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Abstract. This is the second part of our work on the intersection theory of algebraic stacks. Here we establish

the existence of Chern classes and Chern character for all Artin stacks of finite type over a field with values in our

Chow groups. We also extend these to higher Chern classes and a higher Chern character for perfect complexes on an

algebraic stack, taking values in cohomology theories of algebraic stacks that are defined with respect to complexes of

sheaves on the big smooth site. We also provide an integral intersection pairing for all smooth Artin stacks which we

show reduces to the known intersection pairing on the Chow groups of smooth Deligne-Mumford stacks modulo torsion.

This involves showing the existence of Adams operations on the rational étale K-theory of all smooth Deligne-Mumford

stacks. As a by-product of our techniques we also provide an extension of higher intersection theory to all schemes of

finite type over a field.
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0. Introduction

In this paper we continue our work on the higher intersection theory for all Artin stacks of finite type over a
field. We establish Chern classes and Chern character along with an (integer valued) intersection pairing for all
smooth Artin stacks. We show that this intersection theory reduces modulo torsion to the known intersection
theory (at the level of the usual Chow groups) for all smooth Deligne-Mumford stacks. The higher Chow groups
of a stack are defined as in the first part of the paper, [J-1] section 4; we will also adopt the basic terminology
from that paper.

We summarize the main results here. Let (alg.stacks) denote the category of algebraic stacks in the sense of
Artin and of finite type over a given field k.

Let CH∗( , .) :(alg.stacks) −→(bi-graded Abelian groups)

denote the functor defined in the first part of our work i.e. [J-1](4.5.1). In general, this depends on the choice
of an atlas for the stack; but for Deligne-Mumford stacks and for higher Chow groups of smooth stacks with
finite coefficients having torsion prime to the characteristic of k, this is independent of the choice of the atlas.
(See (1.2) for an explanation of the notation.)

Theorem 1. (See (3.2.2), (3.2.3) and (3.6.12).) Let S denote an algebraic stack of dimension d and let
x : X −→ S denote a fixed atlas for S. Let K0(S) denote the Grothendieck group of vector bundles on S -see
(1.5.0) for the definition.

(i) If S is smooth, one obtains Chern-classes

ci : K0(S) −→ CHd−i(S, x, 0), i ≥ 0

which pull-back under any representable flat map S
′ −→ S.

(ii) Projective space bundle theorem. Let E denote a vector bundle of rank r on the algebraic stack S

and let π : P(E) = Proj(E) −→ S denote the associated projective space bundle. Let x′ = x×
S

Proj(E)

denote the induced atlas for Proj(E). Let OP(E)(1) denote the tautological bundle on P(E). This defines a

class ψE ε CHd+r−2(P(E), x′; 0). Now the map ⊕r−1
i=0CH∗(S, x, .) −→ CH∗(P(E), x′; .) sending (a0, ..., ar−1) to

Σiπ
∗(ai).ψ

i
E is an isomorphism.

(iii) Covariance of the integral higher Chow groups. Let p : S
′ −→ S denote a proper map of algebraic stacks

that factors as the composition of a closed immersion and a projection π : P(E) −→ S for some vector bundle E
on the stack S. Let x′ = x×

S

S
′ denote the induced atlas for S

′. Now there exits a map p∗ : CH∗(S
′, x′; .) −→

CH∗(S, x, .).

(iv) For each integer i, let Γ(i) denote a complex of Abelian sheaves on the big smooth site of all algebraic
stacks of finite type over k so that there exist universal Chern classes Cpi ε Hdi

C (B.GLp; Γ(i)). Let K(S) denote
the Waldhausen K-theory spectrum of the category of perfect complexes on S - see the definition in (1.5.1).
Now one obtains higher Chern classes

Ci(n) : πn(K(S)) −→ Hdi−n
smt (S,Γ(i))

where d is an integer depending on the complex and the right hand side denotes hypercohomology on the smooth
site of the stack S. These pull-back under any representable map. �

Remark. The Chern classes in (iv) are also obtained in the thesis of Toen (see [Toe]) for the K-theory of the
exact category of vector bundles on S by similar methods.

Let S denote a smooth algebraic stack. Recall that in [J-1](4.2.5), for each integer m and n ≥ 0, we defined
an additive presheaf on Sres.smt as follows. For each U connected, ZSres.smt

m (U, n) = the free Abelian group
on dimension m cycles on U × ∆k[n] intersecting the faces properly. Using the hypothesis that S is smooth,
we define in section 4, an additive presheaf Zc

Sres.smt
( , n) on Sres.smt by Zc

Sres.smt
(U, n) = the free Abelian

group on codimension c cycles on U × ∆[n] for each u : U → S in Sres.smt and also connected. We let
Z∗

Sres.smt
( , .) = ⊕

c
Zc

Sres.smt
( , .). We define CHc(S, x, .) = Het(BxS,ZcSres.smt

( , .)). If X is a smooth

scheme, one may define an additive presheaf ZcXZar
( , n) on the Zariski site of X in the same manner. Then

we define CHc(X, .) = HZar(X,ZcXZar
( , .)).
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Theorem 2.(See (4.2.4) and (4.3.10).)(i) If S is also smooth as an algebraic stack, one obtains an intersection-
pairing:

∪ : CH i(S, x, n)⊗ CHj(S, x,m) −→ CH i+j(S, x, n+m).

In addition, if f : S
′ → S is a representable flat map of smooth algebraic stacks, x : X → S is the given

atlas of S and x′ = x×
S

S
′ the induced atlas, f∗ : CH∗(S, x, .)) → CH∗(S′, x′, .) is compatible with the above

intersection pairing.

(ii) If S is any smooth Deligne-Mumford stack, there exists an isomorphism CH∗(S, 0)⊗
Z

Q ∼= CH∗naive(S)⊗
Z

Q.

Now the above intersection pairing on CH∗(S, 0)⊗
Z

Q a agrees with the known intersection pairing on the naive

Chow group CH∗naive(S)⊗
Z

Q. �

The proof of (ii) involves showing the existence of λ-operations in the (higher) étale K-theory of any smooth
Deligne-Mumford stack with rational coefficients.The intersection pairing in (i) also extends to higher Chow
groups with coefficients.

As a by-product of our techniques we also obtain a straightforward extension of intersection theory to all
schemes of finite type over a field. These results may be summarized in the following theorem. Let (schemes)
denote the category of all schemes of finite type over a given field k.

Theorem 3. (See (3.2.2), (3.2.3) and (4.2.4’).)

(i) Let X denote a scheme of finite type over a field k of dimension d and let E denote a vector bundle of rank
r on X . Let π : P(E) = Proj(E) −→ S denote the associated projective space bundle and let OP(E)(1) denote
the tautological bundle on P(E). Let ψE ε CHd+r−2(P(E); 0) denote the canonical class defined by this bundle.
Now the map ⊕ri=0CH∗(X, .) −→ CH∗(P(E); .) sending (a0, ..., ar−1) to Σiπ

∗(ai).ψ
i
E is an isomorphism.

(ii) If X is a smooth scheme of finite type over a field k, there exists an intersection pairing:

CH i(X,n)⊗ CHj(X,m) −→ CH i+j(X,n+m).

Moreover, if f : X ′ → X is a flat map of smooth schemes, the induced map f ∗ : CH∗(X, .) → CH∗(X ′, .) is
compatible with the above intersection pairing. �

The following corollary is to serve as a sample of the applications of the above theorems. (See (1.2) for an
explanation of the notation.)

Corollary 4. (i) Let X denote a smooth scheme of finite type over a field k of dimension d provided with
the action of a smooth group scheme G defined over k. Now there exist Chern classes

ci : K0(X/G) −→ CHd−i(X/G,X, 0)

(ii) For each integer i, let Γ(i) denote a complex of sheaves on the big smooth site of all algebraic stacks of
finite type over k satisfying the hypotheses in Theorem 1(iv). Assuming the hypotheses as in (i) except that X
could be singular, there exist higher Chern classes

Ci(n) : πn(K(X/G)) −→ Hdi−n
smt (X/G; Γ(i))

(iii) Assuming the hypotheses of (i), there exists an intersection pairing

∪ : CH i(X/G,X, n)⊗ CHj(X/G,X,m) −→ CH i+j(X/G,X, n+m)

(In (i) and (iii) CH∗(X/G,X, .) and CH∗(X/G,X, .) denote the higher Chow groups of the stack X/G with
respect to the atlas X .)

(iv) Next assume the action is locally proper and the stabilizers are all finite and reduced and MX/G is a
coarse moduli space. Now one obtains an isomorphism CH∗(X/G, .)⊗

Z
Q ∼= CH∗(MX/G, .)⊗

Z
Q and hence an

induced intersection pairing on the latter provided X is smooth. (The higher Chow groups of the algebraic
space MX/G on the right hand side are defined as in [J-1] (4.6.6).)
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(v) Let k be algebraically closed, X a smooth projective curve of genus g over k andMG the stack of principal
G-bundles over X . (See [LS] for example.) Let z : Z −→MG denote an atlas. Now there exists an intersection
pairing

∪ : CH∗(MG, z, .)⊗ CH∗(MG, z, .) −→ CH∗(MG, z, .)

(vi) Let X denote a smooth projective variety which is convex in the sense of [F-P] p.6. Now let M̄g,n(X, β)
denote the stack of stable families of maps of n-pointed genus g-curves to X and let M̄g,n(X, β) denote the
corresponding coarse-moduli space. Here β denotes a class in CH1(X). If 3g − 3 + n ≥ 0, one obtains an
intersection pairing ∪ : CH∗(M̄g,n(X, β), .) ⊗ CH∗(M̄g,n(X, β), .) −→ CH∗(M̄g,n(X, β), .). Moreover, one also
obtains an isomorphism CH∗(M̄g,n(X, β), .)⊗

Z
Q ∼= CH∗(M̄g,n(X, β), .)⊗

Z
Q and therefore an induced pairing

∪ : CH∗(M̄g,n(X, β), .)⊗
Z

Q⊗ CH∗(M̄g,n(X, β), .)⊗
Z

Q −→ CH∗(M̄g,n(X, β), .)⊗
Z

Q.. �

The organization of the paper is as follows. The first section is a quick review of the first part of our work,
recalling the basic framework. We also define the algebraic K-theory of algebraic stacks: for algebraic stacks, it
seems best to adopt the definition of K-theory (G-theory) as the the Waldhausen style K-theory of the category
of perfect complexes (pseudo-coherent complexes with globally bounded cohomology, respectively ) following
[T-2]. Moreover these are more convenient for us in section 4. The second section discusses a technique whereby
we are able to extend results from quasi-projective schemes over a field k to all algebraic spaces of finite type
over a field and then to the restricted smooth site of any algebraic stack. The higher Chern classes (along with
a Chern character) are established in the third section by extending well known techniques introduced by Bloch
and Gillet. We only establish Chern classes from the Grothendieck group of vector bundles on smooth stacks
to their Chow groups: the fact that the higher cycle complex is contravariantly functorial only for flat maps
makes it difficult to obtain higher Chern classes with values in our higher Chow groups. Therefore the higher
Chern classes are established in the present paper only for cohomology theories on stacks that are defined by
complexes of sheaves that are contravariantly functorial for all maps.

The fourth section establishes an intersection pairing at the level of our higher Chow groups for all smooth
algebraic stacks. We show, using some techniques of Gillet and Soulé on the Adam’s operations, that this
intersection pairing agrees modulo torsion with the known intersection pairing for all smooth Deligne-Mumford
stacks. (This, in fact, involves showing the existence of λ and hence Adams operations on the rational étale
K-theory of all smooth Deligne-Mumford stacks.) The intersection pairing for smooth stacks is established by
replacing the presheaf cycle complex by a quasi-isomorphic presheaf of (E∞) differential graded algebras. This
implicitly makes use of various forms of the moving lemma and an appendix contains some details on sheaves
of algebras and modules over operads that come up in this context.

We hope to extend the intersection pairing in the paper to Gysin maps for lci morphisms and the more
general theory of intersection in the sense of Fulton in a sequel. Higher Riemann-Roch theorems in the sense
of Gillet for all projective maps between smooth algebraic stacks (extending also the results in [EG-2]) would
be a straightforward application of the existence of higher Chern classes: we hope to discuss these in detail in
a separate paper. (See [Toe] for some results in this direction.)

