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Abstract. In this paper and the sequel we establish a theory of Chow groups and higher Chow groups on algebraic
stacks of finite type over a field and establish their basic properties. This includes algebraic stacks in the sense
of Deligne-Mumford as well as Artin. Several important properties of our higher Chow groups, like covariance for
projective representable maps that factor as the composition of a closed immersion into the projective space associated
to a locally free coherent sheaf and the obvious projection and an intersection pairing are shown to hold integrally. An
intrinsic difference between our approach and earlier approaches is that the higher Chow groups enter into our theory
early on. Our theory may be more appropriately called motivic cohomology of algebraic stacks. One of the main
themes of these papers is that such a motivic cohomology does provide a reasonable intersection theory for algebraic
stacks (of finite type over a field), with several key properties holding integrally.

The main results of Part I are the following. The higher Chow groups are defined in general with respect to an atlas,
but are shown to be independent of the choice of the atlas for smooth stacks if one uses finite coefficients with torsion
prime to the characteristics or in general for Deligne-Mumford stacks. We also show there exist long exact localization
sequences of the higher Chow groups modulo torsion for all Artin stacks and that these higher Chow groups modulo
torsion are covariant for all representable proper maps that are locally projective while being contravariant for all
representable flat maps. As an application of our theory we compute the higher Chow groups of Deligne-Mumford
stacks and show that they are isomorphic modulo torsion to the higher Chow groups of their coarse moduli spaces.
As a by-product of our theory we also produce localization sequences in (integral) higher Chow groups for all schemes
of finite type over a field: these higher Chow groups are defined as the Zariski hypercohomology with respect to the
cycle complex.
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0. Introduction

In this paper and the sequel we establish a theory of higher Chow groups for all Artin stacks of finite type
over a field along with an (integer valued) intersection pairing for all smooth Artin stacks. We show that this
theory reduces, modulo torsion, to the usual theory of Chow groups for all Deligne-Mumford stacks that have a
quasi-projective coarse-moduli space. Recall that the higher cycle complex of Bloch has reasonable properties
(at least in a widely accepted sense) only on restriction to the category of quasi-projective schemes over k. We
extend the definition of the higher Chow groups first to all schemes of finite type over a field k as the Zariski
hypercohomology with respect to the higher cycle complex: already this recovers many of the nice properties of
the higher Chow groups including a localization sequence for all schemes of finite type over a field (see (5.2))
as well as an intersection pairing (as in [J-1] Theorem 2). Next we extend the theory to algebraic spaces and
to algebraic stacks of finite type over a field k as hypercohomology on the étale site of a classifying simplicial
algebraic space associated to the stack. The higher Chow groups we define are also contravariantly functorial
for representable flat maps while being covariant for all representable projective maps and also for representable
finite maps modulo torsion.

We summarize the main results here. Let (alg.stacks) denote the category of algebraic stacks in the sense of
Artin and of finite type over a given field k.

Theorem 1. (See (4.5.1), (4.5.2), (4.6.1) and (4.6.3).) There exists a functor

CH∗( , .) :(alg.stacks) −→(bi-graded Abelian groups)

having the following properties:

(i) If S is an Artin stack, CH∗(S, .) depends on the choice of an atlas x : X −→ S in general and therefore is
more appropriately denoted CH∗(S, x, .). It is independent of the choice of the atlas (and intrinsic to the stack)
for all Deligne-Mumford stacks. With finite coefficients having torsion different from the residue characteristic,
it is also intrinsic to the stack for all smooth Artin stacks.

(ii) CH∗( , .) is contravariant for all representable flat maps (with an appropriate shift) and covariant modulo
torsion for all representable proper maps that are locally projective in the sense of (1.3.4)(iv) as well as all finite
representable maps. Also it is covariant for all finite maps between Deligne-Mumford stacks modulo torsion.

(iii) If S
′ −→ S is a closed immersion of algebraic stacks with S

′′ = S−S
′, x : X −→ S is a given atlas for

S with x′ = x×
S

S
′ and x′′ = x×

S

S
′′ then one obtains a long-exact sequence:

... −→ CH∗(S
′, x′, n)⊗

Z
Q −→ CH∗(S, x, n)⊗

Z
Q −→ CH∗(S

′′, x′′, n)⊗
Z

Q −→ CH∗(S
′, x′, n− 1)⊗

Z
Q −→ .... �

In view of (i) of the above theorem, we may denote the higher Chow groups for Deligne-Mumford stacks S

as CH∗(S, .). In [J-1] Theorem 1, we also prove the integral higher Chow groups are covariant for projective
maps S

′ → S that factor as the composition of a closed immersion and the projection Proj(E) → S where E
is a vector bundle on S.

Theorem 2 (See (4.1.1), (4.3.4), (4.6.5), (5.1.2) and (5.1.3).) (i) There is a natural augmentation from the
naive Chow groups of a stack to the groups CH∗( , 0) in Theorem 1. (See (4.1.1) for the definition of the naive
Chow groups.) This augmentation is an isomorphism modulo torsion in the following cases: all quasi-projective
schemes over k and all Deligne-Mumford stacks that have a quasi-projective coarse moduli space.

(ii) If the higher Chow groups of a scheme of finite type over a field k are defined as the Zariski hyperco-
homology with respect to the higher cycle complex of Bloch, there exists an obvious augmentation from these
groups to the higher Chow groups in Theorem 1. This is an isomorphism modulo torsion.

(iii) Let S denote a Deligne-Mumford stack with MS its coarse moduli space. If MS is a scheme of finite
type over k, then CH∗(S, .)⊗

Z
Q ∼= CH∗(MS, .)⊗

Z
Q where the right hand side is defined as in (ii). The same

holds more generally when the right hand side is defined as the étale hypercohomology of the algebraic space
MS with respect to a presheafification of the higher cycle complex.

(iv) If, in addition, MS is quasi-projective, one obtains an isomorphism of CH∗(S, 0)⊗
Z

Q with the naive

Chow group CHnaive
∗ (S)⊗

Z
Q. �
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The following corollary is to serve as a sample of the applications.

Corollary 3. (i) Let G denote an algebraic group acting on a scheme of finite type over k and let i : Y → X
denote the closed immersion of a G-stable closed subscheme with j : U = X − Y → X the open immersion of
its complement. Now one obtains a long-exact-sequence:

... −→ CH∗(Y/G, Y, n)⊗
Z

Q −→ CH∗(X/G,X, n)⊗
Z

Q −→ CH∗(U/G,U, n)⊗
Z

Q −→ CH∗(Y/G, Y, n− 1)⊗
Z

Q −→ ....

where X (Y , U) denotes the obvious atlas for the stack X/G (Y/G, U/G, respectively ).

(ii) Let G denote an algebraic group scheme acting locally properly on a scheme X so that a coarse moduli
space MX/G exists as a quasi-projective scheme over k. Assume further that the stack X/G is Deligne-Mumford
(for example the stabilizers are all reduced and finite). Now one obtains the isomorphisms: CH∗(MX/G, 0)⊗

Z
Q ∼=

CH∗(X/G, 0)⊗
Z

Q ∼= CHG
∗ (X)⊗

Z
Q where the right hand side is the equivariant intersection theory in [EG1].

(iii) Let G denote a finite group acting on a scheme X of finite over k so that MX/G is a coarse moduli space.
Now CH∗(X/G, .)⊗

Z
Q ∼= CH∗(MX/G, .)⊗

Z
Q. (For example CH∗(BG, .)⊗

Z
Q ∼= CH∗(Spec k, .)⊗

Z
Q.)

(iv) Let X denote a smooth projective curve over an algebraically closed field k and let r > 0 denote an
integer. Let SLX (r) denote the moduli stack of rank r vector bundles on X with trivial determinant and let
SLX (r)ss denote the open sub-stack of semi-stable bundles. Let z : Z → SLX (r) denote an atlas for the first
stack and let z′′, z′ denote the induced atlases for SLX (r)ss, SLX (r) − SLX (r)ss, respectively . Now one
obtains a long-exact sequence:

... −→ CH∗(SLX (r) − SLX (r)ss, z′;n)⊗
Z

Q −→ CH∗(SLX (r), z;n)⊗
Z

Q −→ CH∗(SLX (r)ss, z′′;n)⊗
Z

Q −→ ...

(v) Let X denote a smooth projective variety which is convex in the sense of [F-P] p.6. Now let M̄g,n(X, β)
denote the stack of stable families of maps of n-pointed genus g-curves to X and let M̄g,n(X, β) denote the
corresponding coarse-moduli space. Here β denotes a class in CH1(X). Now one obtains an isomorphism:
CH∗(M̄g,n(X, β), .)⊗

Z
Q ∼= CH∗(M̄g,n(X, β), .)⊗

Z
Q. �

The example in (iv) is important for several reasons. First, as shown in [BL], one cannot interpret these
stacks (a priori) as quotient stacks unless one is willing to consider ind-schemes. Therefore the localization
sequences in [EG1] for quotient stacks do not apply here. Secondly these stacks are shown to be important to
various problems in mathematical physics. (iv) provides a technique for computing their (higher) Chow groups.
Moreover in [J-1] we obtain a ring structure on the higher Chow groups of the stacks in (iv).

As a by product of our theory we also obtain a straightforward extension of the higher Chow groups to all
schemes of finite type over a field k. This is summarized in the following theorem. Let (schemes) denote the
category of all schemes of finite type over a given field k.

Theorem 4. (See (5.2).)

There exists a functor

CH∗( , .) :(schemes) → (bi-graded Abelian groups)

having the following properties.

(i) CH∗( , .) is contravariant (with an appropriate shift) for flat maps and covariant for projective maps as
well as all finite maps

(ii) These groups are intrinsic to the scheme (and are defined as the Zariski hypercohomology with respect
to the higher cycle complex)

(iii) If Y → X is a closed immersion of schemes with U = X − Y , one obtains a long-exact sequence

... −→ CH∗(Y, n) −→ CH∗(X,n) −→ CH∗(U, n) −→ CH∗(Y, n− 1) −→ ...

(iv) CH∗(X,n)⊗
Z

Q = 0 if n < 0 for all schemes of finite type over a field k k. (A priori, these groups may be

non-trivial integrally in negative degrees.)
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(v) If X is a quasi-projective scheme over k, these higher Chow groups are isomorphic to the ones defined in
[Bl-1]. �

We would like to call attention to some of the advantages to our approach. First of all, as seen above, our Chow
groups are defined along with the higher Chow groups in a uniform manner and they come with localization
sequences (and hence Mayer-Vietoris sequences) at least modulo torsion. Therefore they are computable and
also conceptually straightforward to define. Cohomological descent modulo torsion on the étale site shows
they also agree with the usual Chow groups for schemes (and Deligne-Mumford stacks with a quasi-projective
scheme as a coarse moduli space) modulo torsion. Moreover, the intersection pairing is rather easy to define -
see Part II. The only disadvantage of our theory is that the integral version does not coincide with the usual
Chow groups even for schemes, but rather is given by the étale hypercohomology with respect to an appropriate
pre-sheafification of the higher cycle complex of Bloch. From a motivic point of view one may regard our
definition as the motivic cohomology of stacks. Finally observe that Theorem 4(iii) is weaker than Levine’s
recent announcement (see [Lev]): this is because his results show, for instance, that the vanishing in Theorem
4(iv) holds integrally. However our approach is technically a lot simpler and does provide a working definition
of the higher Chow groups with reasonable properties for all schemes of finite type over a field.

There are several inherent difficulties with stacks that seem to indicate our results may be more or less
optimal. An algebraic stack is defined by ‘gluing’ together schemes in the étale or smooth topology rather the
Zariski topology. This makes it necessary to work on the étale site; for cohomological descent on the étale site
one needs to work modulo torsion, in general. For an Artin stack, an atlas can only be a smooth map x : X → S

with X an algebraic space. Moreover there are, in general, maps that are not flat between objects on the smooth
site of the stack S. Therefore the cycle complex is not a presheaf on the smooth site and pre-sheafification
of this complex seems to loose some of its nicer properties. The étale site of a Deligne-Mumford stack has
only étale maps as morphisms and therefore the cycle complex is indeed a presheaf on this site. These make
it necessary to include the choice of an atlas in the definition of the higher Chow groups for Artin stacks in
general.

While we discuss only few applications here, it is to be expected that our results will have a variety of
applications, for example, to Riemann-Roch problems on stacks (see [EG2], [J-2]), the theory of Gromov-Witten
invariants considered for example in [Be] and [B-M] as well as to quantum cohomology (see [F-P]). These will
be explored elsewhere.

It is a pleasure to acknowledge Fulton’s seminal book on intersection theory and the paper of Laumon and
Moret-Bailly as the foundations on which all the work in this paper takes place. These papers could never have
been written without several helpful discussions with Kai Behrend, Michel Brion, Dan Edidin, Andrew Kresch
and Bertrand Toen. Andrew deserves special thanks for numerous e-mail correspondence and suggestions which
helped me to improve an earlier version of the paper. We also thank the ICTP, Trieste, the Universities of Lille
and Lens and the Max Planck Institüt für Mathematik, Bonn for financial support and hospitality where the
final part of this project was carried out.

1. Review of algebraic stacks: basic definitions and examples

In this section we quickly review the basics of algebraic stacks and set-up the basic framework for the rest
of our work. We will refer to [LMB] for the basic theory of algebraic stacks and to [Kn] for the basic theory of
algebraic spaces. We also recall some standard examples of stacks.

(1.0). Throughout the paper we will restrict to schemes and algebraic spaces of finite type over a field k of arbi-
trary characteristic. Let (schemes/k) denote this category of schemes. We will (usually) provide (schemes/k)
with the fppf topology. Recall this is the topology generated by the following pre-topology. If X is a scheme

over k, the coverings of X are finite families {Xi
φi
−→ X |i} so that each map φi is a map over k, is flat, locally

of finite presentation and X = ∪
i
φi(Xi). A sheaf of sets on this topology will be often referred to as a space.

(1.1). We will assume the basic terminology on algebraic spaces from ([Knut], chapter 2). The category of
algebraic spaces of finite type over k will be denoted (alg.spaces/k). Observe that if X is a scheme of finite
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type over k, the associated functor (schemes/k)op → (sets) represented by X is an algebraic space. Thus the
category of schemes admits an imbedding as a full subcategory of the category of algebraic spaces.

The class of maps between algebraic spaces that are of finite type (étale, smooth) is stable under composition
and base-change. Most local properties of algebraic spaces are given in terms of the corresponding properties
of a representable étale covering. We will provide the category (alg.spaces/k) with the fppf topology.

(1.2.1) Let C denote a category with finite limits and let S be a category fibered in groupoids over C as in
([D-M] (section 4)). Assume that for every ϕ : U → V in C, and for every y ε Ob(SV ) a map f : x → y lifting
ϕ has been chosen. Then x will be denoted ϕ∗(y). Now ϕ∗ : SV → SU is a functor so that (ϕ ◦ψ)∗ = ψ∗ ◦ϕ∗ if
ϕ : U → V and ψ : Z → U are in C.

(1.2.2) Let C denote a category with finite limits and provided with a Grothendieck topology. A stack in
groupoids over C is a category fibered in groupoids over C satisfying the conditions in ([D-M] Definition (4.1)).
Observe that the stacks in groupoids over C (denoted (stacks/C)) forms a 2-category: the 1-morphisms are
functors from one stack to another and the 2-morphisms are morphisms of such functors. Let C also denote the
2-category having the same objects and morphisms as C and where the 2-morphisms are all the identities; thus
C may be identified as a sub 2-category of the the 2-category (stacks/C). If K is an object of C, K provides a
stack, namely the category whose sections over U ε C is the discrete category of morphisms in C from U to K.
Such a stack is said to be represented by the object K.

(1.2.3). A 1-morphism F : S1 → S2 of stacks over C is representable if for every X in C and any 1-morphism
x : X → S2, the fiber-product X×

S2

S1 is a representable stack. (Recall that if A ε C,

X×
S2

S1(A) = {(f : A→ X , u ε Ob(S1(A))|F (u) = f∗(x), x regarded as an object of S2(X)}

regarded as a category in the trivial manner (i.e. all morphisms are the identities); the above condition says
that the functor f → Ob(X×

S2

S1(A)) is representable by some g : Y → X.)

(1.2.4). Let P be a property of morphisms in C, stable under base-change and of a local nature on the target.
A representable map F : S1 → S2 of stacks over C has the property P if the map F ′ : X×

S1

S2 −→ X induced

by base change for any 1-morphism x : X −→ S2, X ε C, has the same property P.

(1.2.5). Finally observe the following: let S be a stack over C. Then the diagonal map S → S × S is
representable if and only if for every X , Y ε C, and 1-morphisms x : X → S, y : Y → S, the fiber-product
X×

S

Y is representable.

From now onwards, C will denote the category (alg.spaces/k) provided with the big étale topology, with k
a field.

(1.3.1). Definition. An algebraic stack S is a stack in groupoids over the category (alg. spaces/k) so that

(a) ∆ : S→ S ×
Spec k

S is representable, separated and quasi-compact and

(b) there exists a representable smooth and surjective map x : X → S with X an algebraic space. (i.e. for
every Y → S, the fibered product X×

S

Y is a representable stack represented by an algebraic space and the

obvious induced map X×
S

Y → Y is smooth and surjective.) We will often refer to x : X → S as an atlas or a

smooth atlas. (Most local properties of algebraic stacks are expressed in terms of the corresponding properties
of an atlas.)

(1.3.2) An algebraic stack is Deligne-Mumford if the map x : X −→ S is étale surjective. This is equivalent to
requiring that the diagonal S −→ S ×

Spec k
S is unramified. A general stack as in (1.4) will often be referred to

as an Artin stack.
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Remarks. (1.3.3) Since all our stacks are of finite type over a field they are also of finite presentation.
Moreover any map between stacks that are of finite type is also of finite presentation.

(1.3.4) Definitions. (i) A representable map i : S
′ −→ S of algebraic stacks is a closed (open, locally closed)

immersion if for any map x : X −→ S, with X a scheme, the induced map i′ : X ′ = X×
S′

S −→ X is a closed

(open, locally closed respectively ) immersion of schemes.

(ii) A representable map i : S
′ −→ S of algebraic stacks is a local imbedding if for any map x : X −→ S, with

X a scheme, the induced map i′ : X ′ = X×
S′

S −→ X is an unramified map of finite type.

(iii) Let S denote an algebraic stack over k and let E denote a coherent sheaf on S. Let P (E) = Proj(E)
denote the corresponding projective space over S. An algebraic stack S

′ is quasi-projective over the stack S if
there exists a locally-closed immersion i : S

′ −→ P (E) for some coherent sheaf E over S.

(iv) A representable map p : S
′ −→ S of algebraic stacks is proper, if for any map x : X −→ S with X a

scheme, the induced map X ′ = X×
S

S
′ −→ X is proper. It is projective if it factors as the composition of a closed

immersion i : S
′ −→ P (E) and the obvious projection π : P (E) → S for some coherent sheaf E over S. (We do

not consider non-representable proper maps in this paper.) A representable proper map p : S
′ → S is locally

projective if there exists an atlas x : X → S so that the induced map pX : S
′×
S

X → X is projective.

