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Abstract

In this paper, we generalize the Tate duality to higher dimensional
local fields under some conditions.

1 Introduction

In this paper, we establish a duality theorem of the Galois cohomology groups
related to abelian varieties over higher dimensional local fields. It might be
a good generalization of the classical Tate duality of abelian varieties over
usual local fields.

In order to understand our situation, it might be better to mention the
classical Tate duality. Let K be a local field of characteristic 0, which is a
complete discrete valuation field with finite residue field, and A an abelian
variety over K. Moreover, let At be the dual variety of A over K. Here, note
that the Weil-Barsotti formula enables us to identify

At(K) = Ext1
K(A, Gm).

Then, we know that the canonical pairing

Hr(K, A)×H1−r(K, At)→ Q
/
Z (r = 0, 1)
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induces isomorphims

H1(K, A) = (At(K))∗

H1(K, At) = (A(K))∗.

It should be also noted that the proof deeply depends on the local class field
theory.

The above remark and Kato’s higher dimensional local class field theory
might lead us to the idea to establish the higher Tate duality. In fact, it is
easy to establish to duality between torsion parts of abelian varieties over
higher dimensional local fields. The point, however, is to collect such torsion
parts and to recover the duality of the whole abelian varieties.

The idea to do it is to use the motivic cohomology. Thus, our generaliza-
tion of the classical Tate duality is described in terms of hypercohomology.
More exactly, our higher Tate duality has the form

Theorem 1.1 (cf. Theorem 5.1). The canonical pairing

Hr(K, At ⊗L Ž(N − 1))×HN−r(K, A)→ Q
/
Z

induces the isomorphism

HN−r(K, At ⊗L Ž(N − 1))(non-p) =
(

̂Hr(K, A)
)∗

(non-p)

for each r = 0, 1, · · · , N .

Here ̂Hr(K, A) stands for lim←− nHr(K, A)
/
n, and Ž(m) means the Kahn

complex which is defined by

Ž(m) =





Z if m = 0;

Gm ⊗
L · · · ⊗L Gm︸ ︷︷ ︸
m-times

[−m] if m > 0.

As is well-known, the complex Ž(n) has the following properties :

Theorem 1.2 (Proposition 1, [2]). (1) Ž(n) is acyclic outside of [1, n].

(2) For each m prime to ch(K) there exists a distinguished triangle :

Ž(n)
m
−→ Ž(n)→ µ⊗n

m → Ž(n)[1].
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It might be easy to understand that our approach is one of the philosophy
shown in [6].

Finally the author would like to mention the limitation of our general-
ization. In the proof of our main theorem, we extensively enjoy the theory
of the Euler-Poincaré characteristic of Galois cohomology of higher dimen-
sional local fields with finite coefficient. That is, we generalize the method
introduced in [7, §2 and §3, Chap. I]. As in Remark 3.2, however, there is an
example such that the group H i(K, M) is infinite. This is the reason why
the author cannot treat the p-primary torsion part.

Notations and Conventions . In this paper, unless contrary is explicitly
stated, we employ the following notations and convention :

(1) For an abelian group A, we denotes the group of n-torsion elements of

A by An and by A/n the quotinet group A
/
nA. Moreover, for a fixed

prime number p, we denote

A(non-p) =
⊕

l 6=p

A(l),

where the product runs through all prime which is prime to p, and A(l)
means the l-primary torsion part of A.

(2) For an abelian group A, we put A∗ = Hom(A, Q
/
Z).

(3) Let A, B and C be abelian groups. If the sequence

A(non-p)→ B(non-p)→ C(non-p)

is exact, then we call that the sequence

A→ B → C

is exact modulo p-primary torsion part.

(4) For a field F , we denote the separable closure of F by Fs.

(5) For a complete discrete valuation field K, by Knr we denote the maxi-
mal unramified extension field of K.

(6) For a finite set M , we denote the order of M by [M ].
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2 Duality with Finite Coefficient

In this section, we establish a duality theorem of Galois cohomology with
finite coefficient, which is an easy consequence of higher dimensional local
class field theory.

In this section, let K be an N -dimensional local field, and F its residue
field. Then, there is a sequence of fields k = k0, · · · , kN−1 = F, kN = K with
the following properties :

(1) k0 is a finite field.