As a by-product of our techniques we extend various results on higher Chow groups from quasi-projective
schemes over a field k to all schemes of finite type over the field k: this is discussed in Theorem 3.

1. Review of higher intersection theory on algebraic stacks: algebraic K-theory of algebraic
stacks

(1.1) Throughout the paper we will adopt the conventions and terminology from the first part, i.e. [J-
1]. Accordingly let k denote a fixed field of arbitrary characteristic. We will only consider objects (schemes,
algebraic spaces and algebraic stacks) that are of finite type over k. The algebraic stacks we consider will
be the ones in the sense of Artin. The category of all algebraic stacks (algebraic spaces) of finite type over
k will be denoted (alg.stacks/k) ((alg.spaces/k), respectively ). The big Zariski site of all quasi-projective
schemes (schemes) over k will be denoted (qp.schemes/k)Zar (schemes/k)Zar, respectively ). The big étale
site (smooth site) of all algebraic spaces will be denoted (alg.spaces/k)et ((alg.spaces/k)smt, respectively ).
If C is any of these big sites we obtain the corresponding restricted sites which have the same objects and
coverings but where the morphisms are restricted to be only flat maps. All flat maps will be required to be
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of some fixed relative dimension. i.e. if f : S
′ −→ S is a flat map of algebraic stacks we will also require

that for each irreducible component T of S, every irreducible component of f−1(T ) = T×
S

S
′ is of dimension

= dimS
′− dimS. (qp.schemes/k)Res.Zar, (schemes/k)Res.Zar, (alg.spaces/k)Res.et and (alg.spaces/k)Res.smt

will denote the corresponding restricted sites. Similarly (alg.spaces/k)Res ((alg.stacks/k)Res) will denote the
full sub-category of (alg.spaces/k) ((alg.stacks/k) , respectively ) where the morphisms are all required to be
flat maps. If S is a fixed algebraic stack, we have defined several sites associated to S: the smooth sites, Ssmt,
Ssmt, Sres.smt and Sres.smt, the étale site Set and for Deligne-Mumford stacks the étale site Set. (See [J-1]
section 2 for details.)

(1.2) We will consider presheaves on any of these sites taking values in a complete pointed simplicial category
as defined in [J-1] section 6. We showed in [J-1] (4.2.3) that there exists an additive presheaf Z∗( , .) :
(alg.stacks)Res.smt −→(chain complexes of Abelian groups). If S is an algebraic stack the restriction of this
presheaf to Sres.smt is denoted ZSres.smt

∗ ( , .). If BxS is the classifying simplicial space associated to an atlas x :
X −→ S, observe that the face maps of the simplicial spaceBxS are all smooth. This enables us to define the étale

hypercohomology of BxS with respect to ZSres.smt
∗ ( , .). We define CH(S, x, .) = Het(BxS;Z

Sres.smt

∗ ( , .))
and CH∗(S, x, n) = πn(CH(BxS, x, .)). These groups have been shown to be contravariant for all representable
flat maps and modulo torsion, covariant for all representable proper maps that are locally projective in the sense
of [J-1] (1.3.4)(iv). (In case G is a smooth group scheme acting on a scheme X , the higher Chow groups of the
quotient stack X/G with respect to the atlas X will be denoted CH∗(X/G,X, .). Often the atlas X will be
omitted and the above group will be denoted simply by CH∗(X/G, .).)

(1.2)’ If X is any scheme, we defined ZXZar
∗ ( , .) to be the restriction of Z∗( , .) to the Zariski site of X .

We define CH(X, .) = HZar(X,ZXZar
∗ ( , .) and CH∗(X,n) = πn(CH(X, .)). These groups also have been

shown to be contravariant for flat maps and covariant for proper maps that are projective. (See [J-1] Theorem
(5.2).)

(1.3) In order to be able to handle unbounded complexes and also the spectra of K-theory, we fix a complete
pointed simplicial category S and consider only presheaves that take values in S. (See [J-1] section 6 for details.)
For the purposes of this paper, S will denote either the category of all complexes of sheaves of R-modules on
a suitable site (where R is a commutative Nöetherian ring with 1) or the category of presheaves of fibrant
spectra on a suitable site. If P is such a presheaf πn(P ) ˜ will denote the sheaf associated to the presheaf
U −→ H−n(Γ(U, P )) in the first case and the sheaf associated to the Abelian presheaf of homotopy groups
U −→ πn(Γ(U, P )) in the second case. A map α : P −→ Q is a quasi-isomorphism (a strong quasi-isomorphism)
if it induces an isomorphism on all πn( ) ˜ (πnΓ(U, ) for all U in the site and all n, respectively ). Clearly
every strong quasi-isomorphism is a quasi-isomorphism. If C is a site and Presh(C,S) denotes the category of
all presheaves on C with values in S, the derived category associated to Presh(C,S) is obtained by inverting
maps that are quasi-isomorphisms. This will be denoted D(Presh(C,S)).

(1.4) The only presheaves P we consider will be ones that are additive in the following sense: the natural map
Γ(U t V, P ) −→ Γ(U, P )× Γ(V, P ) is a quasi-isomorphism for all U and V in the category under consideration.

(1.5.0)Definition. Let S denote an algebraic stack. A quasi-coherent (coherent, coherent and locally free)
sheaf F on a stack S is a sheaf on Ssmt so that for any map x : X −→ S, with X an algebraic space, x∗(F ) is
a quasi-coherent (coherent, coherent and locally free) sheaf on the algebraic space X .

Let Modcoh(S) (Modl.free(S)) denote the category of all coherent (coherent and locally free, respectively
) sheaves on the stack S. K0(S) will denote the Grothendieck group of the latter category. (Both are also
symmetric monoidal categories with the operation of direct sum of two sheaves. Therefore it is possible to
consider the higher algebraic K-theory of these categories: nevertheless, it seems best for us to consider the
more general definition of the higher K-theory and G-theory of algebraic stacks adopted below.)

(1.5.1) Definition. Let S denote an algebraic stack and let OS denote its structure sheaf. A complex
of OS-modules on Ssmt is strictly pseudo-coherent (strictly perfect) if it is a strictly bounded above complex
(bounded complex, respectively ) of vector bundles. A complex of OS-modules is pseudo-coherent (perfect) if
it is locally quasi-isomorphic on the site Ssmt to a strictly pseudo-coherent (perfect, respectively ) complex.

For each u : U → S in the site Sres.smt (Ssmt), let Pseudocohbdd(U) (Perf(U)) denote the category of
pseudo-coherent complexes with globally bounded cohomology (perfect complexes, respectively ) on the stack
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U . One may provide each of these categories with the structure of a complicial Waldhausen category (in the
sense of [T-2]) by taking the cofibrations (weak-equivalences) to be maps of complexes that are degree-wise split
injective (quasi-isomorphisms, respectively ). This defines a lax-functor from the site Sres.smt (Ssmt, respec-
tively ) to the (large) category of complicial Waldhausen categories. Applying the functor sending a (small)
complicial Waldhausen category to the corresponding spectrum of algebraic K-theory, one obtains lax-functors
G : Sres.smt → (spectra) (K : Ssmt → (spectra), respectively ) that sends u : U → S to K(Pseudocohbdd(U)),
K(Perf(U)), respectively . We will rigidify these lax functors and obtain quasi-isomorphic (i.e. weakly equiv-
alent) presheaves on the site Ssmt (Sres.smt, respectively ) with values in the category of spectra. The corre-
sponding presheaves will be denoted G and K, respectively .

(1.5.2) Moreover if T is a closed algebraic sub-stack of S, one defines KT (S) (GT (S)) as the homotopy fiber
of the obvious restriction K(S)→ K(S− T ) (G(S)→ G(S− T ), respectively ).

The following theorem shows that the correct version of algebraic K-theory for algebraic stacks is the one
adopted above in terms of perfect complexes.

(1.6.1) Theorem(Poincaré duality). Let S denote a smooth algebraic stack. Now the obvious map K(S)→
G(S) is a weak-equivalence.

Proof. Recall all our algebraic stacks are of finite type over a field and therefore automatically quasi-compact
and Nöetherian. Now exactly the same proof as in (3.21) Theorem of [T-2] applies. However, for the sake of
completeness we will sketch an outline of the proof. By fixing a geometric point x̄ of S and by restricting to
a small enough smooth neighborhood of x̄, we may assume that E• is a strictly pseudo-coherent complex with

Hn(E•) = 0 for n ≤ k. Now En−2 dn−2

−−−→ En−1 → Zn(E•) → 0 is exact, (where Zn(E•) denotes the cycles in
degree n) showing Zn(E•)x̄ is finitely presented for any n ≤ k. Let the tor-dimension of Zk(E•)x̄ over OS,x̄

be p. Now it suffices to show that Zk−p(E•)x̄ is a flat and finitely presented and hence free over OS,x̄-module.

This follows by descending induction and using the facts that Enx̄ i s free and that 0→ Zn−1(E•)x̄ → En−1
x̄ →

Zn(E•)x̄ → 0 is exact. (See [T-2] (3.21).) �

(1.6.2) Remark. On any Nöetherian separated scheme with an ample family of line bundles, it is shown in
[T-2] that the K-theory of perfect complexes is weakly equivalent to the K-theory of the symmetric monoidal
category of locally free coherent sheaves. Moreover it is shown there that, on any Nöetherian separated scheme,
the K-theory of pseudo-coherent complexes with bounded cohomology is weakly equivalent to the K-theory
of the symmetric monoidal category of coherent sheaves. Therefore, as presheaves on the smooth site of an
algebraic stack, the above presheaves may be replaced (up to stalkwise weak-equivalence) by the presheaves of
the K-theory of vector bundles and the K-theory of coherent sheaves.

2. The extension technique

In this section we will discuss a technique for extending presheaves and maps between presheaves defined on
the site (qp.schemes/k)Res.Zar to the étale site of all algebraic spaces of finite type over k and to the site Sres.smt

associated to any algebraic stack S of finite type over k. This will be used in the next sections to construct
Chern classes from higher algebraic K-theory with values in various cohomology theories and to construct an
intersection pairing for all smooth algebraic stacks at the level of our higher Chow groups.

(2.1.1) Let C denote a site, let C ′ denote a full sub-category that is closed under products in C and let X ε C.
We assume C′ is a site so that if U in C′ and {ui : Ui −→ U |i} in C′ is a covering, it is also a covering of U in C.
Let U = {Ui −→ X |i ε I} and V = {Vj −→ X |j ε J} be two coverings of the object X with each Ui −→ X and
Vj −→ X in C. A map of covers Φ : U −→ V consists of a function φ : J −→ I and for each j ε J a morphism
fj : Vj −→ Uφ(j) compatible with the projection to X . We will further assume that for every object U ′ in C′,
every C-covering of U ′ has a refinement by a C ′-cover. (V is a refinement of U if there exists a map of covers
U −→ V .) Let P denote a presheaf on C ′ with values in a complete pointed simplicial category S. We let
cosk0(U) = coskX0 (tiUi) denote the simplicial object defined in the usual manner.

(2.1.2) In the examples (2.3.1) and (2.3.2) below, all the structure maps of this simplicial object belongs to C
whereas in the example (2.3.3) only the face maps belong to C. In the former case Γ(cosk0(U), P ) is a cosimplicial
object in S. In the latter case we will assume that the category S is the category of co-chain complexes over
a Nöetherian ring. Now Γ(cosk0(U), P ) is a co-cochain complex trivial in negative degrees taking values in the
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category S with the differential δ = Σi(−1)idi∗. Now we apply a denormalizing functor DN as in ([J-1](3.6.3))
to obtain a cosimplicial object DN(Γ(cosk0(U), P )). We define Ȟ(U , P ) = holim

∆
DN(Γ(cosk0(U), P )) in this

case. Γ(cosk0(V), P ) and Ȟ(V , P ) are defined similarly. One may readily verify that if Φ : U −→ V is a map of
covers, then there is an obvious induced map Γ(cosk0(U , P )) −→ Γ(cosk0(V), P ) of cosimplicial objects in S. In
the setting of (2.3.1) and (2.3.2), if A is a filtered direct system of covers Uα ε C

′ of X , α ε A, we let Ȟ(A;P ) =
holim

∆
colim
Uα ε A

Γ(cosk0(Uα), P ). In the setting of (2.3.3), we let Ȟ(A;P ) = holim
∆

colim
Uα ε A

DNΓ(cosk0(Uα), P ).