(v) Let x : X −→ S denote an atlas for an Artin stack. One may define the relative local dimension of X over
S, dimS,ζX at a point ζ of X as follows. Let y : Y −→ S denote a smooth map with Y a scheme. Let ζ̄ = x(ζ)
and let ζ ′ be a point of Y so that y(ζ ′) = ζ̄. Now we let dimS,ζX = dimY,ζ′(Y×

S

X) = dim(ζ′,ζ)(Y×
S

X)−dimζ′Y .

Observe that this is constant on each connected component of X . (We skip the direct verification that this
depends only on x.)

(vi) One may define the local dimension of the stack S at a point ζ̄ of S to be dimζ(X)− dimS,ζX where
x(ζ) = ζ̄. (Once again we skip the verification that this depends only on the stack S and the point ζ̄ .) The
dimension of the stack S is defined to be the supremum of all the local dimensions at all the points of S.
(Observe that, if S is a Deligne-Mumford stack with x : X −→ S an atlas, the dimension of S = the dimension
of X . Moreover, observe that the dimension of a stack could be negative; for example, if G denotes an algebraic
group defined over a field k, the stack Spec k/G has dimension = - the dimension of G over k. Observe also
that if S has components of different dimensions, the dimension of S is the supremum of the dimensions of the
components.)

(1.4) Examples of algebraic stacks. The following will be the main examples of Artin stacks that we
consider in this paper.

(i) Quotient stacks: let G denote an algebraic group acting on an algebraic space X . Now the quotient stack
X/G is the stack whose sections over a scheme T are principal G-bundles on T provided with a G-equivariant
map to X . Morphisms are maps of such principal G-bundles commuting with maps to X . This is denoted X/G
and the map X → X/G induced by the trivial principal G-bundle G×X is an atlas.

(ii) Principal G-bundles. Let G be as before and let X denote a fixed scheme of finite type over k. The stack
of principal G-bundles on X ,MG, has as sections over a scheme T , principal G-bundles on X×T . A morphism
from such an object E to another object given by a scheme T ′ and a principal G-bundle E′ on X ×T ′ is a map
f : T −→ T ′ along with an isomorphism E ∼= (idX × f)∗(E′).

(iii) Vector bundle stacks of a fixed rank r. Let X denote a given scheme of finite type over k and let GLX
r

denote the stack whose sections over a scheme T are vector bundles of rank r on X×T . A morphism from such
an object to another object given by a scheme T ′ and a rank r vector bundle E ′ on X×T ′ is a map f : T −→ T ′

along with an isomorphism E ∼= (idX × f)∗(E′).

The following are some of the interesting examples of Deligne-Mumford stacks.

(iv) quotient stacks as in (i) where the stabilizers are all finite and reduced.
6



(v) The stack of smooth curves of genus g. The groupoid Mg (over Spec Z) is defined as follows. The objects
of Mg are smooth and proper morphisms of schemes C −→ T whose geometric fibers are geometrically connected
smooth curves of genus g. An arrow from C −→ T to C ′ −→ T ′ is a commutative diagram:

C −−−−→ C ′




y





y

T −−−−→ T ′

which induces an isomorphism C ∼= T×
T ′

C ′. The functor Mg −→ (schemes/Spec Z) sends

(C −→ T ) −→ T .

One may also consider the stack Zg of smooth pointed curves of genus g. An object of Zg is a morphism
C −→ T as above together with a section T −→ C. Maps between two such objects are cartesian squares
respecting the sections. (See [DM].)

(vi) Let X be a smooth projective variety over an algebraically closed field, g, n two non-negative integers
and β ε A1(X) = the class of a dimension 1 cycle in X . The stack of stable maps of genus g, M̄g,n(X, β) (see
[F-P] and [B-M]) is a Deligne-Mumford stack, not necessarily smooth.

2. Sites and topoi associated to algebraic stacks

(2.1) Definitions. (a) Let S denote an algebraic stack as above with an atlas x : X → S as in (1.4.1). The
smooth site of S will be denoted Ssmt and will be defined as follows. The objects of Ssmt will be representable

smooth maps Y
y
−→ S with Y an algebraic space. (i.e. Y×

S

Z → Z is smooth for any algebraic space Z provided

with a map Z −→ S). A morphism from Y
y
−→ S to Y ′

y′

−→ S is a commutative triangle (of stacks: see [LMB]
(6.1))

Y //

y
��@

@@
@@

@@
Y ′

y′

~~}}
}}

}}
}

S

Covering families of an object u : U → S are defined as families {(Ui, ui)|ui : Ui → U in Ssmt|i} so that
tiui : tUi → U is surjective.

(b) We also define the sites: Ssmt whose objects are smooth maps S
′ −→ S of algebraic stacks and morphisms

defined as in (a). Observe that a map f : S
′ −→ S of algebraic stacks (which may in general be not representable)

is defined to be smooth if for each map x : X → S from an algebraic space, the composite map f ′ ◦ x̃′ defined
below is smooth. One defines X ′ = X×

S

S
′ with f ′ : X ′ → X the obvious induced map and x̃′ : X̃ ′ → X ′ an

atlas for the stack X ′. Covering families of an object u : U → S are defined as families {(Ui, ui)|ui : Ui →
U in Ssmt|i} so that tiui : tUi → U is surjective.

In the above situation Sres.smt (Sres.smt) will denote the site with the same objects and coverings as Ssmt

(Ssmt, respectively ) but where the morphisms are required to be flat maps. All flat maps will be required
to be of some fixed relative dimension. i.e. if f : S

′ −→ S is flat map of algebraic stacks we will also require
that for each irreducible component T of S, every irreducible component of f−1(T ) = T×

S

S
′ is of dimension

= dimS
′ − dimS.

(d) We define the étale site Set of an algebraic stack as follows. The objects of Set are representable étale
maps α : S

′ → S of algebraic stacks. Given two such objects α : S
′ → S and β : S

′′ → S, a morphism α→ β
is a map γ : S

′′ → S
′ of algebraic stacks over S. Covering families are defined as above. (One may readily

verify that in the above situation the map γ is also representable and étale. See [LMB] Lemme (2.10).) In the
case of Deligne-Mumford stacks, one may also define an étale site Set whose objects are maps x : X → S that
are étale with X a scheme. The morphisms in this site and coverings are defined as before.

Remark. Observe that if U is connected, every smooth map U → S is of constant relative dimension. However,
in general a smooth map U → S may have different relative dimensions on various connected components of U .
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(2.2) Observe that all of the above sites except the sites Sres.smt and Sres.smt are closed under finite inverse
limits. For this it suffices to show they are closed under products and difference kernels. (To see that the latter
exists in all of the above categories, see [Mi] p. 55.) The above sites we considered are what are commonly
called small, even-though as categories they are only skeletally small.

(2.3) Most of the work in this paper will take place in the category of algebraic stacks of finite type over the
given field k and where morphisms are required to be flat maps. This category will be denoted (alg.stacks/k)Res.
(Observe that we have not specified the coverings, so this is not a site, but only a category.) We will also
consider its full sub-category consisting of all algebraic spaces of finite type over k: this category will be denoted
(alg.spaces/k)Res.

(2.4) Definition. Let S denote a stack as before with x : X → S its atlas. Now one defines a simplicial
object BxS. in the category of algebraic spaces, called the classifying simplicial groupoid, by letting BxS0 = X ,

BxS1 = X×
S

X ,..., (BxS)n =
(n+1)−times

X×
S

X×
S

X...×
S

X , with the structure maps induced from the two projections pr1,

pr2 : X×
S

X → X and the diagonal X → X×
S

X . (This is merely cosk0S(x).) Observe that all the face maps {di}

of this simplicial object, being induced by pr1 or pr2 are smooth maps. (If the choice of the atlas x : X → S is
not important, we will often omit the subscript x in BxS.) The étale topology (the smooth topology) of such a
simplicial object X• may be defined in the usual manner. (See [De] or [Fr] p. 11.) Recall that an object in this
topology will be an object u : U → Xn in (Xn)et ((Xn)smt, respectively ) and a map between two such objects
will be a map lying over some structure map of the simplicial space X•. The étale (smooth) topology of BxS•

will be denoted Et(BxS•) (Smt(BxS•), respectively .) In fact given any topology defined for all algebraic
spaces, one may define a corresponding topology on the simplicial algebraic space BxS in a similar manner.

(2.4.*) Let x̄. : BxS• −→ S denote the map given in degree n as x̄n = x ◦ d0 ◦ ... ◦ d0 : BxSn −→ S.

(2.4.1). Observe from that an algebraic space Y may be regarded as an algebraic stack in the obvious manner;

the representable étale cover Ỹ → Y (with Ỹ a scheme) now provides an atlas for the associated stack.

(2.4.2) If f : S
′ → S is a representable map of algebraic stacks, x : X → S is an atlas for S and

x′ : X×
S

S
′ → S

′ is the induced atlas, one obtains an induced map Bf. : Bx′S
′ → BxS of simplicial algebraic

spaces.

(2.5.1)Definition. Geometric points. To avoid set-theoretic problems, for each characteristic p ≥ 0, we will
fix an algebraically closed field Ω that is large enough to contain the residue fields of characteristic p of all the
algebraic spaces we consider. (i) Now a geometric point of an algebraic space X will mean a map Spec Ω→ X .
(ii) A geometric point of an algebraic stack S will also be defined as a map Spec Ω → S. (iii) A geometric
point of a simplicial algebraic space X• will be simply defined as a geometric point of Xn for some n.

(2.5.2) Definition. Neighborhoods of a geometric point. Let S denote an algebraic stack and let C denote
any one of the topologies on S defined in (2.1). If x̄ is any fixed geometric point of S, a neighborhood of x̄ in
the given topology is a map u : U → S in the given topology along with a lift of x̄ to a geometric point ū of U .
If X• is a simplicial algebraic space and x̄n is a fixed geometric point of Xn, a neighborhood of x̄n in Et(X•)
(Smt(X•)) is a neighborhood of x̄n in (Xn)et ((Xn)smt, respectively ).

(2.5.3) Definition. Weakly cofinal system of coverings of algebraic spaces. Let X denote an algebraic space
of finite type over a field k. A system, {Uα|α}, of étale coverings of X is weakly cofinal in the system of all étale
coverings of X , if each étale covering has a refinement in the given system.

(2.5.4) Definition. If C is any site and R is any commutative ring, the category of Abelian presheaves on
C with values in the category of R-modules will be denoted Presh(C,Mod(R)). The corresponding category of
sheaves will be denoted Sh(C,Mod(R)). In case the site C is the site Et(X•) associated to a simplicial algebraic
space, observe that a presheaf F on Et(X•) corresponds to a collection {Fn ε Presh(Xnet)|n} so that for each
structure map α : Xn → Xm of the simplicial space X•, there is given a map Φα : α∗(Fm) → Fn satisfying
certain obvious compatibility conditions. Presheaves on Smt(X•) are defined similarly.

(2.5.5)Lemma. Let S denote an algebraic stack. Now the sites Ssmt, Ssmt, Smt(BS) and Et(BS) all have
enough geometric points. The same holds for Set and Set if S is a Deligne-Mumford stack.
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Proof. Since the smooth and étale sites of algebraic spaces clearly have enough points, it suffices to consider
Ssmt, Ssmt, Set and Set. For this it suffices to observe the following. Let x : X −→ S denote an atlas. Now
the obvious map induced by x on the geometric points is surjective. If p̄ : Spec Ω −→ S is a geometric point
and q̄ : Spec Ω −→ X is a lift of p̄, one may observe the isomorphism p̄∗(F ) ∼= q̄∗(x∗(F )) for any sheaf F on
S. �

3. Hypercohomology of algebraic stacks: cohomological descent

As one may see from the next section, we define the higher Chow groups of a stack in terms of the hy-
percohomology with respect to a certain complex of sheaves. In preparation for this, we define and establish
the key properties of the hypercohomology of a stack in this section. For Riemann-Roch theorems on stacks,
one needs to consider hypercohomology with respect to presheaves of K-theory spectra on the above site (and
also on a related site). Therefore we also need to consider the hypercohomology with respect to presheaves of
spectra. Furthermore, since the complexes we consider may in fact be unbounded complexes (see section 4),
the total complex construction is not well-behaved. A technique that provides a solution to all these problems
simultaneously is to consider presheaves with values in a complete pointed simplicial category and use homotopy
inverse limits as a substitute for the total complex construction. (See section 6 for a detailed self-contained
discussion of these.)

(3.0) Recall that if S is an algebraic stack with x : X → S an atlas, we have the following sites associated to S:
Ssmt, Ssmt, Set, Set (for Deligne-Mumford stacks), Sres.smt, Sres.smt, Et(BxS) and Smt(BxS). If C denotes
any of the above sites and R denotes a commutative ring with 1, we let Presh(C,Mod(R)) (Sh(C,Mod(R)))
denote the category of presheaves (sheaves, respectively ) of R-modules on C. Since we need to work with
unbounded complexes it is preferable to use the canonical resolutions of Godement throughout. In fact we will
let C denote, throughout this paper, any site with enough points and Presh(C,S) will denote the category of
presheaves on C with values in a complete pointed simplicial category as in section 6. We will further assume
such complete pointed simplicial categories will be either one of the two categories: the category of fibrant spectra
or the category C(Mod(R)) of complexes of modules over a fixed commutative Nöetherian ring R. Now a map
of presheaves f : P −→ P ′ in Presh(C,S) will be called a quasi-isomorphism if it is one in the sense of section
6. (See (6.2.3) - (6.2.4). Recall this means the map f induces a quasi-isomorphism at each stalk. (Throughout
we will denote quasi-isomorphisms by ' while isomorphisms will be denoted by ∼=.) If S denotes the category
of fibrant spectra and P ε Presh(C,S), πn(P ) ˜ will denote the sheaf associated to the Abelian presheaf on
C : U −→ πn(Γ(U, P )) where πn is the n-th (stable) homotopy group. If S = C(Mod(R)) and P ε Presh(C,S),
πn(P ) will denote the sheaf associated to the presheaf U −→ H−n(P ). (We adopt this notation so that many of
the statements below can be stated in a uniform manner.)

(3.1) In either case τ≤nP will denote an object in Presh(C,S) defined by πi(Γ(U, τ≤nP )) ∼= πi(Γ(U, P )) if
i ≤ n and ∼= 0 otherwise for any U in the site C. (In the case of fibrant spectra, the above truncation functors are
defined by the canonical Postnikov truncation functors (see [T] Lemma (5.51) for example), while in the case of
C(Mod(R)), they are the usual cohomology truncation functors that kill off the cohomology in degrees less than
−n.) One may observe that {Γ(U, τ≤nP )|n} is an inverse system of fibrations for each U in the former case. In
the latter case, one may define τ≤n in such a manner so that the obvious maps Γ(U, τ≤nP )→ Γ(U, τ≤n−1P ) are
surjections for each U . It follows that the inverse limit is actually a homotopy inverse limit in the former case
and may be identified with the derived functor of the inverse limit in the latter case. Moreover the natural map
P −→ lim

∞←n
τ≤nP is an isomorphism of presheaves in both of the above cases.

(3.2.1) In both of these cases there exists a bi-functor:

⊗ : (pointed simplicial sets) ×Presh(C,S) −→ Presh(C,S)

(The functor ⊗ is defined in section 6 as a colimit and therefore commutes with colimits in either argument.)
Let L(Const) : Presh(C,S) −→ Presh(C,S)∆ denote the functor sending an object M ε S to the cosimplicial
object n 7→ ∆[n]+ ⊗M .

Now the above functor has a right adjoint which is called the homotopy inverse limit along ∆ and denoted
holim

∆
. This will be defined as an end and therefore will commute with inverse limits. (See section 6 for details

on the homotopy inverse limit.)
9
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(3.2.2) In the above situation, a map f : X• −→ Y • between two cosimplicial objects in Presh(C,S) will be
called a quasi-isomorphism (weak-equivalence) if for each n, the map fn : Xn −→ Y n is a quasi-isomorphism
(weak-equivalence). In both of the above situations, the functor holim

∆
preserves quasi-isomorphisms (and

therefore defines a functor at the level of the associated derived categories). (See (6.3.4) for a discussion of
these.)

The canonical resolutions of Godement. Let C denote a site and let C̄ denote a set, let (sets) denote the

category of all small sets and let (sets)C̄ denote the product of the category (sets) indexed by C̄. Assume that
we are given a conservative family of points of C indexed by C̄: recall this means we are given a morphism
π̄ : (sets)C̄ −→ C of sites so that a sequence of sheaves F ′ −→ F −→ F ′′ (with values in any Abelian category) is
short-exact if and only if 0 −→ π̄∗(F ′) −→ π̄∗(F ) −→ π̄∗(F ′′) −→ 0 is exact. In case C is one of the sites considered
in (3.0), observe that one may use the geometric points in (2.5.1) as the points. This follows from the fact that
Spec Ω is acyclic with respect to any Abelian sheaf on the smooth or étale sites as well as (2.5.5) which shows
there are enough such geometric points. (For each point p of C̄ is associated a point of the site C indexed by

p itself.) Let a denote the functor sending a presheaf on (sets)C̄ to its associated sheaf and let U denote the
forgetful functor sending a sheaf on the site C to its underlying presheaf. Now the functors U ◦ π̄∗ and a ◦ π̄∗

define a triple; let G = U ◦ π̄∗ ◦ a ◦ π̄
∗ = π̄∗ ◦ U ◦ a ◦ π̄

∗. Observe that G = Π
p ε C̄

p∗ ◦ U ◦ a ◦ p
∗ where, for each

point p of C̄ is the associated map of sites p : (sets)→ C. Let P ε Presh(C;S).

(3.3.1) Now the above triple defines an augmented cosimplicial object

G•P : P
d−1

−−→ GP...Gn+1P

in Presh(C;S). We define GP = holim
∆
{GnP |n} i.e. Γ(U,GP ) = holim

∆
{Γ(U,GnP )|n} for any U in the site C.

Let C, C′ denote two sites and let φ∗ : Presh(C′;S) −→ Presh(C;S) denote a left-exact functor. Now we define
the right-derived functor Rφ∗ : Presh(C′;S) −→ Presh(C;S) by

(3.3.2) Rφ∗(P ) = holim
∆
{φ(GnP )|n}

This is the presheaf defined by U −→ Γ(U,Rφ∗(P )) = holim
∆
{Γ(U, φ∗(G

nP ))|n}.

The spectral sequence of (6.3.6) provides a spectral sequence

(3.3.3) Es,t
2 = Rsφ∗(H

t(P ))⇒ Rs+tφ∗(P ).

(3.4.1) Proposition. Assume in addition to the above situation that there exists a functor φ∗ left adjoint
to φ∗. Now the obvious map Rφ∗(P )→ lim

∞←n
Rφ∗(τ≤nP ) is a quasi-isomorphism for any P ε Pres(C ′,S).

