STEENROD OPERATIONS IN CHOW THEORY

PATRICK BROSNAN

ABSTRACT. An action of the Steenrod Algebra is constructed on the mod p
Chow theory of varieties over a field of characteristic different from p. This
action should agree with the action of the Steenrod algebra on motivic co-
homology used by Voevodsky to prove the Milnor conjecture [9]. The con-
struction, however, uses only basic functorial properties of Edidin-Graham
equivariant intersection theory [1] and the Fulton-MacPherson refined Gysin
homomorphism [2]. In particular, it does not use resolution of singularities.

1. INTRODUCTION

Let X be a complete complex algebraic variety, let HZM (X) denote its Borel-
Moore homology with coefficients in the field F,, and let S, : HEM (X) — HPM (X)
be the total Steenrod p-th power operation in Borel-Moore homology. In [2] (Ex-
ample 19.1.8), Fulton notes that S, preserves algebraic classes. (This fact had
previously been discovered by Kawai [4].)

Fulton’s argument is as follows: Consider a subvariety V of X. By Hironaka,
there is a resolution of singularities @ : M — V. If u,s is the orientation class of
M, then the cycle class cl(V) is equal to m.pps. Let v : H*X — H*(TM,TM —0)
be the Thom isomorphism, and let S® be the total Steenrod operation in singular
cohomology. Let w = 1~15%(1). Fulton gives a formula

(1) Se(cl(V)) = mSa(piar) = m(w(Tar) ™ N pi).-

As w can be expressed in terms of the Chern classes of a TM [6], it is tempting
to use (1) as a definition of S, in the mod p Chow groups A,.X @ F,. The problem,
as Fulton notes, is whether m,(w(Ths) = N uar) is independent of the resolution M.

In this paper, S, is defined for quasi-projective varieties over a field k of char-
acteristic not equal to p using the equivariant extension of Fulton-MacPherson
Intersection Theory developed by Edidin and Graham [1]. (The definition actually
works for any algebraic space over k with an injective morphism into a smooth
algebraic space, and it can be extended to all all varieties over k by using a Chow
envelope argument.) The construction loosely follows the construction of cohomol-
ogy operations given by Steenrod and Epstein [7]. The definition is then shown to
agree with (1) proving that m.(w(Tas)™* N par) is indeed independent of M. The
paper ends with a demonstration of the Adem relations in the “algebraic Steenrod
algebra” generated by the graded components of S,. One aspect of our method that
may be interesting is that, while Fulton’s question definitely involves resolutions of
singularities, our construction of S, does not.

It should be noted that Voevodsky has defined similar operations in the context
of motivic cohomology. Although the details of his construction have not yet fully
appeared, these operations should agree with ours and, over a field where motivic
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cohomology is known to contain Chow groups (i.e., one that admits resolutions of
singularities), Voevodsky’s operations are more general. On the other hand, this
paper fits into the Fulton-MacPherson framework for intersection theory, and the
resulting simplicity may have some appeal.

1.1. Conventions. If A is a commutative ring, the Chow group (resp. the Chow
ring) with coefficients in A is simply 4, X ® A (resp. A*X ® A). Until section 7,
all work will be over an arbitrary ring A. Mention of A will however be suppressed
from the notation with A, X written instead of A, X ® A. In section 7, a prime p
will be chosen and A henceforth be set to F.

Unfortunately, the numerical index * sometimes grows too large in this paper
to be conveniently written as a subscript. In these cases, the notation A(x, X) will
substitute for A,X.

All schemes (or algebraic spaces) will be assumed to be over a field k& whose
spectrum will be written pt. And Sp,, will denote the category of algebraic spaces
over k.

1.2. Acknowledgments. Most of the work described in this paper was done at the
University of Chicago as part of my 1998 thesis. I would like to thank S. Bloch for
his guidance there. I would also like to thank B. Totaro both for general guidance
and also for several essential suggestions relating directly to this work.

2. EQUIVARIANT INTERSECTION THEORY I

In this section, the relevant portion of the Edidin-Graham Equivariant Intersec-
tion Theory is reviewed.

For any two algebraic spaces X and Y with the action of an algebraic group G,
X x%Y will denote the quotient of X x Y under the diagonal G-action — under
the assumption that the quotient exists. The advantage of working with algebraic
spaces is that, if the action of G on X X Y is set theoretically free, a quotient will
always exist as an algebraic space. In [1], this fact is proved and it is shown that
the intersection theory of Fulton and MacPherson [2] extends to the category of
algebraic spaces unchanged. The basic reference for algebraic spaces is [5].

Let G be a g-dimensional algebraic group and let X be an n dimensional algebraic
space. Edidin and Graham define equivariant Chow groups using an algebraic
analogue of the Borel construction. Let V' be an [ dimensional linear representation
of G, and let S be a Zariski closed subset of V' outside of which G acts freely. Let
U =V — 5. The theory is based on the following:

Definition-Proposition 2.1 ([1]). Assume that codimgV > dim X —i. Then the
group A(i +1 — g,U x% X) is independent of both U and V. This group, written
AS$ X, is called the i-th equivariant Chow group of X .

U will be called an EG-approximation, and its quotient U/G will be called a
BG-approximation. Note that the possibility exists for non-trivial Chow groups in
negative dimensions. But clearly A¥X = 0 for i > dim X.

A¥ X can be viewed as Chow homology. Edidin and Graham define Chow co-
homology groups AL X as operational Chow groups (see [1] 2.6). Under their def-
inition, there is an obvious product ALX ® AéX — Aigj X giving AL X a ring
structure. And, if X is smooth of pure dimension d, ALX = Ag_iX. A%X is
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naturally an A% X module. Moreover, any G-equivariant map ¥ — X induces a
ring homomorphism A% X — ALY making ASY into an A% X-module.

The Edidin-Graham theory builds on Totaro’s definition of the Chow group of
the classifying space BG of an algebraic group [8]. Totaro sets CH!BG = A" (U/Q).
Since pt is smooth of dimension 0, we have CH'BG = A% pt = AL pt. We will also
write A°BG for this group.

