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Introduction

Let X and Y be a pair of topological spaces with a continuous mapping φ between them. The
aim of the noncommutative geometry is to better understand the vertical arrows of the following
commutative diagram:

X - Y
φ

? ?

C∗(X) - C∗(Y )
φ̃

where C∗(X) and C∗(Y ) are C∗-algebras constructed upon X and Y and φ̃ is a ∗–equivariant
homomorphism. For the time being, this task seems to be both difficult and rewarding – see the
works of A. Connes on the noncommutative topological spaces and of V. Jones on the classification
of subfactors of von Neumann algebras and knots.

Let us remind the known facts. If the C∗-algebra A is commutative, then the mapping cor-
responding to the vertical arrows is the well–known Gelfand transformation of A. (That is an
isomorphism between A and a C∗-algebra of continuous complex–valued functions on the space of
maximal ideals of A endowed with the Jacobson topology.) If A is no longer commutative, then the
Gelfand transformation must be replaced by the Fell transformation:

A ' Γ(ξ) (1)

where Γ is a C∗-algebra of continuous sections of the bundle ξ of elementary C∗-algebras whose base
space is the spectrum of A. (By the spectrum of A – in the noncommutative case – one understands
the space Â of equivalence classes of irreducible representations of A with topology induced by the
mapping Â → Prim A, where Prim A is the set of primitive ideals of A endowed again with the
Jacobson topology.)

One may notice two methods of the noncommutative analysis of topological spaces. The first is
to rely on the space Spec A (spectrum of A) as to obtain different topological properties of the space
X; this approach proved its efficiency as many of the homology and cohomology properties of X
are closely connected with the algebraic properties of A, see a survey of Rosenberg [10]. The second
one is applied when Spec A is shrugged to a point – this happens for example when A is a simple
C∗-algebra; in this case to substitute Spec A, Rieffel, Brown & Pedersen and Blackadar introduced
and studied 0–dimensional topological spaces in terms of stable ranks, real ranks, matricial and
ultramatricial topologies associated to the C∗-algebras. A progress in this direction is due to Elliott
who classified a large class of the inductive limit algebras using their K-theoretic data; cf [3].
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A method which we develop in this note is entirely in the first of the above directions. We
study the noncommutative topological spaces generated by the continuous trace, liminal C∗-algebras
whose spectrum is known to be a Hausdorff topological space. (In fact, even stronger requirement is
adopted: Spec A admits the topology of an n–dimensional CW–complex.) The aim that we pursue,
is to understand how foliated (Haefliger’s) structures on Spec A are correlated with the algebraic
structure of A. More exactly, considering different families of foliations on Spec A how much it
can be helpful in the classification of the C∗-algebras? (We should remind the reader that knowing
foliations on the manifolds is often critical to the classification of manifolds.) Clearly, such a task
is a typical problem of the noncommutative geometry in the setting that we discussed earlier.

A family of foliations which we are going to consider consists of the ”concordant foliations” of
codimension–1 satisfying the following properties:

• Almost all foliations F ∈ [F ] are minimal, i.e. have a leaf λ which is everywhere dense on Spec A;

• GV [F ] 6= 0, where GV is the Godbillon–Vey class of the family [F ].

For such a family we are able to associate a C∗-algebra bundle ξ with the base space Spec A whose
fibers are approximately finite–dimensional (AF–) C∗-algebras. Borrowing from our earlier article
[8], every AF -algebra reflects the approximation properties of λ and can be prescribed a (complex)
rotation number; as a result, for a fixed [F ] we have a continuous function f : Spec A → C which
is, at the same time, a state defined on the algebra A, cf (1). Such a C∗-algebra bundle is called
foliation derived.

Foliation derived C∗-algebra bundles are interesting for the several reasons. First, the isomor-
phism classes [ξ] of such bundles are in one–to–one correspondence with the isomorphism classes
of the liminal, continuous–trace C∗-algebras obtained from [ξ] by formula (1). Second, the isomor-
phism classes [ξ] itself admit a rather satisfactory classification.

To give an idea, let us confine to the simplest case n = 3; it means that Spec A is a three-
dimensional CW–complex. Let us recall, that defining the AF -algebras we used a freedom in the
choice of a ”coordinate system” in which the leaf λ is iterated (it will be clear later what exactly
it means). In terms of the bundle ξ it means that the function f : Spec A → C is defined up to a
homotopy equivalence. Thus far, to classify [ξ] it is necessary and sufficient to classify [f ], where [f ]
is a homotopy class of the continuous mapping f from the three–dimensional complex X = Spec A
into the two dimensional sphere 1 . This problem was solved by Lev Pontrjagin in 1941 who proved
that the elements of the third cohomology group H3(X, Z) with the integer coefficients are complete
invariants of such homotopy classes. So does [ξ] and the isomorphism classes of the algebras A.

Needless to say, that both the C∗-algebra bundles ξ and the cobordism (≡ concordance) classes of
the codimension–1 foliations on the three–dimensional manifolds, have been already classified using
different methods; the corresponding invariants are called the Godbillon–Vey and the Dixmier–
Douady invariants, respectively. Both of them coincide with the above Pontrjagin’s invariant.

1Since the complex plane can be compactified to S2.
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Thus, one gets yet another (algebraic) interpretation of the famous Godbillon–Vey invariant of
foliations. (Another, known to the author interpretation is due to Gelfand & Fuchs and uses the
cohomology groups of the infinite–dimensional Lie algebras of the formal vector fields in one variable
– see Lawson [7].)

In a whole, we have the following result whose exact statement is deferred to Section 2.

