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Abstract. In this paper we compute the mod-lν higher Chow groups and mod-lν higher K-groups of pro-

jective non-singular linear varieties defined over an algebraically closed field.

0. Introduction. Throughout the paper we will restrict to linear varieties over an algebraically
closed field k of arbitrary characteristic p ≥ 0, where a linear variety is used in the sense of Jannsen and
Totaro (see [Jan] Part III, section 14 and also [Tot]). The class of linear varieties contains all toric and
spherical varieties; it also contains all varieties on which a connected solvable group acts with finitely
many orbits and also varieties that are stratified by strata which are products of tori and affine spaces.

(0.1) Let l denote a fixed prime different from p and let ν > 0 be an integer. We will adopt the
following notations throughout. A variety will mean a reduced scheme of finite type over k. If Z is
a variety, CHr(Z, s) will denote Bloch’s higher Chow group of codimension r cycles on Z × ∆k[s],
where ∆k[s] is the s-simplex over k. (See [Bl-1].) (For s = 0, this will be denoted simply CHr(Z).)
The higher cycle map CHm(Z, 2m − n) −→ Hn

et(Z; Z/lν(m)) (see [Bl-3]) will be denoted cl. (The
latter denotes mod − lν étale cohomology.) Moreover, we will let zr(Z, .) denote the chain complex
defined in [Bl-1] (see the appendix) whose s-th homology group will be CHr(Z, s). If l and ν are
as above, we will let zr(Z, s; Z/lν) = zr(Z, s)⊗

Z

Z/lν . The s-th homology group of the above

chain complex will be denoted CHr(Z, s; Z/lν); we will identify this with the corresponding mod-lν

motivic cohomology group. The induced cycle map CHm(Z, 2m − n; Z/lν) −→ Hn
et(Z; Z/lν(m))

will be denoted cllν . We will let CHr(Z, s; Zl) = lim
←
ν

CHr(Z, s; Z/lν). We will identify this with the

motivic cohomology group denoted H2r−s
M (X, Zl(r)). (If s = 0, we will let CHr(Z; Zl) denote the above

group.) The corresponding cycle map into Hn
et(Z; Zl(m)) = lim

←
ν

Hn
et(Z; Z/lν(m)) will be denoted cll.

If Z is a variety, K(Z) (G(Z)) will denote the K-theory spectrum of the exact category of locally free
coherent OZ -modules (the K-theory spectrum of the exact category of coherent OZ-modules, respec-
tively ). If l is as above, K/lν(Z) (G/lν(Z)) will denote the smash product of K(Z) (G(Z), respectively
) with an appropriate Moore-spectrum. K/lνtop(Z) ( G/lνtop(Z)) will denote the corresponding mod-lν

topological K-theory (G-theory, respectively ) which may be obtained from K/lν(Z) (G/lν(Z), respec-
tively ) by inverting the Bott element. (See [T]. The mod-lν topological K-theory may be identified with
the mod-lν étale K-theory in [Fr].) It is shown in [T] (A.6) that, if ν is sufficiently large, (i.e. if l > 3, all
ν ≥ 1 are allowed, while if l = 3, ν ≥ 2 and if l = 2, ν ≥ 4), the above spectra are homotopy associative
and commutative. Therefore we will assume ν is sufficiently large throughout.

In this paper we establish the following results on the mod − lν motivic cohomology and mod − lν

algebraic and topological K-theory of linear varieties.

(0.2)Theorem. Let X denote a projective nonsingular variety over k so that the class of the diagonal
∆ ε CH∗(X × X ; Zl) may be written as a sum Σiαi × βi for classes αi, βi ε CH∗(X ; Zl). (i) Now the
higher cycle-map
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cll : CHr(X, n; Zl) −→ H2r−n
et (X ; Zl(r))

is an isomorphism for each fixed n ≥ 0. In particular, both terms are trivial if n is odd.

(ii) For each fixed integer n ≥ 0, ⊕
r
CHr(X, n; Zl) ∼= ⊕

r
H2r−n

M (X, Zl(r)) is generated over

⊕
r
H∗M (Spec k, Zl(r)) ∼= ⊕

r
Zl(r) by classes {αi} ⊆ CH∗(X ; Zl). Moreover for each fixed pair of

integers u and v, the motivic cohomology Hu
M (X, Zl(v)) is a free Zl-module which is trivial if u is odd.

(iii) All the above assertions hold with Zl replaced Z/lν . �

A Kunneth theorem for the usual Chow groups of linear varieties due to Totaro (see [Tot] and [J])
shows that the hypotheses of the above theorem are in fact satisfied by all projective nonsingular linear
varieties over k.

