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Intr oduction

The main purpose of the present paper is to relate the higher Chow groups
of varieties over an algebraically closed eld introduced by S.Bloch [B1] to etale
cohomology We follow the approach suggestedby the auther in 1987 during the
Lumini conferenceon algebraic K-theory. The rst and most important step in
this direction was donein [SV1], where singular cohomologyof any gfh-sheafwere
computed in terms of Ext-groups. The di cult y in the application of the results of
[SV1]to higher Chow groupsliesin the fact that a priori higher Chow are not de ned
as singular homology of a sheaf. To overcomethis dicult y we prove that for an
ane varietie X higher Chow groups CH'(X;n) of codimensioni  dimX may be
computed using equidimensionalcyclesonly(this is donein the rst two sectionsof
the paper). In section3 we generalizethis result to all quasiprojective varieties over
a eld of characteristic zero. Togetherwith the main theorem of [SV1] this result
shows that for an equidimensional quasiprojective variety X over an algebraically
closed eld F of characteristic zero the higher Chow groups of codimension d =
dimX with nite coe cien ts Z=m aredual to Ext . ,(z0(X); Z=m), wherezo(X) is
the gf h-sheafof equidimensionalcyclesof relative dimension zero, intro duced and
studied in [SV2]. The above Ext-groups are easyto compute and in this way we
cometo the following main result

Theorem (Theorem4.2and Corollary 4.3). Let X be an equidimensional quasipro-
jective schemeover an algebaically closal eld F of characteristic zern. Assume
that i d= dim X. Then

CH'(X;n;Z=m) = HX? "*"(X;Z=m(d i))*
wher H. stands for etale conomol@y with compact supports. If the schemeX is
smaoth then this formula simplies to CH'(X;n;Z=m) = HZ "(X;Z=m(i)).

Throughout the paper we work with schemesof nite type overa eld F. We
denote the category of these schemesby Sch=F. We use the term variety as a
synonim for integral scheme. We denote by p the exponertial characteristic of F.
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x1. Generic equidimensionality.

Theorem 1.1. Assumethat S is an ane scheme,V is a closel subschemen
A" S andt is a nonnggative integer such that dimv. ~ n + t. Assume further
that Z is an e ective divisor in A" and' :Z S! A" Sis any S-morphism.
Then there existsan S-morphism : A" S! A" S suchthat
1) jz s="
(2) Fibersof the projection (V) ! A" overpoints of A" Z havedimension
t

Proof. Notice rst that it suces to treat the specialcaseS = A™. In fact, if this
caseis already settled then we can proceedeas follows. Choosea closedembedding
S ! A™. Togive an S-morphism' :Z S! A" S isthe sameasto give a
morphism =pr; ' :Z S! A" Extend toamorphism °:zZ A™1 AP
and denote by ' ° the corresponding A™-morphismZ  A™ ! A" A™. Using
the theorem for A™ extend ' °to an A™-morphism ©°: A" A™ 1 A" AM
such that b ers of the projection ( 9 (V) ! A" over points of A" Z are of
dimension tand nally set = Yan s.

From now on we assumethat S = A™, we denote the coordinate fuctions in A"
by Yi;:::;Y, and by Xq;:::;Xn we denote the coordinate functions in A™. Let

A" A™ s given by the formula ' (y;x) = (" 1(y;X);:::;" n(y;X);X), where' 2
F[Y; X] are certain polynomials (uniquely de ned modh). Dene A" A™|
A" A™ by meansof the formula

where p; 2 F[X] are forms of degreeN. We'll shaw that if N is su cien tly large
and p; are su cien tly genericthen the corresponding has the desired property.
To prove this we needsomeauxilliary facts.

(1.2) . Let R be a nitely generated F-algebra and let X = Spec R be the
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Lemma 1.3. In the atove notations denote the closal subschemeof X A" =
= Spec R[Y1;:::;Y,] de ned by the ideal A by V. Then the closal subschemeof
Proj R[Yo;:::;Ya]= X P" de ned by the homayen@us ideal "A coincides with
the closure V of V in X P" and the closal subschemeof Proj R[Yy;:::;Y,] =

= X P" ! dened by the homaen®us ideal Lf.(A) coincides with
Vi =V (X P" Y.

