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Abstract. We establish Kunneth formulae for the algebraic K-theory of co-
herent sheaves on linear schemes and for the motivic cohomology of quasi-
projective linear varieties over a field. The latter extends the Kunneth formula
of Totaro for the usual Chow groups of linear varieties.

1. Introduction.

In this paper we provide a Kunneth formula in algebraic K-theory and motivic
cohomology (i.e. higher Chow groups) for all linear varieties. The Kunneth formula
for motivic cohomology we establish extends the Kunneth formula of Totaro for
the usual Chow groups of linear varieties. The K-theoretic version makes use of
derived tensor products in the category of spectra whereas the version for motivic
cohomology uses the corresponding derived tensor products for A∞ differential
graded algebras and modules.

In the first section we quickly review basic material on derived tensor products
in the category of spectra and also in the category of A∞ differential graded alge-
bras. In the next section we provide a quick review of linear varieties. The third
section contains the main results.

2. Derived tensor products

We will first review derived tensor products in the category of spectra. The
homotopy category of spectra is well known to be an additive category. In fact one
can do homotopical algebra in this category in a manner entirely similar to doing
homological algebra in an abelian category. See [Qu-1] section 5. However to be
able to consider the analogue of tensor products and Hom for modules over a ring,
one first needs a symmetric monoidal structure on the category of spectra. Till
recently this was not quite available (but see the some-what preliminary work by
Alan Robinson in [Rob]). Now one has two distinct approaches available: (i) in
the context of topological spectra as in [EKMM] and (ii) in the simplicial context
as in [HSS]. (See also [Lyd].) For the purposes of this paper, either of the above
approaches is quite satisfactory.
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To define topological spectra one first fixes a universe, namely a real inner prod-
uct space U ∼= R∞. Now a topological spectrum is a sequence of pointed topological
spaces {XV |V = a finite dimensional (vector) sub-space of U} so that if V ⊆ W

are both finite dimensional vector sub-spaces of U , there is given a continuous map
σV,W : XV → ΩW−V XW . (Here W − V is the orthogonal complement of V in
W and ΩW−V XW = the space of based maps SW−V → XW , SW−V being the
one-point compactification of W − V . The above function space is provided with
the compact-open topology.) These maps are also required to satisfy an associa-
tivity condition. A map f : {XV |V } → {YV |V } of spectra is a collection of maps
fV : XV → YV of pointed spaces commuting with the above structure. It is known
that the above category is complete and co-complete. Let (top spectra) denote this
category. (See [EKMM] for the basic theory. Observe that what we call spectra are
called pre-spectra there.)

A simplicial spectrum is a sequence of pointed simplicial sets {X(n)|n ≥ 0}
provided with suspension maps ΣX(n) = S1 ∧ X(n) → X(n + 1) for all n. Maps
between simplicial spectra are defined in the obvious manner. This category is also
complete and co-complete. Let (simpl spectra) denote this category.

In either set-up one may define homotopies between two maps in the custom-
ary manner and consider the homotopy category where the objects are the same,
but morphisms are homotopy classes of maps. One may also define the (stable)
homotopy groups associated to spectra - these are all abelian. A map of spectra
is a weak-equivalence if it induces an isomorphism on all the homotopy groups. A
fibrant simplicial spectrum X = {Xn|n} is a simplicial spectrum where each Xn is
a fibrant pointed simplicial set and the obvious maps Xn → ΩXn+1 adjoint to the
given maps ΣXn → Xn+1 are weak-equivalences. A fibrant topological spectrum
is one where the maps σV,W are all isomorphisms. In either setting, there exists a
functor Q : ( spectra) → (fibrant spectra) that produces a weakly-equivalent fibrant
spectrum.

Now we will axiomatize our basic frame-work so that either of the above ap-
proaches to spectra will suffice for our work.