Assume the situation in (2.1.1). Now observe that the category of all coverings of a given object X ε C is not
filtered in general. (This is filtered if there exists at most one map between two coverings. For example if X is a
scheme, C′ =the sub-category of quasi-projective schemes and the coverings are all in the Zariski topology of X ,
then the category of coverings of X by quasi-projective schemes is a filtered direct system. However coverings
in the étale topology do not, in general, form a filtered category.) To remedy this we adopt the technique (see
[T-1] Definition (1.23)) that restricts maps between coverings so that they form a filtered direct system.

(2.2.1) Definition. The canonical filtered direct system of covers. Assume the situation in (2.1). Let
{Uλ|λ ε Λ} denote CoversC′ (X). We will assume this category is skeletally small. (Observe that this hypothesis
is satisfied in all the applications we consider - see (2.3) below.) Let F denote the category of all finite subsets
of Λ. Given such an F in F , we define UF = Uf1 × Uf2 × ... × Ufn

, if F = {f1, f2, ..., fn} (i.e. with respect
to some ordering of the elements of F ). If F ′ ⊆ F , the inclusion of F ′ into F induces an obvious projection
UF −→ UF ′ . Let DCoversC′ (X) = {UF |F = a finite subset of Λ} with a morphism UF → UF ′ defined as above.
Clearly DCoversC′ (X) is a filtered direct system indexed by F , since there is at most one map between any
two objects.

(2.2.2) Observe that if X and Y are objects in C and f : X −→ Y is any map in C, one obtains an induced map
of direct systems DCoversC′ (Y ) −→ DCoversC′(X) that is natural in f . Observe also that if P is a presheaf on
C′ taking values in a complete pointed simplicial category, one obtains an induced map Ȟ(DCoversC′ (Y ), P ) −→
Ȟ(DCoversC′ (X), P ) that is also natural in P .

(2.3) Examples. The main examples we will be interested in are the following:

(2.3.1) C = (schemes/k)Res.Zar, C′ = (qp.schemes/k)Res.Zar. Now Res1 : C −→ C ′ will denote the obvious
map of sites. If X is a scheme, Coversqpschms(XZar) will denote the directed set of all coverings of X in the
Zariski topology by quasi-projective schemes over k.

(2.3.2) C = (alg.spaces/k)Res.et, C
′ = (schemes/k)Res.et. The coverings in the first (second) site are all étale

coverings y : Y −→ X , with both Y and X algebraic spaces (with both Y and X schemes.) Now Res2 : C −→ C ′

will denote the obvious map of sites. Given an algebraic space X , we will let DCoverss.schms(Xet) denote the
canonical directed set of étale coverings of X by separated schemes. As observed above this category is filtered:
it is also skeletally small in view of our assumption that the algebraic spaces are of finite type over k. (The
hypothesis of separation ensures that if U → X is an étale surjective map from a separated scheme, coskX0 (U)
is a simplicial scheme.)

(2.3.3) C = C′ = (alg.spaces/k)Res.smt. Now we consider the category of all atlases for a given algebraic
stack S. Even-though the stack S does not belong to the category C, the definitions in (2.2.1) and (2.2.2)
provide a canonical filtered direct system of atlases for S. This will be denoted Datlases(S). (i.e. In (2.2.1)
let CoversC′ (S) denote the category of all atlases for S. Since S is assumed to be of finite type over k, this
category is also skeletally small.)

(2.4.1) Definition: the extension functors. (i) Let P denote a presheaf on the site (qp.schemes/k)Res.Zar
with values in a category S as before. We define its extension E1(P ) to (schemes/k)Res.Zar be the presheaf
defined by Γ(U,E1(P )) = Ȟ(Coversqp.schms(UZar), P ).

(ii) LetQ denote a presheaf on the site (schemes/k)Res.et. We define its extensionE2(Q) to (alg.spaces/k)Res.et
be the presheaf defined by Γ(U,E2(Q)) = Ȟ(DCoverss.schms(Uet), Q).

(2.4.2) Remark. Observe that in the above examples, C ′ is a full sub-category of C. However these categories
are not small categories; this makes the technique of canonical Kan extensions not applicable and justifies the
definition of the extension functors as above.
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(2.5) Theorem. Assume the above situation. (i) Now both the extension functors preserve strong quasi-
isomorphisms.

(ii) There exist natural maps of presheaves P −→ Res1∗(E1(P )) and Q −→ Res2∗(E2(Q)). The second is a
quasi-isomorphism always while the first is one for presheaves P that have cohomological descent on the Zariski
site of affine schemes over k.

(iii) If P (Q) is already a presheaf on (schemes/k)Res.Zar ((alg.spaces/k)Res.et) then there is a natural
map P −→ E1(Res1∗(P )) (Q −→ E2(Res2∗(Q))). The first is a quasi-isomorphism for all presheaves that have
cohomological descent on the Zariski site of affine schemes. The second is always a quasi-isomorphism under
the same hypotheses as in (ii).

(iv) If P (Q) is contravariant for flat maps, so is the extended presheaf E1(P ) (E2(Q), respectively ).

Proof. (i) This follows from the observation that filtered colimits (see [J-1] (6.1.6)) and homotopy inverse limits
preserve quasi-isomorphisms.

(ii) Observe that Res1∗ and Res2∗ are simply the appropriate restriction functors. Given any object U in
the category C′ and any covering U = {Ui|i} of it in C′, there exists a natural map of cosimplicial objects in
S: Γ(U, P ) −→ Γ(cosk0(U), P ). Since this is natural in U one may take the direct limit of the constant system
{Γ(U, P )|U} and of the direct system {Γ(cosk0(U), P )|U} as U varies in the category of all Zariski covers of
U by quasi-projective schemes over k to obtain the map P −→ Res1∗(E1(P )). One may similarly take the
direct limit over all coverings of U by schemes in the directed system DCoverss.schms(Uet) to obtain the map
Q −→ Res2∗(E2(Q)). The existence of the natural maps in (iii) also follows similarly.

To see that these are stalk-wise quasi-isomorphisms, one considers each case separately. In the first case it
suffices to show that if U is a quasi-affine scheme over k, the natural map Γ(U, P ) −→ Ȟ(Coversqp.schms(UZar);P )
is a quasi-isomorphism. This follows from [J-1](3.7.4) since P is assumed to have cohomological descent on the
Zariski site of U and therefore the map Γ(U, P ) −→ Ȟ(cosk0(U), P ) is a quasi-isomorphism for any cover U of U .
In the second case observe that if U is a quasi-affine scheme over k, one obtains from [J-1](3.7.5) a natural quasi-
isomorphism Ȟ(DCoverss.schms(Uet), P ) ' Het(U, P ). (Recall that P is always additive by assumption.) Now it
suffices to show that the natural map Px̄ −→ lim

→
Het(U, P ) is a quasi-isomorphism where the last colimit is over all

étale neighborhoods of any given geometric point x̄ of X . Since the natural map Het(U, P ) −→ lim
∞←n

Het(U, τ≤nP )

is a quasi-isomorphism by [J-1] (3.4.1) with φ = Γ, one may now reduce to proving this for Abelian sheaves
where it is clear.

(iv) Let f : X −→ Y denote a flat map. Given any cover U = {Ui|i} of Y , the inverse image f−1(U) =
{Ui×

Y
X |i} is a cover of X . Even if U is an open cover by Zariski open quasi-affine schemes (an étale cover

by schemes) the inverse image need not satisfy the same condition, but may be refined to covers that are by
quasi-affine open sub-schemes (to étale covers by schemes, respectively ). It is clear that this induces a map
f∗ : Ȟ(Coversqp.schms(YZar), P ) −→ Ȟ(Coversqpschms(XZar, P )

(f∗ : Ȟ(DCoverss.schms(Yet), Q) −→ Ȟ(DCoverss.schms(Xet), Q), respectively .) �

(2.6.1) Proposition. LetE ′ = E2◦E1 : Presh((qp.schemes/k)Res.Zar,S) −→ Presh((alg.spaces/k)Res.et,S).

(i) If X is an algebraic space of finite type over k, and P
'
−→ P ′ is a quasi-isomorphism of presheaves on

(qp.schemes/k)Res.Zar both of which have cohomological descent on the Zariski site of any affine scheme over

k, one obtains an induced quasi-isomorphism Het(X,E
′(P ))

'
−→ Het(X,E

′(P ′)).

(ii) Let R′ = Res1 ◦ Res2 : (alg.spaces/k)Res.et −→ (qp.schemes/k)Res.Zar denote the composition of the
two restriction functors Res2 and Res1. Now the natural map P −→ E ′(R′(P )) induces a quasi-isomorphism

Het(X,P )
'
−→ Het(X,E

′(R′(P ))) provided P has cohomological descent on the Zariski site of any affine scheme.

Proof. (i) It follows from (2.5)(ii) that the induced map Γ(U,E ′(P )) −→ Γ(U,E′(P ′)) is a quasi-isomorphism for
any quasi-projective scheme over k. It follows that the map E ′(P ) −→ E′(P ′) is a quasi-isomorphism and hence

the induced map Het(X,E
′(P ))

'
−→ Het(X,E

′(P ′)) is also a quasi-isomorphism.

(ii) follows immediately from (2.5)(iii). �
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(2.6.2) Corollary. Let S denote a fixed algebraic stack of finite type over k. Now there exist functors

ES : Presh((qp.schemes/k)Res.Zar,S) −→ Presh(Sres.smt,S)

ES : Presh((schemes/k)Res.et,S) −→ Presh(Sres.smt,S)

having the following properties.

(i) If u : U −→ S is an object in Sres.smt with U an affine scheme and P ε Presh((qp.schemes/k)Res.Zar,S)
has cohomological descent on the Zariski site of any affine scheme over k, the natural map P|Uet

−→ ES(P )|Uet

is a quasi-isomorphism. A similar conclusion holds for the second extension functor with respect to any U in
Sres.smt which is a scheme.

(ii) Let P ′
φ
−→ P denote a map of presheaves on (schemes/k)Res.Zar which is a stalkwise quasi-isomorphism.

If ES is the second functor, the induced map ES(φ) induces a stalk-wise quasi-isomorphism on restriction to
the étale site of any algebraic space U in Sres.smt. Similar conclusions hold for the first functor if P ′ and P are
presheaves on (qp.schemes/k)Res.et that have cohomological descent on the Zariski site of any affine scheme.

(iii) If P is a presheaf on (alg.spaces/k)Res that has cohomological descent on the Zariski site of any affine
scheme and PS denotes the restriction of P to Sres.smt, there exists a natural map PS −→ ES(R′(P )) which is
a quasi-isomorphism on restriction to the étale site of any algebraic space in the site Sres.smt.

(iv) Let f : S
′ → S denote a flat map of algebraic stacks. Let P denote an object in Presh((qp.schemes/k)Res.Zar,S)

or in Presh((schemes/k)Res.et,S). Now there exists an induced map ES(P )→ f∗ES′ (P ).

(v) The same extension functors define extensions with similar properties at the level of the corresponding
unrestricted sites.

Proof. Recall Sres.smt has as objects all maps x : X −→ S that are smooth with X an algebraic space of
finite type over k. Moreover the morphisms in this site are restricted to be flat maps. Therefore this is a sub-
category of the big site (alg.spaces/k)Res.et. Therefore any presheaf on the latter category defines by restriction
a presheaf on Sres.smt. Starting with a presheaf in Presh((qp.schemes/k)Res.Zar,S), the extension functor
E′ in (2.6.1) now provides the required extension of P to a presheaf on (alg.spaces/k)Res.et. To see this, let
P denote a presheaf on (qp.schemes/k)Res.Zar. Now E1(P ) is a presheaf on (schemes/k)Res.Zar. Since P is
contravariant for flat maps so is E1(P ) which shows E1(P ) is in fact a presheaf on (schemes/k)Res.et. Now
E′(P ) = E2(E1(P )) defines a presheaf on (alg.spaces/k)Res.et. This defines the presheaf ES(P ) by restriction
to Sres.smt. The remaining properties are all clear for the first extension functor ES from (2.5). The second
extension functor is similarly defined by just E2. The last assertion is clear from the definition of the extension
functors adopted above. �

3. Homotopy property, Chern classes and the projective space bundle theorem

(3.1) Theorem. Let S denote an algebraic stack and let π : E −→ S denote a vector bundle of rank r.
Let x : X −→ S denote an atlas for S and let x′ : X×

S

E −→ E denote the induced atlas. Now one obtains the

isomorphisms for each c ≥ 0:

CH∗(S, x, .)
π∗

−→
'

CH∗+r(E , x′; .)