Next we compute the mod − lν algebraic and topological K-theory of linear varieties. We state these
as the following theorems.

(0.3) Theorem (i) Let X denote a projective non-singular toric variety or a projective nonsingular
variety on which a torus acts with finitely many fixed points. Now there exists a spectral sequence

Es,t
2 = Hs

et(X ; πt(K/lν( ))˜ ) ⇒ π−s+t(K/lν(X))

Here πt(K/lν( ))˜ denotes the sheaf of t-th homotopy groups associated to the presheaf U −→ K/lν(U),
U in the étale topology of X . Moreover the above spectral sequence degenerates at the E2-level and
πn(K/lν(X)) is trivial for all odd integers n and negative integers while it is a free Z/lν -module for all
non-negative even integers n. Moreover one obtains an isomorphism:

πn(K/lν(X)) ∼= ⊕
k
H2k

et (X ; Z/lν), for all n even, n ≥ 0.

This isomorphism is not natural in X .

(ii) Assuming the existence of a mod − lν Bloch-Lichtenbaum spectral sequence (see [Bl-L]) for all
projective non-singular linear varieties, the results of (i) extend to all projective non-singular linear
varieties. �

Recall from [T] the existence of a spectral sequence

Es,t
2 = Hs

et(X ; πt(K/lνtop( ))˜ ) ⇒ π−s+t(K/lνtop(X))

Here πt(K/lνtop( )) ˜ denotes the sheaf of t-th homotopy groups associated to the presheaf U −→
K/lνtop(U), U in the étale topology of X . (This holds for all varieties over k.)

(0.4) Theorem. (i) Let X denote a projective non-singular linear variety. Now the above spectral
sequence degenerates at the E2-level and πn(K/lνtop(X)) is trivial for all odd integers n while it is a free
Z/lν -module for all even integers n. One also obtains an isomorphism:

πn(K/lνtop(X)) ∼= ⊕
k
H2k

et (X ; Z/lν), for all n even.

This isomorphism is, once again, not natural in X .

(ii) Let X denote a variety provided with a stratification by finite strata each of which is isomorphic to
the product of a torus and an affine space. The natural map πn(G/lν(X)) −→ πn(G/lνtop(X)) is injective
for all n and if d is the dimension of X , it is an isomorphism for all n ≥ d − 1. �

(0.5)Remarks. Theorem (0.3) shows that one may compute the higher mod-lν K-theory of the above
varieties knowing their mod-lν étale cohomology. However the mod-lν topological K-theory of a non-
singular toric or spherical variety is not, in general, isomorphic (in non-negative degrees) to the mod-lν

K-theory as the simple example of the torus G2
m will show. (See [Fr] Proposition (3.4).) Consequently

the descent spectral sequence as in (0.3) does not exist in general for all non-singular linear varieties (i.e.
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unless one restricts to projective non-singular linear varieties). We leave as an open question whether,
the descent spectral sequence in (0.3) in fact holds for all projective non-singular linear varieties.

Theorem (0.2) plays a key role in the computations in (0.3) and (0.4). The hypothesis that the variety
be projective seems also essential in (0.2). Finally a recent result of Levine (see [Lev-2]) shows that the
mod-lν motivic cohomology with the Bott element inverted is isomorphic under fairly general conditions
to mod-lν étale cohomology. �

The organization of the paper is as follows. We prove theorem (0.2) in the first section. The theorems
(0.3) and (0.4) are established in the next section. In the third section we compute the mod-lν higher
Chow groups and mod-lν higher K-theory of some examples using elementary methods and arrive at
similar results.

We would like to thank Burt Totaro, Marc Levine, Michel Brion and Eric Friedlander for some helpful
discussions on this paper. The use of the Bloch-Lichtenbaum spectral sequence in Theorem (0.3) was
suggested to us by Totaro. Moreover we thank him for a careful reading of the paper and some helpful
comments.

