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Introduction

This paper is the third and last instalment of our project of computation of the
low-degree unramified cohomology of quadrics. As in the previous papers [15] and
[16], we denote by ηnX the map

Hn(F,Q/Z(n− 1))→ Hn
nr(F (X)/F,Q/Z(n− 1))

for a smooth, projective quadric X defined over a field F of characteristic 6= 2.
Recall that in these papers we proved that Ker ηnX is generated by symbols for n ≤ 4
and any X (this is conjectured to hold without restriction on n). On the other hand,
we computed Coker ηnX for any X when n = 3 and (in case charF = 0) any X of
dimension ≤ 4 for n = 4. We also obtained some information on Coker η4

X when
dimX > 4: this group is canonically a subgroup of 2CH

3(X), which is at most Z/2
and is 0 for dimX > 10 by results of Karpenko.

The contents of the present paper are as follows. First we get more precise in-
formation on Coker η4

X when dimX > 4 in case charF = 0. This represents by no
means a complete computation of this group, and the interested reader is encour-
aged to push our investigation further1. Second, we prove (still in characteristic 0)
that Coker ηnX = 0 for all n when X is defined by a Pfister neighbour (theorem 3 in
section 3). It follows that, for X defined by a Pfister neighbour, the map

W (F )→Wnr(F (X)/F )

is surjective (theorem 4 in the same section). The proof of this result makes full use
of the methods of Voevodsky in his proof of the Milnor conjecture [30].

Third and last, we give some computation of the H-cohomology of real quadrics.

1While we were completing this paper, Oleg Izhboldin communicated to us new results of his
[10]. These results have some overlap with ours: Izhboldin supersedes theorem 2 (iii) - (vii) below
and extends corollary 1 of theorem 1 by removing any assumption on F (except that char F 6= 2).
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Let us now describe our results precisely. Let X be a (smooth projective) quadric
of dimension 4. By [15, th. 6 (1)], there is an exact sequence

0→ Coker η4 → CH3(X)tors → H3(F, 2)⊕H5(F, 3).

The proof of loc. cit., suitably adapted, in fact yields in characteristic zero an
exact sequence

0→ Coker η4 → CH3(X)tors
cl3−→ H6(X,Z(3)) (1)

(cf. also [14, diagram in 5.4]), which is the one we shall use here.
Theorem 1 gives a general result on quadrics X of dimension > 6, reducing the

computation of Coker η4
X to that of 2CH

3(X). We write η4 for η4
X when there is no

ambiguity on X.

Theorem 1. Let q be an anisotropic quadratic form of dimension ≥ 9 over a field
F of characteristic 0; suppose that q is not of the form π ⊥ 〈a〉 with π similar to a
3-fold Pfister form. Let X be the projective quadric defined by q. Then
a) The étale motivic cycle map

cl3 : CH3(X)→ H6
ét(X,Z(3))

is trivial on CH3(X)tors.
b) There is an isomorphism

Coker η4 ∼−→ 2CH
3(X).

Corollary 1. Suppose in addition to the hypothesis of Theorem 1 that F contains
all 2-primary roots of unity. Then

Coker η4
2 ' 2CH

3(X)

where η4
2 : H4(F,Z/2)→ H4

nr(F (X)/F,Z/2).

Indeed, in this case the map Coker η4
2 → Coker η4 is an isomorphism [16, th. 1].

Theorem 2 collects some cases in which we can actually determine Coker η4.

Theorem 2. Let q be a quadratic form of dimension ≥ 7 over a field F of charac-
teristic 0:

(i) If dim q = 7 and ind c(q) ≤ 2, then Coker η4 = 0.
(ii) If dim q = 8, then Coker η4 = 0 in the following cases:

• d±q = 1.
• d = d±q 6= 1 and qF (

√
d) is similar to a Pfister form (which is automatically

nonzero).
(iii) If dim q = 9, then Coker η4 = 0 in the following cases:

• q represents its discriminant.
• q contains an Albert form and ind c(q) 6= 2.

(iv) If dim q = 10, then Coker η4 = 0 in the following cases:
• d = d±q 6= 1, qF (

√
d) is isotropic but (qF (

√
d))an is not similar to a nonzero

Pfister form.
• q contains an Albert form, d±q = 1 and ind c(q) 6= 2.

(v) If dim q = 11, then Coker η4 = 0 in the following cases:
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• q ' τ ⊥ ψ, with dim τ = 8, τ ∈ I2F \ I3F , dimψ = 3 and τF (ψ) is not
similar to an anisotropic Pfister form.

• q contains an Albert form and q ⊥ 〈−d±q〉 /∈ I3F .
(vi) If dim q = 12, then Coker η4 = 0 in the following cases:

• q ' τ ⊥ ψ, with dim τ = 8, τ ∈ I2F \ I3F , dimψ = 4 and τF (ψ) is not
similar to an anisotropic Pfister form.

• q contains an Albert form and q /∈ I3F .
(vii) If dim q > 12, then Coker η4 = 0.

Moreover, if q is a generic quadratic form of dimension 12 such that q ∈ I 3F , then
Coker η4 6= 0.

Finally, here are our precise results for Pfister quadrics:

Theorem 3. Let ϕ be an n-fold Pfister form over a field F of characteristic 0, ψ a
neighbour of ϕ and X the associated projective quadric. Then, for any m ≥ 0, the
map

η̃m+1 : Hm+1(F,Q/Z(m))→ Hm+1
nr (F (X)/F,Q/Z(m))

is surjective.

After proving this theorem, we learnt from A. Vishik that a key step of its proof
will appear in his forthcoming preprint with D. Orlov and V. Voevodsky [25]. We
make a few comments on this in subsection 3.1.

Theorem 4. Let ϕ,X be as in theorem 3. Then, for any n ≥ 0, the map

InF → Innr(F (X)/F )

is surjective.

Theorem 4 is all the more striking as, in general, the extension F (X)/F is not
excellent [9]. We think that this theorem should have an elementary proof, i.e. not
using the Milnor conjecture or any Galois cohomology.

We can use these results to compute the cohomology groups Hp(Qd,Hq) for real
anisotropic quadrics Qd (cf. §4). In [15], these groups were computed for the real
quadrics when p + q = 4. Here we compute these groups for p + q = 5 and prove
the injectivity of the cycle map cl3 : CH3(Qd)/2→ H6

ét(Qd, µ2) (cf. theorem 4.6).
The results in section 1 are valid over any field of characteristic 6= 2, but those of

sections 2 and 3 need F to have characteristic 0.

1. Torsion in CH3 of quadrics

We collect here a few results on CH3 of quadrics that are used in the next section.
If X is a smooth variety over F , we denote by G∗K0(X) the associated graded of
the topological filtration on K0(X). For any p there is a surjective map

CHp(X)→ GpK0(X) (2)

with kernel killed by (p− 1)!; in particular it is bijective for p ≤ 2. Recall first

1.1. Lemma. [17, cor. 4.5] If X is a quadric, the above map is bijective for p = 3.
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Let q be a quadratic form and Xq the associated projective quadric. Recall from
[19] that the elementary part of CHp(Xq) is by definition the subgroup generated
by hp, where h is the class of a hyperplane section. The quotient NEp(Xq) =
CHp(Xq)/ < hp > is the nonelementary part of CHp(Xq). The group CHp(Xq) is
elementary if NEp(Xq) = 0. The same definitions apply to the associated graded
G∗K0(Xq) of the topological filtration on K0(Xq) (notation NEKp(Xq) for the non-
elementary part). We have

1.2. Lemma. For p ≤ 3, (2) induces an isomorphism

NEp(X)
∼−→ NEKp(X)

for any quadric X.

Proof. This follows easily from lemma 1.1 and the remarks preceding it. 2

If dimXq > 2p, or dimXq = 2p, d±q 6= 1, the natural map CHp(Xq)tors →
NEp(Xq) is an isomorphism [17, (2.7)]. On the other hand, NEp(Xq) 6= 0 if
p > max(dimXq/2, dimXq − i(q)), where i(q) is the Witt index of q, or if p =
dimXq/2, d±q = 1 (cf. [15, prop. 1.1 (c) and (d)]). Moreover, if q ' ϕ ⊥ H,
then NEp(Xq) ' NEp−1(Xϕ) for 0 < p < dimXq, as follows from the isomorphism
CHp(Xq) ' CHp−1(Xϕ) [17, (2.2)].

Also recall that, for a quadratic form q, CH1(Xq) is torsion-free [17, prop. 2.4]
and CH2(Xq)tors 6= 0 if and only if q is a neighbour of an anisotropic 3-fold Pfister
form, in which case CH2(Xq)tors ' Z/2 [17, th. 6.1]. These facts and the previous
ones will be used in the sequel without further mention.

