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Abstract. We investigate étale descent properties of topological Hochschild and

cyclic homology. Using these properties we deduce a general injectivity result for

the descent map in algebraic K-theory, and show that algebraic K-theory has étale
descent for rings of integers in unramified and tamely ramified p-adic fields.

§1. Introduction

This article investigates the relation of Quillen’s algebraic K-theory groups of
a ring R to corresponding étale cohomology groups of R with coefficients in the
sheaf defined by K-theory. This relation is best formulated as a Grothendieck-
type cohomological descent problem for K-theory following [Th1]. More precisely,
given a functor from R-algebras to (topological) spectra, one can imitate the Čech
construction in sheaf cohomology and construct a spectrum Ȟ(R ;F), which is
called here the (étale) Čech spectrum of R with coefficients in F . When F = K,
the K-theory functor, then we call this spectrum the (étale) Čech K-theory of R.
There is a canonical descent map θ(R) : F(R) −→ Ȟ(R ;F), and F is said to have
étale descent for the ring R when θ(R) is a weak homotopy equivalence. When this
is the case, then, by the very construction of the Čech spectrum, one gets a descent
spectral sequence whose E2-term is given in terms of étale cohomology groups of
R, and which abuts to the homotopy groups of F(R).

The Čech construction mentioned above is described in section . In section ,
we show that the topological Hochschild homology functor, regarded as a functor
from rings to spectra, has étale descent under very general conditions. In section
, étale descent for the fixed points of topological Hochschild homology completed
at a prime p is established under extra hypotheses on the ring R, namely, that R
has no p-torsion, that the frobenius of R/pR is an isomorphism which can be lifted
to an automorphism of R, and that R has a cofinal system of étale coverings with
the same properties. Under the same hypotheses for R, we show in section  that
the p-adic completion of topological cyclic homology has the étale descent property
with respect to any map which is the direct limit of étale coverings of R satisfying
the same hypotheses. Finally, in section , we use the cyclotomic trace map of
[BHM], which is a natural transformation tr : K −→ TC from algebraic K-theory to
topological cyclic homology, to prove the following theorem
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Theorem. Assume that R satisfies the hypotheses mentioned above, and that the
cyclotomic trace map induces an injection

tri : Ki(R ; Z/pν) −→ TCi(R ; Z/pν) (for some i, ν ≥ 1)

on groups with mod.pν coefficients. Then the K-theory descent map θ(R) induces
also an injection of the group Ki(R ; Z/pν) into the corresponding étale Čech K-
theory group with the same coefficients.

By work of R. McCarthy [Mc], Hesselhold, and Madsen [HM], the cyclotomic
trace map induces isomorphisms on p-completed homotopy groups when R is a
finite W(k)-algebra, namely, a finite algebra over the ring of p-typical Witt vectors
associated to a perfect field k of characteristic p. So, if R is a finite W(k)-algebra
admitting a cofinal system of étale coverings with liftings of the coresponding frobe-
niuses, then the descent map θ(R) induces injections on mod.pν homotopy groups
for each ν ≥ 1. This is the case when R = oL is the algebraic closure of Zp in a
finite extension L of the p-adic numbers Qp, which is unramified or tamely rami-
fied. In this case, we show that the K-theory descent map θ(oL) is actually a weak
homotopy equivalence. We then investigate the descent problem for the field L.

The work of a number of people on topological cyclic homology and its relation
to K-theory is used here. This subject grew out of pioneering ideas of T. Goodwillie
partly realized in the seminal work of Bökstedt, Hsiang and Madsen [BHM] where
the cyclotomic trace map was constructed. Goodwillie’s notes [G] are the ideal
reference for the constructions and results on topological Hochschild and cyclic ho-
mology needed in this paper, but unfortunately they remain unpublished. One can
find, however, somewhat “blown up” versions of these results in [BHM], and [HM].
This last reference contains also the proof of theorem . on the behaviour of the
cyclotomic trace map in the case of finite W(k)-algebras mentioned above. This
“absolute” result on the relation of K-theory and topological cyclic homology is
based on a fundamental result of R. McCarthy [Mc] on the corresponding relative
theories, which was itself inspired by ideas and results of T. Goodwillie. Finally, it
should be mentioned that the question of the surjectivity of the descent map has
been successfully tackled in [So] and [DF] for many important cases. It is hoped
that, the methods used here will lead in the future to more general injectivity state-
ments for the K-theory descent map to provide a complement for these surjectivity
results.

Notation: All rings and algebras in this paper are assumed to be commutative
noetherian. p denotes a prime number, the case p = 2 included. All tensor products
are over Z, unless it is indicated otherwise. All spectral sequences are indexed so
that they become of homological type ; this convention makes the descent spectral
sequence used here, which is nothing else than a Bousfield-Kan homotopy spectral
sequence of a certain cosimplicial spectrum, a second quadrant homological type
spectral sequence. The notation “A := B” means that the equality of A and B is
due to some definition or notational convention. Each section below is subdivided
into paragraphs, and a reference like “theorem .” is to the (hopefully unique)
theorem contained in paragraph ..
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§2. The general descent problem

...... In this section, we give an account of the Grothendieck-type constructions of
[Th, §1], emphasizing the affine case. This restriction to the affine case gives a
simpler picture, but also some extra flexibility allowing one more player in the
game, namely, the spectrum associated to appropriate direct limits ϕ : R −→ Aα of
étale coverings. In paragraph . we show that, in many cases, descent with respect
to such a map ϕ implies étale descent, while, in the following sections we will find
that the functors studied here have descent with respect to such limit maps ϕ.

...... Descent with respect to a homomorphism: As was mentioned in the introduc-
tion, all rings and algebras in this article are assumed to be commutative. We use
R to denote a commutative base ring, and A, B, to denote R-algebras. To each
R-algebra homomorphism ϕ : A −→ B one can associate a cosimplicial A-algebra

A
ϕ //___ B

// // B ⊗A B ////// B ⊗A B ⊗A B // //
//
// · · ·

with augmentation ϕ. The coface maps of this cosimplicial algebra are defined by
inserting the identity of B in the appropriate spot, while the codegeneracies are
induced by the multiplication of B. More generally, given any functor F from the
category of R-algebras to some category K, one can apply F to the above diagram
and get a cosimplicial object C•(ϕ ;F) in K

F(A)
θ //___ F(B) // // F(B ⊗A B) // //// F(B ⊗A B ⊗A B) // //

//
// · · ·

with augmentation θ := F(ϕ). When K is an abelian category, taking alternating
sums of coface maps in this cosimplicial object, one gets a cochain complex called
the associated Amitsur complex. We occasionally refer to C•(ϕ ;F) itself as “com-
plex”, meaning thereby the cochain complex associated to this cosimplicial object
(without its augmentation). We say that the functor F has descent with respect to
the map ϕ : A −→ B when the associated Amitsur complex is exact, in other words,
when the complex C•(ϕ ;F) is a resolution of F(A) in the category K, so that the

map θ∗ : F(A)
∼=
−→ H∗ C

•(ϕ ;F) is an isomorphism.

...... Faithfully flat descent: This is the classical descent result due to Grothendieck
(see for example [Mi, ch.I, proposition .]), and it underlies all other descent
results appearing in this article. It states that, given a faithfully flat A-algebra
ϕ : A −→ B and an A-module M , the functor X 7→ M ⊗A X from A-algebras to
abelian groups has the descent property with respect to the map ϕ; in other words,
the following complex is exact

0 // M //___ M ⊗A B //// M ⊗A B ⊗A B ////// M ⊗A B ⊗A B ⊗A B · · ·

Setting M := A, we find that, if ϕ : A −→ B is a faithfully flat homomorphism, the
Amitsur complex associated to the first cosimplicial diagram in . is exact.

...... Étale descent for Hochschild homology: A good reference for this is [WG]. It is
shown there that the Hochischild homology groups of an étale A-algebra B can be
computed in terms of those of A by the formula

HH∗(B) ∼= B ⊗A HH∗(A) for each ∗ ≥ 0.
3



Using this formula repeatedly, as well as the fact that the tensor product of étale
A-algebras is itself an étale A-algebra, one can write the augmented cosimplicial
abelian group C•(ϕ ; HH∗) in the following form:

0 // HH∗(A)
θ //___ HH∗(A)⊗A B //// HH∗(A)⊗A B ⊗A B ////// · · ·

This is a particular case of the complex in the previous example with M = HH∗(A);
therefore, when ϕ is étale and faithfully flat, then this last complex is exact.

...... The homotopy descent problem: In this case one considers functors F from the
category of R-algebras to the category of spaces, or spectra. More generally, the
target of F could be any model category where one can talk about weak equiv-
alences and homotopy limits. Here, for the sake of concreteness, and in view of
the applications in this article, we will consider functors with values in the cate-
gory of spectra, although the discussion applies more generally. Accordingly, the
cosimplicial object C•(ϕ ;F) is a cosimplicial spectrum augmented over F(A). The
homotopy inverse limit of the cosimplicial diagram C•(ϕ ;F) will be denoted by
H(ϕ ;F). We say that the functor F has descent with respect to ϕ if the map

θ : F(A) −→ H(ϕ ;F) := holim
←−
∆

C•(ϕ ;F)

induced by the augmentation θ is a weak homotopy equivalence.

Some explanations of our terminology are in order: First, the term “space” is
used here synonymously with the term “based simplicial set”; any space X can be
replaced in a functorial way by a fibrant one, using for example Kan’s functor Ex∞

since there is a natural transformation X −→ Ex∞(X) from the identity functor to
Ex∞, which is a weak equivalence for each space X. Second, a prespectrum E means
a sequence of spaces E[m], together with structure maps σ : E[m] −→ ΩE[m + 1]
for each m ≥ 0 ; we call E a spectrum when each E[m] is a fibrant space and the
stucture maps σ are weak homotopy equivalences. Every prespectrum E can be
replaced by a weakly equivalent spectrum Ex∞(E): one first replaces E by a weakly
equivalent E′ whose structure maps are weak homotopy equivalences in the usual
manner, and then apply Kan’s functor to each space E ′[m]. Since Ex∞ is a functor,
one can also replace any functor F : I −→ {prespectra} with an equivalent one
Ex∞(F) taking values in the category of spectra. On account of these remarks, we
can (and will) assume from now on that all our functors take values in fibrant spaces
or spectra without further explicit mention of fibrancy. Accordingly, the direct limit
of any filtering system of spaces or spectra is canonically homotopy equivalent to
the corresponding homotopy direct limit, and the homotopy groups of the direct
limit space or spectrum are the direct limits of the homotopy groups of the spaces
or spectra in the system. On the other hand, a cosimplicial space X•, that is, a
covariant functor ∆ −→ {fibrant spaces}, is not necessarily fibrant as a cosimplicial
space in the sense of [BK], and, therefore, the total space of X•, as defined in
[BK], may not have the “correct” homotopy type, namely, the homotopy type of
the (“derived”) homotopy inverse limit of the cosimplicial diagram X•. For this
reason, we always consider the homotopy inverse limit of the cosimplicial diagrams
of spectra that appear in this article. [Th1, §5] contains a well written account
of the theory of homotopy direct and inverse limits of diagrams of spectra. This

4



reference contains also a discussion of the construction and convergence properties
of the homotopy spectral sequence associated to a homotopy inverse limit of spectra,
as well as, those of the hyperhomology spectral sequence with coefficients in some
generalized homology theory associated to a homotopy direct limit. These spectral
sequences are used constantly in this article without further explanations.

...... Systems of étale coverings: Let Ét(X) := (Spec R)ét denote the étale site of

the affine scheme X = Spec(R); the underlying category of Ét(X) has for objects
all schemes étale over X and for morphisms all scheme morphisms over X; the
Grothendieck topology of Ét(X) is defined by decreeing that a collection of mor-
phisms U := {ui : Ui −→ X}i∈I is a covering if ∪i im(ui) = X. Given another
covering U′ := {u′j : U ′j −→ X}j∈J , a morphism of coverings f : U −→ U′ consists of a
function λ : J −→ I and maps fj : U ′j −→ Uλ(j) over X (one for each j ∈ J). If there

exists a morphism f : U −→ U
′ of coverings, then the cover U

′ is said to be finer than
(or, a refinement of) the cover U.

The set of coverings of X := Spec(R) together with the morphisms just described
form a category denoted Cov(X). One can therefore consider inductive systems of
coverings, meaning inductive systems in the category Cov(X). Two such systems
{Uα}α∈A and {U′β}β∈B are called weakly equivalent if each one contains a refinement

for every covering belonging to the other. An inductive system {Uα}α∈A is called
weakly cofinal if it is weakly equivalent to the system of all coverings Cov(X); in
other words, {Uα}α∈A is weakly cofinal if it contains a refinement for every covering
of the scheme X. Let u : U −→ X := Spec(R) be an étale morphism. Then u(U)
is an open subspace of X ([Mi, ch.I, theorem .]). Write u(U) as the union ∪iVi

of affine open subsets Vi := Spec(Ri) of X, and for each i write u−1(Vi) ⊆ U as a
union of open affine subschemes Uij := Spec(Aij) of U ; this is possible because u
is locally of finite type being étale. Since each Aij is an étale R-algebra, it follows
that the set {Uij} is an étale covering of u(U) refining the covering U −→ u(U), and

thus that the system Cova(X) consisting of all coverings U := {Ui
ui−→ X}i∈I of

X involving only affine schemes Ui is weakly cofinal. Furthermore, since Spec(R)
is quasi-compact, every covering contains a finite subcovering, and this implies

that the system Covfa(X), consisting of all coverings U := {Ui
ui−→ X}i∈I with

Ui := Spec(Ai) affine and I finite, is a weakly cofinal system in Cov(R). If we

write A :=
∏

i Ai, then the statement that U := {Spec(Ai)
ui−→ X}i∈I is a covering

of X := Spec(R) is equivalent to the statement that the map R −→ A :=
∏

i Ai

induced by the ui’s makes A a faithfully flat étale R-algebra.

The canonical system: Let UA := {Uα}α∈A be the set of all finite étale coverings
of Spec(R) by affine schemes, in other words, UA is the underlying set of the

system Covfa(X). Let K be the set of all finite subsets of A directed by inclusion,
and for each κ := {α1, . . . , αn} ∈ K define Uκ := Uα1

×X · · · ×X Uαn
. For each

inclusion κ ⊆ κ′, define Uκ −→ Uκ′ to be the map of coverings induced by the
obvious projections. It is then clear that UK := {Uκ}κ∈K is a directed system

which is weakly equivalent to Covfa(X), and thus weakly cofinal. Moreover, the
construction of UK is functorial on the ring R.

...... The Čech construction: A presheaf of spectra on Ét(X) is a contravariant

functor F : Ét(X) −→ {spectra}. Given such a presheaf, and a covering U := {Ui −→
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X := Spec(R)}i∈I , one can construct a cosimplicial spectrum C•(U ;F) with

Cn(U ;F) :=
∏

(i0,i1,...,in)∈In+1

F(Ui0 ×X · · · ×X Uin
),

and structure maps defined by applying F to the appropriate projection and diago-
nal inserting morphisms, written down explicitely in [Th1, construction .]. There
is a canonical augmentation map θ : F(X) −→ C•(U ;F), which induces a map of
spectra

θ : F(X) −→ H(U ;F) := holim
←−
∆

C•(U ;F).

A map of coverings f : Uα −→ Uβ induces a map of augmented cosimiplicial spec-
tra f• : C•(Uα ;F) −→ C•(Uβ ;F), and therefore also a map of augmented spectra

H(Uα ;F)
f] // H(Uβ ;F)

F(X).