Following Edidin and Graham, we write X for U x% X with U left unspecified.
These spaces are sometimes called mixed quotients. When A; X is written, it can
be assumed that codimg V' > dim X — 4. Similarly, if f : X — Y is a G-equivariant
morphism, fg : Xg — Yg will denote the evident morphism of mixed quotients.
The key to many of the functorial properties of equivariant intersection theory is
the following

Proposition 2.2 ([1] Proposition 2). Let P be one of the following properties of
morphisms: proper, flat, smooth, reqular embedding or l.c.i. Then, if X — Y is a
G-morphism having P, so is Xg — Yq.

The proposition is used to show that equivariant Chow groups have the same
functorial properties for P morphisms as do Fulton’s classical Chow groups [2]. In
particular, flat pull-back, 1.c.i pull-back, proper push-forward and the refined Gysin
homomorphism are all defined in the equivariant context.

Similarly, Edidin and Graham show that if a morphism £ — X is a vector
bundle, so is Eg — X¢g. This allows one to define equivariant Chern classes

c¢(E) € ALX. It is particularly important that representations of G' over k are

K3
equivariant vector bundles over pt, and thus have Chern classes in A* BG.
We will need certain results about change of groups that are standard in the
literature of equivariant cohomology but, to my knowledge, not fully covered in the

literature of equivariant Chow theory.

2.3. Let p : H — G be a group homomorphism and suppose that G acts on X.
There is a restriction morphism p§ : AYX — AT X . If G and H are finite and p is
an injection, then there is also transfer morphism tr$ : AZX — AYX. These are
both functorial (e.g. pi o pf] = pf() And they commute with the pull-backs and
push-forwards of equivariant intersection theory: For example, if f : X — Y is a
morphism of G-spaces and if

X —Y’
L,
X—Y

is a pull-back diagram, then the following diagram

Ay L qmx

ltrg ltrg
1

AGy Lo gex

commutes.

2.4. If p: G — G is an inner automorphism, then p* = id.
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2.5. If V is a G-equivariant vector bundle, let ng be the vector bundle obtained
by restriction of the G-action to H. Let a € AYX. Then p%(a N cf(V)) =
(pFe) N el (pFV).

The (somewhat tedious) verification of the two proceeding paragraphs will be
sketched in the appendix using a definition of equivariant Chow groups which is
equivalent to Definition 2.1 but more convenient for questions of functoriality.

3. EQUIVARIANT CYCLE CLASS

In this section, a few general results on Chow groups necessary for the construc-
tion of S, are collected. There are two main goals: (i) to explain why equivariant
cycles give classes in equivariant Chow groups (this fact is mentioned in the proof of
[1] Proposition 1), and (ii) to show that two equivariant cycles are equivalent if they
belong to the same equivariant rational family. As we will only require the theory
of cycles equivariant under a finite group action for the construction of Steenrod
operations, we will restrict to this case.

Definition 3.1. The group Z(X|P';A) is the subgroup of (k+1)-dimensional cy-
cles >°. Ai[Vi] in X x P! such that all V; map dominantly to P*.

Following the Conventions of (1.1), the ring A will be suppressed in the notation,
and the group of A- cycles Zi(X;A) = Zp, X @ A will be written as Z; X.

Following the notation in [2], for P € P! and V a variety mapping dominantly
to P1, let V(P) be the fiber above P. The definition is extended to Z,(X|P!) by
linearity.

Both Zx(_) and Zg(-|P!) can be viewed as presheaves in the étale topology.
That Z(.) is actually a sheaf in the étale topology is proved in [3] for A = Z.
The argument is easily extended to the case of arbitrary ring A. It is also easily
extended to show that Zj(_|P!) is sheaf.

Proposition 3.2. Two cycles ag and as in Zp, X are rationally equivalent < there
is a cycle B € Zi(X|PY) with B(0) = g and B(00) = oo

Proof. First consider the case A = Z. By [2] Example 1.6.2, ap and a are
equivalent if and only if there is a positive cycle Z € Zi(X|P!) and a positive
cycle v with

Z0)=ap+v Z(0) = +7-
To prove (=), set 3 = Z —~ x [P1]. To prove (<), write 3 as 3% — 3~ where
each term either positive or 0. Then, setting Z = 87, shows that ag + 37(0) =
Qoo + A7 (00). This shows that ag and a are equivalent.

For arbitrary A, the proposition is equivalent to the statement that

Zy(X|PY) = 2 X — Ay X — 0
is exact — with the first map given by 8 — B(cc) — 3(0). Thus, since it holds for
A =17, it holds for arbitrary A by the right exactness of ®. O

Suppose a finite group G acts on X through the action a : G x X — X. Let ps :
G x X — X be the projection. Note that both p, and the action are automatically
flat morphisms.

3.3. If F'is a presheaf of abelian groups in the étale topology, the fixed sections of
F are defined as

FC = ker(F(X) “ % F(G x X)).
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In particular, the groups Z.(X)% and Z,.(X|P')¢ are defined. When G is an
finite algebraic group coming from a finite group, acting properly on X, these
notions agree with the usual ones (e.g. [2] Example 1.7.6). This is in fact the only
case relevant in what follows.

Now assume that G acts freely on X and has a quotient Y. If G is finite and
étale, the fact that Z(_)¢ and Z,.(_|P') are étale sheaves implies that the pull-back
7: X — Y induces isomorphisms Z,(Y) = Z.(X)% and Z.(Y|P!) = Z,(X|PY)“.
By abuse notation, elements of these two groups will be identified.

Proposition 3.4. Let G act freely on X. Two cycles ap and as give the same
class in A.(X/G) if there is a cycle B € Z.(X|PY)C such that 3(0) = ag and
B(o0) = ac

Proof. This is simply a matter of noticing that the diagram

Zu(Y|PY) == Z,(X|P")

7Y — -7 X

commutes where o is either 5 — ((0) or §+— [(c0). O

3.5. Let G now act properly, but not necessarily freely, on X. Let a be a cycle in
(ZrX)% (resp. Zp(X|P1)%). For any EG-model U of dimension d, a — [U] x «
gives a map (ZxX)Y — Zrra(U x X)9 (resp. Zp(X|PY)C — Zpa(U x X|PYH)E).
But, since the action of G on U x X is free, Z,(U x X)¢ = Z.(U x% X) (resp.
Z,(U x X|PYE = Z,(U x% X|P')). Thus, to every a € Zp(X)%, there is a
G-equivariant cycle class cl%(a) € AGX.