The following complicated definition will be justified by lemma 1.5, proposition
1.6, corollary 1.7 and theorem 1.8.

1.3. Definition. Let p ≥ 0.
a) A quadratic form ϕ is CHp-elementary (resp. GpK-elementary) if CH i(Xϕ)
(resp. GiK0(Xϕ)) is elementary for i ≤ p.
b) The form ϕ is stably CHp-elementary in codimension i (resp. stably GpK-ele-
mentary in codimension i ) if it has the following property: for any extension K/F
and any quadratic form q over K containing ϕK, with dim q = dimϕ+ i, q is CHp-
elementary (resp. GpK-elementary).
c) It is stably CHp-elementary (resp. stably GpK-elementary) if it is stably CHp-
elementary (resp. stably GpK-elementary) in codimension i for any i ≥ 0.
d) It is stably CHp-elementary in codimension > 0 (resp. stably GpK-elementary in
codimension > 0) if it is stably CHp-elementary (resp. stably GpK-elementary) in
codimension i for any i > 0.

Examples.

1a) A quadratic form ϕ of dimension ≥ 3 is CH1-elementary if and only if one of
the following holds:
– dimϕ > 4
– dimϕ = 4 and d±ϕ 6= 1
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– dimϕ = 3 and ϕ is anisotropic.
This follows easily from the remarks before definition 1.3.

1b) A quadratic form ϕ of dimension ≥ 3 is stably CH1-elementary if and only
if dimϕ > 4. Sufficiency is clear by the remarks before definition 1.3. For
necessity, note that if dimϕ = 4 and d±ϕ = 1, then ϕ is not elementary, and
that this condition is satisfied after some quadratic extension.

2a) A quadratic form ϕ of dimension ≥ 3 is CH2-elementary if and only if one of
the following holds:
– dimϕ > 6 and ϕ is not a neighbour of an anisotropic 3-fold Pfister form
– dimϕ = 6, d±ϕ 6= 1 and ϕ is not a neighbour of an anisotropic 3-fold

Pfister form
– dimϕ = 5 and ϕ is not a neighbour of an anisotropic 3-fold Pfister form
– dimϕ = 5 and i(ϕ) < 2
– dimϕ = 4 and d±ϕ 6= 1
– dimϕ = 3 and ϕ is anisotropic.

As in example 1, this follows easily from the remarks before definition 1.3.
2b) A quadratic form ϕ of dimension ≥ 3 is stably CH2-elementary if and only if

one of the following holds:
– dimϕ > 8
– dimϕ = 8 and ϕ contains an Albert form (i.e. ϕ

F (
√
d±ϕ)

is isotropic)

– dimϕ = 7 and ϕ contains an Albert form (i.e. ϕ ⊥< −d±ϕ > is isotropic).
Sufficiency is clear by the remarks before definition 1.3: the conditions imply
that ϕ is not a neighbour of a 3-fold Pfister form, and they are clearly invariant
under base field extension. Although we don’t really need necessity in the
sequel, we prove it for the reader’s pleasure. We first note that none of the
conditions in 2a) is stable under base field extension if dimϕ ≤ 6. For example,
if dimϕ = 5, ϕ is anisotropic and not a Pfister neighbour, then ϕ becomes an
anisotropic Pfister neighbour over F (Xϕ⊥〈−d±ϕ〉) (this is the only non obvious
case). Also, any anisotropic 7-dimensional form which does not contain an
Albert form is contained in an anisotropic 8-dimensional form of discriminant
1. It is therefore sufficient to show that, if dimϕ = 8 and ϕ does not contain
an Albert form, then ϕ becomes similar to an anisotropic Pfister form over
some extension of the base field. Using a quadratic extension, we can assume
that d±ϕ = 1. To make ϕ similar to a Pfister form, we pass to the function
field K of the Severi-Brauer variety of C(ϕ). There remains to see that ϕK is
anisotropic. If indC(ϕ) ≤ 4, this is [21, th. 4], and if indC(ϕ) = 8, this is [7,
th. 9.1].

2c) A quadratic form ϕ of dimension ≥ 3 is stably CH2-elementary in codimension
1 if one of the following holds:
– dimϕ ≥ 8
– dimϕ = 7 and ϕ contains an Albert form
– dimϕ = 6 and ϕ is a (possibly isotropic) Albert form.

The proof is easy. (Conversely, one easily sees that no form of dimension
≤ 5 is stably CH2-elementary in codimension 1 and that the condition for
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7-dimensional forms is necessary.) Note that, by remark 1b), all these forms
are also stably CH1-elementary.

1.4. Lemma. a) Let X be a smooth variety over F . Then, for any p ≥ 0, the map
CHp(X)→ CHp(XF (t)) is bijective.

b) If X is a quadric, then NEp(X)
∼−→ NEp(XF (t)).

Proof. a) Surjectivity follows from the commutative diagram

CHp(X ×F A1
F )−→→CHp(XF (t))

o
x




↗

CHp(X)

where the vertical map is bijective by homotopy invariance. Injectivity follows from
a classical specialisation argument (using the existence of closed points of coprime
degrees in any open subset of A1

F ). b) follows immediately from a). 2

The following lemma and proposition slightly refine the substance of [19, lemma
6.2].

1.5. Lemma. Let ϕ be a quadratic form over F , CHp−1-elementary, stably CHp−2-
elementary in codimension 0 and stably CHp−1-elementary in codimension 1. Let
ψ = 〈a1, a2〉, and suppose that ϕE is CHp−1-elementary, where E = F (

√−a1a2).

Let K = F (t) and ψ̃ = a1t
2 + a2 ∈ K∗. Then there is a natural isomorphism

NEp(Xϕ⊥ψ) ' NEp(XϕK⊥〈ψ̃〉).

Proof. We proceed exactly as in [19]. There is an exact sequence

CHp−1(Xϕ⊥〈a1〉)→ CHp(Xϕ⊥〈a1,a2〉)→ CHp(U)→ 0

where U is the affine quadric Xϕ⊥〈a1,a2〉 \Xϕ⊥〈a1〉. From it and the definition of NE∗,
we deduce another exact sequence

NEp−1(Xϕ⊥〈a1〉)→ NEp(Xϕ⊥〈a1 ,a2〉)→ CHp(U)→ 0. (3)

On the other hand, projection on the second coordinate gives a morphism U →
A1, hence another exact sequence

∐

α∈A1
F

CHp−1(Uα)→ CHp(U)→ CHp(Uη)→ 0 (4)

where the left summation is over all closed points of A1
F , and η is the generic point

of A1
F .

For all α, Uα is the affine quadric XϕF (α)⊥〈xα〉 \ Xϕ over the residue field F (α),

where xα is the image of a1t
2+a2 in F (α). If xα 6= 0, the form ϕF (α) ⊥ 〈xα〉 is nonde-

generate. If xα = 0 (let us denote the corresponding point α by α0), then F (α0) =

E. By [19, lemma 5.3], CHp−1(Uα0) gets identified with Coker(CHp−2(XϕE)
·h−→

CHp−1(XϕE)). Finally, from (3) and (4), we get a commutative diagram with exact
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rows and columns
∐

α∈A1
F ,xα 6=0

NEp−2(XϕF (α)
)⊕NEp−2(XϕE ) NEp−1(Xϕ⊥〈a1〉

) NEp−1(XϕF (t)
)





y





y





y

∐

α∈A1
F ,xα 6=0

NEp−1(XϕF (α)⊥〈xα〉)⊕NEp−1(XϕE ) NEp(Xϕ⊥〈a1,a2〉
) NEp(XϕF (t)⊥〈ψ̃〉)





y





y





y

∐

α∈A1
F ,xα 6=0

CHp−1(Uα)⊕CHp−1(Uα0 ) → CHp(U) → CHp(Uη)→0





y





y





y

0 0 0

Let us now use the assumptions on ϕ. Since ϕ is CHp−1-elementary, lemma 1.4
implies thatNEp−1(XϕF (t)

) = 0. Since ϕ is stably CHp−2-elementary in codimension

0, the top left term in the diagram is 0 too. Since ϕ is stably CHp−1-elementary
in codimension 1, the top middle term is 0, as well as the first summand of the
medium left term. Finally, since ϕE is CHp−1-elementary, the second summand of
the medium left term is 0 too. Hence the bottom left term is 0 and the diagram
simplifies as

NEp(Xϕ⊥〈a1,a2〉) NEp(XϕF (t)⊥〈ψ̃〉)

o




y

o




y

CHp(U)
∼−−−→ CHp(Uη).