Theorem Let X be a compact manifold of dimension n greater than 2. To every given family [F ]
of concordant codimension–1 foliations on X there corresponds a unique (up to an isomorphism)
liminal, continuous trace C∗-algebra A, such that Spec A = X. Conversely, if A is a liminal,
continuous trace C∗-algebra with Spec A = X such that its C∗-algebra bundle (1) is foliation
derived, then there exists a uniquely defined family [F ] of concordant codimension–1 foliations on
X whose derived algebra A′ is C∗-isomorphic to A. In particular, the Godbillon–Vey invariant of
the family [F ] coincides with the Dixmier–Douady invariant of algebra A. In the case n = 3, both
of the above invariants are equal to Pontrjagin’s invariant of the homotopy equivalent mappings of
the three–dimensional complex into the two–dimensional sphere.

The paper is organized as follows. In Section 1 the notation and statements to be used in the proof
the main result are fixed. We formulate and prove the main result in Sections 2 and 3, respectively.
We assume that the reader is a topologist; for the otherwise an Appendix with the basic facts on
foliations is attached at the end of the text.

1 Notations

Let us fix notation as follows:

A a (unital) C∗-algebra;
A+ the set of positive elements of A;

Â the set of classes of non-zero irreducible representations of A;
Prim A the set of primitive ideals of A endowed with the Jacobson topology;

X spectrum of A, i.e. the set Â endowed with the inverse image of the

Jacobson topology under the canonical map Â→ Prim A.

1.1 Spectrum

Spectrum of a C∗-algebra can be usefully thought of as a ”noncommutative” topological space. The
philosophy comes from the Gelfand transformation of commutative C∗-algebras, whose spectrum is
a locally compact Hausdorff topological space. Of course, it may happen that spectrum of the C∗-
algebra is degenerated to a point. We shall carefully avoid such a case admitting only C∗-algebras
with ”rich” spectra; further the liminal (CCR) C∗-algebras of ”continuous trace” will be considered.
The latter are known to have a nondegenerate spectrum with good separation properties.
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Let Prim A be the set of primitive ideals of a C∗-algebra A. Subset S ⊂ Prim A is declared
closed if every primitive ideal containing points of S, is already included in S. Such a topology on the
set Prim A is called Jacobson’s. Under the inverse image of the canonical mapping Â→ Prim A the
Jacobson topology is extended to the set Â of non-zero irreducible representations of the C∗-algebra
A. Set Â taken together with the above topology is called a spectrum of A.

It seems that the simplest noncommutative C∗-algebras which share many features of the com-
mutative case, will be the liminal C∗-algebras. They are defined as C∗-algebras whose every ir-
reducible representation consists of compact operators in a Hilbert space. The spectrum Spec A
of a liminal C∗-algebra A is nondegenerate but may fail to be Hausdorff. To ensure this minimal
requirement, we use the following definition due to Kaplansky.

Definition 1 Let A be a (liminal) C∗-algebra. For a fixed a ∈ A denote by τa : Spec A → R+ a
function π 7→ ||a(π)|| which correlates to every irreducible representation π the norm of the element
a(π) in the factor C∗-algebra A/Ker π under the canonical C∗-homomorphism A → A/Ker π. If
function τa is continuous on Spec A for any a ∈ A, then A is called a continuous trace C∗-algebra.

Remark 1 This definition is a relaxed form of the standard one 2 , see e.g. Dixmier [2]. However,
the further considerations will justify our choice.

Lemma 1 The spectrum Spec A of a liminal C∗-algebra A is the Hausdorff topological space if and
only if A is a continuous trace C∗-algebra.

Proof. First, let us explain why the function ||a(π)|| is chosen for the proof of the Hausdorff
separability of spectrum. It is impossible to introduce the continuity of the mapping A→ A/Ker π
directly, because the images lie in the unrelated C∗-algebras. Kaplansky proposed to use the real-
valued function || • || for this purpose. Clearly, if such a function is continuous, then Spec A will
have the Hausdorff property. (Because the set R+ does.)

(i) Sufficient conditions. If x, y ∈ Spec A and x 6= y, then there exists a ∈ A such that a(x) =
0, a(y) 6= 0. The continuous real-valued function ||a(π)|| yields disjoint neighborhoods Ox and Oy

of the two points of spectrum.

(ii) Necessary conditions. Let Spec A be Hausdorff. Let us prove the continuity of ||a(π)|| at 0.
Let x be as above. Let I be the closure of the set of all a ∈ A such that a(π) vanishes in the
neighborhood Ox; I is a closed two–sided ideal in A. We claim that I is primitive and corresponds
to point x ∈ Spec A. Indeed, for otherwise I must lie in a different primitive ideal, I ′. By the
Hausdorff separation property, there exists neighborhood U of x whose closure does not contain I ′.
By the choice of topology on Spec A, algebra A must contain an element vanishing on U but not
at I ′. This gives a contradiction.

2Namely, the continuous trace C∗-algebras are those whose mapping π → Tr π(a) is a continuous function on the
spectrum for all a ∈ I+, where I+ is the positive part of a dense ideal I in A.
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Thus, we have proved that a function vanishing at x is a limit of elements vanishing in a
neighborhood of x; this gives the continuity of ||a(π)|| at 0. In the other points the continuity is
established by translations; cf Kaplansky [6]. �

1.2 The Fell transformation

When spectrum of a C∗-algebra A is nondegenerate and has ”good” topological properties, there
exists an extremely useful ”representation” of A which can be thought of as an extension of the
Gelfand transformation to the noncommutative case. The idea is to relate A to a C∗-algebra of
continuous cross–sections of a fiber bundle ξ over the topological space Spec A. Each fiber of ξ is
again a C∗-algebra which is usually ”simpler” than A itself. On the other hand, bundles ξ can be
introduced independently thus giving us new classes of the C∗-algebras. (In particular, it will be
our way of defining of the algebra A as the reader will notice soon.) It will come as no surprise in
the next section that the isomorphism properties of such algebras are tightly connected with the
”topology” of the space Spec A.