1. Proof of Theorem (0.2)

We begin with the key hypothesis that if [∆] denotes the class of the diagonal of X ×X in CH∗(X ×
X ; Zl), it decomposes in the form

(1.1.1) [∆] = Σi(αi × βi) = Σip
∗

1(αi) ◦ p∗2(βi), αi, βi ε CH∗(X ; Zl)

(Here pi : X × X −→ X , i = 1, 2 denotes the obvious projection to the i-th factor and ◦ denotes the
intersection product on CH∗(X × X ; Zl. We will continue to let ◦ denote the intersection product on
the higher Chow groups.) We may assume βi ε CH i(X ; Zl) and that αi ε CHd−i(X ; Zl). Next let n ≥ 0
denote a fixed integer. Now we obtain:

(1.1.2) x = p1∗([∆] ◦ p∗2(x)), x ε CH∗(X, n; Zl).

where ◦ denotes the intersection product. By the projection formula and the observation that the class
[∆] = ∆∗(1), 1 = [X ] ε CH∗(X ; Zl) (see (A.1.3)), we obtain equality of the classes [∆] ◦ p∗2(x) =
∆∗(∆

∗(p∗2(x)). Therefore p1∗([∆] ◦ p∗2(x)) = p1∗(∆∗(∆
∗(p∗2(x)))) = (p1 ◦ ∆)∗((p2 ◦ ∆)∗(x)) = x, for any

class x ε CH∗(X, n; Zl). Now substitute the formula for [∆] from (1.1.1) in (1.1.2) and use the
projection formula to obtain:

(1.1.3) x = Σiαi ◦ p1∗(p
∗

2(βi ◦ x))

The cartesian square

X × X
p2

−−−−→ X

p1





y





y

p′
1

X
p′
2−−−−→ Spec k

and flat base-change (see (A.1.4)) provide the identification p1∗(p
∗

2(βi ◦ x)) = p′2
∗

p′1∗(βi ◦ x). Now the
class p′1∗(βi ◦ x) ε CH∗(Spec k, n; Zl).

(1.1.4) It follows that the classes {αi|i ε I} generate CH∗(X, n; Zl) over ⊕
r,s

CHr(Spec k, s; Zl).

This proves the first assertion in (ii).
Observe from Suslin’s computation of the mod-lν higher Chow groups of Spec k and its extension to

positive characteristic by Levine (see [Sus-3] and [Lev-1] Corollary (11.7)),
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(1.1.5)

CHr(Spec k, s; Zl) ∼= H2r−s
et (Spec k; Zl(r)) ∼= Zl(r), s = 2r

∼= 0, s 6= 2r

Moreover, it follows from Proposition (1.2) (see below) that we may assume the above isomorphism
is in fact given by Bloch’s higher cycle maps. Observe also that now (1.1.4) and (1.1.5) show that
CH∗(X, n; Zl) ∼= 0 if n is odd.

Next we show that for each fixed integer n, the l-adic cycle map

cll : CH∗(X, n; Zl) −→ ⊕
r
H2r−n

et (X ; Zl(r))

is surjective. Since X is projective and smooth the projections pi induce maps pi∗ : H∗et(X×X ; Zl(r)) −→

H∗−2d
et (X ; Zl(r−d)) and p∗i : H∗et(X ; Zl(r)) −→ H∗et(X×X ; Zl(r)) where d is the dimension of X . Moreover

the cycle-class of the diagonal cll([∆]) belongs to H2d
et (X × X ; Zl(d)). Now cll(βi) ε H2i

et (X ; Zl(i)). Let
x′ ε H2r−n

et (X ; Zl(r)). Now the formula

(1.1.2)’ x′ = p1∗(cll([∆]) ∪ p∗2(x
′))

holds by an argument as in the proof of (1.1.2). Moreover cll([∆]) = Σip
∗

1(cll(αi)) ∪ p∗2(cll(βi)). Substi-
tuting this into (1.1.2)’ and using the projection formula, we obtain x′ = Σicll(αi) ∪ p1∗p

∗

2(cll(βi) ∪ x′).

Now p1∗p
∗

2(cll(βi)∪x′) = p′2
∗(p′1∗(cll(βi)∪x′)) and p′1∗(cll(βi)∪x′) ε H2i+2r−n−2d

et (Spec k; Zl(i+r−d))
since cll(βi) ∪ x′ ε H2i+2r−n

et (X ; Zl(i + r)). By (1.1.5) and proposition (1.2) (see below), one observes

the isomorphism cll : CH i+r−d(Spec k, n; Zl)
∼=
−→ H2i+2r−2d−n

et (Spec k; Zl(i + r − d)). Therefore
one may write p′1∗(cll(βi) ∪ x) = cll(γi) for some γi ε CH i+r−d(Spec k, n; Zl). It follows

(1.1.6) x′ = Σicll(αi) ∪ cll(p
′

2
∗

(γi)) = Σicll(αi ◦ p′2
∗

(γi)).

This proves the surjectivity of the l-adic cycle map for each fixed integer n. Taking n = 1, it follows in
particular that H i

et(X ; Zl(r)) ∼= H i
et(X ; Zl) = 0 if i is odd.