Proof. Recall Rφ∗(K) = holim
∆
{φ∗(G

mK)|m} for any presheaf K as above. Since homotopy inverse limits

commute with limits we obtain:

lim
∞←n

Rφ∗(τ≤nP ) = lim
∞←n

holim
∆
{φ∗(G

mτ≤nP )|m,n} = holim
∆

lim
∞←n

{φ∗(G
mτ≤nP )|n,m}

Since φ∗ has a left adjoint, it commutes with inverse limits. Therefore we may identify the last term with
holim

∆
{φ∗ lim
∞←n

(Gmτ≤nP )|n,m}. Now it suffices to show that the natural map lim
∞←n

Gm(τ≤nP ) −→ Gm( lim
∞←n

τ≤nP )

is an isomorphism for each fixed m. This is clear since G = Π
p ε C̄

p∗ ◦ U ◦ a ◦ p
∗ and since the natural map

P → lim
∞←n

τ≤nP is assumed to be an isomorphism (see (3.1)). �

(3.4.2) Corollary. Assume that both the sites in (3.4.1) are closed under finite inverse limits.

(i) Next assume the following in addition to the hypothesis of (3.4.1). Let C be a full sub-category of C ′, let
φ : C′ → C be the map of sites associated to a fully-faithful functor φ̄ : C → C′ and let φ∗ be the direct image
functor of presheaves associated to φ. Assume that every C-covering of any object U in C is a C ′-covering and
that every C′-covering of such an object is dominated by a C-covering. If P ε Presh(C ′,S), the natural map
φ∗(P )→ Rφ∗(P ) is a quasi-isomorphism.
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(ii) Assume the following in addition to the hypotheses of (3.4.1). There exists a map of sites φ : C ′ → C
so that φ∗ is the inverse image functor of presheaves associated to φ. If P ε Presh(C,S), the obvious map
P −→ Rφ∗φ

∗(P ) is a quasi-isomorphism if the corresponding map F → Rφ∗φ
∗(F ) is a quasi-isomorphism for

any Abelian sheaf F on the site C.

Proof.We consider (i) first. The hypotheses readily imply that the functor φ∗ on Abelian sheaves is exact. (See
[Mi] p. 111.) It follows also that the spectral sequence in (3.3.3) degenerates identifying πk(Rφ∗(P ))˜ with
φ∗(πk(P ))˜ . Since the sites are all closed under finite inverse limits, the direct limits involved in the definition
of the stalks are all filtered direct limits and commute with taking πk. Now the hypotheses imply that the
stalks of πk(φ∗(P )) and φ∗πk(P ) are both isomorphic to the stalks of the presheaf π∗(P ). It follows that
the natural map πk(φ∗(P ))˜ −→ φ∗(πk(P ))˜ is an isomorphism. This proves (i).

First we show that (ii) holds when P is replaced by τ≤nP for any fixed integer n. Recall φ∗ is exact in the
sense it commutes with finite direct and inverse limits. (This follows from the hypothesis that the sites are
closed under finite inverse limits.) It follows that the spectral sequence in (6.3.6) for Rφ∗ ◦φ

∗(P ) now reduces to
the spectral sequence in (3.3.3) for Rφ∗ applied to φ∗(P ). Now the hypothesis on P ensures that this spectral
sequence converges strongly. Therefore we reduce to showing that the map πt(P ) ˜→ Rφ∗φ

∗(πt(P ) ˜ ) is a
quasi-isomorphism for all t. This proves (ii) holds when P is replaced by any τ≤nP .

Now P ∼= lim
∞←n

τ≤nP . Applying (3.4.1) to P replaced by φ∗(P ), it suffices to show that φ∗(τ≤nP ) '

τ≤n(φ∗(P )) as presheaves. Since the functor τ≤n is characterized by πk(τ≤nP ) ∼= πk(P ) if k ≤ n and ∼= 0
otherwise, it suffices to show πk(φ∗(P )) ∼= φ∗(πk(P )) as Abelian presheaves. Since φ∗ is assumed to be the
inverse image functor associated to a map of sites it is defined by a filtered direct limit which commutes with
taking πk. �

(3.5.1) Definition. (i) If S is any algebraic stack, the map of sites Ssmt → Ssmt in (2.1) will be denoted α.
(In case S is a Deligne-Mumford stack, the corresponding map Set → Set will also be denoted by α. (ii) If S

is any algebraic stack and BxS is the classifying simplicial space associated to an atlas x : X → S, the induced
map BxS → S of simplicial stacks will be denoted x̄. (x̄)n : (BxS)n → S will denote the corresponding map
in degree n. If F = {Fn|n} is a presheaf on Smt(BS), we define sx̄∗(F ) = the inverse limit of the cosimplicial
presheaf on Ssmt defined by {xn∗(Fn)|n}. The functor sx̄∗ has a left adjoint which is denoted sx̄

∗ and is defined
by F = a sheaf on Ssmt 7→ {x

∗
n(F )|n}. (iii) If S is a Deligne-Mumford stack, the obvious map of sites of

Ssmt → Set will be denoted β. If X• is a simplicial algebraic space, β will also denote the corresponding map
of sites Smt(X•)→ Et(X•). (iv) If F = {Fn|n} is a presheaf on Et(BS), we let etx̄∗(F ) = the inverse limit of
the cosimplicial presheaf on Set defined by {xn∗(Fn)|n}. In this case the functor etx̄∗ has a left adjoint which
is denoted etx̄

∗ and is defined by F = a sheaf on Set 7→ {x
∗
n(F )|n}.

(v) We also define the global section functor for presheaves. For this purpose let pt denote the site with
one object, pt, and one morphism which is the identity map of pt. (This category is made into a site in the
obvious trivial manner.) Now one may identify presheaves on pt with values in a category S with the category
S itself. If C is a site with a terminal object X , we define a map of sites π : C → pt by sending pt to X .
Now we let Γ(C, P ) = Γ(X,P ) = π∗(P ) for any P ε Presh(C,S). This defines the global section functor on
the sites Ssmt and Set for any algebraic stack S. If P ε Presh(Ssmt,S), we let Γ(S, P ) = Γ(S, α∗(P )). If
P = {Pn|n} ε Presh(Et(BS)), we let Γ(BS, P ) = holim

∆
{Γ((BS)n, Pn)|n}. A similar definition applies to

presheaves on Smt(BS).

(vi) If C is any of the above sites and P ε Presh(C,S), we let H(C, P ) = RΓ(C, P ). If U ε C, we let
HC(U, P ) = H(C/U, P ) where C/U is the full sub-category of C consisting objects above U . Hn(C, P ) will denote
π−n(H(C, P )).

(3.5.2) Proposition. (i) Let φ : C ′ → C denote any one of the following maps of sites: the map of sites

Ssmt
α
−→ Ssmt (or in the case of a Deligne-Mumford stack S, Set

α
−→ Set), the map Smt(BS)

β
−→ Et(BS) if

S is any algebraic stack and the map Ssmt
β
−→ Set in case S is a Deligne-Mumford stack. If P ε Presh(C ′,S),

the natural map φ∗(P )→ Rφ∗(P ) is a quasi-isomorphism.

(ii) Let S denote any algebraic stack and let P ε Presh(Ssmt,S), the natural map P → Rsx̄∗(sx̄
∗(P )) is

a quasi-isomorphism. The corresponding assertion also holds with Rsx̄∗ (sx̄
∗) replaced by Retx̄∗ (etx̄

∗) if S is
any Deligne-Mumford stack and P ε Presh(Set,S).
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Proof. (3.4.2)(i) shows the first assertion is true for the functor Ssmt → Ssmt by observing that any covering
of an object u : U → S in Ssmt is dominated by a covering in Ssmt. An entirely similar argument applies to
the remaining functors in (i).

Now we consider (ii). By (3.4.2)(ii) it suffices to consider the case when P is replaced by an Abelian sheaf
F . The proof for the first functor in (ii) follows readily as follows. Let U ε Ssmt. Now Γ(U , F ) ∼= ker(δ0 − δ1 :
Γ(U×

S

X , F 0)→ Γ(U×
S

X×
S

X,F 1)) , U εSsmt by the sheaf-axiom for F on Ssmt. It follows that Ri
sx̄∗sx̄

∗(F ) ∼= 0

if i > 0 and ∼= F if i = 0. Moreover observe that the functor sx̄
∗ is defined as a filtered colimit and is therefore

exact. The proof for the second functor in (ii) is similar. �

(3.6.1) Proposition (Comparison of hypercohomology). (i) Let S denote any algebraic stack. If
P ε Presh(Ssmt,S), one obtains a quasi-isomorphism H(Ssmt, P ) ' H(Ssmt, P ). Moreover, in this case we
also obtain the quasi-isomorphism H(Ssmt, P ) ' H((BS)smt, sx̄

∗(P )) ' H((BS)et, sx̄
∗(P )).

(ii) If S is a Deligne-Mumford stack and P ε Presh(Ssmt,S), we also obtain a quasi-isomorphism H(Ssmt, P ) '
H(Set, P ).

Proof. Let P ε Presh(Ssmt,S). Now (3.5.2)(i) shows that the natural map α∗(P ) → Rα∗(P ) is a quasi-
isomorphism. Observe that α∗ is merely the restriction of P to Ssmt. This proves the first assertion in (i). The
second assertion in (i) follows by applying (3.5.2)(ii) to P → Rsx̄∗sx

∗(P ), P ε Presh(Ssmt,S). The remaining
statements are proven similarly. �

(3.6.2) Let S denote an algebraic stack and x̄ : BxS→ S denote the map in (3.5.1) with respect to a fixed
atlas. Let P ε Presh(Sres.smt,S), where S now denotes the category of all (unbounded) complexes of Abelian
groups or modules over a Nöetherian ring. We assume further that P is additive: i.e. for any two U , V ε C,
Γ(U t V, P ) = Γ(U, P ) × Γ(V, P ). We proceed to define the hypercohomology of BxS with respect to P on
the étale and smooth sites of BxS. Observe even-though each of the maps x̄n : (BxS)n → S belongs to the
restricted smooth site Sres.smt, since we are considering the restricted sites, one cannot in general conclude that
(x̄)∗n(P ) is simply the restriction of P to site ((BxS)n)res.smt. This make it necessary to adopt the following
approach.

(3.6.3) What is crucial for us is the observation that all the face maps (but not necessarily the degeneracies)
of BxS are flat (in fact smooth) maps. More generally let X• denote a simplicial algebraic space with all
the face maps smooth and let P denote an additive presheaf on (alg.spaces/k)Res with values in S. Observe
that smooth maps have constant relative dimension on each connected component of the domain: in particular
smooth maps are flat (in the sense of (2.1)(b)) on restriction to each connected component of the domain.
Therefore one observes that if δ = Σi(−1)i(di)∗, then {Het(Xn;P )|n} forms a co-chain complex in the category
S trivial in negative degrees. Recall the equivalence of categories between co-chain complexes trivial in negative
degrees with values in an Abelian category and the category of cosimplicial objects in the same Abelian category.
This equivalence is provided by a functor DN that sends a co-chain complex K•, trivial in negative degrees,
to (DN(K•))n = Π

s
(Km, s) where s : [m] → [n] in ∆ is a surjective map and 0 ≤ m ≤ n. Therefore

DN({Het(Xn;P )|n}) is a cosimplicial object in S. We let

(3.6.4) Het(X•;P ) = holim
∆

DN({Het(Xn;P )|n})

For each n, let βn : Xn,smt → Xn,et denote the obvious map of sites. Now one may define the smooth
hypercohomology of X• with respect to P in a similar manner to be Hsmt(X•;P ) = holim

∆
{Hsmt(Xn;β∗n(P ))}.

(3.6.5) One may now observe the following properties readily from the properties of étale hypercohomology,
the definition of the functor DN in each degree as a product and the homotopy inverse limit. (The first three
evidently also hold for smooth hypercohomology.)

• If P ′ → P is a quasi-isomorphism, then the induced map Het(X•, P
′) → Het(X•, P ) is also a quasi-

isomorphism.

• If P ′ → P → P ′′ → P ′[1] is a distinguished triangle, so is the induced diagram Het(X•;P
′)→ Het(X•;P )→

Het(X•;P
′′)→ Het(X•;P

′)[1]

• Het(X•;P ) ' lim
∞←n

Het(X•; τ≤nP )
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• There exists a spectral sequence Es,t
1 = Ht

et((X•)s;P )⇒ Hs+t
et (X•;P ).

• There exists a quasi-isomorphism Het(X•;P ) ' Hsmt(X•; {β
∗
n(P )|n})

The rest of this section will be devoted to the notion of cohomological descent.

(3.7.1) Definition. Let P denote an additive presheaf on a site C with values in a complete pointed simplicial
category S. We say that an additive presheaf P has cohomological descent if the obvious augmentation Γ(U, P ) −→
HC(U, P ) is a quasi-isomorphism for all U ε C.

(3.7.2) Examples. (i) The sheaf U −→ z∗(U, .) on the Zariski site of any quasi-projective scheme has
cohomological descent. Here z∗(U, .) is the higher cycle complex of Bloch - see [Bl-1]. This follows from the
localization theorem established in [Bl-1] and [Bl-2] as follows. Consider the sheaf U −→ z∗(X, .)/z∗(X − U, .)
defined on the Zariski site of a quasi-projective scheme X . This sheaf is evidently flabby; by the localization
theorem, it is quasi-isomorphic to the sheaf above. Moreover they both have the same global sections. ([Lev]
claims the same result extends to all schemes of finite type over k.)

(ii) It follows from (3.8.1) below that if P is a presheaf on the étale site of a scheme satisfying the hypotheses
in (3.8.1) (in particular πi(P ) are all assumed to be presheaves of Q-vector spaces), then P has cohomological
descent.

(3.7.3) Let u : U −→ X belong to a site C. Now a hypercovering U• of U is a simplicial object U• in C, so that
one is provided with a map d−1 : U0 → U that makes U0 a covering of U in C and so that the obvious map
Un → (coskU

n−1U•)n is a covering in the site C for each n.

(3.7.4) Proposition. Let C denote any site, let X ε C and let P denote a presheaf on C as before. If P has
cohomological descent on the above site and u : U• −→ U is a hypercovering of U in the same site, the obvious
map Γ(U, P ) −→ Ȟ(U•;P ) = holim

∆
{Γ(Un, P )|n} is a quasi-isomorphism.

Proof. Observe that since P has cohomological descent, Γ(U, P ) ' HC(U, P ) for all U in the site; therefore
Ȟ(U•, P ) = holim

∆
{Γ(Un, P )|n} ' holim

∆
{HC(Un, P )|n}. (Observe from (6.3.6) that holim

∆
preserves quasi-

isomorphisms.) By definition, the latter = Ȟ(U•,HC( , P )). Therefore it suffices to show the natural map

(3.7.4.*) HC(U, P ) −→ Ȟ(U•,HC( , P ))

is a quasi-isomorphism. Since both sides commute with inverse limits, we may therefore reduce to proving the
above map is a quasi-isomorphism when P is replaced by τ≤nP as in (3.4.1).

Observe also that both sides of (3.7.4.*) send distinguished triangles in P to distinguished triangles. Ob-
serve also that Ȟ(U•; HC( , P )) = holim

∆
{HC(Un;P )|n} which we may denote by HC(U•;P ). Now the same

observations as above shows we obtain a map of the spectral sequences:

Es,t
2 = Hs

C(U ;πt(P ))→ π−s+t(HC(U ;P )) and

Es,t
2 = Hs

C(U•;πt(P ))→ π−s+t(HC(U•;P ))

Both these spectral sequences converge strongly when P is replaced by τ≤nP . (See [T] Lemma (5.48).)
Therefore, in this case, it suffices to show that one obtains an isomorphism at the E2-terms. In this case
we reduce to proving the obvious map HC(U, P ) → HC(U•, P ) is a quasi-isomorphism when P is an Abelian
presheaf. (The right hand side is the cohomology of the simplicial object U• with respect to the restriction of
P . ) Clearly we may replace P by the associated Abelian sheaf. Now observe that ZU•

→ ZU is a resolution
and HC(U, P ) = RHom(ZU , P ) while HC(U•, P ) = RHom(ZU•

, P ). Therefore this completes the proof of the
proposition. �

(3.7.5) Proposition. (See [T] Proposition (1.54).) Assume in addition to the hypotheses of (3.7.4) that the
the site C is the étale site of a scheme X quasi-projective over a Nöetherian ring and that the presheaf P is
additive. Let Ȟet(X,P ) = holim

∆
lim
→

Γ(cosk0(u), P ), where the colimit is over a weakly cofinal system of étale

coverings u : U → X of X . Now there exists a quasi-isomorphism Het(X,P ) ' Ȟet(X,P )

Proof. Let Het( , P ) denote the presheaf U −→ Het(U, P ), U in the étale site of X . Let {Uα|α} denote a weakly
cofinal system of étale covers of X . Now one obtains natural maps
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(3.7.5.1) holim
∆

lim
→

Γ(cosk0(u), P ) −→ holim
∆

lim
→

Γ(cosk0(u),Het( , P ))←− Het(X,P )

natural in P where the colimit is over the given system of covers. (3.4.1) shows that Het(U, P )
'
−→ lim
∞←n

Het(U, τ≤nP )

for any U in the site C. Next observe that Γ(cosk0(u), τ≤nP ) = τ≤nΓ(cosk0(u), P ) and the inverse system
{πk(τ≤nΓ(V, P ))|k} stabilizes as n → ∞ independent of V in the site; therefore one obtains the isomorphism
πk lim
∞←n

colimΓ(cosk0(u), τ≤nP ) ∼= πkcolim lim
∞←n

Γ(cosk0(u), τ≤nP ). Moreover since inverse limits commute with

homotopy inverse limits, it follows that we may replace P by any τ≤nP . See (6.1.6) that shows filtered colimits
preserve distinguished triangles and quasi-isomorphisms. Therefore all the three terms in (3.7.5.1) preserve
distinguished triangles and quasi-isomorphisms in P and we obtain spectral sequences

Es,t
2 = lim

→
Hs(cosk0(u), πt(P ))⇒ π−s+t(holim

∆
lim
→

Γ(cosk0(u), P )),

Es,t
2 = lim

→
Hs(cosk0(u), πt(Het( , P )))⇒ π−s+t(holim

∆
lim
→

Γ(cosk0(u),Het( , P ))) and

Es,t
2 = Hs

et(X, πt(P ))→ π−s+t(Het(X,P ))

These spectral sequences all converge strongly since we have assumed P has been replaced by τ≤nP . (See [T]
Lemma (5.48) again.) Therefore it suffices to show we obtain an isomorphism at the E2-terms. Now consider
the map P → Het( , P ) of presheaves. The spectral sequence in (3.3.3) with φ = the identity applied to P and
Het( , P ), shows the above map is a quasi-isomorphism. Therefore it suffices to show the E2-terms of the first
and last spectral sequences are isomorphic. i.e. One reduces to proving the proposition when P is replaced by
an Abelian presheaf: this is Artin’s theorem - see [ Ar-3]. �

Remark. For the purposes of (3.7.9) and (3.8.1) one needs to consider presheaves that are defined not only
on schemes of finite type over the field k, but also on localizations at ideals of such schemes. Therefore we
consider presheaves that are defined not only on stacks of finite type over k, but on all Noetherian stacks of
finite dimension over k.

Definitions. (3.7.6.1) Recall that (alg.stacks/k)Res denotes the category of algebraic stacks of finite type
over k and flat maps. Let (alg.stacks/k)Noeth.f.d denote the category of all Noetherian stacks over k of finite

dimension. Now (alg.stacks/k)Noeth.f.d
Res will denote the subcategory where the morphisms are allowed to be only

flat maps. Let P : (alg.stacks/k)Noeth.f.d
Res → S denote a contravariant functor fixed throughout the remainder

of this section i.e. a presheaf on the category (alg.stacks/k)Noeth.f.d
Res . We will always assume that P is additive.