Let X be a locally compact topological space. A C∗-algebra bundle over X is a triple (B, E, p)
with a continuous mapping p : E → B such that B = X and p−1(b) is a C∗-algebra for every b ∈ B.
A cross–section of (B, E, p) is a continuous mapping f : B → E such that f ◦ p = IdB for every
b ∈ B.

Let us denote by ξ a C∗-algebra bundle over the topological space X. The set of all continuous
cross–sections f : X → E of the bundle ξ form a C∗-algebra on its own right, provided ||f(x)||
vanishes at the infinity of X. The norm of this algebra is defined as

||f || = sup
x∈X

||f(x)|| <∞.

and the involution is introduced fiberwise. Such a C∗-algebra is said to be defined by ξ. This fact
is usually written in the form (1).

Let us denote by A the C∗-algebra defined by a C∗-algebra bundle ξ. A fiber p−1(b) of ξ is called
elementary if it is isomorphic to the C∗-algebra K(H) of compact operators in a Hilbert space H.
A fundamental relation between the C∗-algebra bundles ξ with elementary fibers and the structure
space of algebra A, is given by the following lemma.

Lemma 2 Let ξ be a C∗-algebra bundle whose fibers are elementary for all b ∈ B; let A be the
C∗-algebra defined by ξ. Then:

(i) A is a liminal continuous trace C∗-algebra;

(ii) Spec A is homeomorphic to B.

Moreover, the fiberwise defined isomorphism between two C∗-algebra bundles ξ ' ξ ′ implies an
isomorphism of the C∗-algebras A ' A′ and vice versa.
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Proof. The idea of the proof is that every fiber p−1(b) is isomorphic to the C∗-algebra A/Ker π,
where π is an irreducible representation of A, corresponding to the point b ∈ Spec A. Clearly, since
A/Ker π ' K, A must be a liminal C∗-algebra. One can form a total space E whose continuous
cross–sections f : B → E are nothing else but the elements of a ∈ A so that the function π 7→ ||a(π)||
is continuous for constant a and variable π running the set Spec A. The latter property implies that
A must have a continuous trace. Finally, by virtue of the construction, Spec A is homeomorphic to
B. The isomorphism relations can be verified directly; see items 10.4.4, 10.4.5 and 10.5.2 of [2] for
the details. �

1.3 Dixmier-Douady invariant

As the reader may notice from the proof, the converse of Lemma 2 will be true as well – one can
readily pass (via the Fell representation) from a liminal, continuous trace algebra A to the C∗-
algebra bundle ξ over Spec A. Rather than to study A itself, we study the homotopy invariants of
the fiber bundle ξ; this scheme will lead us to a complete success since the cohomology groups of
the Hausdorff space X = Spec A yield a satisfactory classification of the bundles ξ and a fortiori of
the defined C∗-algebras A’s. At this point, the analysis of C∗-algebras is first strongly intermingled
with the topology of their spectra. All the ideas of this section belong to Dixmier and Douady.

To achieve a sensible classification of our algebras we need to restrict attention to stable iso-
morphism classes, rather than usual isomorphism classes of C∗-algebras. (The latter, even for the
liminal, continuous trace algebras is too fine, being equivalent to a formidable task of classification
of all C∗-algebra bundles over locally compact Hausdorff spaces.) Two C∗-algebras A and A′ are
said to be stably isomorphic if A ⊗ K ' A′ ⊗ K in the usual sense for a C∗-algebra K of compact
operators. In particular, A is stable iff A ⊗ K ' A for any K. Note that stable equivalence comes
close to the Morita equivalence of the general algebras.

Proposition 1 If A is a stable liminal, continuous trace C∗-algebra, then the C∗-algebra bundle
(B, E, p) corresponding to A is locally trivial with dim B <∞, and vice versa.

Proof. If A ' A ⊗ K then the continuous cross–sections f : B → E must have the the structure
X → X × K in a contractible neighborhood X ⊂ B of any point in B. This means the local
triviality of (B, E, p). On the other hand, dim X must be finite to ensure that the product X ×K
is uniquely defined; cf also item 10.8.8 of [2]. �

The classification of stable isomorphism classes of the liminal, continuous trace C∗-algebras has been
established by Dixmier & Douady. It will be always supposed that X = Spec A is a triangulable
topological space of finite dimension greater than 2.

Lemma 3 Let δ(A) be a non-trivial element of the integral cohomology group H 3(X, Z) of a trian-
gulable topological space X. Let [A] be the stable isomorphism class of a liminal, continuous trace
C∗-algebra A whose spectrum coincides with X. Then there exists a bijection

δ(A)←→ [A]. (2)
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Proof. We wish to give an idea of the proof, referring the reader to the original work of Dixmier
and Douady. Let U(H) be the unitary group on a Hilbert space H of infinite dimension. Each
element of H3(X, Z) defines an open covering {Vi} of X and ”cocycles” γij : Vi ∩ Vj → U(H) and
λijk : Vi ∩ Vj ∩ Vk → C such that γijγjk = λijkγik. From this data on is able to construct a C∗-
algebra A, such that Spec A = X. The mappings γij are used to ”piece together” the locally trivial
C∗-algebras C(Vi)⊗K; see also items 10.8.4 and 10.9.5 of [2]. �

In practice, the gluing procedure of the C∗-algebra bundles can be easily visualized by the commuta-
tive diagrams. We conclude this section with an example due to J. Rosenberg [10] which illustrates
Lemma 3.