(Sp.0): Let Sp denote a sub-category of either topological spectra or simplicial
spectra, provided with a coherently associative and commutative operation
⊗ : Sp× Sp → Sp. Moreover, if (ptd simpl sets) denotes the category of all
pointed simplicial sets, there exists a pairing ∧ :(ptd simpl sets)×Sp → Sp

that is compatible with the operation ⊗. (In the case of simplicial spectra
as in [HSS] such a pairing is clear; in the case of topological spectra as in
[EKMM] one may use the (canonical) half-smash product between a pointed
space and a spectrum.)

(Sp.1): There exists special spectrum called the sphere spectrum, which is a
unit for the operation ⊗.

(Sp.2): An associative ring spectrum R will be a coherently associative monoid
in the category Sp; given such a ring spectrum R, a left module spectrum M

(a right module spectrum N) over R will denote a spectrum provided with
a coherently associative pairing: R ⊗ M → M (N ⊗R → N , respectively ).
Let Modl(R) (Modr(R)) denote the category of all left R-module-spectra
(right R-module spectra, respectively ). Now we will summarize the main
results in [EKMM] and [HSS] that we require:
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(Sp.3): There exists a pairing: ⊗
R

: Modr(R) × Modl(R) → Sp.

(Sp.4): The above functor has a left-derived functor
L
⊗
R

that preserves weak-

equivalences and (stable-) fibration sequences in either argument. Strictly

speaking,
L
⊗
R

is a functor only at the level of a suitable derived category.

For our purposes, we may simply state this as follows. For each M ∈
Modl(R) (N ∈ Modr(R), respectively ), one may find a weak-equivalence
M ′ → M in Modl(R) (N ′ → N in Modr(R), respectively ) having the fol-

lowing property: −
L
⊗
R

M ′ (N ′
L
⊗
R
−) preserves stable fibration sequences and

weak-equivalences in the first (second, respectively ) argument. In addition,
there exists a spectral sequence:

E2
s,t = Tor

π∗(R)
s,t (π∗(N), π∗(M)) ⇒ πs+t(N

L
⊗
R

M)

Here E2
s,t = (Tor

π∗(R)
s (π∗(M), π∗(N)))t = the t-th graded piece of Tor

π∗(R)
s .

It follows readily that R
L
⊗
R

M ' M and N ' N
L
⊗
R

R.

There are other properties like the existence of a Hom-functor in the above setup:
these are not needed for the results of this paper and are therefore skipped.

Example 2.1. Let S denote a base-scheme. For each scheme X over S, let
K(X) (G(X)) denote the spectrum associated in the usual manner to the symmet-
ric monoidal category of locally free coherent sheaves on X (coherent sheaves on X ,
respectively ). The tensor product pairing on the category of locally free coherent
sheaves makes the spectra K(S) and K(X) E∞-ring spectra as in (A.2.4). It is
shown in [EKMM] chapter II that one may associate to any E∞ ring spectrum, a
weakly-equivalent ring spectrum in the sense of (Sp.2). We will denote the ring
spectrum associated to K(S) (K(X)) by K(S) (K(X), respectively ) itself. The
tensor product pairing between a locally free coherent sheaf and a coherent sheaf on
X is coherently associative and commutative. These higher order coherences pro-
vide the higher order homotopies required to make G(X) an E∞-module spectrum
as in (A.2.4). Now the machinery in [EKMM] shows that any such E∞-module
spectrum provides a weakly-equivalent module spectrum (over the ring spectrum
K(X)) in the sense of (Sp.2). Let p : X → S denote the obvious structure map
of X . Now the induced map p∗ : K(S) → K(X) will be a map of ring spectra. It
follows that if X is any scheme over S, G(X) will have the structure of a module
spectrum over K(S). Moreover observe that if i : Y → X is a closed immersion,
the induced map i∗ : G(Y ) → G(X) is a map of module spectra over K(S) in the
same sense. (This follows readily from the above discussion.)

Next we consider similar derived tensor product functors in the category of
differential graded modules over a differential graded algebra. Let R denote a fixed
commutative ring and let A denote the abelian tensor category of modules over R.
Now C(A) will denote the category of complexes in A. Let A denote a differential
graded algebra or an A∞ differential graded algebra in C(A). The ‘differential
graded algebra’ we have in mind is the one constructed from the (integral) higher
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Chow complex of Bloch which is not quite a differential graded algebra, but only
one upto coherent associativity and commutativity. Therefore, we require the more
general notion of A∞ differential graded algebras in the sense of [K-M]. This is
discussed in the appendix.