θα

eeKKKKKKKKKK θβ

99ssssssssss

Applying this to an inductive system of coverings UA := {Uα ; fβα : Uα −→ Uβ}α,β∈A

one gets an inductive system of augmented cosimplicial spectra

{θα : F(X) −→ C•(Uα ;F) ; fβα] : θα −→ θβ}α,β∈A.

The direct limit map θ := lim
−→

θα : F(X) −→ C•(UA ;F) := lim
−→
C•(Uα ;F) induces a

map of spectra

θ : F(X) −→ H(UA ;F) := holim
←−
∆

lim
−→
α∈A

C•(Uα ;F).

Finally, a map of systems of coverings f : UA := {Uα}α∈A −→ UB := {Uβ}β∈B
induces a map of inductive systems of augmeneted cosimplicial spectra

f• : {C•(Uα ;F)}α∈A −→ {C
•(Uβ ;F)}β∈B,

and thus a commutative diagram of spectra

H(UA ;F)
f] // H(UB ;F)

F(X).

θα

eeKKKKKKKKKK θβ

99ssssssssss

...... The étale Čech spectrum of the scheme X := Spec(R) with coefficients in a
presheaf of spectra F is defined to be the spectrum

Ȟ(Spec R ;F) := H(UK ;F) := holim
←−
∆

lim
−→
κ∈K

C•(Uκ ;F)
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constructed using the canonical filtering weakly cofinal system UK defined in ..
The augmentations θκ : F(R) −→ C•(Uκ ;F) induce in the limit a map

θ = lim
−→

θκ : F(R) −→ Č•(R ;F) := lim
−→
κ∈K

C•(Uκ ;F)

and, thus, a canonical map

θ : F(R) −→ Ȟ(Spec R ;F) := holim
←−
∆

Č•(R ;F) := holim
←−
∆

lim
−→
κ∈K

C•(Uκ ;F).

Any other weakly cofinal system UA, used in place of the canonical one in the
definition of the Čech spectrum, will yield a spectrum H(UA ;F) which is weakly
homotopy equivalent to the Čech spectrum in a canonical way. We will use this
remark to identify the spectrum Ȟ(R ;F) defined above with any other induced by
a weakly cofinal system of coverings.

...... Multiplicative functors: A covariant functor F : {R-algebras} −→ {spectra} is
said to be multiplicative if it commutes up to homotopy with finite products, that
is, if the natural transformation

µ : F(A× B) −→ F(A)× F(B),

induced by the two projections from A × B, is a weak homotopy equivalence. A
preasheaf of spectra on Ét(Spec R) will be called multiplicative if its restriction

to the full subcategory of Ét(Spec R) consisting of affine schemes over Spec(R),
which is identified with the oposite of the category of R-algebras, is a multiplicative
functor. Let F be a presheaf of spectra, and let

U := {Ui := Spec Ai −→ X := Spec R}i∈I

be a finite étale covering by affine schemes. Write A :=
∏

i Ai for the product
algebra, and ϕ : R −→ A for the ring homomorphism induced by the ui’s. Let
Aϕ := {Spec A −→ Spec R} be the single element covering induced by ϕ; then the
cosimplicial space C•(Aϕ ;F) is identified with the cosimplicial spectrum C•(ϕ ;F)
defined in .. Furthermore, the natural transformation µ induces a map of cosim-
plicial spectra

µ• : C•(ϕ ;F) −→ C•(U ;F)

which is codegreewise a weak equivalence when F is multiplicative. In this case,
taking homotopy inverse limits of these cosimplicial diagrams, one gets a canon-
ical weak homotopy equivalence µ] : H(ϕ ;F) −→ H(U ;F). Accordingly, the Čech
spectrum of a ring R with values in a multiplicative functor F can be described as
follows: for each covering Uκ := {Uκ(i) −→ Spec R}i∈I in the canonical system UK,
let ϕκ : R −→ Aκ :=

∏
Aκ(i) be the corresponding R-algebra. Each ϕκ is an étale

faithfully flat homomorphism, and {Aκ}κ∈K is a filtering inductive system of étale
R-coverings. There is a canonical weak homotopy equivalence

µ] : Ȟ(R ;F) := holim
←−
∆

lim
−→
κ∈K

C•(ϕκ ;F)
'
−→ holim

←−
∆

lim
−→
κ∈K

C•(Uκ ;F) =: H(UK ;F)
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induced by µ, which can be used to identify the Čech spectrum Ȟ(Spec R ;F) :=
H(UK;F) with the spectrum Ȟ(R ;F) defined as the domain of the map µ] above.

Accordingly, for the construction of the Čech spectrum associated to a multiplica-
tive preasheaf F , one needs to consider only affine étale coverings {Spec A −→
Spec R} consisting of a single element; such coverings correspond to faithfully flat
étale ring homomorphisms R −→ A, which we also call R-coverings. We will de-
note by Ét(R) the category of étale R-algebras (i.e., the category of all étale ring

homomorphisms R −→ A), and by Cov(R) the full subcategory of Ét(R) whose
objects are all R-coverings (i.e., all étale homomorphisms R −→ A which are also
faithfully flat). An R-covering R −→ B is called a refinement of the R-covering
R −→ A if there is an R-algebra homomorphism A −→ B. An inductive system of
R-coverings is called weakly cofinal if it contains a refinement for every covering
of R. The canonical system AK := {Aκ}κ∈K described above is a filtering weakly
cofinal system of R-coverings. If AA := {ϕα : R −→ Aα}α∈A is any other filtering
weakly cofinal system of R-coverings, then the spectrum H(AA ;F) is canonically
weak equivalent to the Čech spectrum Ȟ(R ;F) by [Th1, lemma .], and it is
thus identified with it.

...... Continuous functors: A functor F from R-algebras to spectra is called con-
tinuous if it commutes up to homotopy with filtering direct limits, that is, if the
canonical map λ : F(lim

−→
Aα) −→ lim

−→
F(Aα) is a weak homotopy equivalence for each

filtering inductive system {Aα}α∈A of R-algebars. Let {ϕα : R −→ Aα}α∈A be a fil-
tering weakly cofinal system of étale R-coverings, and write ϕ := lim

−→
ϕα : R −→

A := lim
−→

Aα for the limit R-algebra. The canonical map λ induces a commutative

diagram of spectra

Ȟ(R ;F) ' holim
←−
∆

lim
−→
α

C•(ϕα ;F)
λ] // holim

←−
∆

C•(ϕ ;F) =: H(ϕ ;F)

F(R).

θ

hhRRRRRRRRRRRRRR
θ′

66nnnnnnnnnnnnn

When F is continuous, then the map λ] is a weak homotopy equivalence. If F is also

multiplicative, then the two spectra H(ϕ ;F) and Ȟ(R ;F) are identified with the
Čech spectrum as explained in the previous paragraph. The above remarks apply
also after completion at a set of primes S, as formulated in the next proposition
(see paragraph . for definitions of the completions used here).

Proposition. Let F be a continuous multiplicative functor from R-algebras to spec-
tra, and let A := ϕ : R −→ A := lim

−→
Aα be the direct limit of a weakly cofinal, filtering

system of étale coverings of R. The map θ′Ŝ : F(R)Ŝ −→ H(ϕ ;F)Ŝ is a weak ho-
motopy equivalence, if and only if, the S-completion

θŜ : F(R)Ŝ −→ Ȟ(R ;F)Ŝ

of the descent map θ is a weak homotopy equivalence.

...... Increasing systems: The bonding maps Aα −→ Aα′ in an inductive system
{ϕα : R −→ Aα}α∈A of R-coverings are étale homomorphisms and therefore flat, but
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they need not be faithfully flat. We say that an inductive system of R-coverings
is increasing if all bonding maps in the system are faithfully flat homomorphisms.
The next lemma describes a property of increasing filtering systems, which will be
useful for us later.

Lemma. Let {Λi}i∈I be a filtering system of faithfully flat Λ-algebras whose bond-
ing maps Λi −→ Λj are all faithfully flat. Then Λ′ := lim

−→
Λi is a faithfully flat

Λ-algebra. In particular, for each increasing, filtering system {Aα}α∈A of étale
R-coverings, A := lim

−→
Aα is a faithfully flat R-algebra.

Proof. Clearly Λ′ is a flat Λ-module ; to show, then, that it is faithfully flat, it
is enough to show that, for each maximal ideal m of Λ, we have mΛ′ 6= Λ′ [Ma,
theorem .()]. Each map Λi −→ Λj in the system is a faithfully flat morphism
and therefore injective. Let’s write mi := mΛi for the ideal of Λi generated by m ;
then mi 6= Λi for each i ∈ I, and

mj ∩ Λi := (mΛj) ∩ Λi = (miΛj) ∩ Λi = mi (see [Ma, theorem .(ii)])

for each bonding map Λi −→ Λj in the system. If m′ := lim
−→

mi, then m′ is an ideal

of Λ′ and m′ ∩ Λ = m. This implies that mΛ′ ⊆ m′ 6= Λ′.

...... The descent spectral sequence: For each étale covering U of X := Spec(R), the
Bousfield-Kan homotopy spectral sequence of the cosimplicial spectrum C•(U ;F),
taken with coefficients in homotopy mod.q, has the form (see [Th1, §5])

E2
s,t
∼= H−s(U ; (π/q)tF) =⇒ (π/q)s+t H(U ;F),

where H∗(U ; (π/q)tF) is the cohomology of X := Spec(R) with respect to the cover

U, and with coefficients in the presheaf of abelian groups (π/q)tF on Ét(X). The
direct limit of these spectral sequences, as U runs over the coverings in the canonical
system UK := {Uκ}κ∈K, is the homotopy spectral sequence of the limit cosimplicial
spectrum Č•(R ;F). This limit spectral sequence has

Ě2
s,t(R) ∼= Ȟ−s(R ; (π/q)tF) =⇒ (π/q)s+t Ȟ(R ;F),

where now Ȟ∗(R ; (π/q)tF) is the Čech cohomology of X := Spec(R) with coeffi-

cients in the presheaf (π/q)tF on Ét(X). Abusing notation, we write Ft/q for the

sheaf on Ét(X) associated to the presheaf (π/q)tF . By a theorem of M. Artin,

Ȟ∗(R ; (π/q)tF) ∼= H∗(R ;Ft/q), for each ∗ ≥ 0 ;

in words, the Čech cohomology groups of X := Spec(R) are isomorphic to the
corresponding étale cohomology groups with coefficients in the associated sheaf.
So, the Čech spectral sequence above can be rewritten as follows:

Ě2
s,t(R) ∼= H−s(R ;Ft/q) =⇒ (π/q)s+t Ȟ(R ;F).

...... The étale descent problem: Let F be a preasheaf of spectra on Ét(R), in

other words, a covariant functor Ét(R) −→ {spectra}. When the canonical aug-
mentation θ : F(R) −→ Ȟ(R ;F) is a weak homotopy equivalence, then we say that
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the preasheaf F has étale descent. In this case, we also say that the spectral se-
quence {Ěr

∗,∗(R)} of . is a descent spectral sequence for F at R. Indeed, this
is then a spectral sequence whose E2-term is given as above, and which abuts to
the mod.q homotopy groups of F(R). On the other hand, when the augmentation
θ : F(R) −→ H(ϕ ;F) is a weak homotopy equivalence for a certain ring homomor-
phism ϕ : R −→ A, then we say that the functor F has descent with respect to
the map ϕ. If F has the descent propery with respect to every étale R-covering
ϕ : R −→ A, then we say that F has finite étale descent.

...... Functoriality: Given a covering U of X := Spec(R), the construction H(U ;F),
described in ., is clearly functorial in preasheaf variable F . Taking direct limits
over the coverings of the canonical system UK (or any other weakly cofinal system),
one gets that the Čech construction Ȟ(R ;F) is also covariantly functorial in F .
Similarly, for a given ring homomorphism ϕ : R −→ A, the construction H(ϕ ;F) is
covariantly functorial in F . To be a little more explicit, this means that, if we fix an
R-algebra ϕα : R −→ Aα (resp. an inductive system of R-algebras AA := {ϕα : R −→
Aα}α∈A), then each natural transformation f : F −→ F ′ induces a cosimplicial map
f•α : C•(ϕα ;F) −→ C•(ϕα ;F ′) (resp. a map f• : C•(AA ;F) −→ C•(AA ;F ′)), and,
after taking homotopy limits, f induces maps of spectra

fα : H(ϕα ;F) −→ H(ϕα ;F ′), (resp. f : H(AA ;F) −→ H(AA ;F ′)).

When F and F ′ are both multiplicative functors, then, setting AA := AK, the
canonical weakly cofinal system (or, any other weakly cofinal system in Ét(R)), one
gets a canonical map

f̌ : Ȟ(R ;F) ' H(AK ;F) −→ H(KA ;F ′) ' Ȟ(R ;F ′)

induced by the transformation f : F −→ F ′.

Let now γ : R −→ R′ be a ring homomorphism, and F ′ a functor from Ét(R′) to
the category of spectra; then for each étale morphism ϕ : R −→ A, the morphism
γ]ϕ one gets by cobase change over γ

R
ϕ

−−−−→ A

γ

y
y

R′
γ]ϕ
−−−−→ R′ ⊗R A

is also étale. Define a functor γ]F ′ on Ét(R) by γ]F ′(A) := F ′(R′ ⊗R A). Un-
ravelling the definitions we see that, for each ϕ : R −→ A, there is a canonical

isomorphism of cosimplicial spectra C•(ϕ ; γ]F ′)
∼=
−→ C•(γ]ϕ ;F ′). Consider now a

filtering system of R-coverings {ϕα : R −→ Aα}α∈A, weakly cofinal in Cov(R). The
system {γ]ϕα : R′ −→ R′ ⊗R Aα}α∈A of coverings of R′ one gets by cobase change
over γ is not necessarily weakly cofinal in Cov(R′), but it can be refined to a weakly
cofinal system {ϕα′ : R′ −→ A′α′}α′∈A′ . There are maps of cosimplicial spectra

lim
−→
α∈A

C•(ϕα ; γ]F ′)
∼=
−→ lim
−→
α∈A

C•(γ]ϕα ;F ′) −→ lim
−→

α′∈A′

C•(ϕα′ ;F ′).
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Assuming that both F and F ′ are multiplicative functors, and taking homotopy in-
verse limits of the cosimplicial diagrams above, one gets a canonical map of spectra
γ̌ : Ȟ(R ; γ]F ′) −→ Ȟ(R′ ;F ′) which expresses the functoriality of the Čech construc-
tion with respect to the ring R.

...... Galois descent and homotopy fixed points: We consider now a particular type
of étale extenion of R, namely, a Galois extension: an R-algebra ϕ : R −→ S is
called a Galois extension of R with Galois group G if G be a finite group of R-
automorphisms of S, and the following two conditions are satisfied: (i) S is a
faithfully flat R-algebra, and, (ii) the map S ⊗R S −→ Map(G , S) ∼=

∏
G S which

sends s ⊗ t to σ ∈ G 7→ sσ(t) ∈ S is a ring isomorphism (see [KO, prop. 5.6]). If
ϕ : R −→ S is such a Galois extension, then the first cosimplicial diagram of . is
isomorphic to the following one (with A = R and B = S):

R
ϕ //___ S

// //
∏

G S //////
∏

G×G S ////
//
// · · ·

Consider a functor F : Ét(R) −→ {spectra}, and let C•(G ;F) be the augmented
cosimplicial spectrum

F(R)
ϕ //___ F(S) // // Map(G ,F(S)) ////// Map(G×G ,F(S)) ////

//
// · · ·

The natural transformation µ of ., induces a map of augmented cosimplicial
spectra µ• : C•(ϕ ;F) −→ C•(G ;F), and thus it induces also a map on homotopy
inverse limits

µ : H(ϕ ;F) := holim
←−
∆

C•(ϕ ;F) −→ holim
←−
∆

C•(G ;F) =: F(S)hG.