(2) ki is a complete discrete valuation field whose residue field is ki−1 for
each i = 1, · · · , N .

We often mention some properties of the field k0 above. Thus, it might be
convenient to call the field k0 the final residue field of K.

Theorem 2.1. Let K be an N-dimensional local field, and k its final residue
field. Let M be a finite Gal(Ks/K)-module. Assume that the order of M is
prime to ch(k) = p > 0.

Then, the canonical map induced by the Yoneda pairing

αr(K, M) : Extr
K(M, K×

s )→ HN+1−r(K, M ⊗L Ž(N − 1))∗

is an isomorphism for each r = 0, · · · , N + 1.
Furthermore , the order of the both groups are finite.

Proof. First of all, we prove the finiteness.
By the N -dimensional local class field theory established by Kato ([3], [4]

and [5]), we already know the isomorphism

Hr(K, Z
/
nZ) = (KM

r K
/
nKM

r K)∗.

If n is prime to ch(k), therefore, ch(F ), we have the isomorphism

KM
r K

/
nKM

r K = KM
r F

/
nKM

r F ⊕KM
r−1F

/
nKM

r−1F

for each r = 1, · · · , N +1. Thus, it is not hard to see that this group is finite.
Now we take a finite Galois extension field L of K such that

(1) L contains a primitive n-th root of 1 ;
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(2) Gal(Ks/L) acts trivially on M .

Added to this, let n be the order of M . Then, we may assume that M ⊗L

Ž(N − 1) is isomorphic to the direct sum of finite number of copies of Z
/
nZ

as a complex of Gal(Ks/L)-module, and, therefore, the group Hr(L, M ⊗L

Ž(N − 1)) is a finite group for each r = 0, · · · , N + 1. The Hochschild-Serre
spectral sequence

Hr(L/K, Hs(L, M ⊗L Ž(N − 1))) =⇒ Hr+s(K, M ⊗L Ž(N − 1))

proves that the group Hr(L, M ⊗L Ž(N − 1)) is finite for each r.
Next we prove that the map αr(K, M) is an isomorphism for each r =

0, · · · , N + 1.
Consider the induced module RL/KM of M such that Hr(K, RL/KM) =

Hr(L, M), we have the following exact sequence :

0→M → RL/KM → N → 0,

where N is the cokernel of the map M → RL/KM . Furthermore, it should
be noted that this map induces the canonical restriction map Hr(K, M) →
Hr(L, M).

Now assume for a while that αr(L, M) is an isomorphism for each r.
Consider the following commutative diagram,

ExtrK(N,K×
s ) −−−→ Extr

L(M,K×
s ) −−−→ Extr

K(M,K×
s ) −−−→ Extr+1

K (N,K×
s )

y
y

y
y

HN+1−r(K,N )∗ −−−→ HN+1−r(L,M)∗ −−−→ HN+1−r(K,M)∗ −−−→ HN−r(K,N )∗

where we put N = N ⊗L Ž(N − 1) and M = M ⊗L Ž(N − 1). Assume
that we proved that the map αr+1(K, M) is isomorphim for any M , and,
therefore, for N defined above. From the five lemma, we can conclude that
the map αr(K, M) is surjective. Therefore, since M is assumed to be any, the
map αr(K, N) is also surjective. Hence, again by using the five lemma(or
elementary diagram chasing), we can conclude that the map αr(K, M) is
injective.

Thus we can prove in the same manner that the map αr(K, M) is an
isomorphism.

The rest we have to do is to prove that the map αr(L, M) is an isomor-
phism for each r. Since Gal(Ks/L) acts trivially on M , we may assume

5



M = Z
/
nZ. In this case, we know Extr

L(Z
/
nZ, K×

s ) = Hr(L, µn). Thus, we
only have to show that the map

αr(L, Z
/
nZ) : Hr(L, µn)→ Hr(L, µ⊗(N−1)

n )∗

is an isomorhism for every r. But this is nothing but the N -dimensional local
class field theory established by Kato.

Corollary 2.2. Under the conditions in Theorem 2.1, we have isomorphisms :

Hr(K, MD)→ HN+1−r(K, M ⊗L Ž(N − 1))∗.

Here MD = HomKs
(M, K×

s ).