3.6. Tt follows from Proposition 3.4, that if 8 € Zx(X|P!)Y, then [U] x 3(0) and
[U]x B(00) represent the same class in Aj4q(Xx“U) and thus in AS X. This implies
that two equivariant cycles g and ao in (Z; X )¢ have the same G-equivariant cycle
class if there is a cycle 8 € Z,(X|P1)¢ with 3(0) = ap and B(c0) = @ In other
words, equivariant rational equivalences induce equivalences in A¢X.

The proof of the following will be postponed until the appendix where transfer
will be discussed. We use the symbol 1 to denote the trivial group.

Proposition 3.7. Let Z € Z;,X. 1§ Z = CIG(ZgGG[gZ])

4. THE FUNDAMENTAL OPERATION

Let S(n) denote the symmetric group on n letters and C(n) denote the cyclic
group with n elements viewed as a subgroup in the obvious way. Let R denote the
regular S(n)-representations on C™ and let R denote the reduced regular represen-
tation, i.e., the cokernel of the map 1 — R from the trivial representation. One
can view these representations as bundles over BS(n).

For a cycle a € Z; X let a*™ € Z,;, X" denote its n-fold exterior product with
itself. ([2] 1.10). As o™ is S(n) invariant, it gives a class [@*"] € Z& X" for any
G < S(n).

4.1. If [V] € Z;(X|P') and [W] € Z;(Y|P!) are two classes corresponding to
subvarieties V' and W, then V and W are both flat over P'. This implies that
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V xp1 W is flat over P'. Thus every component of V xp1 W maps dominantly to
P!. Consequently [V xp1 W] € Z;1;(X x Y|P!). And linearity gives a product

Z{(X|PYHY® Z;(YIP!) — Ziy;(X x Y|PY)

written 3 ® v +— (3 xp1 7. In particular, any 3 € Zy(X|P!) can be crossed with
itself to obtain a class Sp1 € Zu,(X™[P1).

Proposition 4.2. The map a — a*™ factors through rational equivalence to give

a map PR A X — AG. X" for any G < S(n).

Proof. Two cycles o and . are equivalent iff there a cycle 3 € Zy(X,P!) with
B(0) = ap and foe = @oo. In this case, fpi' is a cycle in Zne(X™, PL), with
Bpi'(0) = ag™ and fBp1'(c0) = a X O

Proposition 4.3. Consider a morphism f : X — Y and a cycle a € ALY . Let
& denote the obvious G-equivariant morphism from X™ to Y.

(i) For f proper, f&™ is also proper, and (f&")«Pi(a) = PA(f.c).
(ii) For f is flat, f&" is also flat, and (f&")*P&(o) = PE(f*a).
(iii) For f a regular embedding (resp. lc.i. morphism), f&" is also a regular
embedding (resp. lci. morphism), and (f5") Pi(a) = PE(f'a). (Here f' is
Fulton’s refined Gysin homomorphism [2]).

Proof. (i) is easy as it is true on the level of cycles, that is, in Z,;(X™). (ii): If f is
flat then it is easy to see that f*™ is also. Thus f%" is flat by Proposition 2.2. It
is easy to see that the required commutativity actually holds on the level of cycles.

Once (iii) is proved for regular embedding the statement for l.c.i. morphisms
will be a consequence of (ii). So assume f is a regular embedding of codimension
d. Let N be the normal bundle, and let

X/ > YI

L,

X—Y

be a pull-back diagram. Let N’ = N)x.

The refined Gysin of [2], f': A,Y’ — Ap_4X, is constructed as the composition
of the specialization homomorphism o : AyY’ — ApN’ with the isomorphism
(71'*)_1 : AkNI — Ak,Xm.

o is defined on the level of cycles by the rule o[V] = [CyrxV]. (Here [CynxV]
is the normal cone of V' N X in V — a subscheme of N’). One then sees that o
commutes with P7 on the level of cycles, i.e., the diagram

ZkY/ —— nkY/n

L

ZkN/ —_— nkNm

commutes.
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On the other hand, the isomorphism 7* : A,_4X’' — AN’ is simply a flat
pull-back. Thus the diagram
ApgX' —— Ay may X"

| |

AN’ A N™

also commutes by (ii). The result then follows by splicing the two diagrams together.
O

If V' — X is a vector bundle, P%(V) is the product of n-copies of V over n copies
of X as a G-equivariant bundle.

Corollary 4.4. Let o € A.X and let e(V) represent the Euler class of V.. Then
Pi(ane(V)) = Pi(a) Ne(PEV).

Proof. Let i : X — V be the inclusion of the 0O-section. aNe(V) = i*i,a. The
corollary then follows from the successive application of (ii) and (iii) of the previous
proposition. [l

5. CONSTRUCTION

Consider a pair (W, X) where X — W is an embedding of X into a smooth
connected algebraic space W of dimension d. Set m = (n — 1)d, and form the
S(n)-equivariant pull-back diagram

X—X"

|,

W ——wn
Definition 5.1. For G < S(n), dfy : ASX™ — AY | X is the map given by
d¥ (o) = Aza. We will write DY for df¥ o P2.
Remark 5.2. One way to keep track of the degrees in the definition is to reindex
the groups. For a pair (W, X), define AL [W, X] = A , X. Then the re-indexed
map dfy : AL [Wn, X" — AE[W, X] preserves the degree, and D} maps A*[W, X]
to Agk [W, X]. This is useful for proving the Adem relations but for most of this
paper we prefer to keep the usual grading.