Next we will show the above cycle map is injective as well proving (i). To see this suppose
x ε CH∗(X, n; Zl) so that cll(x) = 0. Now cll(p1∗p

∗

2(βi◦x)) = p1∗p
∗

2(cll(βi)∪cll(x)) = 0 for all i. (See
(A.1.7).) Since p1∗p

∗

2(βi◦x) = p′2
∗

p′1∗(βi◦x), cll(p1∗p
∗

2(βi◦x)) = cll(p
′

2
∗

p′1∗(βi◦x)) = p′2
∗

(cll(p
′

1∗(βi◦x))) =
0. However p′2

∗

: ⊕
r
H∗et(Spec k; Zl(r)) −→ ⊕

r
H∗et(X ; Zl(r)) is injective, it follows that cll(p

′

1∗(βi ◦x)) = 0.

Since the cycle class map cll : CHr(Spec k, n; Zl) −→ H2r−n
et (Spec k; Zl(r)) is an isomorphism (see

Proposition (1.2) below) it follows that p′1∗(βi ◦ x) = 0. Therefore p′2
∗

(p′1∗(βi ◦ x) = p1∗(p
∗

2(βi ◦ x) = 0
for all i. Now (1.1.3) shows that x itself is trivial. This completes the proof of the assertion in (i).

Now we recall the short exact sequence (from [Lau] Proposition (2.2)(ii)):

(1.1.6) 0 −→ Hom(Tors(H i+1
et (X ; Zl)), Ql/Zl) −→ Het

i (X ; Zl) −→ Hom(H i
et(X ; Zl), Zl) −→ 0

Here Hom is in the category of Zl-modules and Tors(H i+1
et (X ; Zl)) denotes the torsion part of H i+1

et (X ; Zl).

(This is nothing other than the universal coefficient sequence and the first term is Ext1(H i+1
et (X ; Zl); Zl)

computed using the injective resolution Ql −→ Ql/Zl of Zl.) Now let i = 2j be an even integer. By the
above arguments, H i+1

et (X ; Zl) ∼= 0. Therefore Het
i (X ; Zl) ∼= Hom(H i

et(X ; Zl); Zl) is a free Zl -module.
Now Poincaré-duality shows that H i

et(X ; Zl(r)) ∼= Het
2d−i(X ; Zl(r − d)) ∼= Het

2d−i(X ; Zl). These show

that each H i
et(X ; Zl(r)) is a free Zl-module if i is even and trivial if i is odd. Now the observation that

the l-adic cycle map is an isomorphism shows CHr(X, n; Zl) is also a free Zl module for all r and n.
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Since all the modules we are considering are free over Zl, tensoring with Z/lν now completes the proof
of Theorem (0.2). �

(1.2) Proposition. The higher cycle map

(1.2.*) cllν : CHq(Spec k, p; Z/lν) −→ H2q−p
et (Spec k; Z/lν(q))

is an isomorphism for each fixed integer p ≥ 0.

Proof. By the homotopy property one obtains the isomorphism:

(1.2.1) CHq(Spec k, p; Z/lν) ∼= CHq(Aq , p; Z/lν).

Now by Suslin’s computation and its extension to positive characteristic by Levine (see [Sus-3] and
[Lev-1] Corollary (11.7)), CHq(Aq , p; Z/lν) ∼= 0 unless p = 2q and ∼= Z/lν if p = 2q. Therefore the
left-hand-side in (1.2.*) is trivial unless p = 2q ≥ 0. i.e. we may assume that p = 2q. Moreover, since
CHq(Spec k, 2q; Z/lν) ∼= CHq(Aq , 2q; Z/lν) ∼= Z/lν , it suffices to show that higher cycle map
in (1.2.*) with p = 2q is surjective. By the multiplicative property of the cycle map we now reduce to
the case where q = 1 and p = 2. In this case, this follows immediately from [Bl-3] p. 73 which identifies
CH1(X, 2; Z/lν) with Γ(X, µlν ) for any scheme X . (Here µlν is the sheaf of lν-th roots of unity on
X .) �

2. Proofs of Theorems (0.3) and (0.4)

(2.0) We will first recall the definition of the hypercohomology spectrum for presheaves of spectra
essentially from [T]. Let X denote a scheme of finite type over k and let F denote a presheaf of spectra
on the big étale site of X . Throughout we will restrict to presheaves of spectra F so that for each integer
n and each U in the site, πn(Γ(U, F )) is finite with torsion prime to the characteristic. Now we let G .F
denote the cosimplicial object provided by the Godement resolution {GF...GnF |n} on the small étale
site of X . (See for example [T](1.31).) We let

