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Abstract

In this paper, we determine the strict cohomological dimension of
higher dimensional local fields.

1 Introduction

The aim of this paper is to determine exactly the strict cohomological di-
mension of higher dimensional local fields.

The strict cohomological dimension of the field K, written scdp(K), is
the smallest integer n such that the p-primary component of HN+1(K, M)
vanishes for all discrete Gal(Ks/K)-module M , where p is a prime number.
On the other hand, there is a notion the cohomological dimension, which is
denoted by cdp(K). The cohomological dimension of K is the smallest integer
n such that Hn+1(K, A) = 0 for all discrete p-primary Gal(Ks/K)-module
A.

About the relation between the cohomological dimension and the strict
cohomological dimension, there is a well-known result :

Theorem 1.1 (Proposition 13, Chap. I, [8]). The strict cohomological di-
mension of K is equal to cdp(K) or cdp(K) + 1.

The above result is often useful. In many cases, the above theorem enables
us to obtain sufficient information on the Galois cohomology groups of the
field considered.
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Added to this, as for the cohomological dimension of a higher dimensional
local field, we already know

Theorem 1.2 (cf. Theorem 1, §1.1, Chap. I, [3]). Let K be an N-di-
mensional local field, and p a prime number which is prime to the character-
istic of K.

Then, cdp(K) is equal to N + 1.

Therefore, we can guess that the strict cohomological dimension scdp(K)
is N + 1 or N + 2. Thus, to be N + 1 or not to be N + 1 : that is the
question. This quesion, however, is not so easy to solve, in general. Even in
the classical case, we have to use non-trivial facts. In fact, in [9], in order
to show scdp(F ) = 2 for a usual local field F , Tate used the duality proved
by himself, which is known as“the Tate duality” nowadays. More precisely,
Tate showed H2(F, Q

/
Z) = 0 by using his duality. And, he essentially used

the following general criterion :

Theorem 1.3 (cf. Corollary 4 to Proposition 14, Chap. I, [8]). Sup-
pose that cdp(K) = n is finite.

scdp(K) = n if and only if the p-primary part of Hn(L, Q
/
Z) vanishes

for all finite exntention L/K.

Thus, to determine scdp(K) exactly, we have to establish some duality
theorem. That is, we prove :

Lemma 1.4. Let K be an N-dimensional local field.
Then, we have an injection

HN(K, Q
/
Z) → H1(K, Ž(N))∗.

Here Ž(n) is the Kahn complex, and H1(K, Ž(N))∗ is the group of “contin-
uous” characters of H1(K, Ž(N)).

And, as an easy consequence, we have HN+1(K, Q
/
Z) = 0. Therefore,

we have

Theorem 1.5. Let K be an N-dimensional local field, and p a prime number
prime to ch(K).

Then, scdp(K) = N + 1.
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In the proof of this theorem, we extensively use the motivic cohomology
in the sense of Kahn [1]. Our approach is one of the philosophy presented in
[6].

Notations and Conventions . In this paper, unless contrary is explicitly
stated, we employ the following notations and convention :

(1) For an abelian group A, we denotes the group of n-torsion elements of
A by An and by A/n the quotinet group A

/
nA.

(2) For a field F , we denote the separable closure of F by Fs.

(3) For a field F , we denote the characteristic of F by ch(F ).

2 A Study of Tor

This section is devoted to fix notations and to compute some groups which
plays an important role in the later section. First of all, we introduce the
Kahn complex Ž(n).

Definition 2.1 ([1]). Let K be a field, and n a non-negative integer. The
Kahn complex Ž(n) is a complex of Gal(Ks/K)-modules which is defined as
follows :

Ž(n) =





Z if n = 0;

Gm[−1] ⊗L · · · ⊗L Gm[−1]︸ ︷︷ ︸
n-times

if n ≥ 1.

As is well-known, the complex Ž(n) has the following properties :

Theorem 2.2 (Proposition 1, [1]). (1) Ž(n) is acyclic outside of [1, n].

(2) For each m prime to ch(K) there exists a distinguished triangle :

Ž(n)
m
−→ Ž(n) → µ⊗n

m → Ž(n)[1].

The aim of this section is to calculate the group H1(K, Ž(n)). In order
to do this, we introduce a new notation.
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Definition 2.3. We put T1 = K×

s . For each integer n ≥ 2, the group Tn is
defined inductively by the following :

Tn = Tor(K×

s , Tn−1).

Then, the group H1(K, Ž(n)) can be described by the group Tn.

Lemma 2.4. We have

H1(Ž(n)) = Tn.