DG.0: Now assume that A is an A∞ differential graded algebra in C(A) and
let Modl(A) (Modr(A)) denote the category of left-modules (right-modules,
respectively ) over A. It is shown in [K-M] that the above category may be
provided with a bi-functor ⊗

A
: Modr(A) × Modl(A) → C(A).

DG.1: Moreover it is shown there that exists a left-derived functor associated
to the above functor. Strictly speaking the derived functor is a functor
only at the level of the appropriate derived categories. For our purposes,
we may restate this as follows. For each M ∈ Modl(A) (N ∈ Modr(A),
respectively ), one may find a quasi-isomorphism M ′ → M in Modl(A)
(N ′ → N in Modr(A), respectively ) having the following property:

−
L
⊗
A

M ′ (N ′
L
⊗
A
−) preserves distinguished triangles and quasi-isomorphisms

in the first (second, respectively ) argument.
DG.2: There exists a spectral sequence:

E
s,t
2 = Tor

H∗(A)
s,t (H∗(M), H∗(N)) ⇒ H−s+t(M

L
⊗
A

N). The E2-term has

an interpretation as in (Sp.4).

Example 2.2. The main example of the above situation that we consider
will be the E∞ differential graded algebras and modules associated to the higher
Chow complexes of Bloch. (See [Bl].) Let k denote a fixed field and let X ,
Y be quasi-projective varieties over k. Now consider the external product × :
CHr(X ; n) ⊗ CHs(Y ; m) → CHr+s(X × Y ; n + m). This involves choosing a tri-
angulation of ∆[n]× ∆[m] identifying it with ∆[n + m]. Nevertheless this product
is only a partially defined product at the level of cycles - see [Bl] section 5. If X

and Y are varieties over k, there is also a partially defined external product × on
z∗(X ; .)×z∗(Y ; .) taking values in z∗(X×Y ; .). As shown in [K-M] example (6.3) one
may view z∗(Spec k; .) as a partially defined algebra over an E∞-operad. Similarly
if X is a variety over k, one may view z∗(X ; .) as a partially defined E∞-module
over the above partially defined algebra. (This partially defined E∞-module struc-
ture may be obtained by taking Y = Spec k and by using the partially defined
external product considered above.) Now the conversion theorem (Theorem (1.1),
Part II of [K-M]) applies to produce a quasi-isomorphic E∞-differential graded al-
gebra associated to z∗(Spec k; .). We will continue to denote this E∞ differential
graded algebra by z∗(Spec k; .). Similarly if X is a variety over Spec k, we obtain
an E∞ differential graded module over the above E∞ differential graded algebra:
this will be also denoted z∗(X ; .). (Observe that unless we tensor the above E∞ dif-
ferential graded algebra (module) with Q, it may not be possible to obtain a (strict)
differential graded algebra (module, respectively ) - see the conversion theorems in
[K-M] Part II.)
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3. Linear schemes and varieties

We will briefly recall the definition from [Jan] p. 217.

Definition 3.1. Let S denote a base-scheme. (i) A scheme flat over S is
0-linear if it is either empty or isomorphic to any affine space An

S .

(ii) Let n > 0 be an integer. An S-scheme Z, flat over S, is n-linear, if there
exists a triple (U, X, Y ) of S-schemes so that Y ⊆ X is an S-closed immersion with
U its complement, Y and one of the schemes U or X is (n− 1)-linear and Z is the
other member in {U, X}. We say Z is linear if it is n-linear for some n ≥ 0.

(iii) If S is the spectrum of a field k, any reduced scheme X of finite type over
k will be called a variety. Linear varieties over k are varieties over k that are linear
schemes.

Example 3.2. The following are common examples of linear varieties. In these
examples we fix a base field k and consider only varieties over k.