Proposition 5.3. Let X — W1 — Ws be a sequence of embeddings where each W;
is smooth. Then

Ay Ne(R®TWs|x) = dp? Ne(R®@ TWi|x)
Proof. Consider the commutative diagram

X—X

P,

W, ——= Wy

P

Wy —22 W,
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The equivariant normal bundle N; for W; in W/ is RQTW,. Set E = g*Ny/N; —
the excess normal bundle. By the Excess Intersection Formula ([2] Theorem 6.3),

Ay(a) = e(E|x)NnAl(a)
= e((g" N2/ N1)|x) N AL (a)

Multiplying both sides by e(N;|x) the result follows from the multiplicative prop-
erty of the Euler class. O

Proposition 5.4. Let

v—21-

]
V—Ww
be a commutative diagram of injective maps with the horizontal maps open embed-
dings and with W (and thus V') smooth.
(i) For a € AGX", j*(d¥ o) = di((5*™) * ).
(ii) For a € A X, j* (D ) = D4 (j* ).

Proof. (i) implies (ii) directly. In the case V =W, (i) follows from Theorem 6.2 (a)
of [2] — the commutativity of flat pull-back with the refined Gysin. The general
case then follows from Theorem 6.3 of [2] (the Excess Intersection Formula). O

6. CHOW THEORY OF CycLIC GROUPS

Let n be an integer not divisible by char (k), and let u, be the group of n-th
roots of unity. The canonical one-dimensional representation of p,, gives rise to an
equivariant line bundle L over pty. Set | = ¢1(L) € A! Bu,. The following result
is given in [8] for k = C.

Theorem 6.1. (i) A* Bu, = A[l]/(nl). (i1) If X is an algebraic space with trivial
ln action, then A" X = A, X @ A*Bu,.

Proof. Let E = A"t! — {0} with the diagonal action of j,,. Write B = E/ju,, and
note that P” = E/G,,. Now let G,, act on A x E on the right by the formula:
(a,x)A = (A\"a, A\x). The resulting quotient (A' x E)/G,, is then the total space
of the line bundle O(n) on P". B embeds as an open subset of O(n) via the map
j:e— (1,e). The complement of j(B) is the 0-section which we will simply write
as P”. For any X we then have an exact sequence of groups

Ai(P" x X) — A;(0O(n) x X) - A;(Bx X)—0.

For X = pt the theorem follows from the elementary computation of the map
on the left hand side: Both of the groups are A for i € [0,r] and the maps are
multiplication by n. The generating class h € A, O(n) is the first Chern class of
the pull-back of the canonical line bundle from P”. Since the representation of G,
restricts to the canonical representation of u,, h restricted to B is [. This proves

(i)

For X arbitrary, there are Kunneth formulae A,(P" x X) = A,.P" ® A, X and
A (O(n) x X) = A.O(n) @ A X. (ii) follows from (i) and the application of these
formulae. O
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6.2. We now make two assumptions that will be in force for the rest of the pa-
per. Pick a prime p not equal to the characteristic of k£, and set A = F,. Chow
groups written without explicit coefficients will thus be taken modulo p. Now, if
k> contains the group p, (k) then C(p) = . But of course the two groups are not
naturally isomorphic. The isomorphisms themselves are in correspondence with the
primitive p-th roots of unity. Therefore let us assume that such a primitive root ¢
as been chosen in k. We can then write A*BC(p) = F[l].

Remark 6.3. Note that even without choosing ¢ there is a natural correspondence
between one-dimensional representations of C'(p) and p,. The first Chern class
then gives a correspondence between p, and A'BC(p). In other words, over a
field containing the p-th roots of unity, A'BC(p) = Z/p(1). This implies that
A*BC(p) = Z/p(k).

Proposition 6.4. Let r = [k(pp) : k] be the index of the extension obtained by
adjoining the p-th roots of unity to k. Then A*BC(p) = F,le] where € is the Euler
class of an r-dimensional C(p) representation.

Proof. Let M = k(pp) and set G = Gal(M/k). The action of G on p, gives an
identification of G with a subgroup of (Z/p)*.

The representation R splits over M into a direct sum @f;llL@ — here L is the
one-dimensional representation associated to (. Under the natural identification of

A'BC(p)r, with p,, c1(L®%) = (. Let S be a coset of (Z/p)* modulo G. The
r-dimensional representation V = ®;c5L®" is defined over k as it is fixed by G. All
of the Chern classes of Vg vanish except for the Euler class which is nontrivial and
thus a generator of A'BC(p). We claim that ¢ = e(V') generates A* BC(p).

Let p : A*BC(p)r, — A*BC(p)r be the pull-back, and let N : A*BC(p)r, —
A*BC(p)r be the norm map. N o p is simply multiplication by r. As r is relatively
prime to p, p is a split injection. We will henceforth abuse this injection and consider
A*BC(p) as a subgroup of A*BC(p)r,. Clearly ¢ maps to some non-zero multiple
of [". Thus to prove the proposition it is enough to show that A*BC(p) C F,[l"].

Now, under the identification of G with (Z/p)*, the action of an element o on
I' € A'BC(p)r, is simply multiplication by af. Tt follows that (A*BC(p))¢ =
F,[I"]. Thus A*BC(p) C F,[I"]. O

Remark 6.5. If X is a space on which C(p) acts trivially, AP X is a direct sum-

mand of Af(p )X - This follows from the same norm argument used in the proof of
the proposition.

Let V be a vector bundle on X and assume that both V' and X have trivial C(p)
actions. Let A1,---,Aq be the Chern roots of V. — let ¢, (V) = [[(1 + A;). (We

will employ the standard abuses of the splitting principle here and in the sequel.)
d

Set w(V) = H(l + )\f_l). This is corresponds to the class w of the introduction.
i=1
In order to keep track of the degrees, we also consider the polynomial w(V,t) =
d -1
[l (LX),
It is convenient to localize the Chow ring A*BC(p) by inverting the element e.
Note that, as € is a non-zero divisor, A*BC(p) injects into (A*Bpuy).. Under the
standing assumption that X has trivial C(p) action, € is also a non-zero divisor

on APV X Let n be the Euler class e(R). By Wilson’s Theorem, it follows that
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n = —IP~1. Note that localizing by 1 always has the same effect as localizing by
€. As it is generally harmless, we will sometimes write a formula in the localized
groups without mentioning explicitly which group we are working in.