This map µ is a weak equivalence when F is a multiplicative functor. The spectrum
F(S)hG above is called the homotopy fixed point spectrum of F(S) with respect to
the action of G on F(S) induced by functoriality from the action of G on S. The
homotopy spectral sequence of the cosimplicial spectrum C•(ϕ ;F) is then identified
with the homotopy fixed points spectral sequence for F(S)hG, and its E2-term can
be computed in terms of the cohomology groups of the group G with coefficients
in the homotopy groups of F(S) by the formula E2

s,t
∼= H−s(G ; πtF(S)). Let now

{ϕα : R −→ Sα}α∈A be a filtering system of Galois extensions of R with correspond-
ing Galois groups {Gα}. The profinite group G := lim

←−
Gα acts continuously on the

R-algebra S := lim
−→

Sα and R = SG. Moreover, there is canonical map

µ• = lim
−→
α∈A

µ•α : lim
−→
α∈A

C•(ϕα ;F) −→ lim
−→
α∈A

C•(Gα ;F).

When F is continuous, the target of µ• is identified with the cosimplicial spectrum
C•(G ;F):

F(R)
θ //___ F(S) //// Map(G ,F(S)) ////// Map(G×G ,F(S)) ////

//
// · · ·

where now the mapping spaces contain only the continuous maps f : G×n −→ F(S),
that is, maps f which factor through some finite quotient if G×n. When F is also a
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multiplicative functor, then µ• is a weak equivalence in each codegree, and therefore
it induces a weak homotopy equivalence

µ] : holim
←−
∆

lim
−→
α∈A

C•(ϕα ;F) −→ F(S)hG := holim
←−
∆

C•(G ;F),

Moreover, the E2-term of the homotopy spectral sequnce of the cosimplicial spec-
trum C•(G ;F) is given by E2

s,t
∼= H−s

Gal(G ; πtF(S)), the Galois cohomology groups
of G with coefficients in the discrete G-modules π∗F(S). The main application of
all this is the case where R = k a field, and Sα = kα is a filtering system of Galois
extensions of k with lim

−→
kα = ksc, a separable closure of the field k. In this case,

given a multiplicative and continuous functor F from k-algebras to spectra, there
are homotopy equivalences

Ȟ(k ;F) ' holim
←−
∆

lim
−→
α∈A

C•(ϕα ;F)
µ
−→
'

holim
←−
∆

lim
−→
α∈A

C•(Gα ;F) ' F(ksc)hG,

and the spectral sequence {Ěr
∗,∗(k)} of . takes the form

Ě2
s,t(k) ∼= H−s

Gal(k ; πtF(ksc)) =⇒ πs+tF(k)hG ∼= πs+tȞ(k ;F).

§3. Étale descent for topological Hochschild homology.

...... In this section we study the descent properties of the functor Λ 7→ THH(Λ),
which to each ring Λ associates its topological Hochschild homology spectrum. The
existence of the functor THH, as well as its relation to alebraic K-theory, was
originally conjectured by T. Goodwillie, but its construction was first realized by
M. Bökstedt. We will show here that the functor F := THH: {R-algebras} −→
{spectra}, defined by Bökstedt’s topological Hochschild homology construction,
has étale descent if R has no torsion, and, more generally, it has étale descent after
p-adic completion at any prime p which acts injectively on R.

...... Topological Hochschild homology with coefficients: We will also need the slightly
more general construction of the topological Hochschild homology spectrum of Λ
with coefficients in an Λ-module M of [PW, §2]. This spectrum is denoted as
THH(Λ ; M), and it is the geometric realization, or homotopy direct limit, of a
simplicial diagram of spectra [q] 7→ THHq(Λ ; M) with

THHq+1(Λ ; M) ' H(Λ) ∧H(Λ) ∧ · · · ∧H(Λ) ∧H(M),

a smash product of q-copies of an Eilenberg-MacLane spectrum for Λ and 1-copy
of one for M . The face maps of this simplicial spectrum correspond to the multi-
plication of the ring spectrum H(Λ) and its two sided action on H(M), whilst the
degeneracies correspond to “smashing with the unit” S −→ H(Λ) of the ring spec-
trum H(Λ). The actual construction of THH(Λ ; M), which is given in [PW, §2],
and which generalizes Bökstedt’s original construction of THH(Λ) := THH(Λ ; Λ),
is rather involved due to the fact that the classical smash product of spectra is not
associative, and will not be recalled here. Instead, we recall next some standard
notation and facts about Eilenberg-MacLane spectra, which will be used below.
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...... Eilenberg-MacLane spectra: We write H V := H(V ) to denote an Eilenberg-

MacLane spectrum of the abelian group V , and HS
∗ (V ) := HS

∗ (HV ; Fp) to denote

the stable mod.p homology of H(V ). Accordingly, A := HS
∗ (Fp) is the dual of the

mod.p Steenrod algebra. When V is an Fp-vector space, then there is a canonical

isomorphism HS
∗ (V ) ∼= V ⊗ HS

∗ (Fp) ∼= V ⊗A as A-modules, where the action of A
on V ⊗A is given by multiplication on the copy of A. Furthermore, when V := Λ
is an Fp-algebra, then HS

∗ (Λ) ∼= Λ ⊗ A both as an A-algebra and as a Λ-algebra.

The structure map Fp −→ Λ induces a homomorphism A = HS
∗ (Fp) −→ HS

∗ (Λ) of Fp-

algebras, and there is also a canonical ring homomorphism Λ = HS
0 (Λ) −→ HS

∗ (Λ).

The induced Fp-algebra homomorphism Λ ⊗ A −→ HS
∗ (Λ) is the canonical isomor-

phism mentioned above. Given an Fp-algebra Λ, and an Λ-module M , THH(Λ ; M)
is a module spectrum over the ring spectrum H(Λ). It follows from this that
THH(Λ ; M) is a wedge sum of Eilenberg-MacLane spectra

∨
i H(πi), where πi is

the i-th homotopy group of THH(Λ ; M). Since each πi is an Fp-vector space, we
have

HS
∗ THH(Λ ; M) ∼= π∗THH(Λ ; M)⊗A.

Recall our convention, mentioned in the introduction, that all tensor products are
assumed to be taken over Z unless it is otherwise indicated; when the groups in-
volved are Fp-vector spaces, then of course this is the same as tensoring over Fp.

...... Proposition. If ϕ : A −→ B is an étale extension of Fp-algebras, and M an
A-module, then there are isomorphisms

π∗THH(B ; B ⊗A M) ∼= B ⊗A π∗THH(A ; M).

Proof. Given a (possibly graded) ring Λ, and a (possibly graded) Λ-module Ω, we
denote by C•(Λ ; Ω) the simplical abelian group

Ω Λ⊗ Ωoo oo Λ⊗ Λ⊗ Ωoooo
oo

· · ·oooooo
oo

whose face maps are induced by the multiplication of Λ and its action on Ω, while the
degeneracies are defined by inserting the identity of Λ. As was mentioned in ., the
spectrum THH(B ; B⊗A M) is the geometric realization, or homotopy direct limit,
of a certain simplicial diagram of spectra. The hyperhomology spectral sequence
of this diagram with coefficients in stable mod.p homology is a first quadrant,
homological type spectral sequence with

E2
s,t(B ; B ⊗A M) ∼= H∗ C•(H

S
∗ (B) ; HS

∗ (B ⊗A M)) =⇒ HS
∗ THH(B ; B ⊗A M),

converging strongly to its abutment. By the discussion in ., HS
∗ (B) ∼= B ⊗ A,

HS
∗ (B ⊗A M) ∼= B ⊗A M ⊗ A, and using these formulas one can check that the

complex whose homology gives the E2-term of the above spectral sequence is the
simplicial tensor product of two simplicial abelian groups of the same type, namely,

C•(H
S
∗ (B) ; HS

∗ (B ⊗A M)) ∼= C•(B ; B)⊗A C•(A ; M ⊗A),

where the A-module structure of Cn(B ; B) comes from the A-module structure
of the coefficient (i.e., the second) copy of B, whereas the A-module structure
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of M ⊗ A is induced by the A-module structure of M . By the Eilenberg-Zilber
theorem, the homology of this simplicial tensor product is canonically isomorphic
to the homology of the corresponding tensor product of chain complexes. Since B
is a flat A-module, it follows that C•(B ; B) is a chain complex of flat A-modules.
Therefore, there is a Kunneth spectral sequence with

κE
2
s,t(B) ∼=

∑

m+n=t

TorA
s (HHm(B) , Hn C•(A ; M ⊗A)) =⇒ E2

∗,∗(B ; B ⊗A M).

For the same reasons, there is a Kunneth spectral sequence

κE
2
s,t(A) ∼=

∑

m+n=t

TorA
s (HHm(A) , Hn C•(A ; M ⊗A)) =⇒ E2

∗,∗(A ; A⊗A M).

The ring homomorphism ϕ : A −→ B induces a map of chain complexes

C•(A ; A)⊗A C•(A ; M ⊗A) −→ C•(B ; B)⊗A C•(A ; M ⊗A)

and, thus, a map κΦ∗ : {κE
r
∗,∗(A)} −→ {κE

r
∗,∗(B)} of Kunneth spectral sequences.

But {κE
r
∗,∗(B)} is a spectral sequence of B-modules, due to the fact that C•(B ; B)

is a simplicial B-module, with B-module structure induced by the left action of B
on the coefficient copy of B in Cn(B ; B). Accordingly, κΦ∗ extends to a map

κΦe
∗ : {B ⊗A κE

r
∗,∗(A)} −→ {κE

r
∗,∗(B)}.

We claim that κΦe
∗ is an isomorphism on E2-terms. This follows from the fact that,

since B is flat over A, there are isomorphisms

TorA
∗ (HHm(B) , Ω) ∼= TorA

∗ (B ⊗A HHm(A) , Ω) ∼= B ⊗A TorA
∗ (HHm(A) , Ω)

for each A-module Ω, and each ∗, m ≥ 0. The first isomorphism in the above
formula comes from the étale descent property of Hochschild homology mentioned
in .. We then get isomorphisms of abutments

κΦe
∗ : B ⊗A E2

∗,∗(A ; M)
∼=
−→ E2

∗,∗(B ; B ⊗A M).

The same argument applies now to the map of spectral sequences

Φe
∗ : {B ⊗A Er

∗,∗(A ; M)}
∼=
−→ {Er

∗,∗(B ; B ⊗A M)},

also induced by ϕ, which, in its turn, yields isomorphisms

Φe
∗ : B ⊗A π∗THH(A ; M)⊗A −→ π∗THH(B ; B ⊗A M)⊗A.

The statement of the proposition follows from this last formula.
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Corollary [H, lemma 2.4.1]. For every étale extension ϕ : A −→ B of Fp-algebras

π∗THH(B) ∼= B ⊗A π∗ THH(A).

...... A change of rings spectral sequence for THH: In order to extend the formula
of the last corollary to rings of a more general type we need to work with homotopy
groups with coefficients. We recall the definition: given a positive integer q, let
Mq := M(Z/q) be a model for the Moore spectrum associated to the abelian group
Z/q; then the homotopy groups of a spectrum E with coefficients mod.q (alias, with
coefficients in Z/q), are defined to be the groups (π/q)∗E := π∗(E ∧Mq). We will
also make use of a change of rings spectral sequence constructed by M. Brun [Br],
which is dual of a spectral sequence for topological Hochschild cohomology due to
Pirasvili [P]. More explicitely, this construction provides a spectral functor, which
to every ring homomorphism ϕ : Λ −→ Λ′ associates a homological type spectral
sequence {Er

∗,∗(ϕ)} with

E2
s,t(ϕ) ∼= πs THH(Λ′; TorΛt (Λ′, Λ′)) =⇒ πs+t THH(Λ ; Λ′).

Since this spectral sequence is confined to the first quadrant, it converges strongly,
and its E∞-term is a graded group associated to a finite filtration of its abutment.
In the above formula for the E2-term, Λ′ is considered as an Λ-bimodule via ϕ. We
will use this spectral sequence with ϕ = ρΛ : Λ −→ Λ/p, the standard quotient map;
in this case, the spectral sequence takes the form

E2
s,t(ρΛ) ∼= πs THH(Λ/p ; TorΛt (Λ/p, Λ/p)) =⇒ πs+t THH(Λ ; Λ/p).

...... Proposition. Let ϕ : A −→ B be any étale extension of rings. Then

π∗THH(A ; B/p) ∼= B/p⊗A/p π∗THH(A ; A/p)

∼= B ⊗A π∗ THH(A ; A/p).

Proof. We compare the change of rings spectral sequences for the two ring homo-
morphisms ρA : A −→ A/p and ρB : B −→ B/p by means of the map of spectral
sequences induced by the commutative diagram of rings

A
ρA

−−−−→ A/p

ϕ

y
yϕ/p

B
ρB
−−−−→ B/p.

These spectral sequences have the form

E2
s,t(ρA) ∼= πs THH(A/p ; TorA

t (A/p, A/p) =⇒ πs+t THH(A ; A/p),

E2
s,t(ρB) ∼= πs THH(B/p ; TorB

t (B/p, B/p) =⇒ πs+t THH(B ; B/p).

Using the fact that B is flat as an A-module, we get

TorB
∗ (B/p, B/p) ∼= TorB

∗ (B ⊗A A/p, B ⊗A A/p)

∼= B ⊗A TorA
∗ (A/p, A/p)

∼= B/p⊗A/p TorA
∗ (A/p, A/p).
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The previous proposition yields the second of the following isomorphisms

E2
s,t(ρB) ∼= πs THH(B/p ; B/p⊗A/p TorA

t (A/p, A/p))

∼= B/p⊗A/p πs THH(A/p ; TorA
t (A/p, A/p))

∼= B/p⊗A/p E2
s,t(ρA).

Consider now the following diagram of spectral sequences:

{Er
∗,∗(ρA)}

))RRRRRRRRRRRRR

Φ∗ // {Er
∗,∗(ρB)}

{B/p⊗A/p Er
∗,∗(ρA)}.

Φe
∗

55lllllllllllll

Since B/p is a flat A/p-module, the spectral sequence {B/p ⊗A/p Er
∗,∗(ρA)} con-

verges to B/p⊗A/p π∗THH(A/p). Furthermore, the map of spectral sequences Φ∗,
which is induced by the commutative square mentioned in the beginning of the
proof, extends to a map Φe

∗ as shown in the diagram, because the target of Φ∗ is
a spectral sequence of B/p modules. Since Φe

∗ is an isomorphism on E2-terms, it
induces an isomorphism on abutments which makes the following diagram commute

π∗ THH(A ; A/p)
ϕ∗ //

**UUUUUUUUUUUUUUUU
π∗THH(B ; B/p)

B/p⊗R/p π∗THH(A ; A/p).

