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Introduction

In this paper we compute the local cyclic cohomology [Pu1] of the group Ba-
nach algebra l1(Γ) for a large class of discrete groups. Up to now local cyclic
cohomology groups as well as the closely related entire and asymptotic cyclic
cohomology groups have usually been determined from the general features
of the theories as excision, homotopy invariance and Morita invariance. This
is the first calculation of local cyclic cohomology (except for an example in
[Pu]) by means of resolutions and the explicit definition of the local cyclic
complex. Our method is in fact of quite general nature and should enable
one to calculate local cyclic cohomology groups in many other cases as well.

The class of groups to which our approach applies contains fundamental
groups of compact manifolds and finite polyhedra of nonpositive curvature.
We use this calculation to determine the image of Kasparov’s gamma ele-
ment γoΓ ∈ KK0(C∗red(Γ), C∗red(Γ))[Kas] under the bivariant Chern-Connes
character [Pu2] in bivariant local cyclic cohomology for groups satisfying the
property of rapid decay. As a consequence we solve for groups of this type
a problem posed by Connes in [Co]: the class of the canonical trace in the
local cyclic cohomology of the reduced group C∗-algebra of Γ is fixed under
the action of the γ-element. This fact implies especially that the Kadison-
Kaplansky conjecture holds for the considered class of groups: C∗red(Γ) con-
tains no idempotents except 0 and 1.
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This application demonstrates the power of local cyclic cohomology as a tool
in noncommutative geometry.

We describe now the contents of the paper in more detail. We begin with
some remarks about local cyclic cohomology and homological algebra in cat-
egories of topological vector spaces.

The cyclic cohomology of an algebra A is usually defined as the (co)homology

of a naturally associated chain complex ĈC∗(A) of adically complete vector
spaces.

For a Banach algebra the topology on the underlying algebra A provides
additional structure on the considered complexes. This structure can be
converted into combinatorial data which give rise not only to a single complex
but to a whole inductive system CC∗(A) of complexes of complete, locally
convex vector spaces, labeled by the compact subsets of A.

In analogy with the discrete case one can define a bivariant cyclic theory
for a pair (A,B) of Banach algebras as the group of homotopy classes of
chain maps between the cyclic Ind-complexes CC∗(A) and CC∗(B). This has
however the drawback that the cohomology of (A,B) cannot be predicted
from the cohomology of the individual complexes in the inductive systems
CC∗(A) and CC∗(B).

To remedy this we defined in [Pu1] a new category of Ind-complexes, the
derived Ind-category, by demanding the inductive systems of contractible
complexes to be zero.

We will work throughout the paper in this derived Ind-category which will
allow us to employ some methods of homological algebra without being in-
volved in any difficulties caused by the fact that the category of complete
topological vector spaces is not abelian.

The local cyclic cohomology of a pair of Banach algebras is defined as

HC∗lc(A,B) := Hom∗D(CC∗(A), CC∗(B))

the group of morphisms in the derived Ind-category between the associated
cyclic Ind-complexes.

To calculate it in the case of the group Banach algebra l1(Γ) of the fundamen-
tal group of an n-dimensional compact Riemannian manifold of nonpositive
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sectional curvature M we proceed in two steps.

We show first that

Filn+1
Hodge(CC∗(l

1(Γ)) = 0

in the derived Ind-category where Filn+1
Hodge(CC∗(l

1(Γ)) is the subcomplex of
CC∗ generated by algebraic differential forms of degree at least n+ 1.

To this end we study different resolutions of the constant Γ-module C by
free C[Γ]-modules: the standard Bar-resolution of C over Γ and the Čech
and de Rham resolutions of the constant sheaf C on M̃ = EΓ. The de
Rham resolution is a resolution of length n = dim M̃ and by comparison
of resolutions we obtain a Γ-equivariant contracting homotopy of the bar
resolution in degrees larger than n = dim M = cd(Γ). (It is in this step
that the assumption on the curvature of M is used to obtain a contracting
homotopy of the bar complex which is controlled by the geometry of M in a
sufficiently precise way.)

It is a well known fact that the Hochschild complex of a group algebra is
isomorphic to the standard complex (obtained from the bar resolution) cal-
culating the homology of Γ with coefficients in the adjoint representation. In
this way the geometrically constructed homotopy operator on the bar reso-
lution gives rise to a connection in the sense of Cuntz-Quillen on Ωn(C[Γ])
which defines a contracting homotopy of the Hochschild complex C∗(C[Γ])
in degrees larger than n. A formula of Khalkhali yields then a contracting
homotopy operator h for Filn+1

Hodge(ĈC∗(C[Γ])). Unfortunately this operator
is not continuous in the sense that it does not extend to an operator on the
Ind-complex CC∗(l

1(Γ)). This phenomenon is well known to anybody who
ever tried to calclulate the entire cyclic cohomology of an infinite dimensional
Banach algebra by reducing it to continuous periodic cyclic cohomology.

In the derived Ind-category however there is an isomorphism

“ lim
λ→1

”CC∗(l
1
λ(Γ, S))

'
→ CC∗(l

1(Γ))

where l1λ(Γ, S))is the Banach algebra of weighted l1-functions on Γ with re-
spect to the weight λlS(−) where lS is a word length on Γ [Pu], chapter 11.

The homotopy operator h mentioned above now defines a contracting homo-
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topy on

“ lim
λ→1

”Filn+1
HodgeCC∗(l

1
λ(Γ, S))

as

h : CC∗(l
1
λ(Γ, S))→ CC∗+1(l

1
λ′(Γ, S))

is continuous for λ > λ′. We deduce Filn+1
HodgeCC∗(l

1(Γ)) = 0 in the derived
Ind-category although the operator h is continuous neither on CC∗(l

1(Γ)) nor
on CC∗(l

1
λ(Γ, S)) for any λ > 1.

This argument shows the striking advantage of working in the derived Ind-
category (i.e. with local cyclic theory) as opposed to working in the homotopy
category of Ind-complexes (i.e. with entire cyclic theory).

After this reduction it is not difficult to verify, using again the comparison
between the bar and Čech-resolutions that

CChom
∗ (l1(Γ)) ' H∗(Γ,C)

in the derived Ind-category. Here CChom
∗ (l1(Γ)) denotes the homogeneous part

[Ni] of CC∗(l
1(Γ)) and H∗(Γ,C) is viewed as a single, finite dimensional chain

complex with zero differentials. If M = BΓ is of strictly negative curvature
then actually CC∗(l

1(Γ)) ' H∗(Γ,C). For groups satisfying the rapid decay
property of Jolissaint, an argument of Connes and Moscovici [CM] allows to
deduce from this an isomorphism

CChom
∗ (A(Γ)) ' H∗(Γ,C)

where A(Γ) denotes the Jolissaint algebra of all square integrable functions
of rapid decay on Γ.

So far our analysis of the local cyclic complex of group Banach algebras. As
an application we determine the image of the γ-element of Kasparov under
the bivariant Chern-Connes character. We proceed as follows.

Let Γ be the fundamental group of a complete Riemannian manifold M of
nonpositive sectional curvature. Then there exist natural Dirac- and dual
Dirac elements α ∈ KKΓ(C0(T

∗M̃),C), β ∈ KKΓ(C, C0(T
∗M̃)) satisfying

α⊗ β = 1 β ⊗ α = γ
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under the Kasparov product.

The multiplication with the associated element

αo Γ ∈ KK(C0(T
∗M), C∗red(Γ))

induces (modulo Poincaré duality) the assembly map onK-groups [Kas]. The
identity α ◦ β = 1 implies the split injectivity of the assembly map whereas
the idempotent γ-element is viewed as an obstruction to the surjectivity of
the assembly map. It should be noted that in general γ 6= 1; this is the case
for example if Γ is the fundamental group of a compact manifold of strictly
negative curvature and possesses the property T of Kazhdan [Ska].

The bivariant Chern-Connes character in local cyclic cohomology [Pu2]

ch biv : KK∗(−,−)→ HC∗lc(−,−)

is a natural transformation of bifunctors which perserves products (up to
multiplication by some universal constants). We are interested in the element

ch biv(γ o Γ) ∈ HC0
lc(C

∗
red(Γ), C∗red(Γ))

To calculate it we realize the Dirac and dual Dirac elements α and β of
Kasparov by equivariant asymptotic morphisms in the sense of Connes and
Higson [CoHi]. We construct a cohomological Dirac element

α′ ∈ HC0
lc(l

1(Γ, C0(T
∗M̃)), l1(Γ))

and a cohomological dual Dirac element

β ′ ∈ HC0
lc(l

1(Γ), l1(Γ, C0(T
∗M̃)))

and use the multiplicativity of the bivariant Chern-Connes character in even
degrees to show that the cohomological γ-element γ ′ := β ′ ◦ α′ satisfies

γ′ ◦ i∗ = i∗ ◦ ch biv(γ o Γ)

where i : l1(Γ)→ C∗red(Γ) is the inclusion.

The local cyclic complex of the crossed product algebra l1(Γ, C0(T
∗M̃))

splits into a homogeneous and an inhomogeneous part and we show that
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CChom
∗ (l1(Γ, C0(T

∗M̃)) ' H∗(M,C) in the derived Ind-category while the
inhomogeneous part CC inhom

∗ (l1(Γ, C0(T
∗M̃)) vanishes.

The cohomological Dirac and dual Dirac elements α′, β ′, viewed as mor-
phisms of local cyclic complexes in the derived Ind-category, preserve the
homogeneous decompositions. Therefore the equalities

α′ ◦ β ′ = 1 β ′ ◦ α′ = γ′

and the structure of the involved local cyclic complexes imply

γ′ = γ′hom ⊕ γ′inhom = 1hom ⊕ 0inhom

A similar discussion applies in the case of groups of rapid decay to the Jolis-
saint algebra and allows to determine the bivariant Chern-Connes character
of γ o Γ itself because the inclusion of A(Γ) into C∗red(Γ) induces an isomor-
phism of local cyclic complexes in the derived Ind-category. This establishes
our

Main Theorem

The element

ch biv(γ o Γ) ∈ HC∗lc(C
∗
red(Γ), C∗red(Γ))

is given by the canonical projection of the local cyclic bicomplex of
C∗red(Γ) onto its homogeneous part.

It is an idempotent under the composition product and acts on the local cyclic
cohomology of C∗red(Γ). This cohomology group contains a distinguished
element, the class of the canonical trace τ on C∗red(Γ). This class belongs to
the homogeneous part of the local cyclic cohomology so that

ch biv(γ o Γ)[τ ] = [τ ] ∈ HC0
lc(C

∗
red(Γ))

for fundamental groups of compact, negatively curved manifolds.

This equality was formulated as a question by Connes in [Co] where it was
pointed out that a positive solution would provide a cohomological approach
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to the idempotent conjecture for group C∗-algebras. (To be precise Connes
asks the equality to hold in entire cyclic cohomology which is a stronger
assertion than ours but has the same consequences.)

It implies that the value of the trace τ on idempotents e = e2 ∈ C∗red(Γ) is
given by

τ(e) = 〈ch ([e]), [τ ])〉 = 〈ch ([e]), ch (γ o Γ)[τ ]〉 = 〈ch ([(γ o Γ)∗e]), [τ ]〉 ∈ Z

because the trace is known to take integer values on the γ-part of K∗(C
∗
red(Γ))

by the Γ-index theorem for covering spaces [CM].

A standard argument implies then e = 0 or e = 1 which is the content of the
idempotent conjecture.

This paper extends and generalizes the calculation of the local cyclic com-
plexes of the group Banach algebras of free groups in [Pu]. The long delay
between [Pu], written in 1995, and the present paper is due to the fact
that in [Pu] we disposed only of a stable bivariant Chern-Connes character
ch biv : KK∗(A,B) → HC∗lc(SA, SB) where SA, SB are the suspensions of
A and B. The calculations presented in sections one and two apply however
only to the local cyclic complexes of the unsuspended algebras. To define
the needed unstable bivariant Chern character it is necessary to establish
excision in local cyclic cohomology which was achieved only in 1998, [Pu2].

The methods employed in this paper do not only apply to fundamental groups
of manifolds but more generally to fundamental groups of finite polyhedra
of nonpositive curvature which covers the case of torsion free groups acting
on buildings and torsion free word hyperbolic groups. These cases will be
discussed in another paper. Thus the class of discrete groups accessible by
our method coincides essentially with the class of discrete groups treated by
Lafforgue [La].

I want to thank Joachim Cuntz and Siegfried Echterhoff for instructive dis-
cussions about Morita equivalence and crossed products. It is a pleasure for
me to thank Hildegard Eissing for her excellent typing, the nice atmosphere
at the institute, and lots of coffee. My heartly thanks go to Gaby Wecker-
mann for her voluntary and substantial help in typing the manuscript. I also
thank Nina Riedel for typing parts of the paper. Finally I want to thank
my wife Wieke Benjes. Her discipline, her energy and her knowledge about
computers were of invaluable help for me.
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1 Controlled resolutions of nonpositively cur-

ved groups

Let M be a smooth, compact, aspherical manifold with base point x0 and let
Γ be its fundamental group. We study the Bar-, Čech- and de Rham resolu-
tions of the constant Γ-module C and will describe comparison maps between
these resolutions covering the identity on C. Our goal is the construction of
an equivariant contracting homotopy of the bar resolution in degrees above
the cohomological dimension of Γ.

The Bar resolution

The bar resolution C∗(Γ), ∗ ≥ −1 is defined by C−1(Γ) := C and

Cn(Γ) := C[Γ]⊗(n+1) , n ≥ 0

with Γ-action g(g0, . . . , gn) := (gg0, . . . , ggn) =, n ≥ 0 and differential

∂(g0) := 1, n = 0

∂(g0, . . . , gn) :=
n∑

i=0

(−1)i(g0, . . . , ĝi, . . . , gn) , n > 0 .

It is a resolution of the trivial Γ-module C by free Γ-modules. A contracting
linear homotopy is given by s(g0, . . . , gn) := (−1)n+1(g0, . . . , gn, 1), n ≥ 0
and s(1) = 1, n = −1. Simplices of the form (g0, . . . , gn), gi = gi+1 for some
i, 0 ≤ i < n are called degenerate.

The Čech-resolution

Let U′ := (U ′0, . . . , U
′
l ) be a finite open cover of M . We may assume that U′

is a Leray cover, i.e. all intersections U ′i0 ∩ . . . ∩ U
′
ik
, i0 < . . . < ik are either

empty or contractible open subsets of M . We also may assume that the base
point of M is contained in only one of the open sets of U′, namely U ′0.
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Passing to a universal covering (M̃, z0) of (M,x0) one can lift the contractible
open sets U ′0, . . . U

′
l to contractible open sets U0, . . . , Ul of M̃, z0 ∈ U0, such

that the family (gUi | g ∈ Γ, 0 ≤ i ≤ l) forms a Γ-invariant Leray cover U of
M̃ . The union N :=

⋃l
i=0 Ui is relatively compact in M̃ .