Proposition 6.6. With V and X be as above, e(R® V) = n%w(V,1/n).
Proof. The Chern roots of R are simply [,2[,...,(p — 1)l. Therefore,

d p—1
e(RRV) = [T +ad)

i=1a=1

O

In the sequel, let e(R®V')(t) be the (unique) polynomial such that e(R®V)(n) =
e(ReV).

7. DEFINITION AND BASIC PROPERTIES

In what follows, we will write C' for C(p) considered as a subgroup of S = S(p)
in the obvious way. We will also write D for D{¥. Note that, if C < G < S(p),
the restriction map A X — A X is a split injection. (The splitting is given up to
a factor of [G : C] by the transfer). Thus to compute D¢ for all such G it suffices
to compute DV,

We first show that D" is a group homomorphism, beginning with the Chow
group analogue of a lemma of Steenrod. Of course, we keep the standing assumption
that X is a space with trivial C' action.

Lemma 7.1. Let T : ASXP — A, XP be the transfer. Then A!CT =0.

Proof. There is a commutative diagram
A xP —Ls ACxP
-k
AKX P oA x — T ACx

It follows from the computation of ACX that p is surjective. However Tp* = 0
(because it is multiplication by p). Therefore the T' on the bottom row is 0. The
result then follows from the commutativity of the diagram. O

Theorem 7.2. DV is a group homomorphism.
Proof. Let Zy and Z; be two cycles.
(Zo+ 21)P = ZsP + Z[" +T
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where T lies in the image of T (by Proposition 3.7). Therefore
Ac((Zo + 21)"P) = Ae(Z") + Ap(Z)7)
by the lemma. The theorem then follows from the definition of D". O

Now we can view D" («) as a polynomial 3~ b;l* in the variable [ with coefficients
in A, X. We can do this even if k does not contain all of the p-th roots of unity
because A X C AYX7. Following Steenrod, we have the following

Theorem 7.3. All terms of b;l* of DV («) with i not divisible by p — 1 are 0.

Proof. Let G be the normalizer of C'in S. G = C(p— 1) x C with C(p — 1) acting
through the identification C(p —1) 2 (Z/p)*. Thus C(p—1) acts on A* BC. Under
the above identification, with k € (Z/p)*, k.w = kw. Thus k.w® = k'w’. This
gives the action of C'(p — 1) on A’BG. Note that the action is only trivial if 7 is a
multiple of p — 1.

Now recall that dfy = ALa*P is the restriction of Al;a*P. Therefore C(p — 1)
must act trivially on ng () (by the statement of paragraph 2.4 which is proved
in Proposition 11.2). Hence, all terms b;w’ with 4 not a multiple of p — 1 must be
0. O

7.4. Thus D" (a) can be viewed as a polynomial in the Euler class n. To better
keep track of degrees, we let D" (a, t) be the polynomial in A, X ® F,[t] such that
D% (a,n) = DY (a).

Definition 7.5. The total Steenrod operation of the pair (W, X) is the Laurent
series (with finitely many terms)
S¥a(t) =tFDWa(1/t).

with d = dim W and o € A X. We simply write S¥ a for SV a(1). This is the
total Steenrod operation. We define individual operations S}V by setting S¢¥ a(t) =
> S (a)tt. Note that S}V lowers the degree of a by (p — 1)i.

Remark 7.6. To agree with the topological notation, we define PYa = SV for
p # 2. For p = 2, we define ng‘i/ a = SV. The odd order operations obviously do
not exist in the context of Chow groups (although they definitely do exist in the
context of motivic cohomology) because the cycle class map sends Chow groups to
even dimensional cohomology.

Remark 7.7. Since DY« is a polynomial in ¢, SV a =0 for i > d — k.

Remark 7.8. We can also formulate the definition for a € A*[W, X] by follow-
ing through the reindexing. We write Sy, a(t) = t*DW a(1/t) and set Spya(t) =
Z Siyt'. Then, of course, Sjya € Akﬂp*l)i[W, X].

From Proposition 5.4, we have

Proposition 7.9. If j : U — X is an inclusion of a Zariski open set, then
7 (S a) = Su(j*a).

Proposition 7.10. If Wy and W5 are two smooth spaces containing X, then
SVanw(TWy) = SV2a N w(TW)
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Proof. First assume that W7 C W,. Then the proposition follows by applying
successively Proposition 5.3, Proposition 6.6, and the definitions. In general, we
can reduce to the case of W7 C W5 by embedding both W7 and W5 in Wy x Ws
and using the fact that the w(TW;) are invertible in A*(X). O

Definition 7.11. If X is smooth, define S®*a = SX«. It is natural to consider this
as an operation on A*X so that S° raises degrees by (p — 1)i. Of course, there is
no difference between S*® and S%.

Remark 7.12. Suppose f : X — Y is a morphism of smooth varieties. Then
from Proposition 4.3 and the functoriality of the Gysin it follows that f'DY (a) =
DX (f'a).
Definition 7.13. For any X embedded in any smooth W, define

Sea(t) =S¥ a(t) Nw(TW, )~

It follows from Proposition 7.10 that Se« is independent of .

8. FUNCTORIALITIES

Let © : X — Y be a closed embedding with ¥ embedded in a smooth variety
W. Then D¥ (ix(a)) = ix(D¥ (). This follows from [2], Theorem 6.2. Thus
SV (iva) = i.(S¥ ). From the projection formula, it follows easily that Se(i.a) =
15 (Sev).

Lemma 8.1. If X — U and Y — V are embeddings of X and Y into smooth
varieties, then

DY*V(a x 3) = DVa x DV 3.
Proof. This follows directly from Example 6.5.2 of [2]. O

Theorem 8.2 (Cartan Formula). If o« € A, X and § € A.Y then
SUViaxp) = SUaxsSYB,
Se(ax ) = Seax Sef.