Proof. Denote the sheafof idealsde ning V by | and let P be the homogeneous

0! I'! Ox pn! j (Oy)
by O(qg) and then taking global sectionswe get exact sequence®f R-modules
0! Pg= (X PYI@)! RYo::Yalg=( X P™O(@)! (V;Ov(q) =

2 Ag= ("A)q.

To prove the secondassertiondenotethe closedembeddingX P" %1 X Pn"
by i. This embedding corresponds to the epimorphism of graded rings
s R[Yo;:::;Yn]l ! R[Y1;:::;Yn] consideredin (1.2.2). In these notations we
get:

Ov, =i (Oy) =i (R[Yo:::;Yal="A) ) =
= (R[Y1;::5;Ya] R[Yo;:::;Yn](R[YO;”:;Yn]:hA)) = (R[Y1;:::; Ya]ALE(A)

ThusV; is de ned by the homogenousideal I.f.(A).

(1.4). In the situation of (1.2) assumefurther that R is a gradedF -algebrasuch
that Rp = F and R is generatedover F by R;. If a polynomial f 2 R[Y1;:::; Y]
is R-homogenousthen L.f.(f) and "f are bihomogenouspolynomials. In the same
way if A is an R-homogenousideal in R[Y1;:::;Yy] then the ideals.f.(A) and "A
are bihomogenous. Repeating the argumerts usedin the proof of Lemma 1.3 we
get easily the following fact(where now X standsfor Proj R).

Lemma 1.4.1. Let A be an R-homagenousideal in R[Yy;::;Y,] and let V
Pro j(R[Y1;::5;Ya]) = X A" be the correspnding closal subscheme. Then the
closal subschemeof X P" de ned by the bihomayenousideal "A coincides with
the closure V of V in X  P". Moreover the closal subschemeof X P" ! de ned
by the bihomayenousideal I.f.(A) coincideswith V; = V\ (X P" 1)

(1.5). Considerthe bigradedring F[Y;X]= F[Yy;:::;Yn; X155 X ], For any
f 2 F[Y;X] denote by degy f;degs f;Lfy (f);l.fx (f), the degreeand the leading
form of f with respectto the corresponding variables. Intro ducethe lexicographical
order on the setof bidegreesand de ne ded asthe highestbidegreeof nonzerobiho-
mogenoussummandsof f . Finally de ne Lf.(f) to be the bihomogenoussummand
of f of bidegreeded . The following relations are obvious from the de nitions:

(1.5.1) dedg = (degyf;deg (I.fyf))

(1.5.2) Lf.(f) =Lf. x (I.f.v (f))

If A is any ideal in F[Y;X] then leading forms of polynomials from A give a
bihomogenousideal I.f.(A) and in view of (1.5.2) we have:

(1.5.3) Lf.(A) = Lf.x (L.f.yv (A))

Using (1.3.1) and (1.4.1) we get now the following lemma



4 ANDREI A. SUSLIN

Lemma 1.5.4. DenotebyV the closal subschemef A" A™ de ned by the ideal
A, let V denotethe closure of V in P" A™ andsetV; = V\ (P" 1 A™). Next
denoteV; theclosureofV; in P" 1 P™andsetVy; ., =V, \ (P" 1 P™ 1),
Then V; .1 coincides with the closal subschemeof P" *  P™ 1 de ned by the
bihomayenousideal I.f.(A).

Corollary 1.5.5. Dimension of the closal subschemeof P" 1 P™ ! de ned by
the bihomayenousideal I.f.(A) is not more than dim V= 2.