We let C denote a full sub-category of (alg.stacks/k)Noeth.f.d
Res .

(3.7.6.2) We say that P is covariant with respect to closed immersions in C, if for any Y in C and i : Y ′ −→ Y
a closed immersion in C there exists a map Γ(Y ′, P ) −→ Γ(Y, P ) natural in Y .

(3.7.6.3) We say P has the localization property on C, if P is covariant with respect to closed immersions
and if if for any Y in C, i : Y ′ −→ Y a closed immersion with j : U −→ Y its open complement, one obtains a
distinguished triangle

Γ(Y ′, P ) −→ Γ(Y, P ) −→ Γ(U, P ) −→ Γ(Y ′, P )[1]

which is natural in i.

(3.7.6.4) Let P be as before. We say that P has the Mayer-Vietoris property on C if for any Y = an object
in the above site, u : U −→ Y and v : V −→ Y are two open immersions so that Y = U ∪ V , one obtains a
distinguished triangle:

Γ(Y, P ) −→ Γ(U, P )⊕ Γ(V, P ) −→ Γ(U ∩ V, P ) −→ Γ(Y, P )[1]

(3.7.6.5) Let P be as before. We say that P has the continuity property on C if {Yα
φα,β
←−−− Yβ |α, β ε I} is

an inverse system in C with the maps φα,β affine and flat and Y = lim
i ε I

Yα ε (alg.stacks/k)Noeth.f.d, then there

is a natural map lim
→
I

Γ(Yα, P ) −→ Γ(Y, P ) which is a quasi-isomorphism. (For example, P has the continuity

property on the Zariski ( étale site) of a scheme, if the conclusion holds for all inverse systems as above in the
Zariski site (étale site, respectively ).

14



(3.7.6.6) Let P be as before. We say that P has the weak transfer property on C if for every finite étale cover

Y2
λ
−→ Y1 over S with both Y2 and Y1 in C, there is an induced map λ∗ : Γ(Y2, P ) −→ Γ(Y1, P ) in addition to the

map λ∗ : Γ(Y1, P ) −→ Γ(Y2, P ) so that the following properties hold:

(a) If Y2 = Y ′2 t Y
′′
2 (each summand in C) and λ : Y2 −→ Y1 decomposes as λ′ t λ′′, then the following

diagram commutes in the derived category (see (6.2.6) for the definition of these derived categories):

Γ(Y2, P )
λ∗

//

��

Γ(Y1, P )

Γ(Y ′2 , P ) t Γ(Y ′′2 , P )

λ′

∗
tλ′′

∗

66mmmmmmmmmmmmm

(b) Given λ : Y2 −→ Y1 and µ : Y3 −→ Y1 both finite étale and in C, the diagram

Γ(Y2×
Y1

Y3, P )
(λ×1)∗

// Γ(Y3, P )

Γ(Y2, P )

(1×µ)∗

OO

λ∗

// Γ(Y1, P )

µ∗

OO

commutes in the derived category .

(c) If λ : Y2 −→ Y1 is an isomorphism in C, then λ∗ = (λ−1)∗

(d) If λ : Y2 −→ Y1 is étale and finite of degree n in C, then the composition λ∗ ◦ λ
∗ : Γ(Y1, P ) −→ Γ(Y2, P )

is multiplication by n.

(3.7.7) Examples. (i) Let z∗( , .) denote the functor sending U −→ ⊕
i
zi(U, .) where zi(U, .) denotes the

higher cycle complex of Bloch (see section 4 for its extension to algebraic stacks) and U belongs to the site
(algstacks/k)Res. The above functor is contravariant for flat maps and therefore defines an additive presheaf
we denote by Z∗( , .).

(ii) The presheaf Z∗( , .) on the Zariski site of any quasi-projective scheme over k has the localization
property: this is the content of Bloch’s theorem - see [Bl-1](3.1). The presheaf of G-theory spectra (i.e. the
presheaf U −→ K(Modcoh(U)) = the K-theory spectrum of the symmetric monoidal category of coherent sheaves
on U) has the localization property for all schemes.

(iii) Both of the above presheaves have the continuity property at least if {Xα
φα,β
←−−− Xβ |α, β ε I} is an inverse

system of of separated schemes that are of finite type over k with φα,β affine and flat. For the first (second)
this follows from [EGA] IV, sections 8 and 9 ([Qu] section 7, (2.2), respectively ).

(iv)Let G denote the presheaf U −→ G(U) = K(Modcoh(U)) where K(Modcoh(U)) is the spectrum of
algebraic K-theory of coherent sheaves on U . Let GQ denotes its localization at Q. It is shown (in [T], Remarks
following Definition (2.12)) that this presheaf of spectra has the weak-transfer property on the étale site of
any scheme X . Let Z∗( , .) denote the presheaf considered in (i). If the stack S is in fact a scheme, all the
properties in (3.7.6.6) are well-known for this presheaf. If S is a Deligne-Mumford stack it is shown in (4.3.2)
(see [Vi] (1.16)) that the functor Z∗( , .)⊗

Z
Q is covariant for representable proper maps. Since this is already

contravariant for flat maps, we obtain the maps λ∗ and λ∗ as in (3.7.6.6). All but the condition in (3.7.6.6)(d)
may be readily verified. One may verify the latter using the observation that Z∗( , .) is in fact a sheaf on the
étale site.

(3.7.8) Proposition. (i) The localization property implies the Mayer-Vietoris property. (ii) Suppose X is
a scheme of finite type over k and the site C contains all U −→ X which are the open immersions of Zariski
open subschemes. Suppose P is a presheaf as above, having the Mayer-Vietoris property on the Zariski site of
X . Now P has cohomological descent on the Zariski site of X and there exists a Brown-Gersten type spectral
sequence:

Es,t
2 = Hs

Zar(Z, πt(P ))⇒ Hs−t
Zar(Z, P )
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where the right-hand-side is the hyper-cohomology of Z with respect to P computed on the Zariski site of Z.

Proof. The first statement follows by considering the commutative diagram of distinguished triangles

Γ(Z, P ) −−−−→ Γ(Y, P ) −−−−→ Γ(Y − Z, P )




y





y





y

Γ(Z ′, P ) −−−−→ Γ(Y ′, P ) −−−−→ Γ(Y ′ − Z ′, P )

with Y = U ∪ V , Z = Z ′ = U ∪ V −U and Y ′ = V . The second statement is discussed in detail in [BG] section
2, Theorem 4 or [T] Exercise (2.5) in the context of presheaves of spectra. The same proof carries over to our
setting. �

For our purposes (see the proof of (3.8.1)) it is necessary to extend the localization property and cohomological
descent to the Zariski and étale sites of schemes that are localizations of quasi-projective schemes over k. This
is discussed in the following theorem.

(3.7.9) Proposition. Let {Xα
φα,β
←−−− Xβ |α, β ε I} denote an inverse system of schemes of finite type over k

with the structure maps φα,β all affine and flat. Let X = lim
i ε I

Xα and assume this is Noetherian and of finite

dimension over k. Assume that for any such inverse system the obvious map Γ(X,P ) −→ lim
→
I

{Γ(Xα, P )|α} is a

quasi-isomorphism. If P has the localization property (cohomological descent) on the étale site of each of the
Xα, then P has the localization property (cohomological descent, respectively ) on the étale site of X . The
corresponding statement also holds for the étale sites everywhere replaced by the Zariski sites.

Proof. Since the proofs of the corresponding statements for the Zariski site are similar to those of the étale
site, we will only consider the latter. Observe first that each Xα is quasi-separated and quasi-compact (and
hence coherent in the sense of [SGA] 4, VI). Let X ′ → X belong to the étale site of X . Let i′ : Z ′ −→ X ′

denote a closed immersion with j ′ : X ′ − Z ′ = U ′ → X ′ the open immersion of its complement. Now Z ′ (U ′)
corresponds to a compatible collection of closed (open) subschemes {Z ′α ⊆ X ′α|α} ({U ′α ⊆ X ′α|α}, respectively
) so that Z ′ = lim

i ε I
Z ′α and U ′ = lim

i ε I
U ′α. Moreover Z ′α = Z ′×

X′

X ′α and U ′α = U ′×
X′

X ′α. The inverse systems

{X ′α|α}, {Z
′
α|α} and {U ′α|α} all satisfy the same hypotheses as the original inverse system {Xα|α}. Now

{Γ(Z ′α, P ) −→ Γ(X ′α, P ) −→ Γ(U ′α, P )|α}

is a compatible filtered direct system of distinguished triangles. Since filtered direct limits preserve distinguished
triangles, we obtain a distinguished triangle on taking the direct limits over I . Now the continuity property of
P implies one may identify the direct limit of the first term (second term, last term) with Γ(Z ′, P ) (Γ(X ′, P ),
Γ(U ′, P ), respectively ). This proves that P has the localization property on the étale site of X (and therefore
the Zariski site of X as well).

Given any U in the étale site of X , one may find a compatible system {Uα
uα−→ Xα|α} so that each uα is étale

and U = lim
i ε I

Uα. Now Γ(U, P ) = lim
→
I

{Γ(Uα, P )|α} by the continuity property of P . In this case it is well known

that H(U, P ) ' lim
→
I

{H(Uα, P )|α} where H denotes hypercohomology computed on the Zariski or étale sites at

least if P is replaced by an abelian sheaf. (See [SGA]4 VI, 8.7.4.) Now the extension to a general presheaf holds
by (3.4.1) as in the proof of (3.4.2). Now observe that filtered colimits preserve quasi-isomorphism to complete
the proof. �

(3.7.10) Proposition. Let P denote a presheaf as above with C the étale site of a separated scheme X of
finite type over k. Suppose there exists a large enough integer N so that all the objects in the site C have
cohomological dimension ≤ N with respect to all the presheaves πn(P ), n ε Z.

(i) Now the presheaf U −→ Het(U, P ) (= the hypercohomology spectrum of U computed on the site C/U),
U ε C has the Mayer-Vietoris property.

(ii) If P has the continuity property on the étale site (the Zariski site) of X , then so does the presheaf
U −→ Het(U, P ).
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Proof. (i). This is discussed in detail in [T] Theorem (1.46), Corollary (1.48) and Example (1.49) in the context
of presheaves of spectra. The key point is the following quasi-isomorphism given in [T] (1.46): if U and V

are two Zariski open subschemes of X , Het(U ∪ V, P )
'
−→ Ȟ(U ,Het( , P )) where U = {U, V }. As U ∩ U = U

and V ∩ V = V , the Čech complex πn(Ȟ(U ,Het( , P ))) is highly degenerate and the corresponding spectral
sequence degenerates providing the required Mayer-Vietoris sequence.

(ii) Let {Yα
φα,β
←−−− Yβ |α, β ε I} be an inverse system in the Zariski or étale sites of X with the maps φα,β

affine. The hypotheses imply that we obtain a map of the spectral sequence in (3.3.3) (with φ = Γ = the global
section functor)

lim
→
I

Eu,v
2 (α) = lim

→
I

Hu
et(Yα, πv(P )) −→ Eu,v

2 = Hu
et(Y, πv(P )).

The spectral sequence on the left converges strongly to lim
→
I

Hu−v(Yα, P ) while the spectral sequence on the

right converges strongly to Hu−v(Y, P ). (The strong convergence follows by the hypotheses on the uniform
cohomological dimension.) Therefore, it suffices to show we obtain an isomorphism of the above E2-terms. This
is clear by the continuity property of étale cohomology. (See [SGA] 4, VII (5.7).) �

(3.7.11) Definition. Let f : S
′ −→ S denote map of algebraic stacks over k. Let G denote a finite group

acting on S
′ so that the map f is G-equivariant with respect to the given action of G on S

′ and the trivial action
on S. We say f is Galois with Galois group G if f is finite étale and the morphism ψ : GS′ = t

g ε G
S
′ −→ S

′×
S

S
′

given by ψ|S′

g
= (id, g) is an isomorphism. Here ψ|S′

g
denotes the restriction of ψ to the summand indexed by

g and (id, g) denotes the map S
′ −→ S

′×
S

S
′ induced by the identity onto the first factor and by g : S

′ −→ S
′

onto the second factor.

(3.7.12) Proposition. Let S denote an algebraic stack of finite type over k and let P denote a presheaf
as before on the étale site, Set. Suppose P has the weak-transfer property. (i) If λ : Y2 −→ Y1 is a Galois
extension of algebraic stacks Yi that are étale and of finite type over S with Galois group G = Gal(Y2/Y1),
λ∗ ◦ λ∗ = Σg ε Gg

∗ : Γ(Y2, P ) −→ Γ(Y1, P ).

(ii) Assume in addition, that each of the presheaves πn(P ) is a presheaf of Q-vector spaces. If λ : Y2 −→ Y1

is as above, then λ∗ : πn(Γ(Y1, P )) −→ πn(Γ(Y2, P ))G is an isomorphism for all n.

(iii) If each of the presheaves πn(P ) is a presheaf of Q-vector spaces and S is the spectrum of an Artin local
ring, then P has étale cohomological descent and therefore the natural map Γ(Spec L, P ) −→ Het((Spec L), P )
is a quasi-isomorphism.

Proof. The first statement is discussed in [T] Lemma (2.13) in the context of schemes. One first recalls the

isomorphism ψ : t
g ε G

Y2

∼=
−→ Y2×

Y1

Y2. It follows from the definition of ψ that the composition (1× λ) ◦ ψ = ∆̄ =

the map t
g ε G

Y2 −→ Y2 sending each summand by the identity to Y2. Now ∆̄∗ : Γ(Y2, P ) −→ Π
g ε G

Γ(Y2, P ) =

Γ( t
g ε G

Y2, P ) is the diagonal map. Now by (3.7.6.6)(a) the composition (λ × 1)∗ ◦ ψ∗ breaks up as the sum

⊕g ε Gg∗. By (3.7.6.6)(c) one may identify this with ⊕g ε Gg
∗. Finally we pre-compose this with the diagonal

∆̄∗ : Γ(Y2, P ) −→ Π
g ε G

Γ(Y2, P ) to obtain (λ×1)∗◦ψ∗◦∆̄
∗ = Σg ε Gg

∗. Now the observation that ∆̄∗ = ψ∗◦(1×λ)∗

shows (λ × 1)∗ ◦ (1 × λ)∗ = (λ × 1)∗ ◦ ψ∗ ◦ ψ
∗ ◦ (1× λ)∗ = ( ⊕

g ε G
g∗) ◦ ∆̄∗ = Σ

g ε G
g∗. Finally an application of

(3.7.6.6)(b) with µ = λ shows λ∗ ◦ λ∗ = (λ× 1)∗ ◦ (1× λ)∗. This completes the proof of the first assertion.

Observe that the composition = λ∗ ◦ λ
∗ : πn(Γ(Y1, P )) −→ πn(Γ(Y1, P )) is multiplication by the degree of λ.

Therefore λ∗ : πn(Γ(Y1, P )) −→ πn(Γ(Y2, P )) is a split monomorphism. Now using the first assertion, we see
that the composition 1/|G|.λ∗ ◦ λ∗ induces a projection of πn(Γ(Y2, P )) onto the summand fixed by the Galois
group G. (Here |G| denotes the order of the group G.) It follows that λ∗ : πn(Γ(Y1, P )) −→ πn(Γ(Y2, P ))G is an
isomorphism for all n with inverse induced by the restriction of 1/|G|λ∗. This proves the second statement.

Let L̃ denote a strict Henselization of L and let λ : L −→ Lα denote a subring of L̃ which is a finite Galois exten-
sion of L. By (ii) applied to S = Y1 = Spec L and Y2 = Spec Lα, it follows that vλ∗ : πn(Γ(Spec L, P )) −→
πn(Γ(Spec Lα, P ))G is an isomorphism with inverse induced by the restriction of 1/|G|λ∗. Now observe that
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the spectral sequence in (3.3.3) (for φ = Γ), Es,t
2 = Hs(BG, πt(Γ(Spec Lα, P ))) ⇒ π−s+t(RΓ(Spec L, P )),

degenerates providing the identification πn(Γ(Spec L, P )) ∼= πn(RΓ(Spec L, P )) ∼= πn(Γ(Spec Lα, P ))G ∼=
πn(Γ(Spec L, P )). One may now complete the proof of (iii) by taking the direct limit over all α. �

The following result shows that under reasonable conditions, any presheaf of Q-vector spaces has étale
cohomological descent. Throughout the rest of this section P will denote a presheaf on (alg.stacks/k)Res.

taking values in a category S as in (3.7.6.1).

(3.8.1) Proposition. Let X denote a separated scheme of finite type over k. Assume that the presheaves
U −→ πi(Γ(U, P )) are all presheaves of Q-vector spaces and that P has the following properties:

(i) the localization property on restriction to the étale site of X and on restriction to the étale sites of the
stalks of the structure sheaf of X (in the sense of (3.7.6.3))

(ii) the continuity property on the Zariski site of X and

(iii) the weak-transfer property for the restriction of P to the étale site of any Artin local ring whose residue
field is a finite extension of k.

Now the restriction of P to the étale site of X has cohomological descent.

Proof. This will follow from the results in (3.7.8) through (3.7.12) in the following steps.

Step 1. Under the above hypothesis, (3.7.8) shows that one has cohomological descent on the Zariski site of X .

In particular one obtains a Brown-Gersten type strongly convergent spectral sequence: Es,t
2 = Hs

Zar(X, πt(P ))⇒
Hs−t

Zar(X,P ).

Step 2. Next one observes that all objects in the étale site of any scheme have a uniform finite cohomological
dimension for any of the presheaves πt(P ). (In fact one may take this to be the dimension of X .) By (3.7.10),
it follows that the presheaf U −→ Het(U, P ) has the continuity property as well as the Mayer-Vietoris property
considered above. In particular, this presheaf also has cohomological descent on the Zariski site of X . Now, a
comparison of the spectral sequences in Step 1 for the two presheaves U 7→ Γ(U, P ) and U 7→ Het(U, P ) shows
that we reduce to proving cohomological descent for local rings.

Step 3. One now reduces to establishing cohomological descent for the case X is replaced by the spectrum of
an Artin local ring. Assume that N is a fixed integer so that one has cohomological descent for all local rings of
dimension < N . Let R denote a local ring of Krull dimension N which is the one of the stalks of the structure
sheaf of X . We may now replace the original scheme X by Spec R and denote this by X itself. Let m denote
the unique closed point of the ring and let U = Spec R − m = Spec R − Spec R/m. Now U has Krull
dimension < N (since m is the unique closed point of X = Spec R). (In case U has dimension 0, R is a direct
product of its local rings which are Artin local rings. Therefore the case U is of dimension 0 follows as in the
case of Artin local rings.)

Now R is a Nöetherian ring so that Z = Spec R/m, U and X are all quasi-projective over a Nöetherian
ring. Therefore, by (3.7.5), Ȟet(X,P ) ' Het(X,P ).