Proof. The first equation follows directly from the lemma. The second is a conse-
quence of the multiplicative property of w — w(T(U x V)) = w(TU)Uw(TV). O

Applying Remark 7.12 to the embedding X — X x X, we have the following
theorem as a corollary.

Theorem 8.3 (Cartan Formula). For X smooth, DX (a U 8) = DX(a) U DX (3),
and S*(aU B) = S*a U S*S.

Proposition 8.4. Let X be a smooth space contained in a smooth space W with
normal bundle N = (TWx)/TX. Let o« € A*X.

(i) DE[X] = [X] for any group G < S(n).

(i) 51X = [X].
(iii) SY[X] = [X] ﬂw(N) and So[X] = [X]Nw(TX)~ 1.
(iv) S'a = ar i i=k

0 : 7>k
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Proof. (i) is a direct consequence of the following fact: If j : A — B is a regular
embedding of smooth varieties, then j'[B] = A. (i)=(ii) by the definition of S*
and (ii)= (iii) by Proposition 7.10.

The second line of (iv) follows from Remark 7.7. For the first line, note that
Skq is simply the constant coefficient in DX (a, t), that is, S*a = D& (a, 0) where
C is the cyclic group with p elements. From the functoriality of D as a functor
of the group G under the restriction map, it follows that DX («, 0) = Df(l}(a). But

Df(l}(a) = aP. O

Remark 8.5. A consequence of (iv) of the above is that, if « € A'X and X is
smooth, S*(a) = a + aP. This implies that DX (a) = a(n + aP~1).

Corollary 8.6. For any X embedded in a smooth space W of dimension d and
a€ ApX, SVa =0 forig[0,d—k| and SV is the identity.

Proof. That S}V« vanishes for i > d — k is Remark 7.7. To prove the rest of the
corollary, first note that by linearity it suffices to consider the case & = [V] for V an
irreducible subspace. Let Viine be the singular locus of V' and let Wy, = W — Viing
(reSP- Vom =V — ‘/sing7 Xem =X — Xsing)-

The smoothness of Vi, and Proposition 8.4 together imply that the corollary
holds for Sl-W m [Vim] considered as an element of A,Viy,. Then the covariant fun-
toriality of S¥sm shows that the corollary holds for S}V*" (V] considered to be in
A Xsm-

Let j : Xqn — X be the inclusion. Then by Proposition 5.4, S}"*"[Viy] =
7*(SY[V]). The result then follows from the fact that, for r > k, A, X = A, Xgn.

O

Lemma 8.7. Let V be a vector bundle on X of rank r and let « € A, X. SI/V(a N
e(V)) =S¥ (o) ne(V)w(V).

Proof. By Corollary 4.4, P(ane(V)) = P(a)N(P(V)). It follows from the compati-
bility of the refined Gysin with pull-back of vector bundles ([2] Proposition 6.3) that
DW(ane(V)) = D" (a)Ne(V ®R). But, now, e(V®@R) = e(V)e(V ® R), and this
is just e(V)n"w(V,1/n). By the definition of S, we thus have S (ane(V))(t) =
SV (o) Ne(V)w(V,t) as desired. O
Remark 8.8. For a line bundle L with ¢ = ¢1(L), this reduces to the statement that
SW(ane) =S¥ (a)N (c+cP).

- -1k

k

Proof. (_1 N (]f_ 1)k> = (—1)k(p:>. O

For a cycle a € A, X, we write [a]y for the component in degree k.
Lemma 8.10. (S.[P"])g =0 for n #0.
Proof. S¢[P"|(t) = [P"] Nw(TP",t)~t. And w(TP",t) = (1 + th?~1)" 1. Thus,

clearly, (Se[P"])o = 0 unless n = (p — 1)k for some integer k. And, in this case,
(Se[P™)o = (7""). The result then follows from Lemma 8.9. O

Lemma 8.9. (_1 > =0 unless k = 0.

Proposition 8.11. Suppose f : X — Y factors as a closed embedding g : X —
P" x Y followed by the projection pa : P XY — Y. Then Se(fea) = fi(Set).
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Proof. Since we know that S, is covariantly functorial for closed embeddings, we
need only show that So commutes with pe.. Let a € Ax(Y x P™). We can write
=300 ®[P’]. Then ps.(a) = f4. And using the Lemma and the Cartan
formula, it is easy to see that pa.(Sec) = Se k. O

Corollary 8.12. The definition of Se agrees with the topological definition given
i the introduction.

Proof. Let m : M — X be a resolution of singularities, in particular, a projective
map with M smooth. Then the functoriality of S, for projective morphisms and
the computation of Proposition 8.4 shows that Se[X] = m.([M]Nw(TM)™'). O

Of course, the proof also shows that m.([M] N w(TM)~1) is independent of M.

Remark 8.13. We have defined S, for a space X embedded in a smooth space W.
In particular, S, is defined for any quasi-projective X. Using Chow envelopes, one
can define S, on any scheme X and show that it is covariant for proper morphisms.

9. ADEM RELATIONS

In this section, we verify that the Adem relations hold for the S} and the
Si. In order to unify the presentation, we use the reindexing of Remarks 5.2 and
7.8. Therefore, we will be considering throughout the groups A*[W, X] and the
operations S§, = t*DWa(1/t). We will also use the symbol oo to stand for an
“infinite” W. In practice, this means that we will write A¥[co, X] = A_;X. And
we will write S2_ («) for the reindexed S (ar). We will speak of W as being “finite”,
if it is not co. When X is smooth, D written without a superscript will mean DX.

For W finite and o € A*[W, X], we have DV (a) = *S},(1/n). We generalize
this formula by defining D> = n*S3_(1/n). Note that, while DV (a) € AL [W, X]
for W finite, D*°(a) may only live in the localized module A& [W, X],,.

Now let C; and Cy be two copies of the group C(p) and suppose that E; are
EC; models for i = 1,2 over an algebraically closed field k. (In proving the Adem
relations, we can work over an algebraically closed field without loosing generality).
Let B; = E;/C; for i = 1,2. We suppose that a large integer N has been chosen
and that A*B; = A¥BC; for k < N. (N can be as large as we want). Let us write
A*BC; = F[l;]. We will also write 7; = —lffl. Let R} be the subalgebra of A*BC;
generated by n;. In general, we write R’ for the subalgebra of A* BC(p) generated
by n.