Proof. Let n ≥ 0 be a fixed integer and let Z
BxSn,et

∗ ( , .) (Z
Bx′En,et

∗ ( , .)) denote the presheaf on BxSn,et

(Bx′En,et, respectively ) which are the restrictions of the corresponding presheaves on the restricted smooth

sites of S and E respectively . Observe that one obtains a natural map Z
BxSn,et

∗ ( , .) −→ Rπ∗π
∗Z

BxSn,et

∗ ( , .).

Since π is flat of relative dimension r, it induces a map of presheaves π∗Z
BxSn,et

∗ ( , .) −→ Z
Bx′En,et

∗+r ( , .).
Combining the above maps, we obtain the map

Z
BxSn,et

∗ ( , .) −→ Rπ∗Z
Bx′En,et

∗ ( , .)

of presheaves on BxSn,et. In order to prove the theorem, it suffices to show that this map is a quasi-isomorphism.
By (the trivial smooth-base change), it suffices to prove this when S is replaced by a scheme u : U −→ (BxS)n

9
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in the site BxSn,et. Now this is clear by the homotopy property established for the higher Chow groups in [Bl]
Theorem (2.1). �

Next we proceed to construct Chern classes. For the cycle complex we will be content for the time being to
construct ordinary Chern classes as defined on the Grothendieck group of vector bundles of stacks. Next we
extend these to higher Chern classes defined on the higher K-theory of stacks and taking values in cohomology
theories of stacks that are defined by complexes of sheaves that are sheaves on the big site (alg.stacks/k)smt.
(The difficulty of doing a similar construction for the higher cycle complex comes from the fact it defines only
a (pre-)sheaf on the corresponding restricted sites.)

(3.2.1) Let E denote a vector bundle of rank r on an algebraic stack S of dimension d and let Proj(E) denote
the associated projective bundle stack over S. Associated to OProj(E)(1) now one may define a canonical cycle
ψE ε Zd+r−2(Proj(E , 0)) in the usual manner. Observe that if x : X → S is a map from an algebraic space and
x∗(E) is the associated vector bundle on X , x∗(ψE ) = ψx∗E is the corresponding divisor in Z∗(Proj(x∗E), 0).
Now it is easy to see that intersecting with the divisor ψE defines a map ◦ψE : Zn(Proj(E , .) → Zn−1(Proj(E , .)
for each n. (To see this proceed as follows: let x : X → S denote an atlas and let pi : X×

S

X → X denote

the projection to the i-th factor. If Z is an integral sub-stack of S of dimension n, p∗i (x
∗(Z) ◦ x∗(ψE )) =

p∗i x
∗(Z) ◦ π∗i (x

∗(ψE)). Therefore p∗1(x
∗(Z) ◦ x∗(ψE)) = p∗2(x

∗(Z) ◦ x∗(ψE)). It follows that x∗(Z) ◦ x∗(ψE )
descends to a class in Zn−1(Proj(E), .) thereby defining the operation ◦ψE .)

(3.2.2) Theorem. Let S denote an algebraic stack and let π0 : E −→ S denote a vector bundle of rank r.
Let π : P(E) = Proj(E) −→ S denote the associated projective space bundle. Let z : Z −→ S denote a fixed
atlas for S and let z′ : z×

S

Proj(E) denote the induced atlas for Proj(E). Let OP(E)(1) denote tautological

bundle on P(E). Now the map ⊕ri=0CH∗(S, z, .) −→ CH∗(P(E), z′; .) sending (a0, ..., ar−1) to Σiπ
∗(ai) ◦ ψiE is

an isomorphism. The corresponding statements hold when X is any scheme over k and E is a vector bundle of
rank r.

Proof. Since the proof of the second assertion is entirely similar we will skip it. Let n ≥ 0 denote a fixed integer.
Observe that the vector bundle E pulls back to a vector bundle over each object x : X −→ (BzS)n in the site

BzSn,et. Let Z
BzSn,et

∗ ( , .) (Z
Bz′P(E)n,et

∗ ( , .)) denote the restriction of Z∗( , .) on BzSn,et (Bz′P(E)n,et) as
before. Now it suffices to show that the map:

⊕
0≤i≤r−1

Z
BzSn,et

∗ ( , .) −→ Rπ∗Z
Bz′P(E)n,et

∗ ( , .)

given by (a0, ..., ar−1) 7→ Σiπ
∗(ai) ◦ ψiE is a quasi-isomorphism. In order to establish this, it suffices to work

locally on the site BzSn,et: i.e. one may replace S by a scheme X that belongs to the site BzSn,et. In other
words, we reduce to proving the theorem when the stack S is replaced by a scheme. Now the result follows as
in [Bl-1] Theorem (3.1). �

(3.2.3) Corollary. Assume the situation of (3.2.1). Now one obtains a push-forward map

π∗ : CH∗(P(E), z′; .) −→ CH∗(S, z, .) if E is a vector bundle over the stack S

and a push-forward map

π∗ : CH∗(P(E), .) −→ CH∗(X, .) if E is a vector bundle over the scheme X .

Proof. We define π∗ as the projection onto the 0-th summand. �

(3.3.1) With the above theorem at our disposal we immediately obtain the covariance of the integral higher
Chow groups with respect to maps f : S −→ S

′ of algebraic stacks that can be factored as the composition of a
closed immersion followed by projection from a projective space Proj(E), where E is a vector bundle over the
stack S

′.

(3.3.2) Proposition(Base-change). Consider the cartesian square

S̄
′ p′

−−−−→ S
′

f̄

y
yf

S̄
p

−−−−→ S
10



with f flat of relative dimension m and p either finite and representable or a projection P(E) −→ S where E is
a vector bundle on the stack S. Let z : Z −→ S denote a given atlas for S and let z ′ = z×

S

S
′, z̄ = z×

S

S̄ and

z̄′ = z̄×
S̄

S̄
′ denote the induces atlases. Now we obtain the commutative square:

CHk+m(S̄′, z̄′;n)
p′∗−−−−→ CHk+m(S′, z′;n)

f̄∗

x
xf∗

CHk(S̄, z̄, n)
p∗

−−−−→ CHk(S, z, n)

A corresponding assertion holds in case the above square is one of schemes over k.

Proof. As before we will skip the case of schemes. We will consider the case when p is finite first. Let n ≥ 0
denote a fixed integer. In this case it suffices to prove the commutativity of the diagram

Rf∗f
−1p∗Z

Bz̄S̄n,et

∗ ( , n)
Rf∗f

−1(p∗)

//

'

��

Rf∗f
−1Z

BzSn,et

∗ ( , n)

f∗

��

Rf∗p
′
∗f̄
−1Z

Bz̄S̄n,et

∗ ( , n)

f̄∗

��

Rf∗p
′
∗Z

Bz̄′S̄
′
n,et

∗+m ( , n)
p′∗

// Rf∗Z
Bz′S

′
n,et

∗+m ( , n)

of presheaves. One may readily reduce the commutativity of the above diagram to that of the square:

ZBz̄S̄n
∗ (p−1(V ), n)

p∗
−−−−→ ZBzSn

∗ (V, n)

f̄∗

y
yf∗

Z
Bz̄′S̄

′
n

∗+m (p′
−1
f−1(V ), n)

p′∗−−−−→ Z
Bz′S

′
n

∗+m (f−1(V ), n)

where V belongs to the site BzSn,et, f
−1(V ) = S

′×
S

V , p−1(V ) = S̄×
S

V and p′
−1

(f−1(V )) = S̄
′×
S′

f−1(V ). This

is clear from the usual properties of the cycle complex. (See [J-1] section 4 for example.) This completes the
proof when p is finite. The proof in the second case follows immediately from (3.2.2). �

(3.3.3)Definition. (Chern classes) Let E denote a vector bundle of rank r on a smooth algebraic stack S of
dimension d. We define the i-th Chern class of E to be the element of CHd−i(S, 0) defined as follows. Observe
from (4.2.4) (see below) that CH∗(S, 0) has a ring structure. Now (3.2.2) shows that CH∗(Proj(E), 0) is a free
module of rank r over CH∗(S, 0) with 1,..., ψr−1

E as a basis. Therefore we may define ci(E) ε CHd−i(S, 0) so

that Σri=0(−1)iπ∗(ci(E)) ◦ ψ
r−i
E = 0. (One may readily verify these pull back under representable flat maps.)

Next we proceed to define higher Chern classes in cohomology theories that are defined by complexes of
presheaves (in the sense of [Gi-1] section 1) on the big smooth site of all algebraic stacks over k. Observe that
the higher cycle complex being contravariantly functorial only for flat maps, is not a presheaf on this site.

(3.4.1) Let (stacks/k)smt denote the big smooth site of all stacks of finite type over k and let Γ(i) denote a
complex of sheaves on this site for each integer i. Now Γ(i) defines by restriction a complex of presheaves on
the quotient stack Spec k/GLn. The classifying simplicial scheme for this stack with respect to the atlas Spec k
is B.GLn. The pull-back of Γ(i) to B.GLn will also be denoted by Γ(i).

(3.4.2) Let C denote either the Zariski site or the étale site of B.GLn. We will next make the assumption
that there exist universal Chern classes Cpi ε Hdi

C (B.GLp; Γ(i)), 1 ≤ i ≤ p. Here d is an integer depending on
the complex Γ(i).

One may consider the following examples of the above set-up. In each case S will denote an algebraic stack
of finite type over k and Γ(i)|S will denote the restriction of Γ(i) to the smooth site of S.

11
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(3.5.1) Algebraic de Rham cohomology. Γ(i)|S = Ω•
S/k for all i ≥ 0 and = 0 for i < 0. Here Ω•

S/k denotes

the de Rham complex on S. (Here d = 2.)

(3.5.2) Gersten complex. Γ(i)|S = πi(K( ))|S, i ≥ 0 and = 0 for i < 0. (Now d = 1.)

In both of the above cases, the universal Chern classes live in the Zariski hypercohomology of B.GLn.

(3.5.3) Now we will start with a complex Γ(i) of sheaves so that there exist universal Chern classes
ci ε H2i

et(B.GLn,Γ(i)). (Therefore d = 2 here.) As examples of the complexes Γ(i) we may consider the following.
Fix an integer l and let (alg.stacks/Z[1/l]) denote the category of stacks of finite type over k with l invertible
in the structure sheaf. Let Γ(i) = µl(i) = the sheaf of l-th roots of unity twisted i-times. If A is any Abelian
group, let A[0] denote the obvious complex of sheaves concentrated in degree 0 where it is the constant sheaf
associated to A. Now one may also consider the complex of sheaves Γ(i) = A[0] for all i.

For example let G denote a smooth group scheme acting on a scheme X of finite type over a field k. Observe
that the smooth cohomology of the stack X/G with respect to any of the above sheaves may identified with the
equivariant cohomology of X : therefore our constructions provide higher equivariant Chern classes with values
in equivariant étale cohomology for smooth group scheme actions.

(3.6.1) For each scheme X , let hX denote the contravariant functor from the category (schemes/k) to
sets represented by X . Let P denote a presheaf of Abelian groups on the above category. Now the Yoneda
lemma provides the isomorphism Γ(X,P ) ∼= Hom(hX , U(P )) where Hom denotes Hom in the category of
presheaves on (schemes/k) and U is the forgetful functor sending an Abelian presheaf to the associated presheaf
of sets. Now let Z∞hX denote the contravariant functor from (schemes/k) to Abelian groups defined by
Z∞hX(Y ) = Z(Hom(schemes/k)(Y,X)) = the free Abelian group on Hom(schemes/k)(Y,X). Now one also
obtains the isomorphism

(3.6.2) Γ(X,P ) = Hom(Z∞hX , P )

where Hom on the right denotes the (external) Hom in the category of Abelian presheaves on (schemes/k).