(2.0.1) H(X ; F ) = holim
∆

Γ(X,GnF )

which is the homotopy limit of the cosimplicial object {Γ(X,GnF )|n}. This is clearly functorial in F ; one
may also observe (using the properties of the homotopy inverse limit) that it preserves fibration sequences
in F . It also preserves weak-equivalences in F (provided F is a presheaf of fibrant spectra). Now the
usual spectral sequence for the homotopy inverse limit of a spectrum provides a spectral sequence:

(2.0.2) Es,t
2 = Hs

et(X ; πt(F ) )̃ ⇒ π−s+t(H(X ; F ))

This spectral sequence converges strongly since there is a uniform bound on the l-cohomological dimen-
sion of the schemes considered here. Finally observe that there is a natural augmentation Γ(X ; F ) −→
H(X ; F ).

(2.1.1) Let F = G be the presheaf X 7→ G(X). Quillen (see [Qu]) shows that now we obtain
localization sequences in the following sense. Let i : Z −→ X denote a closed immersion with j : U −→ X
the open immersion of its complement. In this situation we obtain cofibration sequence G(Z) −→ G(X) −→
G(U) of spectra. Moreover he establishes the continuity property (see [Qu] I, section 2); this and the
properties of homotopy inverse limits show that now we obtain the commutative diagram:

Γ(Z; F ) −−−−→ Γ(X ; F ) −−−−→ Γ(U ; F ) −−−−→ ΣΓ(Z; F )




y





y





y





y

H(Z; F ) −−−−→ H(X ; F ) −−−−→ H(U ; F ) −−−−→ H(Z; ΣF )
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where each row is a cofibration sequence of spectra and the vertical maps are the obvious augmentation
maps. (Here F = G.) Since smashing with a Moore-spectrum or inverting the Bott element preserves
cofibration sequences of spectra, we obtain a similar commutative diagram with the presheaves F = G/lν

and F = G/lνtop.

(2.1.2) Proposition. X denote a quasi-projective variety that has a decomposition into a finite
number of strata each of which is isomorphic to an affine space. Now the natural map G/lν(X) −→
H(X ; G/lν( )) induces an isomorphism:

πn(G/lν(X)) −→ πn(H(X ; G/lν( ))), n ≥ 0

Proof. Let d denote the dimension of X . Now let U0 = the union of the strata of dimension d; let
Uk − Uk−1 denote the union of strata of dimension d − k. Now we obtain a commutative diagram of
localization sequences:

πn+1(G/lν(U0)) −−−−→ πn(G/lν(X − U0)) −−−−→ πn(G/lν(X)) −−−−→ πn(G/lν(U0))




y





y





y





y

πn+1(H(U0; G/lν())) −−−−→ πn(H(X − U0; G/lν())) −−−−→ πn(H(X ; G/lν())) −−−−→ πn(H(U0; G/lν()))

Since U0 is a disjoint union of affine spaces, the first and last vertical maps are isomorphisms. To see
this we need to compute the sheaves U −→ πn(G/lν(U)) ,̃ U on the étale site of X . The computation
of the K-theory of strictly Hensel local rings (and the proof of the Lichtenbaum-Quillen conjecture)
by Suslin (see [Sus-1], [Sus-2] and also [G-T]) shows that the sheaf U −→ πn(G/lν(U)) ,̃ U in the
étale topology of X is the constant sheaf Z/lν if n ≥ 0 is even and is trivial otherwise. Therefore the
spectral sequence in (2.0.1), the homotopy property of G/lν-theory and the homotopy property of étale
cohomology with Z/lν-coefficients provide the required isomorphism. Observe that the dimension of
X − U0 is strictly less than d. Therefore, by ascending induction on the dimension of X − U0 one may
assume the second vertical map above is also an isomorphism. Now consider the case n = 0; observe
that now the last map in the top row is surjective. Therefore a five-lemma argument shows that the map
π0(G/lν(X)) −→ π0(H(X ; G/lν( ))) is an isomorphism. If n > 0, the term following the last term on
the top row (bottom row) is πn−1(G/lν(X −U0)) (πn−1(H(X −U0; G/lν( ))), respectively ). The map
πn−1(G/lν(X − U0)) −→ πn−1(H(X − U0; G/lν())) is also an isomorphism by the inductive hypothesis
on the dimension of X . Now a five lemma argument once again shows that the map πn(G/lν(X)) −→
πn(H(X ; G/lν( ))) is also an isomorphism. �

(2.1.3) Corollary. (i) If X is a variety as in (2.1.2) there exists a spectral sequence:

Es,t
2 = Hs

et(X ; πt(G/lν( )) )̃ ⇒ π−s+t(G/lν(X))

(ii) The hypothesis of (2.1.2) is satisfied by all projective smooth toric and spherical varieties and
by all projective smooth varieties provided with the action of a torus so that the fixed point scheme is
discrete.