We want to compute the map D : A¥B; — A*B; ® A*BC5. By Remark 8.5,
D(l1) = Li(na + 7" = Ii(ge — m). As D is an algebra homomorphism, this
computes it completely. However, we record the fact that D(ny) = n1(n2 — n1)P L.
These two formulae hold for the finite varieties B;. There is then an induced algebra
map D : A*BC — A*BC ® A*BC given by D(I) = l®@1(1®1—1®1)P~L

Now for any space X embedded in a smooth (finite) space W there is a sequence

AR[W, X] — APK[W x By, X x By — AP’F[W x By x By, X x By x Ba]

gotten by applying D" and then DW*B1 in succession. By taking N > p?k, this
defines a map D? : A*[W, X]| — A*[W,X]® R’ ® R'. Let s be the automorphism
of R' ® R’ which switches the factors, i.e., s(l1) = l2, s(l2) = 11.

Theorem 9.1. For W finite, D? = s(D?).
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Sketch. Let C? be the product of C; and C, and let sw be the automorphism of
C? which switches the factors. D? can be thought of as a map D? : A*[W, X] —
A.[W, X]. Then sw*(D?) = D?. This is shown in the topological context on pages
116 and 117 of [7]. The proof in the context of equivariant intersection theory uses
the same reasoning and the same commutative diagrams. (And all of the necessary
funtorial properties of equivariant intersection theory are at our disposal.) I will
omit it.

What is left is to show that sw* = s. But this is clear from the way sw acts on
one-dimensional representations. O

Let m : R ® R" — R’ be the multiplication map. Let R = R;. R inherits a
grading from A* BC(p) so that 7 has degree p— 1. Extend D, m, and s to R. Write
M = A*[W, X] and write DM = DW. The Cartan formula shows us that D? can
be commuted as the composition

M M
(2) M2 MoR " 2°Me@RoR®R
'291 M@ ROR®R'EE"M@®R®R.

9.2. Let ¢ be the involution on R taking 7 to 1/7. Let M be any graded Abelian
group with a map D™ : M — M ® R multiplying degrees by p. We write
DM (a)(1/n) for (id ® t) o DM(a). Define Sy/(a) = n*DM(a)(1/n) and write
Su(a) =3, Si(a)n'. Define D*: M — M ® R® R as in Equation 2.

The Adem relations will follow from the following
Theorem 9.3. With the M as above, suppose that
(i) for any a, Si;(a) =0 fori <0,
(i) s(D?) = D2.
Then the S, satisfy the Adem relations. That is, for 0 < b < pc,

(b/p] .
S4,S8¢, = Z(_l)bJri ((p - 12(f ;ZZ) -1

b+c—1 Q1
>SM S
1=0

Proof. We will write u for the generator of the first factor of R and v for the other
so that R® R = Flu,v,u~!,v71]. In other words, we write u for n; and v for 7.
We will simply write S for Sy;. Note that S raises degrees by (p — 1)i.

We then compute

D*a) = D(u"S(a)(1/u))
= D(u") Z St (a)u™"
i>0
= Y D(S()D(u*)
i>0
_ Z vk“r(p*l)i Z SjSi(a),Uij(ukfi)
i>0 §>0
_ Z g7 g (a)vk-l-(p—l)i—juk—i (1) _ u)(p—l)(k—i).
i,j>0
Thus under the assumption, we have that
Z SjSi(Oz)(’U _ u)(pfl)(kfi) [vk+(p71)ifjuk7i _ ukJr(pfl)ikai] =0.

4,520
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We reduce this by dividing through by (v — u)(p_l)%k?/C to obtain the equation
Z 578 (o) (v — u)*(pfl)i[v(pfl)i*ju*i _ u(pfl)i*jv*i] —0.
4,j>0
We then change variables, writing the equation in terms of a = u/v and v, to obtain
> SIS a1 —a)” PV e — aP T ] = 0.
4,j>0

Thus, with m = b+ ¢,

Z 575 (a)(1 —a) =P Vi[g=0 — gP=™] = 0.

i+j=m
Multiplying through by a™, we have
> 575 a)(1 — a)” P Vil — '] = 0.

i+j=m

In other words,
Z SISHa) (1 — a)_(p_l)iaj = Z SIS a)(1 — a)_(”_l)ia”i.
i+j=m i+j=m
Now, multiply both sides through by (1 — a)P=D¢"14=? to get
Z S’jSi(a)(l _ a)(p—l)(c—i)—laj—b _
i+j=m
Z 575 (a)(1 — a)P=D(e=D=1pi=b,
i+j=m

The Adem relations follow from considering constant coefficient of each side of
the equation expanded out as a formal power series in a.

On the left side, the coefficient is simply S*S®. This follows from Lemma 8.9.
Note that on the right the coefficient will be 0 unless pi < b. Since 0 < b < pc, this
implies that ¢ < ¢. At any rate, the coefficient is

iﬂz::m Sigi(—1)e-ri ((P - 12(f Z—ni) - 1>.
[l

The Theorem directly implies the Adem relations for finite W. For W = oo, one
needs to know the following

Theorem 9.4. If DV satisfies the conditions of Theorem 9.3 for any finite W,
then D> does also.

The proof of this is a combinatorial game with the Chern roots of TW. It will
be omitted. As a corollary, we obtain

Theorem 9.5. Let A(p) be the Steenrod Algebra at the prime p, and let (8 be the
Bockstein element. Then A(p) modulo the two-sided ideal generated by [ acts on
A*|W, X| for W either a smooth algebraic space in which X is embedded or W = oc.
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10. APPENDIX 1: EQUIVARIANT INTERSECTION THEORY II

In this section, we give a definition of equivariant Chow groups that is more
functorial than the one given in Section 2 and thus more convenient for the veri-
fication of certain functorial properties. The definition follows previous functorial
definitions worked out in [8] and [1]. We work with an algebraic group G of dimen-
sion g acting on a space X over a field k. For a equidimensional space, we write
|E| as a shorthand for dim E.