Therefore, we also have

H1(K, Ž(n)) = H0(K, Tn)

Proof. We prove the lemma by induction on n. In the case n = 1, the
assertion is clear. Therefore, we may assume n > 1.

By the definition of the Kahn complex, we have Ž(n) = Ž(n − 1) ⊗L

K×

s [−1]. Let P • be a projective resolution of the complex of Gal(Ks/K)-
module K×

s [−1]. Then, the property of the functor ⊗L, we can identify

Ž(n) = Ž(n − 1) ⊗ P •,

where the right hand side is a complex of the tensor product of complexes.
Thus we have an exact sequence :

0 →
⊕

p+q=−1

Hp(Ž(n − 1)) ⊗ Hq(P
•) → H−1(Ž(n))

→
⊕

p+q=−2

Tor(Hq(P
•), Hp(Ž(n − 1))) → 0.

Here we employ the standard convention as like Hp(C
•) = H−p(C•). From

the above exact sequence, we obtain

H1(Ž(n)) = H−1(Ž(n)) = Tor(K×

s , Tn−1).

The rest of the assertion can be easily deduced from the hypercohomology
spectral sequence.

Lemma 2.5. Let n ≥ 2 be an integer. The group H1(K, Ž(n)) is a finite
group.
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Proof. First of all, we prove that the group H1(K, Ž(n)) is a torsion group.
But it is not hard to see that the group Tn is a torsion group, and therefore,
by noting the previous lemma, we can conclude that the group H1(K, Ž(n))
is a torsion group.

From the Kummer theory of the Kahn complex, we have the exact se-
quence :

0 → H0(K, µ⊗n
m ) → H1(K, Ž(n))

m
−→ H1(K, Ž(n))

for any m prime to ch(K). This sequence completes the proof of the lemma.

3 Some Dualities

In this section, we prove a duality theorem between the Galois cohomology
groups of higher dimensional local fields, which is an easy consequence of
Kato’s higher dimensional local class field theory. The results in this section
might be well-known for experts.

Unless explicitly stated, let K be an N -dimensional local field, and n be
an integer which is prime to ch(K).

Let M be a finite Gal(Ks/K)-module whose order is prime to ch(K),
and n be its order. As a preparation, we define a notion of “continuous”
characters of cohomology groups Hr(K, M). By noting the Yoneda pairing,
we have a canonical map :

α : KM
r K × Ext0

K(µ⊗r
n , M) → Hr(K, µ⊗r

n ) × Ext0
K(µ⊗r

n , M) → Hr(K, M).

Note that the group Ext0
K(µ⊗r

n , M) is a finite group, and, therefore, we
can identify the left group KM

r K × Ext0
K(µ⊗r

n , M) with a finite product of
the Milnor K-groups as a set.

Definition 3.1. Let ϕ : Hr(K, M) → Q
/
Z be a homomorphism of abelian

groups. We call ϕ “continuous” if the map ϕα is a “continuous” character
of the finite product of the Milnor K-group in the sense of Kato (cf. [7,
§2.2, Chap. 2]). And, by Homcont

(
Hr(K, M), Q

/
Z
)
, we denote the group of

“continuous” characters of Hr(K, M) of finite order.
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Remark 3.2. From the above definition, it is easy to see that if M = µ⊗r
n ,

the group Homcont

(
Hr(K, M), Q

/
Z
)

can be identified with n-torsion part of
the group of all “continuous” characters of KM

r K Homcont

(
KM

r K, Q
/
Z
)

in
the sense of Kato.

The author believes that there is a more natural and reasonable way to
topologize cohomology groups Hq(K, M). The topology defined above is,
however, sufficient for our purpose because we only need a topology such
that

Hq(L, µ⊗q
n ) = Homcont

(
KM

N+1−qL
/
nKM

N+1−qL, Q
/
Z
)

for any extension field L of K including a primitive n-th root of 1.

The following theorem is the goal of this section.

Theorem 3.3. Let K be an N-dimensional local field, and M a finite Gal(Ks/K)-
module whose order n is prime to ch(K).

The cup-product pairing

HN+1−r(K, M) × Hr(K, M∗ ⊗ µ⊗N
n ) → Q

/
Z

induces an isomorphism :

HN+1−r(K, M) = Homcont

(
Hr(K, M∗ ⊗ µ⊗N

n ), Q
/
Z
)
,

for each r = 0, · · · , N + 1. Here M ∗ = Hom
(
M, Q

/
Z
)
.