The set of k-simplices associated to the cover U is

Uk :=
{
(g0Ui0 , . . . , gkUik) ∈ U

(k+1) | g0Ui0 ∩ . . . ∩ gkUik 6= ∅ , i0 < . . . < ik
}

which becomes a Γ-set under the diagonal action. The family of sets of k-
simplices associated to U forms a simplicial set (Uk)k≥0. The associated chain
complex, augmented by C in degree −1 is called the Čech-resolution Č∗(U)
of the trivial Γ-module C. The acyclicity of the Čech resolution follows from
the contractibility of M̃ but will not be needed in the sequel.

The de Rham resolution

Let Ω∗(M̃) be the de Rham complex of smooth differential forms on the
universal covering M̃ of M . It is contractible to the constant complex C by
the Poincaré-Lemma because M̃ is a contractible manifold. The Γ-action on
M̃ turns Ω∗(M̃) into a complex of Γ-modules. The de Rham resolution of C

is given by the topologically dual complex Ω̌∗(M̃) := Hom(Ω∗(M̃),C) of de
Rham currents on M̃ , augmented by the constant module C in degree −1.

Comparison of resolutions

We will define now several comparison maps between the resolutions introd
uced above.

Čech versus Bar

Lemma 1.1 The linear map

φ′ : Č∗(U) → C∗(Γ)
(g0Ui0 , . . . , g

kUik) 7→ (g0, . . . , gk)

is a Γ-equivariant map of complexes covering the identity in degree −1.
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de Rham versus Čech

Let χ′0, . . . , χ
′
l be a smooth partition of unity on M subordinate to the open

cover U′ of M and let (gχi | g ∈ Γ, 0 ≤ i ≤ l) be the corresponding locally
finite partition of unity of M̃ .

Lemma 1.2 The transpose of the linear map

φ′′ : Č∗(U) → Ω∗(M̃)
ck 7→

∑
g0,... ,gk
i0<...<ik

ck(g0Ui0 , . . . , gkUik)ωk(g0Ui0 , . . . , gkUik)

with ωk(g0Ui0 , . . . , gkUik) = 1
k!

∑
σ∈Sk

gσ(0)χiσ(0)
d(gσ(1)χiσ(1)

) . . . d(gσ(k)χσ(k))

defines a Γ-equivariant map of chain complexes from the de Rham resolution
to the bidual of the Čech resolution of the trivial Γ-module C covering the
identity in degree −1.

From now on we suppose thatM carries a Riemannian metric g of nonpositive
sectional curvature [BGS]. This has the following geometric consequences for
the universal covering (M̃, g̃):

• Any two points of M̃ can be joined by a unique geodesic.

Especially M̃ is contractible. Moreover one has a notion of convexity for real
valued functions on M̃ and cartesian powers of it.

• The distance function

dM̃ : M̃ × M̃ → R

is convex.

These two conditions are actually for a simply connected Riemannian mani-
fold equivalent to the nonpositivity of the sectional curvature.
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Bar versus de Rham

Given a (k+1)-tuple (z0, . . . , zk) of points of M̃ one can construct a smooth,
singular k-simplex ϕ in M̃ with vertices z0, . . . , zk as follows. Let (e0, . . . , ek)
be the standard k-simplex in R

k+1. Map the first vertex e0 to z0 ∈ M̃ . Sup-
pose that ϕ has already been defined on the (i−1)-face (e0, . . . , ei−1). The i-
face (e0, . . . , ei) of the standard simplex in Rk+1 is given by the geodesic cone
over (e0, . . . , ei−1) with vertex ei. The map ϕ is then defined on (e0, . . . , ei)
as the map of geodesic cones from the geodesic cone over (e0, . . . , ei−1) with
vertex ei ∈ R

k+1 to the geodesic cone over ϕ(e0, . . . , ei−1) with vertex zi in M̃
which covers ϕ on the base of the geodesic cones. Note that this procedure
depends on the ordering of the vertices.

Lemma 1.3 Let (M, g) be a Riemannian manifold of nonpositive sectional
curvature with fundamental group Γ and let z be a base point of M̃ . Then
the linear map

φ′′′ : C∗(Γ) → Ω̌∗(M̃)
(g0, . . . , gk) 7→

∫
ϕ(g0z,... ,gkz)

−

is a Γ-equivariant map of chain complexes covering the identity in degree −1.

Corollary 1.4 Let (M, g) be a compact Riemannian manifold of nonpositive
sectional curvature with fundamental group Γ. Then the composition of the
maps constructed in (1.1)–(1.3) defines a chain map

φ : C∗(Γ)→ C∗(Γ)

which equals the identity in degree −1 and vanishes in degrees larger than the
dimension of M . Moreover the map φ vanishes on degenerate simplices.

Proof: By construction the composition of maps of (1.1)–(1.3) defines a
chain map φ from C∗(Γ) to the bidual. Its image is contained in the subspace
C∗(Γ) of its bidual by the fact that the geodesic simplices used in (1.3) define
currents with compact supports. Moreover a degenerate simplex in the bar
complex maps to a degenerate geodesic simplex with vanishing associated
current which proves the last assertion. The rest is clear because the de
Rham complex is zero in degrees above the dimension of M . 2
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Proposition 1.5 Let (M, g) be a compact Riemannian manifold of nonpos-
itive sectional curvature with fundamental group Γ and let φ be as in (1.4)
Then the linear operator

5′′ : C∗(Γ) → C∗+1(Γ)

(g0, . . . , gn) 7→ (−1)n
dimM∑

i=0

(φ(g0, . . . , gi), gi, . . . , gn)

defines a Γ-equivariant contracting homotopy of the bar resolution in degrees
above the dimension of M :

5′′ · ∂ + ∂ · 5′′ = IdC∗(Γ), ∗ > dimM .

Proof: The selfmap Id−φ of C∗(Γ) is a map of free resolutions which covers
zero in degree −1. It is thus Γ-equivariantly chain homotopic to zero. A
choice of a C[Γ]-module basis and a linear contraction for C∗(Γ) gives rise to
a canonical Γ-equivariant nullhomotopy of Id− φ. If we choose as basis the
simplices (g0, . . . , gn), gn = e and the linear contraction of 1.2 we obtain the
operator 5′′ satifying 5′′ · ∂ + ∂ ◦5′′ = Id− φ. The proposition follows then
from (1.4).

2

Consider the Γ-module C[Γ] under the adjoint action. Let C∗(Γ)⊗C C[Γ] be
its tensor product with the bar resolution C∗(Γ), equipped with the diagonal
Γ-action.

Definition and Lemma 1.6
a) Define a linear operator

B′ : C∗(Γ)⊗ C[Γ]→ C∗+1(Γ)⊗ C[Γ]

by the formula

B′(g0, . . . , gn, v) :=

n∑

i=0

(−1)i(gi, gi+1, . . . , gn, vg0, vg1, . . . , vgi, v) .

b) The operators 5′ := 5′′ ⊗ Id and B′ commute with the action of Γ and
descend to operators on the complex (C∗(Γ)⊗ C[Γ])Γ of Γ-coinvariants.
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Controlled Contractions of the Bar resolution

Let (M, g) be a compact Riemannian manifold and let Γ be its fundamental
group. Fix a Leray cover U′ of M as in 1.2 and let U be the associated
Γ-invariant cover of M̃ . We define a finite and symmetric (S = S−1) set of
generators of Γ by

S := {g ∈ Γ | ∃i, j, 1 ≤ i, j ≤ l : gUi ∩ Uj 6= ∅}

and denote by lS, dS the associated word length function respectively left
invariant word metric on Γ.

Lemma 1.7 Denote by dM̃ the geodesic distance on (M̃, g̃). There exist
constants A,A′, B, B′ such that for all pairs z, z′ of points of M̃ with z ∈
gUi, z

′ ∈ g′Uj the inequalities

dM̃(z, z′) ≤ A · dS(g, g′) +B

dS(g, g′) ≤ A · dM̃(z, z′) +B′

hold.

Proof: Put N :=
⋃l

i=0 Ui. The set N is relatively compact. Let C be its
diameter. If z ∈ gUi, z

′ ∈ g′Uj is a pair of points in M̃ write g = g′h1 · · ·hk

with h1, . . . , hk ∈ S. By definition of S one can construct a sequence of points
z, z1, . . . , zk, z

′ in M̃ such that any two consecutive points are contained in a
translate of N . The first inequality follows. The manifold M being compact
the cover U of M ′ has a strictly positive Lebesgue number ε. It follows that
there exists a constant C ′ such that any curve γ in M̃ can be covered by open
sets gUi0 , . . . , gmUim of U such that the intersection of any two consecutive
open sets is nonempty and such that the number m of such open sets is less or
equal to C ′ times the length of γ. The second inequality follows by applying
this remark to a shortest geodesic joining z and z ′ and the construction of
S. 2

Definition 1.8 Let (M̃, g) be a complete, simply connected Riemannian man-
ifold of nonpositive sectional curvature and let z be a base point of M̃ . Let Γ
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be a group of isometries of M . The associated weight function χ on the set
Γ(n=1) × Γ of n-simplices of the bar complex C∗(Γ)⊗ C[Γ] is defined as

χ(g0, . . . , gn, v) := dM̃(g0z, g1z) + . . .+ dM̃(gn−1z, gnz) + dM̃(gnz, vg0z)

Lemma 1.9 Let (M, g) be a compact Riemannian manifold of nonpositive
sectional curvature with universal covering (M̃, g̃) and let Γ be its fundamen-
tal group. Let U be an open cover of M̃ and let z ∈ M̃ be a base point as
constructed in 1.2. Denote by S the associated set of generators of Γ and let
χ be the weight function introduced in 1.8.

Let (g0, . . . , gn, v) be a bar simplex of Cn(Γ)⊗C[Γ] and let g′0, . . . , g
′
k ∈ Γ be

elements with k ≤ n, k ≤ dimM such that

• dS(g′i, g
′
j) ≤ 1 for all i, j, 0 ≤ i, j ≤ k

• g′i ·N ∩ ϕ(g0z, . . . , gkz) 6= ∅ for all i, 0 ≤ i ≤ k where ϕ(g0z, . . . , gkz)
is the geodesic k-simplex spanned by g0z, . . . , gkz (1.3) and N equals⋃l

j=0 Uj ⊂ M̃ (see 1.1).

Then

χ(g′0, . . . , g
′
k, g

k, . . . , gn, v) ≤ χ(g0, . . . , gn, v) + 2(k + 1)C

where C equals the diameter of N .

Proof:
By construction of the generating set S of Γ the inequality dS(g′i, g

′
j) ≤ 1

yields g′iN ∩ g
′
jN 6= ∅ which implies

d(g′iz, g
′
jz) ≤ 2diamN = 2C for all i, j, 0 ≤ i, j ≤ l.

Choose a point z′ ∈ g′0 ·N ∩ ϕ(g0z, . . . , gkz). Then

d(gnz, vg′0z) + d(g′kz, g
kz) ≤ d(gnz, vz′) + d(z′, gkz) + 4C .

The restriction of a convex function on M̃ to a geodesic simplex attains its
maximum at some vertex of this simplex. From the convexity of the distance
function we deduce therefore

d(gnz, vz′) + d(z′, gkz)
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≤ d(gnz, vgjz) + d(gjz, gkz) for some j, 0 ≤ j ≤ k

≤ d(gnz, vg0z) + d(g0z, g1z) + . . .+ d(gk−1z, gkz) .

Altogether we obtain the estimate

χ(g′0, . . . , g
′
k, g

k, . . . , gn, v) < χ(g0, . . . , gn, v) + 2(k + 1)C .

2

The calculations of [IY] yield

Lemma 1.10 Let ∆ be a geodesic k-simplex, k ≤ dimM , in a complete,
simply connected Riemannian manifold M of nonpositive sectional curvature.
Then

Vol(∆) ≤ C(k) · (diam(∆))k

where the constant C(k) depends only on the dimension of the simplex.

The controlled resolutions of interest to us are obtained by introducing a
class of weighted l1-seminorms on the complex C∗(Γ)⊗ C[Γ].

Definition and Lemma 1.11 Let (M, g) be a complete Riemannian mani-
fold of nonpositive sectional curvature and let z be a base point of its universal
covering. Let χ be the associated weight function (1.8) for the fundamental
group Γ of M . Then for any triple (λ, k, R) with λ > 1, j ≥ 0, R ≥ 0 there
exists a largest seminorm ‖ ‖(λ,j,R) on the bar complex C∗(Γ)⊗ C[Γ] satisfyi
ng

‖(g0, . . . , gn, v)‖(λ,j,R) ≤ (χ(g0, . . . , gn, v) +R)j · λχ(g0,... ,gn,v) .

The differentials ∂k : Ck(Γ) ⊗ C[Γ] → Ck−1(Γ) ⊗ C[Γ] are bounded of norm
less or equal to k + 1 with respect to each of the norms ‖ ‖(λ,k,R).The group
Γ acts on C∗(Γ) ⊗ C[Γ] by isometries in each of the norms ‖ ‖(λ,k,R). The
induced norms on the quotient complex of Γ-coinvariants are still denoted by
the same symbol.
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In the rest of this section we will estimate the norm of the operators 5′ and
B′ with respect to the norms introduced above.

Let (M, g) be a compact Riemannian manifold of nonpositive sectional cur-
vature with fundamental group Γ. After possibly rescaling the metric we
may assume that the action of Γ on the universal covering M̃ satisfies

dM̃(z, gz) ≥ 1 , ∀ z ∈ M̃, ∀g ∈ Γ, g 6= 1 .

We fix the following data:

• a base point z of M̃

• an open Leray cover (gUi | g ∈ Γ, 0 ≤ i ≤ l) of (M̃, z) as in (1.1)

• a subordinate smooth partition of unity (g · χi | g ∈ Γ, 0 ≤ i ≤ l).

In all assertions we will refer to one and the same fixed choice of these data.

The central result of section one is

Proposition 1.12 Let (M, g) be a compactm-dimensional Riemannian man-
ifold of nonpositive sectional curvature and let Γ be its fundamental group.
Let 5′ be a contracting homotopy of the bar resolution of Ad(Γ) as con-
structed in (1.5), (1.6). Then there exists a constant C = C(5′, λ) such that
for all simplices xn ∈ Cn(Γ)⊗C[Γ] and all seminorms ‖ ‖(λ,j,R), j ≥ 0, R ≥ 0
of (1.11) the estimates

• ‖ 5′ (xn)‖(λ,j,R) ≤ C · ‖xn‖(λ,j+m,R+C)

• ‖ 5′ ◦B′(xn)‖(λ,j,R) ≤ C · (n+ 1)1−m‖xn‖(λ,j+m,R+C)

hold.

Proof: We proceed in several steps.

Step 0: As all involved norms are weighted l1-norms it suffices to verify the
claim on bar simplices, i.e. one may suppose xn = (g0, . . . , gn, v) ∈ Γ(n+2).