(1.6) Continuation of the proof of theorem 1.1.
Denote by A the ideal of F[Y; X ] de ning the closedsubshiemeV A" A™M

and choosef;:::;;fs 2 A sud that the bihomogenousforms f; = Lf.(f;) generate
the ideal I.f.(A). Assumein the sequelthat N > max(deg ' i;deg fj). Then one
chedks easily that for any choice of N -forms p; (X ) we have:

(1) degcfj (" i + hpy;i' n + hpa; X))  Ndegy fj + deg f

(2) The X -homogenoussummandoff; (' + hp; X ) of degreeN degy f ; + degk f
is equalto h®9 i £ (py; s X)

Thus denoting by P the ideal de ning the closedsubshieme (V) and denot-

ing by P FIY]n[X] the corresponding localization we come to the following
conclusion

Lemma 1.6.1. Dene a morphism : A" A™ !l A"™ A™ py the formula

(yix) = (2(y;x) + h(y)pa(x); 25" n(y; X) + h(y)pn(X); x), where p; are forms of
degree N > max(degk ' i;degk ;). Then the ideal I.f.x (Pn) contains the forms

fi(p1siipns X)

Consider further the closedsubsthemepry(V) A™. It's de ned by the ideal
Q = A\ F[X]. It's clearthat for any A™-morphism the ideal P contains Q and
hencel.f.x (Pn) ILf.x (Q). Denote by W the closedsubshiemeof P™ ! de ned
by the homogenousdeal I.f.x (Q). Sincedim pr,(V) dimV  n+ t we conclude
from lemma 1.3.1that dm W n+t 1. To nish the proof of theorem 1.1 we
needthe following fact

Prop osition 1.7. Letf 1(Y;X);::;fs(Y; X) be bihomaenousforms suchthat the
subschemeC P" 1 P™ ! of their common zemsis of dimension n+t 2
Assume further that we are given a closal subschemew PM™ 1 of dimension

n+t 1 Thenfor any N 0 wecan nd forms pi;::;pn 2 F[X] of degree
N such that the dimension of the closal subschemeof W given by the equations

fi(p1ipns Xe; 5 Xm) = 0is not morethant 1.

Proof. ldentifying ead form with the family of its coe cien ts we get a bijection
betweenthe set of forms and set of rational points of an ane spaceAM (M =

N;ml ). In the sameway n-tuples of N-forms are in one to one correspon-

dence with rational points of the ane spaceAM". SetT; = f(w;p) 2 W

AMN - p(w) = = pn(w) = 0g. It's clear that the set T; is closed and
dm T; =dimW+n(M 1) nM +t 1. Considernow the following morphism
g:w AMP T 0w P (wip) 7E (Wi [pa(w) f o pa(w)]) and set
T,=g }(C\ (W P" 1). The setT, is closedin W AM" T, and hence
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T=Ty[ Trisclosedin W AM" Onecheds easilythat b ersof g are of dimen-
sionMn (n 1)andhencedim T, dimC+Mn (n 1) nM +t 1. This
shavs that dim T nM +t 1. Finally considerthe projection q: T ! AMnN,
According to the theorem on the dimension of b ers of a morphism there exists a
nonempty opensetU  AM" such that forany p2 U dim g *(p) t 1. Now
we cantake p= (p1;:::;pn) to be any rational point of U.

(1.8) End of the proof of theorem 1.1.
Note rst that we are in the situation consideredin (1.7). In fact, accordingto
the choice of fj, the closedsubshiemeof P" * P™ 1 dened by the equations

f; = 0 coincideswith the onede ned by the bihomogenousideal I.f.(A) and hence
is of dimension dimV 2 n+t 2accordingto (1.5.5). Moreover dim W

dmV 1 n+t 1laswasnoted alreadyin (1.6). According to the proposition
1.7 we can chooseforms py; ::;; pn of degreeN > max(degk ' i;deg f;) sothat the

dimension of Wy = W\ ff 1(p;x) = i1 = f¢(p;x) = Ogis not morethant 1. It
su ces to note now that accordingto (1.6.1) the in nite part of the b erof (V)
over any point y 2 A" Z is contained in Wy and henceis of dimension t 1.
This implies that the dimension of the b er itself is not more than t.

x2. Higher Chow gr oups and equidimensional cycles.