Now the localization property for P provides a distinguished triangle i∗P −→ P −→ j∗P on the Zariski site of
X where i : Z −→ X and j : U −→ X are the obvious maps. Let U denote an étale cover of X . Now one obtains
the commutative diagram:

Γ(Z, P ) −−−−→ Γ(X,P ) −−−−→ Γ(U, P )

∼=





y

∼=





y





y

∼=

Γ(X, i∗P ) −−−−→ Γ(X,P ) −−−−→ Γ(X, j∗P )




y





y





y

Ȟ(U , i∗P ) −−−−→ Ȟ(U , P ) −−−−→ Ȟ(U , j∗P )

∼=





y

∼=





y





y

∼=

Ȟ(i−1(U), P ) −−−−→ Ȟ(U , P ) −−−−→ Ȟ(j−1(U), P )
18



where i−1(U) (j−1(U)) is the induced étale cover of Z (U) induced from U . The top two rows are distinguished
triangles by the localization property of P on the Zariski site of X while the lower two rows are distinguished
triangles by the localization property of P on the étale site of X . (Recall that if u : U → Z is an étale
cover, Ȟ(U, P ) = holim

∆
Γ(cosk0(u), P ).) Now (3.7.4) and ascending induction on the dimension shows that the

composition of the maps at the two end-columns are quasi-isomorphisms. Therefore so is the composition of the
maps in the middle column. Now take the direct limit over all étale covers of X and apply (3.7.5) to conclude
the augmentation Γ(X,P ) −→ Het(X,P ) is a quasi-isomorphism. This completes the proof of this step.

The final step. Here the weak transfer property and the observation that the presheaves πt(P ) are all sheaves
of Q-vector spaces enables us to conclude the proof - see (3.7.12)(iii). �

(3.8.2) Corollary. Suppose P is a presheaf having the following properties:

i) the presheaves U → πi(Γ(U, P )) are all presheaves of Q-vector spaces

ii) P has the continuity and localization properties on restriction to the Zariski site of any quasi-projective
scheme over k.

iii) P has the weak-transfer property on the étale site of any Artin local ring whose residue field is a finite
extension of k.

Now P has cohomological descent on the étale site of any quasi-projective scheme. In particular the presheaf
Z∗( , .)⊗

Z
Q has cohomological descent on the étale site of any quasi-projective scheme.

Proof. Observe from (3.7.10) that the localization property extends to the étale sites of the local rings that are
stalks of the structure sheaves on quasi-projective schemes. Therefore the hypotheses of (3.8.1) are satisfied. �

(3.8.3) Corollary. (i) Let p : S
′ → S denote a representable proper map of algebraic stacks that is locally

projective i.e. there exists an atlas x : X → S so that the map pX : S
′×
S

X → X is projective. Let x′ = x×
S

S
′

and let BxS, Bx′S
′ denote the corresponding classifying simplicial spaces. Let P ε Presh((BxS)et,S) so that

the hypotheses of (3.8.1) hold for P and any quasi-projective scheme over k. Now the natural map p∗P → Rp∗P
is a quasi-isomorphism. The same conclusion holds if p is a finite representable map. (ii) Let p : X → Y denote
a proper map of schemes of finite type over k that is locally projective in the sense that there exists a Zariski
open cover u : U → Y so that pU : U×

Y
X → U is projective. Assume P ε Presh(XZar,S) so that P has

cohomological descent on the Zariski site of any quasi-projective open sub-scheme of X . Now the natural map
p∗P → Rp∗P is also a quasi-isomorphism.

Proof. Let U denote an object of (BxS)n,et with U a quasi-projective scheme over k and let p−1(U) =
U ×

(BxS)n

Bx′S
′
n. Now it suffices to show that the obvious map Γ(p−1(U), P ) = Γ(U, p∗P ) → Γ(U,Rp∗P ) =

Het(p
−1(U), P ) is a quasi-isomorphism for all such U . This is clear from (3.8.1) and the hypothesis that

pX : S
′×
S

X → X is projective. This proves the first statement in (i). If p is a finite representable map one may

first observe that Rnp∗F = 0, n > 0 for all abelian sheaves. Next one shows the map p∗P → Rp∗P is a quasi-
isomorphism for any P : this follows from the degeneration of the spectral sequence in (3.3.3). The statement in
(ii) is equivalent to showing the natural map Γ(p−1(U), P )→ HZar(p

−1(U), P ) is a quasi-isomorphism for all U
that are quasi-projective Zariski neighborhoods of any point in Y . This follows from the hypothesis on Zariski
cohomological descent. As in (3.8.4), this will show the natural map p∗P → Rp∗P is a quasi-isomorphism once
again. �

(3.8.4) Theorem. Assume that P is an additive presheaf (alg.stacks/k)Noeth.f.d,o
Res → S having the localiza-

tion property on the Zariski site of any quasi-projective scheme over k.

(i) Assume further it is covariant with respect to closed immersions for all closed immersions of schemes (as
in (3.7.6.2)) and that if Z −→ X is a closed immersion of schemes with U the open complement of Z, then the
composition Γ(Z, P ) −→ Γ(X,P ) −→ Γ(U, P ) is strictly trivial. Now the presheaf of hypercohomology spectra
U −→ HZar(U, P ) has the localization property on any scheme of finite type over k.

(ii) Assume that P has the continuity property on the Zariski site of any quasi-projective scheme, the weak-
transfer property on restriction to the étale site of any Artin local ring whose residue field is a finite extension
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of k and the presheaves U −→ πi(Γ(U, P )), are presheaves of Q-vector spaces. We further assume that P is
covariant with respect to closed immersions of all algebraic spaces and that if i : S

′ → S is a closed immersion
of algebraic spaces with S

′′ = S−S
′, the composition Γ(S′, P )→ Γ(S, P )→ Γ(S′′, P ) is strictly trivial.

Let S denote any algebraic stack of finite type over k, i : S
′ → S a closed immersion of algebraic stacks and

j : S
′′ = S−S

′ → S the open immersion of its complement. Let x : X → S denote an atlas, x′ = x×
S

S
′ and

x′′ = x×
S

S
′′. Now one obtains a distinguished triangle:

... −→ Het(Bx′S
′;P )→ Het(BxS, P )→ Het(Bx′′S

′′, P ) −→ ...

(iii) More generally let Z•, X• and U• be simplicial algebraic spaces with smooth face maps and let i• : Y• →
X• be a closed immersion in each degree with j• : U• → X• its complement. Let PX (PZ , PU ) denote the
collection of sheaves {P|Xn,et

|n} ({P|Zn,et
|n}, {PUn,et |n}). Now one obtains a distinguished triangle:

... −→ Het(Z•, PZ)→ Het(X•, PX )→ Het(U•, PU )→ ...

Proof (i). Let X denote a scheme of finite type over k and let i : Z −→ X denote a closed immersion with
j : U = X − Z −→ X the open immersion of its complement. Let Rj∗ : Presh(UZar,S) −→ Presh(XZar,S)
and Ri! : Presh(XZar,S) −→ Presh(ZZar,S) denote the obvious functors. Now we obtain the distinguished
triangle i∗Ri

!PX −→ PX −→ Rj∗j
∗(PX ) where PX denotes the restriction of the presheaf P (from the category

(alg.stacks/k)Res) to the Zariski site of X . This provides the distinguished triangle:

HZar(X, i∗Ri
!PX ) −→ HZar(X,PX) −→ HZar(X,Rj∗j

∗PX) ' H(UZar, P )

Therefore it suffices to show the first term is quasi-isomorphic to HZar(Z, P ). This will follow by showing there
is a quasi-isomorphism of presheaves i∗PZ ' i∗Ri

!PX on XZar. (Once again PZ is the restriction of the presheaf
P from (alg.stacks/k)Res to the Zariski site of Z.) Let W −→ X be a Zariski open sub-scheme of X . Now one
obtains the commutative diagram

HZar(W, i∗Ri
!PX) −−−−→ HZar(W,PX ) −−−−→ HZar(W,Rj∗j

∗PX ) ∼= HZar((W ∩ U), P )
x





x





Γ(W ∩ Z, PZ) −−−−→ Γ(W,PX) −−−−→ Γ(W ∩ U, PX)

Observe that the above diagram is compatible with restriction to smaller Zariski open subsets of W i.e. if
W ′ ⊆ W is an open immersion, the diagram for W maps into the diagram for W ′ providing a 3-dimensional
commutative diagram whose two faces are the above diagrams forW andW ′. By the hypothesis, the composition
of maps in the bottom row is strictly trivial. One may also identify Γ(W ∩ Z, PZ) with Γ(W, i∗(PZ)): we now
obtain a map Γ(W, i∗(PZ)) → HZar(W, i∗Ri

!PX) ' Γ(W, i∗Ri
!PX). Since these hold for all W in the Zariski

site of X , it follows that we obtain a map of presheaves i∗(PZ) −→ i∗Ri
!PX . In order to show this is a quasi-

isomorphism, one may take W to be an affine open sub-scheme of X . (Since X is of finite type over k, each
point has a Zariski open neighborhood which is an affine scheme.) Now our hypotheses imply that the last
two vertical maps are quasi-isomorphisms while the two rows are distinguished triangles. Therefore the natural
map Γ(W ∩ Z, PZ) = Γ(W, i∗(PZ)) −→ H(WZar, i∗Ri

!PX ) is also a quasi-isomorphism. Since this holds for all
open neighborhoods W of any point of X , it follows that one obtains a quasi-isomorphism i∗(PZ) ' i∗Ri

!PX

as required. This proves (i).

Since (ii) is a special case of (iii), we will only prove (iii). Let Ri!• = {Ri!n|n} : Presh(X•,et,S) →
Presh(Z•,et,S) and Rj∗ = {Rjn∗|n} : Presh(U•,et,S) → Presh(X•,et,S) denote the obvious functors. These
functors provide us with a collection {Tn = in∗Ri

!
n(PXn,et)→ PXn,et → Rjn∗PUn,et|n} of distinguished triangles

so that Tn is a distinguished triangle in Presh(Xn,et,S) and they are compatible with the face maps as n varies.
By (3.6.5), we obtain the distinguished triangle:

Het(Xn, in∗Ri
!
nP|Xn,et

)→ Het(Xn, PXn,et)→ Het(Un, PUn,et)
∼= Het(Xn, Rjn∗j

∗
nPXn,et)

Therefore it suffices to show that the first term is quasi-isomorphic to Het(Zn, PZn,et). This will follow by

showing there is a quasi-isomorphism of presheaves in∗PZn,et ' in∗Ri
!
nPXn,et on Xn,et for all n ≥ 0. Let

W −→ Xn,et denote any object in the site Xn,et. Now one obtains the commutative diagram:
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Het(W, i∗Ri
!PXn,et) −−−−→ Het(W,PXn,et) −−−−→ Het(W,Rj∗j

∗PXn,et)
∼= Het((W ×

Xn

Un), PUn,et)
x





x





Γ(W ×
Xn

, PZn,et) −−−−→ Γ(W,PXn,et ) −−−−→ Γ(W ×
Xn

Un, PUn,et)

Observe that the above diagram is compatible with restriction to mapsW ′ −→W in the siteXn,et i.e. ifW ′ −→W
is a map in Xn,et, the diagram for W maps into the diagram for W ′ providing a 3-dimensional commutative
diagram whose two faces are the above diagrams for W and W ′. The hypothesis implies the composition
of the maps in the bottom row is strictly trivial. Therefore one obtains an induced map Γ(W, i∗(PZn,et)) =

Γ(W ×
Xn

Zn, PZn,et) −→ Het(W, i∗Ri
!PXn,et) ' Γ(W, i∗Ri

!PXn,et). Since this holds for all W , we obtain a map of

presheaves i∗(PZn,et ) −→ i∗Ri
!PXn,et . We proceed to show this is a quasi-isomorphism. Since each Xn is of finite

type over k, each geometric point of Xn has a cofinal system of étale neighborhoods which are affine schemes.
Let W denote such an affine neighborhood. (3.8.2) shows the hypotheses imply one has cohomological descent
on the étale site of any quasi-projective scheme: therefore the last two vertical maps are quasi-isomorphisms.
Observe also that the two rows are distinguished triangles. (The bottom row is one by the localization property
of P on the quasi-projective scheme W .) Therefore the induced map Γ(W, i∗(PZn,et)) = Γ(W ×

Xn

Zn, PZn,et) −→

Het(W, i∗Ri
!PXn,et) is a quasi-isomorphism. Since this holds for a cofinal system of neighborhoods W of any

geometric point of Xn, it follows that one obtains a quasi-isomorphism i∗PZn,et ' i∗Ri
!PXn,et as required. This

proves (iii). �

We complete this section with the following two results that extend localization sequences and cohomological
descent. (The main application will be to the K-theory of coherent sheaves, both rational and mod-lν with the
Bott element inverted.)

(3.8.5) Proposition. Assume the following:

(i) P is a presheaf on (alg.stacks/k)Res taking values in S.

(ii) P has the localization property on (alg.stacks/k)

(ii) P has cohomological descent on the étale site of any scheme of finite type over k.

Now the presheaf of hypercohomology U −→ Hsmt(U, P ) also has the localization property on the category
(alg.stacks/k).

Proof. Observe first that P defines by restriction a presheaf on the smooth site of any algebraic stack S. We will
denote this presheaf by PS. Let i : S

′ −→ S denote the closed immersion of algebraic stacks with j : S
′′ −→ S

its open complement. For each W −→ S in the site Ssmt, one obtains a compatible system of commutative
diagrams (as W varies in the site Ssmt)

Hsmt(W, i∗Ri
!PS) −−−−→ Hsmt(W,PS) −−−−→ Hsmt(W,Rj∗j

∗PS) ' Hsmt(S
′′×

S

W,PS′′)
x





x





x





Γ(S′×
S

W,PS′) −−−−→ Γ(W,PS) −−−−→ Γ(S′′×
S

W,PS′′)

where each row is a distinguished triangle. It follows that we obtain a map of presheaves i∗(PS′ ) −→ i∗Ri
!(PS).

In order to show this is a quasi-isomorphism, it suffices to show that the vertical maps are all quasi-isomorphisms
when W is a scheme of finite type over k. In this case, the last two vertical maps are quasi-isomorphisms and
therefore so is the first completing the proof. �

(3.8.6) Corollary. Assume in addition to the hypotheses of (3.8.5) that P is a presheaf satisfying the
hypotheses of (3.8.1) on restriction to the étale site of any separated scheme of finite type over k. If X is any
separated algebraic space of finite type over k, the restriction of P to the étale and smooth sites of X have
cohomological descent.

Proof. Once again (3.5.2) shows that it suffices to consider the étale site. Now observe from [Kn] p. 131 that
there exists a dense open affine subscheme U of X . Let Y denote the complement of U in X ; by Nöetherian
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induction we may assume that the presheaf P has cohomological descent on the étale site of Y . Moreover by
(3.8.1), P has cohomological descent on the étale site of U . Now we obtain the commutative diagram:

Het(Y, P ) −−−−→ Het(X,P ) −−−−→ Het(U, P )
x





x





x





Γ(Y, P ) −−−−→ Γ(X,P ) −−−−→ Γ(U, P )

where the top row is a distinguished triangle as shown by (3.8.5); the bottom row is also a distinguished triangle
by the hypotheses. Since the first and last maps are quasi-isomorphisms, it follows that so is the middle map. �

4. The higher Chow groups of an algebraic stack

We begin by defining the naive higher Chow groups for algebraic stacks over k.

(4.1.1) Definition The naive higher Chow groups. Let S denote an algebraic stack. For each integer n ≥ 0,
we let ∆k[n] denote the standard n-simplex and let S ×∆k[n] denote the obvious algebraic stack that is the
product of S and ∆k[n]. For each integer d, a dimension d cycle on S×∆k[n] is an element of the free abelian
group on dimension d integral sub-stacks of S×∆k [n]. (See (1.3.4)(v) and (1.3.4)(vi) for the definition of the
dimension of an algebraic stack.)

(4.1.2) As in [Bl-1] we will only consider those cycles that intersect all the faces of S×∆k[n] properly. This
defines a simplicial abelian group which will be denoted zd(S, n).

We proceed to associate to any closed sub-stack of a given algebraic stack, a cycle i.e. an integral linear
combination of its irreducible components. This will be first done for algebraic spaces.

(4.1.3) Let S denote an algebraic space and let T denote a closed algebraic subspace of pure dimension d,
i.e. all the irreducible components of T have the same dimension. Let x : X → S denote an atlas for S with
X a scheme. Now T̃ = x−1(T ) = T×

S

X is a closed subscheme of X of pure dimension. Let the irreducible

components of T (T̃ ) be denoted {Ti|i} ({T̃i|i}, respectively ). Now x(T̃i) is contained in some irreducible

component Ti of T ; moreover since x is flat, x(T̃i) is dense in Ti so that Ti = the closure of (x(T̃i)). We let

(4.1.4) [T ] = ΣniTi if [T̃ ] = ΣiniT̃i

(We will prove below (see (4.1.6)) that the cycle [T ] is independent of the choice of the atlas x : X → S. Recall
that ni = the length of the Artin local ring OT̃ ,T̃i

where OT̃ ,T̃i
is the localization of OT̃ at the generic point of

T̃i. See [F] (1.5).)

Next let S denote an algebraic stack and let T denote a closed algebraic sub-stack of pure dimension d. Let
x : X → S denote an atlas for S: recall the map x is smooth withX an algebraic space. Let T̃ = x−1(T ) = T×

S

X

and let {T̃i|i} ({Ti|i}) denote the irreducible components of T̃ (T , respectively ). We may assume that the

closure of x(T̃i) = Ti. (i.e. Recall that Ti corresponds to the sub-algebraic space x−1(Ti) = Ti×
S

X of X so that

π−1
1 (x−1(Ti)) = π−1

2 (x−1(Ti)) where πi : X×
S

X → X , i = 1, 2 are the two projections. Observe that x−1(Ti)

is of pure dimension. If T̃i is an irreducible component of x−1(Ti), (using the above observations) one can now

readily show the closure of x(T̃i) = Ti.) Now we let

(4.1.5) [T ] = ΣiniTi if [T̃ ] = ΣniT̃i.

(4.1.6) Proposition. The above definitions are independent of the choice of atlases.

Proof. First we will prove this for algebraic spaces. Let S denote an algebraic space and let x : X → S,
x′ : X ′ → S denote two atlases for S with X and X ′ schemes. Without loss of generality we may assume there

exists an étale surjective map X ′
ε
−→ X so that x◦ε = x′. Let T̃ = T×

S

X , T̃ ′ = T×
S

X ′ = T̃×
X
X ′. We may assume

without loss of generality that ε : T̃ ′ → T̃ is an étale surjective map between affine schemes.
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Let T̃ ′i (T̃i) denote an irreducible component of T̃ ′ (T̃ , respectively ) so that the closure of ε(T̃ ′i ) = T̃i. Now

T̃ ′i denotes a point of the scheme T̃ ′ and T̃i = ε(T̃ ′i ) is the image of this point in the scheme T̃ . Since the map

ε is étale, one obtains an isomorphism ÔT̃ ′,T̃ ′

i

∼= ÔT̃ ,T̃i
⊗

k(T̃i)

k(T̃ ′i ). (See [H] p. 275.) Therefore length(OT̃ ′,T̃ ′

i
) =

length(ÔT̃ ′,T̃ ′

i
) = length(ÔT̃ ,T̃i

) = length(OT̃ ,T̃i
). This proves the proposition in the case of algebraic spaces.