Definition 10.1. £G is the category whose objects are smooth, equidimensional,
free G-torsors E — B. The morphisms are G-equivariant maps E/ — E. Let
tX : £G — Sp,, be the functor given by E — E x¢ X.

Remark 10.2. If E and F are two spaces in £G, F x F will the the space with the
diagonal G action. In fact, if F' is any smooth space with a G-action, and F is in
EG, E x F with the diagonal action is in £G.

Proposition 10.3. Let f : E — F be a morphism in EG. Let P be any one of
the following properties of f: proper, flat, smooth, reqular embedding, l.c.i., affine
bundle, or vector bundle. Then if f has P, so does t*(f).

Proof. For the first 5 properties, the proof is the same as the proof of Proposition 2.2
given in [1]. For the last two, the proof is the same as the proof of Lemma 1 in
[1]. O

As all objects of £G are smooth and quasi-projective, all morphisms are l.c.i.
Thus tX(f) is l.c.i. for any morphism f. In particular, one can define a functor
aX : EGP — Ab given by

E — A(n+|E|-g,Ex%X)
f - f'x%id.

Theorem 10.4. ASX = lim A(n+|E|—g,E x¢ X).
EGop

Note that, as any EG-model is in ob &G, there is a natural map ¢ : lim aX —
£GoP
AY9X.

The proof of the theorem will be accomplished with two lemmas. A form of the
first was used by Totaro in [8]. In the lemmas, and in the proof of Theorem 10.4, U
will be an EG model contained in a G-linear representation V of dimension [ with
S =V — U and with codimg V' > dim X — n.

Lemma 10.5. For any E € obEG, consider the diagram
UL UxE®SE.
aX (p2) is an isomorphism.

Proof. Let pj be the morphism V x F — E. Since this morphism is a vector
bundle, a;X (ph) is an isomorphism. But let i : U x E — V x E be the inclusion.
The condition on the codimension of S insures that a;\ (i) is an isomorphism. Thus
it follows that a;X (p2) is also an isomorphism. O

Lemma 10.6. Let p1, pa : U x U — U be the two projections. a.X (p1) = a;X (pz2).
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Proof. Let A : U — U x U be the diagonal. Since p1A = id, the lemma will
follow once we know that a;X(A) is an isomorphism. But this is clear as, for
example, a:X (p;) is an isomorphism (by the proof of Definition-Proposition 2.1 [1])
and p1 A = id. O

Proof of Theorem 10.4. Recall that AGX = A(n +1— g,U x% X). For a € AGX
and and an object E in £G, set a(E) = a;X (p2)~taX (p1). This association gives
a map o : ASX — lim af provided that it is functorial in E, and it is rather
obvious that it is. Wghcz;t needs to be checked now is that co and oc are both the
identity. That oc = id is easily checked. That co is an isomorphism follows from
Lemma 10.6. O

11. APPENDIX 2: CHANGE OF GROUPS

Here, transfer and restriction in the context of Equivariant Intersection Theory
are investigated.

As the group under consideration will vary in this section the notation should
be modified to vary as well. For any algebraic group G, write t& for the functor
tX : £G — Sp,, and aiG for the functor azX : £G — Ab. We will also restrict to the
case of finite groups as they are all that it is needed in the construction of Steenrod
operations.

11.1. Let p : H — K be a morphism of algebraic groups. There a functor p- :
EH — EK defined by E — E xH K. For any space X, t5 = t% o ps. (In other
words, (E x# K) x® X = E x# X.) Thus there is a natural map p* : lim anX)K —
EK

lim ai - From the identifications of the last section, this map defines a restriction
EH
pB =p* i ABX — AHX.
Proposition 11.2. Let p: H — K and 0 : K — L be maps of algebraic groups.
Let X be an L-space.

(i) (o op)* =p*ooc*.

(i) p* commutes with the proper push forward, flat pull-back, and the Gysin ho-

momorphism.
(iii) If H = K and p is an inner automorphism, then p* = id.

Proof. For (i) it suffices to note that o72p, = (op)7. (ii) is easy to check as the
operations on the X variable are independent of the operation on the G variable.
(iil) follows from the fact that when p is an inner automorphism there is a (fairly
obvious) natural isomorphism between p; and idgy. isomorhism O

Now, suppose p is an injection. Then restriction induces a map p’ : EG — EH.
The natural map, Ex” X — Ex%X induces a natural transformation tx op’ — té{.

Push-forward induces a map afiH op’ — afc. And this map in turn induces the

transfer tr% = p, : AHX — ACX.
The proof of the following is not difficult.

Proposition 11.3. Assume p : H — G and 0 : G — L are two inclusions, then
trg otré = tr%l.

Proposition 11.4. With p as in the previous lemma and with f and l.c.i. mor-
phism,
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X/ > YI

L,

X—Y
s a pull-back then the following diagram
Aty L qmx

G G
ltrH \LUH
!

ACy Lo pox
commutes.
(i) If [G: H) =d, p* o p«(a) = dav.
(ili) For Z € Zx X. 2rf[Z] = (3 e [eZ])

Proof. (ii) Given E € EH, E x" G is also in EH. p* o p, is then induced by the
map

(ExHe)x? X - Ex"X,
The equality then follows from the fact that the degree of this map is d.

(i) Let E € £G. Then the transfer is induced by the proper push-forward trough
the map F x X — E x% X. To check what is claimed amounts to checking that
proper push-forward commutes with the Gysin homomorphism. This is a can be
seen by writing out the ensuing diagram and applying parts (a) and (c) of Theorem
6.2 of [2].

(iii) Let U be an EG-model. The transfer described is then induced by the map
p:UxX —Ux%X. Set R= > gecl9Z]. Then p*p.(Z) = p*(R) on the level of
cycles. This shows that the p.(Z) = R proving the claim. O

With change of groups properly defined, the proof of Paragraph 2.3 is now a
simple diagram chase. After the definitions are expanded, both sides represent the
same Chern class acting on the same incarnation of «.
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