ϕe
∗

44iiiiiiiiiiiiiiii

Definition. Recall that an element λ of a ring Λ is called regularwith respect to a
Λ-module M (or M -regular for short), if multiplication by λ is injective on M , i.e.,
if the statement λm = 0 holds, if and only if, m = 0 ∈ M . An integer q ∈ Z is
then called Λ-regular, if it is Λ-regular with respect to the Z-module structure of
Λ, that is, if multiplication by p acts injectively on Λ.

Corollary . For each A-regular prime p, and each étale extension ϕ : A −→ B,

(π/pν)∗THH(B) ∼= B ⊗A (π/pν)∗THH(A).

Proof. When p is A-regular, π∗THH(A ; A/p) ∼= (π/p)∗THH(A), and the same
is true with B in place of A, because B is flat over A. The formula of the last
proposition provides the case ν = 1, and a standard inductive argument, using
the fact that B is A-flat, and the long exact sequences relating homotopy groups
mod.pν to these mod.pν+1, yields the formula of the corollary for each ν ≥ 1.

Corollary . Let p be an A-regular prime, B a finite étale A-algebra. Assume
that the inverse system {(π/pν)∗THH(A)}ν≥0 is Mittag-Leffler ; then the system
{(π/pν)∗ THH(B)}ν≥0, is also Mittag-Leffler, and

π̂∗THH(B) ∼= B ⊗A π̂∗ THH(A),
16



where π̂∗(E) := π∗(Ep̂ ) denotes the homotopy groups of the p-completion of E.

...... Flat Z-algebras: In the case of flat Z-algebras, as in this of Fp-algebras, one
can replace mod.pν homotopy groups with integral homotopy groups by use of the
Pirasvilli-Waldhausen spectral sequence: Given a flat Z-algebra Λ and a Λ-algebra
Λ′, there is a spectral sequence due to Pirasvili-Waldhausen [PW, th. .] with

E2
s,t
∼= HHs(Λ ; πt THH(Z ; Λ′)) =⇒ πs+t THH(Λ ; Λ′).

Taking Λ = Λ′ = A above, we get a spectral sequence {Er
∗,∗(A)} with

E2
s,t(A) ∼= HHs(A ; πt THH(Z ; A)) =⇒ πs+t THH(A).

Lemma. For each commutative ring Λ and each flat Λ-module Ω we have

π∗THH(Λ ; Ω) ∼= Ω⊗Λ π∗THH(Λ).

Proof. This seems to be well known. See for example [L].

Proposition. For each étale extension ϕ : A −→ B of Z-flat algebras,

π∗THH(B) ∼= B ⊗A π∗ THH(A).

Proof. Using the lemma above, and the assumption that A is Z-flat, we get

HH∗(A ; πt THH(Z ; A)) ∼= HH∗(A ; A⊗ π∗THH(Z))

∼= H∗ C•(A ; A⊗ π∗THH(Z)).

These last groups are the homology groups of the complex

C•(A ; A⊗ πt THH(Z)) ∼= C•(A ; A)⊗ πt THH(Z).

From the Z-flatness of A it follows that C•(A ; A) is a comlex of Z-flat modules, and
therefore we get a universal coefficients short exact sequence

0 −→ HHs(A)⊗ πt THH(Z) −→ E2
s,t(A) −→ TorZ

1 (HHs−1(A), πt THH(Z)) −→ 0.

Let now B be an étale A-algebra; then B is also Z-flat, and for the same reasons
there is a short exact sequence

0 −→ HHs(B)⊗ πt THH(Z) −→ E2
s,t(B) −→ TorZ

1(HHs−1(B), πt THH(Z)) −→ 0.

Using the étale descent property of Hochschild homology, and the fact that B is a
flat A-module, we get

TorZ
∗(HHi(B), πt THH(Z)) ∼= TorZ

∗(B ⊗A HHi(A), πt THH(Z))

∼= B ⊗A TorZ
∗(HHi(A), πt THH(Z).

It follows that E2
s,t(B) ∼= B ⊗A E2

s,t(A), and the same argument as in the proof of
the last proposition finishes the proof.
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...... Proposition. Let B = lim
−→

Aα be the direct limit of a filtering system {Aα}α∈A
of étale A-algebras, and let p be an A-regular prime. Then

(π/pν)∗THH(B) ∼= B ⊗A (π/pν)∗THH(A)

for each ν ≥ 1. When A is an Fp-algebra, or a flat Z-algebra, then the above
formula holds also for integral homotopy groups.

Proof. The fact that the functor Λ 7→ THH(Λ) commutes up to homotopy with
filtering direct limits implies the first of the following isomorphisms:

(π/pν)∗THH(B) ∼= lim
−→
α

(π/pν)∗THH(Aα)

∼= lim
−→
α

Aα ⊗A (π/pν)∗THH(A)

∼= B ⊗A (π/pν)∗THH(A);

the second isomorphism comes from corollary  of proposition ., and the third
one from the fact that tensor product commutes with filtering direct limits. The
same argument applies in the case of integral homotopy.

The commutativity of tensor product with direct limits also implies that

B ⊗A B ∼= lim
−→

(α,α′)∈A×A

Aα ⊗A Aα′
∼= lim
−→
α∈A

Aα ⊗A Aα.

Since Aα ⊗A Aα′ is an étale A-algebra for each (α, α′) ∈ A×A we get:

Corollary . Under the hypotheses of the last proposition,

(π/pν)∗THH(B ⊗A · · · ⊗A B) ∼= B ⊗A · · · ⊗A B ⊗A (π/pν)∗THH(A).

Corollary . Assume that the inverse system {(π/pν)∗THH(A)}ν≥0 is Mittag-
Leffler, and that B is a finite étale A-algebra. Then

π̂∗THH(B ⊗A · · · ⊗A B) ∼= B ⊗A · · · ⊗A B ⊗A π̂∗THH(A).

...... Completions: For each positive integer q, chose an appropriate model for the
Moore spectrum Mq := M(Z/q) associated to the group Z/q. Furthermore, given
r|q, one can chose reduction maps Mq −→Mr inducing the standard quotient map
Z/q −→ Z/r in homology, so that, for each decomposition q = rst, the diagram

Mrst −−−−→ Msty
y

Mrs −−−−→ Ms

commutes. Given a spectrum E, we write E/q := E∧Mq, and define the completion
of E at a set S of primes to be the spectrum EŜ := holim

←−
E/q where q runs through
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all multiples of primes in S, and the bonding maps in the inverse system run
through all possible reduction maps between such spectra. When the set S = {p},
then EŜ := Ep̂ := holim

←−
{ν≥0}E/pν is called the p-completion of E; for general

S containing an arbitrary number of primes we have EŜ '
∏

p∈S Ep̂. When S
is the set of all primes, then the corresponding completion is called the profinite
completion of E, and denoted by E .̂ The following properties of the S-completion
functor are used below:

i) if a map of spectra f : E −→ E ′ induces a mod.p homotopy equivalence, namely
a homotopy equivalence f/p : E/p −→ E ′/p, for each p ∈ S, then it induces a weak
homotopy equivalence on S-completions fŜ : EŜ −→ E′Ŝ;

ii) there is a natural transformation ρ : E −→ EŜ , which induces homotopy equiva-
lences ρ/p : E/p −→ EŜ/p for each p ∈ S ; it follows then from i) that S-completion
is an idempotent functor, i.e., ρŜ : EŜ −→ EŜ Ŝ is a weak homotopy equivalence for
each spectrum E ;

iii) given any fuctor F : I −→ {spectra}, the canonical map

(holim
←−
i∈I

F(i))Ŝ −→ holim
←−
i∈I

F(i)Ŝ

is a weak homotopy equivalence ; this last statement follows from the fact that
homotopy inverse limits commute with each other.

Finally, EQ will denote the rationalization of the spectrum E, i.e., the spectrum

EQ := holim
−→

{
E

p1
−→ E

p2
−→ E

p1
−→ E

p2
−→ E

p3
−→ E

p1
−→ · · ·

}

where pi is the i-th prime (ordered by size), and E
p
−→ E is a chosen self map of E

inducing multiplication by p on homotopy. Clearly, π∗EQ
∼= π∗E ⊗Q.

...... Proposition. Let A be an étale R-algebra, p an R-regular prime number, and
B := lim

−→
Aα the direct limit of an increasing, filtering system of étale coverings of

A. Then the complex

(π/pν)∗THH(A)
θ //___ (π/pν)∗THH(B) //// (π/pν)∗THH(B ⊗A B) ////// · · ·

is exact. In other words, for each ∗ ≥ 0, the functor (π/pν)∗THH has descent with
respect to any map ϕ : A −→ B which is the increasing limit of étale coverings.

Proof. By corollary  of ., this last cosimplicial group can be rewritten as

M //___ M ⊗A B // // M ⊗A B ⊗A B ////// · · ·

with M = (π/pν)∗THH(A). Since {Aα} is an increasing, filtering system of étale
A-coverings, the proposition follows from Grothendieck’s faithfully flat descent (see
paragraph .) and lemma ..
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Corollary . Let ϕ : A −→ B := lim
−→

Aα be the direct limit of an increasing, filtering

system of étale coverings of A, and let p be an A-regular prime number. Then the
augmentation of the cosimplicial spectrum

THH(A)
θ //___ THH(B) //// THH(B ⊗A B) // //// THH(B ⊗A B ⊗A B) · · ·

induces a weak homotopy equivalence after p-completion. In other words, the map

θp̂ : THH(A)p̂ −→ H(ϕ ; THH)p̂

is a weak homotopy equivalence.

Proof. It is enough to show that θ induces isomorphisms on homotopy groups with
mod.p coefficients. For this we use the homotopy spectral sequence with mod.p
coefficients of the cosimplicial spectrum C•(ϕ ; THH). This spectral sequence abuts
to (π/p)∗H(ϕ ; THH), and its E2-term is computed in terms of the homology groups
of the complex (which begins after the dash arrow below):

(π/p)∗THH(A)
(θ/p)∗ //___ (π/p)∗THH(B) //// (π/p)∗THH(B ⊗A B) ////// · · ·

From the last proposition, we know that the above complex is exact. This means
that the spectral sequence collapses at the E2-stage, and the edge homomorphism

(θ/p)∗ : (π/p)∗THH(A) −→ (π/p)∗H(ϕ ; THH) := (π/p)∗ holim
←−
∆

C•(ϕ ; THH)

is an isomorphism. This implies the statement of the lemma.

Corollary . Let S be the set of A-regular primes. Then the S-completion

θŜ : THH(A)Ŝ −→ Ȟ(A ; THH)Ŝ

of the descent map for topological Hochschild homology is a homotopy equivalence.

Proof. It is enough to do the case S = {p}. Let {Aα}α∈A be an increasing, filtering
system of étale A-coverings which is weakly cofinal in Cov(A), and let B := lim

−→
Aα.

Since Λ 7→ THH(Λ) is a continuous functor, and (π/pν)∗(?) commute with filter-
ing direct limits, the E2-term of the mod.pν spectral sequence of the cosimplicial
spetrum

Č•(A ; THH) := lim
−→
α∈A

C•(ϕα ; THH)

is calculated in terms of the homology of the complex of proposition .. As in the
previous corollary, this spectral sequence collapses at the E2-term, and yields the
desired equivalence.

Remark. A stronger statement, not requiring completion at S, can be found in T.
Geisser and L. Hesselholt: “Topological cyclic homology of schemes”(preprint).
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...... In this paragraph we distil the properties of the functor THH which are used
for the proof of the last two corollaries. Let F be a functor from the category of
A-algebras to the category of spectra.

Condition D(q): There is an integer q ≥ 0, and a weakly cofinal, increasing, filtering
system of A-coverings {Aα}α∈A such that

(π/q)∗F(Aα) ∼= Aα ⊗R (π/q)∗F(A) for each α ∈ A.

If F is a multiplicative functor satisfying the above condition, then, using the
system {Aα}α∈A to construct the Čech spectrum Ȟ(Spec A ;F) and the argument

of the last corollary, we get that the descent map θ̂ : F(A)q̂ −→ Ȟ(A ;F)q̂ is a weak
homotopy equivalence. If, in addition, F is also a continuous functor, then the

map θ̂ : F(A)q̂ −→ H(ϕ ;F) ' Ȟ(A ;F)q̂, with ϕ : A −→ B := lim
−→

Aα, is also a weak

homotopy equivalence.

Proposition. If F is a multiplicative functor satisfying condition D(p) above for
every prime p in a set of primes S, then the S-completion of the descent map

θ̂ : F(A)Ŝ −→ Ȟ(A ;F)Ŝ,

is a weak homotopy equivalence. If F is continuous as well, then the map

θ̂ : F(A)Ŝ −→ H(ϕ ;F)Ŝ ' Ȟ(A ;F)Ŝ,

where ϕ : A −→ B := lim
−→

Aα, is also a weak homotopy equivalence.

Corollary. Let A be an Fp-algebra, or a flat Z-algebra, and let ϕ : A −→ B = lim
−→

Aα

be the direct limit of an increasing, filtering system of A-coverings. Then the maps

θ : THH(A) −→ H(ϕ ; THH), θ : THH(A) −→ Ȟ(A ; THH)

are both weak homotopy equivalences.

...... Proposition. The rationalization THHQ of the topological Hochschild ho-
mology functor has both finite and infinite étale descent. So, the descent map

θ : THHQ(A) −→ Ȟ(A ; THHQ)

is a weak homotopy equivalence for every ring A.

Proof. Let’s write HH(Λ) := |C•(Λ ; Λ)| for the geometric realization of the sim-
plicial abelian group C•(Λ ; Λ) defined as in the beginning of the proof of propo-
sition .. Considering Λ 7→ HH(Λ) as a functor from rings to spectra, we have
π∗HH(Λ) ∼= HH∗(Λ). There is a natural transformation of functors with values in
simplicial spectra

π0• :
(
Λ 7→ THH•(Λ)

)
−→

(
Λ 7→ C•(Λ ; Λ)

)
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defined by taking connected components in each degree ; passing to geometric re-
alizations, one gets a natural transformation π0 : THH −→ HH of spectrum valued
functors ; its rationalization π0Q : THHQ −→ HHQ is a weak homotopy equivalence
argumentwise. For each étale A-algebra B,

π∗HH(B) ∼= HH∗(B) ∼= B ⊗A HH∗(A) ∼= B ⊗A π∗HH(A).

So, the functor HH satisfies condition D(q) with q = 0. It follows that, the descent
map θ : HH(A) −→ Ȟ(A ; HH) is a weak homotopy equivalence. Since

π∗HHQ(B) ∼= π∗HH(B)⊗Q ∼= B ⊗A π∗HH(A)⊗Q ∼= B ⊗A π∗HHQ(A),

the functor HHQ also satisfies the same condition, therefore, the maps

θ : HHQ(A) −→ H(ϕ ; HHQ) and θ : HHQ(A) −→ Ȟ(A ; HHQ)

are both weak homotopy equivalences. Since π0Q : THHQ −→ HHQ is an equivalence
of functors, the same statements hold for THHQ.

§4. The fixed points of topological Hochschild homology.