Denoteby " the linear subvariety of A"*! givenby the equationto+ :::+t, = 1.
The points p; = (0;:::; I1 2550) (0 i n) are called the vertices of the \simplex"

". They have the following evidernt property : if X ~ A™ is any linear subvariety
(i.e. X is de ned by a sistem of linear equationson coordinates) and if Xg;:::;Xn IS
any (n+ 1)-tuple of rational points of X then there exists a unique linear morphism

" 1 X, taking p;i to xj. This shows in particular that any nondecreasing
map :f0;::;ng! f0;::;mg de nes a canonical morphism " ! m  (taking
pi to p (i)), which we'll denote by the sameletter . In this way becomesa
cosimplicial scheme. The morphisms " ! M corresponding to strictly increasing
mapsfl;::;ng! f1;::;mgare called cofaces(of codimensionm n). Each coface
is a closedembedding, the corresponding closedsubshiemeof ™ is clearly a linear
subvariety and will be calleda faceof ™ (of codimensionm n). As always there
exists m + 1 cofacesof codimension one, they are denoted ; : ™ 11 (o)

i m).

Assumethat X 2 Sch=F is any equidimensionalscheme, S and T are smooth
absolutely irreducible varietesand f : X S I X T is any X-morphism.
In this situation the schemesX S and X T are equidimensionalof dimension
dim X + dim Sanddim X +dim T respectively. Considerthe graph decomposition
of f

X s 't X s T
? 2
? ?
y ypr1;3

X T 1 X T

SinceT is smooth the embeddingi is regular (of codimensiondim T). This shows
that for any subvariety V of X T andany componert W off (V) =i (V S)we
have the usual inequality codimyx s(W) codimx s t(V S)= codimx 1(V).
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When all componerts of f (V) have correct codimension we can use the Tor-
formula to de ne the cycle f ([V]) (since the morphism pri.» is at andi is a
regular embedding we concludethat f is of nite Tor-dimension). Alternativ ely we
could say that f is a local complete intersection morphism and usethe machinery
developped in [[Jch. 6]F.

Denoteby z' (X ; n) the freeabelian group generatedby codimensioni subvarieties
vV X " which intersect properly X M for any face ™ | " lt's
clear from the above de nition that if [V] is a generator of z'(X;n) then cycles
@(V] = (1x i) ([V]) are de ned and lie in Z'(X;n 1). More generally, if

oM " is any structure morphism of the cosimplicial scheme then the
cycle (1x ) ([V]) is de ned and liesin z'(X;m). Thusz' (X; ) is a simplicial
abelian group. The homotopy groups of this simplicial abelian group are denoted
CH'(X;n) - see[B1].In other words CH'(X;n) is the n-th homology group of the

complex
d

Z'(X;0) Z(x;1) @
where, as always, d is the alternating sum of face operators.

A morphism of varietiesf : X | Y is called equidimensionalof relative dimen-
siont if it is dominant and each b er of f haspure dimensiont. In this situation
dimX is equalto t + dimY .

Returning to the de nition of the higher Chow groupsassumethat i d = dimX
and sett = d i. Let V be a closedsubvariety in X " and assumethat the
projection V ! " is an equidimensionalmorphism of relative dimensiont. This
implies that codimx (V) = i. Moreover,if : ™I " is any morphism and
if W is any componert of (1x ) (V) then codimyx = (W) codimx n(V),
i.e. dimw m + t. On the other hand ead b er of the projection W ! m
is contained in the corresponding b er of V ! " and hencehas dimension t.
Since eadh componert of eadh b er is of dimension dimW  m we conclude
that dimW = m+ t (i.e. codimx m (W) = codimx «(V)) and moreover the
projection W ! M is equidimensionalof relative dimensiont. Thus, denoting by
z‘eq(x ;n) the free abelian group generatedby closedsubvarietiesV X " for
which the projection V ! " is equidimensional of relative dimensiont, we see
that ziequi (X; ) is a simplicial abelian subgroupin z'(X;n). The main purposeof
this sectionis to prove the following result

Theorem 2.1. Assumethat X is an ane equidimensional schemeandi d=
dimX . Then the emtedding of complexeszg,; (X; )} z'(X; ) is aquasiisomor-
phism.