Example. Suppose that X = S3 is a 3–sphere. Denote by D+ the closed upper hemisphere and by
D− the closed lower hemisphere of S3, such that D+ ∪D− = X and D+ ∩D− = S2. Because the
hemispheres D± are contractible topological spaces, every stable continuous-trace C∗-algebra with
the spectrum X restricts to C(D±)⊗ K on D±. We have the following commutative diagram:

A - C(D+)⊗K

? ?
C(D−)⊗K - C(S2)⊗ K

Over S2 the C∗-algebras C(D+) ⊗ K and C(D−) ⊗ K are ”glued” together along a spectrum-
preserving automorphism of the C∗-algebra C(S2) ⊗ K. The latter are classified by the group
H2(S2, Z) ∼= H3(S3, Z), see [10] for the details.

1.4 K–theory of the AF–algebras

In the fiber bundle ξ which we are going to construct in Section 2, each fiber will be an approxi-
mately finite-dimensional (AF-) C∗-algebra. Therefore, we reserve a space to remind the reader the
isomorphism theorems for such algebras.

A C∗-algebra A is said to be an AF-algebra if it is separable C∗-algebra generated by an increasing
sequence A1 ⊆ A2 ⊆ . . . ⊆ A of finite-dimensional C∗-subalgebras. Because every finite-dimensional
C∗-algebra is (up to an isomorphism) a multi-matrix C∗-algebra Mn = Mn1

⊕ . . .⊕Mnk
where Mni

are square matrices with the entries in C, another way to define A is via the norm-closure of a
sequence of algebras and their homomorphisms:

M1

ϕ1−→M2

ϕ2−→ . . . (3)
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For such algebras a complete classification based on the K-theoretic data is known. Namely, if
A is an AF -algebra, let us denote by P (A) the set of projections p2 = p in the algebra A. Two
projections p, q ∈ P (A) are said to be Murray–von Neumann equivalent if there is an element u ∈ A
such that p = u∗u and q = uu∗. Clearly, this is an equivalence relation on the set P (A) which is
invariant under the direct sum p⊕ q of two projections.

Let us denote by 1n the unit n×n matrix. They say that two projections p, q ∈ P (A) are stably
equivalent if there exists a positive integer n such that 1n ⊕ p is Murray–von Neumann equivalent
to 1n ⊕ q. We write this equivalence relation and the equivalence class of element p ∈ P (A) by ∼
and [p], respectively. The set of the equivalence classes [p]’s of algebra A is denoted by K+

0 (A). A
binary operation + on the set K+

0 (A) is defined as

[p] + [q] = [p⊕ q]

whenever [p], [q] ∈ K+
0 (A). If A is unital, then with respect to this operation K+

0 (A) is an abelian
semigroup with zero element [0] and the cancellation property, cf Blackadar [1].

The enveloping (Grothendieck’s) abelian group of the semigroup K+
0 (A) is called the K0–group

of the algebra A. It plays a fundamental role in the classification of the AF C∗-algebras. Namely,
there is a partial order on the abelian group K0, defined by the semigroup K+

0 (A): for x, y ∈ K0

x ≤ y if x− y ∈ K+
0 (A). (Note that the definition is correct, since K+

0 (A) is a cone in K0 – cf [1].)
An isomorphism of the K0–groups with order is order-preserving if it respects the ordering between
the elements of the group. The isomorphism criterion for the AF -algebras is given by the following
statement due to Elliott.

Lemma 4 If A and A′ are two unital AF -algebras and τ : K0(A) → K0(A
′) is a unital order-

preserving isomorphism between respective K0-groups, then there is an isomorphism ϕ : A → A′

between the AF -algebras such that ϕ∗ = τ .

Proof. See [1]. �

2 Main result

We shall introduce a C∗-algebra bundle ξ whose ”algebraic” structure is closely related to the
”geometry” of foliations on its base space X. Roughly, the idea is as follows. Fix a compact
manifold X = Mn, n > 2 and consider a class of codimension 1 foliations F ’s on M with non-trivial
Godbillon-Vey invariant. Accordingly with the results of [8], to every foliation F in this class one
can associate an AF -algebra A which reflects the ”rate of approximation” of a everywhere dense leaf
of F by the geodesic side of the fundamental polyhedron in the universal covering of X. Moreover,
to A there associated a (complex) ”rotation number” of foliation F built upon the K-theoretic data
of A; cf [8]. If f : X → C is a continuous function on X, then to every x ∈ X we prescribe a
”fiber” – an AF-algebra A, whose rotation number is equal to f(x). Clearly, the family of such
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foliations is non-empty, cf Fenley [4]. The foliations which fall into this class are either minimal
(i.e. have an everywhere dense leaf) or have only compact leaves. Fixing a parameter in the family,
the minimal foliations will be of the full Lebesgue measure while those with the compact leaves will
form a discrete countable set. Note also that the intersection of such families of foliations with the
foliations whose Godbillon–Vey class is non–trivial, is non–empty.

Denote by H
n = {x ∈ R

n|xn > 0} the universal covering of X endowed with the hyperbolic
metric ds = |dx|/xn. The group of Möbius transformations Mob(n):

z 7−→
az + b

cz + d
ad− bc = 1, (4)

acting in the complex plane C is naturally identified with the group SL(2, C)/± I of 2× 2 matrices
with the complex entries. The action of Mob(n) can be prolonged by Poincaré’s inversions x 7→
x/|x|2 to the isometries of H

n, see Tukia [11]. (Note, that in the case n = 2 and n = 3 we obtain
the usual Fuchsian and Kleinian transformations, respectively.) A discrete subgroup

G ⊂Mob (n)

whose action is absolutely discontinuous on H
n, defines a (hyperbolic) n-dimensional manifold X =

H
n/G whose fundamental polyhedron we denote by Vn. It can always be assumed that ∂Vn has

no common points with the absolute xn = 0 of H
n and the ”sides” of Vn are parts of the geodesic

hemispheres Sn−1 of H
n. (A hypersurface Mn−1 ⊂ H

n is said to be geodesic if every line on it is
a geodesic line relatively the hyperbolic metric of H

n; the only geodesic hypersurfaces in H
n are

hemispheres and hyperplanes orthogonal to the absolute.) The following lemma is a generalization
of the Myrberg Approximationssatz 3 to the Möbius groups.