17



Step 1: It is convenient to view 5′(g0, . . . , gn, v) as element of the bidual
of (C∗(Γ)⊗ C[Γ], ‖ ‖(λ,j,R)) and to estimate its norm via

‖ 5′ (g0, . . . , gn, v)‖(λ,j,R) = sup
µ

|µ(5′(g0, . . . , gn, v))|

where µ ranges over the unit ball of the topological dual of Cn+1(Γ)⊗ C[Γ],
i.e. over all linear functionals satisfying

|µ(g′0, . . . , g
′
n+1, v

′)| ≤ ‖(g′0, . . . , g
′
n+1, v

′)‖(λ,j,R) .

Step 2: Fix such a functional. Lemmata (1.1) to (1.3) and (1.5) and (1.6)
establish the formula

5′(g0, . . . , gn, v) = (−1)n

min(m,n)∑

k=0

(φk(g
0, . . . , gk), gk, . . . , gn, v)

and

µ((φk(g
0, . . . , gk), gk, . . . , gn, v)) =

∫
ϕ(g0z,... ,gkz)

∑
g′
0

,... ,g′
k

i0<...<ik

µ(g′0, . . . , g
′
k, g

k, . . . , gn, v)ωk(g
′
0Ui0 , . . . , g

′
kUik)

with ωk(g0Ui0 , . . . , gkUik) = 1
k!

∑
σ∈Sk

gσ(0)χiσ(0)
d(gσ(1)χiσ(1)

) . . . d(gσ(k)χσ(k))

where ϕ(g0z, . . . , gkz) is the geodesic k-simplex in M̃ spanned by g0z, . . . , gkz
and the sum runs over all g′0, . . . , g

′
k ∈ Γ, 0 ≤ i0 < . . . < ik ≤ l. Note that

for fixed g0, . . . , gk only a finite number of summands is nonzero.

Step 3: The integral
∫

ϕ(g0z,... ,gkz)

µ(g′0, . . . , g
′
k, g

k, . . . , gn, v)g′σ(0)χiσ(0)
d(g′σ(1)χiσ(1)

) . . . d(g′σ(k)χiσ(k)
)

can be nonzero only if the support of the differential form

g′σ(0)χiσ(0)
d(g′σ(1)χiσ(1)

) . . . d(g′σ(k)χiσ(k)
)

18



is nonempty and meets the geodesic simplex ϕ(g0z, . . . , gkz). This implies
that dS(g′i, g

′
j) ≤ 1 and g′iN ∩ ϕ(g0z, . . . , gkz) 6= ∅ for all 0 ≤ i, j ≤ k ≤ m.

It follows from Lemma (1.9) that for such a choice of the elements one has

χ(g′0, . . . , g
′
k, g

k, . . . , gn, v) ≤ χ(g0, . . . , gn, v) + 2(m+ 1) · C ′

for some constant C ′ depending only on the choice of 5′.
Especially, for all C > 2(m+ 1)C ′

|µ(g′0, . . . , g
′
k, g

k, . . . , gn, v)| ≤ ‖(g′0, . . . , g
′
k, g

k, . . . , gn, v)‖(λ,j,R)

≤ C ′(λ,5′)‖(g0, . . . , gn, v)‖(λ,j,C+R).

Step 4: The cover U and the associated partition of unity being lifted from
a finite cover of the compact manifold M and the metric g̃ of M̃ being Γ-
invariant one sees that

sup
x,η




∑

g′0,... ,g′
k

i0<...<ik

∑

σ∈Sk

∣∣〈g′σ(0)χiσ(0)
d(g′σ(1)χiσ(1)

) . . . d(g′σ(k)χiσ(k)
) | η〉

∣∣(x)


 <∞

where the supremum is taken over all pairs (x, η) where x ∈ M̃ and η ∈
ΛkTxM̃ is of the form η = e1 ∧ . . . ∧ ek for some orthonormal set of vectors
e1, . . . , ek ∈ TxM̃ .

Step 5: For the volume of the geodesic simplex ϕ(g0z, . . . gkz) one finds

Vol(ϕ(g0z, . . . , gkz)) ≤ C(k) · diam(ϕ(g0z, . . . , gkz))k

by Lemma (1.10)
≤ C(k) max0≤i,j≤k d(g

iz, gjz)k

by the convexity of the distance function
≤ C(k)(d(g0z, g1z) + . . .+ d(gk−1z, gkz))k.

Step 6: Altogether the formula of Step 2 and the estimate
∣∣∣
∫

∆k

ωk
∣∣∣ ≤ (sup

(x,η)

|〈ωk, η〉|(x)) · Vol(∆k)
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for every differential k-form on M̃ and every geodesic k-simplex ∆k with
(x, η) ranging over the set described in Step 4 establish the existence of a
constant C(5′, λ) such that

‖φk(g
0, . . . , gn, v)‖(λ,j,R)

≤ C(5′,λ)
m+1

(d(g0z, g1z) + . . .+ d(gk−1z, gkz))k‖(g0, . . . gn, v)‖(λ,j,R+C(5′,λ))

for all 0 ≤ k ≤ min(m,n).

Step 7: As the metric on M was chosen such that dM̃(gz, g′z) ≥ 1 for
g, g′ ∈ Γ, g 6= g′ one has

(d(g0z, g1z) + . . .+ d(gk−1z, gkz))k ≤ χ(g0, . . . , gn, v)m for all 0 ≤ k ≤ m

and thus

‖ 5′ (g0, . . . , gn, v)‖(λ,j,R)

≤ C(5′, λ) · χ(g0, . . . , gn, v)m · ‖(g0, . . . , gn, v)‖(λ,j,C(5′,λ)+R)

≤ C(5′, λ) · ‖(g0, . . . , gn, v)‖(λ,j+m,R+C(5′,λ))

which was the first claim of the proposition.

Step 8: By definition the operator B ′(1.6) is given on bar simplices by the
formula

B′(g0, . . . , gn, v) =

n∑

i=0

(−1)i(gi, gi+1, . . . , gn, vg0, vg1, . . . , vgi, v) .

One verifies that

χ(gi, gi+1, . . . , gn, vg0, vg1, . . . , vgi, v) = χ(g0, . . . , gn, v)

for all i, 0 ≤ i ≤ n so that all seminorms defined in (1.11) agree on these
simplices with the corresponding norms of the simplex (g0, . . . , gn, v).
By the estimate established in Step 6 we know therefore that

‖ 5′ ◦B′(g0, . . . , gn, v)‖(λ,j,R)

≤ C(5′, λ)‖(g0, . . . , gn, v)‖(λ,j,R+C)

·
n∑

i=0

(d(giz, gi+1z) + . . .+ d(gi+mz, gi+m+1z))m.
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where in the sum the group elements are counted in cyclic order. The ele-
mentary inequality

n∑

i=0

(ki + ki+1 + . . .+ ki+m)m ≤ C ′′(m) · (n+ 1)1−m(k0 + . . .+ kn)m

which holds for any family k0, . . . , kn of positive numbers counted in cyclic
order, implies then finally

‖ 5′ ◦B′(g0, . . . , gn, v)‖(λ,j,R)

≤ C ′′(m) · (n+ 1)1−mχ(g0, . . . , gn, v)m · ‖(g0, . . . , gn, v)‖(λ,j,R+C)

≤ C ′(5′, λ) · (n+ 1)1−m‖(g0, . . . , gn, v)‖(λ,j+m,R+C′)

for a suitable C ′ = C ′(5′, λ). 2

Corollary 1.13 Under the assumptions of (1.12) there exist for every pair
λ, λ′ of real numbers with 1 < λ′ < λ constants C1, C2 such that the following
holds: for all x ∈ C∗(Γ)⊗ C[Γ], xn ∈ Cn(Γ)⊗ C[Γ] and all k ∈ N.

• ‖ 5′ (x)‖(λ′,0,0) ≤ C1 · ‖x‖(λ,0,0)

• ‖(5′ ◦B′)k(xn)‖(λ′,0,0) ≤ (n+1)(n+3) · . . . · (n+2k− 1) ·Ck
2 · ‖xn‖(λ,0,0)

Proof: As the involved norms are weighted l1-norms we may suppose that
x, xn are bar simplices of the form (g0, . . . , gn, v) ∈ Γ(n+2).

a) By (1.12) we find that

‖ 5′ (g0, . . . , gn, v)‖(λ′,0,0) ≤ C · ‖(g0, . . . , gn, v)‖(λ′,m,C)

≤ C · (χ(g0, . . . , gn, v) + C)m ·

(
λ′

λ

)χ(g0,... ,gn,v)

· ‖(g0, . . . , gn, v)‖(λ,0,0)

for some constantC = C(5′, λ′)

≤ C1 · ‖(g
0, . . . , gn, v)‖(λ,0,0)

as supt

(
(t+ C)m

(
λ′

λ

)t)
<∞.
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b) Again by (1.12)

‖(5′ ◦B′)k(g0, . . . , gn, v)‖(λ′,0,0)

≤ C(n+ 2k − 1)1−m‖(5′ ◦B′)k−1(g0, . . . , gn, v)‖(λ′,m,C)

≤ Ck(n + 2k − 1)1−m(n+ 2k − 3)1−m. . . (n+ 1)1−m‖(g0, . . . , gn, v)‖(λ′,km,kC)

Let now C ′ > 0 be a constant such that exp
(

m·C
C′

)
< λ

λ′
. Then

(n+ 2k − 1)−m(n+ 2k − 3)−m . . . (n+ 1)−mCk‖(g0, . . . , gn, v)‖(λ′,km,kC)

≤

(
1

k!

)m

· Ck · ‖(g0, . . . , gn, v)‖(λ′,km,kC)

≤

(
1

k!

)m

· Ckm · (χ(g0, . . . , gn, v) + kC)km‖(g0, . . . , gn, v)‖(λ′,0,0) =

≤ C
′km ·

(
Ck · C

′−k · (χ(g0, . . . gn, v) + kC)k

k!

)m

· ‖(g0, . . . , gn, v)‖(λ′,0,0)

≤ C
′km

(
exp

(
C

C ′
(χ(g0, . . . , gn, v) + kC)

))m

· ‖(g0, . . . , gn, v)‖(λ′,0,0)

≤ C
′km · exp

(
mC

C ′
χ(g0, . . . , gn, v) + k ·

mC2

C ′

)
· ‖(g0, . . . , gn, v)‖(λ′,0,0)

≤ C
′km · exp

(
mC

C ′
χ(g0, . . . , gn, v)

)
· exp

(
mC2

C ′

)k

· ‖(g0, . . . , gn, v)‖(λ′,0,0)

≤

(
C

′m · exp

(
mC2

C ′

))k

·

(
λ

λ′

)χ(g0,... ,gn,v)

· ‖(g0, . . . , gn, v)‖(λ′,0,0)

by the choice of C ′

≤ Ck
2 · ‖(g

0, . . . , gn, v)‖(λ,0,0)

for any C2 large enough. 2
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2 Local cyclic cohomology of group Banach

algebras

In this section we carry out a partial calculation of the bivariant local cyclic
cohomology of the Banach algebra l1(Γ) of a discrete group Γ which occurs
as fundamental group of a compact Riemannian manifold of nonpositive sec-
tional curvature. For fundamental groups of strictly negatively curved man-
ifolds we obtain in fact a complete answer.

Local cyclic cohomology of Banach algebras and the
Limit Theorem

We recall a few facts from [Pu1]. Local cyclic cohomology [Pu1] was intro-
duced as a cyclic homology theory for Banach algebras which avoids some
pathologies of ordinary continuous cyclic cohomology in the topological con-
text. We describe it here in terms of cyclic bicomplexes whereas in [Pu1]
we worked in the different, but equivalent, approach using the X-complex of
Cuntz and Quillen.

Let A be a Banach algebra with open unit ball U . For any compact set
K ⊂ U and any real number N > 1 one considers a Z/2-graded chain
complex CC∗(A)(K,N) which is the completion of the (contractible) algebraic
cyclic bicomplex CC∗(AK) of the subalgebra AK of A generated by K with
respect to a Fréchet topology depending on K and N . If (K ′, N ′) is another
such pair satisfying K ⊂ K ′ and N ≤ N ′, then the identity of A induces a
natural bounded chain map CC∗(A)(K,N) → CC∗(A)(K′,N ′), so that the family
CC∗(A)(K,N) forms an inductive system of complexes over the directed set of
pairs (K,N), K ⊂ U,N ≥ 1. We denote the formal inductive limit of this
system by

CC∗(A) = CC∗(A,Sc) := “ lim
−→

(K,N)

”CC∗(A)(K,N) .

It is an object in the Ind-category of Z/2-graded complexes of complete,
locally convex vector spaces. If B is another Banach algebra we define the
local cyclic cohomology of the pair (A,B) as

HC∗lc(A,B) := Hom∗D(IndC)(CC∗(A), CC∗(B))
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where the morphisms are taken in the derived Ind-category of Z/2-graded
chain complexes. This derived Ind-category is obtained from the homo-
topy category of Ind-complexes by annihilating the formal inductive limits
of systems of contractible complexes. The local cyclic cohomology groups
HC∗lc(−,−) show a very nice functorial behaviour, they are continuous ho-
motopy functors and satisfy excision in reasonable cases. The computability
of these groups, at least in sufficiently well behaved situations, is based on
the

Theorem 2.1 (Limit Theorem) ([Pu1], 4.7) Let (An)n∈N be an inductive
system of Banach algebras and let f = (fn : An → A) be a homomorphism of
this inductive system to some Banach algebra A. Suppose that the following
conditions hold

• A is separable and possesses the Grothendieck approximation property.

• The image of lim
−→

n

An under f is dense in A.

• There exists a constant C such that

lim
n→∞

‖an‖An
≤ C · ‖f(a)‖A

for all a = lim
n→∞

an ∈ lim
−→

n

An.

Then the map of Ind-complexes

“ lim
−→

n

” CC∗(An) −→ CC∗(A)

induced by f is an isomorphism in the derived Ind-category. Here the limit
has to be viewed as a single Ind-complex and not as a formal inductive limit
over the Ind-cagetory.

As a consequence of the Limit Theorem one obtains the isomorphism

lim
−→

n

HC lc
∗ (An)

'
−→ HC lc

∗ (A)
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in local cyclic homology and the natural short exact sequence

0→ lim
←−

n

1HC∗−1
lc (An)→ HC∗lc(A)→ lim

←−
n

HC∗lc(An)→ 0

in local cyclic cohomology.

We will use the Limit Theorem to study the local cyclic cohomology of l1(Γ).

The local cyclic complex of l1(Γ)

Definition and Lemma 2.2 [Pu] Let Γ be a discrete group with finite and
symmetric set of generators S. Let lS be the associated word length function.
For all λ > 1 denote by l1λ(Γ, S) the completion of the group algebra C[Γ] in
the largest seminorm ‖ ‖λ satisfying

‖g‖λ ≤ λlS(g) .