...... Homotopy orbits: Given a discrete group G, we will use the term G-spectrum
to designate a sequence of G-spaces m 7→ E[m] related by G-equivariant structure
maps σ : E[m] −→ ΩE[m + 1], one for each m ≥ 0; the action of G on the looping
circle is assumed to be trivial. Given a subgroup H of G, one can consider E as
an H-spectrum by forgetting the extra action. The G-spectrum E is called an
Ω-H-spectrum if its structure maps σ : E[m] −→ ΩE[m + 1] are weak H-homotopy
equivalences for each m ≥ 0. To the pair (E, H) one can associate, in a functorial
way, the following two spectra :

i) the H-fixed point subspectrum EH of E, with EH [m] := (E[m])H and structure
maps the restrictions of the structure maps of E on H-invariant subspaces, and,

ii) the H-homotopy orbits spectrum EhH , with EhH [m] := EH+ ∧H E[m], and
structure maps induced again from those of E. If we write {H} for the category
which has one object ∗, with Hom(∗, ∗) = H and composition induced by the
multiplication of H, then the spectrum EhH can be identified with the homotopy
colimit of the functor F : {H} −→ {spectra} defined by F(∗) := E, and F(h) := h∗,
the action of h on E. The hyperhomology spectral sequence of this homotopy colimit
with coefficients in stable homotopy theory is a first quadrant, homological type
spectral sequence abutting to the homotopy groups of the spectrum EhH with

E2
s,t
∼= Hs(H ; πtE) =⇒ πs+tEhH ,

where H∗(H; M) are the homology groups of H with coefficients in the H-module
M . The corresponding spectral sequence with mod.q coefficients has

E2
s,t
∼= Hs(H ; (π/q)t E) =⇒ (π/q)s+t EhH .

These spectral sequences are called homotopy orbits spectral sequences. When E
is an H-ring spectrum, then the homotopy orbits spectral sequences are spectral
sequences of π0(E

H)-modules [GM].
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...... For each ring Λ, the simplicial spectrum THH•(Λ) := THH•(Λ ; Λ) is a cyclic
spectrum [G, §3], and, therefore, its geometric realization |THH•(Λ)| carries a
natural action of the circle group T. For each integer q ≥ 1, let Cq denote the
unique cyclic subgroup of T of order q, and let’s write

Tq(Λ) := (sdq THH•(Λ))Cq

for the Cq-fixed point spectrum of the q-th subdivision of the cyclic spectrum
THH•(Λ) as defined in [BHM]. When q = 1, we sometimes write T(Λ) instead
of T1(Λ) := THH(Λ) := THH•(Λ). Considered as a Cq-spectrum, THH(Λ) is an
Ω-Cq-spectrum. As Λ is assumed to be commutative, Tq(Λ) is a ring Cq-spectrum.

The various layers of the invariant subspectra Tq(Λ) of T(Λ) are interelated by
means of two kinds of maps

fs, ρs : Tqs(Λ) ∼= THH(Λ)Cqs −→ Tq(Λ) ∼= THH(Λ)Cq ;

the standard inclusion maps fs which are present in any T-spectrum, but also
certain restriction maps ρs which are particular to the THH-construction, and are
described for example in [G]. Furthermore, for each prime `, and for each n ≥ 0,
there is a “fundamental” cofibration sequence of non-equivariant spectra

THH(Λ)hC`n −→ THH(Λ)C`n ρ`
−→ THH(Λ)C

`n−1 ,

identifying the homotopy fiber of the restriction map ρ`.

...... Rings of Witt vectors: We recall here the standard terminology and notation
about Witt-rings. A set of positive integers Q is said to be divisor complete if it
contains every positive divisor of each of its elemets. Given such a set Q, and a
commutative ring Λ, we denote by WQ(Λ) the ring of Q-typical Witt vectors of Λ.
As a set WS(Λ) is isomorphic to a product

∏
Q Λ of copies of the underlying set of

Λ indexed by the elements of Q. Given two elements a = {aq}q∈Q, b = {bq}q∈Q of
the ring WQ(Λ), the additive and multiplicative structure of WQ(Λ) are given by

a + b := {Sq({ad}d|q)}q∈Q, a · b := {Pq({ad}d|q)}q∈Q,

where Sq({Xd}d|q), and Pq({Xd}d|q) are certain universal polynomials on the vari-
ables Xd for d|q. In other words, the q-th coordinate of the sum (resp. the product)
of two Witt vectors a, b, depends only on the coordinates of a, b which “divide” q.
The n-th ghost-coordinate of a Witt vector a = {aq}q∈Q is the element of Λ defined

by the formula wn(a) =
∑

d|n da
n/d
d . The map

w : WQ(Λ) −→
∏

Q

Λ with w({aq}q∈Q) := {wq(a)}q∈Q,

is then a ring homomorphism functorial in Λ. When Q = N, the set of all positive
integers, then the ring W(Λ) := WN(Λ) is called the ring of universal Witt vectors

; when Q = {p0, p1, p2, . . .}, then W(p)(Λ) := W{p0,p1,p2,...}(Λ) is the ring of p-
typical Witt vectors ; when Q = 〈q〉 = {d ∈ N | d divides q}, then W〈q〉(Λ) is the
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ring of Witt vectors of type 〈q〉, and, finally, when q = pn, the corresponding ring

W(p)
n (Λ) := W〈pn〉(Λ) is called the ring of p-typical Witt vectors of length n.

We now fix a prime p, and let W(Λ) := W(p)(Λ) (resp. Wn(Λ) := W(p)
n (Λ))

denote the ring of p-typical (resp. p-typical of length n) Witt vectors. These rings
are related by means of three types of maps:

(i) The verschiebung v : W(Λ) −→W(Λ) which is defined by the formula

v(a0, a1, . . . ) := (0, a0, a1, . . . ) for each (a0, a1, . . . ) := (ap0 , ap1 , . . . ) ∈W(Λ).

The image Vm(Λ) of the m-th iterate vm of the verschiebung is an ideal of W(Λ),
and the quotient ring W(Λ)/Vm(Λ) is identified with the ring Wm(Λ) of p-typical
vectors of length m. Since vn(Vm(Λ)) = Vm+n(Λ), there are induced additive
homomorphisms vn.m := vn

m : Wm(Λ) −→ Wm+n(Λ) for each m, n ≥ 1, which are
also called verschiebung.

(ii) The projection (alias restriction ) maps ρn,m : Wm+n(Λ) −→Wm(Λ) with

ρn,m(a0, a1, . . . , am+n) := (a0, a1, . . . , am) ;

these maps are ring homomorphisms for each m, n ≥ 1.

(iii) The frobenius f : W(Λ) −→ W(Λ) which is described more easily in terms
of ghost coordinates by the formula f(w0, w1, . . . ) = (w1, w2, . . . ). f is a ring
homomorphism whose action on the coordinates of a = (a0, a1, . . . ) ∈ W(Λ) is
given by means of universal polynomials. The n-th iterate fn of f maps Vm+n(Λ)
into Vm(Λ). The induced ring homomorphisms fn,m := fn

m : Wm+n(Λ) −→ Wm(Λ)
for each m, n ≥ 1 are also called frobenius.

...... For each q ≥ 1, the spectrum Tq(Λ) is a ring spectrum; so, π0 Tq(Λ) is a
(commutative) ring, and π∗Tq(Λ) is a graded π0 Tq(Λ)-algebra. The structure of
the ring π0 Tq(Λ) is described in [HM]: there is an isomorphism

W〈q〉(Λ) −→ π0 Tq(Λ), 〈q〉 = {n ∈ N | n divides q}

of functors of Λ. In particular, for each prime p and each n ≥ 0, there is a natural
isomorphism of ring valued functors Wn+1 −→ π0 Tpn . Moreover, the action of the
inclusion (resp. restriction) maps fn

p , ρn
p : Tpm+n(Λ) −→ Tpn(Λ) on π0 is identified

with the corresponding frobenius (resp. projection) map of Witt vectors, i.e.,

π0(f
n
p ) = fn

m+1, π0(ρ
n
p ) = ρn,m+1 : Wm+n+1(Λ) −→Wm+1(Λ).

The homotopy orbits spectral sequence {Er
∗,∗(Λ ; n)} associated to the action of Cpn

on T(Λ) := THH(Λ) is then a spectral sequence of Wn+1(Λ) ∼= π0 Tpn(Λ)-modules.
Moreover, a ring homomorphism ϕ : Λ −→ Λ′ induces a map of spectral sequences
ϕ∗ : {E

r
∗,∗(Λ ; n)} −→ {Er

∗,∗(Λ
′ ; n)}, as well as a ring homomorphism

ϕn+1 := π0(ϕ) : Wn+1(Λ) ∼= π0 Tpn(Λ) −→Wn+1(Λ
′) ∼= π0 Tpn(Λ′).

For each r ≥ 2, the map ϕ∗ : Er
∗,∗(Λ ; n) −→ Er

∗,∗(Λ
′ ; n) is a ϕn+1-homomorphism

(alias, a ϕn+1-dihomomorphism) of the corresponding bigraded modules.
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...... Consider now a pair (Λ, σ) consisting of a ring Λ which has no p-torsion ele-
ments, and an endomorphism σ : Λ −→ Λ such that σ(a) ≡ ap (mod pΛ); in other
words, σ is a lift of the Frobenius map φp : Λ/p −→ Λ/p. Given such a pair (Λ, σ),
there is then a unique ring homomorphism λ := λσ : Λ −→W(Λ), which is a section
of the projection map ρ : W(Λ) −→W1(Λ) ∼= Λ, and such that the diagram

W(Λ)
f

−−−−→ W(Λ)

λ

x
xλ

Λ
σ

−−−−→ Λ.

commutes [Bo, Ch. IX, exercice .]. Composing λ with the projection maps
ρn : W(Λ) −→Wn(Λ), one gets the following commuative diagram of rings:

W(Λ)
f

n

//

ρn+m

��

W(Λ)

ρm

��
Wm+n(Λ)

f
n
m // Wm(Λ)

Λ

λ

DD

λm+n−1

::

σn
// Λ

λ

EE

λm−1

;;

.

In particular, when m = 1, we get fn
1 ◦ λn = σn : Λ −→ W1(Λ) ∼= Λ. Let now

(A, σ) and (B, τ) be two rings with no p-torsion, and let ϕ : A −→ B be a ring
homomorphism commuting with the Frobenius liftings σ, τ of A and B, namely,
τ ◦ ϕ = ϕ ◦ σ. Then there are commutative diagrams

W(A)
W(ϕ) // W(B) Wn+1(A)

ϕn+1 //

f
n
1

��

Wn+1(B)

f
n
1

��
A

λσ

OO

ϕ // B

λτ

OO

W1(A)
ϕ // W1(B)

A

λσ,n

DD

σn

::

ϕ
// B

λτ,n

DD

τn

::

.

...... As mentioned above, the map ϕ∗ : {E
r
∗,∗(A ; n)} −→ {Er

∗,∗(B ; n)} of homotopy
orbits spectral sequences induced by ϕ is a ϕn+1-dihomomorphism. Using the ring
homomorphisms λσ,n and λτ,n of the last diagram, we consider {Er

∗,∗(A ; n)} (resp.
{Er
∗,∗(B ; n)}) as a spectral sequence of A-modules (resp. of B-modules). Then ϕ∗

is considered as a ϕ-dihomomorphism. When ϕ is a flat morphism (i.e., when it
makes B into a flat A-algebra), then we get a diagram of spectral sequences

{Er
∗,∗(A ; n)}

((RRRRRRRRRRRRR

ϕ∗ // {Er
∗,∗(B ; n)}

{B ⊗A Er
∗,∗(A ; n)}.

ϕe
∗

66lllllllllllll
.
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On E2-terms the spectral sequence map ϕe
∗ is given by

B⊗A H∗(Cpn ; π∗T(A)) ∼= H∗(Cpn ; B⊗A (σn)]π∗T(A)) −→ H∗(Cpn ; (τn)]π∗T(B)).

In other words, ϕe
∗ is induced by the homomorphism

B ⊗A (σn)]π∗T(A) −→ (τn)]π∗T(B),

induced, in its turn, by the ϕ-dihomomorphism ϕ∗ : (σn)]π∗ T(A) −→ (τn)]π∗T(B).

Remark. Given a ring homomorphism ϕ : A −→ B, and a B-module M , we write
ϕ]M for the A-module whose underlying abelian group is M , and whose A-module
structure is defined by means of the map ϕ, namely, a ·m = ϕ(a)m for each a ∈ A
and m ∈M . Assume now that A and B are rings provided with endomorphisms σ
and τ as above. Since our rings are assumed to be commutative, π∗T(A) is a graded
A ∼= π0 T(A)-algebra; this defines the A-module structure of the groups π∗T(A).
On the other hand, π0 Tpn(A) = Wn+1(A), and the inclusion fn

p : Tpn(A) −→ T(A)
induces a Wn+1(A)-modules structure on π∗ T(A) which enters in the E2-term of
the homotopy orbits spectral sequence. Since π0(f

n
p ) = fn

1 : Wn+1(A) −→ A, by

the notational convention above, this module structure is denoted (fn
1 )]π∗T(A).

Accordingly, the A-module structure on the homotopy groups of T(A) is given by

λ]
σ,n(fn

1 )]π∗T(A) = (fn
1 ◦ λσ,n)]π∗T(A) = (σn)]π∗T(A).

...... The n-th iterate σn : A −→ A of the endomorphism σ induces a map of ring
spectra σn : T(A) −→ T(A), and a commuatative diagram of rings

π∗T(A)
σn
∗−−−−→ π∗T(A)

h

x
xh

A ∼= π0 T(A)
σn

−−−−→ A ∼= π0 T(A).

The vertical inclusions h encode the action of the ring A on the A-modules π∗T(A),
whereas, the diagonal map h := h ◦ σn = σn

∗ ◦ h defines the A-module structure of
the groups (σn)]π∗T(A). Accordingly, we get a B-module homomorphism

B ⊗A π∗T(A) := B ⊗A h]π∗T(A)
1⊗σn

∗−−−→ B ⊗A h
]
π∗T(A) := B ⊗A (σn)]π∗T(A),

as well as a commutative diagram of B-modules

π∗T(B)
τn
∗−−−−→ (τn)]π∗T(B)

ϕe
∗

x
xϕe

∗

B ⊗A π∗T(A)
1⊗σn

∗−−−−→ B ⊗A (σn)]π∗T(A).

When σ and τ are isomorphisms, then the two horizontal maps in the last diagram
are also isomorphisms.
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...... Proposition. Assume that (A, σ), (B, τ) and ϕ : A −→ B are as above, and
that ϕ is an étale morphism. Assume, moreover, that both σ and τ are isomor-
phisms. Then there are B-module isomorphisms

ϕe
∗ : B ⊗A λ]

σ,n(π/q)∗T(A)hCpn

∼=
−→ λ]

τ,n(π/q)∗T(B)hCpn ,

induced from the canonical map ϕ∗ : (π/q)∗T(A)hCpn −→ (π/q)∗T(B)hCpn by ex-
tension of scalars. In the above formulas, q can be any integer ≥ 0 when A is Z-flat,
and q = `ν, with ` any A-regular prime in the general case.

Proof. The proof of this proposition is similar to the proof of proposition .,
comparing this time the two homotopy orbits spectral sequences {Er

∗,∗(A ; n)} and
{Er
∗,∗(B ; n)} taken with coefficients mod.q :

E2
s,t(A ; n) ∼= Hs(Cpn ; (σn)](π/q)t T(A)) =⇒ λ]

σ,n(π/q)s+t T(A)hCpn ,

E2
s,t(B ; n) ∼= Hs(Cpn ; (τn)](π/q)t T(B)) =⇒ λ]

τ,n(π/q)s+t T(B)hCpn .