Lemma 5 Let G be a discontinuous Möbius group acting on the universal covering H
n. Then there

exists a subset M of points of the absolute of full Lebesque measure, which has the following property:
If Sn−1 is a geodesic hemisphere with the ”footpoints” in M , then every geodesic hemisphere in H

n

can be approximated (arbitrary close) by the images G(Sn−1)’s of Sn−1 under certain sequence
of transformations belonging to the Möbius group G. Moreover, the set (of the measure zero)
complementary to M at the absolute, has the power of continuum.

Proof. The reader is referred to Tukia [11] for the bibliography. Original proof of this fact in the
context of Fuchsian groups was given by P. J. Myrberg, Ein Approximationssatz fur die Fuchsschen
Gruppen, Acta Math. 57 (1931), 389-409. �

A codimension 1 foliation F on the manifold X is said to be minimal if the closure of every leaf of
F is the whole X. Denote by F̃ a lifting of F to the universal covering H

n. If l̃ = π−1(l) ∈ F̃ is

3This statement is equivalent to the ergodicity of the geodesic flow on X : that is, ”almost all” geodesic hemispheres
are everywhere dense in X .
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a connected component of a leaf l ∈ F at H
n, then l̃ tends to the absolute with definite direction;

see the recent work of Fenley [4] for a comprehensive treatment of this property. Then l̃ can be
uniquely represented by a geodesic hemisphere Sn−1 whose footpoints at the absolute coincide with
the footpoints of l̃.

Definition 2 By rotation (Artin’s) number of a minimal foliation F on X one understands a
complex number given by the infinite continued fraction:

rot (F) =
a1

c1

−
c−2
1

d1

c1

+
a2

c2

−
c−2
2

d2

c2

+
a3

c3

− . . .

= [g1 ◦ g2 ◦ . . .](∞) (5)

where g1, g2, . . . ∈ G are the Möbius transformations (4) which approximate the geodesic hemi-
sphere Sn−1 of leaf l̃ by the images g1(∂Vn), g2(∂Vn), . . . of the geodesic side ∂Vn of the fundamental
polyhedron Vn of X, specified by Lemma 5.

(We assume that the reader is familiar with the analytical theory of continued fractions; see a
comprehensive treatment of the subject by H. S. Wall [12]. The left-hand side of expression (5) is
a continued fraction with the complex entries which can be put in the correspondence to any, finite
or infinite, sequence of Möbius transformations of the complex plane. Formally, continued fraction
converges to the image of the point ∞ under the action of the above sequence of transformations;
this fact corresponds to the right-hand side of formula (5). There exists a bulk of results on the
convergence and divergence of the continued fractions with the complex entries, see the above cited
monograph of Wall. The continuity requirements that we impose on the function rot(F) always
imply that (5) is convergent, except a finite number of points where it takes the value ∞. In a
whole, this question deserves a separate study what might be a subject of a forthcoming paper.)

It was shown in [8] how to associate with rotation number rot (F) an AF -algebra, defined up to an
isomorphism of its ordered K0-group. Namely, denote by L

n ⊂ H
n an infinite lattice formed by the

vertices of the fundamental polyhedrons Vn at the universal covering H. It may be easily seen that
L ∼= Z

ng ⊂ R
ng where g is the number of ”generators” of the Möbius group G and Z

ng is an abelian
lattice relatively addition and multiplication by the integer numbers – cf Lemma 2.1 of [8].

The geodesic hemisphere Sn−1 of Definition 2 is represented by a hyperplane L ⊂ R
ng such that

L ∩ Z
ng = ∅. To the contrary, each of the approximants L1 = g1(∂Vn), L2 = g2(∂Vn), . . . has an

infinite number of points with the lattice Z
ng. (These two types of hyperplanes can be thought of

as ”irrational” and ”rational” directions in the lattice L.)
The positive cones L+

1 , L+
2 , . . . naturally connected with the rational hyperplanes, define a se-

quence of ordered abelian groups (L1, L
+
1 ), (L2, L

+
2 ), . . .. We introduce an invariant of AF -algebra

as:
(K0, K

+

0 ) ∼= lim
n→∞

(Ln, L+

n ). (6)
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By Lemma 4 there exists an AF-algebra A whose ordered K0-group coincides with (6). We refer
to this algebra as constructed upon a minimal foliation. Now we are in position to introduce the
following notion.

Definition 3 Let f : X → C be a continuous complex-valued function on a compact n-dimensional
manifold X. To every point x ∈ X one associates an AF -algebra A constructed upon a minimal
codimension 1 foliation F on X, such that rot (F) = f(x). The obtained C∗-algebra bundle ξ over
X, is called foliation derived.

Theorem 1 Let X be a compact manifold of dimension n greater than 2. To every given family
[F ] of concordant codimension–1 foliations on X there corresponds a unique (up to a stable iso-
morphism) liminal, continuous trace C∗-algebra A, such that Spec A = X. Conversely, if A is a
liminal, continuous trace C∗-algebra with Spec A = X such that its C∗-algebra bundle (1) is folia-
tion derived, then there exists a uniquely defined family [F ] of concordant codimension–1 foliations
on X whose derived algebra A′ is stably isomorphic to A. In particular, the Godbillon–Vey invariant
of the family [F ] coincides with the Dixmier–Douady invariant of algebra A. In the case n = 3, both
of the above invariants are equal to Pontrjagin’s invariant of the homotopy equivalent mappings of
the three–dimensional complex into the two–dimensional sphere.