Therefore, for each fixed l ≥ 0, p ≥ 0,

(3.6.3) HC(BlGLp, P ) = Γ(BlGLp,GP ) = Hom(Z∞hBlGLp,GP )

where C denotes either the big sites (schemes/k)Zar or (schemes/k)et, P denotes a presheaf of complexes of
Abelian groups on the above site, GP is the Godement resolution as in [J-1](3.3.1) and Hom denotes the external
Hom in the category of all (unbounded) complexes of Abelian presheaves on the above site. (Observe that hyper-
cohomology computed on the big site (schemes/k)Zar or (schemes/k)et is isomorphic to the hypercohomology
computed on the corresponding small site.) Recall that for each fixed l, Z∞hBlGLp

is a contravariant functor
from (schemes/k) to Abelian groups which we may imbed in the category of all simplicial Abelian groups.
Therefore one may view {Z∞hBlGLp

|l} as a contravariant functor from (schemes/k) to the category of double
simplicial Abelian groups. Now the homotopy colimit of the double simplicial Abelian presheaf {Z∞hBlGLp

|l}
may be identified with its diagonal; since the above double simplicial object is constant in one direction, this is
simply the same simplicial Abelian presheaf {Z∞hBlGLp

|l}. We will denote this presheaf on (schemes/k) by

(3.6.4) Z∞hB.GLp
.

Now observe that Hom(Z∞hBlGLp
,GP ) = Γ(BlGLp,Hom(Z∞hBlGLp

,GP )) where Hom is the internal Hom
in the complete pointed simplicial category of all complexes of Abelian presheaves on the above site, i.e.
(schemes/k)Zar or (schemes/k)et. Therefore [J-1](6.1.5) shows that on taking the homotopy inverse limit
of the cosimplicial object {HC(BlGLp, P )|l} one obtains Γ(B.GLp,Hom(Z∞hB.GLp

,GP ).

Now let Γ(i) denote a complex as in (3.4.1) and let Γ(i)schemes/k denote its restriction to the category of all

schemes (of finite type) over k with universal Chern class Cpi εHdi
C (B.GLp,GΓschemes/k(i)) = H0

C(B.GLp,Γ(i)[di]) =
π0(Γ(B.GLp,Hom(Z∞hB.GLp

,Γ(i)schemes/k [di])). Combining this with (3.6.4), we see that the universal Chern
class Cpi corresponds to a map

(3.6.5) Ĉpi : Z∞hB.GLp
→ Γ(i)schemes/k [di]

in an appropriate derived category of presheaves on (schemes/k).
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The stability of the universal Chern classes as p increases shows that the following diagram

(3.6.6)Z∞hB.GLp

Ĉp
i

//

((QQQQQQQQQQQQQ
Γ(i)schemes/k [di]

Z∞hB.GLp+p′

Ĉp+p′

i

66mmmmmmmmmmmmm

of presheaves commutes in the appropriate derived category.

Let Z∞hB.GLp
and Γ(i) denote the corresponding presheaves defined on Ssmt similarly. (Observe that the

above presheaves are contravariant for all maps, and therefore define presheaves on Ssmt in fact.) By pull-
back to (BxS)smt (and restriction) we obtain presheaves on (BxS)et which will be denoted Z∞hB.GLpBxSet

and Γ(i)BxSet
(or just Γ(i) itself). Now we apply one of the extension functors in (2.6.2) to obtain functorial

extensions of the maps in (3.6.5) to the functorial extensions of the above presheaves to the site Ssmt for any
algebraic stack S. i.e. We obtain:

ES(Z∞hB.GLp
)

E(Ĉp
i )

−−−−→ ES(Γ(i)schemes/k [di])x
x

Z∞hB.GLpBxSet
Γ(i)[di]

Observe from (2.6.2)(iii) that the natural map Γ(i)schemes/k −→ ES(Γ(i)schemes/k) is a quasi-isomorphism on
restriction to the étale site of any algebraic space in Ssmt. Therefore the right vertical map in the above diagram
is a quasi-isomorphism: we will therefore identify ES(Γ(i)schemes/k [di]) with Γ(i)[di]. Therefore we obtain the
map

(3.6.7) Cpi : Z∞hB.GLpBxSet
−→ Γ(i)[di]

(in an appropriate derived category) of presheaves on (BxS)et. Moreover, if GLp −→ GLp+p′ is the obvious
closed immersion, sending Glp to the first p rows and columns, the diagram

Z∞hB.GLpBxSet Cp
i

//

))RRRRRRRRRRRRRR
Γ(i)[di]

Z∞hB.GLp+p′BxSet

Cp+p′

i

77oooooooooooo

commutes in the appropriate derived category of sheaves on BxSet, since the diagram (3.6.6) commutes. Observe
also that if f : S

′ → S is a flat representable map of algebraic stacks, one obtains a commutative square:

(3.6.8)

Z∞hB.GLpB
x′S′

et

Cp
i−−−−→ Γ(i)[di]Bx′S

′
et

f∗

x
xf∗

Z∞hB.GLpBxSet

Cp
i−−−−→ Γ(i)[di]BxSet

(Here x : X → S is an atlas and x′ : X ′ → S
′ is the induced atlas.) This follows from (2.6.2)(iv).

Next observe that Hsmt(S; Γ(i)) = Het(BxS,Γ(i)). Therefore, taking the hypercohomology on (BxS)et,
taking the resulting homotopy groups and letting m −→∞, we obtain maps

(3.6.9) Ci(n)′ : πn(Het(BxS,Z∞hB.GL(BxS)et
)) = lim

m→∞
πn(Het(BxS,Z∞hB.GLm(BxS)et

))

−→ πn(Het(BxS,Γ(i)[di])) = πn−di(Hsmt(S,Γ(i))) = Hdi−n
smt (S,Γ(i))

Next we observe the quasi-isomorphism of presheaves

(3.6.10) K ' Z× Z∞B.GL ' lim
m→∞

Z× Z∞B.GLm

13
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on the site (BxS)et (and also on the Zariski site of any scheme X). Here K is the presheaf of spectra defined
by U −→ K(U) which is the spectrum of the symmetric monoidal category of locally free coherent sheaves on
U . It is shown in [Gi-1] Proposition (2.15) that if X is a Nöetherian scheme of finite Krull dimension, one
obtains a quasi-isomorphism K(X) ' Z×Z∞B.GL(OX ) which is natural in X . Since both sides commute with
filtered colimits in X , it follows readily that one obtains the quasi-isomorphism of the presheaves in (3.6.10)
on the site (BxS)et. One obtains a map of the above presheaf to the presheaf U → K(U) = the Waldhausen
K-theory of the category of perfect complexes on U defined as in (1.5.1). This map may be readily seen to be a
weak-equivalence at each stalk. Therefore we may replace the presheaf K by K everywhere. Moreover the two
presheaves Z∞hB.GL and Z∞B.GL are identical.

Now one obtains a natural map K(S) −→ Het(BxS,K) ' Het(BxS,Z × Z∞B.GL). Since the Ci(n) are
constant on the factor Z, it follows that we obtain Chern classes:

(3.6.11) Ci(n) : πn(K(S)) −→ Hdi−n
smt (S; Γ(i)), if S is any algebraic stack over k.

This is defined as the composition

πn(K(S)) −→ πn(holim
∆

K(BxS)) −→ πn(Het(S,K)) ∼= πn(Het(BS,Z× Z∞B.GL))
Ci(n)′

−−−−→ Hdi−n
smt (S;n)

These are the required higher Chern-classes. Since both the presheaves hB.GLn
and Γ(i) are in fact presheaves on

the big site (alg.stacks/k)smt it follows readily that the above Chern classes pull back under any representable
map of stacks. If n = 0, we will let the classes Ci(0) be denoted simply by ci. It follows that if E is a vector
bundle on the algebraic stack S, one has Chern-classes ci(E) ε Hdi

smt(S; Γ(1)).

(3.7) Next we outline how to define a Chern-character map πn(K(S)) −→ ⊕
i
Hdi−n(S; Γ(i))⊗

Z
Q as in [Bl]

section 8 (or [Sou] section 7). For this we start with classes chpi ε Hdi
C (S,Γ(i))⊗

Z
Q instead of the classes Cpi in

(3.4.2): these are defined as in [SGA] 6, Exposé 0, appendix. Now one applies the above arguments to obtain
maps

chi : πn(Het(BxS, 0× Z∞B.GL)) −→ Hdi−n
smt (S; Γ(i))⊗

Z
Q

Now one defines ch : πn(Het(BxS, 0 × Z∞B.GL)) −→ ⊕
i
Hdi
smt(S; Γ(i))⊗

Z
Q as ⊕

i
chi . Finally observe that

πn(Het(BxS,Z× Z∞B.GL)) ∼= ⊕
r ε Z

πn(Het(BxS, r × Z∞B.GL)). Therefore one defines the Chern-character

ĉh : πn(Het(BxS,Z× Z∞B.GL)) −→ ⊕
i
Hdi−n
smt (S; Γ(i))⊗

Z
Q

by defining it to be r + ch on the rank r component. Finally composing with the obvious map πn(K(S)) −→
πn(Het(BxS,Z× Z∞B.GL)) we obtain the Chern-character

(3.7.*) ch : πn(K(S)) −→ ⊕
i
Hdi−n
smt (S; Γ(i))⊗

Z
Q

(3.7.1) Since the map ĉh is natural in S, one may readily verify that it (not ch) becomes an isomorphism on
tensoring the left-hand-side with Q.

4. Intersection theory for smooth algebraic (Artin) stacks

Let S denote a smooth algebraic stack. Recall that in [J-1](4.2.4), for each integerm and n ≥ 0, we defined the
additive presheaf U → ZSres.smt

m (U, n) = the free Abelian group on dimensionm cycles on U×∆k[n] on Sres.smt.
Using the hypothesis that S is smooth, for each fixed non-negative integer c, presently we define an additive
presheaf Zc

Sres.smt
( , n) on Sres.smt by Zc

Sres.smt
(U, n) = the free Abelian group on codimension c cycles on

U × ∆[n] for each u : U → S in Sres.smt and also connected. We let Z∗
Sres.smt

( , .) = ⊕
c≥0
Zc

Sres.smt
( , .).

(Similarly, if X is a scheme of finite type over k, we define an additive presheaf Z cXZar
(., n) for each c, n ≥ 0 on

the Zariski site XZar. We let Z∗XZar
(., .) = ⊕

c
ZcXZar

(., .).) We define

(4.0) CHc(S, x, .) = Het(BxS,ZcSres.smt
( , .)).
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for an atlas x : X → S. (Similarly, we let CHc(X, .) = HZar(X,ZcXZar
(., .)).) The goal of this final section is

to show that if S (X) is a smooth algebraic stack with an atlas x : X −→ S (scheme, respectively ), one obtains
an intersection pairing

∪ : CH i(S, x, n)⊗CHj(S, x,m) −→ CH i+j(S, x, n+m) (∪ : CH i(X,n)⊗CHj(X,m) −→ CH i+j(X,n+m),
respectively )

Observe that we are not using rational coefficients, nor are we putting any restriction on the stack except that
it be smooth. The technique we use is an extension of one originally due to Kritz and May (see [K-M] Part II)
who show that the higher cycle complex, on a smooth quasi-projective scheme over a field k, has the structure
of a partially defined E∞ differential graded algebra. They further show that any such partially defined E∞

differential graded algebra may be converted functorially to a quasi-isomorphic E∞ differential graded algebra.
In order to apply this to our context, we invoke the extension technique from section 2 to extend this presheaf of
E∞-differential graded algebras to a presheaf on Sres.smt. We begin by recalling the basic context of presheaves
of algebras and modules over operads as in [K-M].

(4.1.0) Let R denote a commutative Dedekind ring with 1. Let Mod(R) denote the category of modules over
R and let C(Mod(R)) denote the category of all (unbounded) complexes of R-modules. An Adams graded object
in C(Mod(R)) is a sequence of objects {K(r)|r ε Z}. (We may identify this with the Z-graded object ⊕

r
K(r).)

A map of Adams graded objects is simply a map in C(Mod(R)) that preserves the grading. Given two Adams
graded objects K = {K(r)|r} and L = {L(s)|s}, one defines their tensor product to be the Adams graded
object (K⊗L)(n) = ⊕

r+s=n
K(r)⊗L(s). We let the category of Adams graded objects in C(Mod(R)) be denoted

C(Mod(R))Ad.gr . Let Simpl(C(Mod(R))Ad.gr) denote the category of all simplicial objects in C(Mod(R))Ad.gr
while Simpl(C(Mod(R))Ad.gr)flat will denote those objects that are flat modules over R in each degree.