Then l1λ(Γ, S) is an involutive Banach algebra for all λ > 1 and for λ > λ′ the
identity on C[Γ] extends to a bounded homomorphism l1λ(Γ, S)→ l1λ′(Γ, S) of
involutive Banach algebras. The family (l1λ(Γ, S))λ>1 becomes an inductive
system of Banach algebras equipped with a natural map

(l1λ(Γ, S))λ>1 −→ l1(Γ) .

Lemma 2.3 The homomorphism

(l1λ(Γ, S))λ>1 −→ l1(Γ)

of inductive systems of Banach algebras satisfies the assumptions of the Limit
Theorem (2.1).

Definition 2.4 Let (Γ, S) be a discrete group with finite, symmetric set of
generators and let λ > 1, N > 1 be real numbers. Denote by C[Γ] the group
algebra of Γ and let

CC∗(C[Γ]) =
∞⊕

n=0

Ω∗+2n(C[Γ])
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be its (noncomplete) cyclic bicomplex. For any integer k ≥ 0 let ‖ ‖N,k be the
largest seminorm on CC∗(C[Γ]) satisfying

‖g0dg1 . . . dg2n‖λ,N,k ≤
1

n!
(2 + 2n)kN−n · λ(lS(g0)+...+lS(g2n))

‖g0dg1 . . . dg2n+1‖λ,N,k ≤
1

n!
(2 + 2n)kN−n · λ(lS(g0)+...+lS(g2n+1)) .

The seminorms ‖ ‖λ,N,k with k = 0, 1, . . . determine a Fréchet-topology on
CC∗(C[Γ]). Its completion is denoted by CC∗(l

1
λ(Γ, S))N . It is a Z/2-graded

complex of separable Fréchet-spaces. For λ ≥ λ′ > 1 and N ≤ N ′ the identity
of CC∗(C[Γ]) extends to a continuous homomorphism

CC∗(l
1
λ(Γ, S))N −→ CC∗(l

1
λ′(Γ, S))N ′ .

Proposition 2.5 The natural map of Ind-complexes

“ lim
λ→1

N→∞

” CC∗(l
1
λ(Γ, S))N −→ CC∗(l

1(Γ))

is an isomorphism in the derived Ind-category of Z/2-graded chain complexes
of complete, locally convex vector spaces.

Proof: This is a consequence of the Limit Theorem and the definition of
local cyclic cohomology (see [Pu1]). The factor 1

n!
is introduced by the chain

homotopy equivalence CC∗(A)
∼
−→ X∗(T A) ](see [CQ2], [Pu] Chapter 3). 2

Definition 2.6 Let (M, g) be a compact Riemannian manifold and let Γ be
its fundamental group. Let (M̃, g̃) be its universal covering and let z be a
base point of M̃ . Let λ > 1, N > 1 be real numbers. Denote by C[Γ] the

group algebra of Γ and let CC∗(C[Γ]) =
∞⊕

n=0

Ω∗+2n(C[Γ]) be its (noncomplete)

cyclic bicomplex. For any integer k ≥ 0 let ‖ ‖′λ,N,k be the largest seminorm
on CC∗(C[Γ]) satisfying

‖g0dg1 . . . dg2n‖′λ,N,k ≤
1

n!
(2 + 2n)kN−nλ(d

M̃
(z,g0z)+...+d

M̃
(z,g2nz))

‖g0dg1 . . . dg2n+1‖′λ,N,k ≤
1

n!
(2 + 2n)kN−nλ(d

M̃
(z,g0z)+...+d

M̃
(z,g2n+1z)) .
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The seminorms ‖ ‖′λ,N,k with k = 0, 1, . . . determine a Fréchet topology on

CC∗(C[Γ]). Denote its completion by CC∗(l
1
λ(Γ, M̃ , z))N . It is a Z/2-graded

complex of separable Fréchet spaces. For λ ≥ λ′ > 1 and N ≤ N ′ the identity
of CC∗(C[Γ]) extends to a continuous chain map

CC∗(l
1
λ(Γ, M̃ , z))N −→ CC∗(l

1
λ′(Γ, M̃ , z))′N .

Proposition 2.7 There exists a natural isomorphism

“ lim
λ→1

N→∞

”CC∗(l
1
λ(Γ, M̃ , z))N

∼
−→ CC∗(l

1(Γ))

in the derived Ind-category of Z/2-graded complexes of complete, locally con-
vex vector spaces.

Proof: This is a consequence of Proposition (2.5) and Lemma (1.7). 2

The calculation of the cyclic homology of group algebras is based on the
observation, [Bu], [Ni], that the Hochschild homology of a group algebra is
canonically isomorphic to the homology of the group with coefficients in the
adjoint representation.

In fact one has

Lemma 2.8 Let Γ be a group and let C∗(CΓ,CΓ) be the Hochschild complex
of CΓ. Denote by C∗(Γ) ⊗C C[Γ] the tensor product of the bar resolution
of the constant Γ-module C and the group algebra CΓ, viewed as Γ-module
under the adjoint representation and let (C∗(Γ) ⊗ C[Γ])Γ be the associated
complex of Γ-coinvariants. Then there exist canonical isomorphisms

(C∗(Γ)⊗C C[Γ])Γ

µ
−→
←−

ν
C∗(CΓ,CΓ) ∼= Ω∗(CΓ) .

They are given on generators by the formulas

µ((g0, . . . , gn, v)) = (g−1
n vg0)d(g

−1
0 g1)d(g

−1
1 g2) · · ·d(g

−1
n−1gn)

ν(vdg1 . . . dgn) = (1, g1, g1g2, . . . , g1 . . . gn, g1 . . . gnv) .

27



We can now translate the results obtained in section one about controlled
bar resolutions into the context of cyclic bicomplexes of group algebras

Proposition 2.9 Let (M, g) be a compact Riemannian manifold of nonpos-
itive sectional curvature and let Γ be its fundamental group. Let 5′ and B′

be the operators on (C∗(Γ)⊗ C[Γ])Γ constructed respectively defined in (1.5)
and (1.6).
a) Under the canonical isomorphism (2.8) the operator B ′ is identified with
Connes differential B. The operator 5′ corresponds to a connection 5 in the
sense of Cuntz-Quillen [CQ1] on Ω∗(C[Γ]) for ∗ ≥ dimM = cd Γ. Especially
5 defines a contracting homotopy of the Hochschild complex C∗(CΓ,CΓ) for
∗ > dimM .
b) Let z ∈ M̃ be the base point of the universal covering of M which has
been fixed during the construction of 5′. We suppose d(gz, g′z) ≥ 1 for all
g, g′ ∈ Γ, g 6= g′. Denote by ‖ ‖′λ,N,k the norms on CC∗(C[Γ]) associated to

(Γ, M̃ , z) (2.6). Then for every pair (λ,N) > 1 of real numbers there exists
a pair (λ′, N ′), λ > λ′ > 1, N < N ′ and a constant C such that the estimates

• ‖ 5 (x)‖′λ′,N ′,0 ≤ C‖x‖′λ,N,0 and

• ‖(5 ◦B)k(x)‖′λ′,N ′,0 ≤ 2−k‖x‖′λ,N,0

hold for all x ∈ CC∗(C[Γ]).

Proof: a) is evident from the construction and definition of 5′ and B′ and
from (2.8). Concerning b) we observe first that the weight function χ (1.8)
associated to (M̃, z) satisfies

χ(ν(g0dg1 . . . dgn)) = dM̃(z, g0z) + . . .+ dM̃(z, gnz)

from which the equalities

‖x2n‖
′
λ,N,k =

1

n!
(2 + 2n)k ·N−n‖ν(x2n)‖(λ,0,0)

‖x2n+1‖
′
λ,N,k =

1

n!
(2 + 2n)k ·N−n‖ν(x2n+1)‖(λ,0,0)

follow. Fix now λ,N > 1 and choose λ′ satisfying 1 < λ′ < λ. Let C1, C2

be constants satisfying the assertions of (1.13) with respect to 5′ and 5′ ◦B′
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and choose finally N ′ satisfying N ′ > N + 4C2. For x2n ∈ Ω2n(C[Γ]) one
finds 5(x2n) ∈ Ω2n+1(C) and

‖ 5 (x2n)‖′λ′,N ′,0 =
1

n!
N

′−n‖ν(5(x2n))‖(λ′,0,0)

≤
1

n!
N−n‖ 5′ (ν(x2n))‖(λ′,0,0)

≤
1

n!
N−n · C1‖ν(x2n)‖(λ,0,0) by (1.13)

= C1 · ‖x2n‖
′
λ,N,0 .

Similarly for (5 ◦B)k(x2n) ∈ Ω2n+2k(C[Γ])

‖(5 ◦B)k(x2n)‖′λ′,N ′,0 =
1

(n+ k)!
N

′−(n+k)‖ν((5 ◦B)k(x2n))‖(λ′,0,0)

=
1

(n+ k)!
N

′−(n+k)‖(5′ ◦B′)k(ν(x2n))‖(λ′,0,0)

≤
1

n!

(n + 1)(n+ 3) . . . (n+ 2k − 1)

(n+ 1)(n+ 2) . . . (n+ k)
·N

′−(n+k) · Ck
2‖ν(x2n)‖(λ,0,0)

≤ 2k ·N
′−k · Ck

2 ·
1

n!
N−n‖ν(x2n)‖(λ,0,0)

≤ 2−k‖x2n‖
′
(λ,0,0)

The estimates in odd degree are similar and both establish by definition of
the norms ‖ ‖′ assertion b) of the Proposition. 2

If one tries to calculate the entire cyclic (co)homology of a Banach algebra
A obtained by completion of an algebra A of finite cohomological dimension
the natural strategy is the following. One constructs a finite projective reso-
lution of the A-bimodule A and obtains from it a connection in the sense of
Cuntz-Quillen on the A-bimodule of algebraic differential forms of sufficiently
high degree. As remarked by Khalkhali [Kh] this connection determines a

contracting homotopy of the subcomplex FilnHodgeĈC∗(A), for n > cd A
of the cyclic bicomplex of A. If one is lucky this contracting homotopy
is continuous and extends to FilnHodgeCC

ε
∗(A) thereby verifying the equality

HCε(A) = HP (A). However this usually never happens which makes entire
cyclic (co)homology exceptionally difficult to compute. Our first main result
shows that this approach may very well work in the context of local cyclic
cohomology.
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Theorem 2.10 Let (M, g) be a compact Riemannian manifold of nonposi-
tive sectional curvature and let Γ be its fundamental group. Denote by S a
funite symmetric set of generators for Γ. Then for n > dimM the natural
map of Ind-complexes (2.4), (2.5)

“ lim
λ→1

N→∞

”CC∗(l
1
λ(Γ, S))N −→ “ lim

λ→1
N→∞

”CC∗/Filn+1
HodgeCC∗(l

1
λ(Γ, S))N

is an isomorphism in the homotopy category of Z/2-graded Ind-complexes of
complete, locally convex vector spaces.

Proof: Note that the considered Ind-complexes do not depend, up to canon-
ical isomorphisms, on the choice of the generating set S and are naturally
isomorphic to the Ind-complex

“ lim
λ→1

N→∞

”CC∗(l
1
λ(Γ, M̃ , z))N

for any choice of a base point z of M̃ . Therefore it suffices to verify that

(∗)“ lim
λ→1

N→∞

”CC∗(l
1
λ(Γ, M̃ , z))N −→ “ lim

λ→1
N→∞

”CC∗/Filn+1
HodgeCC∗(l

1
λ(Γ, M̃ , z))N

is an isomorphism for some specific choice of z ∈ M̃ .

Let A be an auxiliary algebra and let 5 be a connection in the sense of
Cuntz–Quillen on ΩnA. The extension of complexes

0→ Filn+1
HodgeĈC∗(A)→ ĈC∗(A)→ ĈC∗/Filn+1

Hodge(A)→ 0

possesses then a canonical linear splitting given by the identity on ΩkA for
k < n and by the operator s := IdΩnA − b ◦5 on

CCn/Filn+1
HodgeCCn(A) = ΩnA/[ΩnA,A] .

Proposition (2.9) b) shows therefore that the epimorphism (∗) of Ind-
complexes possesses a continuous linear splitting. To establish the theorem
it suffices therefore to verify that the Ind-complex

“ lim
λ→1

N→∞

”Filn+1
HodgeCC∗(l

1
λ(Γ, M̃ , z))N
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is contractible for n > dimM .

If 5 is a connection on Ω∗A, ∗ ≥ n, or any contracting homotopy for the
Hochschild complex of an auxiliary algebra A in degrees larger than n, then
the complex Filn+1

HodgeĈC∗(A) becomes contractible and a canonical contract-
ing homotopy is provided by the operator

h :=

∞∑

k=0

(−5 ◦B)k
◦ 5 .

See [Ka], [Pu], [Pu3].

Taking into account the continuity result (2.9) b) we may apply this obser-
vation to the Ind-complex

“ lim
λ→1

N→∞

”CC∗(l
1
λ(Γ, M̃ , z))N

and conclude that

“ lim
λ→1
N→1

”Filn+1
HodgeCC∗(l

1
λ(Γ, M̂ , z))N

is canonically and continuously contractible which establishes the theorem.
2

Corollary 2.11 Let Γ be the fundamental group of a compact Riemannian
manifold of nonpositive sectional curvature and let S be any finite set of
generators of Γ. Then there are natural isomorphisms

HC lc
∗ (l1(Γ)) ' lim

λ→1
HCε

∗(l
1
λ(Γ, S)) ' lim

λ→1
HP∗(l

1
λ(Γ, S))

of homology groups and an isomorphism of short exact sequences

0 → lim
←−

λ

1HP ∗−1(l1λ(Γ, S)) → HC∗lc(l
1(Γ)) → lim

←−
λ

HP ∗(l1λ(Γ, S)) → 0

'↓ ‖ ↓'

0 → lim
←−

λ

1HC∗−1
ε (l1λ(Γ, S)) → HC∗lc(l

1(Γ)) → lim
←−

λ

HC∗ε (l
1
λ(Γ, S)) → 0

of cohomology groups. The subscripts lc and ε denote local respectively en-
tire cyclic (co)homology whereas HP stands for continuous periodic cyclic
cohomology.
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Proof: The contracting homotopy operator of Filn+1
HodgeCC∗(C[Γ]) constructed

in theorem (2.10) extends to continuous operators

hε : Filn+1
HodgeCC

ε
∗(l

1
λ(Γ, S)) → Filn+1

HodgeCC
ε
∗+1(l

1
λ′(Γ, S))

hper : Filn+1
HodgeCC

top
∗ (l1λ(Γ, S)) → Filn+1

HodgeCC
top
∗+1(l

1
λ′(Γ, S))

for all λ > λ′ > 1. The conclusion follows then from the fact that the
Ind-complexes

“ lim
−→
λ,N

”CC∗/Filn+1
HodgeCC∗(l

1
λ(Γ, M̃ , z))N '

' “ lim
−→

λ

”CCε
∗/Filn+1

HodgeCC∗(l
1
λ(Γ, S))

' “ lim
−→

λ

”CCtop
∗ /Filn+1

HodgeCC
top
∗ (l1λ(Γ, S))

are naturally isomorphic. 2

The homogeneous decomposition of the cyclic bicom-
plex of a group algebra

The Hochschild complex of a group algebra is canonically isomorphic to the
complex of coinvariants of the bar resolution of the adjoint representation of
the group. The adjoint representation is not irreducible but decomposes as
direct sum of irreducible submodules indexed by the set of conjugacy classes
of Γ. This provides a decomposition of the Hochschild-complex and the cyclic
bicomplex of a group algebra [Bu], [Ni]. We are here only interested in the
direct summand of the cyclic bicomplex associated to the one-dimensional
constant submodule of the adjoint representation defined by the conjugacy
class of the unit. This is called the homogeneous part of the cyclic bicomplex.
The complementary inhomogeneous part will be considered elsewhere.
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Lemma 2.12 Let Γ be a discrete group.

a) The natural linear splitting

Ωn
C[Γ] '

⊕

g0...gn=e

Cg0dg1 . . . dgn ⊕
⊕

g0...gn 6=e

Cg0dg1 . . . dgn

⊕
⊕

g1...gn=e

Cdg1 . . . dgn ⊕
⊕

g1...gn 6=e

Cdg1 . . . dgn

induces a natural linear splitting

CC∗(C[Γ]) ' CChom
∗ (C[Γ])⊕ CC inhom

∗ (C[Γ]) .