3 Proof of Theorem 1

(i) Necessary conditions. We wish first to give an idea of the proof. Let Sn−1 = S and S ′ be two
geodesic hemispheres corresponding to the minimal concordant foliation F and F ′ related to a fixed
lattice L ⊂ H

n, see Definition 2. Suppose that rotL (F) and rotL (F ′) are the rotation numbers of
foliations F and F ′ measured with respect to the lattice L accordingly with formula (5). The hard
part is to show that lattice L can be continuously deformed (by a conformal mapping) to a lattice
L
′ ⊂ H

n such that
rotL′ (F ′) = rotL (F), (7)

where rotL′ (F ′) is the rotation number of foliation F ′ measured with respect to the lattice L
′. (The

possibility of such a deformation is an implication of the Mostow rigidity of the groups G ⊂Mob(n)
for n > 2.)

Let X be a compact manifold of dimension greater than 2 whose universal covering is a hyperbolic
space H

n. Fix a discrete subgroup G ⊂ Mob (n) of finite volume such that X = H
n/G. Unlike the

case n = 2, the space of different conformal structures of X is degenerate to a point (singleton);
this property is known as rigidity of Mostow and will be used later to establish relation (7) between
the lattices L and L

′. Namely, the following lemma is a proper form of a theorem due to Margulis
and Mostow.

Lemma 6 Suppose that G and H are discrete subgroups of the group SL(2, C)/±1 such that H
n/G

has a finite hyperbolic volume and there exists an isomorphism φ : G → H. Then φ is in fact an
inner automorphism of G, realized by a conformal or anticonformal map on H

n.

12



Proof. For the original proof we refer the reader to: G. D. Mostow, Quasi-conformal mappings and
the rigidity of hyperbolic space forms, Publ. Math. IHES 34 (1968), 53-104; for a brief account,
see [11]. �

Let L be a lattice formed by the vertices of the fundamental polyhedron of the manifold X. Let S
be a hemisphere at the universal covering H

n which represents the minimal foliation F . Accordingly
with (5) one can calculate the rotation number rotL (F) and an AF -algebra A, corresponding to
F . Let x ∈ X be a base point of the C∗-bundle ξ whose fiber is the algebra A.

Let F ′ ∼ F be a foliation which is concordant to F on X. Since the concordance is a homotopy of
integrable distributions (see the Appendix), the rotation number rotL (F ′) is a continuous function
on the space of such foliations. We assume further that

rotL (F ′) 6= rotL (F).

(For otherwise, the proof is trivial since the algebra A over x is identical with the algebra A′

corresponding to the rotation number rotL (F ′).)
Our aim is to choose a lattice L

′ ⊂ H
n such that (7) holds. Indeed, let S ′ be a hemisphere

representing foliation F ′. Since the Möbius groups, G and H, generating lattices L and L
′ are

isomorphic, by Lemma 6 one can always choose an isometry φ : H
n → H

n which brings lattice L to
the lattice L

′. Since φ∗ = g, where H = g−1Gg is an inner automorphism, we have g ∈ SL(2, C).
Now one should write the infinite sequence (5) as g ◦g1 ◦g2 ◦ . . . so as to obtain the rotation number
rotL (F ′). Clearly, for the new lattice L

′ the equality (7) is satisfied.
To finish the proof of the first part of theorem, it remains to notice that the K0-groups built

upon the approximating sequences g1 ◦ g2 ◦ . . . and g ◦ g1 ◦ g2 ◦ . . . are order isomorphic. (In other
words, a finite number of terms in the sequence (3) defining an AF -algebra A, can be omitted; this
operation does not change the isomorphism class of the algebra.) By Lemma 4 AF-algebras A and
A′ (where A′ is the AF -algebra of foliation F ′ are isomorphic. Thus, the C∗-algebra bundle ξ and
ξ′ will be fiberwise isomorphic as well.

(ii) Sufficient conditions. Let [ξ] be an isomorphism class of the foliation derived C∗-algebra bundles
over X. As it was shown earlier, fixing lattice L in H

n gives us a representative ξ ∈ [ξ] of the
isomorphism class [ξ]. Let us show how one can construct a class of concordant foliations [F ] on X
starting with ξ, so that the [F ]-derived C∗-bundle over X coincides with ξ.

If x ∈ X is a point, associated to x there is an AF -algebra A whose K0-group is the limit of the
sequence of rational hyperplanes in L, cf (6). Denote by L an irrational hyperplane, which is the
limit of this sequence. At the universal covering H

n, L is represented by a hemisphere Sn−1 whose
”footpoints” coincide with a leaf l̃ ⊂ H

n such that l = π(l̃) is everywhere dense on X = H
n/G. It is

not hard to include l into a minimal foliation F on X.
Suppose now that f : X → C is a continuous function corresponding to the rotation numbers

rot (F) assigned to every x ∈ X, see Definition 3. If y ∈ X is a point in the neighborhood Ox

of the point x, let us denote by Fy a minimal foliation associated to y as it was shown above.

13



By the continuity of function f , Fy is concordant to the foliation F . (It is easy to construct the
corresponding homotopy of the integrable distributions on X, see the Appendix.)

Clearly, one can extend this construction to the entire X, so that a family [F ] of the concordant
foliation on X will be given. Note that the [F ]-derived C∗-algebra bundle coincides with the bundle
ξ.

(iii) Cohomological invariants. Finally, to prove the last statement of the theorem, let us recall
an old result from the homotopy theory, basically due to Lev Pontrjagin [9]. The (continuous)
mapping f : X → Y between (triangulable) toplogical spaces is called algebraically trivial if the
induced homomorphisms f ∗ : H∗(X)→ H∗(Y ) between their cohomology groups are all trivial.