Hence lemma 1.5. 2

1.6. Proposition. Let ϕ be quadratic form over F , and let r ≥ 2. Suppose that ϕ
is stably CHp−2-elementary, CHp−1-elementary and stably CHp−1-elementary in
codimension i for all i ∈]0, r[. Let ψ = 〈a1, . . . , ar〉 be another form, and suppose

finally that ϕF (Xψ) is CHp−1-elementary. Let K = F (t1, . . . , tr−1) and ψ̃ = a1t
2
1 +

. . . ar−1t
2
r−1 + ar ∈ K∗. Then there is a natural isomorphism

NEp(Xϕ⊥ψ) ' NEp(XϕK⊥〈ψ̃〉).

Proof. We proceed by induction on r, the case r = 2 having been dealt with in
lemma 1.5. Let ϕ′ = ϕ ⊥ 〈a1〉 and ψ′ = 〈a2, . . . , ar〉, so that ϕ ⊥ ψ ' ϕ′ ⊥ ψ′. Then
ϕ′ verifies the first three assumptions of proposition 1.6 (relatively to r − 1 for the
third one). Therefore

NEp(Xϕ⊥ψ) = NEp(Xϕ′⊥ψ′) ' NEp(Xϕ′
L⊥〈ψ̃′〉)

with L = F (t2, . . . , tr−1) and ψ̃′ = a2t
2
2 + . . . ar−1t

2
r−1 + ar ∈ L∗. We have

ϕ′
L ⊥ 〈ψ̃′〉 ' ϕL ⊥ 〈a1, ψ̃

′〉.
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The form ϕL is CHp−1-elementary by lemma 1.4, stably CHp−2-elementary in
codimension 0 and stably CHp−1-elementary in codimension 1. Moreover ϕE is

CHp−1-elementary, where E = L(

√

−a1ψ̃′) = F (Xψ). Therefore the triple

(L, ϕL, 〈a1, ψ̃
′〉) satisfies the conditions of lemma 1.5. Hence we have

NEp(Xϕ′
L⊥〈ψ̃′〉) ' NEp(XϕK⊥〈ψ̃〉)

and the proof is complete. 2

1.7. Corollary. A form stably CHp−1-elementary and stably CHp-elementary in codi-
mension 1 is stably CHp-elementary in codimension > 0. 2

This corollary allows us to give a slightly stronger variant of proposition 1.6:

1.8. Theorem. Let ϕ be stably CHp−2-elementary, CHp−1-elementary and stably CHp−1-
elementary in codimension 1. Let ψ = 〈a1, . . . , ar〉 be another form, and suppose that

ϕF (Xψ) is CHp−1-elementary. Let K = F (t1, . . . , tr−1) and ψ̃ = a1t
2
1 + . . . ar−1t

2
r−1 +

ar ∈ K∗. Then there is a natural isomorphism

NEp(Xϕ⊥ψ) ' NEp(XϕK⊥〈ψ̃〉).

This applies notably with p = 3 and ϕ as in example 2c) after definition 1.3. 2

We now observe that the proof of [19, cor. 4.9] in fact yields the following (cf.
loc. cit., lemma 7.2):

1.9. Proposition. Let ϕ be a quadratic form over F and E/F a finite extension such
that the norm map

NE/F : K0(C0(ϕE))→ K0(C0(ϕ))

is surjective (e.g. E may be any subfield of the division algebra derived from C0(ϕ)).
If, for some p, ϕE is Gp−1K-elementary, then the map

NE/F : NEKi(XϕE)→ NEK i(Xϕ)

is surjective for i ≤ p. 2

Proof. We sketch a proof for the reader’s convenience. The assumption that ϕE is
Gp−1K-elementary implies that (cf. loc. cit., lemma 4.4)

NEKi(XϕE) = Coker(K0(XϕE)i+1 → K0(XϕE)/ < H >)

for i ≤ p, where < H > denotes the subgroup generated by the elements hi. We
have a commutative diagram with surjective horizontal maps [19, th. 4.2]

K0(C0(ϕE)) −−−→ K0(XϕE)/ < H >

NE/F





y

NE/F





y

K0(C0(ϕ)) −−−→ K0(Xϕ)/ < H > .

Thus the hypothesis that the left vertical map is surjective implies the surjectivity
of the right vertical arrow. The proposition now follows on using this surjectivity
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(with i ≤ p) in the following natural diagram with exact rows

K0(XϕE)(i+1) −−−→ K0(XϕE)/ < H > −−−→ NEK i(XϕE) −−−→ 0




y





y





y

K0(Xϕ)
(i+1) −−−→ K0(Xϕ)/ < H > −−−→ NEK i(Xϕ) −−−→ 0.

2

Similarly, the proof of [19, cor. 4.5] in fact gives

1.10. Proposition. Let ψ be an odd-dimensional quadratic form over F and set ϕ = ψ ⊥
〈−d±ψ〉. If, for some p, ϕ is Gp−1K-elementary, then the pull-back map

NEKi(Xϕ)→ NEK i(Xψ)

is surjective for i ≤ p. 2

1.11. Corollary. Let τ ∈ I2F such that τ is Gp−2K-elementary for some p. Let d ∈ F ∗.
Then the push-forward map

NEKi−1(Xτ )→ NEK i(Xτ⊥〈d〉)

is surjective for i ≤ p.

Proof. Let ϕ = ψ ⊥ 〈−d〉 ' τ ⊥ H. For i ≤ p − 1, we have GiK0(Xϕ) '
Gi−1K0(Xτ ), hence ϕ is Gp−1K-elementary. It remains to see that the composition

Gi−1K0(Xτ )
∼−→ GiK0(Xϕ)→ GiK0(Xψ)

coincides with the push-forward map, which is clear from the construction of the
first isomorphism. 2

Also, the proof of [19, cor. 4.7] in fact gives

1.12. Proposition. Let τ be an even-dimensional quadratic form of non-trivial discrimi-
nant d. Suppose that τ contains a 1-codimensional subform ϕ such that the quadratic
extension E = F (

√
d) preserves indC0(ϕ). If, for some p, ϕ is Gp−2K-elementary,

then the push-forward map

NEKi−1(Xϕ)→ NEK i(Xτ )

is surjective for i ≤ p. 2

Finally, the following proposition captures the substance of the argument in the
proof of [19, prop. 6.3].

1.13. Proposition. Let ϕ be an odd-dimensional form and ψ another form. Write C0(ϕ) =
Mn(D), where D is a division algebra. Assume that (ϕ, ψ) verifies the condi-
tions of proposition 1.6 or theorem 1.8 for p = 3 (for instance that ϕ is stably
CH2-elementary), and assume further that there is no F -algebra homomorphism
C0(〈d±ϕ〉 ⊥ ψ)→ D. Then

NE3(Xϕ⊥ψ) = 0.
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Proof. Let K, ψ̃ be as in proposition 1.6 or in theorem 1.8. By this propo-
sition or theorem and lemma 1.2, it suffices to show that NEK3(XϕK⊥〈ψ̃〉) =

0. By proposition 1.12, this will be the case if we can show that indC0(ϕK) =

indC0(ϕK
“√

d±(ϕK⊥〈ψ̃〉)
”). But K

(

√

d±(ϕK ⊥ 〈ψ̃〉)
)

= F (X〈d±ϕ〉⊥ψ), so the result

follows from the index reduction theorem [22]. 2

We are now ready to refine [19, th. 6.1] somewhat.

1.14. Lemma. Let ϕ ∈ I2F \I3F be an 8-dimensional form, and a ∈ F ∗. Then ϕ ⊥< a >
is CH3-elementary.

Proof. Since ϕ /∈ I3F , it is CH2-elementary; the claim then follows from corollary
1.11. 2

1.15. Proposition. Let τ ∈ I2F \I3F be an anisotropic 8-dimensional form, ψ be another
form of dimension ≥ 2 and q = τ ⊥ ψ. Then q is CH3-elementary, except perhaps
if τF (Xψ) is similar to an anisotropic Pfister form. The latter happens exactly if
c(τ) = c(ρ) for some ρ ∈ P2(F )− {0} and

(i) either ψ is a neighbour of ρ;
(ii) or ψ ' c〈1,−a〉 with 〈1,−a〉 ≤ ρ and τF (

√
a) is anisotropic.

In particular, if either ind c(τ) ≥ 4 or dimψ = 4, ψ /∈ I2F , then q is CH3-
elementary.

Proof. By examples 1b) and 2c) after definition 1.3, τ is stably CH1-elementary
and stably CH2-elementary in codimension 1. We want to apply theorem 1.8; for
this, we need τF (Xψ) to be CH2-elementary. This is guaranteed by the assumptions
(see example 2a) after definition 1.3). We then get an isomorphism

CH3(Xq)tors ' CH3(Xτ⊥〈ψ̃〉)tors.

Since the field of definition L of ψ̃ is purely transcendental over F , τL is not in
I3L; by lemma 1.14, the right-hand-side is 0.