Proof. (i) follows readily from (2.1.2) and the spectral sequence in (2.0.1). All varieties in (ii) come
provided with the action of a torus that has only finitely many fixed points. Therefore they all come
provided with a decomposition into strata that are affine spaces as shown by Bialynicki-Birula. (See
[B-B].) �

Proof of Theorem (0.3). The existence of the spectral sequence in (i) is clear from (2.1.3). Again we
need to compute the sheaves U −→ πn(G/lν(U)) ,̃ U −→ πn(G/lνtop(U)) ,̃ U on the étale site of X . The
computation of the K-theory of strictly Hensel local rings (and the proof of the Lichtenbaum-Quillen
conjecture) by Suslin (see [Sus-1], [Sus-2] and also [G-T]) shows that the sheaf U −→ πn(G/lν(U)) ,̃ U
in the étale topology of X is the constant sheaf Z/lν if n ≥ 0 is even and is trivial otherwise. It follows

from Theorem (0.2) that the Es,t
2 terms are all projective and hence free (since Z/lν is a local ring)
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modules over Z/lν . Now the abutment has a filtration whose successive terms are these E2-terms; it
follows the abutment is a split extension of the E2-terms. This proves (i) in Theorem (0.3).

Now we consider (ii). Recall the (conjectured) Bloch-Lichtenbaum spectral sequence is of the form:

Es,t
2 = Hs−t

M (X ; Z/lν(−t)) ∼= Hs−t
et (X ; Z/lν(−t)) ⇒ π−s−t(G/lν(X))

Observe also that the differentials dr : Es,t
r −→ Es+r,t−r+1

r . Clearly either s − t or s + r − (t − r + 1) =
s−t+(2r−1) is odd. Therefore Theorem (0.2)and ascending induction on r shows that these differentials

are all zero. It follows that the above spectral sequence degenerates and Es,t
2 = Es,t

∞
for all s, t. Since

these are free modules over Z/lν it follows that the abutment is in fact a split extension of these Es,t
2 -

terms. This completes the proof of theorem (0.3). �

Proof of Theorem (0.4). Take the presheaf F = G/lνtop in (2.0.1) and use [T] Theorem (2.47), to
obtain the spectral sequence in Theorem (0.4). (Observe that [T] (2.47) provides the weak-equivalence

Γ(X ; G/lνtop)
'

−→ H(X ; G/lνtop). The proof of the first assertion now follows along the same lines as the
proof of Theorem (0.3). Next we consider the last assertion in Theorem (0.4). For this one considers
the commutative diagram

πn(G/lν(X − U)) −−−−→ πn(G/lν(X)) −−−−→ πn(G/lν(U)) −−−−→ πn−1(G/lν(X − U))




y





y





y





y

πn(G/lνtop(X − U)) −−−−→ πn(G/lνtop(X)) −−−−→ πn(G/lνtop(U)) −−−−→ πn−1(G/lνtop(X − U))

Here U is the open dense stratum. The homotopy property shows that one may assume U is a torus
of dimension ≤ d. In this case the computation in [Fr] Proposition (3.4) shows that the third vertical
map is an isomorphism for all n ≥ d − 1. We may assume the same holds for the first and last vertical
map using ascending induction. (Observe that the dimension of X − U is strictly less than that of X .)
Therefore a five lemma argument shows the second vertical map is also an isomorphism if n ≥ d − 1. A
similar five lemma argument applies to show the second vertical map is injective for all n. �

3. Some examples.

In this section we verify Theorems (0.2) and (0.3) by computing the mod−lν-K-theory and mod-lν

motivic cohomology of several toric surfaces and three-folds using elementary methods i.e. we do not use
any of the sophisticated computations in [Sus-3] or [Lev-1], but instead rely totally on the localization
sequence and the resulting blow-up formula.