• All toric varieties
• All spherical varieties (A variety X is spherical if there exists a reductive

group G acting on X so that there exists a Borel subgroup having a dense
orbit.)

• Any variety on which a connected solvable group acts with finitely many
orbits. (For example projective spaces and flag varieties.)

• Any variety that has a stratification into strata each of which is the product
of a torus with an affine space.

Burt Totaro has defined a slightly smaller class of linear varieties - see [Tot].

4. The Kunneth formula for higher K-theory and motivic cohomology

Throughout this section S will denote a base-scheme. We will restrict to
schemes that are flat over S. Let X , Y denote two schemes over S. Let p1 : X×

S
Y →

X and p2 : X×
S

Y → Y denote the two projections. Since both X and Y are flat over

S, these maps are also flat; therefore they induce maps p∗
1 : G(X) → G(X ×

S
Y ) and

p∗2 : G(Y ) → G(X ×
S

Y ) of module-spectra over the ring spectrum K(S). Therefore

we obtain an induced map of spectra: G(X)
L
⊗

K(S)
G(Y ) → G(X ×

S
Y ). (This follows

immediately from the definition of the derived tensor product since p∗
i are maps of

module spectra over K(S).)

Theorem 4.1. Kunneth formula for higher K-theory. Assume in addi-
tion to the above situation that at least one of the schemes X or Y is linear.

(i) Now one obtains a weak-equivalence of spectra:

G(X ×
S

Y ) ' G(X)
L
⊗

K(S)
G(Y )

(ii) There exists a spectral sequence:
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E2
s,t = Tor

π∗(K(S))
s,t (π∗G(X), π∗G(Y )) ⇒ πs+t(G(X ×

S
Y ))

The derived functor of the tensor-product on the right is the derived tensor product
over the ring spectrum K(S) considered in (Sp.4).

Proof. The spectral sequence is the one in [EKMM] chapter IV, Theorem
(6.2). (A similar approach should work in the setting of symmetric spectra, though
no explicit derivation of such a spectral sequence appears in [HSS].) We may assume
X is an n-linear scheme and Y arbitrary. We will use ascending induction on n

to establish the theorem. One may clearly start the induction with n = 0, since
the homotopy property of G-theory establishes (i) in this case. Now assume the
theorem is true for all n − 1 linear schemes , where n > 0 is an integer. Let X

denote an n-linear scheme. According to the definition in (3.1)(ii) there are two
cases to consider : (i) when there exist an open n− 1 linear sub-scheme U of X so
that its complement X −U is also (n− 1) linear and (ii) when there exists a larger
(n− 1) linear scheme Z so that X is an open subscheme of Z and Z −X is also an
(n − 1) linear scheme. In the first case consider the commutative diagram:

G(X − U)
L
⊗

K(S)
G(Y ) −−−−→ G(X)

L
⊗

K(S)
G(Y ) −−−−→ G(U)

L
⊗

K(S)
G(Y )





y





y





y

G((X − U) ×
S

Y ) −−−−→ G(X ×
S

Y ) −−−−→ G(U ×
S

Y )

The vertical maps are defined above. Both of the above rows are localization
sequences (i.e. fibration sequences of spectra). To see the top row is a fibration
sequence, see (Sp.4) in section 1. Now the first and last vertical maps are weak-
equivalences by the inductive assumption. Therefore so is the middle map proving
(i) in this case.

In case (ii) one may consider instead the commutative diagram:

G(Z − X)
L
⊗

K(S)
G(Y ) −−−−→ G(Z)

L
⊗

K(S)
G(Y ) −−−−→ G(X)

L
⊗

K(S)
G(Y )





y





y





y

G((Z − X) ×
S

Y ) −−−−→ G(Z ×
S

Y ) −−−−→ G(X ×
S

Y )

Now the first two vertical maps are weak-equivalences; both rows are fibration
sequences for the same reasons as above. It follows that the last vertical map must
also be a weak-equivalence.