There remains to show that the condition of proposition 1.15 happens exactly in
cases (i) and (ii). The condition c(τ)F (Xψ) = 0 implies that ind c(τ) ≤ 2, hence (since
τ /∈ I2F ) c(τ) = (a, b) 6= 0 for some a, b. Let ρ =� a, b�. Then ρF (Xψ) ∼ 0, hence
ψ is similar to a subform of ρ. If ψ is a neighbour of ρ, then τF (Xψ) is anisotropic by
[21, th. 4]. Otherwise, dimψ = 2 and we must impose τ

F (
√
d±ψ)
6∼ 0. Conversely, it

is clear that (i) or (ii) implies the condition of proposition 1.15. 2

1.16. Corollary. Let q be an anisotropic form of dimension 10, with d = d±q 6= 1, and let
E = F (

√
d). Assume that qE is isotropic, but that (qE)an is not similar to a nonzero

Pfister form. Then CH3(Xq)tors = 0.

Proof. The fact that i(qE) > 0 implies that q ' τ ⊥ 〈a,−ad〉 for some τ ∈ I2F
and a ∈ F ∗. Then qE ∼ τE, and the second condition is just a reformulation of the
condition in proposition 1.15. 2
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1.17. Proposition. Let q be a form of dimension ≥ 9 containing an anisotropic Albert
form. Suppose that CH3(Xq)tors 6= 0. Then:

(i) dim q ≤ 12.
(ii) If dim q = 12, then q ∈ I3F .
(iii) If dim q = 11, then q ⊥ 〈−d±q〉 ∈ I3F .
(iv) If dim q = 10, then two cases are possible:

• d±q 6= 1. Then q is of the form λ ⊥ aλ ⊥ b〈1,−d〉, with dimλ = 4 and
d = d±q = d±λ.

• d±q = 1. Then ind c(q) = 2.
(v) dim q = 9. Then ind c(q) = 2.

Proof. Write q = ϕ ⊥ ψ, where ϕ contains an anisotropic Albert form and dimϕ =
7. By example 2b) after definition 1.3, ϕ is stably CH2-elementary.

Let D be the division algebra similar C0(ϕ): then D is a biquaternion algebra.
By proposition 1.13, if CH3(Xq)tors 6= 0, then there must exist an F -algebra homo-
morphism A→ D, where we set C0(〈d±ϕ〉 ⊥ ψ) = A for simplicity. This first gives
a condition on dim q:

• If dimψ is even, then A is central simple. We then must have dimA ≤ dimD,
that is, dimψ ≤ 4, i.e. dim q ≤ 11.
• If dimψ is odd, then A is either simple with centre F (

√

−d±ϕd±ψ), or a
product of two isomorphic simple algebras, and then −d±ϕd±ψ is a square. In
the first case, we must again have dimψ ≤ 4; in the second one, we must have
dimψ ≤ 5. In both cases, this gives dim q ≤ 12.

Let us now look at the extreme cases. It is useful to note that d±q =
(−1)dimψd±ϕd±ψ and that c(q) = c(ϕ) + c(d±ϕ ⊥ ψ).

• If dim q = 12, then the above discussion shows that d±q = 1; moreover, D ' A,
which gives c(q) = 0. Hence q ∈ I3F .
• If dim q = 11, then we get similarly c(q) = 0, hence c(q ⊥ 〈−d±q〉) = 0 and
q ⊥ 〈−d±q〉 ∈ I3F .

• If dim q = 10 and d±q = d 6= 1, then E = F (
√
d) embeds into D and A

is isomorphic to its commutant. Therefore, DE ∼ A and c(qE) = 0. Write
q ' γ ⊥ ρ, where γ is an anisotropic Albert form and dim ρ = 4. Then
d±ρ = d and c(γE) = c(ρE), hence γE is isotropic, i.e. γ ' λ ⊥ a〈1,−d〉 for
suitable λ, a. But λE and ρE are conjugate 4-dimensional forms2, hence are
similar by [8, cor. 2.10]; a theorem of Wadsworth [31, th. 7] then implies that
λ and ρ are similar.

Finally, let us look at the cases dim q = 10, d±q = 1 and dim q = 9. In the first
case, A = B ×B and B injects into D, hence ind c(q) = 2. In the second case, A is
a quaternion algebra and injects into D, hence ind c(q) = 2 too. 2

1.18. Remarks.

2Recall that two forms ϕ, ψ are conjugate if ϕ ⊥ −ψ is similar to a (possibly trivial) Pfister
form, cf. [20, def. 8.7].
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1. The first case in (iv) of proposition 1.17 is a special case of the exceptional case
in corollary 1.16.

2. We know by Karpenko [19] that, in fact, CH3(Xq)tors = 0 for dim q > 12
whether q contains an anisotropic Albert form or not.

2. Proof of theorems 1 and 2

In this section we assume that F has characteristic 0.

2.1. Definition. An anisotropic quadratic form q of dimension ≥ 7 is exceptional if

• q is a neighbour of a 3-fold Pfister form, or
• writing qF (Xq) ' H ⊥ q′, the form q′ is an anisotropic neighbour of a 3-fold

Pfister form.

2.2. Proposition. Let dim q ≥ 7 and X = Xq.

a) The map H5(F,Q/Z(3))
∼−→ H6(F,Z(3))→ H6(X,Z(3)) is injective.

b) Assume q is anisotropic and not exceptional. Then the cycle map cl3 : CH3(X)→
H6(X,Z(3)) induces a map

2CH
3(X)→ H5(F,Q/Z(3))

still denoted by cl3.

Proof. Recall from [14] the spectral sequence

Ep,q
2 = Hp−q

ét (F,CHq(Xs)⊗ Z(3))⇒ Hp+q

with Hp+q mapping toHp+q(X,Z(3)) by an isomorphism if p+q ≤ 6 and an injection
if p+ q = 7. It gives a (decreasing) filtration F qH6(X,Z(3)) on H6(X,Z(3)) in four
steps, whose associated graded are subquotients of the E2-terms

E6,0
2 = H6(F,Z(3))

E5,1
2 = H4(F,CH1(Xs)⊗ Z(2))

E4,2
2 = H2(F,CH2(Xs)⊗ Z(1))

E3,3
2 = H0(F,CH3(Xs)).

By Hilbert 90 in weight 1, the third E2-term is 0. Similarly, by Hilbert 90 in weight
2, one has E4,1

2 = 0. So the only possibly nonzero differential hitting E6,0
2 = E6,0

3 is

d3,2
3 : E3,2

3 → E6,0
3 .

But by [14, prop. 6.5 a)], E3,2
2 = E3,2

∞ provided the map CH2(X) → CH2(Xs)
is surjective; this is the case when dimX > 4, i.e. when dim q > 6 (cf. loc. cit.,
remark 6.6). This proves a).

Let now e be an element of 2CH
3(X), and let α = cl3(e) be its image in

H6(X,Z(3)) under the cycle map. Since CH3(Xs) is torsion-free, its image via the
edge homomorphism H6(X,Z(3)) → CH3(Xs)

GF is 0. Hence α ∈ F 1H6(X,Z(3)).
Let ᾱ be its image in E5,1

2 = H4(F,CH1(Xs)⊗Z(2)). Since dimX > 2, CH1(Xs) =
Zh (where h is a hyperplane section) and H4(F,CH1(Xs) ⊗ Z(2)) is canonically

isomorphic to H4(F,Z(2))
∼←− H3(F,Q/Z(2)).
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First suppose q isotropic. Write q ' H ⊥ q′, and let Y be the projective quadric
with equation q′ = 0. Then there is an isomorphism CH3(X) ' CH2(Y ). If q′ is
not a neighbour of an anisotropic 3-fold Pfister form, then 2CH

2(Y ) = 0 [17, th.
6.1], hence 2CH

3(X) = 0 and in particular ᾱ = 0.
Suppose now q anisotropic, and let K = F (X). We have a commutative diagram

CH3(XK)
cl3−−−→ H3(K,Q/Z(2))

x





x





CH3(X)
cl3−−−→ H3(F,Q/Z(2)).

By Arason’s theorem [1, Satz 5.6] (and the Merkurjev-Suslin theorem), the map
H3(F,Q/Z(2)) → H3(K,Q/Z(2)) is injective, unless q is a neighbour of a 3-fold
Pfister form. By the isotropic case, ᾱK = 0, hence (under the assumptions of the
proposition) ᾱ = 0 and α ∈ F 2H6(X,Z(3)) = F 3H6(X,Z(3)). This proves b),
noting that F 3H6(X,Z(3)) = H5(F,Q/Z(3)). 2

2.3. Proposition. Let dim q ≥ 7. Assume q is anisotropic and is not a neighbour of a
3-fold Pfister form. Then q is exceptional if and only if it is of one of the following
three types:
a) dim q = 7: ind c(q) = 2.

b) dim q = 8: d = d±q 6= 1 and qF (
√
d) ∈ GP3(F (

√
d)) \ {0}.

c) dim q = 9: q ' π ⊥ 〈d〉 with π ∈ GP3(F ).