The proof is basedon a certain auxilliary construction.

(2.2) . Let N be a positive integer. Assumethat for eleryn (0 n N) we

are givenan X -morphism*  : X nroX " such that the following diagrams
commuteforallO j n N

X nl‘”fx n 1

2
(221) 1x yix

<0V

X nomoox oo

Dene - Z'(X;n) tro be a free abelian group generated by close subvarieties
vV X " suc that
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a) [V]2 Z'(X;n)

b) The cycle (' ) ([V]) is de ned and liesin z'(X;n)

The commutativit y of (2.2.1) shows that for any generator [V] of - z'(X;n) and
anyj (0 j n)thecycle@(V]) = (Ix ;) ([V] liesin . Z'(X;n 1), sothat
setting - z'(X;n) = 0 for n > N we get a subcomplex: z'(X; ) of the complex
Z'(X; ). Moreover the commutativit y of (2.2.1) implies that the assignmen [V] 7!
" ([V]) de nes a homomorphism' :.z'(X; )! Z'(X ).

We'll say that two homomorphisms C D of nonnegative complexesare
weakly homotopic if their restrictions to any nitely generatedsubcomplex of C
are homotopic. It's clear that weakly homotopic homomorphismsinduce the same
maps on homology:.

Prop osition 2.3. The homomorphisms: z'(X; ) Z'(X; ) are weakly homo-
topic. "
Proof. Assumethat foreachn (0 n N) wehave xed a nite number of closed
subvarieties V' X " such that [V,"] 2 - z'(X;n) and the family fV" g con-
tains all componerts of all cycles @([V,']). Denote by C, the free abelian group
generatedby [V,"]. It's clearthat C isa nitely generatedsubcomplexin: z'(X; )
and that subcomplexesof this type are co nal amongall nitely generatedsubcom-
plexesof - z'(X; ). Thusit suces to show that (' inc)jc is homotopic to
zero. To prove this we construct by induction onn (0 n N) X-morphisms
n o X noAll X n Al with the following properties

(2.3.1). The following diagram commutes (here iy and i; denote closedembed-

dings de ned by points 0;12 A*

(2.3.1.1) 0y Jio

(2.3.1.2) Y Jin

X n 1 Al ”ﬂx n 1 Al

3 3
(2.3.1.2) ki lay yix o 1,1

X noAl "X noAl

(2.3.2) The b ersof the projection 1(Skvkn F’Al) I " A over points
not lying onthe divisorz= (" 0+ ( " 1)+ [, "' Al(here ] *
is the j -th faceof ") are of dimension t.

Note that the commutativit y of diagrams (2.2.1) together with the induction
hypothesisimplies that the requiremerts (2.3.1) are compatible with ead other and
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de ne the morphism , on X Z. The existenceof extension of this morphism
to X n Al satisfying the additional requiremert (2.3.2) is garanteed by the
theorem 1.1.

The verticesof " A?larethe pointsp; Oandp; 1. Weintroducethe partial

ordering on these vertices, taking the standart order on pi's (B pj , 1 )
and taking the standart order on the set f0; 1g. For any nondecreasingsystem of
verticesqy o On denote by  the linear morphism ™ ! nooAlL
taking p; to g.

Lemma 24. Letgp < g1 < < @y be a strictly increasi@ sejuene of vertices
of " Al(thusm n+1). Thendim[ » (Ix ¢] ' W Al m+t

Proof. We proceed by induction on n. Consider rst the casen = m 1. In
this case q is an isomorphism and our statemert reducesto the following formula:
dim (" VW Al n+ 1+t Usingthe induction hypothes,the properties
of the varieties V' and (2.3.1) we prove immediately the following statemert

S
(2.4.1) The dimension of the part of (" V" A? lying over Z does not
exceedn + t.