(3.1) Proposition. Let i : Y −→ X denote a regular closed immersion of smooth schemes over an
algebraically closed field k. Let X ′ denote the blow-up of X along Y and assume that Y is of pure
co-dimension c in X . (i) Now there exists a weak-equivalence:

G/lν(X ′) ' G/lν(X) ×
(c−1)

Π G/lν(Y )

Taking the homotopy groups, one obtains:

πn(G/lν(X ′)) ∼= πn(G/lν(X)) ⊕
(c−1)
⊕ πn(G/lν(Y )), all n.

(ii) Similarly there exists a quasi-isomorphism: z∗(X ′, .) ' z∗(X, .) ×
(c−1)

Π z∗(Y, .). Taking the homo-
topy groups one obtains the isomorphism:

CH∗(X ′, n) ' CH∗(X, n) ⊕
(c−1)
⊕ CH∗(Y, n)

for each fixed integer n.
7
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Proof. The proof of (i) being very similar, we will consider (ii) only. We begin with the commutative
diagram:

z∗(Y ′, .) −−−−→ z∗(X ′, .) −−−−→ z∗(X ′ − Y ′, .)

πY ∗

x





π∗
X

x





x





'

z∗(Y, .) −−−−→ z∗(X, .) −−−−→ z∗(X − Y, .)

where Y ′ is the exceptional divisor and πX : X ′ −→ X , πY : Y ′ −→ Y are the obvious maps. The two
rows are distinguished triangles by the localization theorem. This readily shows that the diagram

z∗(Y, .) −→ z∗(Y ′, .) ⊕ z∗(X, .) −→ z∗(X ′, .)

is a distinguished triangle. Now the observation that Y ′ is a projective space bundle over Y (associated
to the normal bundle of Y in X), the computation in [Bl-1] Theorem (7.1), and the observation that
πY ∗ ◦ π∗Y = id proves the quasi-isomorphism in (ii). �

Observe that since all the schemes are smooth, one may replace the mod−lν G-theory by the corre-
sponding mod−lν K-theory.

One has a similar formula at the level of étale cohomology with Z/lν-coefficients. i.e.

(3.2) H∗et(X
′; Z/lν) ∼= H∗et(X ; Z/lν) ⊕

(c−1)
⊕ H∗et(Y ; Z/lν).

Now we begin by considering non-singular complete toric surfaces. It is shown in [Ful-1] p.43 that
all such varieties are obtained by a finite sequence of blow-ups centered at the fixed points of the given
torus starting with either the projective space P2 or the Hirzebruch surface Fa, which is a ruled surface.

(3.3) Proposition. Let X denote a non-singular complete toric variety of dimension ≤ 2 over an
algebraically closed field k. For each even integer n ≥ 0, one obtains an (abstract) isomorphism (of
Z/lν-modules):

πn(K/lν(X)) ∼= H∗et(X ; Z/lν) = ⊕
k
H2k

et (X ; Z/lν) and

CH∗(X, n; Z/lν) ∼= ⊕
k
H2k

et (X ; Z/lν)

Proof. We will observe that the above result holds for points and nonsingular complete toric varieties of
dimension 1 which are all isomorphic to P1. This follows from the computation of the mod-lν K-theory
and motivic cohomology of projective spaces:

if E is a vector bundle of dimension d > 1 over a variety Y ,

(3.3.1) πn(K/lν(Proj(E))) ∼=
d
⊕πn(K/lν(Y )), CH∗(Proj(E); n) ∼=

d
⊕CH∗(Y ; n) and

H∗et(Proj(E); Z/lν ) ∼=
d
⊕H∗et(Y ; Z/lν)

The above formula therefore proves the proposition for P2 and Fa. Now assume we are considering a
toric surface X obtained by n successive blow-up of points starting with either P2 or Fa. Let Xk denote
the variety at the k-th stage. If k = 1, clearly the proposition is true for X1, since now Xk is either P2

or Fa. Therefore we may use ascending induction to prove the proposition. Assume k is a fixed integer
> 1 and the proposition is true for all Xn, n < k. Now Xk is obtained from Xk−1 by blowing up a finite
number of points. Therefore one may take Y = a finite number of points in the formulae in (3.1) to
prove the proposition for Xk. This completes the inductive step and hence the proof. �

We will conclude by computing the mod−lν K-theory of toric Fano three-folds. (See [Oda] p.90 for
their classification.)