It is called the homogeneous decomposition of CC∗(C[Γ]).

b) The splitting of a) extends to natural continuous linear splittings of
continuous periodic, entire and local cyclic complexes of the Banach
algebras l1(Γ) and l1λ(Γ, S), λ > 1.

c) Assertions (2.5), (2.7) and (2.10) hold for both the homogeneous and
the inhomogeneous part of the considered complexes.

Proof: Assertion a) is well known and b) follows from the definition of the
involved topologies. It should be noted that there is in general no reason for
such a splitting to exist for cyclic complexes of completed group algebras for
completions different from weighted l1-spaces. It is clear that the chain maps
in (2.5), (2.7) and (2.10) preserve the homogeneous decomposition. There is
an “obvious” natural choice for an inverse up to homotopy of the maps in
(2.5) and (2.7). These are easily checked to preserve the homogeneous de-
composition, see [Pu1], (4.7). For (4.9) note that the connections on Ω∗(C[Γ])
used are derived from contracting homotopies of the bar resolution in group
homology and are thus compatible with any decomposition of the coefficient
module. Especially the considered connections preserve the homogeneous
decomposition of the cyclic bicomplex of C[Γ]. The proof of (2.10) shows
therefore that the constructed homotopy inverse of the considered chain map
preserves the canonical decomposition, too.

2

We can now formulate our main result about the local cyclic (co)homology
of group Banach algebras.
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Theorem 2.13 Let Γ be the fundamental group of a compact Riemannian
manifold of nonpositive sectional curvature. Then there exists an isomor-
phism in the derived Ind-category

CChom
∗ (l1(Γ)) ' H∗(Γ,C)

between the homogeneous part of the local cyclic complex of the group Banach
algebra l1(Γ) and the (Z/2-graded) homology of the group Γ, viewed as finite
dimensional chain complex with zero differentials.

Proof: We proceed in several steps.

Step 1 The homogeneous part of the cyclic bicomplex of the group algebra
of an abstract group can be identified by (2.8) as

CChom
∗ (C[Γ]) '

(
∞⊕

k=0

Chom
∗+2k(C[Γ],C[Γ]), b+B

)

'

(
∞⊕

k=0

C∗+2k(Γ)Γ, ∂ +B′

)
.

It is well known that antisymmetrization defines a map of bar resolutions

asymm : C∗(Γ) −→ C∗(Γ)

covering the identity in degree −1 and being therefore chain homotopic to
the identity. As Connes B operator is annililated by antisymmetrization on
the homogeneous part (1.6) one obtains a chain map

asymm :

(
∞⊕

k=0

C∗+2k(Γ), ∂ +B′

)
−→

(
∞⊕

k=0

C∗+2k(Γ), ∂

)

of bicomplexes. It induces Γ-equivariant chain homotopy equivalences on
rows and is therefore a chain homotopy equivalence of bicomplexes. Taking
coinvariants yields a chain homotopy equivalence

CChom
∗ (C[Γ])

∼
−→

(
∞⊕

k=0

C∗+2k(Γ)Γ, ∂

)
.
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Step 2 Suppose now that Γ is the fundamental group of a compact m-
dimensional Riemannian manifold (M, g) of nonpositive sectional curvature.
Recall the seminorms on the bar resolution of Γ defined in (1.11) and denote
by C∗(Γ, λ) the completion of the bar resolution C∗(Γ) with respect to the
family of seminorms (‖ ‖λ,j,R | j ≥ 0, R ≥ 0). The subspace ∂Cm+1(Γ, λ)
of Cm(Γ, λ), m = dimM , is closed and complemented as it is the image of
the continuous projection ∂ ◦5′, see 1.12. Denote by C ′∗(Γ, λ) the quotient
complex

C ′∗(Γ, λ) :=

(
m−1⊕

k=0

Ck(Γ, λ)⊕ Cm(Γ, λ)/∂Cm+1, ∂

)
.

It is a complex of Fréchet-spaces of length m+ 1.

Step 3 The following isomorphisms hold in the derived Ind-category of
Z/2-graded complexes of complete, locally convex vector spaces:

CChom
∗ (l1(Γ))

'
←− “ lim

λ→1
N→∞

”CChom
∗ (l1λ(Γ, S))N

by (2.5) and (2.12) for any finite symmetric set of generators of S

“ lim
λ→1

N→∞

”CChom
∗ (l1λ(Γ, S))N

'
−→ “ lim

λ→1
N→∞

”CChom
∗ /Film+1

HodgeCC
hom
∗ (l1λ(Γ, S))N

by (2.10) and (2.12)

“ lim
λ→1

N→∞

”CChom
∗ /Film+1

HodgeCC
hom
∗ (l1λ(Γ, S))N

'
−→ “ lim

λ→1
”CChom

∗,cont/Film+1
HodgeCC

hom
∗,top(l

1
λ(Γ, S))

by definition of the involved complexes and

“ lim
λ→1

”CChom
∗,top/Film+1

HodgeCC
hom
∗,top(l

1
λ(Γ, S))

'
−→ “ lim

λ→1
”

(
m⊕

k=0

C ′∗+2k(Γ, λ)Γ, ∂

)

by the discussion in Step 1 of the proof, which applies also to the topological
case after cutting off terms of high Hodge filtration. Altogether we derive

CChom
∗ (l1(Γ)) ' “ lim

λ→1
”

(
m⊕

k=0

C ′∗+2k(Γ, λ)Γ, ∂

)
.
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Step 4 Recall the Čech resolution Č∗(U) of Γ (1.1) and define seminorms
on Č∗(U) by pulling back the family of seminorms (‖ ‖λ,j,R | j ≥ 0, R ≥ 0) on
C∗(Γ) along φ′ (1.1). Denote the completion by Č∗(U, λ). By definition of
the norms the map of (1.1) extends to a continuous chain map

φ′ : Č∗(U, λ) −→ C ′∗(Γ, λ) .

Moreover the chain map ψ := φ̌′′ ◦φ′′′ : C∗(Γ) → Č∗(U) of (1.2), (1.3) is
continuous, too. For this it suffices to check that (1.4), (1.5)

φ′ ◦ψ = φ = Id− (5′′ ◦∂ + ∂ ◦5′′)

is continuous which is a consequence of Proposition (1.12). The completed
Čech-resolutions form an Ind-complex and the considered chain maps extend
to chain maps

φ′ : “ lim
λ→1

”Č∗(U, λ) −→ “ lim
λ→1

”C ′∗(Γ, λ)

ψ : “ lim
λ→1

”C ′∗(Γ, λ) −→ “ lim
λ→1

”Č∗(U, λ)

of Ind-complexes.
Note that we have also shown that φ′ ◦ψ is chain homotopic to the identity
of “ lim

λ→1
”C ′∗(Γ, λ)

Step 5 The chain maps considered in Step 4 are maps of complexes of
Γ-modules. Taking coinvariants one obtains chain maps

φ′Γ : “ lim
λ→1

”Č∗(U, λ)Γ −→ “ lim
λ→1

”C ′∗(Γ, λ)Γ

ψΓ : “ lim
λ→1

”C ′∗(Γ, λ)Γ −→ “ lim
λ→1

”Č∗(U, λ)Γ .

Again φ′Γ ◦ψΓ is chain homotopic to the identity. We claim that ψΓ ◦φ
′
Γ is

chain homotopic to the identity, too. For this note that Č∗(U, λ)Γ is actually
a finite dimensional chain complex and equals the complex of coinvariants
Č∗(U)Γ. Therefore one can forget the topology at the moment and has only
to verify that the chain map

ψ ◦φ′ : Č∗(U) −→ Č∗(U)
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of complexes of Γ-modules is chain homotopic to the identity. As Č∗(U) is
a free resolution of the constant Γ-module C (remember that U is a Leray
covering of M̃) and as the chain map ψ ◦ϕ′ covers the identity in degree −1
this follows from a standard argument about free resolutions. Consequently
the maps φ′Γ and ψΓ define isomorphisms in the homotopy category of Ind-
complexes of topological vector spaces.

Step 6 As already observed the complexes Č∗(U, λ)Γ are finite dimensional
and moreover canonically isomorphic to the Čech complex Č∗(U

′) associated
to the finite Leray cover U′ of the compact manifold M . Thus they form a
constant Ind-complex so that

“ lim
λ→1

”Č∗(U, λ)Γ
'
−→ Č∗(U

′)
'
−→ H∗(M,C) ' H∗(Γ,C)

in the homotopy category of Ind-complexes. Altogether we obtain

CChom
∗ (l1(Γ)) ' “ lim

λ→1
”

(
m⊕

k=0

C ′∗+2k(Γ, λ)Γ, ∂

)

' “ lim
λ→1

”

(
m⊕

k=0

Č∗+2k(U, λ)Γ, ∂

)
'

m⊕

k=0

H∗+2k(Γ,C)

which establishes the theorem. 2

If Γ is the fundamental group of a compact manifold of strictly negative
sectional curvature then it can be shown that the inhomogeneous part of
CC∗(l

1(Γ)) is contractible. (See [Pu], 11-2 for the case of free groups.) This
follows from the fact that the normalizer of any nontrivial element of such a
group is virtually cyclic. Taking also into account [Pu3] one obtains

Theorem 2.14 Let Γ,Γ′ be fundamental groups of compact Riemannian
manifolds of strictly negative sectional curvature and let A,A′ be Banach-
or more general admissible Fréchet- algebras.

a) There exists an isomorphism

CC∗(l
1(Γ, A)) ' H∗(Γ,C)⊗ CC∗(A)
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in the derived Ind-category of Z/2-graded complexes of complete, locally
convex vector spaces.

b) The bivariant local cyclic cohomology of the pair (l1(Γ, A), l1(Γ′, A′)) is
given by

HC∗lc(l
1(Γ, A), l1(Γ′, A′)) ' Hom∗(H∗(Γ,C), H∗(Γ

′,C))⊗HC∗lc(A,A
′) .

Details will be given elsewhere.

3 The local cyclic cohomology of certain

crossed products

The rapid decay property of discrete groups

Let Γ be a finitely generated discrete group with finite symmetric set of
generators S. Denote the associated word length function by ls(−).

Let l2(Γ) be the Hilbert space of square intergrable functions on Γ. The
group algebra C[Γ] acts as ∗-algebra of operators on l2(Γ) and both C[Γ]
and its closure C∗red(Γ) under the operator norm can be identified with linear
subspaces of l2(Γ) by associating to an operator the image of the cyclic and
separating vector e1 ∈ l

2(Γ).

Definition 3.1

a) Denote by A(Γ) the completion of C[Γ] with respect to the family of
seminorms

‖
∑

aγuγ‖
2
k :=

∑

γ

(1 + ls(γ))
2k|aγ|

2, k ≥ 0

It is a linear subspace of l2(Γ) containing C[Γ] and is independent of
the choice of the finite generating set S.
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b) A finitely generated group Γ is said to possess the property of rapid
decay (RD) if

A(Γ) ⊂ C∗r (Γ)

as subspaces of l2(Γ).

It is well known that in this case A(Γ) actually is an involutive Fréchet
subalgebra of C∗r (Γ) and contains a dense subalgebra which is closed under
holomorphic functional calculus in C∗red(Γ), [Jol] [CM].

Similarly one has

Proposition 3.2 Let Γ be a finitely generated group satisfying property (RD)
and let A be a Γ− C∗-algebra.

a) The completion of the algebraic crossed product A o Γ with respect to
the seminorms

‖
∑

aγuγ‖
2
k :=

∑

γ

(1 + ls(γ))
2k‖aγ‖

2
A, k ≥ 0

defines a dense Fréchet subalgebra A(Γ, A) of the reduced crossed prod-
uct C∗-algebra Aored Γ.

b) The Fréchet algebra A(Γ, A) is admissible and contains a dense subal-
gebra which is closed under holomorphic functional calculus in AoredΓ.