Lemma 7 Let X be a 3-dimensional triangulable topological space and S2 be a 2-dimensional
sphere. Then the homotopy classes of the algebraically trivial mappings f : X → S2 are in one-to-
one correspondence with the elements of the integral cohomology group H 3(X, Z).

Proof of Lemma 7. See [5], (III, §6) for a detailed proof. The idea is first to construct a ”covering”
mapping F : X → S3 to a 3-dimensional sphere such that p ◦ F = f , where p : S3 → S2 is
the standard Hopf fibration of S3. Then it can be proved that there is a bijection between the
algebraically trivial homotopy classes of mappings F and f . The rest of the proof is an implication
of the well-known Hopf theorem on the homotopy classification of the mappings Kn → Sn. �

Fix n = 3 and let us consider an isomorphism class [ξ] of the foliation derived C∗-algebra bundle ξ
over X. As it was shown in item (i) of the proof, choosing different lattices L in H

3 does not affect
the isomorphism class of ξ, although function f : X → C responsible for the ”rotation numbers”, is
certainly varies as the result of this operation. Let us denote by [f ] a homotopy class of the function
f . Clearly,

[f ]←→ [ξ]

is a bijection. Since the rotation numbers are allowed to take value ∞, we compactify C to S2 and
prolong f : X → C to f̃ : X → S2 in the natural way. Now it remains to apply Lemma 7 and then
compare the result with Lemmas 3 and 9.

Theorem is proven. �

4 Appendix

4.1 Foliations

By Mn = M we agree to understand a compact manifold of dimension n > 2. Foliation on M
is a partition of M = ∪αFα such that for every point x ∈ M there exists a neighbourhood U
and a homeomorphism ϕ : U → R

n sending the connectivity components U ∩ Fα to a family of
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hyperplanes R
k × R

n−k. Positive integers k and n − k are called dimension and codimension of
foliation F , respectively. Submanifolds Fα are called leaves of the foliation F .

An equivalence relation on the set of foliations on M is a topological equivalence of two foliations.
Foliation F1 and F2 on M are said to be topologically equivalent if there is a homeomorphism
ϕ : M →M such that for every x ∈M the leaf of F1 through point x goes to a leaf of F2 through
the point ϕ(x). The problem of (topological) classification of foliations even for the codimension 1
foliations is far from being solved.

Relaxed equivalence relation on the set of foliations is the so-called homotopy equivalence. In
the geometric terms it is defined as follows. Suppose that Mn+1 is a manifold whose boundary is an
n-dimensional manifold B. Given a foliation F on Mn+1 whose leaves are transversal to B, there
defined a foliation FB (of the same codimension as F) on the manifold B by components of the
intersection of F with B. In this case, FB is said to be induced by F . Two foliations FB1

and FB2

on the manifolds B1 and B2 are cobordant if there exists a foliation F on a manifold M with the
boundary B1 ∪B2 such that FB1

and FB2
are induced by F .

Foliations F0 and F1 on a manifold M are said to be integrably homotopic if there exists a
foliation F on the manifold M × [0, 1] such that F0 and F1 are induced by F . (In the local setting,
this equivalence means that the field of hyperplanes tangent to foliation F0 in each point of M
can be continuously ”rotated” to the field of hyperplanes tangent to foliation F1, provided at every
”moment” 0 ≤ α ≤ 1 of the homotopy the field is ”integrable”, i.e. tangent to a foliation Fα on
M .)

4.2 Characteristic classes of foliations

It may seem that any two foliations on M are homotopy equivalent. However, it is far from being
so even for this ”relaxed” equivalence relation. Thanks to the works of Bott, Haefliger, Mather
and Thurston we know the series of topological obstructions to the homotopy equivalence of two
foliations. These obstructions are usually called ”characteristic classes” of foliations and the idea
why do they appear is given by the following construction due to Haefliger.

Denote by Γr
k the set of germs of local Cr-diffeomorphisms of the space R

k. If X is a topological
space, then a codimension k Cr-smooth Haefliger cocycle over an open covering U = {Oi}i∈I of X
is a continuous map:

γij : Oi

⋂
Oj → Γr

k,

defined for each pair i, j ∈ I and such that for all i1, i2, i3 ∈ I γi3i1 = γi3i2 ◦γi2i1 if x ∈ Oi1∩Oi2∩Oi3 .
Two Haefliger cocycles over coverings U and U ′ are equivalent if they extend to a cocycle on the
disjoint union U

⊔
U ′. A class of equivalent cocycles is called a codimension k, Cr-smooth Haefliger

structure on X.
For a Haefliger structure H on the topological space X and a continuous mapping f : Y → X,

there exists a natural Haefliger structure f ∗H on Y . Two Haefliger structures H0 and H1 on X are
said to be concordant if there exists a Haefliger structure H on X × [0, 1] such that H0 = i∗0H and
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H1 = i∗1H, where i0, i1 : X → X × [0, 1] are mappings given by the formula i0(x) = (x, 0), i1(x) =
(x, 1).

If H is a codimension K, Cr-smooth Haefliger structure on the topological space X, then one
associates to H a k-dimensional vector bundle ν(H) over X as follows. Let γij be the Haefliger
cocycles over covering U = {Oi}i∈I . Vector bundle ν(H) over X is given by the local transition
functions

gij(x) = dγij(x) (8)

in a neighborhood of x ∈ Oi ∩ Oj and is called normal bundle of the Haefliger structure H. The
reader is encouraged to verify that two concordant Haefliger structures on X have the same normal
bundle over X.