Next let S denote an algebraic stack and let x : X → S, x′ : X ′ → S denote two atlases for S. Let
T̃ = T×

S

X , T̃ ′ = T×
S

X ′. Without loss of generality we may assume there exists a smooth surjective map

X ′
ε
−→ X so that x ◦ ε = x′. We may assume now that ε : T̃ ′ → T̃ is a smooth surjective map between two

algebraic spaces. By considering atlases for these algebraic spaces (and applying the proposition for algebraic

spaces, which we have just established), now one may assume that ε : T̃ ′ → T̃ is a smooth surjective map of
schemes. Further one may assume these are affine schemes and that ε factors as the composition of an étale

map T̃ ′ → T̃×
k

An (for some n ≥ 0) and the obvious projection T̃×
k

An π
−→ T̃ . Let T̃ ′i (T̃i) denote an irreducible

component of T̃ ′ (T̃ , respectively ) so that the closure of ε(T̃ ′i ) = T̃i. Now T̃ ′i denotes a point of the scheme T̃ ′

and T̃i = ε(T̃ ′i ) is the image of this point in the scheme T̃ . Since π−1 of any irreducible closed sub-scheme is

an irreducible closed sub-scheme of T̃×
k

An, it suffices to assume the map ε itself is an étale map between two

schemes. We have already proved the proposition in this case. �

(4.2.1) Let f : S
′ −→ S denote a flat map of algebraic stacks so that it is of relative dimension n i.e. for

each irreducible component T of S, every irreducible component of f−1(T ) = T×
S

S
′ is of dimension = n+ the

dimension of T . We will assume by default that all flat maps are of relative dimension n for some integer n ≥ 0.
Observe that now f × id : S

′ ×∆k[n] −→ S×∆k[n] is also flat of the same relative dimension for all n.

(4.2.2) If T ⊆ S×∆k[n] is a closed integral sub-stack of dimension c, observe that f−1(T ) = T ×
S×∆k[n]

S
′ ×

∆k[n] is a closed sub-stack of S
′×∆k[n] with dimension = d+n. One may readily verify that the each irreducible

component of f−1(T ) intersects all the faces of S
′ ×∆[n] properly. Therefore we will let [f−1(T )] ε z∗(S

′, n)
denote the class of f−1(T ). Now one defines a map f∗ : z∗(S, n) −→ z∗(S

′, n) for each n ≥ 0 by extending
the above definition using linearity to all cycles in z∗(S, n). This makes S → z∗(S, n), for each fixed integer
n, a contravariant functor for flat maps of algebraic stacks. Therefore, this defines an additive presheaf on

(alg.stacks/k)Noeth.f.d
Res . We will denote this presheaf by

(4.2.3) Z∗( , n).

(4.2.4) Next assume that S is an algebraic stack. If x : X → S is an object of the site Sres.smt, with X
connected, observe that it is also of a fixed relative dimension. Therefore the restriction of presheaf Z∗( , n)
to Sres.smt defines an additive presheaf which will be denoted ZSres.smt

∗ ( , .). As shown in (3.6.2) through
(3.6.5), one may therefore consider the étale and smooth hypercohomology of BxS with respect to the above
complex. The restriction of ZSres.smt

∗ ( , .) to the étale site of S will be denoted ZSet
∗ ( , .).

(4.2.5) Let S denote an algebraic stack as before. For each fixed integers d and n ≥ 0, we also define a

presheaf ZSres.smt

d ( , n) on Sres.smt as follows. If u : U → S belongs to Sres.smt and U is connected, it is of

a fixed relative dimension for some integer m ≥ 0; therefore we let Γ(U,ZSres.smt

d ( , n)) = Zd+m(U,m). We

extend the definition of the presheaf ZSres.smt

d ( , n) by additivity to all of Sres.smt, not necessarily connected.
Observe that if f : S

′ → S is a representable flat map of relative dimension m, then f induces a pull-back
f∗ : ZSres.smt

d (U, n)→ ZSres.smt

d+m (f−1(U), n) for any U ε Sres.smt with f−1(U) = U×
S

S
′.

(4.2.6) Next let p : S
′ → S denote a proper representable map of algebraic stacks and let t′ : T ′ → S

′ denote
a closed immersion of an integral sub-stack. Let OT ′ denote the structure sheaf of T ′. Now p∗(OT ′) is a coherent
OS-module. We define the stack-theoretic image of T ′ to be the closed reduced algebraic sub-stack of S defined
by the support of p∗(OT ′). This will be denoted p(T ′). (Since p is representable, one may define the support
of a coherent OS′ -module, M, as follows. Let x : X → S denote an atlas for S, let x′ : X ′ = X×

S

S
′ → S

′

denote the induced atlas for S
′ and let p̃ : X ′ → X denote the induced map. Now the support of p̃∗(x

′∗(M))
is a closed algebraic sub-space of X . One may show that if πi : X×

S

X → X is the projection to the i-th factor,
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π−1
1 (p̃∗(x

′∗(M))) = π−1
2 (p̃∗(x

′∗(M))) so that we obtain a closed algebraic sub-stack of S
′. In case p is not

necessarily proper, we may define the image of the sub-stack T ′ of S
′ to be smallest closed algebraic sub-stack

T of S through which the morphism p : S
′ → S factors.)

(4.2.7) Assume the above situation. Now p−1(p(T ′)) = p(T ′)×
S

S
′ is a closed algebraic sub-stack of S

′, the

morphism T ′ → p−1(p(T ′)) is a closed immersion and therefore the induced map T ′ → p(T ′) is a representable
proper map. Let y : Y → p(T ′) be an atlas, let y′ : Y ′ = Y ×

p(T ′)
T ′ and let p̃T ′ : Y ′ → Y denote the induced

map. Now we define the degree of p|T ′ to be the degree of the map p̃|T ′ . (It is shown in [Vis] (1.16) that this
definition is independent of the choice of an atlas.) Observe that the degree is 0 unless p|T ′ is generically finite.

(4.2.8) Now we define the direct image p∗ : Z∗(S
′, n) → Z∗(S, n) for each fixed n ≥ 0 to be given by

p∗([T
′]) = degree(p|T ′).[p(T ′)] for any integral sub-stack T ′ of S

′ ×∆k[n] that belongs to Z∗(S
′, n). (Observe

that the same definition defines p∗ : Zd(S
′, n)→ Zd(S, n) for each fixed integers d and n ≥ 0.)

In (4.3.1) through (4.3.4) we will restrict to Deligne-Mumford stacks. Since any algebraic space may be viewed
as a Deligne-Mumford stack, these results all hold for algebraic spaces.

(4.3.1) Observe that, in case S is a Deligne-Mumford stack, S × ∆k[n] is also a Deligne-Mumford stack.
Therefore the arguments in [Gi-2] (4.1) apply to show that the functor S 7→ zd(S×∆[n]) is in fact a sheaf on
Set. Since dimension is stable under étale localization, one may show that for each fixed integers d and n, the
presheaf Zd( , .) restricted to Set is a sheaf.

(4.3.2) Next let f : S
′ → S denote a proper map of Deligne-Mumford stacks, not necessarily representable.

In case f is not representable, one defines the degree deg(f) = deg(f ◦ x)/deg(x) where x : X −→ S is an atlas.
It is shown in [Vi] (1.16) that this degree is independent of the choice of an atlas x. Now one obtains a proper
push-forward f∗ : Zd(S, .)⊗

Z
Q −→ Zd(S

′, )⊗
Z

Q.

(4.3.3) Assume S is a Deligne-Mumford stack. A rational function on S may be defined to be a dominant
map f : U −→ P1 where U is an open sub-stack of S. If Z is an integral sub-stack of S, let k(Z)∗ denote the
multiplicative group of rational functions on Z. Now we letW∗(S) denote the rational equivalences on S, namely
⊕
j
Wj(S) whereWj(S) is the direct sum of k(Z)∗ over integral closed sub-stacks Z of dimension j+1. It is shown

in [Gi-2] section 4, that these are sheaves on Set and that one obtains a homomorphism δ : W∗(S) −→ Z∗(S, 0).
Now the naive Chow group CHnaive

q (S) is defined to be the cokernel of δ : Wq(S) −→ Zq(S, 0).

(4.3.4) Proposition. If S is a Deligne-Mumford stack, one obtains the isomorphism:

CHnaive
q (S)⊗

Z
Q ∼= π0(Zq(S, .))⊗

Z
Q

Proof. Let α = δ(r), r ε k(Z)∗ where Z is a dimension q + 1 closed integral sub-stack of S. Now r corresponds

to rational function r̃ on the atlas Z̃ of Z; i.e. a map Ũ −→ P1 where Ũ is an open subscheme of Z̃. Since r̃ is
obtained from the rational function r, Ũ descends to an open sub-stack U of Z. Let Ṽ be the closure of the
graph of the map Ũ −→ P1 in X × P1 where X is an atlas of S. (We may assume Z̃ = Z×

S

X .) Now Ṽ descends

to a closed integral sub-stack V of S×P1 which has the dimension q+ 1. V defines by restriction to S×∆k[1]
a closed sub-stack of dimension q + 1. This defines an element in Zq+1(S, 1).

If f : V −→ P1 is the composition V −→ S×P1 −→ P1, one observes that α = δ(r) = p∗(δ(f)) where p : V −→ Z
is induced by the composition V −→ S × P1 −→ S. Observe that V and Z are of the same dimension. The
push-forward p∗ : Z∗(V, 0)⊗

Z
Q −→ Z∗(Z, 0)⊗

Z
Q is defined in [Vi] (3.6). Recall that Z∗( , 0) is a sheaf on the

étale topology of the stacks V and Z. Therefore, in order to obtain the equality p∗(δ(f)) = δ(r), it suffices to
work locally in the étale topology where this is known - see [F] p.16. Observe that for any point P in P1, the
fiber f−1(P ) is a sub-stack of S×P which p maps isomorphically onto a closed sub-stack of Z and hence of S;
we denote this sub-stack by V (P ). Now p∗[f

−1(P )] = V (P ) and therefore
p∗(δ(f)) = p∗(f

−1(0) − f−1(1)) = V (0) − V (1). These show that if a cycle in Zq(S, 0)⊗
Z

Q is rationally

equivalent to 0, then the class of the cycle in π0(Zq(S, .))⊗
Z

Q is trivial.
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Now it suffices to show the converse of the last assertion. For this one begins with a class V ε Zq+1(S, 1).

Let f : V → S × ∆k[1] ∼= S × A1 → S × P1 pr2

−−→ P1 denote the obvious map. Now the same arguments as
above show V (0)− V (1) = p∗(δ(f)). Since δ(f) is rationally equivalent to 0, it suffices to show that W∗ pushes
forward: since this was observed to be a sheaf on the étale topology of the stacks, it suffices to prove this locally,
where it is well-known. (See for example, Theorem 1.4, Chapter I, [F].) Observe that push-forward is defined
for non-representable proper maps only after tensoring with Q. (See [Vi] (3.7).) �.

We proceed to define the higher Chow groups for algebraic stacks as suitable hypercohomology with respect
to the cycle complex. We begin by showing that even Zariski hypercohomology with respect to the above
presheaf has reasonable properties for all schemes of finite type over k.

(4.4.1) Definition. Let X denote a scheme of finite type over k. For each integer d, let ZXZar

d ( , .)

denote the restriction of the presheaf ZXres.smt

d ( , .) to the Zariski site of X . Now we let CHd(X, .) =

HZar(X,Z
XZar

d ( , .)) and CHd(X,n) = H−n
Zar(X,Z

XZar

d ( , .)) = the hypercohomology with respect to the
above presheaf on the Zariski site of X . (Observe that we are computing hypercohomology in the sense of
(3.5.1) where the complete pointed simplicial category is the category of all unbounded co-chain complexes of
abelian sheaves as in (6.2.4).)

(4.4.2) Remark If X is a quasi-projective scheme over k, the above group is isomorphic to the naive Chow
group defined in (4.1.1). (This follows from the localization theorem of Bloch.)

(4.4.3) Proposition. Let X denote a scheme of finite type over k. Let Z −→ X denote the closed immersion
of a closed subscheme with U = X − Z. Now one obtains a distinguished triangle:

CHm(Z, .) −→ CHm(X, .) −→ CHm(U, .)

and therefore a long-exact sequence:

... −→ CHm(Z, n) −→ CHm(X,n) −→ CHm(X − Z, n) −→ CHm(Z, n− 1) −→ ...

Proof. Take P = Z∗( , .) in (3.8.4)(i). Now observe that the map i∗Z
ZZar
∗ ( , .) → ZXZar

∗ ( , .) preserves the
dimension of the cycles. �

(4.4.4) In the above situation, it is not clear that CH∗(X,n) = 0 for n < 0. However we can readily show
this is the case modulo torsion as follows. Let u : U• → X denote a Zariski hypercovering by schemes that
are quasi-projective over k. Now the simplicial scheme U• is quasi-projective over k in each degree. Therefore,
the Riemann-Roch theorem of [Bl-1](9.1) provides the quasi-isomorphism: holim

∆
lim
→
{Γ(Un,Z∗( , .))⊗

Z
Q|n} '

holim
∆

lim
→
{Γ(Un,GQ)|n} where the colimit is over the category of all Zariski hypercoverings U• of U with each Un

a quasi-projective scheme over k. By (4.4.5) below one may identify the former (latter) with HZar(X,Z∗( , .)⊗
Z

Q)

(HZar(X,GQ) ' G(X)Q). Clearly this has trivial homotopy groups in negative degrees.

(4.4.5) Lemma. Let X denote a scheme of finite type over k and let P denote a presheaf on XZar with values
in a category S as before. Assume further that πn(P ) = 0 for n < 0 and that πi(P ) is a presheaf of Q-vector
spaces for each i. Let HR(X) denote a cofinal sub-category of the filtered category of Zariski hypercoverings of
X . Now HZar(X,P ) ' holim

∆
lim
→
{Γ(U•, P )|n} where the colimit is over HR(X).

Proof. One observes that there exist maps

HZar(X,P )→ holim
∆

lim
→

HZar(U•, P )←− holim
∆

lim
→
{Γ(U•, P )}

natural in P . Now we will first restrict to the case when P has been replaced by a τlenP for some n ≥ 0.
Since the distinguished triangle τ≤n−1Γ(V, P ) → τ≤nΓ(V, P ) → τ≥n(τ≤nΓ(, P )) exists for all V in the Zariski
site of X and is natural in V , and since the homotopy inverse limits and filtered colimits preserve distinguished
triangles, one may reduce to the case when P has cohomology sheaves only in one degree. i.e. We reduce to the
case when P is replaced by an abelian presheaf. This is well-known.

Observe that inverse limits commute with homotopy inverse limits and lim
∞←n

HZar(X, τ≤nP ) ' HZar(X,P ) (by

(3.4.1)). Therefore it suffices to show lim
∞←n

lim
→

HZar(U•, τ≤nP ) ' lim
→

lim
∞←n

HZar(U•, τ≤nP ) and lim
∞←n

lim
→

Γ(U•, τ≤nP ) '
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lim
→

lim
∞←n

Γ(U•, τ≤nP ). Both follow from the observation that on taking each fixed πk, the inverse limits all sta-

bilize. �

(4.5.1) Definition. Let S denote an algebraic stack and let x : X → S denote a fixed atlas and let BxS

denote the corresponding classifying simplicial space and let d denote a fixed integer. (See (3.6.3).) (i) Now we

define CHd(S, x, .) = Het(BxS,ZSres.smt

d ( , .)).

(ii) If R denotes either Q, or Z/lν , ν > 0, one defines CHd(S, x, .;R) = Het(S,Z
Sres.smt

d ( , .)⊗
Z
R).

(iii) If n is an integer, we will let CHd(S, x, n) = πn(CHd(S, x, .)) while CHd(S, x, n;R) = πn(CHd(S, x, .;R))

(Observe that we are computing hypercohomology in the sense of (3.6.5) in general, where the complete pointed
simplicial category is the category of all unbounded co-chain complexes of sheaves of R-modules as in (6.2.4).
We may replace this by hypercohomology as in (3.5.1) for Deligne-Mumford stacks.)

Next we consider the basic properties of the above higher Chow groups.

(4.5.2) Theorem. (Independence on the choice of the atlas). (i) If S is a Deligne-Mumford stack and

x : X → S is an étale atlas, CHd(S, x, .;R) ' Het(S,Z
Set

d ( , .)⊗
Z
R) and is therefore intrinsic to the stack.

(ii) Suppose S is a general Artin stack that is smooth and R = Z/lν , l different from the characteristic of k. If
x : X → S and y : Y → S are two atlases for S, CH∗(S, x, n;R) ' CH∗(S, y, n;R) �

Proof. (i) follows immediately from (3.5.2)(ii). Now we consider (ii). Let x : X → S and y : Y → S denote two
atlases for the stack S. Now z : X×

S

Y → S is also an atlas for S. One may identify the simplicial space BzS

with the diagonal of the bi-simplicial space: (n,m) 7→ Xn×
S

Y m where Xn (Y m) denotes the fibered product of

X over S n-times (Y over S m-times, respectively ). Let Bx,yS denote this bi-simplicial space.

(4.5.2.*) Observe that for each fixed integer n (m), Bx,ySn,• (Bx,yS•,m) is a smooth hypercovering of (BxS)n

(ByS)m, respectively ).

Next let Z
BxSn,et
• ( , .; Z/lν) (Z

BySm,et
• ( , .; Z/lν), Z

Bx,ySn,m,et
• ( , .; Z/lν)) denote the mod-lν higher cycle

complex on the étale site of (BxS)n ((ByS)m, (Bx,yS)n,m, respectively ). Now the first two pull back to a
complex that is quasi-isomorphic to the third. To see this it suffices to consider the following.

Let f : Z ′ → Z denote a smooth map of smooth schemes of finite type over k. Let ZZet
• ( , .) and Z

Z′

et
• ( , .)

denote the pre-sheafification of the cycle complexes on Z and Z ′ on their étale sites. Now the induced map

f∗ZZet
• ( , .)⊗

Z
Z/lν → Z

Z′

et
• ( , .)⊗

Z
Z/lν is a quasi-isomorphism. This follows immediately from the rigidity

property of the mod−lν higher cycle complexes established in [Bl-1](11.1).

Now consider the étale hypercohomology of BxS, ByS and BzS with respect to the above mod-lν higher cycle
complex. Now (3.6.5) shows that this étale hypercohomology may be identified with the smooth hypercohomol-
ogy with respect to corresponding induced complexes of presheaves on the smooth-sites. Now (4.5.2.*), (3.6.1)
and (3.6.5) show that the smooth hypercohomology of BxS, ByS and BzS with respect to these complexes are
in fact isomorphic. �

(4.6.1) Theorem (Localization sequence). Assume that i : S
′ −→ S is a closed immersion of algebraic stacks

with S
′′ = the complement of S

′ in S. Assume further that the stack S is of finite type over k. Let x : X → S

denote a fixed atlas, let x′ = x×
S

S
′ and x′′ = x×

S

S
′′. Now one obtains a long exact sequence:

... −→ CH∗(S
′, x′;n))⊗

Z
Q −→ CH∗(S, x, n)⊗

Z
Q −→ CH∗(S

′′, x′′, n)⊗
Z

Q −→ ...