(4.1.1) (See [K-M] Part II, Definition (2.1).) Let K ε Simpl(C(Mod(R))Ad.gr)flat. A domain K∗ in K is a

sequence of Σj-invariant sub-objects Kj of K⊗
j

so that the given inclusions δj : Kj −→ K⊗
j

satisfy the following
two properties:

(i) δ0 and δ1 are the identity maps and δj is a quasi-isomorphism

(ii) For each partition j = j1 + ... + jk, δj factors through Kj1 ⊗ ... ⊗Kjk as indicated in the commutative
diagram:

K⊗
j1
⊗ ...⊗K⊗

jk
∼=

−−−−→ K⊗
j

δj1⊗...δjk

x
xδj

Kj1 ⊗ ...⊗Kjk ←−−−− Kj

(4.1.2) A map f∗ : K∗ −→ K ′∗ in K and K ′ is a sequence of maps fj : Kj −→ K ′j so that fj is the restriction of

f j , and f1 = f . Such a map is said to be a quasi-isomorphism if the map f is one. It is shown in [K-M] Part
II, Lemma (2.2) that f∗ being a quasi-isomorphism implies all the maps fj are also quasi-isomorphisms.

(4.1.3) Let O = {O(k)|k ≥ 0} denote an operad in Simpl(C(Mod(R))Ad.gr)flat and let
A ε Simpl(C(Mod(R))Ad.gr)flat. (See the appendix for details on operads and related material.) A partial
O-algebra is a domain A∗ in A along with Σj-equivariant maps: θj : O(j) ⊗ Aj −→ A, j ≥ 0 satisfying the
following

(a) θ1(1⊗ a) = a, a ε A1,

(b) the map O(j1) ⊗ ... ⊗ O(jk) ⊗ Aj −→ A⊗
k

that is obtained by including Aj in Aj1 ⊗ ... ⊗ Ajk , shuffling
and applying θk factors through Ak, where j = Σjs.

(c) The following associativity diagrams commute:
15
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O(k) ⊗O(j1)⊗ ...⊗O(jk)⊗Aj

�� ++XXXXXXXXXXXXXXXXXXXXXXXXX γ⊗id
// O(j)⊗Aj

θ
$$IIIIIIIIII

O(k)⊗O(j1)⊗ ...⊗O(jk)⊗Aj1 ⊗ ...⊗Ajk

shuffle

��

O(k) ⊗Ak

��

θ
// A

O(k)⊗O(j1)⊗Aj1 ⊗ ...⊗O(jk)⊗Ajk
id⊗θk

// O(k)⊗A⊗
k

(4.2.1) The above definitions apply to our situation as follows. Let X denote a connected smooth quasi-
projective scheme over the field k. Now the higher cycle complex z∗(X, .) is a partially defined algebra in the
category Simpl(C(Mod(Z))Ad.gr)fl with the operad being the trivial operad O(k) = Z for all k and where the
Σj actions are trivial. The codimension of the cycles will denote the Adams grading. In Adams grading r and
simplicial degree q, the domain z∗(X, .)j of the j-fold product is the sum over all partitions {r1, ..., rj} of r of the
subgroups of zr1(X, q)⊗ ...⊗zrj (X, q) spanned by those j-tuples of simplices all intersections of subsets of which
meet all faces of X ×∆[q] properly. Moreover, if f : X −→ Y is a flat map of connected smooth schemes, the
induced map f∗ : z∗(Y, .) −→ z∗(X, .) is a map of partially defined algebras. This defines the additive presheaf
Z∗( , .) of partially defined algebras on (smt.qp.schemes/k)Res.

(4.2.2) Now it is shown in [K-M] Part II, Theorem (1.1) (see pp. 55 -56) that there exists a functor sending
the partially defined algebra z∗(X, .) to a quasi-isomorphic E∞-algebra. This will be denoted z∗(X, .)E∞ . Since
this conversion is effected by a functor, it follows that if f : Y −→ X is a flat map of connected smooth quasi-
projective schemes, one obtains an induced map of the associated E∞-algebras. Observe that this makes implicit
use of moving lemmas: the maps δj in (4.1.1) are quasi-isomorphisms only by implicit use of moving lemmas.

For the rest of this section, let (smt.qp.schemes/k) denote the category of all smooth quasi-projective
schemes over k. It follows from the above discussion that X → z∗(X, .)E∞ defines an additive presheaf on
(smt.qp.schemes/k)Res. We will denote this presheaf by Z∗( , .)E∞ .

(4.2.3) Proposition. (i) Let S denote a smooth algebraic stack. The presheaf X −→ z∗(X, .)E∞ on the
category (smt.qp.schemes/k)Res.Zar may be extended functorially to an additive presheaf of E∞ differential
graded algebras on the site Sres.smt so that so that its restriction to the étale site of any object in Sres.smt is
quasi-isomorphic Z∗

Sres.smt
.

(ii) Let X denote a smooth scheme over k. The presheaf U −→ z∗(U, .)E∞ on the category
(smt.qp.schemes/k)Res.Zar may be extended functorially to an additive presheaf of E∞ differential graded
algebras on the Zariski site, XZar, of X to Z∗XZar

.

Proof. We will only consider (i) since the proof of (ii) is entirely similar. Throughout the proof we will let
Z∗(alg.spaces/k)Res.et

( ., .) denote the additive presheaf U → Z∗(U, .) defined on the site (alg.spaces/k)Res.et

defined by Γ(U,Z∗( , .)) = ⊕
c
zc(U, .). (Here zc(U, .) is the higher cycle complex of codimension c cycles and

U is connected.) Now the extension is provided by (2.6.1) and (2.6.2). One begins with the presheaf Z∗( , .)
on (smt.qp.schemes/k)Res.Zar; now Z∗( , .)E∞ is an additive presheaf of E∞ algebras on the same category
so that one has a quasi-isomorphism Z∗(X, .) ' Z∗(X, .)E∞ for every smooth quasi-projective scheme X over
k. Next one applies the extension functor ES from (2.6.2) to obtain a quasi-isomorphism ES(Z∗( , .)) '
ES(Z∗( , .)E∞) of presheaves on restriction to the étale site of any object U ε Sres.smt and for any algebraic
stack S. One may readily verify that ES(Z∗( , .)E∞) is also a presheaf of E∞ differential graded algebras. We
will denote this by Z∗( , .)SRes.smt,E∞ . Now it suffices to prove that the presheaf Z∗( , .)SRes.smt,E∞ is quasi-

isomorphic to the presheaf Z∗( , .)Sres.smt
, on restriction to the étale site of any object U in Sres.smt. However

the presheaf Z∗
Sres.smt

( , .) is the restriction of the presheaf Z∗alg.spaces/k
Res.et

( , .) and the latter restricts to

Z∗( , .) on (smt.qp.schemes/k)Res.Zar. Therefore (2.6.2)(iii) shows that the presheaf ES(Z∗( , .)) is quasi-
isomorphic to Z∗

Sres.smt
( , .). Since we obtain a stalk-wise quasi-isomorphismES(Z∗( , .)) ' ES(Z∗( , .)E∞)

(on restriction to the étale site of any object U ε Sres.smt) and the latter = Z∗( , .)Sres.smt,E∞ (by definition),
we are done. �

For each integer n ≥ 0, we will let Z∗( , .)BxSn,et,E∞ denote the restriction of Z∗( , .)SRes.smt,E∞ to the

site (BxS)n,et. (See [J-1] (3.6.2).)
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(4.2.4) Theorem. Let S denote a smooth algebraic stack and let x : X → S denote an atlas for S. (i) There
exists a quasi-isomorphism:

CH∗(S, x, .) ' Het(BxS, {Z∗BxSn,et( ,.)|n}) ' Het(BxS, {Z∗( , .)BxSn,et,E∞ |n}).

The latter is an E∞ differential graded algebra.

(ii) Therefore there exists a pairing:

CH i(S, x, n)⊗ CHj(S, x,m) −→ CH i+j(S, x, n+m)

In case f : S
′ → S is a representable flat map of smooth stacks and x′ = x×

S

S
′, the induced map f∗ :

CH∗(S, x, .)→ CH∗(S′, x′, .) is compatible with the above intersection pairing.

(iii) One also obtains similar pairings for CH∗(S, x, .;R) if R is any commutative ring.

(iv) If x : X → S is étale, the above pairings are intrinsic to the stack for all smooth Deligne-Mumford
stacks.

Proof. The quasi-isomorphism in (i) follows immediately from (4.2.3). Let ∆ : BxS→ BxS×BxS denote the
obvious diagonal map. Since Z∗( , .)BxSn,et,E∞ is a presheaf of E∞ differential graded algebras, one obtains
the pairing:

∆∗(Z∗( , .)BxSn,et,E∞ � Z∗( , .)BxSn,et,E∞)

= Z∗( , .)BxSn,et,E∞ ⊗Z∗( , .)BxSn,et,E∞ → Z∗( , .)BxSn,et,E∞

compatible with the face maps of BxS. Now one applies R∆∗ to both sides and pre-composes with the obvious
map

Z∗( , .)BxSn,et,E∞ � Z∗( , .)BxSn,et,E∞ → R∆∗∆
∗(Z∗( , .)BxSn,et,E∞ � Z∗( , .)BxSn,et,E∞)

to obtain a pairing

Z∗( , .)BxSn,et,E∞ � Z∗( , .)BxSn,et,E∞ → R∆∗(Z∗( , .)BxSn,et,E∞)

compatible with the face maps of BxS. Next one takes étale hypercohomology on BxS × BxS (as in [J-1]
(3.6.4)) to obtain the pairing in (ii). (This also shows that CH∗(S, x, .) is an E∞ differential graded algebra.)
(The second statement in (ii) follows from the functoriality of the extension in (4.2.3)(i).) The proof of (iii)
is entirely similar. Finally observe that the complex Z∗( , .)Sres.smt,E∞ defines by restriction a complex on

Set for a Deligne-Mumford stack. We will denote this by Z∗( , .)Set ,E∞ . Moreover [J-1] (3.5.2) provides

a quasi-isomorphism Het(S,Z∗( , .)Set,E∞) ' Het(BxS,Z∗( , .)Sres.smt,E∞) when x is étale. This proves

(iv). �

(4.2.4’) Theorem. Let X denote a smooth scheme. (i) There exists a quasi-isomorphism:

HZar(X,Z
∗
XZar

( , .)) ' HZar(X,Z
∗( , .)X,E∞).

The latter is an E∞ differential graded algebra.

(ii) Therefore there exists a pairing:

CH i(X,n)⊗ CHj(X,m) −→ CH i+j(X,n+m)

If f : X ′ → X is a flat map of smooth schemes, the induced map f ∗ : CH∗(X, .) → CH∗(X ′, .) is compatible
with the above intersection pairing.

Proof is entirely similar to that of (4.2.4). �

(4.2.5) Remarks. (i) If we take n = m = 0, we obtain a ring structure on the Chow groups ∪ : CH i(S)⊗
CHj(S) −→ CH i+j(S). (ii) If R is Z/lν for l any prime or R = Q, the same proofs as above show the existence
of an intersection pairing on the higher Chow groups with R-coefficients (defined in [J-1] (4.5.1).

In the rest of the paper we will show that if S is a smooth Deligne-Mumford stack, there exists an iso-
morphism between CH∗(S, 0)⊗

Z
Q and CH∗naive(S)⊗

Z
Q sending the above ring-structure to a previously known
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ring-structure on the latter. For this we need to show the existence of Adams operations on the étale K-theory
of Deligne-Mumford stacks tensored with Q.

(4.3.1) Proposition. (i) Let S denote a Deligne-Mumford stack of finite type over k, let BS denote the classi-
fying simplicial scheme associated to a given atlas x : X −→ S. Assume thatX is a separated scheme so that each
(BS)n is also separated. Let G(BS) denote the spectrum holim

∆
{G(BSn)|n} where G(BSn) denotes the K-

theory spectrum of the complicial Waldhausen category of pseudo-coherent complexes with globally bounded co-
homology on (BS)n. Now the obvious augmentation π∗G(BS)⊗

Z
Q −→ π∗(Het(BS,G))⊗

Z
Q ∼= π∗(Het(S,G))⊗

Z
Q

is an isomorphism. Similarly if T ⊆ S is a closed algebraic sub-stack of S and BT is the associated simpli-
cial algebraic space, the obvious augmentation π∗(GBT (BS))⊗

Z
Q −→ π∗(HBT,et(BS,G))⊗

Z
Q is an isomorphism.