Proof. Since K×
s is divisible by any integers prime to ch(F ), we have Extr

Ks

(M, K×
s ) =

0 for all r > 0. Therefore, from the spectral sequence :

Hr(K, Extr
Ks

(M, K×
s )) =⇒ Extr

K(M, K×
s ),

we can conclude Hr(K, MD) = Extr
K(M, K×

s ).

3 The Euler-Poincaré Characteristic

In this section, unless contrary is explicitly stated, let K be an N -dimensional
local field with residue field F , and k the final residue field.

In this section, we define the Euler-Poincaré characteristic of Galois co-
homology with finite coefficient, and calculate them under some conditions.

First of all, we define the Euler-Poincaré characteristic.

Definition 3.1. Let K be N -dimensional local field, and M a finite Gal(Ks/K)-
module whose order is prime to ch(k) = p > 0. Then, the Euler-Poincaré
characteristic χ(K, M) is defined as follows :

χ(K, M) =

∞∑

i=0

(−1)i[H i(K, M)],

where [H i(K, M)] stands for the order of the group H i(K, M).

Note that the above sum is actually finite sum. Because the cohomological
dimension of higher dimensional local fields are finite.
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Remark 3.2. In the case that the order of M is divided by ch(k) = p > 0,
the order of the Galois cohomology group H i(K, M) may be infinite. Let

K be a 2-dimensional local field of characteristic 0 whose residue field is

F = Fp((T )), for example. And, let M = µp. In such a case, the order of

H i(K, M) is no longer finite. Indeed,

H1(K, µp) = K×
/
(K×)p = Z

/
pZ⊕ F×

/
(F×)p ⊕ U

(1)
K

/
pU

(1)
K .

However, we have an exact sequence

U
(2)
K

/
pU

(2)
K → U

(1)
K

/
pU

(1)
K → F → 0.

Therefore, the group H1(K, µp) cannot be finite.
This is the reason why we cannot adopt the above definition of the Euler-

Poincaré characteristic in such a case.

Proposition 3.3. Let K be an N-dimensional local field, and M a finite

Gal(Ks/K)-module.
Then,

χ(K, M) = 0.

Proof. We prove by induction on N .
In the case N = 0, that is, in the case that K is a finite field, we know

Gal(Ks/K) = Ẑ. Let σ be a generator of Ẑ. Then, we have an exact sequence

0→ H0(Ẑ, M)→M
1−σ
−−→M → H1(Ẑ, M)→ 0.

Therefore, we have χ(K, M) = 0.
Let N > 0. Since the order of M is prime to ch(k) = p > 0, we have an

exact sequence

0→ Hr(F, H0(Knr, M))→ Hr(K, M)→ Hr−1(K, H1(Knr, M))→ 0.

Here we should note that the group Hr(Knr, M) is finite for each r = 0, 1.
Thus we have

χ(K, M) =

∞∑

i=0

(−1)i[H i(K, M)]

=
∞∑

i=0

(−1)i[H i(F, H0(Knr, M))]−
∞∑

i=0

(−1)i[H i(F, H1(Knr, M))]

= χ(F, H0(Knr, M))− χ(F, H1(Knr, M)).

By the induction hypothesis, we can conclude χ(K, M) = 0.
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4 Estimations of Kernel and Cokernel

In this section, unless contrary is explicitly stated, we keep notations and
conventions in the previous section. The aim of this section is to prove the
following proposition.

Proposition 4.1. Let K be an N-dimensional local field with residue field

F , and A an abelian variety over K. And, let n be a non-negative integer
prime to ch(k) = p > 0.

Then, for each r = 0, 1, · · · , N − 1 and any integer N > 1

[Hr(K, A⊗L Ž(N − 1))
/
n] = [Hr(K, A⊗L Ž(N − 1))n].

For simplicity, we denote A(m) = A⊗L Ž(m).
Consider the Hochschild-Serre spectral sequence

Hr(F, Hs(Knr, A(N − 1))) =⇒ Hr+s(K, A(N − 1)).

From this, we can conclude that the sequence

0→ Hr(F,H0(Knr, A(N − 1)))→ Hr(K,A(N − 1))→ Hr−1(F,H1(Knr, A(N − 1)))→ 0.

is exact modulo p-primary torsion part. Added to this, in the case N = 1,
the assertion is well-known. Therefore, we may assume N > 1

We need here some lemma.

Lemma 4.2. Let K be a henselian discrete valuation field with separably
closed residue field F .