Proof. This follows immediately from (3.8.2) and (3.8.4)(ii). Observe that since we are using the dimensions of
the cycles there is no change in the degree. �.

(4.6.2) Corollary (Mayer-Vietoris). Let S denote an algebraic stack with S0 and S1 two open algebraic
sub-stacks so that S is isomorphic to S0 ∪S1. Let x : X → S denote a fixed atlas for S. Let x0, x1 and x01

denote the induced atlases for S0, S1 and S0 ∩S1. Now one obtains a long-exact sequence:
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... −→ CH∗(S, x;n)⊗
Z

Q −→ CH∗(S0, x0;n)⊗
Z

Q⊕ CH∗(S1, x1;n)⊗
Z

Q −→ CH∗(S0 ∩S1, x01f ;n)⊗
Z

Q −→ ...

Proof. This follows in the usual manner from (4.6.1). (See (3.7.8) for example.) �

(4.6.3) Theorem. Let f : S
′ −→ S denote a representable map of algebraic stacks. Let x : X → S denote

a fixed atlas and let x′ : x×
S

S
′. (i) If f is flat of relative dimension m, it induces a map f ∗ : CH∗(S, x;n) −→

CH∗+m(S′, x′;n) for every n ≥ 0.

(ii) If f is a representable finite map, f induces a map f∗ : CH∗(S
′, x′;n) −→ CH∗(S, x;n).

(iii) More generally, if f is any representable map that is locally projective as in (1.3.4)(iv) with respect to an
atlas x : X → S and x′ = x×

S

S
′, f induces a map f∗ : CH∗(S

′, x′;n)⊗
Z

Q→ CH∗(S, x;n)⊗
Z

Q.

(iv) Let f : S
′ → S denote any finite map of Deligne-Mumford stacks. Now f induces a map f∗ :

CH∗(S
′, .)⊗

Z
Q→ CH∗(S, .)⊗

Z
Q.

Proof. In order to establish (i), observe the existence of a natural map Z
Bx′S

′

n,et

d ( , .) −→ Rf∗f
−1Z

Bx′S
′

n,et

d+m ( , .)

for each fixed n ≥ 0. Therefore it suffices to prove the existence of a natural map f−1Z
Bx′S

′

n,et

d ( , .) −→

Z
BxSn,et

d+m ( , .) compatible with the face maps of the simplicial space BxS. This exists since f is a flat map.
(See (4.2.2) and (4.2.5).)

The proof of (ii) is entirely similar to that of (iii): so we will only consider (iii). Now the covariance property

in (4.2.8) shows the existence of a map f∗Z
Bx′S

′

n,et
∗ ( , .) −→ Z

BxSn,et
∗ ( , .) of presheaves on BxSn,et. If f is

locally quasi-projective, observe from (3.8.3) that Rf∗P = f∗P for any presheaf P so that πi(P ) is a presheaf of
Q-vector spaces for all i. Taking the hypercohomology on BxSn,et, with respect to f∗P with P = Z∗Bx′S

′

n,et
( , .)

one obtains the covariant map f∗ : CH∗(S
′, x′;n)⊗

Z
Q −→ CH∗(S, x;n)⊗

Z
Q.

To obtain (iv), observe that the push-forward in (4.3.2) defines a map f∗ZS′

et
( , .)Q

Z

→ ZSet( , .)Q
Z

of

presheaves on the site Set. Since f is finite and we are using rational coefficients, one may identify Rf∗ with
f∗. Moreover hypercohomology on the two sites Set and Set are isomorphic by (3.5.2)(i). These observations
readily prove (iv). �

(4.6.4) Remark. We will show in [J-1] (3.2.2) that one can in fact define push-forward integrally for projective

maps that factor as the composition S
′ i
−→ P(E)

π
−→ S where E is vector bundle over S, i is a closed immersion

and π is the obvious projection.

(4.6.5) Proposition. (i) If X is a quasi-projective scheme, the definitions in (4.1.1), (4.4.1) and (4.5.1) using
any atlas agree modulo torsion.

(ii) If X is a separated scheme of finite type over k, the definitions in (4.4.1) and (4.5.1) agree modulo torsion.

Proof. (i) Now the sheaf Z∗( , .) is a flabby sheaf on XZar which implies the objects in (4.1.1) and (4.4.1) are
isomorphic. (3.8.3) shows that the two definitions in (4.1.1) and (4.5.1) agree. This completes the proof of (i).

To obtain (ii), observe that the definition in (4.4.1) and the definition in (4.5.1) both have localization
sequences and therefore Mayer-Vietoris sequences (at least after tensoring with Q). Now the scheme is of finite
type and therefore has a finite covering by affine open sub-schemes. Therefore (i) and an induction on the
number of such affine open sub-schemes forming a covering completes the proof. �

(4.6.6)Definition. (Higher Chow groups of algebraic spaces). If S is an algebraic space, we may view it as a
Deligne-Mumford stack in the obvious manner. Therefore, we define CHd(S, .;R) to be that as in (4.5.1). We
let CHd(S, n;R) = πn(CHd(S, .;R).

5. Applications.

We proceed to compare the Chow groups of a Deligne-Mumford stack with the Chow groups of its coarse
moduli space. (Observe that any Deligne-Mumford stack has a coarse moduli space which is an algebraic space.)
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This is made possible by the long-exact localization sequences in Theorem 1. We begin with the following result
on quotient stacks.

(5.1.1) Proposition. Suppose G is a finite group acting a scheme X over k so that MX/G is a coarse

moduli space for the stack X/G exists. Assume that the map π : X/G −→MX/G is flat. Let Z
X/Get
∗ ( , .) and

Z
MX/Get
∗ ( , .) denote the presheaves on X/Get and MX/Get

as in (4.2.4). Now

Rπ∗Z
X/G
∗ ( , .)⊗

Z
Q ' π∗Z

X/G
∗ ( , .)⊗

Z
Q ' Z

MX/G
∗ ( , .)⊗

Z
Q

Proof. The first quasi-isomorphism is clear since π is finite. The fact that π is flat as well as finite shows

first that π∗ : Z
X/G
∗ (π−1(U), .)⊗

Z
Q −→ Z

MX/G
∗ (U, .)⊗

Z
Q is surjective for any U −→ MX/G étale and where

π−1(U) = U×
M

X/G. (Now π∗ is also defined and the composition π∗ ◦ π
∗ = multiplication by the degree of π.)

The latter is easily seen to be the quotient stack associated to an algebraic space V with a G-equivariant étale
map to X . Let z ε Z∗(π

−1(U), .) = Z∗(V/G, .) be the class of an integral sub-stack Z of V/G × ∆k[n]. Now

the map Z −→ V/G ×∆k[n] is a closed immersion, which implies that Z is the quotient stack Z̃/G associated

to an integral G-stable sub-algebraic space Z̃ of V × ∆k[n]. (Both of these assertions follow from [LMB]
Théoreme (10.2).) By considering geometric points one may now observe that Z = π∗(π∗(Z))red. Therefore

π∗ : Z
X/G
∗ (π−1(U), .)⊗

Z
Q −→ Z

MX/G
∗ (U, .)⊗

Z
Q is an isomorphism. �

(5.1.2) Proposition. Suppose S is a Deligne-Mumford stack which is of finite type over k and where MS

is a coarse moduli for the stack S. Now the map π : S −→MS induces an isomorphism π∗ : CH∗(S, n)⊗
Z

Q '

CH∗(MS, n)⊗
Z

Q.

Proof. Let M denote the coarse moduli space from now onwards. Let i : Z −→M denote the closed immersion of
a sub-algebraic space with U its open complement. Observe that we may assume the map π is finite. Since π is
already proper, it suffices to show that π is quasi-finite. This follows immediately from the following devissage
technique for Deligne-Mumford stacks (see [LMB] Théoreme (10.2) and Corollaire (10.2.1)):

(5.1.2.*) There exists a dense open subscheme U on MS so that πU : S ×
MS

U −→ U is flat; we may also

observe that there exists a Galois cover Ũ −→ U so that S ×
MS

U×
U
Ũ ∼= S ×

MS

Ũ is the quotient stack for a finite

group.

Since π is finite, by (4.6.1) and (4.6.3)(ii), we obtain a commutative diagram of long exact sequences where
the vertical maps are π∗:

... −−−−→ CHd(SZ , n)⊗
Z

Q −−−−→ CHd(S, n)⊗
Z

Q −−−−→ CHd(SU , n)⊗
Z

Q −−−−→ CHd(SZ , n− 1)⊗
Z

Q −−−−→ ...




y





y





y





y

... −−−−→ CHd(Z, n)⊗
Z

Q −−−−→ CHd(M, n)⊗
Z

Q −−−−→ CHd(U, n)⊗
Z

Q −−−−→ CHd(Z, n− 1)⊗
Z

Q −−−−→ ...

Here SZ = Z×
M

S and SU = U×
M

S. The Chow groups in the bottom row are the ones defined in (4.6.6)

and the two rows are exact by (4.6.1). Now it suffices to show the vertical maps corresponding to Z and U
are isomorphisms. Using ascending induction on the dimension of the coarse-moduli space MS, the devissage
technique above along-with (4.6.1), it follows that we only need prove the proposition in the following two cases:

(i) M is the spectrum of a field K and

(ii) M = MX/G, where X is a scheme with the action of a finite group G and the map X −→MX/G is flat.

The last case follows from (5.1.1) by taking hypercohomology on M. In the first case, observe that the stack
S −→ M is a gerbe; the same devissage technique shows that after a finite separable extension of the field K,
M is as in (ii). Once again (5.1.1) applies to complete the proof. �

(5.1.3) Corollary. If S is a Deligne-Mumford stack of finite type over k with a coarse moduli space which
is a quasi-projective scheme, one obtains the isomorphisms:
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CHnaive
q (S)⊗

Z
Q ' π0(Zq(S, .))⊗

Z
Q ' CHq(S, 0; Q), for each q.

Proof. The first isomorphism follows from (4.3.4). In order to obtain the second, recall from [Gi-2] Theorem
(6.8) the isomorphism CHnaive

q (S)⊗
Z

Q ' CHnaive
q (MS)⊗

Z
Q which is the Chow group defined in (4.1.1). By

(4.4.2) the latter is isomorphic to the group CHq(MS)⊗
Z

Q which is the group defined in (4.4.1). By (5.1.2),

CHd(MS)⊗
Z

Q ' CHd(S, 0,Q). �

(5.1.4) Examples. (i)Let G denote a finite group acting on a quasi-projective scheme so that a coarse moduli
space MX/G exists as a quasi-projective scheme. Now CH∗(X/G, .)⊗

Z
Q ∼= CH∗(MX/G, .)⊗

Z
Q. In particular

(taking X = Spec k), CH∗(BG, .)⊗
Z

Q ∼= CH∗(Spec k, .)⊗
Z

Q.

(ii) Let G denote a linear algebraic group acting on a scheme locally properly X so that a coarse moduli space
MX/G exists as a quasi-projective scheme. Assume further that the stack X/G is Deligne-Mumford. (The stack
X/G is Deligne-Mumford if the stabilizers of geometric points are finite and reduced.) Now

CH∗(X/G, 0)⊗
Z

Q ∼= CHG
∗ (X)⊗

Z
Q

where the last term is the equivariant intersection theory defined in [EG1]. (This follows from (5.1.3) and [EG1]
Proposition 14 where it is shown that the right-hand-side is isomorphic to the naive Chow groups of the stack
X/G tensored with Q.)

(5.1.5) Proof of Corollary 3 (in the introduction). (i) and (iv) are immediate consequences of the localiza-
tion sequence in Theorem 1. It is known that the stacks in (iv) are of finite type over k - see [LMB] (4.14.2.1).
(ii) and (iii) have already been discussed in the above examples. It is shown in [B-M] that the stacks in (v) are
in fact Deligne-Mumford. Therefore (5.1.2) applies to prove (v). �

Remark. In case S is also smooth we define an intersection product on CH∗(S, 0) in [J-1](4.3.10). It is
shown in [Gi-2] (using K-theoretic techniques) that, in this case, there exist a ring structure on CHnaive

∗ (S)⊗
Z

Q.

We show in [J-1] (4.3.10) that for smooth Deligne-Mumford stacks one obtains an isomorphism between
CH∗(S, 0)⊗

Z
Q and CHnaive

∗ (S)⊗
Z

Q preserving the above intersection products.

Next we obtain the following result as a by product of our techniques.

(5.2) Theorem.

There exists a functor

CH∗( , .) :(schemes) → (bi-graded abelian groups)

having the following properties.

(i) CH∗( , .) is contravariant for flat maps and covariant for projective maps as well as all finite maps

(ii) These groups are intrinsic to the scheme (and are defined as the Zariski hypercohomology with respect
to the higher cycle complex)

(iii) If Y → X is a closed immersion of schemes with U = X − Y , one obtains a long-exact sequence

... −→ CH∗(Y, n) −→ CH∗(X,n) −→ CH∗(U, n) −→ CH∗(Y, n− 1) −→ ...

(iv) CH∗(X,n)⊗
Z

Q = 0 if n < 0 for all schemes of finite type over a field k k.

(v) If X is a quasi-projective scheme over k, these higher Chow groups are isomorphic to the ones defined in
[Bl-1]. �

Proof. Contravariance for all flat maps follows as in (4.6.3)(i). The same proof as in (4.6.3)(ii) will prove
the covariance for locally projective maps. Since one has cohomological descent on the Zariski site of a quasi-
projective scheme for the presheaf Z∗( , .) this holds integrally. (See (3.8.3)(ii).) (ii) is clear. (iii) follows from
(4.4.3) while (iv) is established in (4.4.4). Finally (v) follows from (4.4.2). �
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6. Homotopy inverse limits.

In this section we provide a self-contained discussion of homotopy inverse limits. We show that the homotopy
inverse limit represents the derived functor of the inverse limit functor from the category of cosimplicial objects
in the category of unbounded complexes of sheaves of modules on any ringed site. It enables us to define
hypercohomology with respect to any unbounded complex of sheaves on a site with reasonable properties.
Moreover, for the purposes of Riemann-Roch theorems on stacks, we need to consider the homotopy inverse
limits for presheaves of spectra. To handle all of these in a uniform manner (and without using sophisticated
techniques from algebraic topology like closed model categories), we introduce the following terminology.

Let S denote a simplicial category, i.e. a category with the following properties:

(6.0.1) there exists a pairing ⊗:(pointed simplicial sets) ×S −→ S and a functor

(6.0.2) Map : Sop×S −→(pointed simplicial sets) so that given a pointed simplicial set K and two objects X ,
Y ε S, one obtains the isomorphism:

HomS(K,Map(X,Y )) ∼= HomS(K ⊗X,Y ).

(HomS denotes the external Hom in the category S.) Assume further that there exists a functor

(6.0.3) F :(pointed simplicial sets) −→ S.

(6.0.4) We will also assume that the category S is closed under all small limits and has a zero object. This
object will be denoted ∗. Such simplicial categories will be called complete pointed simplicial categories. The
internal Hom in the category S will be denoted Hom. We will further require that Hom(F (∆[0]+), Y ) ∼= Y for
any object Y ε S.

Let S∆ = Cosimp(S) = the category of all cosimplicial objects in S. We proceed to define a functor

holim
∆

: Cosimp(S) −→ S

This will be defined as an end following [B-K] chapter XI.

Let {Cm|m} ε S∆. Now we define a functor:

(6.1.1) HomC• : ∆op ×∆ −→ S by

HomC•(n,m) = Hom(F (∆[n]+), Cm)

We define holim
∆
{Cm|m} to be the end of this functor in the sense of [Mac] p. 218. Recall this means

(6.1.2) holim
∆
{Cm|m} = Equalizer(Π

n
Hom(F (∆[n]+), Cn)

a
−→
−→

b
Π

γ:n−→m
Hom(F (∆[n]+), Cm)

where a (b) is the map sending Hom(F (∆[n]+), Cn) to Hom(F (∆[n]+), Cm) by the map C(γ) : Cn −→ Cm (to
Hom(F (∆[m]+), Cn) by the map Hom(γ+ ⊗ id, id), respectively ).

Now let Const : S −→ Cosimp(S) denote the obvious constant functor sending an object M ε S to the obvious
constant cosimplicial object associated to M . Let L(Const) : S −→ Cosimp(S) denote the functor sending M
to the cosimplicial object L(Const(M))n = ∆[n]+ ⊗M (with the obvious structure maps). So defined, one can
readily see that

(6.1.3) holim
∆

: Cosimp(S) −→ S is right adjoint to the functor L(Const).

We will also briefly consider the dual notion of homotopy colimits. Assume now that S is also closed under
all small colimits. Let S∆op

= Simp(S) = the category of all simplicial objects in S. Let {Sn|n} ε Simp(S).
Now we define a functor S.⊗− : ∆×∆→ S by (S.⊗−)(m,n) = Sm ⊗ F (∆[n]+). We define hocolim

∆
{Sm|m}

to be the co-end of this functor. i.e.

(6.1.4) hocolim
∆

{Sm|m} = Coequalizer( t
γ:n−→m

Sm ⊗ (F (∆[n]+))

a
−→
−→

b
t
n
Sn ⊗ F (∆[n]+))
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where the map a (b) is the map sending Sm⊗F (∆[n]+) to Sn⊗F (∆[n]+) by the map S(γ)⊗id (to Sn⊗F (∆[m]+)
by the map id⊗ F (γ+), respectively ).

Let {Sn|n} ε S∆op

denote an object as above. Now one may show readily (using the definitions) that if X ε S,

(6.1.5) holim
∆
{Hom(Sn, X)|n} ∼= Hom(hocolim

∆
{Sn|n}, X) and

(6.1.5’) hocolim
∆

{Map(Sn, X)|n} ∼= Map(hocolim
∆

{Sn|n}, X)

(6.1.6) We also make the following observation about filtered colimits: in Grothendieck categories they are
exact and hence in the setting of (6.2.4) they preserve quasi-isomorphisms. In the setting of (6.2.1) through
(6.2.3) also it is shown in [B-K] and [T] that they preserve quasi-isomorphisms. (Observe that the colimit of
a diagram in the setting of (6.2.1) through (6.2.3) one needs to take colimit first and then apply a functor to
convert to a quasi-isomorphic (presheaf of) fibrant objects.)

Examples.

(6.2.1) Let S denote the category of all pointed fibrant simplicial sets. Now the functor F is a functor
that takes a pointed simplicial set to a weakly-equivalent pointed fibrant simplicial set. The pairing ⊗ in
(6.0.1) is defined as P ⊗M = F (P ∧M) where P ∧M = P ×M/(∗ ×M ∪ P × ∗). One defines Map(X,Y )
by Map(X,Y )n = HomS(∆[n]+ ⊗ X,Y ). (One defines the functor Map(X,Y ) in the same manner for the
examples in (6.2.2) through (6.2.4).) In this case, the homotopy inverse limit is the one defined in [B-K] XI,
(3.1), (3.3). A map between pointed fibrant simplicial sets is a quasi-isomorphism or a weak-equivalence if it
induces an isomorphism on all πn, n ≥ 0. The class of maps that are quasi-isomorphisms admit a calculus of
left and right fractions in the homotopy category of pointed fibrant simplicial sets.