But (π/q)∗T(B) ∼= B⊗A (π/q)∗T(A) by the computations of the previous section,
and the action of Cpn on the groups (π/q)∗T(Λ) is trivial for each Λ, because it is
the restriction of a continuous action of T on T(Λ). From the A-flatness of B, and
the discussion above we get

E2
s,t(B ; n) ∼= Hs(Cpn ; (τn)](π/q)t T(B)

∼= Hs(Cpn ; B ⊗A (σn)](π/q)t T(A))

∼= B ⊗A E2
s,t(A ; n),

and, therefore, that ϕe
∗ : {B ⊗A Er

∗,∗(A ; n)} −→ {Er
∗,∗(B ; n)} is an isomorphism of

spectral sequences of B-modules. It follows that there is a commuatative diagram

λ]
σ,n(π/q)∗T(A)hCpn

**UUUUUUUUUUUUUUUU

ϕ∗ // λ]
τ,n(π/q)∗T(B)hCpn

B ⊗A λ]
σ,n(π/q)∗T(A)hCpn

ϕe
∗

44iiiiiiiiiiiiiiii

in which ϕe
∗ is also an isomorphism.

...... Proposition. Under the same notations and hypotheses as in the last propo-
sition, there are B-module isomorphisms

ϕe
∗(n) : B ⊗A λ]

σ,n(π/q)∗T(A)Cpn
∼=
−→ λ]

τ,n(π/q)∗T(B)Cpn .
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Proof. Consider the following diagram of abelian groups:

...
...

y
y

B ⊗A λ]
σ,n(π/q)∗T(A)hCpn

ϕe
∗
(or)

−−−−→ λ]
τ,n(π/q)∗T(B)hCpny

y

B ⊗A λ]
σ,n(π/q)∗T(A)Cpn

ϕe
∗
(n)

−−−−→ λ]
τ,n(π/q)∗T(B)Cpn

y
y

B ⊗A λ]
σ,n−1(π/q)∗T(A)C

pn−1
ϕe(n−1)
−−−−−→ λ]

τ,n−1(π/q)∗T(B)C
pn−1

y
y

...
...

The right column in the above diagram is the long exact sequence on mod.q ho-
motopy groups induced by the restriction cofibration sequence of . with Λ = B.
The left column is the corresponding long exact sequence for Λ = A tensored with
B over A ; since B is a flat A-module the left column is also exact. The ring
homomorphism ϕ : A −→ B induces a ϕ-dihomomorphism

ϕ∗(n) : λ]
σ,n(π/q)∗T(A)Cpn −→ λ]

τ,n(π/q)∗T(B)Cpn .

Since the target of the above homomorphism is a B-module, ϕ∗ extends to give
the horizontal map ϕe

∗(n) in the above diagram. The other horizontal map ϕe
∗(or)

on the homotopy orbits is defined in the same way. The diagram is commutative,
and the maps ϕe

∗(or) are isomorphisms for each ∗ ≥ 0 by the previous proposition.
Assuming inductively that the maps ϕe

∗(n− 1) are isomorphisms, we get that the
maps ϕe

∗(n) are isomorphisms for each n ≥ 0. The starting point of the induction,
that is the case n = 0, is given by corollary  of proposition ..

...... Frobenius pairs: A frobenius p-pair (or, just frobenius pair when there is no
ambiguity about the prime p in question) consists of a ring A with no p-torsion
and an automorphism σ : A −→ A which lifts the frobenius of A/pA. A frobenius
extension of (A, σ) is another frobenius pair (B, τ) such that B is an A-algebra via
a structure map ϕ : A −→ B, and τ lifts σ, namely, τ ◦ϕ = ϕ ◦ σ. Observe that, the
maps σn

∗ : π∗T(A) −→ π∗T(A) induced by the automorphism σ are isomorphisms for
each n, ∗ ≥ 0. Frobenius extensions are preserved by tensor products and filtering
limits, namely,

(i) If (B, τ), (B′, τ ′) are two frobenius extensions of the pair (A, σ), then the pair
(B ⊗A B, τ ⊗ τ ′) is also a frobenius extension of (A, σ).

(ii) If {(Bα, τα)}α∈A is an inductive system of frobenius extensions of (A, σ), then
the pair (B := lim

−→
Bα, τ := lim

−→
τα) is also a frobenius extension of (A, σ).

Proposition. Assume that {(Aα, τα)}α∈A is an increasing filtering system of frobe-
nius étale coverings of the frobenius pair (A, σ), and let ϕ : A −→ B := lim

−→
Aα and
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τ := lim
−→

τα. Then there are isomorphisms

ϕe
∗ : B ⊗A λ]

σ,n(π/q)∗Tpn(A) −→ λ]
τ,n(π/q)∗Tpn(B).

Proof. This follows from proposition ., and the fact that the functor F(Λ) :=
Tq(Λ) is continuous.

Corollary. If the pair (A, σ) admits a weakly cofinal system {(Aα, τα)}α∈A of
frobenius étale coverings, then the descent maps

θ̂ : Tpn(A)Ŝ −→ H(ϕ ; Tpn)Ŝ , θ̂ : Tpn(A)Ŝ −→ Ȟ(A ; Tpn)Ŝ

are both weak homotopy equivalences. Here ϕ : A −→ B := lim
−→

Aα is the limit map,

and S is either the set of all A-regular primes, or S = ∅ in case A is Z-flat.

Proof. This is an application of proposition . using proposition ..

...... [This paragraph needs more clarification and is not used in the sequel]

There are analogous statements for the Cm-fixed points spectrum Tm(A) for
general m, under appropriate hypotheses which we explain now. First, given a set
S of prime numbers, we will extend definition ., and say that a pair (Λ, σ) is a
frobenius S-pair if (Λ, σ) is a frobenius pair with respect to each prime p ∈ S. So
let then (A, σ) be such a frobenius S-pair, and let (B, τ) be another S-pair which
is a frobenius étale extension of (A, τ). Then there are liftings λσ : A −→ WS(A)
and λτ : B −→WS(B) which provide sections to the corresponding projection maps
and commutative diagrams analogous to the ones in paragraph ..

Proposition. Under the above assumptions, there are isomorphisms

ϕe
∗ : B ⊗A λ]

σ,m(π/q)∗Tm(A) −→ λ]
τ,n(π/q)∗Tm(B).

Proof. This follows from [G, lemma .]. For simplicity, we explain now what
happens in the case where m has only two prime factors; the general case is proved
similarly ; so assume m = `r

1`
r
2. The statement about homotopy orbits is proved

using the homotopy orbits spectral sequence associated to the action of Cm on T(Λ)
in the same way as proposition .. One can then derive the statement about fixed
points using the following diagram:

THH(B)hCm
' F (B) −−−−→ F1(B)

h
−−−−→ F2(B)

y
y

T`r
1
`s
2
(B)

f`2−−−−→ T`r
1
`s−1

2

(B)

f`1

y
yf`1

T`r−1

1
ls
2

(B)
f`2−−−−→ T`r−1

1
`s−1

2

(B);
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here F1(B) and F2(B) are the homotopy fibers of the corresponding f`1 ’s, and
F (B) is the iterated homotopy fiber of the lower square in the diagram, that is
the homotopy fiber of the map h. Goodwillie shows [G, lemma .] that the
spectrum F (B) is naturally homotopy equivalent to THH(B)hCm

. By induction, we
can assume that λ]

τ (π/q)∗Ti(B) ∼= B⊗A λ]
σ(π/q)∗Ti(A) for each i < m. Using the

long exact sequence on mod.q homotopy groups induced by the the right column of
the above diagram, and the argument of proposition ., we get that (π/q)∗F2(B) ∼=
B ⊗A (π/q)∗F2(A). Since

(π/q)∗T(B)hCm
∼= B ⊗A (π/q)∗T(A)hCm,

using the upper row of the diagram we get (π/q)∗F1(B) ∼= B ⊗A (π/q)∗F1(A). Fi-
nally, using the left column of the diagram in the same manner yields the statement
of the proposition.

...... The next proposition provides a means for producing frobenius pairs, as well
as frobenius extensions.

Proposition. Let (A, σ) be a pair of a ring A and an endomorphism σ of A lifting
the frobenius of A/p, and assume that ϕ : A −→ B is a formally smooth extension
with B a local ring with maximal ideal m, such that p ∈ m, and B is complete
and hausdorff under the topology defined by m. Then there is an endomorphism
τ : B −→ B which extends σ and the frobenius of B/p.

Proof. This is shown by applying corollary .. of [EGA IV, ch.0] to the diagram

B
κ //

τ

��

B/p

A

ϕ

@@��������
B/p

φp

bbDDDDDDDD

A

σ

__>>>>>>>>

OO

ϕ // B

κ

<<yyyyyyyyy

OO

where κ : B −→ B/p is the standard quotient map. It is easy to check that the
square in the middle of the diagram commutes, i.e., κ ◦ ϕ ◦ σ = φp ◦ κ ◦ ϕ. The
existence of the map τ is then quaranteed by the above mentioned corollary applied
with C = B and J = pB.

Corollary. If, in addition, B is a formally étale extension of A, then the map τ
of the above theorem is unique. Furthermore, in this case, if σ is an isomorphism,
then the same is true for τ .

Proof. The first statement is a consequence of the definition of a formally étale
morphism [EGA IV, def. ..]. The second follows from the first applied to the
endomorphisms σ, σ−1, and 1A.

...... p-rings and strict p-rings: We recall now the notions of p-ring strict p-ring
from [Se, Ch.II, §5]: A p-ring is a ring A which is complete and hausdorff with
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respect to the topology defined by a decreasing sequence of ideals A ⊃ a1 ⊃ a2 ⊃ . . .
such that aiaj ⊂ ai+j for each i, j ≥ 1, and A/a1 is a perfect ring of characteristic
p. A p-ring A is called a strict p-ring, if ai = piA, i.e., if the above filtration is the
p-adic filtration of A. The classification results of [Se, Ch.II, §6] state:

(i) for each perfect ring κ of characteristic p, there is a unique up to isomorphism
strict p-ring W(κ) with W(κ)/p W(κ) ∼= κ,

(ii) there is a unique isomorphism σ : W(κ) −→W(κ) lifting the frobenius φp of κ.

Since σ is an isomorphism, the induced maps σn
∗ : π∗T(W(κ)) −→ π∗T(W(κ))

are isomorphisms for each n, ∗ ≥ 0. Applying the proposition . we get:

Proposition. Let A := W(κ) be a strict p-ring with no p-torsion, and ϕ : A −→ B
an étale extension with B a complete local ring. Then there are isomorphisms

ϕe
∗ : B ⊗A λ]

σ,n(π/q)∗Tpn(A) −→ λ]
τ,n(π/q)∗Tpn(B)

for each n, ∗ ≥ 0, and q an A-regular prime (or, q = 0 if A is Z-flat).

...... Complete discrete valuation rings. In this paragraph we use o to denote a
complete discrete valuation ring, with prime ideal m, fraction field L of character-
istic 0, and residue field k = o/m, a perfect field of characteristic p 6= 0. By the
structure theorem of [Se, II, §, theorem ], o is a free W(k)-module of rang e, the
absolute ramification index of o. So, o is identified with the integral closure of Zp

in a finite extension of Qp. Consider now the diagram

kac ooo // Lsc

kac
oshoo // Lnr

k ooo // L,

where Lsc is a chosen separable closure of L, Lnr is the maximal extension of L
unramified with respect to the valuation v := vm, osh and o are the integral closures
of o in Lnr and Lsc respectively, and kac := o

sh/mo
sh is the residue field of o

sh. It is
known that osh is the strict henselization of o, and kac is an algebraic closure of k.
Let {Lα}α∈A be the inductive system of all finite, unramified extensions of L, and
let oα be the integral closure of o in Lα. Then each oα is a finite étale covering of o,
and lim
−→

oα = osh. The filtering system {oα}α∈A is increasing and weakly cofinal in

Cov(o), and each oα is a discrete valuation ring complete with respect to its p-adic
topology (which coincides with its mα-adic topology).

Lemma. If L is an unramified or a tamely ramified extension of Qp, then the
quotient κ := o/po is a perfect ring of characteristic p, and therefore o = W(κ) is
a strict p-ring.
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Proof. When L is unramified, then po = m, and therefore κ = k a finite field of
characteristic p. On the other hand, if L is tamely ramified, then m = (π) with
p = πe (modulo units) where e is a positive integer not divisible by p. Since
κ = o/po is a finite Fp-algebra, to show that it is a p-perfect ring, it is enough to
show that its frobenius φp : κ −→ κ is injective. But every non-zero element x of κ
can be written in the form x = uπ̄n with u a unit of κ, and 0 ≤ n < e. Then

0 = φp(x) = φp(uπ̄n) = upπ̄np ⇔ π̄np = 0 ⇔ e|np ⇔ e|n ⇔ x = 0.

Proposition. If L is an unramified or tamely ramified extension of Qp, then

ϕe
∗ : oα ⊗o λ]

σ,nπ∗Tpn(o) −→ λ]
τ,nπ∗Tpn(oα)

is an isomorphism for each α ∈ A, and n ≥ 0. Furthermore, the descent maps

θ : Tpn(o) −→ H(j ; Tpn), and θ : Tpn(o) −→ Ȟ(o ; Tpn)

are both weak homotopy equivalences (with j : o −→ osh := lim
−→

oα the inclusion).

Proof. The first statement is a consequence of the propositions . and .,
whereas the second one follows from proposition . applied to the weakly cofi-
nal increasing directed system {oα}α∈A. We note that since Tpn is a continuous
functor there are isomorphisms π∗Tpn(osh) ∼= osh ⊗o π∗Tpn(o) for each ∗, n ≥ 0.

...... Remark. The formula of the last proposition can be expressed in terms of
sheaves as follows: given n, ∗ ≥ 0, set q := pn and let Tq denote the presheaf of

abelian groups on Ét(o) with Tq(A) := π∗Tq(A) for each étale o-algebra A. Then
Tq(A × B) ∼= Tq(A) × Tq(B), and the formula of the last proposition states that
the cohomology groups of o with respact to the covering jα : o −→ oα are trivial
H∗(jα ; Tq) ∼= 0 for each ∗ ≥ 1, and H0(jα ; Tq) ∼= Tq(A). Since {oα}α∈U is a weakly

cofinal system, this means that Tq is actually a flabby sheaf on Ét(o). However,
the formulation of these computations in terms of the descent maps as in the last
proposition is needed in order to deduce the étale descent properties of the TC
functor as is described in the next section.

§5. Topological Cyclic Homology.

...... We recall the definition of the topological cyclic homology spectrum TC(Λ)
associated to a ring Λ referring to [G] for details and proofs. The epicyclic category
E , introduced by Goodwillie in [G, definition .], is a topological category defined
as follows: there is one object 〈a〉 in E for each positive integer a ≥ 1, and the
morphism set HomE(〈a〉 , 〈b〉) consists of all possible formal expressions of the form
hϑ ◦ρq ◦fs with ϑ ∈ T and q, s any positive integers such that a = qrb; composition
of morphisms in E is defined by the formula

(hϑ ◦ ρq ◦ fs) ◦ (hϑ′ ◦ ρq′ ◦ fs′) := hϑ+sϑ′ ◦ ρqq′ ◦ fss′ .

The set HomE(〈a〉 , 〈b〉) is topologized as a disjoint union of circles noticing that
there is no restriction on ϑ in the definition of a morhism 〈a〉 −→ 〈b〉. Let Tq(Λ)
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denote the geometric realization of the spectrum Tq(Λ) := sdq(THH(Λ))Cq . Using
the identification T ∼= T/Cq, one can endow Tq(Λ) with an action of the circle
group T; write hϑ for the action of the element ϑ ∈ T on Tq(Λ). These maps hϑ,
together with the frobenius and inclusion maps mentioned above, define an epicyclic
spectrum,that is, a continuous functor TΛ : E −→ {spectra} with TΛ(〈a〉) := Ta(Λ)
which sends the morphisms of E to the maps denoted by the same symbols between
the various Ta(Λ)’s. Then following [G, definition .])