(We have let GBT (BS) = the canonical homotopy fiber of the obvious map G(BS) −→ G(BS−BT ).)

(ii) Moreover the obvious map lim
N→∞

π∗(HBT,et(BS; Z × BGL+
N)⊗

Z
Q → π∗(HBT,et(BS; Z × BGL+))⊗

Z
Q is

an isomorphism. (Here BGLN (BGL) are the obvious presheaves of simplicial sets and the + denotes the +
construction applied to these. One may identify the presheaf K with Z×BGL+.)

Proof. (i) Since the homotopy inverse limits preserve quasi-isomorphism, it suffices to show that for each fixed
integer n, the obvious augmentation π∗(G(BT )n

((BS)n))⊗
Z

Q −→ π∗(H(BT )n,et(BSn,G))⊗
Z

Q is an isomorphism

for all integers n. This follows from [T-1] Theorem (2.15) since each BSn is a separated scheme of finite type
over k.

Next we consider (ii) It follows from [Sou] p. 510 that, on taking the direct limit as N −→ ∞, the map of
presheaves Z×BGL+

N −→ Z×BGL+ induces a stalk-wise weak-equivalence.

Let P denote a presheaf on Set taking values in a complete pointed simplicial category as before. Now we
observe that in the spectral sequence

Es,t2 = Hs
et(BS, π−tP )⊗

Z
Q⇒ π−s−tHet(BS, P )⊗

Z
Q

Es,t2 = 0 for all but finitely many s, independent of P . In particular, the above spectral sequence converges
strongly. (One may easily prove this when the stack is the quotient stack associated to the action of a finite
group. Now devissage (see [J-1] (5.1.2.*) or [LMB] Theorem (10.2) and Corollaire (10.2.1)) enables us to reduce
to the case the case of a general Deligne-Mumford stack to this.)

Now we obtain a natural map of the spectral sequences:

Es,t2 = lim
N→∞

Hs
et(BS, π−t(Z×BGL+

N ))⇒ lim
N→∞

π−s−t(Het(BS,Z×BGL+
N )) and

Es,t2 = Hs
et(BS, π−t(Z×BGL+))⇒ π−s−t(Het(BS,Z×BGL+))

Since both the spectral sequences converge strongly, it suffices to show that one obtains an isomorphism at the
E2-terms. This in turn follows from the observation that the étale cohomology of a Deligne-Mumford stack with
respect to an Abelian sheaf (tensored with Q) commutes with filtered colimits of such sheaves. Once again one
may reduce this assertion to the case of quotient stacks associated to finite group actions, where it is clear. �

(4.3.2) Corollary. Let S denote a smooth Deligne-Mumford stack and let T ⊆ S denote an integral algebraic
sub-stack. (i) Now π∗(HT (S,K))⊗

Z
Q ∼= π∗(HBT,et(BS,K))Q

Z

∼= π∗KBT (BS)⊗
Z

Q has the structure of a graded

λ-ring, there exists an associated γ-filtration on π∗(KBT (BS))⊗
Z

Q and one also has Adams operations {ψk|k}

defined on it. (ii) There exists a spectral sequence

Ep,q1 = ⊕
x ε S(p)

π−p−q(KBx(BS))⊗
Z

Q −→ π−p−q(K(BS))⊗
Z

Q

where the direct sum varies over all closed integral sub-stacks of codimension p. (iii) The Adams operations act
on the Ep,qr -terms of the above spectral sequence and are compatible with the differentials.

Proof. Since the stack S is smooth, observe that one may identify the presheaves G and K up to quasi-
isomorphism. Moreover we may choose an atlas x : X → S so that X is a separated scheme (for example
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an affine or quasi-projective scheme). Therefore (4.3.1) provides the isomorphisms in (i). Now the proof of
the remaining assertion in (i) follows immediately from the isomorphisms in (i) since one can now define λ-
operations as in [Sou] section 4. We will briefly recall this for the sake of completeness. Let ρ : GLN −→ GLM
denote a representation of the group scheme GLN . If BGLN and BGLM denote the associated simplicial
sheaves on Set or on the étale site of the simplicial scheme BS, ρ induces a map BGLN −→ BGLM . Recall
these are presheaves of simplicial Abelian groups on Set or equivalently on the étale site of the simplicial
scheme BS. (i.e. We may take the complete pointed simplicial category as in [J-1] section 6 to be the category
of fibrant pointed simplicial sets.) Composing with the obvious map to BGL −→ BGL+, ρ induces a map
ρ : Z × BGLN −→ Z × BGL+. i.e. one obtains a map of Abelian groups RZ(GLN ) −→ π0(RMap(Z ×
BGLN ,Z × BGL+)) where RMap(Z × BGLN ,Z × BGL+)) is defined to be holim

∆
Map(Z × BGL+

N ,G
.Z ×

BGL+) and RZ(GLN ) denotes the integral representation ring of the group scheme GLN . (The functor Map :
(simplicial presheaves on Set)× (simplicial presheaves on Set) −→ (simplicial sets) is defined by
Map(F,K)n = Homsimplicial presheaves(F ×∆[n],K).)

Therefore one obtains a ring homomorphism r : lim
∞←N

RZ(GLN ) −→ lim
∞←N

π0(RMap(Z×BGLN ,Z×BGL+)) ∼=

lim
∞←N

π0(RMap(Z×BGL+
N ,Z×BGL+) where the last isomorphism follows from the universal property of the

+ construction. Now r({λn(idGLN
− N)|N}) defines a compatible collection of homotopy classes of maps

λn : Z×BGL+
N −→ Z×BGL+ of presheaves.

By (4.3.1)(ii) we observe that the obvious map

lim
N→∞

π∗(HBT,et(BS,Z×BGL+
N ))⊗

Z
Q −→ π∗(HBT,et(BS,Z×BGL+))⊗

Z
Q

is an isomorphism. It follows that on taking π∗HBT,et(BS; )⊗
Z

Q the map λn induces the lambda operation

λn : π∗(KBT (BS))⊗
Z

Q −→ π∗(KBT (BS))⊗
Z

Q. To prove that one obtains the usual relations on the λns, one

reduces to showing they hold on lim
∞←N

π0(RMap(Z × BGL+
N ,Z × BGL+): this follows readily from the fact

they hold on the representation ring lim
∞←N

RZ(GLN ). Now the existence of the Adams operations is a formal

consequence.

Each closed integral sub-stack Y of S defines a closed sub-simplicial scheme of BS. Now we obtain the
fibration sequence:

colim
Y ε Mp+1

KBY (BS) −→ colim
Y ′ ε Mp

KBY ′(BS) −→ ⊕
x ε S(p)

KBx(BS)

where Mk denotes the full sub-category of closed integral sub-stacks of codimension ≤ k and BY (BY ′, Bx)
denotes the obvious classifying simplicial scheme. Moreover S

(p) denotes all the points of codimension exactly
p; these are the generic points of codimension p integral sub-stacks of S. Taking the homotopy groups (and
tensoring with Q) we obtain an associated long-exact sequence which provides the spectral sequences in (ii).
The identifications colim

Y ε Mk

π∗(KBY (BS))⊗
Z

Q ' colim
Y ε Mk

π∗Het,Y (S;Z×BGL+)⊗
Z

Q and the observation that each

λn is actually induced by a map Z×BGL+
N −→ Z×BGL+ shows that the differentials in the spectral sequence

are compatible with the λ operations and hence with the Adams operations. This completes the proof of (ii)
and (iii). �

(4.3.3) Gersten resolutions on smooth Deligne-Mumford stacks (See [Gi-2](4.7).)

Let S denote a smooth Deligne-Mumford stack. For each integer p, R∗(p) is the presheaf on the étale site
of S defined by U −→ R∗(U, p) where R∗(U, p) is the complex ⊕

x ε U(0)
Kp(k(x)) −→ ... −→ ⊕

x ε U(i)
Kp−i(k(x)) −→

... −→ ⊕
x ε U(0)

K0(k(x)). U
(i) denotes the set of points of codimension i in U . Since each U is a smooth scheme,

it follows from Quillen’s proof of Gersten’s conjecture that the obvious map πp(K) −→ R∗(p) is a resolution on
the étale site of the stack S. Therefore CH∗naive(S)⊗

Z
Q ∼= ⊕

p
H
p
et(S, R

∗(p)⊗
Z

Q) ∼= ⊕
p
Hp
et(S, πp(K)⊗

Z
Q).

Let S be smooth and let i : T −→ S denote the closed immersion of a smooth algebraic sub-stack. Now the
normal bundle, N , associated to i exists as a vector bundle of rank p if the codimension of T in S is p. Observe
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from [LMB] (4.2.3) that the construction of the Proj of a coherent sheaf on stacks is a local construction. This
shows that the techniques of blow-ups and deformation to the normal cone (see [BFM] section 2) extend to
algebraic stacks. Recall the deformation to the normal cone is constructed from the diagram

(4.3.4)

T
j1

−−−−→ T × A1 j0
←−−−− T

i

y ψ

y ī

y

S
k1−−−−→ W

k0←−−−− N

where W is the blow-up of S×A1 along T × 0. The naturality of the above deformation shows that if BS is a
classifying simplicial scheme associated to the stack S one obtains a similar diagram of simplicial schemes:

(4.3.5)

BT
Bj1
−−−−→ BT × A1 Bj0

←−−−− BT

Bi

y Bψ

y Bī

y

BS
Bk1−−−−→ BW

Bk0←−−−− BN

One defines the algebraic K-theory of a simplicial scheme X. by holim
∆
{K(Xn)|n} which is the homotopy inverse

limit of the cosimplicial spectrum {K(Xn)|n}, where each K(Xn) is defined as in (1.5.1). Similarly if Y. is a
closed sub-simplicial scheme of X., one defines KY.(X.) = holim

∆
{KYn

(Xn)|n} with each KYn
(Xn) defined as in

(1.5.2). Since all the vertices in the above diagram are schemes, one obtains the excision isomorphisms (see for
example [T-2] (3.19)):

(4.3.6) π∗(KBT (BS))⊗
Z

Q
k∗1←− π∗(KBT×A1(BW ))⊗

Z
Q

k∗0−→ π∗(KBT (BN))⊗
Z

Q.

Observe also that the pull-back maps are compatible with the action of the Adams operations as in (4.3.2).

Let π : N −→ T denote the projection from the normal bundle to T and let Λ(π∗(N∨)) denote the Koszul-Thom
class associated to N∨ = the co-normal bundle associated to i. This is a class in π0(KT (N)). Now Λ(π∗(N∨)) is
a complex of vector bundles on N with support contained in T . Let BN denote the normal bundle to the closed
immersion of BT in BS and let Bπ : BN → BT denote the obvious map. The pull-back of π∗(N∨) to BN
is the bundle Bπ∗BN∨ and one may verify the Koszul-Thom class Λ(π∗(N∨)) pulls-back to the Koszul-Thom
class Λ(Bπ∗(BN∨)) which represents a class in π0(KBT (BN)). Recall we have used the Waldhausen style
K-theory of perfect complexes to define the K-groups. (See (1.5.2).) Now the map E . → π∗(E.) ∪ Λ(π∗(N∨))
(E. → Bπ∗n(E.) ∪ Λ(Bπ∗n(BN

∨
n ))) defines a map of spectra

(4.3.7) K(T ))→ KT (N) (K(BTn)→ KBTn
(BNn) for each n, respectively )

Moreover, since π∗(E.) ∪ Λ(π∗(N∨)) → ī∗(E
.) is a natural map in E. which is a quasi-isomorphism one may

verify that the first map may be identified with ī∗. Similarly the second map above may be identified with Bnī∗
for each n.

(4.3.8) Lemma. Let the codimension of T in S be c. Let Λ ε π0(KT (N)) denote the class of the Koszul-Thom
class Λ(π∗(N∨)). Now ψk(Λ) = kcΛ. Similarly, if Λ̄n ε π0(KBTn

(BNn)) denotes the class of the Λ(Bπ∗(BN∨n )),
ψk(Λ̄n) = kcΛ̄n.