The b ers of the projection 1(S vr ALy 1 ™ Al over the points not
Iyingg’n Z are of dimension t. This implies that the dimension of the part of
n ' Vg A?') lying over " A! Z is not more than n+ 1+ t. Finally
dm LY V" AL max(n+tn+ l+t)=n+ 1+t

Consider next the casen = m. Note that 4 is always a closed embedding.
Denote by Z° the inverseimage of Z under 4. Using (2.4.1) we conclude im-
mediately that te dimension of the part of [ n (1x d1 1OV AY =
(Ix @ ' MV A?) lyigg over Z° doesnot exceedn + t. The b ers of
the projection (1x o ROV AL 1 " oover the points of " Z©
are of dimen%'on not more than t and hencethe dimension of the part of [ ,
(Ix o] *(" V&' A which liesover " Z°doesnot exceedn + t. Finally
dm@{ » (Ix ] YW AL) max(n+tn+t)=n+t

Finally supposethat m < n. In this caseonecan nd astrictly incresingsequence
of verticesgd < f < < in "' Alandagindexj (0 j n)suc that
a=(j 1a1) o agd hence[ n (1x ol 1OV Al§ =[x j 1aw)
n1 Ax @ MCW AN [ (x @] (C V"L Al sothat
the induction hypothesisapplies.

(2.5) End of the pro of of the prop osition 2.3.

Denote by ; (0 ] n) the morphisms de ned by the strictly increasing
sequence®f verticespy 0< <p O0<p 1<:i:<p, 1 Lemma2.4shows
that the cycles[ » (Ix ;)] (V' A?1]) arede ned and lie in Z'(X;n+ 1). The

motopy we are seekingmay be de ned now by meansof the formula ([V']) =

(Dl ax DI A (ch[0x2]B1).

We alsoneeda versionof (2.3) for the complexz‘equi (X; ). In the abovesituation
denoteby zgqui (X; n) the freeabelian group generatedby subvarietiesV X n
such that

(1) V12 Zlgy (X5n) |
(2) The cycle' ,([V]) is de ned and liesin zg,, (X;n)
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In the sameway asabove we seethat  z, equi (X ) is a subcomplexin zgqui (X; )

and we have a canonical homomorphism' @+ zgq,; (X5 ) ! ziequi (X5 ).

Prop osition 2.6. The homomorphisms: z, equi (X5 ) ziequi (X; ) are weekly
Inc

homotopic

Proof. Repeat the construction usedin the proof of proposition 2.3. Lemma 2.4 is
replaced by the following fact (which is proved by a straightforward induction on

n).

S
Lemma 2.7. All bers of the projection (", V" Al)! n Al are of
dimension t.

This lemma shows that the cycles[ » (1x il (V" A1) arede ned and
lie in zgq, (X;n + 1) sothat we can de ne the homotopy by the sameformula as
above.

Prop osition 2.8. LetC bea nitely geneated sultomplexin Z'(X; ). Then we
can nd N and' asatovesuchthatC . ZzZ'(X; )and' (C) z'qUI (X; ).

Proof. We may supposethat C is generatedby a system of subvarieties V,"

X " (0 n N) with the corresponding properties (seethe proof of (2.3)).
Using induction on n we construct X -morphisms' , : X nroX " with the
following properties:

(1) The diagrames(2.2.1) commute
(2) The b ersof therrOJectlon DO V! " over the points not lying on
the divisor Z = = [, | ! are of dimension  t.

The induction step in the construction of ' 's is garanteed again by theorem
1.1. @nother induction on n shows immediately that all b ers of the projection
"o V! " are of dimension t. Thusthe cycles' ,([V,']) are de ned and
I|e iN Zggi (X5 ).

(2.9) Proof of the theorem 2.1.

