ = 2 or g is small.
For example,whenq= lpit is easyto seethat the genericsplitting eld is the nite
eld extensionK, = k(™ a;) of k. The use of Brauer-Se\eri varieties as generic
splitting varieties for g = 2 was certral to the approad in [MS].

Brauer-Sev eri Varieties. When q = 2, the generic splitting variety for (a;b)
is the Seweri-Brauer Variety X ., assaiated to the division algebra A(a;b) =
kfx;yg=(x &y biyx xy), = 1.1t is classicalthat X p) has a rational
point over k if and only if A(a;b) is a matrix algebra. By the Merkurjev-Suslin
theorem [MS], this holds if and only if fa;bg vanishesin K ,(k)=".

P ster Quadrics. When = 2, we usethe following construction. For a; 2 k, let
hl; ai denotethe quadratic form x> ay?. Now x asequencea= (ai;:::;aq)
of units in k. The P ster form of dimension 29 is the quadratic form

ap;:iag = ho oagl hl; agi:

The P ster quadric X 5 is the smooth projective quadric of dimension29 1 1 given
by the quadratic equation  aj;:::i;aq 1 = aqtz. It is a classicalfact that X,
hasa K -rational point if andonly if a;;:::;aq represers zeroover a eld K.

For example,if g= 2 then X, is the plane curve x? = a;y? + a,t?, which is the
Brauer-Se\eri Variety for * = 2.
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Theorem 4.17. The P ster quadric X, is a generic splitting variety for (a;?2),
q 2

Idea of proof. If X, has a K -rational point with t 6 0 then the quadratic form

= @;:ih8q 1 represens aq over K. This meansthat there is a quadratic
extensionE = K (' b) sothat represens zero over E, and ag = N(e) is the
norm of somee 2 E. Since represeits zero,the P ster quadric for (a;;:::;a4 1)

KM (k)=2.

To complete step two, we needto prove that H ™ 9(k; Zp) ! HI™ (K a: Zp)
is a monomorphism, where the genericsplitting eld K, is the function eld of X,.

For this, we use a reduction borrowed from descemn theory. Given a scheme X
over k, considerthe simplicial scheme C(X) de ned by

C(X): X X X X3

If X (k) 6 ;, it is easyto seethat the augmened simplicial scheme C(X) !
Spedk) is aspherical. If X (k) = ; and we considerC(X) as a simplicial Nisnevich
sheafthen C(X)(k) is empty. This proves most of the following lemma; the rest
follows by \ etale desceti’ from an E=k with X (E) 6 ;, which shavsthat C(X) !
Sped k) inducesan isomorphismin etale cohomology

Lemma 4.18. (i) The augmentationC(X)! Spedk) is a simplicial weak equiv-
alene in Spc if andonly if X (k) 6 ;.
(i) In any case, it inducesan isomorphism HP4(C(X); )= H(Spedk); ).

Corollary 4.19. Assumethat BL(q 1;°) holdsfor k. Then for all p q,
HPA Y(k;Z=") = HPY Y(C(X);Z=):
Indeed, the BL condition allows us to replace both sidesby etale cohomology

where we can invoke (ii).
We now specialize X to the P ster quadric X 5.

Prop osition 4.20. The map H (k;Z)) ! HI (K4 Zp) is injective if
and only if
HT9(C(Xa);Zp) = O
We have reducedstep two to a vanishing assertionin motivic conomology Note
that the L subscript has disappearedfrom our assertion!

Sketchof the proof. Pick u 2 H¥™*¥(k;Z) vanishing in H* (K »;Z). Then
u must vanish on somedenseopen U in X;. A Gysin sequenceargumert and
induction on g shaws that the image of u in H** (X ,;Z(y) comesfrom someug
in Ha*1:a(X ,; Zy). BecauseX is a quadric with a K ,-rational point, it is rational
over K 5. Using the homotopy invariance of hypercohomology we can show that the
image of u in H™9(C(X4); Z¢)) comesfrom H139(C(X,); Z(y), a group which
is zero by assumption.

We shall deducethe vanishing assertion from the following vanishing theorem.

It is a combination of two theoremsproven by Markus Rost in the late 1980's,using
the languageof Chow motives.
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Theorem 4.21. (Rost) If s=29 landt= 29 !then: H(C(Xa);Zp) = 0.