Proof: Let A be represented faithfully on HA and consider the associated
representation of AoredΓ onHA⊗̂l

2(Γ). For a =
∑
aγuγ ∈ A(Γ, A) put |a| :=∑

‖aγ‖Auγ ∈ A(Γ). As Γ satisfies the rapid decay condition convolution with
a defines a bounded operator on l2(Γ). An easy calculation shows

‖a‖B(HA⊗̂l2(Γ)) ≤ ‖ |a| ‖C∗

r (Γ)

which implies that A(Γ, A) ⊂ B(HA⊗̂l
2(Γ)). Moreover this inclusion is

bounded because the inclusion A(Γ) ↪→ C∗r (Γ) is so. It follows that the
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image of A(Γ, A) in B(HA⊗̂l
2(Γ)) is contained in the norm closure of Ao Γ

which equals Aored Γ. The inequality

‖a′a′′‖k = ‖ |a′a′′| ‖
A(Γ)
k ≤ ‖ |a′| ∗ |a′′| ‖

A(Γ)
k

≤ ‖ |a′| ‖
A(Γ)
k′ ‖ |a′| ‖

A(Γ)
k′ = ‖a′‖k′ · ‖a′′‖k′

for a′, a′′ ∈ A(Γ, A) shows moreover that A(Γ, A) is a Fréchet-subalgebra of
A ored Γ. We claim that it is admissible, an open unit ball being given by
the set U := {a ∈ A(Γ, A)|‖ |a| ‖C∗

r (Γ) < 1}. Indeed, if K ⊂ U is a compact
subset of A(Γ, A), the sets Km, m ∈ N are compact as A(Γ, A) is a Fréchet
algebra and their norms tend to zero by the inequality

‖a1 · . . . · am‖k ≤ ‖ |a1 . . . am−1| ‖C∗

r (Γ) · ‖am‖2k

≤
(
sup
a∈K

‖ |a| ‖C∗
r (Γ)

)m−1
·
(
sup
a′∈K

‖a′‖2k

)

The fact that A(Γ, A) contains a dense, holomorphically closed subalgebra
of Aored Γ is an immediate consequence of [CM] (6.4). 2

The Connes-Moscovici Trick

In [CM] the K-theory of the Jolissaint algebra A(Γ) of a discrete group satis-
fying property (RD) is detected by the pairing with bounded group cocycles,
i.e. certain cyclic cocycles on the group Banach algebra l1(Γ). The existence
of this pairing is due to the fact that the cyclic bicomplexes of A(Γ) and l1(Γ)
split into homogeneous and inhomogeneous part and that the homogeneous
part of the cyclic bicomplex of A(Γ) is contained in that of l1(Γ). In the
present situation we obtain

Proposition 3.3 Let Γ be a finitely generated discrete group satisfying prop-
erty (RD) and let A be a Γ− C∗-algebra.

a) The local cyclic Ind-complex of A(Γ, A) decomposes into the direct sum
of its homogeneous and inhomogeneous part

CC∗
(
A(Γ, A)

)
' CChom

∗

(
A(Γ, A)

)
⊕ CCinhom

∗

(
A(Γ, A)

)

which are defined similar to [Ni].
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b) The identity of CC∗(C[Γ]) induces an isomorphism

CChom
∗

(
l1(Γ, A)

)
→ CChom

∗ (A(Γ, A)
)

of Ind-complexes.

Proof: The local cyclic complex of A(Γ, A) is defined because it is an ad-
missible Fréchet-algebra by 3.2. Assertions a) and b) follow from a straight-
forward calculation similar to [CM] 6.5 and the definitions of the involved
complexes. 2

The local cyclic complex of C0(M̃) o Γ

Let M be a compact Riemannian manifold with fundamental group Γ and
let M̃ be its universal covering. Fix a base point z0 ∈ M̃ and let U(z0, R) be
the open ball of radius R around z0.

Lemma 3.4 Let
(
C0(M̃) o Γ

)
R

:= {
∑

g f
gug|supp(f

g) ⊂ U(z0, R)} be the

right ideal of C0(M̃) o Γ generated by C0(U(z0, R)) · ue.

Denote its norm closure in l1(Γ, C0(M̃)), C0(M̃) ored Γ and A(Γ, C0(M̃)) in
the case that Γ is of rapid decay, by similar subscripts.

Then the natural morphisms of Ind-complexes

′′lim
−→
R

′′CC∗
(
l1(Γ, C0(M̃))R

)
→ CC∗

(
l1(Γ, C0(M̃))

)

′′lim
−→
R

′′CC∗
(
A(Γ, C0(M̃))R

)
→ CC∗

(
A(Γ, C0(M̃))

)

′′lim
−→
R

′′CC∗
(
(C0(M̃) ored Γ)R

)
→ CC∗

(
(C0(M̃) ored Γ)

)

are isomorphisms in the derived Ind-category. Here the terms on the left
hand side are viewed as single Ind-complexes rather than as formal inductive
limits of Ind-complexes.

Proof: Let (ft)t>0 be a bounded approximate unit of C0(M̃) consisting of
continuous functions of compact support such that for any given R one has
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ft ≡ 1 on U(z0, R) for t >> 0. Left multiplication with ft ·ue defines a linear
asymptotic morphisms of l1(Γ, C0(M̃)),A(Γ, C0(M̃)) and C0(M̃) ored Γ into
itself which are equivalent to the identity. Moreover the image of (ft · ue) · −
is contained in one of the considered right ideals because this is the case
for ft · ue. The induced map of local cyclic complexes ([Pu], Chapter 6,
[Pu1], 3.20) defines the inverse of the considered chain maps in the derived
Ind-category by [Pu], 2.11. 2

Let δ > 0 be a constant such that the ball of radius 2δ around any point x
of M is contained in a contractible neighbourhood of that point x.

Let U ′ = {U ′0, . . . , U
′
l} be a Leray cover of M consisting of contractible open

sets of diameter less than δ and let χ′i be a subordinate partition of unity.

Let U = {γUi|γ ∈ Γ, 0 ≤ i ≤ l} be the lifted cover of M̃ with lifted partition
of unity {γχi|γ ∈ Γ, 0 ≤ i ≤ l}.

Lemma 3.5 The previous notations are understood.

i) The natural chain maps

′′lim
−→
R

′′ CC∗(l
1(Γ, C0(M̃))R) → ′′lim

−→
R

′′CC∗((C0(M̃) ored Γ)R)

′′lim
−→
R

′′ CC∗(l
1(Γ, C0(M̃))R) → ′′lim

−→
R

′′CC∗(A(Γ, C0(M̃))R)

define isomorphisms in the derived Ind category.

ii) An inverse is given by the generalized trace map

Φ: CC∗
(
Cc(M̃) o Γ

)
→ CC∗

(
Cc(M̃) o Γ

)

a0 ⊗ . . .⊗ an 7→∑
(γ0χi0ue)a

0(γ1χi0ue)⊗ . . .⊗ (γnχinue)a
n(γ0χi1ue)

where the sum runs over all γ0χi0, . . . , γnχin with γj ∈ Γ, ij ∈ {0, . . . , l}.

iii) For every R > 0 there exists a finite set S ′ ⊂ Γ such that

– Φ(f 0ug0 ⊗ . . .⊗ f
nugn

) = 0

if f 0. . . . , fn ∈ C0(U(z0, R)) and gi 6∈ S
′ for some i.
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– Φ(a0⊗ . . .⊗ an) is contained for all a0, . . . , an ∈ (C0(M̃) ored Γ)R

in the linear span of

{f 0ug0 ⊗ . . .⊗ f
nugn
|f i ∈ C0(U(z0, R)), gi ∈ S

′, 0 ≤ i ≤ n}.

Corollary 3.6 The inclusions

l1(Γ, C0(M̃)) ↪→ C0(M̃) ored Γ←↩ A(Γ, C0(M̃))

define local HC-equvalences.

Proof: It is easily verified that the trace map Φ defines a morphism of
complexes. Assertion iii) follows directly from the definition of the trace
map. It implies that the trace map extends to maps

Φ′ : ′′lim
−→
R

′′CC∗
(
A(Γ, C0(M̃)R

)
→ ′′lim

−→
R

′′CC∗
(
l1(Γ, C0(M̃)

)
R

Φ′′ : ′′lim
−→
R

′′CC∗
(
(C0(M̃) ored Γ)R

)
→ ′′lim

−→
R

′′CC∗
(
l1(Γ, C0(M̃)

)
R

of Ind-complexes whose images coincide.

Suppose now for a moment that Γ is finite and consequently that M̃ is
compact. Then the trace maps Φ,Φ′,Φ′′ are chain homotopic to the identity
by a canonical chain homotopy described in [Lo], 1.2.4 for the Hochschild
and in [Cu1] for the cyclic bicomplex. If Γ is infinite the cited homotopy
formulas yield only a formal infinite sum over the index set Γ× {0, . . . , l}.

Fix now R > 0 and let S ′′ ⊂ Γ be a finite set such that
∑

0≤i≤l

g∈S′′

gχi ≡ 1 on U(z0, R)

Let R′ > R be large enough that

supp (gχi) ⊂ U(z0, R
′), ∀g ∈ S ′′, 0 ≤ i ≤ l

Define a modified homotopy operator

hS′′ : CC∗
(
(C0(M̃)ored)R

)
→ CC∗+1

(
l1(Γ, C0(M̃)R′

)
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by taking the homotopy formula of [Cu1] connecting the trace map and the
identity but summing only over the finite index set

S ′′ × {0, . . . , l} ⊂ Γ× {0, . . . , l}.

The modified homotopy operator hS′′ makes the diagram

CC∗
(
l1(Γ, C0(M̃)R′

) i
−→ CC∗

(
(C0(M̃) ored Γ)R′

)

↑
Φ

↖ ↑
CC∗
(
l1(Γ, C0(M̃)R

)
−→

i
CC∗
(
(C0(M̃) ored Γ)R

)

commute up to chain homotopy which implies that the natural map i is an
isomorphism in the derived Ind-category by [Pu1], 2.11. This establishes
assertion i). The proof that the trace map Φ is an isomorphism inverse to i
in the derived Ind-category is similar. 2

Lemma 3.7

i) The canonical Morita equivalence

Cc(M̃) o Γ ∼ C(M)

provided by the imprimitivity bimodule Cc(M̃) induces isomorphism

′′lim
−→
R

′′CC∗
(
l1(Γ, C0(M̃))R

) '
→ CC∗(C(M))

in the derived Ind-category.

ii) It is given by the generalized trace map

τ ′ : “lim
−→
R

”CC∗
(
l1(Γ, C0(M̃))R

)
→ CC∗(C(M))

f 0ug0 ⊗ . . .⊗ f
nugn

7→
∑
π∗
(
γ0χ

1
2
i0
f 0(g0γ1)χ

1
2
i1

)
⊗ . . .⊗ π∗

(
γnχ

1
2
in
fn(gnγ0)χ

1
2
i0

)

where the sum runs over all γj ∈ Γ, ij ∈ {0, . . . , l}.
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iii) An inverse is provided by the generalized trace map

τ ′′ : CC∗(C(M)) → ′′lim
−→
R

′′CC∗
(
l1(Γ, C0(M̃))R

)

f 0 ⊗ . . .⊗ fn 7→
∑(

χ
1
2
i0
π∗(f 0)g0χ

1
2
i1

)
ug0 ⊗ . . .⊗

(
χ

1
2
in
π∗(fn)gnχ

1
2
i0

)
ugn

where the sum runs over all gj ∈ Γ and ij ∈ {0, . . . , l}.

Proof: The Morita equivalence between Cc(M̃)oΓ and C(M) is well known.
The induced generalized trace maps are easily seen to be chain maps. The
fact that they are isomorphisms in the derived Ind-category is shown by a
reasoning similar to that in the proof of the previous Lemma (3.5) using
again [Cu1]. 2

Proposition 3.8 Let M be a compact, smooth manifold. Then there is an
isomorphism

CC∗(C(M)) ' H∗(M,C)

in the derived Ind-category where H∗(M,C) is viewed as single, Z/2-graded
chain complex with zero differentials.

Proof: We claim first that CC∗(C(M)) is isomorphic in the derived Ind-
category to a single, finite dimensional chain complex. This is true forM = pt
by [Pu], 5.17 and follows in general from excision in local cyclic cohomo-
logy [Pu2a] 6.3 and an induction argument based on a cell decomposition
of M . Here one uses the fact that if two objects of a distinguished trian-
gle in the derived Ind-category are isomorphic to a single, finite dimensional
chain complex, then also the third one. Now if CC∗(C(M)) is isomorphic to
a single, finite dimensional chain complex, then this complex may be sup-
posed to have zero differentials and is therefore isomorphic to the homology
Hom∗D(C, CC∗(C(M))) which equals H∗(M,C) by [Pu2a]. 2

Definition 3.9 Let X be a locally compact metric space and let C(X) be
an admissible Fréchet algebra consisting of continuous functions on X. The
delocalized subcomplex CCdeloc

∗ (C(X)) ↪→ CC∗(C(X)) is defined as

CCdeloc
∗ (C(X)) := “ lim

ε→0
”CC∗(C(X))ε
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where the ε-delocalized subcomplex CC∗(C(X))ε is the completion of

CC∗(C(X))ε := 〈 f 0 ⊗ . . .⊗ fn ∈ C(X)⊗(n+1) ⊂ C0(X
n+1) |

dXn+1( supp (f 0 ⊗ . . .⊗ fn),∆(Xn+1)) ≥ ε〉

in CC∗(C(X)).

Lemma 3.10 Let M be a smooth compact manifold. Then the horizontal
maps in the commutative diagram

CCdeloc
∗ (C∞(M)) −→ CCdeloc

∗ (C(M))

↓ ↓

CC∗(C
∞(M)) −→ CC∗(C(M))

are isomorphisms in the derived Ind-category.

Proof: It is shown in [Pu], (7.6) and [Pu1], (3.18) that the inclusion C∞(M) ↪→
C(M) induces a local HC-equivalence. An inverse is given by the chain map
induced by the almost multiplicative convolution operator

νt ∗ − : C(M)→ C∞(M)

with smooth kernels νt concentrated near the diagonal of M ×M and ap-
proaching the δ-distribution along the diagonal. As these convolution opera-
tors are almost local they induce chain maps of local cyclic complexes which
preserve delocalized subcomplexes and the proofs of [Pu1], (3.18) resp. [Pu],
(7.5) carry over to verify that the upper horizontal map in the diagram is an
isomorphism in the derived Ind-category, too. 2

Lemma 3.11 Let Γ be a discrete group and let A,B be Γ-algebras. Let
f : A → B be a linear map and let f o Γ : A o Γ → B o Γ be the induced
linear map. Then the chain map

(f o Γ)∗ : CC∗(Ao Γ)→ CC∗(B o Γ)

corresponding to the chain map

X∗T (f o Γ) : X∗T (Ao Γ)→ X∗T (B o Γ)
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under the Cuntz-Quillen correspondence [CQ2] (5.5), [Pu] (3.11) is compati-
ble with the homogeneous decomposition (2.11) of cyclic complexes of crossed
products.

Proof: Define the homogeneous decomposition of X∗T (AoΓ) by demanding
that it coincides with the homogeneous decomposition of CC∗(Ao Γ) under
the linear isomorphism X∗T (AoΓ) ' Ω(AoΓ) ' CC∗(AoΓ) of [CQ2] (5.5).
Then these homogeneous decompositions are preserved under the Cuntz-
Quillen correspondence [Pu], (3.11) as they are both preserved by the Karoubi
operator κ, [CQ1], (3.1). The homogeneous decomposition of X∗T (Ao Γ) is
obviously preserved under chain maps of the form X∗T (f o Γ). 2

We can now formulate the desired result about the local cyclic complex of
A(Γ, C0(M̃)) respectively C0(M̃) ored Γ.

Proposition 3.12 Let M be a smooth compact manifold with fundamental
group Γ and let M̃ be its universal covering. Then

i) CC∗(C0(M̃) ored Γ) ' CC∗(l
1(Γ, (M̃))) ' H∗(M,C) in the derived Ind-

category.

ii) The inhomogeneous part of the local cyclic complex of l1(Γ, C0(M̃))
vanishes in the derived Ind-category.

iii) If the group Γ satisfies the rapid decay condition (RD) then similarly

CChom
∗ (A(Γ, C0(M̃)))⊕ CC inhom

∗ (A(Γ, C0(M̃))) ' H∗(M,C)⊕ 0

in the derived Ind-category.