A way to deal with the classification of normal bundles over X (and, hence, of the concordant
Haefliger structures on X) is given in the terms of classifying maps and spaces. The germs of
diffeomorphisms Γr

k form a topological groupoid Γ; if to replace in the usual definition of Haefliger
structure Γr

k by Γ, then one comes to the notion of Γ-structure on X. Haefliger has proved the
following beautiful property of this structure.

Lemma 8 Associated to any topological groupoid Γ there is a topological space BΓ, endowed with
a Γ-structure HΓ. Moreover, to each Γ-structure H on a paracompact topological space X there is a
continuous map f : X → BΓ such that H = f ∗HΓ. Two Γ-structures H0 and H1 on a paracompact
topological space X are concordant if and only if the associated mappings f0 and f1 are homotopic.

The topological space BΓ is called a classifying space for the groupoid Γ; the mapping f : X → BΓ
which induces the Γ-structure H on X is called a classifying map for H. In this notation, the map
ν : BΓr

k → BGLk will be the map classifying the normal bundles over X. (It is enough to notice
that taking the ”linear part” of the germ γij accordingly with (8) gives a continuous homomorphism
Γr

k → GLk.) If X is a paracompact topological space with a Haefliger structure H and f is the
classifying map for H while ν is the classifying map for ν(H), then the following diagram commutes:

X
f

νn

- BΓr
k

?

@
@

@
@

@R

BGLk

The ”number” of different concordance classes of Haefliger structures on X depends on the answer
to the following simple question: In how many (homotopy equivalent) ways the mapping n : X →
BGLk can be ”lifted” to a mapping f : X → BΓr

k such that n = ν ◦f? In other words, the study of
the homotopy type of fiber FΓr

k of the mapping ν is of a paramount interest to the geometry and
topology of foliations.
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In the case of codimension 1 foliations to which we specialize further, there exists a bunch of
results due to Bott, Haefliger, Mather and Thurston showing that the fiber FΓr

1 is far from being
homotopy trivial. (Thurston proved that for r ≥ 2 there is a surjective mapping π3(FΓr

1) → R,
where R is a set of real numbers; for the other results we refer the reader to an excellent survey of
Lawson [7].) Thus, the ”characteristic classes” of foliations exist and their number is tremendous. In
the next section we shall consider a special but prominent case of the Godbillon-Vey characteristic
classes.

4.3 Godbillon-Vey invariant

The Godbillon-Vey construction allows to explicitly calculate characteristic classes of the fiber FΓr
1.

Let F be a foliation of codimension 1 on a compact manifold M . Assuming certain smoothness of
F 4 , one can associate to F a differential 1-form ω : T ∗M → R, whose ”kernel” ω = 0 gives a field
of planes tangent to F . By the Frobenius theorem

ω ∧ dω = 0

at every point x ∈M . Then there exists a 1-form θ, such that dω = ω∧θ. A remarkable statement of
Godbillon and Vey gives a connection between the cohomology group H ∗(BΓr

1, R) of the classifying
space BΓr

1 of Haefliger structure corresponding to the foliation F and the differential form θ.

Lemma 9 The differential 3-form θ∧dθ is a closed form. The de Rham cohomology class [θ∧dθ] ∈
H3(M, R) is independent of the particular choice of ω and θ. This class is an invariant of the
concordance classes of foliations on M and in the case dim M = 3 of the cobordism classes of such
foliations.

Proof. We shall follow the original proof of Godbillon & Vey. Since d(θ ∧ dθ) = dθ ∧ dθ = 0 the
3–form θ ∧ dθ is closed. To prove the second part of the theorem, let us replace ω by a form fω
where f : M → R is a differentiable function on M ; clearly, fω define the same foliation on M .
Taking the derivative we have: d(fω) = fdω + df ∧ ω = fθ ∧ ω + df ∧ ω = (θ + df

f
) ∧ fω. Setting a

new 1–form ξ = θ + df

f
to replace θ we find out that

ξ ∧ dξ = θ ∧ dθ +
df

f
∧ dθ,

where the second term is easily verified to be exact. Therefore, the cohomology class [θ ∧ dθ] is
independent of the choice of ω. (Similar argument shows that [θ ∧ dθ] is also invariant with respect
to the substitutions θ 7→ θ + gω, where g : M → R is again an arbitrary differentiable function on
M .) �

4In fact, it will be enough to demand r ≥ 2.

17



Acknowledgments

I wish to thank S. Boyer, G. A. Elliott and F. Lalonde for the enlightening discussions.

References

[1] B. Blackadar, K–theory for Operator Algebras, MSRI Publ. 5, Springer-Verlag, 1986.

[2] J. Dixmier, C∗-Algebras, North-Holland, 1982.

[3] G. A. Elliott, The classification problem for amenable C∗-algebras, Proceedings of the Inter-
national Congress of Mathematicians, Zurich, 1994, 922-932.

[4] S. R. Fenley, Foliations with good geometry, J. Amer. Math. Soc. 12 (1999), 619-676.

[5] S.-T. Hu, Homotopy Theory, Academic Press, 1959.

[6] I. Kaplansky, The structure of certain operator algebras, Trans. Amer. Math. Soc. 70 (1951),
219-255.

[7] H. B. Lawson, Foliations, Bull. Amer. Math. Soc. 80 (1974), 369-418.

[8] I. Nikolaev, Geometry of a crossed product, Proc. Amer. Math. Soc. (to appear); or: An
invariant of minimal flows coming from the K0-group of a crossed product C∗-algebra, Ergodic
Theory Dynam. Systems (to appear)

[9] L. Pontrjagin, A classification of mappings of the three-dimensional complex into the two-
dimensional sphere, Mat. Sb. 9 (1941), 331-363.

[10] J. Rosenberg, Homological invariants of extensions of C∗-algebras, Proc. of Symp. in Pure
Math., Vol. 38 (1982), 35-74.
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