Def. The Topological Cyclic Homology spectrum of Λ : TC(Λ) := holim
←−
E

TΛ.

By its definition, TC(Λ) is the homotopy inverse limit of a cosimplicial diagram of
spectra C•(E ; TΛ), with “q-simplices”

Cq(E ; TΛ) :=
∏

(a0,...,aq)

E(〈a0〉 , 〈a1〉)× · · · × E(〈aq−1〉 , 〈aq〉)× Tq(Λ).

...... Proposition. Let ϕ : A −→ B be a ring homomorphism such that, for each
q ≥ 1, the descent map θ : Tq(A) −→ H(ϕ ; Tq) is a weak equivalence. Then the map

θ : TC(A) −→ H(ϕ ; TC) is also a weak homotopy equivalence.

Proof. Let’s write a := 〈a〉 for short. Using the fact that homotopy inverse limits
commute with each other one gets equivalences

TC(A) ' holim
←−

[q]∈∆

∏

(a0,...,aq)

E(a0, a1)× · · · × E(aq−1, aq)× Taq
(A)

' holim
←−

[q]∈∆

∏

(a0,...,aq)

E(a0, a1)× · · · × E(aq−1, aq)× holim
←−

[p]∈∆

Taq
(B⊗p)

' holim
←−

[q]∈∆

holim
←−

[p]∈∆

∏

(a0,...,aq)

E(a0, a1)× · · · × E(aq−1, aq)× Taq
(B⊗p)

' holim
←−

[p]∈∆

holim
←−

[q]∈∆

∏

(a0,...,aq)

E(a0, a1)× · · · × E(aq−1, aq)× Taq
(B⊗p)

' holim
←−

[p]∈∆

TC(B⊗p) := holim
←−
∆

C•(ϕ ; TC) := H(ϕ ; TC).

...... For each prime p, there is a spectrum TC(Λ ; p) containing all the p-primary
information in TC(Λ) which is defined as follows [G, def. .(ii)]: let Ep denote
the discrete subcategory of E with objects {〈1〉 , 〈p〉 , . . . ,

〈
pi

〉
, . . .} and morphisms

HomEp
(〈pm〉 , 〈pn〉) := {ρpi ◦ fpj | m = n + i + j}.

Def. The p-part of topological cyclic homology of Λ : TC(Λ ; p) := holim
←−
Ep

TΛ.

Goodwillie shows in [G] that the canonical map TC(Λ) −→ TC(Λ ; p) induced by
the inclusion Ep −→ E becomes a homotopy equivalence after p-completion, and
therefore

TC(Λ)̂'
∏

p

TC(Λ)p̂ '
∏

p

TC(Λ ; p)p̂.
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...... Proposition. Let ϕ : A −→ B be a ring homomorphism and S a set of primes
such that, for each n ≥ 0, the descent map θ̂ : Tpn(A)Ŝ −→ H(ϕ ; Tpn)Ŝ is a weak
equivalence. Then the map

θ̂ : TC(A ; p)Ŝ −→ H(ϕ ; TC(· ; p))Ŝ

is also a weak homotopy equivalence.

Proof. The proof is formally the same as the proof of the previous theorem, i.e.,

TC(A ; p)Ŝ ' holim
←−
〈pn〉∈Ep

Tpn(A)Ŝ ' holim
←−
〈pn〉∈Ep

holim
←−

[q]∈∆

Tpn(B⊗q)Ŝ

' holim
←−

[q]∈∆

holim
←−
〈pn〉∈Ep

Tpn(B⊗q)Ŝ ' holim
←−

[q]∈∆

TC(A⊗q ; p)Ŝ

' H(ϕ ; TC)Ŝ .

Corollary . Let (A, σ) be a frobenius pair and {(Bα, τα)}α∈A an increasing fil-
tering system of frobenius étale extensions of (A, σ). Let ϕ : A −→ lim

−→
Bα and

τ = lim
−→

τα. Then (B, τ) is a frobenius étale extension of (A, σ) and the descent
map

θ̂ : TC(A ; p)Ŝ −→ H(ϕ ; TC(· ; p))Ŝ

is a weak equivalence, where S is the set of A-regular primes.

Corollary . If o is the integral closure of Zp in a finite unramified or tamely
ramified extension L of Qp, and jα : o −→ oα (resp. j : o −→ osh) is the inclusion,
then the corresponding descent maps

θ : TC(o ; p) −→ H(jα ; TC(· ; p)), θ : TC(o ; p) −→ H(j ; TC(· ; p))

are weak equivalences. Completing at p, and using the result of Goodwillie’s men-
tioned above, one gets equivalences

θ̂ : TC(o)p̂ −→ H(jα ; TC)p̂, θ̂ : TC(o)p̂ −→ H(j ; TC)p̂.

...... There is an alternative description of TC(Λ ; p) [G] which is more convenient
for calculations: consider the diagram

· · · −−−−→ Tpn(Λ)
ρp

−−−−→ Tpn−1(Λ)
ρp

−−−−→ · · ·
ρp

−−−−→ Tp(Λ)
ρp

−−−−→ T1(Λ)
yfp

yfp

yfp

yfp

· · · −−−−→ Tpn−1(Λ)
ρp

−−−−→ Tpn−2(Λ)
ρp

−−−−→ · · ·
ρp

−−−−→ T1(Λ)
ρp

−−−−→ ∗

and define Tp∞(Λ) := holim
←−

{ρp}Tpn(Λ) to be the inverse limit over the restriction

maps in the diagram, that is, the inverse limit of each of the rows of the diagram.
Then TC(Λ ; p) can be computed as the homotopy fiber of the self map 1 − f of
Tp∞(Λ), where f is the endomorphism of Tp∞(Λ) induced by the inclusion maps
fp in the diagram. Thus, we have a fibration sequence of spectra

TC(Λ ; p) −→ Tp∞(Λ)
1−f
−−→ Tp∞(Λ),

and a Milnor short exact sequence for the homotopy groups of Tp∞(Λ), namely,

0 −→ lim
←−
n

1 (π/q)∗+1Tpn(Λ) −→ (π/q)∗Tp∞(Λ) −→ lim
←−
n

(π/q)∗Tpn(Λ) −→ 0.

for each q ≥ 0.
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...... Proposition. Let p be an A-regular prime, q := pn with n ≥ 0, and (B, τ) a
frobenius étale extension of the p-pair (A, σ). Assume that the canonical map

B ⊗A

∏

n≥0

λ]
σ,n(π/q)∗Tpn(A) −→

∏

n≥0

B ⊗A λ]
σ,n(π/q)∗Tpn(A)

is an isomorphism. Then there are canonical isomorphisms of B-modules

B ⊗A λ]
σ(π/q)∗Tp∞(A) ∼= λ]

τ (π/q)∗Tp∞(B).

When A is Z-flat, one can also take q = 0 in the above formulas.

Proof. Recall from paragraph . that there is a commutative diagram

W(A)
W(ϕ) //

ρn+1

��

W(B)

ρn+1

��
Wn+1(A)

ρ1,n

��

ϕn+1 // Wn+1(B)

ρ1,n

��
Wn(A)

ϕn // Wn(B)

A ϕ
//

λσ,n−1

66

>>
λσ

DD

B

λτ,n−1

55

;;
λτ

AA

and isomorphisms ϕe
∗(n) : B ⊗A λ]

σ,n(π/q)∗Tpn(A) −→ λ]
τ,n(π/q)∗Tpn(B) of B-

modules for each n, ∗ ≥ 0. For each Λ = A, B the groups lim
←− {ρp} (π/q)∗Tpn(Λ) are

W(Λ)-modules, and we consider them as Λ-modules via the map λ : Λ −→ W(Λ).
There are isomorphisms

λ] lim
←−
n

(π/q)∗Tpn(Λ) ∼= lim
←−
n

λ]
n(π/q)∗Tpn(Λ).
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Consider now the diagram

0 0
y

y

B ⊗A lim
←−
n≥0

λ]
σ,n(π/q)∗Tpn(A)

ϕ0
∗−−−−→ lim

←−
n≥0

λ]
τ,n(π/q)∗Tpn(B)

y
y

B ⊗A

∏
n≥0

λ]
σ,n(π/q)∗Tpn(A)

ϕe
∗−−−−→

∏
n≥0

λ]
τ,n(π/q)∗Tpn(B)

1−s

y 1−s

y

B ⊗A

∏
n≥0

λ]
σ,n(π/q)∗Tpn(A)

ϕe
∗−−−−→

∏
n≥0

λ]
τ,n(π/q)∗Tpn(B)

y
y

B ⊗A lim
←−

1

n≥0

λ]
σ,n(π/q)∗Tpn(A)

ϕ1
∗−−−−→ lim
←−

1

n≥0

λ]
τ,n(π/q)∗Tpn(B)

y
y

0 0.

The right column is the exact sequence defining the lim
←−

and lim
←−

1 groups of the

inverse system of B-modules {(π/q)∗λ
]
τ,n Tpn(B)}n≥0. The left column is the cor-

responding exact sequence for the system of A-modules {(π/q)∗λ
]
σ,n Tpn(A)}n≥0

tensored with B over A. Since B is a flat A-module, the first column is also exact.
The structure homomorphism ϕ : A −→ B induces an ϕ-dihomomorphism

ϕ∗ :
∏

n≥0

λ]
σ,n(π/q)∗Tpn(A) −→

∏

n≥0

λ]
τ,n(π/q)∗Tpn(B)

which extends to the horizontal map ϕe
∗ of the diagram. The other two horizontal

maps are induced in a similar manner by ϕ∗. By the hypothesis of the proposition
and proposition ., ϕe

∗ is an isomorphism, and it follows from the diagram then
that both ϕ0

∗ and ϕ1
∗ are also isomorphisms. A similar argument, comparing the

two Milnor exact sequences for Λ = A, B, yields isomorphisms

B ⊗A λ]
σ(π/q)∗Tp∞(A) −→ λ]

τ (π/q)∗Tp∞(B).

Corollary . If (B, τ) is an frobenius étale extension of (A, σ) with B a finite
A-algebra, then there are B-module isomorphisms

ϕe
∗ : B ⊗A λ]

σ(π/q)∗Tp∞(A)
∼=
−→ λ]

τ (π/q)∗Tp∞(B).
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Corollary . Let o, oα be as paragraph .. There are isomorphisms of oα-
modules

ϕe
∗ : oα ⊗o λ]

σπ∗Tp∞(o)
∼=
−→ λ]

τα
π∗Tp∞(oα)

for each α ∈ A, ∗ ≥ 0. Accordingly, the descent map θ : Tp∞(o) −→ Ȟ(o ; Tp∞) is a
weak homotopy equivalence.

Proof. The above statement is another application of proposition . using the
previous corollary and the fact that oα is a finite o-algebra for each α ∈ A.

...... We now investigate the descent behaviour of the functor Λ 7→ TC(Λ ; p). The
fibration

TC(Λ ; p)
h
−→ Tp∞(Λ)

1−f
−−→ Tp∞(Λ)

induces a long exact sequence on mod.q homotopy groups

· · · −−−−→ (π/q)∗+1 Tp∞(Λ)
∂∗−−−−→ (π/q)∗TC(Λ ; p)

h∗−−−−→ (π/q)∗Tp∞(Λ)
y1−f∗

· · ·
∂∗←−−−− (π/q)∗Tp∞(Λ)

The map f : Tp∞(Λ) −→ Tp∞(Λ) is the inverse limit of the incusion maps fp of the
diagram of paragraph .. Since π0(fp) = f1

n : Wn+1(Λ) −→Wn(Λ), and in view of
the commutative diagram

W(Λ)
f

−−−−→ W(Λ)

λσ

x λσ

x

Λ
σ

−−−−→ Λ,

it follows that the homomorphisms f∗ : (π/q)∗Tp∞(Λ) −→ (π/q)∗Tp∞(Λ) induced
by the map f : Tp∞ −→ Tp∞ are σ-dihomomorphisms. Accordingly, the maps

1− f∗ : (π/q)∗Tp∞(Λ) −→ (π/q)∗Tp∞(Λ)

are not Λ-homomorphisms unless σ is the identity.

...... Proposition. Assume that (A, σ) is a frobenius p-pair which admits a filtering
weakly cofinal system of frobenius extensions (Aα, τα)α∈A with Aα a finite A-algebra
for each α ∈ A. Then the descent map

θ̂ : TC(A ; p)p̂ −→ Ȟ(A ; TC(· ; p))p̂

is a weak homotopy equivalence. When A is a flat Z-algebra, then the descent map
θ above is an equivalence even before completion.

Proof. The fibration sequence of spectrum valued functors

TC(· ; p)
h
−→ Tp∞

1−f
−−→ Tp∞
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gives rise to a commutative diagram of spectra

Ȟ(A ; TC(· ; p))Ŝ −−−−→ Ȟ(A ; Tp∞)Ŝ −−−−→ Ȟ(A ; Tp∞)Ŝ

θ̂

x θ̂

x θ̂

x

TC(A ; p)Ŝ
h

−−−−→ Tp∞(A)Ŝ

1−f
−−−−→ Tp∞(A)Ŝ

in which the rows are fibration sequences by [Th1], and the middle and right vertical
maps are homotopy equivalences by av evident generalization of corollary  of
proposition ..

Remark. In general, it is not true that (π/q)∗TC(B ; p) ∼= B ⊗A (π/q)∗TC(A ; p).
In fact, the groups (π/q)∗TC(A ; p) have no A-module structure in general, so the
tensor product above is meaningless.

Corollary . If o is the algebraic closure of Zp is an unramified or a tamely rami-

fied extension of Qp, then the descent map θ : TC(o ; p) −→ Ȟ(o ; TC(· ; p)) is a weak
homotopy equivalence.

Using the fibration defining the functor TC(· ; p), one can compute the homotopy
groups π∗TC(o ; p) in terms of the endomorphisms:

1− f∗ : π∗Tp∞(o) −→ Tp∞(o).

Corollary . For each i ≥ 0, there is a short exact sequence

0 −→ ker {1− fi} −→ πi TC(o ; p) −→ coker {1− fi+1} −→ 0.

§6. Local Descent for Algebraic K-Theory

...... In this section we study the descent properties of the functor Λ 7→ K(Λ), which
to every ring Λ associates its algebraic K-theory spectrum K(Λ). Algebraic K-
theory is related to topological cyclic homology by means of the cyclotomic trace
map of [BHM]. This map is actually a natural transformation tr : K −→ TC of
functors from rings to spectra. Accordingly, as described in paragraph ., given a
ring homomorphism ϕ : A −→ B, there is an induced map of augmented cosimplicial
spectra

tr• : C•(ϕ ; K) −→ C•(ϕ ; TC).

Taking homotopy inverse limits of these cosimplicial diagrams, and completing at
a set S of primes, one gets a homotopy commutative diagram of spectra

K(A)Ŝ
θ̂

−−−−→ H(ϕ ; K)Ŝ

t̂r(A)

y
yt̂r

TC(A)Ŝ
θ̂′

−−−−→ H(ϕ ; TC)Ŝ .
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Proposition. Let (A, σ) be a frobenius p-pair which admits a weakly cofinal sys-
tem of frobenius étale extensions {(Aα, τα)}α∈A, S a set of A-regular primes, and
assume that the map t̂r(A) in the above diagram is a weak equivalence. Then the
spectrum K(A)Ŝ is a wedge summand of the S-completed Čech spectrum Ȟ(A ; K)Ŝ.