Corollary 4.2. Assume S is the spectrum of a field k. If X is a linear scheme
and Y is any scheme over S, one obtains the Kunneth-formula:

G0(X × Y ) ∼= G0(X) ⊗
Z

G0(Y )
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Proof. Observe that the G-theory spectra are connected i.e. trivial in negative
degrees. Therefore E2

s,t = 0 for all s or t negative. It follows that the only E2
s,t-term

that contributes to π0(G(X × Y )) is E2
0,0

∼= G0(X) ⊗
Z

G0(Y ).

Now we consider motivic cohomology: this will be identified with the higher Chow
groups. Henceforth we will assume the base scheme S is the spectrum of a field and
that all schemes we consider are reduced and of finite type over k. (Such schemes
will be called varieties.) As explained in example (2.2) the complex z∗(Spec k; .)
of Bloch defines an A∞ differential graded algebra and if X is any variety over k,
z∗(X ; .) is an A∞ differential graded module over z∗(Spec k; .).

Theorem 4.3. Kunneth formula in motivic cohomology. Assume in ad-
dition to the above situation that at least one of the varieties X or Y is linear and
both are quasi-projective.

(i) Now the external product × : z∗(X ; .) ⊗
z∗(Spec k;.)

z∗(Y ; .) → z∗(X × Y ; .) is

a quasi-isomorphism.

(ii) There exists a spectral sequence:

E2
s,t = Tor

π∗(z∗(Speck;.))
s,t (π∗(z

∗(X ; .), π∗(z
∗(Y ; .)))) ⇒ πs+t(z

∗(X × Y ; .))

Proof. This is entirely similar to that of (4.1). One shows that under the
hypotheses of the theorem the external product induces an isomorphism on the
homotopy groups:

× : z∗(X ; .)
L
⊗

z∗(Speck;.)
z∗(Y ; .) → z∗(X × Y ; .)

The only major difference is that for the localization sequence to exist, one needs
to assume the varieties are also quasi-projective. (See [Bl] Theorem (3.1).). Now
the spectral sequence in DG.2 provides the required spectral sequence by viewing
simplicial abelian groups as a chain-complexes trivial in positive degrees.

Remark 4.4. One can recover the Kunneth formula at the level of the usual
Chow-groups from the above spectral sequence. Observe that the higher Chow
complexes of Bloch are infact simplicial abelian groups. Therefore their homotopy
groups are trivial in negative degrees. Therefore E2

s,t = 0 for all t neagtive or s

negative. It follows that for s+ t = 0, one must have s = 0 and t = 0; therefore the
only E2

s,t-term that contributes to π0(z
∗(X × Y ; .)) is E2

0,0
∼= CH∗(X) ⊗

Z

CH∗(Y ).

This observation provides the Kunneth formula at the level of Chow groups. (See
[Tot] Proposition 1 which has a different derivation of the above Kunneth formula
at the level of the usual Chow groups.)
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Appendix: A∞ and E∞ differential graded algebras and their modules

We will adopt the approach from [K-M]. We first recall the definition of operads.
Let R denote a fixed commutative ring with unit. Let A denote the abelian tensor
category of modules over R and let C(A) denote the category of all complexes in
A. We call the objects in C(A) differential graded objects in A. Now the tensor
structure on A induces a tensor structure on C(A) which we will denote by ⊗. An
(algebraic) operad O in C(A) is given by a sequence {O(k)|k ≥ 0} of differential
graded objects in A along with the following data:

(A.1.1) for every integer k ≥ 1 and every sequence (j1, . . . , jk) of non-negative
integers so that Σsjs = j there is given a map γk : O(k)⊗O(j1)⊗ ...O(jk) → O(j).

(A.1.2) The following associativity diagrams commute, where Σjs = j and
Σit = i; we set gs = j1 + ... + js and hs = igs−1+1 + . . . + igs

for 1 ≤ s ≤ k.