Proof: The first assertion is a consequence of (3.4), (3.5), (3.7) and (3.8).
To establish the second we proceed in several steps.

Step 1 The generalized trace map

τ ′ : “ lim
→

R

”CC∗(l
1(Γ, C0(M̃))R)→ CC∗(C(M))
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maps the subcomplex CC inhom
∗ (l1(Γ, C0(M̃))R) into the δ-delocalized subcom-

plex CC∗(C(M))δ where δ is the constant fixed in (3.4), (3.5).

Indeed let f 0, . . . , fn ∈ C0(U(z0, R)) and g0, . . . , gn ∈ Γ be elements such
that supp(τ ′(f 0ug0 ⊗ . . .⊗ f

nugn
)) intersects the δ-neighbourhood of the di-

agonal ∆(Mn+1) in Mn+1. It follows from the definition that there exist
then integers i0, . . . , in ∈ {0, . . . , l}, group elements γ0, . . . , γn ∈ Γ, a point
z′ ∈M and points z1, . . . , zn ∈ M̃ such that

• zj ∈ supp(γjχ
1
2
ij
f j(gjγj+1)χ

1
2
ij+1

)

• dM(π(zj), z
′) < δ

for 0 ≤ j ≤ n.

Especially zj ∈ γjUij ∩ gjγj+1Uij+1
.

Consequently it follows that zj and gjzj+1 can be joined by a path inside
gjγj+1Uij+1

. Such a path projects to a path in M which is contained in a
2δ-neighbourhood of z′. Composing suitable translates of these paths one
obtains a path in M̃ joining z0 and (g0 . . . gn)z0 which projects down to a
closed loop in M contained in a 2δ-neighbourhood of z′. As by construction
of U ′ this loop is contractible in M while keeping its base point π(z0) fixed
we deduce z0 = g0 . . . gnz0 and g0 . . . gn = e which establishes the first step.

Step 2 The natural chain map

CC∗(C
∞(M)) −→ Ω∗deRham(M)

f 0 ⊗ . . .⊗ fn −→ 1
n!
f 0df 1 . . . dfn

defines an isomorphism in the derived Ind-category between the local cyclic
complex of C∞(M) and the Z/2-graded classical de Rham complex of M .

In fact both Ind-complexes are isomorphic in the derived Ind-category to a
single, finite dimensional chain complex. This follows for CC∗(C

∞(M)) from
(3.8) and (3.10) and is for the de Rham complex a consequence of the Hodge
decomposition. Therefore it suffices to verify that the considered chain map
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induces an isomorphism on homology which follows from [Pu2a], 6.3 and
[Co1], Theorem 46.

Step 3 There exists a commutative diagram in the derived Ind-category

CC inhom
∗ (l1(Γ, C0(M̃))) −→ CC∗(l

1(Γ, C0(M̃)))

↑ ↑

“ lim
→

R

”CC inhom
∗ (l1(Γ, C0(M̃))R) −→ “ lim

→

R

”CC∗(l
1(Γ, C0(M̃))R)

τ ′ ↓ ↓ τ ′

CCdeloc
∗ (C(M)) −→ CC∗(C(M))

↑ ↑

CCdeloc
∗ (C∞(M)) −→ CC∗(C

∞(M))

↓ ↓

0 −→ Ω∗deRham(M)

The second square from above commutes by Step 1, the bottom square by
definition of the chain map in Step 2. The first vertical map on the left is
an isomorphism by the proof of (3.4) and (3.11) while the third vertical map
on the left hand side is an isomorphism by (3.10). The vertical maps on the
right hand side are all isomorphisms by (3.4), (3.7), (3.10) and Step 2.

It follows from the diagram that the natural inclusion

CC inhom
∗ (l1(Γ, C0(M̃))) ↪→ CC∗(l

1(Γ, C0(M̃))

is zero which implies that CC inhom
∗ (l1(Γ, C0(M̃))) vanishes in the derived Ind-

category. The demonstration of part iii) is similar. 2

We still need a slight modification of this result.

Corollary 3.13 In the notations of (3.12) there exist the following isomor-
phisms in the derived Ind-category:

• CC∗(C0(T
∗M̃) ored Γ) ' CC∗(l

1(Γ, C0(T
∗M̃)) ' H∗+dim M(M,C)
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• CC inhom
∗ (l1(Γ, C0(T

∗M̃))) = 0

•
CChom
∗ (A(Γ, C0(T

∗M̃))) ⊕ CC inhom
∗ (A(Γ, C0(T

∗M̃)))
' H∗+dimM(M,C) ⊕ 0

Proof: This follows from a reasoning similar to that establishing (3.12) and
the cohomological Thom-isomorphism given by integrating differential forms
along the fibres of the projection T ∗M →M . 2

4 The bivariant Chern-Connes-character of

the γ-element

We first recall the assembly map in bivariant K-theory and cyclic homology
according to Kasparov.

The assembly map in local cyclic cohomology

Definition and Proposition 4.1 Let M be a smooth, compact, aspherical
manifold with fundamental group Γ and let M̃ be its universal covering.

i) There exists a natural Dirac element [Kas]

α ∈ KK0
Γ(C0(T

∗M̃), C)

such that the assembly map factorizes as

µ : K∗(M)
'
−→ K∗(T ∗M) = K∗(C0(T

∗M̃) ored Γ)
−⊗(αoΓ)
−→ K∗(C

∗
red(Γ))

where the first map is K-theoretic Alexander duality and the second
is given by the Kasparov-product with the image α ored Γ of the Dirac
element α under the descent transformation

ν : KK∗Γ(C0(T
∗M̃),C)→ KK∗(C0(T

∗M̃) ored Γ, C∗red(Γ))
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ii) Denote by
i : l1(Γ) ↪→ C∗red(Γ) and

j : l1(Γ, C0(T
∗M̃)) ↪→ C0(T

∗M̃) ored Γ

the natural inclusions. There exists a cohomological Dirac element

α′ ∈ HC0
lc(l

1(Γ, C0(T
∗M̃)), l1(Γ))

satisfying

j∗ ◦ ch biv(αored Γ) = α′ ◦ i∗

Here ch biv denotes the bivariant Chern-Connes character on KK-theory
with values in bivariant local cyclic cohomology [Pu3]. The symbol ◦
denotes the composition product.

iii) Suppose that Γ satisfies the rapid decay condition (RD) and let
i′ : A(Γ) ↪→ C∗red(Γ) and

j ′ : A(Γ, C0(T
∗M̃)) ↪→ C0(T

∗M̃) ored Γ
be the natural inclusions.
Then there exists a similar cohomological Dirac element

α′′ ∈ HC0
lc(A(Γ, C0(T

∗M̃)),A(Γ))

satisfying

j ′∗ ◦ ch biv(αored Γ) = α′′ ◦ i′∗

iv) The cohomological Dirac elements α′ and α′′ preserve the homogeneous
decompositions of the involved local cyclic complexes.

Proof: The Dirac element and the factorization of the assembly map were
introduced by Kasparov in [Kas]. A description of the Dirac element in terms
of asymptotic morphisms was given by Higson [Hi]. Before explaining it we
fix some notation. Choose a Riemannian metric on M and consider T ∗M̃
with the lifted metric. Denote by C∞0 (T ∗M̃) the admissible Fréchet algebra
of smooth functions f ∈ C∞(T ∗M̃) such that Y1 . . . Ykf ∈ C0(T

∗M̃) for all
smooth, Γ-invariant vector fields Y1, . . . , Yk ∈ Γ(T (T ∗M̃)) and all k. Higson
constructs a strictly Γ-equivariant, bounded, linear asymptotic morphism

(ϕt) : C∞0 (T ∗M̃)−− → K(L2(M̃)).
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The class of its extension to a (not necessarily linear) asymptotic morphism

(ϕt) : C0(T
∗M̃)−− → K(L2(M̃))

in equivariant E-theory [GHT] coincides with the image of the Dirac element
α under the natural transformation

η : KK∗Γ → E∗Γ : [(ϕt)] = η(α) ∈ E0
Γ(C0(T

∗M̃), C).

The linear asymptotic morphism

(ϕt o Γ) : l1(Γ, C∞0 (T ∗M̃))−− → l1(Γ,K(L2(M̃))) ' l1(Γ)⊗π K

obtained from (ϕt) by descent [GHT] induces on element

(ϕt o Γ)∗ ∈ HC
0
lc(l

1(Γ, C∞0 (T ∗M̃)), l1(Γ)⊗π K).

The inclusion j̃ : l1(Γ, C∞0 (T ∗M̃)) → l1(Γ, C0(T
∗M̃)) induces a local HC-

equivalence by arguments similar to those used in (3.4) and (3.10). We
define the cohomological Dirac element by

α′ := (j̃∗)
−1 ◦ (ϕt o Γ)∗ ◦ σ

−1
∗

where σ : l1(Γ) ↪→ l1(Γ) ⊗π K is an inclusion [Pu], [Pu3]. It is clear from
(3.11) that α′ preserves the homogeneous decompositions of the involved local
cyclic complexes.

The asymptotic morphism ϕt o Γ fits into a commutative diagram

l1(Γ, C∞0 (T ∗M̃))
ϕtoΓ
−− → l1(Γ)⊗π K ←− l1(Γ)

j ◦ j̃ ↓ ↓ ↓

C0(T
∗M̃) omax Γ

ν(η(α))

−− → C∗max(Γ)⊗C∗ K ←− C∗max(Γ)

‖ ↓ ↓

C0(T
∗M̃) ored Γ −− →

η(αoredΓ)
C∗red(Γ)⊗C∗ K ←− C∗red(Γ)

where the asymptotic (but not necessarily linear) morphisms ν(η(α)) and
η(αored Γ) are the image of η(α) = ϕt under the E-theoretic descent [GHT]
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respectively the image in E-theory of the reduced KK-theoretic descent
α ored Γ of the Dirac element [Kas]. The inclusion j and thus j ◦ j̃ in-
duce a local HC-equivalence by (3.6). It follows from the construction of the
bivariant Chern-Connes character in [Pu] and [Pu2a] that the relation

j∗ ◦ ch biv(αored Γ) = α′ ◦ i∗

holds. The proof in the case of the Jolissaint algebra is the same. 2

The compatibility of the cohomological Dirac elements with the homogeneous
decompositions follows from 3.11.

Our next main result describes the class of the cohomological Dirac element
in bivariant local cyclic cohomology.

Theorem 4.2 Let M be a compact Riemannian manifold of nonpositive sec-
tional curvature with fundamental group Γ.

i) Then the cohomological Dirac element

α′ ∈ HC0
lc(l

1(Γ, C0(T
∗M̃)), l1(Γ))

= HomD(CC∗(l
1(Γ, C0(T

∗M̃)), CC∗(l
1(Γ)))

defines an isomorphism in the derived Ind-category from the local cyclic
complex CC∗(l

1(Γ0(T
∗M̃))) onto the homogeneous part CChom

∗ (l1(Γ)) of
the local cyclic complex of l1(Γ).

ii) If Γ satisfies the rapid decay property (RD), then the analogous asser-
tion for the cohomological Dirac element α′′ is valid.

Proof: The cohomological Dirac element α′ preserves the homogeneous de-
compositions of the involved local cyclic complexes by (4.1) iv). As the
inhomogeneous part of CC∗(l

1(Γ, C0(T
∗M̃))) vanishes by (3.13) we are left

with the homogeneous part

CChom
∗ (l1(Γ, C0(T

∗M̃))) ∼= CC∗(l
1(Γ, C0(T

∗M̃))).

It is isomorphic to the finite dimensional complex H∗(M,C) by (3.13). By
theorem 2.13 the homogeneous part of CC∗(l

1(Γ)) is isomorphic in the derived
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Ind-category to the finite dimensional complex H∗(Γ,C) ' H∗(M,C). Thus
in order to verify that α′ defines an isomorphism on the homogeneous parts of
the local cyclic complexes it suffices to verify that it defines an isomorphism
on the homogeneous parts of homology. As both of these groups are finite
dimensional and of equal dimension it suffices to check the injectivity of
the induced map on homology. This is however a direct consequence of the
Connes-Moscovici Index Theorem [CM] (5.4). (Alternatively it follows from
4.5). Due to the Connes-Moscovici trick (3.3) the same proof works also for
the Jolissaint algebras A(Γ) and A(Γ, C0(T

∗M̃)) in the case that Γ satisfies
the rapid deccay property.

2

It is well known that the Dirac element α ored Γ is not a KK-equivalence
for discrete cocompact subgroups of simple Lie group of real rank one which
possess Kazhdans Property T [Ska]. We cannot decide in these cases whether
ch biv(αored Γ) is a local HC-equivalence but we can exhibit the obstruction:

Theorem 4.3 Let Γ be a discrete, cocompact subgroup of a simple Lie group
G of real rank one and let M := Γ\G/K be the corresponding aspherical
manifold. Then the bivariant Chern-Connes character of the Dirac element

ch biv(αored Γ) ∈ HC0
lc(C0(T

∗M), C∗red(Γ))

is a local HC-equivalence if and only if the inhomogeneous part CC inhom
∗ (A(Γ))

of the local cyclic complex of the Jolissaint algebra vanishes in the derived
Ind-category.

Proof: The symmetric spaces G/K of simple Lie groups are Riemannian
manifolds of nonpositive sectional curvature and they are of strictly negative
curvature precisely if G is of real rank one. Therefore Γ is the fundamental
group of a compact Riemannian manifold M = Γ\G/K of strictly nega-
tive sectional curvature and satisfies consequently the rapid decay condition
(RD) [Jol]. The Jolissaint algebra A(Γ) is thus well defined. Moreover it fol-
lows from the work of Cowling and Haagerup [CoHa] that the reduced group
C∗-algebras C∗red(Γ) of these groups satisfy the Grothendieck approximation
property. As by [CM] (6.4) the Jolissaint algebra contains the domain of a
densely defined, unbounded derivation on C∗red(Γ) we may apply the deriva-
tion lemma [Pu1] (4.4) (or rather its proof) to conclude that the inclusion
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i′ : A(Γ) ↪→ C∗red(Γ) induces a local HC-equivalence. The inclusion j ′ is al-
ready known to induce a local HC-equivalence by (3.6). It follows thus from
the formula

j ′∗ ◦ ch biv(αored Γ) = α′′ ◦ i′∗

relating the K-theoretic and the cohomological Dirac element (4.1) iii) that
ch biv(αored Γ) is a local HC-equivalence iff α′′ is one. The conclusion follows
then from (4.2) ii). 2

The bivariant Chern-Connes-character of the γ-element

We will now use the analysis of the local cyclic complexes of completed group
algebras carried out in the previous sections to study the bivariant Chern-
Connes-character of the γ-element of Kasparov.