Proof. We can adopt the proof in [G-S] (4.12.1) and Lemma (4.12) verbatim. For this we use the inductive
formula

ψk − ψk−1 ∪ λ1 + ...+ (−1)k−1ψ1 ∪ λk−1 + (−1)kkλk = 0, k ≥ 1.

as in [G-S] (4.12.1). One may reduce immediately to the case where the Koszul-Thom complex Λ(π∗(Nˇ)) is

replaced by the complex: ON
a
−→ ON where a corresponds to an element in O locally. Now it suffices to show

that λk applied to the above complex = the same complex shifted [k−1] times to the left, where λk denotes the
k-th exterior power operation. The same proof as in [G-S] lemma (4.12) applies verbatim to establish this. �

(4.3.9) Lemma. (i) Let x denote a punctual Deligne-Mumford stack. If k(x) = H0(x,Ox), one obtains the
isomorphism H i

et(x, πp(K))⊗
Z

Q ∼= πp(K(k(x)))⊗
Z

Q, if i = 0 and ∼= 0 otherwise. There exist Adams operations on

both of the above terms and the above isomorphisms are compatible with the action of the Adams operations.
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(ii) Assume in addition that i : x→ U is the closed immersion of a punctual sub-stack of codimension p into

a regular stack U . Now the map Bi∗ induces an isomorphism π∗K(Bx)
∼=
−→ π∗(KBx(BU)).

(iii) LetN denote the normal bundle associated to the closed immersion in (ii). If ī : x→ N is the zero section,
it induces an isomorphism as in (ii). The map Bī∗ may be identified with the map α → π∗(α) ∪ Λ(π∗(BN∨))
modulo torsion.

Proof. (i) The isomorphism in (i) is established in [Gi-2] (5.3) using the degeneration of the spectral sequence

(from the E1-terms onwards): Ei,j1 = Hj
et((Bx)i ;πp(K)⊗

Z
Q) −→ H i+j

et (Bx, πp(K⊗
Z

Q)). i.e. Ei,j1 = 0 if j 6= 0.

(Observe that we keep p fixed throughout.) Recall the Adams operations may be realized as maps of the
presheaves Z×BGL+

N → Z×BGL+; therefore they are compatible with the differentials of the above spectral
sequence. This proves (i).

Observe that it suffices to show each of the maps Bīn∗ : K(Bxn)→ KBxn
(BNn) is a weak-equivalence. Next

one observes readily that each (Bx)n is isomorphic to a finite disjoint union of the spectra of fields. Therefore,
one obtains the weak-equivalences: K((Bx)n) ' G((Bx)n) for all n and KBxn

(BNn) ' G(Bxn) for all n. To see
the map Bīn∗ : K(Bxn) ' G(Bxn)→ KBxn

(BNn) is a weak-equivalence, one just compares fibration sequence
provided by Quillen’s localization theorem with fibration sequence defining KBxn

(BNn). This proves (ii).

That the map ī induces an isomorphism as in (ii) is clear from (ii) applied to the closed immersion ī. To see
this may be identified with the map as in (iii) we observe the existence of a natural quasi-isomorphism π∗(E.)∪
Λ(Bπ∗BN∨) → Bīn∗(E

.) for any complex of vector bundles E . on BTn. Now it follows from standard results
on Waldhausen K-theory that the map Bī∗ may be identified with taking cup product with Λ(Bπ∗BN∨). �

(4.3.10) Theorem Let S denote a smooth Deligne-Mumford stack. Now one obtains isomorphisms

CH∗(S, 0)⊗
Z

Q ∼= ⊕
p
Hp
et(S, πp(K))⊗

Z
Q ∼= CH∗naive(S)⊗

Z
Q

preserving the ring structures on each.

Proof. Observe that in the spectral sequence in (4.3.2), Es,−s2 = Hs
et(S, πs(K)) ∼= CHs

naive(S). Now we proceed
to show (see [Sou] pp. 524-525) that the differentials dr : Es−r,−s+r−1

r −→ Es,−sr , r ≥ 2 are trivial modulo torsion.
For this one begins with a punctual sub-stack x of codimension p in the stack S. One may now observe that,
since x is punctual, it is regular and a closed sub-stack of an open sub-stack U of S in (4.3.2)(ii)). Moreover
now

π−p−q(KBx(BU))⊗
Z

Q ∼= π−p−q(K(Bx))⊗
Z

Q

∼= H0
et(x, π−p−q(K))⊗

Z
Q ∼= π−p−q(K(k(x)))⊗

Z
Q.

Here k(x) is the function field of the (punctual) stack x and the last isomorphism follows from (4.3.9)(i).
For −p − q = 0,−1, or −2, one knows that the Adams operation ψk acts on π−p−q(K(k(x))) by k−p−q . The
first isomorphism follows from (4.3.9) (ii); moreover (4.3.9)(iii) shows we may assume this isomorphism is given
by cup-product with a Koszul-Thom class associated to the normal bundle for the closed immersion of x in
U . Therefore, by (4.3.8), one observes that ψk acts on Ep,q1 = π−p−q(KBx(BS))⊗

Z
Q (which is the spectral

sequence in (4.3.2)) by multiplication with k−q . Since the differentials are compatible with the action of the
Adams operations, it follows that the action of ψk on Ep,qr is by k−q for r ≥ 1.

Now let α ε Ep,qr . Now k−qdr(α) = dr(ψ
k(α)) = ψk(dr(α)) = k−q+r−1dr(α), since dr(α) ε Ep+r,q−r+1

r .
Letting p = s−r and q = −s+r−1, it follows that dr(α) = 0 modulo torsion, if dr : Es−r,−s+r−1

r −→ Es,−sr , r ≥ 2.

Observe that the differentials dr : Es,−sr −→ Es+r,−s−r+1
r are trivial since Es+r,−s−r+1

1 = 0 for all r ≥ 2 and all s.

It follows that Es,−s2
∼= Es,−s∞ which is the s-th associated graded piece of π0K(S)⊗

Z
Q. Now CHs

naive(S)⊗
Z

Q ∼=

Hs
et(S, R

∗(s)) ∼= Hs
et(S, πs(K)⊗Q) ∼= Hs

et(S, πs(KQ)). The ring structure on CH∗naive(S)⊗
Z

Q is obtained from

the obvious one on ⊕
s
Hs
et(S, πs(KQ)).

Now it suffices to prove the first isomorphism in the theorem preserves the ring structure. For this one
observes that the Chern-character induces a quasi-isomorphism (stalk-wise) of the presheaves U −→ K(U)Q and
U −→ Z .( , .)Sres.smt ,E∞⊗

Z
Q. Therefore one obtains the isomorphisms
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CH∗(S, 0)⊗
Z

Q ∼= π0(Het(S,Z .( , .)Sres.smt,E∞⊗
Z

Q)) ∼= π0(Het(S,KQ)) ∼= ⊕
s
Hs
et(S, πs(KQ)) = CH∗naive(S)⊗

Z
Q

all of which preserve the obvious ring structures. This completes the proof of the theorem. �

Proof of Corollary 4. The Chern classes in (i) are provided by (3.3.3) while the higher Chern classes in (ii)
are provided by (3.6.11). Now we consider (iii). Observe that X is an atlas for the quotient stack X/G; therefore
if X is smooth so is the stack. Therefore the intersection pairing CH∗(X/G, .)⊗CH∗(X/G, .) −→ CH∗(X/G, .)
is provided by Theorem (4.2.4). In case the action is locally proper with finite reduced stabilizers the stack
X/G is known to be Deligne-Mumford. Therefore Theorem 2 (i) along with [J-1] (5.1.2) prove the assertion
in (iv). Observe that the stack MG is smooth. (See [LS] Proposition (3.4).) Therefore Theorem 2(i) again
provides the required intersection pairings in (v). Observe from [B-M] or [F-P] that the stack M̄g,n(X, β) is a
smooth Deligne-Mumford stack if 3g− 3 + n ≥ 0. Therefore Theorem 2 (i) and [J-1] (5.1.2) complete the proof
of (vi). �

22



Appendix: A∞ and E∞ differential graded algebras and their modules

We will adopt the approach from [K-M]. We first recall the definition of operads. Let R denote a fixed
commutative ring with unit. Let A denote the Abelian tensor category of modules over R and let C(A) denote
the category of all complexes in A. We call the objects in C(A) differential graded objects in A. Now the tensor
structure on A induces a tensor structure on C(A) which we will denote by ⊗. An (algebraic) operad O in
C(A) is given by a sequence {O(k)|k ≥ 0} of differential graded objects in A along with the following data:
Recall that an (algebraic) operad O in Mod(S; R) is given by a sequence {O(k)|k ≥ 0} of differential graded
objects in Mod(S; R) along with the following data:

(A.1.1) for every integer k ≥ 1 and every sequence (j1, ..., jk) of non-negative integers so that Σsjs = j there
is given a map γk : O(k)⊗O(j1)⊗ ...O(jk) −→ O(j).

(A.1.2) The following associativity diagrams commute, where Σjs = j and Σit = i; we set gs = j1 + ...+ js
and hs = igs−1+1 + ...+ igs

for 1 ≤ s ≤ k:

O(k)⊗ (
k
⊗
s=1
O(js))⊗ (

j
⊗
r=1
O(ir))

shuffle

��

γ⊗id

// O(j)⊗ (
j
⊗
r=1
O(ir))

γ

��
O(i)

O(k)⊗ (
k
⊗
s=1
O(js))⊗ (

js
⊗
q=1
O(igs−1+q))

id⊗(⊗sγ)

// O(k)⊗ (
k
⊗
s=1
O(hs))

γ

OO

In addition one is provided with a unit map η : R −→ O(1) so that the diagrams

(A.1.3)

O(k) ⊗ (R
k

⊗) ∼=
//

id⊗ηk

��

O(k)

O(k)⊗O(1)
k

⊗

γ

99ttttttttttt

and

R ⊗O(j) ∼=
//

η⊗id

��

O(j)

O(1)⊗O(j)

γ

99rrrrrrrrrr

commute.

(A.1.4) An associative and commutative operad is an associative operad as above provided with an action by
the symmetric group Σk on each O(k) so that the above diagrams are equivariant with respect to the actions
by the appropriate symmetric groups. Moreover, it is required that O(k) is, in each degree, a projective R[Σk]-
module. (See [K-M] p. 14.) See [K-M] pp. 134-138 for the explicit construction of operads in some of the
typical situations we consider.

An A∞-differential graded algebra A over an operad O is an object in C(Modr(S; R)) provided with maps
θ : O(j)⊗Aj −→ A for all j ≥ 0 that are associative and unital in the sense that the following diagrams commute:

(A.2.1)

O(k)⊗O(j1)⊗ ...⊗O(jk)⊗Aj
γ⊗id

//

shuffle

��

O(j)⊗Aj

θ

��
A

O(k)⊗O(j1)⊗A
j1 ⊗ ...⊗O(jk)⊗A

jk

id⊗θk

// O(k)⊗Ak

θ

OO and

R⊗A
'

//

η⊗id

��

A

O(1)⊗A

θ

;;vvvvvvvvv

(A.2.2) If A is an A∞ algebra over an operad O as above one defines a left A-module M to be an object
in C provided with maps λ : O(j) ⊗ Aj−1 ⊗M −→ M satisfying similar associativity and unital conditions.
Right-modules are defined similarly.
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(A.2.1)’ An E∞ algebra over a commutative operad O is an A∞ algebra over the associative operad O so
that the following diagrams commute:

O(j)⊗A⊗
j

σ⊗σ−1

//

θ
$$JJJJJJJJJJ

O(j)⊗A⊗
j

θ
zztttt

tttttt

A

Given an E∞-algebra A over a commutative operad O, an E∞ left-module M over A is an A∞ left-module M
so that the following diagrams commute:

(A.2.2)’

O(j) ⊗Aj−1 ⊗M
σ⊗σ−1⊗id

//

λ
''NNNNNNNNNNNN

O(j)⊗Aj−1 ⊗M

λ
wwpppppppppppp

M

If A denotes either an A∞ or E∞-algebra in C(A), the category of all left modules (right modules) over A
will be denoted Modl(C(A)) (Modr(C(A)), respectively ).

(A.2.3) As an example of operads one may apply the singular functor to the linear isometries operad discussed
in detail in [K-M]. This will provide an operad in the category of all chain complexes of abelian groups.
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