We shall connectRost's result to our situation by reducing modulo two and using
a mod 2 motivic cohomologyoperation . For legibility, we write C for C(X,) and
sets=29 1,t=29 1

Sincethere is a degreetwo extensionE of k sothat C(E) 6 ;, the usual transfer
argumert shows that HPY(C;Z, ) has exponert 2 for p > qg. In particular, if
denotesreduction Z;) ! Z=2,then and t into an exact sequence

0! Hp;q(C;Z(z))! HD:Q(C;Zzz)! Hp+1?q(C;Z=2)Z

We de ne the mod 2 cohomologyoperation to be the composite of the succes-

sive c‘ohomolo‘gyoperations Q1;Q2;Q3;:::;Qq 2. Each operation Q; mapsHP9 to
HPt2'™ La*2' 1 gotheir composite mapsH 9t to H St
BecauseQo = commuteswith  (mod 2), there is a homomorphism making

the following diagram commute:

0 I Hal ;ng;Z(z)) I Hat+l ?ng;ZZZ) 1 Hoa+2 ;QK)C;Z:Z)
? ? ?
y y y

0 I HSY(C;Zp) I HSY(C;Z=2) I HSYYC; Zz=2):

By Rost's theorem, the lower left group HS'(C;Z ) is zero. The following re-
sult, that the middle map is a monomorphism implies that the upper left group
Ha+t 9(C;Z(y) is zero. This proves the vanishing assertion, and completes the
proof of the Main Theorem 4.12.

Theorem 4.22. Fors=29 1landt= 29 ! the cohomolayy operation
tHI9(C;z=2)  H®Y(C;Z=2)
is @ monomorphism.

To prove this, we needsomemachinery which works for any prime .

Just asin topology [Mar], we can usethe fact that Q? = 0to de ne the motivic
Margolis cohomolgyHM; of X with coe cien ts Z=". Sets= 2! landt="" 1.
Then HM P9(X;Z=") is de ned to be the cohomologyof the complex

H S '(X;z=) T H(X;2=) T H 'S *Y(X;z=):

Example 4.23. If i = 0then Qg is the Bockstein. A routine diagram chaseshows
that HM J9(X;Z=") is the subgroup of elemerts divisible by * in HP4(X;Z="2).

One way to study Margulis cohomologyis to introduce -cohomology where
is the homotopy b erof Qj: Hz,-- ! Hz-(t)[s]. From the long exact cohomology
sequence

PACX) M HPA(X;Z=) I HPrsaryx;z=) F Py

and a diagram chase,we seethat HM P9(X;Z=") = 0if and only if the \obstruction
map" wu: PI(x)! Pt ®9 Y(x) s zero.
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De ne the simplicial spaceX = X(X) by the distinguished triangle
X(X)! C(X)! Speqk)

SinceHom(X; X) 6 ;, it is not hard to seethat 1 (X.)” X(X)= 0.
Theorem 4.24. Let X be a smaoth hypersurface of degree * in P". Then

HM, (X(X);Z=)=0 foralli n.

The proof of this theoremis givenin [V, 3.22,3.25and 4.11]. It usesthe motivic
Thom class : MGL ! Hz- andthe classedan M GL 2, (X) of the plane sections
of X, which correspond to important bordism classesn M Up(point). With these
tools, and the formula 3.10(iii) above, we can show that the obstruction map wu
for X factors through the group ' ( 3 (X4 )" X(X);Z=") = 0.

Applying Theorem 4.24to the P ster quadric hypersurfacein P2’ ", we seethat
for i < gthere is an exact sequence

Hq i 1,9 |()(..) Cii Hq j42 i1 2;q j+21 1()<,,) q.i Hq j+2 %2 39 j+2 1%L 2()(_):

Becausewe know that BL(q i; 2) holds by induction, and H ' vanisheson X(X )
by (ii) of the previouslemma, the rst group vanishes:

Ho i Lg i(x(xa);Z:z): HI‘_J i 1 i(x(xa);Z:Z)z 0.

This provesthat Q; is a monomorphism on the middle group. For i = 1 this Q1
is the beginning H9*1:a I Ha*:a*1 of the operation . By induction on i, ead
compositeQ;  Q,Q; (and in particular ) is amonomorphismon H 94+1:4(X"; 2=2).
Sowe are done with the proof of the Main Theorem 4.12.
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