Proof. We can assume that the system {(Aα, τα)}α∈U is increasing and filtering.

Consider the last diagram with ϕ : A −→ B = lim
−→

Aα. The map θ̂′ is a weak

homotopy equivalence by corollary  of proposition .. It follows that the spectrum
K(A)Ŝ is a wedge summand of H(ϕ ; K)Ŝ. But this last spectrum is equivalent to

Ȟ(A ; K)Ŝ by proposition ., because the K-theory functor Λ 7→ K(Λ) is both
multiplicative and continuous.

Remark. One can also get “degreewise” information about the K-theory descent
map provided that one has similar information about the trace map: more pricesely,
assume that (A, σ) admits a weakly cofinal system of frobenius étale extensions,
and that the homomorphism (tr /q)i : (π/q)i K(A) −→ (π/q)i TC(A) induced by the
trace map is an injection for some i ≥ 0 and q a product of A-regular primes.
Then the homomorphism (θ/q)i : (π/q)i K(A) −→ (π/q)i Ȟ(A ; K) induced by the
K-theory descent map is also an injection.

...... Using a result of R. McCarthy on the behaviour of the cyclotomic trace map
on relative theories, Hesselhold and Madsen have shown the following statement:

Theorem. [HM, th.D] Let k be a perfect field of characteristic p, and A a finite
W(k)-algebra. Then the maps induced by the p-completed cyclotomic trace map

t̂r∗ : π∗K(A)p̂ −→ π∗TC(A)p̂

are isomorphisms for each ∗ ≥ 0.

Applying the proposition of the previous paragraph we get the following:

Corollary. If (A, σ) is a frobenius p-pair with A a finite W(k)-algebra which ad-
mits a weakly cofinal system of frobenius étale extensions, then the spectrum K(A)p̂

is a wedge summand of the spectrum Ȟ(A ; K)p̂.

...... Let now o be the integral closure of Zp in a finite unramified or tamely ramified
extension L of Qp, and let {oα}α∈A be as in paragraph .. Then each oα is a
finite Zp-algebra, and the same is true for any tensor product oα ⊗o · · · ⊗o oα of a
finite number of oα’s. So, by the theorem above, there are isomorphisms

(π/pν)∗K(oα ⊗o · · · ⊗o oα) ∼= (π/pν)∗TC(oα ⊗o · · · ⊗o oα)

∼= (π/pν)∗TC(oα ⊗o · · · ⊗o oα ; p)

for each ∗, ν ≥ 1. It follows that for each α ∈ A the cosimplicial maps

C•(jα ; K)
tr•
−−→ C•(jα ; TC) −→ C•(jα ; TC(· ; p))

are degreewise mod.p equivalences. Taking direct limits over α ∈ A we get that the
same is true for the cosimplicial maps

Č•(jα ; K)
tr•
−−→ Č•(jα ; TC) −→ Č•(jα ; TC(· ; p)).
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Passing to homotopy inverse limits, one gets a commutative diagram

Ȟ(o ; K)p̂ −−−−→ Ȟ(o ; TC)p̂ −−−−→ Ȟ(o ; TC(· ; p)p̂

θ̂

x θ̂

x θ̂

x

K(o)p̂ −−−−→ TC(o)p̂ −−−−→ TC(o ; p)p̂

in which all horizontal maps are weak homotopy equivalences. Since the rightmost
vertical map is a weak equivalence by corollary  of proposition ., all vertical
maps in the above diagram are weak equivalences and we get the following

Proposition. If o is the integral closure of Zp in an unramified or tamely ramified
extension L of Qp, then the K-theory descent maps

θ̂α : K(o)p̂ −→ H(jα ; K)p̂ and θ̂ : K(o)p̂ −→ Ȟ(o ; K)p̂

are weak homotopy equivalences.

Remark. One can translate the formulas of corollary  of . in terms of K-theory
groups: Recall the endomorphism

1− f∗ : (π/pν)∗Tp∞(o) −→ (π/pν)∗Tp∞(o).

The E2-term groups of the K-theory descent spectral sequence {Ěr
∗,∗(o)} with co-

efficients mod.pν are given by the following formulas:

H0(o ;Ki/pν) ∼= ker(1− fi : (π/pν)i Tp∞(o) −→ (π/pν)i Tp∞(o))

H1(o ;Ki/pν) ∼= coker(1− fi+1 : (π/pν)i+1 Tp∞(o) −→ (π/pν)i+1 Tp∞(o))

Hl(o ;Ki/pν) ∼= {0} for l ≥ 2.

Corollary. For each i ≥ 0 and ν ≥ 1, there is a short exact sequence

0 −→ H0(o ;Ki/pν) −→ Ki(o ; Z/pν) −→ H1(o ;Ki+1/pν) −→ 0.

§7. On the descent problem for Local Fields

...... We retain the notation of the previous section: o is the algebraic closure of Zp

in a tamely ramified extension L of Qp, and {oα}α∈A the increasing weakly cofinal
system described in .. In this section we examine the descent problem for the
local field L. There is a commutative diagram

Ȟ(o ; K)

β̌

��
K(o)

γ

��

//

θo

66nnnnnnnnnnnnnn
Ȟ(o ; γ] K|L)

γ̌

��
K|L(L) := K(L)

θL // Ȟ(L ; K|L).

where K denotes the presheaf of spectra A 7→ K(A) on Ét(o) defined by K-theory,

K|L denotes the restriction of K to Ét(L) ⊂ Ét(o), and γ] K|L is the pullback of the
presheaf K|L along the inclusion map γ : o −→ L described in ..
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Lemma. The maps (γ/pν)∗ : (π/pν)∗K(o) −→ (π/pν)∗K(L) induced by γ are iso-
morphisms for each ∗ ≥ 2, and injections for ∗ = 1.

Proof. This follows from Quillen’s localization exact sequence [Q]

· · · −→ (π/pν)∗K(o)
(γ/pν )∗
−−−−−→ (π/pν)∗K(L) −→ (π/pν)∗−1 K(Fpr ) −→ · · ·

and his calculation of the K-theory of finite fields which shows that the mod.pν

K-theory groups (π/pν)∗ K(Fpr ) := K∗(Fpr ; Z/pν) ∼= {0} for each ∗ ≥ 1.

...... By the very definition of the presheaf γ] K|L , for each étale extension o −→ A,
there is a commutative diagram

K(o) −−−−→ K(L)
y

y

K(A)
β

−−−−→ K(A⊗o L) := γ] K|L(A).

The map β of the above diagram induces a natural transformation β : K −→ γ] K|L ,

which induces the map β̌ of the diagram above.

Proposition. For each ∗ ≥ 2, and each ν ≥ 1, the map β̌ induces isomorphisms

(β̌/pν)∗ : (π/pν)∗ Ȟ(o ; K) −→ (π/pν)∗ Ȟ(o ; γ] K|L).

Proof. Consider the filtering system {oα}α∈A defined in paragraph .. For each
α ∈ A, we have oα ⊗o L ∼= Lα, and since the residue field of oa is finite of charac-
teristic p, it follows as in the previous lemma that the maps

(β/pν)∗ : (π/pν)∗K(oα) −→ (π/pν)∗γ
] K|L(oa) = (π/pν)∗K(Lα)

are isomorphisms for each ∗ ≥ 2. Furthermore, β induces a cosimplicial map

β• : lim
−→
α∈A

C•(jα ; K) −→ lim
−→
α∈A

C•(jα ; γ] K|L)

where jα : o −→ oα denotes the inclusion. Since {oα} is weakly cofinal in Cov(o),
taking homotopy inverse limits of these cosimplicial diagrams we get (up to homo-
topy) the map β̌ mentioned above. Comparing the two mod.pν homotopy spectral
sequences of the source and target of β• we get the statement of the lemma.

Corollary. For each i ≥ 1, the descent homomorphism

(θL/pν)i : (π/pν)i K(L) −→ (π/pν)i Ȟ(L ; K)

is an isomophism, if and only if, the corresponding homomorphim

(h/pν)i : (π/pν)i Ȟ(o ; K) −→ (π/pν)i Ȟ(L ; K)
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induced by h := γ̌ ◦ β̌ is an isomoprhism.

Remark. The map h is induced by a cosimplicial map h• : Č•(o ; K) −→ Č•(L ; K),
and therefore the homomorphisms (h/pν)∗, figuring in the last corollary, are the
abutment of the map h•∗ of mod.pν homotopy spectral sequences induced by h•.
However, h•∗ is not an isomorphism on E2-terms, because

Ě2
s,t(o)

∼= H−s(o ;Kt/pν) ∼=





ker {1− ft} when s = 0

coker {1− ft+1} when s = −1

{0} otherwise.

whereas

Ě2
s,t(L) ∼= H−s(L ;Kt/pν) ∼=

{
H−s(L ; µµ⊗i

pν ) when s = 0,−1,−2, and t = 2i

{0} otherwise

In words, the E2-term of the first spectral sequence is concentrated on the 0-th and
(−1)-st columns, while the second one has three possibly non-trivial columns but
trivial even rows.

...... Étale cohomology with supports: Let u = Spec(L) denote the open point of
X = Spec(o), and z = X r u = Spec(k) its closed point. Let

Spec(k) = z
i
−→ X = Spec(o)

j
←− u = Spec(L)

be the corresponding closed and open immersions. By [Mi, ch.III, proposition .],

given an abelian sheaf F on Ét(o), there is a long exact sequence

0 −→ H0
z(o ;F) −→ H0(o ;F) −→ H0(L ;F|L) −→ H1

z(o ;F) −→ · · ·

· · · −→ Hs
z(o ;F) −→ Hs(o ;F|L) −→ Hs(L ;F) −→ Hs+1

z (o ;F) −→ · · ·

where H∗(Λ ;F) denotes the étale cohomology of Spec(Λ) with coefficients in the
sheaf F , and H∗z(o ;F) := H∗(o ; i∗i

!F) are the cohomology groups with support on
the closed subspace z. We apply the above with F = Ki/pν , the abelian sheaf on

Ét(o) associated to the presheaf A 7→ (π/pν)i K(A).

Lemma. For each i ≥ 2, and each ν ≥ 1, there are isomorhisms

j∗(Ki/pν) := (Ki/pν)|L
∼=

{
µµ
⊗i/2
pν when i is even

0 when i is odd.

Proof. The restriction of the presheaf A 7→ (π/pν)i K(A) to Spec(L) is by definition
the presheaf L′ 7→ (π/pν)i K(L′). The lemma then follows from the fact that the
inverse image functor commutes with sheafification in this situation [Mi, ch.II,
remark .(b)], and Suslin’s calculation of the K-theory of separably closed fields
which determined the K-theory sheaf on the étale site of a field.
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...... The long exact sequence of . applied with F = K2i/pν gives

0 −−−−→ H0
z(o ;K2i/pν) −−−−→ H0(o ;K2i/pν) −−−−→ H0(L ; µµ⊗i

pν )
y

H1(L ; µµ⊗i
pν ) ←−−−− H1(o ;K2i/pν) ←−−−− H1

z(o ;K2i/pν)
y

H2
z(o ;K2i/pν) −−−−→ 0 −−−−→ H2(L ; µµ⊗i

pν )
y

· · · ←−−−− 0 ←−−−− H3
z(o ;K2i/pν)

with the remainning part of the sequence being trivial. On the other hand, taking
F = K2i+1/pν we get isomorphisms

H∗z(o ;K2i+1/pν) ∼= H∗(o ;K2i+1/pν) for each ∗, i ≥ 0;

these last groups are trivial for ∗ ≥ 2, and for ∗ = 0, 1 are described in ..

...... Proposition. For each ν, i ≥ 1, there is a short exact sequence

0 −→ j!µµ
⊗i
pν

ρ
−→ K2i/pν t

−→ T C2i/pν −→ 0

of sheaves on X := Spec(o), as well as, an isomorphism

t : K2i+1/pν −→ T C2i+1/pν .

Proof. The map t : Ki/pν −→ T Ci/pν is the sheafification of the cyclotomic trace
map, whereas

ρ : j!µµ
⊗i
pν
∼= j!j

∗K2i/pν −→ K2i/pν

is the canonical adjuction map of the adjoint pair of functors (j!, j
∗). The exactness

statements of the proposition are verified by looking at the stalks over the two points
x, u of Spec o.

Corollary. The sheafification ti : Ki/pν −→ T Ci/pν of the trace map is identified
with the canonical adjunction map

Ki/pν −→ i∗i
∗Ki/pν ∼= T Ci/pν for each i ≥ 0.

Proof. This is seen by comparing the short exact sequence

0 −→ j!j
∗Ki/pν −→ Ki/pν −→ i∗i

∗Ki/pν −→ 0,

which is valid for every sheaf F on X (in place of Ki/pν), with the one of the
proposition.
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...... Following [Th2], let’s define Ȟz(o ; K) to be the homotopy fiber of the map
h := γ̌ ◦ β̌ of paragraph ., so that we have a fibration sequence of spectra

Ȟz(o ; K) −→ Ȟ(o ; K)
h
−→ Ȟ(L ; K|L).

By theorem D.4 of [Th2, appendix D], there is a spectral sequence with

E2
s,t
∼= H−s

z (o ;Kt/pν) =⇒ (π/pν)s+tȞz(o ; K)

for each ν ≥ 1. Here is a picture of the E2-term:

...
...

...
...

...
...

...
...

...
...

...
...

· · · 0 H3
z(o ;K4) H2

z(o ;K4) H1
z(o ;K4) H0

z(o ;K4)

. . . 0 0 0 H1
z(o ;K3)

d2

jj

H0
z(o ;K3)

d2

jj

· · · 0 H3
z(o ;K2) H2

z(o ;K2) H1
z(o ;K2) H0

z(o ;K2)

· · · 0 0 0 H1
z(o ;K1)

d2

jj

H0
z(o ;K1)

d2

jj

· · · 0 H3
z(o ;K0) H2

z(o ;K0) H1
z(o ;K0) H0

z(o ;K0)

OO

oo

Remark. From the E2 term above we see that the spectrum Ȟz(o ; K) will be con-
tractible if the following two statements hold:

(1a) Hε
z(o ;K2i/pν) ∼= 0 for each ε = 0, 1, and i ≥ 1,

(2a) the d2-differential induces isomorphisms

d2 : Hε
z(o ;K2i−1/pν) −→ Hε+2

z (o ;K2i/pν) for each ε = 0, 1, & i ≥ 1.
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Using the exact sequences of ., we see that the above two statements are equiva-
lent to the following two

(1b) The maps H0(o ;K2i/pν) −→ H0(L ; µµ⊗i
pν ) are isomorphisms for each i ≥ 1,

(2b) The d2-differential induces isomorphisms

d2 : Hε(o ;K2i−1/pν) −→ Hε+1(L ; µµ⊗i
pν ) for each ε = 0, 1, & i ≥ 1.

Proposition. The descent map θ : K(L) −→ Ȟ(L ; K) induces homomorphisms on
mod.pν homotopy groups (π/pν)∗ for each ∗ ≥ 2 if the d2-differential in the spectral
sequence above induces isomorphisms

d2 : Hε
z(o ;Ki/pν) −→ Hε+2

z (o ;Ki+1/pν) for each ε = 0, 1, and i ≥ 1.
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