Let v be any n-dimen'sional cycleof the complex z'(X; ). Using proposition 2.8
nd ' sucdhthat v2.z'(X;n) and’ (V) 2 zgq, (X;n). According to proposition
2.3v ' (v)isaboundary. This shovsthat the homomorphismH, (z} equi (X5 !
Hn(z'(X; )) is surjective.

Assumenow that v is an n-dimensional cycle in zgqui (X; ) suc that v = d(w)
fO( a certain w 2 z'(X;n + 1). Using proposition 2.8 nd ' suc that v;w 2
2 (X5 ) and 't (v);' (w) 2 7 equi (X5 ). Since’ (v) = d(* (w)) we seethat
' (v) isaboundary in z. equi (X; ). Onthe other handv (v) is alsoa boundary
in zng (X; ) accordingto (2.6). Thusv is a boundary in zg,,; (X; ), i.e. the
homomorphismH,, (zeqUI (X; ) ! Hn(Z'(X; ) isinjective.

x3. Sheaves of equidimensional cycles

Denote by p the exponertial characteristic of F. Recall from [SV2] that for
any sheme X 2 Sch=F and any t O there exists a gf h-sheafz (X ) which is
characterized by the following property:
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for any normal connectedscheme S 2 Sch=F the group of sectionsof z;(X) over
S is equal to the free Z[1=p-module generatedby closedsubvarietesZ X S
which are equidimensionalof relative dimensiont over S.

For any presheafF on the category Sch=F we'll denote by C (F) its singu-
lar complex - see[SV1], i.e. Ch(F) = F( ") and the dierential d : C"(F) !
Cn 1(F) is the alternating sum of faceoperators. We'll usethe notation H "9 (F);
HS" (F:Z=n); Hging (F:Z=n) for the homology groups of the complexesC (F);
C (F) ' Z=n;RHom(C (F);Z=n).The functor C is an exact functor from the
category of presheaes to the category of nonnegative complexesof presheaes.
Furthermore we have the following important theorem

Theorem 3.1 [V1]. Assume that char(F) = 0 and let F be a preshaf with
transfers on the category Sch=F. If the h-sheaf assaiated with F is trivial then
HS9 (F) = 0.

Using this theorem of Voewvodsky and the localization exact sequenceor higher
Chow groups (see[B2]) we can generalizetheorem 2.1 to arbitrary quasiprojective
schemes

Theorem 3.2. Assumethat char(F) = 0. Then for any equidimensional quasipro-
jective schemeX 2 Sch=F and anyi d = dim X the canonical emtedding of
complexes

C (za i(X)) = Zgg (X5 )1 Z'(X; )
is a quasiisomorphism.

Proof. We proceedby induction ond = dim X. The cased = Ois trivial, soassume
that d > 0 and for schemesof dimensiond 1 the theoremis true . We can easily
nd an e ectiv e Cartier divisor Y X sud that the open suvshemeU = X Y

isane. The sequenceof presheaes

0! zg i(Y) ! zgi(X) ! zq i(U)

is exact and the h-sheafassaiated with the presheafzy (U)=zy i(X) is trivial.
Thus we get a long exact localization sequencefor homology of equidimensional
cycles. Comparing it with the localization sequencdor higher Chow groups[B2] and
using the induction hypothesisand theorem 2.1 we concludethat H$" (z4 (X) !
CH'(X;n) is an isomorphism.

x4. Higher Chow gr oups and etale cohomology.

In this section we assumeF to be an algebraically closed eld of characteristic

zero. Let X 2 Sch=F be an equidimensionalquasiprojective schemeof dimensiond.

Theorem 3.2 shows that for any i dthe group CH'(X;n;Z=m) % Ha(Z'(X; )

Z=m) coincideswith H3"9 (z4 ;(X);Z=m). For any periodical abelian group A we
denote by A* its dual, i.e. A* = Hom(A;Q=Z). Thus CH(X;n;Z=m)* =
= H39 (zg i(X);Z=m)* = Héing (za i(X);Z=m) and the last group according
to the main result of [SV1] is canonically isomorphic to Extgfh(zd i(X);Z=m).
Consider now special casei = d. In this casewe may usethe following result.
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Prop osition 4.1. Let X be a sefrated schemeof nite type overan arbitrary eld
F (of expnential characteristic p). Then for any m prime to p we have canonical
isomorphisms

Extgsn(zo(X);Z=m) = Extp(zo(X )y ;Z=m) = HZ (X;Z=m)
wher H standsfor etale cohomolay with compact supprts.