Definition and Proposition 4.4 Let M be a compact Riemannian mani-
fold of nonpositive sectional curvature and let Γ be its fundamental group.

i) There exists a natural dual Dirac element [Kas]

β ∈ KK0
Γ(C, C0(T

∗M̃))

satisfying

α ◦ β = 1 ∈ KK0
Γ(C0(T

∗M̃), C0(T
∗M̃))

ii) There exists a cohomological dual Dirac element

β ′ ∈ HC0
lc(l

1(Γ), l1(Γ, C0(T
∗M̃)))

which is related to the K-theoretic dual Dirac element by the identity

i∗ ◦ ch biv(β ored Γ) = β ′ ◦ j∗

(For the notations see (4.1).)
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iii) Suppose that Γ satisfies the rapid decay condition (RD). Then there
exists a similar cohomological dual Dirac element

β ′′ ∈ HC0
lc(A(Γ),A(Γ, C0(T

∗M̃)))

satisfying the identity

i′∗ ◦ ch biv(β ored Γ) = β ′′ ◦ j ′∗.

iv) The dual Dirac elements β ′ and β ′′ preserve the homogeneous decom-
positions of the involved local cyclic complexes.

Proof: The dual Dirac element β was introduced by Kasparov in [Kas].
Assertions ii) to iv) are proved in a similar way as (3.14). 2

Definition and Proposition 4.5 Suppose that the assumptions of (4.4)
are valid. Then the Dirac and dual Dirac elements of (4.1) and (4.4) satisfy
the following relations:

i)

α ◦ β = 1 ∈ KK0
Γ(C0(T

∗M̃), C0(T
∗M̃))

β ◦ α =: γ ∈ KK0
Γ(C,C) is the γ-element of Kasparov

ii)

α′ ◦ β ′ = 1 ∈ HC0
lc(l

1(Γ, C0(T
∗M̃)), l1(Γ, C0(T

∗M̃)))

β ′ ◦ α′ =: γ′ ∈ HC0
lc(l

1(Γ), l1(Γ))

is the cohomological γ-element for l1(Γ)

iii)

α′′ ◦ β ′′ = 1 ∈ HC0
lc(A(Γ, C0(T

∗M̃)),A(Γ, C0(T
∗M̃)))

β ′′ ◦ α′′ =: γ′′ ∈ HC0
lc(A(Γ),A(Γ))

is the cohomological γ-element for the Jolissaint algebra A(Γ)
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The γ-elements are idempotents under the Kasparov respectively the
composition product.

iv) The K-theoretic and cohomological γ-elements are related by the for-
mulas

i∗ ◦ ch biv(γ ored Γ) = γ′ ◦ i∗

i′∗ ◦ ch biv(γ ored Γ) = γ′′ ◦ i′∗

v) The cohomological γ-elements preserve the homogeneous decomposi-
tions of the involved local cyclic complexes.
Here the notations are those of (4.1) and (4.4).

Proof: Part i) is cited from [Kas]. For assertion ii) one verifies

(α′ ◦ β ′) ◦ j∗ = α′ ◦ (β ′ ◦ j∗) = α′ ◦ (i∗ ◦ ch biv(β ored Γ)) by (4.4) ii)

= (j∗ ◦ ch biv(αored Γ)) ◦ ch biv(β ored Γ) by (4.1)
= j∗ ◦ ch biv((αored Γ) ◦ (β ored Γ)) by the multiplicativity of the bivariant

Chern-Connes character in even degrees [Pu2a]

= j∗ ◦ ch biv((α ◦ β) ored Γ) by [Kas]

= j∗ ◦ ch biv(1 ored Γ) by part i)

= j∗ ◦ ch biv(1) by [Kas]

= j∗ ◦ 1 = j∗ by [Pu2a]

As j∗ is a local HC-equivalence by (3.6) the conclusion follows. Especially
β ′ ◦ α′ is an idempotent under the composition product. Assertions iii), iv)
and v) follow from similar calculations based on (4.1) and (4.4). 2

We are now ready to formulate the main result of this paper.
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Theorem 4.6 Let Γ be the fundamental group of a compact Riemannian
manifold of nonpositive sectional curvature.

i) Let l1(Γ) be the group Banach algebra of summable functions on Γ.
Then the cohomological γ-element

γ′ ∈ HC0
lc(l

1(Γ), l1(Γ)) = Hom0
D(CC∗(l

1(Γ)), CC∗(l
1(Γ)))

is equal in the derived Ind-category to the canonical projection of the
local cyclic complex CC∗(l

1(Γ)) onto its homogeneous part CChom
∗ (l1(Γ)).

ii) Suppose that Γ satisfies in addition the property of rapid decay and let
A(Γ) be the Jolissaint algebra of rapidly decreasing square summable
functions on Γ. Then the cohomological γ-element

γ′′ ∈ HC0
lc(A(Γ),A(Γ)) = Hom0

D(CC∗(A(Γ)), CC∗(A(Γ)))

is equal in the derived Ind-category to the canonical projection of the
local cyclic complex CC∗(A(Γ)) onto its homogeneous part CChom

∗ (A(Γ)).

Proof: The cohomological γ-element γ ′ preserves the homogeneous decom-
position of CC∗(l

1(Γ)) so that it decomposes as

γ′ = γ′hom ⊕ γ
′
inhom with

γ′hom ∈ Hom0
D(CChom

∗ (l1(Γ)), CChom
∗ (l1(Γ)))

γ′inhom ∈ Hom0
D(CC inhom

∗ (l1(Γ)), CC inhom
∗ (l1(Γ)))

By definition γ′inhom factorizes as

γ′inhom : CC inhom
∗ (l1(Γ))

β′

→ CC inhom
∗ (l1(Γ, C0(T

∗M)))
α′

→ CC inhom
∗ (l1(Γ))

The complex CC inhom
∗ (l1(Γ, C0(T

∗M̃))) vanishes however in the derived Ind-
category by (3.13) so that we conclude γ ′inhom = 0.

The homogeneous parts of CC∗(l
1(Γ) and CC∗(l

1(Γ, C0(T
∗M̃))) are equivalent

in the derived Ind-category to the finite dimensional complexes H∗(Γ,C) and
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H∗(M,C) by (2.13) and (3.13) and these complexes are isomorphic.
The identities

α′hom ◦ β
′
hom = 1hom, β

′
hom ◦ α

′
hom = γ′hom

which follow from (4.1) iv), (4.4) iv) and (4.5) imply therefore that

γ′hom ∈ Hom0
D(CChom

∗ (l1(Γ)), CChom
∗ (l1(Γ))) ∼= Hom0(H∗(Γ,C), H∗(Γ,C))

is an idempotent isomorphism and thus the identity 1hom. We have shown
that γ′ = γ′hom ⊕ γ

′
inhom = 1hom ⊕ 0inhom as claimed. The proof in the case of

the Jolissaint algebra is similar. 2

Corollary 4.7 Let Γ be the fundamental group of a compact Riemannian
manifold of strictly negative sectional curvature. Then

γ′ = 1 ∈ HC0
lc(l

1(Γ), l1(Γ))

Proof: Under the assumptions made the inhomogeneous part of CC∗(l
1(Γ))

vanishes in the derived Ind-category by (2.14). The corollary is then an
immediate consequence of (4.6). 2

As a consequence we obtain the solution of a problem posed by Connes in
[Co]

Theorem 4.8 Let Γ be a discrete group and let

τ : C∗red(Γ) → C

∑
agug → ae

be the canonical, positive and faithful trace on the reduced group C∗-algebra
C∗red(Γ) of Γ. Denote by

[τ ] ∈ HC0
lc(C

∗
red(Γ))

its class in the local cyclic cohomology of C∗red(Γ).
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i) Suppose that Γ is the fundamental group of a compact Riemannian
manifold of nonpositive sectional curvature. Let

γ ∈ KK0
Γ(C,C)

be the γ-element of Kasparov [Kas]. Then

i∗(ch biv(γ ored Γ) ◦ [τ ]) = i∗([τ ]) ∈ HC0
lc(l

1(Γ))

where i : l1(Γ)→ C∗red(Γ) denotes the inclusion.

ii) Suppose in addition that Γ satisfies the property of rapid decay. Then

j∗(ch biv(γ ored Γ) ◦ [τ ]) = j∗([τ ]) ∈ HC0
lc(A(Γ))

where j : A(Γ)→ C∗red(Γ) denotes the inclusion.

iii) Suppose that Γ is the fundamental group of a compact Riemannian
manifold of strictly negative sectional curvature. Then

ch biv(γ ored Γ) ◦ [τ ] = [τ ] ∈ HC0
lc(C

∗
red(Γ))

Proof: Let

τ : C∗red(Γ) → C

∑
agug → ae

be the canonical, positive and faithful trace on C∗red(Γ). It is norm continuous
and defines a class in the local cyclic cohomology of C∗red(Γ) :

[τ ] ∈ HC0
lc(C

∗
red(Γ)) = HC0

lc(C
∗
red(Γ),C)

As it is concentrated on the conjugacy class of the unit its restriction to l1(Γ)
belongs to the homogeneous part of the local cyclic cohomology of l1(Γ):

i∗([τ ]) ∈ HChom
lc (l1(Γ)).
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By the previous theorem it follows that the cohomology class of the restricted
trace is fixed by the cohomological γ-element:

γ′ ◦ i∗ ◦ [τ ] = i∗ ◦ [τ ]

Consequently

i∗ ◦ ch biv(γ ored Γ) ◦ [τ ] = i∗ ◦ [τ ] ∈ HC0
lc(l

1(Γ))

by (4.5). This establishes i) and the proof of ii) is similar. Fundamental
groups of compact Riemannian manifolds of strictly negative sectional cur-
vature satisfy the property of rapid decay by [Jol]. Therefore the Jolissaint
algebra of such groups is well defined. Moreover it is known [Ba] that each
group of this type is isomorphic to a cocompact discrete subgroup of a simple
Lie group of real rank one. For these groups the inclusion j : A(Γ)→ C∗red(Γ)
induces a local HC-equivalence by (4.3) so that assertion iii) becomes a con-
sequence of ii). 2

The idempotent conjecture

As an application of our partial calculation of the bivariant Chern-Connes
character of the γ-element of Kasparov we finally deduce the idempotent con-
jecture for the class of groups considered in this paper. This example shows
the potential power of local cyclic cohomology as a tool to solve problems in
noncommutative geometry.

Theorem 4.9 Let Γ be the fundamental group of a compact Riemannian
manifold of nonpositive sectional curvature.

i) The group Banach algebra l1(Γ) contains no nontrivial idempotent:

e2 = e ∈ l1(Γ) implies e = 0 or e = 1.

ii) Assume that Γ satisfies moreover the property (RD) of rapid decay.
Then the reduced group C∗-algebra C∗red(Γ) contains no nontrivial idem-
potent:

e2 = e ∈ C∗red(Γ) implies e = 0 or e = 1.
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Proof: This is an essentially well known consequence of the previous theo-
rem. We will follow the arguments given in [Co].

Let e2 = e ∈ l1(Γ) be an idempotent. We want to compute the value τ(e) of
the canonical trace on e. Let [e] be the class of e in K0(l

1(Γ)). We find

τ(e) = 〈ch ([e]), i∗ ◦ [τ ]〉

by definition of the Chern character

= 〈ch ([e]), i∗ ◦ ch biv(γ ored Γ) ◦ [τ ]〉

as shown above in (4.8)

= 〈ch ([i(e)]), ch biv(γ ored Γ) ◦ [τ ]〉

= 〈ch ([i(e)]), ch biv(β ored Γ) ◦ ch biv(αored Γ) ◦ [τ ]〉

by the multiplicativity of the bivariant Chern-Connes character in even de-
grees [Pu2a].

= 〈ch ([i(e)]) ◦ ch biv(β ored Γ), ch biv(αored γ) ◦ [τ ]〉

By the compatibility of the bivariant Chern-Connes character and the or-
dinary Chern-character and its multiplicativity in even degrees [Pu2a] one
has

ch ([i(e)]) ◦ ch biv(β ored Γ) = ch (σ′) ∈ HC0
lc(C0(T

∗M))

where

σ′ := (β ored Γ)∗([i(e)]) ∈ K0(C0(T
∗M))

(Here the identification of the K-theory and local cyclic cohomology groups
of C0(T

∗M̃) ored Γ with those of C0(T
∗M) is understood.)

On the other hand it follows from the Connes-Moscovici Index Theorem [CM]
(5.4) that the local cyclic cohomology class

ch biv(αored Γ) ◦ [τ ]
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corresponds to the deRham cohomology class

Todd(T ∗M) ∩ [T ∗M,T ∗M −M ]

under the identification

HC0
lc(C0(T

∗M̃) ored Γ) ' H∗(T
∗M,T ∗M −M,C)

Thus if the dimension of M is even

τ(e) = 〈ch class(σ
′), Todd(T ∗M) ∩ [T ∗M,T ∗M −M ]〉

=

∫

T ∗M

Todd(T ∗M) ∪ ch class(σ
′)

= Index (Dσ′) ∈ Z

where Dσ′ is a suitable elliptic operator on M with principal symbol class

σpr(Dσ′) = σ′ ∈ K0(T ∗M,T ∗M −M)

If M is of odd dimension there exists by the Conner-Floyd Theorem [CF] a
K-oriented map f : N → M [CS] of an evendimensional manifold N to M
and a class σ ∈ K0(T ∗N, T ∗N −N) such that

f !(σ) = σ′ ∈ K0(T ∗M,T ∗M −M)

The classical Grothendieck-Riemann-Roch Theorem implies then
∫

T ∗M

Todd(T ∗M) ∪ ch class(σ
′)

=

∫

T ∗N

Todd(T ∗N) ∪ ch class(σ)

which is an integer by the index theorem as before.

Altogether we have established the integrality of τ(e) and the same holds for
idempotents in the Jolissaint algebra by a similar argument if the group Γ
satisfies the property of rapid decay.
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Regard the given idempotent e now as element of the reduced group C∗-
algebra and let p ∈ C∗red(Γ) be an equivalent projector:

e = e2 = uv , p = p∗ = p2 = vu

for certain partial isometries u, v ∈ C∗red(Γ). Then τ(p) = τ(e) ∈ Z

because τ is a trace on C∗red(Γ) and the positivity of τ allows to deduce from
the operator inequality

0 ≤ p ≤ 1

the relation

0 = τ(0) ≤ τ(p) ≤ τ(1) = 1

which shows that either τ(p) = 0 or τ(p) = 1. The trace τ being faithful it
follows that p = 0 or p = 1. Consequently e = 0 or e = 1.

The same reasoning applies to idempotents in the Jolissaint algebra if Γ
satisfies the property (RD) of rapid decay. As the Jolissaint algebra contains
a dense subalgebra which is closed under holomorphic functional calculus in
C∗red(Γ) one concludes that there are no nontrivial idempotents in C∗red(Γ)
either. 2
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