(3.4) Proposition. The same conclusion as in (3.3) holds for all toric Fano three-folds.
8



Proof. Let X denote such a three-fold. Observe that this is a non-singular projective toric variety of
dimension 3. According to the classification in [Oda] p. 90, X is obtained by successive blow-ups at a
finite number of points or at a finite number of closed 1-dimensional non-singular toric sub-varieties by
starting with either (i) P3, (ii) P2 ×P1, (iii) certain P1-bundles over P2, (iv) certain P2-bundles over P1,
(v) P1 × P1 ×P1, (vi) certain P1-bundles over P1 ×P1, (vii) P1 ×F1, where F1 is the Hirzebruch surface
(as above), (viii) certain P1-bundles over F1 and (ix) P1 ×Y2, where Y2 is the del Pezzo surface obtained
from P2 by blowing up certain fixed points for the torus.

Now assume X is one of the nine cases above. The conclusion of the proposition holds in case (i)
by (3.3.1). They also hold for cases (iii) and (iv) by the same argument. Now consider Y × Pn; one
may view this as a projective space over Y and apply the computation in (3.3.1) and the corresponding
ones in mod-lν cohomology. Therefore, one may see that the proposition holds in the remaining cases as
well. Finally assume X is obtained from one of the above varieties by a finite succession of equivariant
blow-ups. Now one may apply an inductive argument as in the proof of (3.3) ( making use of (3.1)) to
complete the proof. �

9
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Appendix

In this appendix we collect together all the relevant properties of the higher Chow groups we use in
this paper.

(A.0) For any scheme X over k, let zi(X, j) = zi(X × ∆k[j]) denote the free abelian group on the
codimension i cycles on X × ∆k[j]. Now each face of ∆k[j] defines a principal divisor on X × ∆k[j].
Therefore one may define pull-backs by the face maps. One readily shows that zi(X, .) defines a chain
complex with the differential d : zi(X, ∗) −→ zi(X, ∗ − 1) defined by d(α) = Σi(−1)id∗i (α). We refer to
this as the cycle complex of Bloch. The homology groups of this complex will be denoted CH i(X, .) or
alternatively as CHd−i(X, .) where d is the dimension of X over k.

Next we recall some of the properties established by Bloch in ([Bl-1], [Bl-2] and [Bl-3]) for the higher
cycle complexes and the higher Chow groups. We state these results integrally, but the same properties
carry over to the mod-lν higher Chow groups.

(A.1.1) The higher cycle complex is contravariantly functorial for flat maps and covariantly functorial
for proper maps with an appropriate shift. Moreover, the higher Chow groups are contravariantly
functorial for arbitrary maps between smooth varieties.

(A.1.2) If X and Y are two schemes over k, there exists an external product × : CH i(X, n) ⊗
CHj(Y, m) −→ CH i+j(X × Y ; n + m). If X is a smooth variety over k, one obtains an internal product
on CH∗(X, .) by pulling back the external product using the diagonal. This will be denoted ◦.

If f : X −→ Y is a proper map between smooth varieties over k, one obtains the projection formula:

(A.1.3) f∗(α ◦ f∗(β)) = f∗(α) ◦ β, α ε CH∗(X, p) and β ε CH∗(Y, q) for integers p and q.

(A.1.4) Moreover, given a cartesian square

X ′
f ′

−−−−→ Y ′

g′





y





y

g

X
f

−−−−→ Y

with f , f ′ proper and g, g′ flat of relative dimension d, we obtain:

(f ′)∗(g
′∗(α) = g∗f∗(α), α ε zi(X, j).

(A.1.5) Homotopy property. If X is any scheme over k, and π : X×A1 −→ X is the obvious projection,
π∗ : z∗(X, .) −→ z∗(X × A1, .) is a quasi-isomorphism. (See [Bl-1] Theorem (2.1).)

(A.1.6) Localization sequence. Given a quasi-projective variety X over k, with Y a closed subvari-
ety of pure codimension c and U = X − Y its complement, the obvious (restriction) homomorphism
z∗(X, .)/z∗−c(Y, .) −→ z∗(U, .) is a quasi-isomorphism. (See [Bl-1] (3.1) and also [Bl-2] Theorem (0.1).)

(A.1.7) Higher cycle maps. There exist cycle maps

cli(j) : CH i(X, j) −→ H2i−j
et (X ; Z/lν(i))

which commute with push-forward by proper maps and pull-backs by smooth maps. (The cycle maps
are established in [Bl-3].) Recall that Bloch’s higher cycle maps are defined in terms of the usual cycle
maps

cl : zr(X × ∆[s]) −→ lim
→
|Z|

H2r
Z,et(X × ∆[s]; Z/lν(r))

where the colimit lim
→
|Z|

denotes the colimit over all |Z| when Z runs through cycles in zr(X × ∆[s]).

Therefore, the commutativity with respect to proper push-forward and smooth pull-back follows from
the fact that these properties hold for the usual cycle maps.
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