Proof. The rst equality is proved in [SV1, x10]. To prove the secondone choose
an open embedding j : X ! X, where X is a complete separated scheme, set

Y = X X andlet i denotethe closedembeddingY ! X. According to [SV2] we
have an exact sequenceof h-sheaves

0! z(Y), ! zo(X), ! zo(X),! O

For any complete separatedschemeZ the sheafzy(Z) coincideswith the free df h-
sheafZ[%]qf h(Z) generatedby Z (see[SV1, theorem 6.3]). Taking assaiated h-
sheaveswe seethat zo(Z2),, = Z[%]h(Z). Thus the above sequencetakesthe form
0! Z[%]h (Y)! Z[%]h (X)! zo(X), ! O This exact sequenceshows that for any
h-sheafof Z[%]—modules F we have the formula

Hom(zo(X ), ;F) = Ker(( X;F)! (Y;F))

Choosean injective resolution |  of the h-sheafZ=m, consisting of Z[%]—modules.
The previous remarks show that Extl(zo(X),;Z=m) = H"(Ker(( X;I ) !

I (Y;1)). Moreover the homomorphism of complexes ( X;1 ) ! (Y;l)
is surjective. Considerthe natural morphism of sites : (Sch=F), ! (Sch=F).
The comparisontheorem for h-cohomology[SV1, x10] shows that R (Z=m) = 0
for i > 0. This meansthat | is an injective resolution of Z=m not only in h-
topology, but in etale topology as well. Note further that to give a sheaf F on
big etale site (Sch=F)¢ is the sameasto give a sheafF; on small etale site Z¢;
for eath Z 2 (Sch=F) and to give homomorphismsF; ! f (F1) de ned for eat
morphismf : T ! Z and satisfying evidernt compatibilit y properties. It's clear that
functors Shv(Sch=F)e ! Shv(Ze«) (F 7! Fz) are exactand presene injectivit y.
Consider the bicomplex of sheareson X ¢

It i (y)

This bicomplex has only one nonzero homology ( in degree zero) equal to
Ker(Z=m! i (Z=m)) = ji(Z=m). Hence

HO(X;Z=m) = H"(X;ji(Z=m)) = H"(( X5 (It 0 (1)) = HM((( X501 )!
LY ) = HY(Ker(( X510 )1 (Y;10)) = Ext](zo(X)p;Z=m):

Theorem 4.2. Let X be an equidimensional quasipiojective schemeover an alge-
braically closel eld F of characteristic zero. Assumethati d= dim X. Then

foranym> 0 CH(X;n;Z=m) = HX® " "(X;z=m(d i)*.

Proof. Assume rst that i = d. In this caseaccordingto proposition 4.2 we have:
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CHY(X;n;Z=m)* = Extg,(z0(X);Z=m) = H}(X;Z=m)

This group being nite we concludethat CH9(X;n;Z=m) is also nite and hence
CHY(X;n;Z=m) = [CHY(X;n;Z=m)* ¥ = HI(X;Z=m)*. The general case
follows now from the homotopy invariance of higher Chow groups - see[B1x2]):
CH'(X;n;Z=m) = CH'(X A" %n;Z=m) = HI}(X A" 4z=m)* =
= HE 20 VX z=m(d i)*.

Corollary  4.3. In assumptionsand notations of theorem 4.2 assumefurther that
X is smmth. Then CH(X;n;Z=m) = HZ "(X;Z=m(i)).

Proof. This followsimmediately from theorem 4.2 and the Poincareduality theorem
- see[M].
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