Proof. We must have 7 ≤ dim q ≤ 10. Let X = Xq. If dim q = 10, then qF (X) ∈
I3F (X), hence d±q = 1, c(q) = 0 since H iF → H iK is injective for i = 1, 2. But
then q is isotropic by [26, Satz 14], contradiction. So dim q ≤ 9.

If dim q = 9, we see similarly that q ⊥ 〈−d±q〉 ∈ I3F , hence that q represents its
discriminant d = d±q. Writing q ' π ⊥ 〈d〉, we find π ∈ I3F , hence π ∈ GP3(F ).
Conversely, any form of this type is obviously exceptional.

If dim q = 8, write d = d±q and K = F (X). Note that d 6 = 1 since d = d±(qK)an

and (qK)an is a 6-dimensional Pfister neighbour. Let E = F (
√
d). By assumption,

qKE ∼ 0, hence qE ∈ GP3(E). But if qE ∼ 0, then q is divisible by 〈1,−d〉, hence
q ∈ I2F , contadicting d 6= 1. Conversely, suppose that q satisfies the condition of
b). Then, for any a ∈ F ∗, c(q ⊥ −a〈1,−d〉) is of the form (b, d) for some b. By
changing a into ab, we can arrange that q ⊥ −a〈1,−d〉 ∈ I3F . Then, applying [26,
Satz 14] again, we find (q ⊥ −a〈1,−d〉)an =: π ∈ GP3(F ). Suppose that i(qK) > 1.
Then πK ∼ 0; by the subform theorem, this forces π to be similar to q, which is
absurd. Hence i(qK) = 1 and (qK)an is a neighbour of πK .

Finally, let dim q = 7. Then ind c(qF (X)) = 2, hence ind c(q) = 2 by the in-
dex reduction theorem. Conversely, suppose that q satisfies this condition. Then
i(qF (X)) = 1: otherwise, by [13, prop. 3 (ii)], q1 = (qF (X))an would be defined over
F and q ⊥ −q1 would be similar to a Pfister form, absurd. Since ind c(q1) = 2, q1 is
a Pfister neighbour. 2

2.4. Proposition. For any exceptional form q, one has Coker η4 = 0.
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Proof. By [15, th. 6 (3)], we may suppose that q is not a neighbour of a 3-fold
Pfister form. Then q is classified by proposition 2.3. If dim q = 7, by proposition 2.3
a), q is a subform of an 8-dimensional form q′ in I2F with Clifford invariant of index
2. Then q and q′ are equivalent in the sense that q′F (Xq)

and qF (Xq′ )
are isotropic (in

the latter case, note that qF (Xq′)
represents its discriminant, hence is isotropic, see

end of proof of proposition 2.3). By [15, prop. 2.5], Coker η4
q ' Coker η4

q′ and, by

[15, th. 6 (3)], Coker η4
q′ = 0. If dim q = 9, q is a Pfister neighbour by proposition

2.3 c), hence Coker η4 = 0 again by [15, th. 6 (3)].
Finally, assume that dim q = 8. Let X = Xq. We shall apply results from [17]

to show that CH3(X)tors = Z/2, but that the motivic cycle map is injective in
codimension 3.

By [17, cor. 4.5], for the first claim it suffices to prove that G3K(X)tors = Z/2,
where G∗K(X) is the associated graded of the topological filtration on K0(X).
We note that q /∈ I2F ; by [17, th. 3.10], GpK(X)tors is of order at most 2 and
|G∗K(X)tors| = 2s, where s is such that C0(q) ' M2s(D) with D a division al-
gebra. Here, one computes easily from proposition 2.3 b) that s = 3. More-
over, GpK(X)tors = 0 for p = 0, 1, 2, 6 by [17, prop. 2.4, prop. 2.6 and th.
6.1]. It follows that GpK(X)tors = Z/2 for p = 3, 4, 5. More precisely, we have
GpK(X)tors = Z/2l̄6−p−1 for p = 3, 4, 5, where l0, l1, l2 are the K0-classes defined by
Karpenko in [17, (2.1) and (3.7)] and l̄i are their images in the associated graded.

Consider now the situation over K = F (X). Then i(qK) = 1, hence, over K,
we still have dim l2 > dim l1 > 1. Therefore l1 and l2 still define torsion classes in
G∗K(XK), of codimensions ≤ 4. But GpK(XK) is torsion-free for p ≤ 2, so we must
have codim(l2) = 3, codim(l1) = 4. This argument shows in particular that the map
CH3(X)→ CH3(XK) is injective on torsion.

Write qK ' ϕ ⊥ H, where ϕ is a 6-dimensional Pfister neighbour. Let Y be the
quadric with equation ϕ = 0. By [14, prop. 8.1], there is a commutative diagram

CH2(Y ) −−−→ CH3(XK)

cl2





y cl3





y

H4(Y,Z(2)) −−−→ H6(XK,Z(3))

in which the top horizontal map is an isomorphism and the bottom one is a split
injection. Moreover, cl2 is injective by [7, th. 1.1] or [14, diagram in 5.3].

By [17, th. 6.1], CH2(Y )tors = Z/2, hence CH3(XK)tors = Z/2. Letting e′ denote
its generator, the diagram shows that cl3(e′) 6= 0. Since by the above e′ is the image
of the torsion element e of CH3(X), this shows that cl3(e) 6= 0 as well. Then (1)
shows that Coker η4 = 0. 2

2.5. Lemma. Let q be a form of dimension 10 in I2F such that ind c(q) = 2. Then the
cycle class map

cl3 : CH3(Xq)tors → H6(Xq,Z(3))

is identically 0.

Proof. Let D be the quaternion algebra whose Brauer class is c(q) and let E be
a maximal commutative subfield of D. The quadratic form qE is in I3E, hence
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qE ' ϕ ⊥ H, where ϕ ∈ GP3(E). By [16, lemma 4.2], we get easily cl3(e) =
cl1(h) ·π∗βe3(ϕ), where e is the (nonzero) generator of CH3(XqE)tors ' CH2(Y )tors,
with Y = Xϕ. But the quadratic extension E/F is excellent, hence ϕ is defined over
F . It follows that

cl3(NE/Fe) = CorE/F cl
3(e) = CorE/F (cl1(h) · π∗βe3(ϕ)) = 0.

By lemma 1.2 and proposition 1.9, the map NE/F : CH3(XqE)tors → CH3(Xq)tors

is surjective. This concludes the proof of lemma 2.5. 2

Proof of theorem 1. By proposition 2.2, for q non exceptional (1) refines into an
exact sequence

0→ Coker η4 → CH3(X)tors → H5(F, 3).

In particular, b) follows from a) and to prove a), we have to show that the right
map is 0 for q as in the theorem. By functoriality, it is enough to do this for
dim q = 9. By proposition 1.10 and functoriality again, it is enough to deal with
dim q = 10, q ∈ I2F . Applying now proposition 1.9, we can reduce to the case where
ind c(q) = 2. But this case is covered by lemma 2.5. 2

Proof of theorem 2. This is a case-by-case check collecting the previous results.
Assertion (i) follows from propositions 2.4 and 2.3. Assertion (ii) follows from [15,
theorem 6 (3)] and propositions 2.4 and 2.3 (note that the proof of proposition 2.3 b)
shows that, if dim q = 8, d = d±q 6= 1 and qF (

√
d) is similar to a Pfister form, then this

Pfister form is necessarily nonzero). Assertion (iii) follows from propositions 2.4 and
2.3 when c(q) = 1. Otherwise, it follows from theorem 1, lemma 1.14 and proposition
1.17 (v). Assertions (iv), (v) and (vi) follow from theorem 1, propositions 1.15 and
1.17. Assertion (vi) follows from [15, theorem 6 (3)]. Finally, the last statement
follows from theorem 1 and [18, th. 2.4].

3. Unramified cohomology of Pfister quadrics

3.1. Proof of theorem 3. In this subsection, we occasionally refer to a preliminary
version of [25] which was kindly communicated to us by A. Vishik. We don’t use
results from [25], but just point out that some of our results will independently
appear in this paper (and hence were found by the authors earlier than us).

By [15, prop. 2.5 (c)], Coker η̃m+1 does not depend on the choice of the neighbour
ψ; henceforth we choose ψ with dimψ = 2n−1 + 1. Then dimX = 2n−1 − 1. On the
other hand, by [15, prop. 2.5 (b)], the group Coker η̃m+1 is isomorphic to

Coker(ηm+1 : Hm+1(F,Q2/Z2(m))→ Hm+1
nr (F (X)/F,Q2/Z2(m))).