Then, we have that for r = 0, 1

Hr(K, A⊗L Ž(N − 1))(non-p) =
(
lim−→ nAn(K)⊗ µ⊗(N−1)

n (K)
)

(non-p)

Proof. We have an isomorphism :

H0(K, A⊗L Ž(N − 1)) = H0(A⊗L Ž(N − 1))Gal(Ks/K).

By the universal coefficient theorem, we know

H0(A⊗L Ž(N − 1)) = Tor(A(Ks),H
1(Ž(N − 1))).
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Therefore, the group H0(K, A⊗L Ž(N−1)) is torsion group which is divisible
by n. Hence, we can conclude that for each r = 0, 1 the sequence

0→ An(K)⊗ µ⊗(N−1)
n (K)→ Hr(K, A⊗L Ž(N − 1))

n
−→Hr(K, A⊗L Ž(N − 1))→ 0

is exact up to p-primary torsion part.

From the above lemma, we see that the sequence

0→ Hr(F,F)→ Hr(K, A(N − 1))→ Hr−1(F,F)→ 0.

is exact modulo p-primary torsion part for each r, where F = lim−→ nAn(Fs)⊗

µ
⊗(N−1)
n (Fs). Here, note An(Knr) = An(Fs) for an arbitrary integer n prime

to ch(k) (cf. [1, §7.3]).
By the snake lemma, we only have to prove

[Hr(F,F)/n] = [Hr(F,F)n],

Since Hr(F,F) = lim−→ nHr(F, An(Fs)⊗µ
⊗(N−1)
n (Fs)) and each group Hr(F, An(Fs)⊗

µ
⊗(N−1)
n (Fs)) is a finite group, we have our desired result.

5 The Higher Tate Duality

In this section, unless the contrary is explicitly stated, we keep our notations
and conventions in the previous section. Added to this, for any abelian group

A, we put

Â = lim←− nA
/
nA.

In this section, we prove our main theorem :

Theorem 5.1. The canonical pairing

Hr(K, At ⊗L Ž(N − 1))×HN−r(K, A)→ Q
/
Z

induces the isomorphism

HN−r(K, At ⊗L Ž(N − 1))(non-p) =
(

̂Hr(K, A)
)∗

(non-p)

for each r = 0, 1, · · · , N
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In the sequel, we put

At(m) = At ⊗L Ž(N − 1)

M = At
n ⊗ µ⊗(N−1)

n .

Let n be a positive integer prime to ch(k). Consider the following com-
mutative diagram :

0 −−−→ HN−1(K,At(N − 1))
/
n −−−→ HN (K,M) −−−→ HN (K,At(N − 1))n −−−→ 0

y
y'

y

0 −−−→ H1(K,A)∗ −−−→ H1(K,An)∗ −−−→ (A(K)
/
nA(K))∗ −−−→ 0,

where the middle vertical arrow is an isomorphism (Corollary 2.2), and all
horizontal sequences are exact. Therefore, from the snake lemma, we see
that the map

HN(K, At(N − 1))(non-p)→ (TA(K))∗(non-p)

is surjective. In order to show that the map is injective, we only have to
show that the map

HN(K, At(N − 1))n → (A(K)
/
nA(K))∗

is injective. But, we already know that the map is surjective. Thus, we may
compare the order of the both. By easy calculation, we know

χ(K,M) =
∞∑

i=0

(−1)i[H i(K,M)]

= [H0(K, At(N − 1))n]

+ (−1)1([H0(K, At(N − 1))/n] + [H1(K, At(N − 1))n])

· · ·

+ (−1)N ([HN−1(K, At(N − 1))/n] + [HN(K, At(N − 1))n])

+ (−1)N+1[HN+1(K,M)]
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Since [Hr(K, At(N−1))/n] = [Hr(K, At(N−1))n] (Proposition 4.1), we have

χ(K,M) = (−1)N [HN(K, At(N − 1))n] + (−1)N+1[HN+1(K,M)].

From Proposition 3.3, we can conclude

[HN(K, At(N − 1))n] = [HN+1(K,M)] = [H0(K, An)].

Since [An(K)] = [A(K)/n], we see that the map

HN(K,M)(non-p)→ (Â(K))∗(non-p)

is an isomorphism.
The rest can be proved in the same manner.
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