(6.2.2) Let S denote the category of all fibrant simplicial spectra. Now the functor F sends a pointed simplicial
set to its suspension spectrum and then replaces it by a weakly-equivalent fibrant spectrum. If P is a pointed
simplicial set and M is a fibrant spectrum, K ⊗M is the fibrant spectrum obtained by first taking the smash
product and then by converting it to a weakly-equivalent fibrant spectrum. The homotopy inverse limit now
is the one considered in [T] (5.6). A map between fibrant spectra is a quasi-isomorphism if it induces an
isomorphism on all πn, n ε Z. Once again the class of maps that are quasi-isomorphisms admit a calculus of
left and right fractions in the homotopy category.

(6.2.3) Let S denote a site and let S denote the category of presheaves of fibrant pointed simplicial sets (or
fibrant simplicial spectra) on the site S. The functor F first sends a pointed simplicial set to a pointed fibrant
simplicial set as in (6.2.1) (a fibrant spectrum as in (6.2.2), respectively ) and then to its associated constant
sheaf. The functor ⊗ is defined similar to the one in (6.2.2). We assume that the site S has a conservative
family of points. A map between presheaves of fibrant spectra is a quasi-isomorphism or weak-equivalence if
it induces an isomorphism on all sheaves of homotopy groups. The corresponding homotopy inverse limit is
defined as follows: let P denote a presheaf in S∆. If U ε S,

Γ(U, holim
∆

P ) = holim
∆
{Γ(U, P )}

(6.2.4) Let (S, R) denote a ringed site where R is a sheaf of commutative rings with 1. Now Mod(S;R))
will denote the category of presheaves of modules over (S, R). Let S = C(Mod(S;R)) = the category of all
(unbounded) co-chain complexes in Mod(S;R)). (Observe that a co-chain complex simply denotes a complex
where the differentials are of degree +1.) If P is a pointed simplicial set, we let F (P ) denote the co-chain complex
in Mod(S;R) obtained the following way: first one forms the simplicial object P ⊗R in Mod(S, R) defined by
(P ⊗ R)n = ⊕

Pn

R with the summand R indexed by the base point ∗ identified to 0. The structure maps of this

simplicial object are induced in the obvious manner by those of P . Now one applies the normalizing functor N
that sends a simplicial object S. ε Mod(S, R) to N(S.): this is defined by (N(S.))n = ∩

0<i≤n
ker(di : Sn −→ Sn−1)

and with the boundary map d : N(S.)n −→ N(S.)n−1 induced by d0. Now F (P ) = N(P⊗R) viewed as a co-chain
complex trivial in positive degrees. Given a pointed simplicial set P and K ε S, P ⊗K = the homotopy colimit
of the simplicial object n 7→ ⊕

Pn

K in S. Observe that, as S is closed under all small colimits, this homotopy

colimit exists.
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We assume again that the site S has a conservative family of points. A map in C(Mod(S, R)) is a quasi-
isomorphism if it induces an isomorphism on all cohomology sheaves.

(6.2.5) In each of the above situations one has the notion of distinguished triangles. In the situation of (6.2.1)
or (6.2.2) what corresponds to distinguished triangles are fibration sequences: it is shown in [B-K] XI, (7.2) and
[T](5.12) that the functor holim

∆
preserves these. In the situation of (6.2.3) what corresponds to distinguished

triangles are diagrams of presheaves ΩP ′′ −→ P ′ −→ P −→ P ′′ which are fibration sequences at each stalk. It is
shown in [T] (5.12) that holim

∆
preserves these. One may define distinguished triangles in the following uniform

manner in all of the above situations. First one has the notion of a Path object associated to any object Y . One
defines this as Hom(F (∆[1]+), Y ) along with the obvious maps di = Hom(di, Y ) : Y ∼= Hom(F (∆[0]+), Y ) −→
Hom(F (∆[1]+), Y ), i = 0, 1. We will denote this object as PY . Observe that since Y is a fibrant object in
(6.2.1) or (6.2.2), the maps di are fibrations; in the case of (6.2.3), since Y is stalk-wise-fibrant, the induced
maps di are fibrations stalk-wise. Finally in the case of (6.2.4) the maps di are surjective homomorphisms
stalk-wise. If f : X −→ Y is a map of objects, one defines P (f) = X ×

f,Y,d0

PY and Ω(f) = the kernel of

the map P (f) −→ Y induced by the map d1. We call Ω(f) the canonical homotopy fiber of f . A diagram

Z −→ X
f
−→ Y is called a distinguished triangle if there exists a map Z −→ Ω(f) which is a quasi-isomorphism.

Observe that if the composition Z −→ X
f
−→ Y is strictly trivial, there exists an induced map Z −→ Ω(f) which

is a quasi-isomorphism if Z −→ X −→ Y is a distinguished triangle. We define ΩY = Ω(Y → ∗).

(6.2.6) One may also define the derived categories associated to the categories of presheaves in (6.2.1) through
(6.2.4) by inverting all maps that are quasi-isomorphisms. This may be verified to be a triangulated category
with the triangles given by the distinguished triangles and Y [−1] = ΩY for any object Y .

(6.3.1) A map of cosimplicial objects C• = {Cm|m} −→ D• = {Dm|m} in any one of the situations (6.2.1) or
(6.2.2) is called a quasi-isomorphism if it is a weak-equivalence for every m ≥ 0. In the situation of (6.2.3) such
a map will be a quasi-isomorphism if it induces a weak-equivalence at every stalk and for every m. Finally in
the situation of (6.2.4), such a map will be a quasi-isomorphism if it is one at each stalk and for every m.

(6.3.2) Observe that, in any one of the above contexts, a map f • : M• −→ N• in (Cosimp(S)) is a quasi-
isomorphism if each fn is a quasi-isomorphism. We proceed to show that the functor holim

∆
preserves quasi-

isomorphisms so that it will induce a functor at the level of the associated derived categories. (These derived
categories are defined by inverting maps that are quasi-isomorphisms.) Since the natural map Const(M) −→
L(Const(M)) is a quasi-isomorphism (in any of the above contexts), it will follow that the functor induced by
L(Const) at the level of the derived categories will be the functor Const. Since Rlim

∆
is right adjoint to the

functor Const at the level of derived categories, it will follow that holim
∆

induces Rlim
∆

at the level of derived

categories.

(6.3.3) If S is a simplicial category, we will define a bi-functor Hom : Cosimpl(S)× Cosimpl(S) −→ S by

Hom(M•, N•) = Equalizer(Π
n
Hom(Mn, Nn)

a
−→
−→

b
Π

γ:n−→m
Hom(Mn, Nm)

where a (b) is the map sendingHom(Mn, Nn) toHom(Mn, Nm) by the mapN(γ) : Nn −→ Nm (toHom(Mm, Nn)
by the map Hom(γ, id), respectively ). Now observe that in the situation of (6.2.4) one obtains the isomorphism:

holim
∆
{Mm|m} ∼= Hom(L(Const(R)),M•), M• ε Cosimpl(C(Mod(S, R))).

(6.3.3’) Remark. In the setting of (6.2.4) observe the existence of a pairing ⊗ : S×Cosimpl(S)→ Cosimpl(S)
that is left-adjoint to the bi-functor Hom defined above. This is defined by (K ⊗M)n = K⊗

R
Mn where K ε S

and M ε Cosimpl(S).

(6.3.4)Proposition. The functor holim
∆

preserves quasi-isomorphisms in the situations of (6.2.1) through

(6.2.4).

Proof. This is well-known in the situations in (6.2.1) through (6.2.3): see [B-K] XI, (7.2) and [T] (5.12).
Therefore, we will provide a proof only for the situation in (6.2.4).
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For each integer n ≥ 0, let Cosimp≤n(C(Mod(S, R)) denote the category of all truncated cosimplicial objects
in C(Mod(S, R)) truncated up to level n. Let trn : Cosimp(C(Mod(S, R)) −→ Cosimp≤n(C(Mod(S, R)) denote
the n-truncation functor that truncates a cosimplicial object at level n. This functor has a left adjoint which
will be denoted coskn. The composition coskn ◦ trn will be denoted Coskn. We will now show using ascending
induction on n that the functor Hom(Coskn(L(Const(R))),−) : Cosimp≤n(C(Mod(S, R)) −→ C(Mod(S, R))
preserves quasi-isomorphisms in the second argument. (The above functor is defined as in (6.3.3).)

(6.3.4.0) n=0. Observe that tr0(L(Const(R))) ∼= R and therefore the functor Hom(tr0(L(Const(R))),−) :
Cosimpl≤0(C(Mod(S, R)) ∼= C(Mod(S, R)) −→ C(Mod(S, R)) preserves quasi-isomorphisms in the second argu-
ment. Now the adjunction between cosk0 and tr0 provesHom(Cosk0(L(Const(R))),−) : Cosimp(C(Mod(S, R)) −→
C(Mod(S, R)) preserves quasi-isomorphisms.

(6.3.4.1) Let n > 0. Now one may check readily that the map Coskn−1(L(Const(R))) −→ Coskn(L(Const(R)))
is injective. (Observe that both the above cosimplicial objects are isomorphic in degrees 0 through n −

1. In degree n, Coskn−1(L(Const(R))) is given by
o

∆[n]+ ⊗ R. This proves the above assertion.) More-
over it follows that the cokernel of the map Coskn−1(L(Const(R))) −→ Coskn(L(Const(R))) is the cosim-

plicial object coskn(∆[n]+/
o

∆[n]+[n]) ⊗ R. (Here ∆[n]+/
o

∆[n]+[n] is the n-truncated cosimplicial object de-

fined by ∆[n]+/
o

∆[n]+ in degree n and ∗ everywhere else.) One may readily see from the above descrip-
tion that Hom(Cokernel(Coskn−1(L(Const(R))) −→ Coskn(L(Const(R)))),−) : Cosimp(C(Mod(S, R)) −→
C(Mod(S, R)) preserves quasi-isomorphisms in the second argument. This follows because one may identify

H i(Hom(∆[n]+/
o

∆[n]+[n] ⊗ R,M)) = ∩
0≤i≤n

ker(si : H−n(Mn) −→ H−n(Mn−1)), and = 0 if i 6= 0 for any

M ε Cosimp(C(Mod(S, R)). (See [B-K] Chapter X, Proposition (6.3)(ii) for example.) Therefore, in order to
prove that

Hom(Coskn(L(Const(R))),−) : Cosimp(C(Mod(S, R)) −→ C(Mod(S, R)),

preserves quasi-isomorphisms, it suffices to observe the following:

LetK• ε Cosimp(C(Mod(S, R)). Now (see (6.3.5) below) one obtains a degree-wise split short exact sequence:

(6.3.4.2) 0 −→ Hom(Cokernel(Coskn−1(L(Const(R))) −→ Coskn(L(Const(R)))),K•)

−→ Hom(Coskn(L(Const(R))),K•) −→ Hom(Coskn−1(L(Const(R))),K•) −→ 0

Since the functor Hom is left-exact it suffices to show that the last map is split surjective degree-wise. This
follows from (6.3.5) below.

Clearly L(Const(R)) = lim
n→∞

Coskn(L(Const(R))). Now Hom(L(Const(R)),K•)

= Hom( lim
n→∞

Coskn(L(Const(R))),K•) ∼= lim
∞←n

Hom(Coskn(L(Const(R))),K•). Moreover in view of the sur-

jectivity of the last map in (6.3.4.2), it follows that the higher derived functors of the above inverse limit are
trivial, thereby identifying it with its right derived functor. It follows that Hom(L(Const(R)),−) preserves
quasi-isomorphisms in the second argument. �

(6.3.5) Lemma Assume the situation of (6.3.4.2). Now the last map in (6.3.4.2) is degree-wise split surjective.

Proof. Use the adjunction between coskn and trn to identify:

Hom(Coskn(L(Const(R))),K•) ∼= Hom(trn(L(Const(R))), trnK
•) and

Hom(Coskn−1(L(Const(R))),K•) ∼= Hom(Coskn(Coskn−1(L(Const(R)))),K•)

∼= Hom(trn(Coskn−1L(Const(R))), trnK
•)

(One may first observe similar isomorphisms when the internal hom, Hom, is replaced by the external Hom
Hom in the category C(Mod(S, R)). This follows readily from the adjunction between the functors coskn and
trn. Now apply Hom(M, ), where M is a fixed object in C(Mod(S, R)) to all of the above terms, use the
adjunction between Hom and ⊗

R
along with the observation that Coskn(M⊗

R
P •) ∼= M⊗

R
Coskn(P •) for any

cosimplicial object P • ε C(Mod(S, R). This will establish the above isomorphisms.)
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Let P = trn(Coskn−1(L(Const(R)))) and Q = trn(L(Const(R))). Observe that P and Q are objects in
Cosimp≤n(C(Mod(S;R))). Let P = {P k,l|k, l} and Q = {Qk,l|k, l} where the index k is cosimplicial index
while the index l denotes the index of the complexes in Mod(S;R). Now it clearly suffices to show that the
map obvious map i.,l : P .,l −→ Q.,l of objects in Cosimp≤n(Simpl(Mod(S;R)) is split injective for each fixed l.

Now observe that the map ik,l is an isomorphism for all k ≤ n − 1 and all l and also for k = n and all
l ≤ n − 1. For each l ≥ n we define a splitting εl : Q.,l −→ P .,l so that εl ◦ i.,l = idP .,l as follows. One may
readily verify that, it suffices to define εl : Qn,l −→ Pn,l so that

(6.3.5.1) (i) εl ◦ in,l = idP n,l and (ii) the diagram

Pn,l εl

←−−−− Qn,l

si





y





ysi

Pn−1,l id
←−−−− Qn−1,l

commutes for all 0 ≤ i ≤ n− 1. (One may readily verify that the diagram

Pn,l εl

←−−−− Qn,l

di

x





x



si

Pn−1,l id
←−−−− Qn−1,l

commutes for all 0 ≤ i ≤ n and for any splitting εl in the top row.)

Moreover, observe that P = trn(Coskn−1(L(Const(Z))))⊗
Z
R and Q = trn(L(Const(Z)))⊗

Z
R where by Z we

denote the constant sheaf on the site S whose stalks are all isomorphic to the ring of integers. One may
also observe that the map i.,l is itself induced from a corresponding map trn(Coskn−1(L(Const(Z)))) −→
trn(L(Const(Z))). In other words, one may assume for the rest of the proof that the site S is trivial and
that R is a constant sheaf.

Let Mn−1(P •) = {(p0, ..., pn−1) ε Pn−1,. × ...× Pn−1,.|si(pj) = sj−1(pi), 0 ≤ i < j ≤ n} and

Mn−1(Q•) = {(q0, ..., qn−1) ε Qn−1,. × ...×Qn−1,.|si(qj) = sj−1(qi), 0 ≤ i < j ≤ n}.

These are the so-called matching spaces as in [B-K] p.274. Clearly the map x −→ (s0(x), ..., sn−1(x)), x ε Pn.,

defines a map sP : Pn,. −→ Mn−1(P •). One defines a map sQ : Qn,. −→ Mn−1(Q•) similarly. Now it is a basic
result of [B-K] pp.275-276 that the maps sP and sQ are surjective since Q• and P • are n−truncated cosimplicial
groups. Now consider the commutative diagram:

ker(sP )n,l −−−−→ ker(sQ)n,l

sn,l
P





y





y

sn,l
Q

Pn,l −−−−→ Qn,l





y

sn,l
P





y

sn,l
Q

Mn−1(P •)
id

−−−−→ Mn−1(Q•)

Observe that the two vertical rows are short-exact sequences: in fact since all the objects in the above diagram
are projective modules over R, one may assume the two vertical rows are split short exact sequences. Therefore

one first chooses a splitting to the map ker(sn,l
P ) −→ ker(sn,l

Q ) which will define a splitting to the map P n,l −→ Qn,l.

One can see readily that if εl denotes this splitting, it satisfies the conditions in (6.3.5.1). �

(6.3.6)Corollary. Assume the situation of (6.2.4).

(i) Now the functor holim
∆

induces Rlim
∆

at the level of the corresponding derived category.

(ii) The functor holim
∆

preserves distinguished triangles in C(Mod(S, R)).
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(iii) There exists a spectral sequence:

Es,t
2 = Hs(Ht(Mn)|n})⇒ Hs+t(holim

∆
{Mn|n}), {Mn|n} ε Cosimp(C(Mod(S, R))).

Proof. Recall that holim
∆

preserves quasi-isomorphisms and that therefore it induces a functor at the level of

the corresponding derived categories. Recall also that holim
∆

is right adjoint to the functor L(Const) which is

naturally quasi-isomorphic to the functor Const. The functor Const clearly induces a functor at the level of the
corresponding derived categories and its right adjoint is the derived functor of the inverse limit, Rlim

∆
. Therefore

holim
∆

represents Rlim
∆

. This proves (i) and now (ii) is immediate. Moreover we now obtain a spectral sequence:

Es,t
2 = Rslim

∆
{Ht(Mn)|n} ⇒ Hs+t(holim

∆
{Mn|n}).

Now {Ht(Mn)|n} is a cosimplicial object in Mod(S, R). Therefore, one may identify Rslim
∆
{Ht(Mn)|n} with

the s-th cohomology of the associated co-chain complex in Mod(S, R). This provides the identification of the
E2-terms as in (iii). �

(6.3.7) Remark. Spectral sequences similar to that in (6.3.6) (iii) are shown to hold in the situations in
(6.2.1) through (6.2.3). These take the following form:

Es,t
2 = Hs({πt(M

n)|n})⇒ π−s+t(holim
∆
{Mn|n})

(See [T] (5.13) for details.)

(6.3.8) Lemma. The functor holim
∆

commutes with taking stalks upto quasi-isomorphism in all of the above

situations.

Proof. First we need to recall certain truncation functors. In the context of (6.2.1) through (6.2.4) these are
variants of the functorial Postnikov truncation. If S ε S, and n is an integer, τ≤nS will denote an object in S

so that πi(τ≤nS) ∼= πi(S), i ≤ n and ∼= 0 if i > n. (πi denotes the homotopy groups in (6.2.1) and (6.2.2) while
it denotes a sheaf of homotopy groups in (6.2.3) and the cohomology sheaf H−i in (6.2.4).)

Now let C• = {Cn|n} ε Cosimpl(S). We first replace C• by τ≤nC
•. In this case we have a strongly convergent

spectral sequence:

Es,t
2 = Hs(πt(τ≤nC

•))⇒ π−s+t(holim
∆

τ≤nC
•)

Let p denote a point of the site C. Now one obtains a map p∗(holim
∆

C•) −→ holim
∆

(p∗C•) which is natural in

C•. Now the corresponding map for τ≤nC
• may be verified to be a quasi-isomorphism using the above spectral

sequence.

Next the definition of the holim
∆

as an end shows that it commutes with the inverse limit as n −→ ∞. Now

observe the existence of a short exact sequence:

∗ −→ lim
∞←n

1πi+1(holim
∆

τ≤nC
•) −→ πi( lim

∞←n
holim

∆
τ≤nC

•) −→ lim
∞←n

πi(holim
∆

τ≤nC
•) −→ ∗

This along with the observation that lim
∞←n

holim
∆

τ≤nC
• ' holim

∆
lim
∞←n

τ≤nC
• ' holim

∆
C• completes the proof of

the lemma. �
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