Recall from [30] the simplicial scheme Č(X), with Č(X)p = Xp+1, the faces and
degeneracies being the obvious projections and partial diagonals. In [14, th. A.1],
we proved that Coker ηm+1 is isomorphic to a subgroup of Hm+3(Č(X),Z(2)(m)),

where the latter group is weight m motivic cohomology of Č(X) (it is denoted with
an index B in [30]). Theorem 3 therefore follows from the more precise statement:
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3.1. Proposition. Let ψ be a Pfister neighbour of dimension 2n−1 + 1 and X be the
associated Pfister quadric. Then the group Hm+3(Č(X),Z(2)(m)) is 0 for all m ≥ 0.

This proposition is also a special case of a theorem which will appear in [25].
The proof faithfully follows the method of Voevodsky [30] in his proof of the Milnor
conjecture. It is slightly simpler than the proof in the version of [25] we saw, but
they prove more than what we need for our purposes. In any case we don’t claim
any particular originality in finding the argument. All unexplained notation should
be found in [30].

Proof. Recall from [30, §3.2] the stable homotopy category of schemes SH(F ). For
any simplicial scheme X• over F , there is an associated object

Σ∞
T (X•)+ ∈ SH(F ).

By [30, th. 3.12], the group Hp(X•,Z(2)(q)) coincides with the group

Hp,q(X•,Z(2)) = HomSH(Σ∞
T (X•)+, S

p,q ∧HZ(2)
)

where HZ(2)
is the motivic Eilenberg-Mac Lane spectrum. Similarly when replacing

Z(2) by Z/2. For such an X•, we denote as in [30, §3.3] by H̃p,q(X•,Z(2)) the group

Hp,q(X̃•,Z(2)) where X̃• is the homotopy fibre of the natural morphism

Σ∞
T (X•)+ → S0

so that we have long exact sequences

· · · → H̃p,q(X•,Z(2))→ Hp(X•,Z(2)(q))→ Hp(F,Z(2)(q))→ H̃p+1,q(X•,Z(2))→ . . .

and similarly with Z/2 coefficients. Finally, recall from [30, §3.3] the motivic Steen-
rod operations

Qi : Hp,q(S,Z/2)→ Hp+2i+1−1,q+2i−1(S,Z/2)

which are natural in S ∈ SH(F ). Since dimX = 2n−1 − 1, by [30, th. 3.25 and
lemma 4.11], the sequence

. . .
Qi−→ H̃∗,∗(Č(X),Z/2)

Qi−→ H̃∗,∗(Č(X),Z/2)
Qi−→ H̃∗,∗(Č(X),Z/2)

Qi−→ . . .

is exact for all i ≤ n− 1. As in [30], we shall use this result only up to i = n− 2.
We now follow faithfully the computations of [30, §4], only replacing the group

Hn+1,n(Č(X),Z/2) by Hm+3,m(Č(X),Z/2). For j ≤ n−1, let us examine the effect
of the operation Qj · · ·Q1 on this group. Its image is contained in

H2j+2+m−j−1,2j+1+m−j−2(Č(X),Z/2).

The operation Qj+1 reaches this group from

Hm−j,m−j−1(Č(X),Z/2).

By [30, cor. 2.13 (1)], the latter group injects into Hm−j
L (Č(X),Z/2(m− j − 1)),

which in turn is isomorphic to Hm−j
L (F,Z/2(m− j− 1)) by loc. cit., prop. 2.7. The

latter group is 0 by loc. cit, th. 4.1. By the exactness mentioned above, we conclude
that Qj+1 is injective on H2j+2+m−j−1,2j+1+m−j−2(Č(X),Z/2) for all j ∈ [0, n − 2],
hence Qn−2 · · ·Q1 is injective on Hm+3,m(Č(X),Z/2). Moreover, Hp,q(Č(X),Z(2)) is
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naturally a subgroup ofHp,q(Č(X),Z/2) for p > q and these subgroups are preserved
by the operations Qi [30]. It therefore suffices to show that

H2n+m−n+1,2n−1+m−n(Č(X),Z(2)) = H2n+m−n+1(Č(X),Z(2)(2
n−1 +m− n)) = 0.

To do this, we compute the latter group by using the exact triangle of [30, th.
4.4]

M(Č(X)(2n−1 − 1)[2n − 2]→Mψ →M(Č(X))→M(Č(X)(2n−1 − 1)[2n − 1].

Here this triangle is defined in the category DM eff
− (F ) of [29], and Mψ is the Rost

motive associated to ψ [27]. We get an exact sequence

Hm−n+2(Č(X),Z(2)(m− n+ 1))→ H2n+m−n+1(Č(X),Z(2)(2
n−1 +m− n))

→ H2n+m−n+1(Mψ,Z(2)(2
n−1 +m− n)).

As seen above, the left group is 0. The right one is a direct summand of

H2n+m−n+1(X,Z(2)(2
n−1 +m− n)).

But 2n +m− n+ 1− (2n−1 +m− n) > 2n−1 − 1 = dimX, so this group is also 0
by [30, cor. 2.4]. 2

3.2. Remark. In [14, th. A.1], an isomorphism

Ker ηm+1 ' Hm+2(Č(X),Z(2)(m))

is also proven. The same arguments as above then yield an injection

Ker ηm+1 ↪→ H2n+m−n(Č(X),Z(2)(2
n−1 +m− n))

and an exact sequence

A0(Mϕ, K
M
m−n+1)→ KM

m−n+1(F )
α−→H2n+m−n(Č(X),Z(2)(2

n−1 +m− n))→ 0.

Most likely this corresponds to an exact sequence of [25]:

A0(X,K
M
m−n+1)

·en(ϕ)−−−→ KM
m+1(F )/2→ KM

m+1(F (X))/2.

In any case, it implies for m = n − 1 that Ker ηn = Ker ηn2 has order ≤ 2, which
is sufficient to imply the second Milnor conjecture that en : InF/In+1F → HnF is
a well-defined isomorphism [11, remark p. 555]. This result is [25, 2.1]. Morel has
recently given an independent proof of the bijectivity of en, using an analogue of the
Adams spectral sequence converging to the stable homotopy of the motivic sphere
[24].

3.2. Proof of theorem 4. We may assume F finitely generated. Then its virtual
2-cohomological dimension vcd2(F ) is finite; similarly, vcd2(F (X)) < +∞.

We shall use [30] and the fact that em : ImF/Im+1F → HmF is a well-defined
isomorphism for all m and all F [25], [24] and the above remark). By theorem 3
and (the proof of) [15, th. C.1], this implies that the natural map

ImF/Im+1F → Imnr(F (X)/F )/Im+1
nr (F (X)/F )
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is surjective for all m, where Imnr(F (X)/F ) = Im(F (X)/F ) ∩Wnr(F (X)/F ). It is
therefore enough to prove that the map

ImF → Imnr(F (X)/F )

is surjective for m sufficiently large.
The following lemma is well-known, but we include it for lack of reference.

3.3. Lemma. Suppose that cd2(F ) = d. Then Id+1F = 0.

Proof. Let ϕ be a (d + 1)-fold Pfister form over F . Then ed+1(ϕ) ∈ Hd+1F = 0,
hence ϕ ∈ Id+2F and ϕ = 0 by the Arason-Pfister theorem. 2

If F (X) is not formally real the proof is finished since then Imnr(F (X)/F ) = 0 for
m > cd2(F (X)) by lemma 3.3. In the sequel of the proof, we are only concerned
with the other case.

For a field K, let sperK denote the space of orderings (“ real spectrum”) of K:
this is a compact totally disconnected topological space.

3.4. Lemma. Let m > d = vcd2(K). Then the signature map induces an isomorphism

sgn : ImK
∼−→ C(sperK, 2mZ)

where C denotes the group of continuous functions.

Proof. Consider the field L = K(
√
−1). Then cd2L = d and hence Id+1L = 0 by

lemma 3.3. By [2, lemma 3.6], the group Id+1K is then torsion-free, hence sgn is
injective on Id+1K by Pfister’s theorem [28, th. 7.3 p. 56]. Let ξ ∈ C(sperK, 2mZ).
By [28, th. 6.1 p. 128], there exist n ≥ 0 and q ∈ W (F ) such that sgn(q) = 2nξ.
Hence sgn(q) ∈ C(sperK, 2n+mZ). Further, for m as above, we have isomorphisms
[2]

ImK/Im+1K
em−→ Hm(K,Z/2)

hm−→ C(sperK,Z/2), (5)

such that for ψ ∈ ImK, hmem([ψ]) ≡ sgn(ψ) (mod 2).
Consider the form 2d+1q ∈ Id+1K. We have sgn(2d+1q) ∈ C(sperK, 2n+m+d+1Z).