Proof. We prove by induction on r.
Take a finite Galois extension field L of K such that Gal(Ks/L) acts

trivially on M and µ
⊗(N−r)
n . Let RL/KM be the induced module of M . Then,

we have an exact sequence of Gal(Ks/k)-modules :

0 → M1 → RL/KM → M → 0.

where M1 is the kernel of RL/KM → M .
Since Hr(K, RL/KM) = Hr(L, M), we have a commutative diagram :

HN+1−r(K,M1) −−−→ HN+1−r(L,M) −−−→ HN+1−r(K,M) −−−→ HN+2−r(K,M1)yαr

yβr

yγr

yαr−1

Hr(K, M̃1)
∗ −−−→ Hr(L, M̃ )∗ −−−→ Hr(K, M̃ )∗ −−−→ Hr−1(K, M̃1)

∗,
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where M̃ means M∗ ⊗ µ⊗N
n , and Hr(K, M̃)∗ stands for the group of all

“continuous” characters of Hr(K, M̃).
Suppose that we already know

βr : HN+1−r(L, M) → Hr(L, M∗ ⊗ µ⊗N
n )∗.

is an isomorphism. And, by the induction hypothesis that αr−1 is an isomor-
phism, we see that the map γr is surjective for any M . From this, we can also
conclude αr is surjective. Therefore, elementary diagram chasing proves that
the map γr is injective. At the same time, since M is any, we can show that
αr is also an isomorphism. The rest of assertion can be also proved similarly.

Thus, we only have to show that the map βr is an isomorphism. Noting
that M = Z

/
nZ and µ

⊗(N−r)
r = Z

/
nZ, we can reduce to show that the

homorphism wich is induced by the cup-product pairing :

HN+1−r(L, µ⊗(N−r)
r ) → Hr(L, µ⊗r

n )∗.

But, this is nothing but the local class field theory established by Kato (cf.
[5, Theorem 2, §2, Chap. 1]).

4 The Strict Cohomological Dimension

In this section, we prove :

Theorem 4.1. Let K be an N-dimensional local field, and p a prime number
prime to ch(K).

Then, scdp(K) = N + 1.

In the case that K is a usual local field, Tate already proved it in [9].
Therefore, we may assume N ≥ 2.

In order to prove this theorem, by the criterion proved by Serre (Theo-
rem 1.3), we only have to show that the p-primary torsion part of the group
HN+1(L, Q

/
Z) vanishes for all finite extension L/K.

In the sequel, let m be a non-negative integer which is prime to ch(K).
Consider the following commutative diagram :

0 −−−→ HN−1(L, Q
/
Z)

/
m −−−→ HN (L, Z

/
mZ) −−−→ HN (L, Q

/
Z)m −−−→ 0

y
y

y
(
H2(L, Ž(N))m

)∗
−−−→ H1(L, µ⊗N

m )∗ −−−→
(
H1(L, Ž(N))

/
m

)∗
−−−→ 0,
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where the vertical arrows are induced by the canonical product pairing, and
H1(L, µ⊗N

m )∗ mean the group of all “continuous” characters of H1(L, µ⊗N
m ).

(As for the other groups, for example,
(
H1(L, Ž(N))

/
m

)∗
we mean the in-

duced one. Otherwise, since, by [5, Theorem 2, §2, Chap. 1], the group
H1(L, µ⊗N

m )∗ can be identified with Homcont

(
L×

/
mL×, Q

/
Z
)

for sufficient
large finite extension L, and, since the topology on L× introduced by Kato
induces the discrete topology on the finite group H1(L, Ž(N)), we may simply
adopt the dual as a finite abelian group as

(
H1(L, Ž(N))

/
m

)∗
.)

From the results of the previous section, we know that the middle vertical
arrow is an isomorphism. Therefore, the right vertical arrow is surjective.
But, by Lemma 2.5, we can conclude that the map

HN(L, Q
/
Z)m →

(
H1(L, Ž(N))

)∗

is surjective for a certain m.
Next, consider also the following commutative diagram :

0 −−−→ HN (L, Q
/
Z)

/
m −−−→ HN+1(L, Z

/
mZ) −−−→ HN+1(L, Q

/
Z)m −−−→ 0

y
y

y

0 −−−→
(
H1(L, Ž(N))m

)∗
−−−→ H0(L, µ⊗N

m )∗ −−−→
(
H0(L, Ž(N))

/
m

)∗
−−−→ 0.

Note that the middle vertical arrow is an isomorphism. Then, by the ar-
gument above, the left vertical arrow is always surjective, and therefore, the
map

HN+1(L, Q
/
Z)m →

(
H0(L, Ž(N))

/
m

)∗

is injective. By the definition of the Kahn complex, however, we know
H0(L, Ž(N)) = 0. Therefore, we show HN+1(L, Q

/
Z)m = 0 for any m prime

to ch(K).
This completes the proof of the theorem.
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