O(k) ⊗ (
k
⊗

s=1
O(js)) ⊗ (

j

⊗
r=1

O(ir))

shuffle

��

γ⊗id

// O(j) ⊗ (
j

⊗
r=1

O(ir))

γ

��
O(i)

O(k) ⊗ (
k
⊗

s=1
O(js)) ⊗ (

js

⊗
q=1

O(igs−1+q))
id⊗(⊗sγ)

// O(k) ⊗ (
k
⊗

s=1
O(hs))

γ

OO

In addition one is provided with a unit map η : R → O(1) so that the diagrams

(A.1.3)

O(k) ⊗ (R
k

⊗) ∼=
//

id⊗ηk

��

O(k)

O(k) ⊗O(1)
k
⊗

γ

99ttttttttttt

and

R⊗O(j)
∼=

//

η⊗id

��

O(j)

O(1) ⊗O(j)

γ

99rrrrrrrrrr

commute.
(A.1.4) An A∞-operad is an algebraic operad so that each O(k) is acyclic and

concentrated in non-positive degrees. Such an operad is an E∞-operad if each O(k)
is provided with an action by the symmetric group Σk so that the above diagrams
are equivariant with respect to the actions by the appropriate symmetric groups.
Moreover it is required that O(k) is, in each degree, a projective R[Σk] module.
(See [K-M] p. 14.) See ([K-M] pp. 134-138) for an explicit construction of algebraic
operads in some of the typical situations we consider.

An A∞-differential graded algebra A over an A∞-operad O is an object in
C(A) provided with maps θ : O(j)⊗Aj → A for all j ≥ 0 that are associative and
unital in the sense that the following diagrams commute:
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(A.2.1)

O(k) ⊗O(j1) ⊗ ... ⊗O(jk) ⊗Aj

γ⊗id
//

shuffle

��

O(j) ⊗Aj

θ

��
A

O(k) ⊗O(j1) ⊗ Aj1 ⊗ ... ⊗O(jk) ⊗Ajk

id⊗θk

// O(k) ⊗Ak

θ

OO and

R⊗A
'

//

η⊗id

��

A

O(1) ⊗A

θ

::vvvvvvvvv

(A.2.2) If A is an A∞ algebra over an operad O as above one defines a left A-
module M to be an object in C(A) provided with maps λ : O(j)⊗Aj−1 ⊗M → M

satisfying similar associativity and unital conditions. Right-modules are defined
similarly.

(A.2.1)’ An E∞ algebra over an E∞-operad O is an A∞ algebra over the corre-
sponding A∞-operadO so that the following diagrams commute (where σ in Σj):

O(j) ⊗A⊗
j

σ⊗σ−1

//

θ
$$JJJJJJJJ

JJ
O(j) ⊗A⊗

j

θ
zztttttttt

tt

A

Given an E∞-algebra A over a commutative operad O, an E∞ left-module M over
A is an A∞ left-module M so that the following diagrams commute:

(A.2.2)’

O(j) ⊗Aj−1 ⊗ M
σ⊗σ−1

⊗id

//

λ
''NNNNNNNNNNNN

O(j) ⊗Aj−1 ⊗ M

λ
wwpppppppppppp

M
If A denotes either an A∞ or E∞-algebra in C(A), the category of all left

modules (right modules) over A will be denoted Modl(C(A)) (Modr(C(A)), re-
spectively ).

(A.2.3) As an example of operads one may apply the singular functor to the
linear isometries operad discussed in detail in [K-M]. This will provide an operad
in the category of all chain complexes of abelian groups.

(A.2.4) We conclude by defining E∞ ring and module spectra in an entirely par-
allel manner using the key observation that currently there is a strictly associative
smash product at the level of spectra. A topological operad is given by a sequence
{O(k)|k ≥ 0} of spectra along with the data as in (A.1.1) -(A.1.3) where ⊗ denotes
the above mentioned smash product of spectra. We may define an A∞-topological
operad to be a topological operad where each O(k) is contractible; an E∞-topological
operad will be an A∞-topological operad so that each O(k) is provided with the
action of the symmetric group Σk so that the corresponding diagrams are equi-
variant with respect to the action of the appropriate symmetric groups. Now one
may define E∞ ring and module spectra exactly as in (A.2.1) and (A.2.2) where ⊗
denotes the smash product of spectra.
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