By the isomorphisms (5), we see that 2d+1q ∈ In+m+d+1K. We have a commutative
diagram

ImK
sgn−−−→ C(sperK, 2mZ)

2n+d+1





y 2n+d+1





y

In+m+d+1K
sgn−−−→ C(sperK, 2n+m+d+1Z).

But the vertical arrows are isomorphisms since m > d [2]. Hence 2d+1q = 2n+d+1ϕ,
for a form ϕ ∈ ImK such that sgn(ϕ) = ξ, and the lemma is proved. 2

We can split sperF into a union of two clopen sets:

sperF = Sa
∐

Si

where

Sa = {v ∈ sperF | XFv is anisotropic}
Si = {v ∈ sperF | XFv is isotropic.}
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Here Fv denotes a real closure of F at v.
For v ∈ Sa, Fv(X) is not formally real, hence ImFv(X) = 0. For v ∈ Si, the

extension Fv(X)/Fv is purely transcendental, hence the map

ImFv → Imnr(Fv(X)/Fv)

is an isomorphism (compare [15, prop. 2.5]).

3.5. Lemma. Under the above identification, the image of the map

θ : Imnr(F (X)/F )→
∏

v∈sperF
Imnr(Fv(X)/Fv) '

∏

v∈Si

ImFv
(sgnv)−−−→ (2mZ)Si

is contained in C(Si, 2
mZ).

Proof. The projection map

π : sperF (X)→ sperF

has image Si. Let q ∈ Imnr(F (X)/F ). It is clear that, for any v ∈ sperF (X),
sgnv(q) = θ(q)(π(v)). In other terms, the following diagram commutes:

sperF (X)
π−−−→ Si

sq ↘ θ(q)





y

2mZ

where sq is the map v 7→ sgnv(q). Since sq is continuous, sperF (X) compact and π
surjective, it follows that θ(q) is continuous too. 2

End of proof of theorem 4. Let q ∈ ImnrF (X)/F ) and s̄q ∈ C(Si, 2
mZ) be the

element associated to it by lemma 3.5. Extend sq as an element of C(sperF, 2mZ)
(still denoted by sq) by mapping Sa to 0. As noted above this defines a (unique)
element q0 ∈ ImF . The images of (q0)F (X) and q in C(sperF (X), 2mZ) coincide by
construction; since ImF (X)→ C(sperF (X), 2mZ) is injective, we have q = (q0)F (X)

as desired. 2

4. Real quadrics

In this section, we specialise to the case when the ground field is R. We denote by
Qd the real anisotropic quadric of dimension d, defined by the form (d+ 2). < 1 >.
Recall that the quadrics can be grouped according to the level of their function
fields, and all quadrics in a group are Pfister neighbours of the maximal dimensional
quadric in that group, which is defined by a Pfister form [4, §3]. Further, the level
of the function fields in the group Bi is 2i−1, and Hk

nr(R(Qd)) = 0 for all k ≥ i,
and all the quadrics Qd in Bi. We shall freely use the fact that by the results of
the previous section, the natural map Hn(R,Z/2)→ Hn

nr(R(Qd),Z/2) is surjective
for all n. We shall also use without mention, the results from [15, prop. 1.1] on
the Chow groups of quadrics. Recall also that 2CH

3(Qd) ' Z/2 if and only if Qd

is defined by a 3-Pfister neighbour [17, th. 6.1]. We denote the étale cohomology
groups Hn

ét(X, µ2) of a variety X by Hn(X). Finally, we shall view the quadric Qd−1
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as a hyperplane section in Qd and denote the affine open complement by Ud. We
first compute the étale cohomology groups of the real quadrics.

4.1. Lemma. The natural map Hn(R) → Hn(Ud) is an isomorphism for 0 ≤ n ≤ d,
and Hn(Ud) = 0 for n > d.

Proof. Let Ūd be the complex quadric Ud×RC. It is well-known [6] that H i(Ūd) = 0
for i 6= 0, d, and H0(Ūd) ' Hd(Ūd) ' Z/2. On the other hand, by Cox’s theorem
[5, th. 2.1], H i(Ud) = 0 for i large, because Ud has no real points. Using this in the
long exact sequence

. . . −−−→ H i(Ud) −−−→ H i(Ūd) −−−→ H i(Ud)
∪(−1)−−−→ H i+1(Ud) −−−→ . . .

we see that the lemma follows, since the natural map H0(R) → H0(Ud) is an
isomorphism. 2

4.2. Lemma. Let X be a smooth projective variety of pure dimension d over R, with no
real points. Then the trace map induces an isomorphism

H2d(X)
∼−→ Z/2

and, via this isomorphism, cup-product induces perfect pairings

H i(X)×H2d−i(X)→ Z/2.

Proof. (We thank O. Gabber for pointing out this proof) By [5, prop. 1.2], there
are natural isomorphisms

H i
ét(X) ' H i(X(C)×Z/2 EZ/2)

where the right hand side is singular cohomology, Z/2 acts on X(C) via Gal(C/R)
and EZ/2 is some contractible space on which Z/2 acts freely. Since X(R) = ∅,
the action of Z/2 on X(C) is free and the first projection induces a homotopy
equivalence

X(C)×Z/2 EZ/2 ≈ Y

with Y := X(C)/(Z/2). Then Y is a smooth compact real manifold of dimension
2d, and the result follows from standard Poincaré duality. 2

The following proposition was announced in [15].

4.3. Proposition. We have

dimHn(Qd) =



















[n

2

]

+ 1 if d ≥ n

[

2d− n
2

]

+ 1 if d ≤ n

Proof. We use the Gysin exact sequence

−→H i−2(Qd−1) −→H i(Qd) −→H i(Ud) −→H i−1(Qd−1) −→ ...

for Qd−1 ↪→ Qd and the affine open complement Ud. By lemma 4.1, the restriction
mapH i(Qd)→ H i(Ud) is surjective for i ≤ d. Therefore we get short exact sequences

0→ H i−2(Qd−1)→ H i(Qd)→ H i(Ud)→ 0 for 2 ≤ i ≤ d,
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and H i(Qd) ' H i−2(Qd−1) for d < i ≤ 2d. Further, by lemma 4.2 we have
dimHn(Qd) = dimH2d−n(Qd). An induction argument now completes the proof. 2

Recall the Bloch-Ogus spectral sequence

Ep,q
2 = Hp(X,Hq) =⇒ Hn(X)

for X a smooth variety over k. We now compute some Ep,q
2 terms of the Bloch-Ogus

spectral sequence for Qd. Let us first record the results of [15, Appendix B]:

4.4. Theorem. a) For any d ≥ 1, we have:

dimH1(Qd,H2) + dimH0(Qd,H3) = dimH3(Qd);

dimCH2Qd ⊗ Z/2 + dimH1(Qd,H3) + dimH0(Qd,H4) = dimH4(Qd).

b) The “edge homomorphism” H2(Qd,H3)→ H5(Qd) is injective.
c) We have:

dimH1(Qd,H2) =



















0 for d = 1

1 for d = 2

2 for 3 ≤ d ≤ 6

1 for d ≥ 7

and

dimH1(Qd,H3) =



















0 for d ≤ 3

1 for 4 ≤ d ≤ 6

2 for 7 ≤ d ≤ 14

1 for d ≥ 15.

Moreover, theorem 3 implies the following generalisation of [15, th. B.1] (using
the level results recalled above and noting that Hn

nr(R(Qd)) = H0(Qd,Hi) [3]:

4.5. Theorem. For any i, d > 0, the map H i(R) → H0(Qd,Hi) is surjective. If d >
2i − 2, it is bijective; if d ≤ 2i − 2, H0(Qd,Hi) = 0. 2

We shall now prove the following result which is a higher analogue of theorem 4.4:

4.6. Theorem. We have
a)

dimH2(Qd,H3) =







































0 for d ≤ 2

1 for d = 3

2 for d = 4

3 for 5 ≤ d ≤ 7

2 for 8 ≤ d ≤ 14

1 for d ≥ 15
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and

dimH1(Qd,H4) =



















0 for d ≤ 7

1 for 8 ≤ d ≤ 14

2 for 15 ≤ d ≤ 30

1 for d ≥ 31.

b) The cycle map cl3 : CH3(Qd)/2→ H6(Qd) is injective for all d.

c) dimH1(Qd,H4) + dimH2(Qd,H3) + dimH0(Qd,H5) = dimH5(Qd).

d) The “edge homomorphism” H2(Qd,H4)→ H5(Qd) is injective for all d.

Proof. We shall repeatedly use the long exact localisation sequence

0→ H0(Qd,Hi)→ H0(Ud,Hi)→ H0(Qd−1,Hi−1)→ H1(Qd,Hi)→ H1(Ud,Hi)→ · · · .
(6)

Recall that for all d, the map H2(Qd,H3) → H5(Qd) of the Bloch-Ogus spectral
sequence is injective (cf. th. 4.4 b)). Our basic strategy will be to analyse when
this map is an isomorphism, and we will do this by computing the dimension of
H2(Qd,H3) in each case. Note that by the results on H0(Qd,H5), the contributions
to H5(Qd) (resp. H5(Ud)) in the Bloch-Ogus spectral sequence can be from E2,3

∞ (Qd)
and E1,4

∞ (Qd) (resp. E2,3
∞ (Ud) and E1,4

∞ (Ud)). However as H5(Ud) ' Z/2, at least one
of these E∞ terms for Ud is zero, and the common thread in all the cases is to pin
down the precise contributing terms for Qd by analysing the spectral sequence for
Ud and using the localisation sequence (6).

We start with the first non-trivial case d = 3. In this case, H5(Q3) ' Z/2 and

2CH
3(Q3) = 0 and H0(Q3,H5) = 0. As H1(U3,H3) ↪→ H4(U3) and the latter group

is trivial [lemma 4.1], using (6) we get an injective map H1(Q2,H2) ↪→ H2(Q3,H3).
But H1(Q2,H2) ' Z/2 [th. 4.4 c)] and hence H2(Q3,H3) ' H5(Q3) ' Z/2. Clearly,
cl3 is injective, E1,4

2 (Q3) = H1(Q3,H4) = E1,4
∞ (Q3) is trivial.

For d = 4, we have dimH5(Q4) ' 2 and 2CH
3(Q4) ' Z/2 [17, th. 5.5 II].

We claim that H2(Q4,H3) has dimension at least 2. To see this, consider the
commutative diagram

CH2(Ū4)/2 −−−→ CH2(U4)/2




y





y

H4(Ū4) −−−→ H4(U4).

(7)

The lower horizontal map is surjective (cf. proof of lemma 4.1) and the right vertical
map is an isomorphism. To prove the latter assertion, we consider the quadrics
Cd = Qd ×C R. We have the following commutative diagram of localisation exact
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sequences

CH1(C3)/2 −−−→ CH2(C4)/2 −−−→ CH2(Ū4/2) −−−→ 0




ycl1





ycl2





y

H2(C3) −−−→ H4(C4) −−−→ H4(Ū4) −−−→ 0

(8)

where the exactness of the bottom horizontal row follows from [4, prop. 2.2]. The
cycle maps cl1 and cl2 are isomorphisms (cf. [15, prop. 1.5]), hence the right
vertical map is also an isomorphism. As all groups in (7) are isomorphic to Z/2,we
see that all maps in this diagram are isomorphisms. This implies that H1(U4,H3) =
E1,3

∞ (U4) is trivial. The localisation sequence (6) with d = 4, i = 3 therefore
gives an inclusion H1(Q3,H2) ↪→ H2(Q4,H3). Hence our claim is proved and as
H2(Q4,H3) ↪→ H5(Q4), these groups are isomorphic. The sequence (6) with d =
4, i = 4 also gives H1(Q4,H4) = 0, and therefore the injectivity of cl3.

We now treat the case d = 5, where we have dimH3(Q5) = 3 and 2CH
3(Q5) '

Z/2 [17, §8]. We shall need the exact sequence [3, 3.6]

0→ H2(Qd,K3)/2→ H2(Qd,H3)→ 2CH
3(Qd)→ 0 (9)

and the following result of Rost for d ≥ 3 [23]:

Ker(H2(Qd,K3)→ H2(Cd,K3)) ' Ker(H4(R)→ H4(R(Qd))). (10)

In this case, we have a split exact sequence

0→ (Ker(H4(R)→ H4(R(Q5)))→ H2(Q5,K3)→ H2(C5,K3)
G → 0.

Indeed, since H2(C5,K3) ' K1(C) ⊗H2(C5,K2), hence the last term in the above
exact sequence is isomorphic to R∗, and the splitting is given by tensoring with the
class of the hyperplane section (cf. [15, prop. 1.1]). Using this in (9), we have
dimH2(Q5,H3) = 3 and hence H2(Q5,H3) ' H5(Q5). To see that the cycle map is
injective, we use the commutative diagram

CH2(Qd−1)/2 −−−→ CH3(Qd)/2




ycl2





ycl3

H4(Qd−1) −−−→ H6(Qd)

(11)

with d = 5. The left vertical map is injective for all d by [4, cor. 2.8]. The proof
of prop. 4.3 shows that bottom horizontal map is also injective. In particular the
top horizontal map is injective for all d. For d = 5, it is in fact an isomorphism as
both sides have the same dimension, and the injectivity of cl3 is now clear. Finally,
it also emerges from all this discussion that E1,4

2 (Q5) = E1,4
∞ (Q5) = 0.

When d = 6, for the same reasons as for Q5, we have H2(Q6,H3) ' H5(Q6).
We argue as in the case of Q4, but with CH2 and CH3 in the diagram (8). From
the description of the Chow groups of C5 and C6 (resp. Q5 and Q6) [15, I], and the
localisation sequence we see that CH3(Ū6)/2 ' H6(Ū6) ' Z/2, (resp. CH3(U6)/2 '
H6(U6) ' Z/2). We use this in the commutative diagram of localisation exact
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sequences (cf. proof of 4.3)

CH2(Q5)/2 −−−→ CH3(Q6)/2 −−−→ CH3(U6)/2 −−−→ 0




ycl2





ycl3





y

0 −−−→ H4(Q5) −−−→ H6(Q6) −−−→ H6(U6) −−−→ 0.

Since cl2 is injective, it is plain that cl3 is injective. In particular, E1,4
2 (Q6) =

E1,4
∞ (Q6) = 0.
For d = 7, CH3(Q7) ' Z.h3 ⊕ Z/2; the existence of torsion can be seen by

analysing the invariant s andG∗(K(Q7)) (cf. [17]). As before, we haveH2(Q7,H3) '
H5(Q7) ' Z/2⊕ Z/2⊕ Z/2, since the level of R(Q7) is 8. The argument using the
commutative diagram (11) gives the injectivity of the cycle map and the vanishing
of H1(Q7,H4).

In the range 8 ≤ d ≤ 14, we have 2CH
3(Qd) = 0. For d > 10, this follows from

Karpenko’s result [19], for the remaining ones, it follows from theorem 1(b), noting
that Coker η4 is trivial for Qd, when 8 ≤ d ≤ 10, and that the level of the function
field is 8. Thus for all d in the range 8 ≤ d ≤ 14, we see that H2(Qd,H3) has
dimension 2. Since CH3(Qd) ' Z.h3, the injectivity of the cycle map is clear. As
H5(Qd) has dimension 3, we must therefore have H1(Qd,H4) = E1,4

∞ (Qd) ' Z/2.
For d ≥ 15, we have CH3(Qd) ' Z.h3 and that the natural map H4(R) →

H4(R(Qd)) is injective. Therefore, we see from (9) and (10) that H2(Qd,H3) ' Z/2.
The injectivity of the cycle map is obvious, hence H1(Qd,H4) = E1,4

∞ (Qd). For
15 ≤ d ≤ 30, the level of R(Qd) is 16, hence H5

nr(Qd) = 0, which implies that
H1(Qd,H4) necessarily has dimension 2. For d > 30, the map H5(R)→ H5(R(Qd))
is injective, hence H5

nr(R(Qd)) ' H5(R), and this implies that H1(Qd,H4) ' Z/2.
This completes the proof of a) and b). Assertion c) is obvious, since the above

discussion shows that the relevant differentials in the Bloch-Ogus spectral sequence
vanish. Assertion d) follows from th. 6. This completes the proof of the theorem.2

4.7. Remark. The computations above actually show that the restriction mapHp(Qd+1,Hq)
→ Hp(Qd,Hq) is an isomorphism for d large, at least for p + q ≤ 5. This fits with
a general conjecture that, for any field F and any quadric X over F , the natural
map CHp(X)⊗Hq−p(F ) → Hp(X,Hq) is an isomorphism for dimX large enough
with respect to p and q, although we have not checked that this last fact holds for
F = R and p+ q ≤ 5. (This conjecture is true for p+ q ≤ 3 by [12, th. 1 and 2].)

Finally, let us note the following nice consequence of theorem 4 and the subform
theorem:

Theorem 5. For any d > 0, the group Wnr(R(Qd)/R) is cyclic of order 2n, where
2n is the smallest power of 2 which is ≥ d+ 2. 2
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