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Abstract. One of the well-known problem in the algebraic K-theory is the Gersten
conjecture. The geometric case of this conjecture was proved by D. Quillen. The

equi-characteristic case of the conjecture is proved in this preprint. This covers the
result of D. Quillen. Actually we use the result of D. Quillen and certain results of

D. Popescu and A. Grothendieck.

Introduction

The Gersten conjecture in K-theory ([Q, Conj. 5.10] and/or [Ge]) inspired many
deep results [BO], [Ga], [Gr], [GS], [C-THK], [PS], [R], [V]. The geometric case of
the Gersten conjecture in K-theory was proved by D. Quillen in his fundamental
paper [Q, Th. 5.11]. The case of equicharacteristic 1-dimensional rings was done
by C. C. Sherman in [Sh]. One of the goal of the present paper is to prove the equi-
characteristic case of the Gersten conjecture for rings of any dimension. Namely
the following result holds

Theorem A. Let R be an equi-characteristic regular local ring. Then the Gersten
complex

0 −→ K∗(R) −→ K∗(K) −→ ⊕
ht(p)=1

K∗−1(k(p)) −→ ⊕
ht(q)=1

K∗−2(k(q)) −→ . . .

is exact, where K is the quotient field of R.

The proof of Theorem A is based on a theorem of D. Popescu, on a theorem of
A. Grothendieck and on the result of D. Quillen in the geometric case.

Theorem (D. Popescu [P]). Let R be an equi-characteristic regular local ring.
Then there exists a perfect field k contained in R and for each such a field k the ring
R coincides with a filtering inductive limit of finitely generated smooth k-algebras.

Grothendieck limit theorem (A. Grothendieck [SGA], Exp. VII, Th. 5.7). Let k
be a field and let Sch/k be the category of Noetherian k-schemes. Let F be a presheaf
of abelian groups on Sch/k commuting with filtering projective limits of Noetherian
affine schemes, i.e., the canonical map lim−→F (Sα) → F (lim−→Sα) is an isomorphism
for each filtering inductive system of Noetherian k-algebras with a Noetherian limit
S = lim−→Sα. Let F∼ be the Zariski associated sheaf of F . Then for an inductive
filtering system of Noetherian k-algebras Rβ with a Noetherian limit R = lim−→Rβ

and for each integer p ≥ 0 the canonical map lim−→Hp
Zar(X

β, F∼) → Hp
Zar(X,F

∼) is
an isomorphism (here Xβ = Spec (Rβ), X = Spec (R)).
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Theorem (D. Quillen [Q], Th. 5.11). Let k be a field and let R be an essentially
smooth local k-algebra, i.e., R = Ap for a finitely generated smooth k-algebra A and
a prime ideal p ⊂ A. Then the Gersten complex

0 −→ K∗(R) −→ K∗(K) −→ ⊕
ht(p)=1

K∗−1(k(p)) −→ ⊕
ht(q)=1

K∗−2(k(q)) −→ . . .

is exact, where K is the quotient field of K.

The paper is organized as follows. Section 1 is devoted to the proof of Theorem
A. Proofs of all lemmas stated in §1 are given in §§2–4. Section 5 contains some
other results which can be proved by the method of this paper. Section 6 contains
a sketch of a proof of the Grothendieck limit theorem. Section 7 contains a general
result concerning a weak form of the Gersten conjecture.

§1 Proof of Theorem A

We first state several lemmas which will be proved in §§2–4 below. First two
lemmas are about the geometric case. To state them consider an essentially smooth
local k-algebra S for a field k. In the other words, the ring S is of the form Ap,
where A is a finitely generated smooth k-algebra and p is a prime ideal in A. Let
K ∗ be the Zariski sheaf associated with the K-functor. Let X = Spec (S) and
Xf = Spec (Sf ).

1.1. Lemma. Let f ∈ S be a local parameter. Then the canonical map

K∗(Sf ) → K ∗(Sf )

is an isomorphism. In the other words, K∗(Sf ) = H0
Zar(Xf , K ∗).

1.2. Lemma. If p ≥ 1, then Hp
Zar(Xf , K ∗) = 0.

Other five lemmas are devoted to the equi-characteristic case. To state them let
R be a regular local ring (equi-characteristic) and let f ∈ R be a local parameter.
Let X = Spec (R) and Xf = Spec (Rf ) and let Z ⊆ X be the vanishing locus of f .

1.3. Lemma. The map K∗(Rf ) → K ∗(Rf ) is an isomorphism.

1.4. Lemma. Hp
Zar(Xf , K ∗) = 0 for each p ≥ 1.

1.5. Lemma. The sequence

0 −→ K∗(X) −→ K∗(Xf )
dz−→ K∗−1(Z) −→ 0

is exact.

1.6. Lemma. Assume the Gersten conjecture holds for the scheme Z, then the
group K∗−1(Z) is a subgroup of the group K∗−1(k(Z)) and the composite map

K ∗(Xf ) −→ K∗(k(X))
∂z−→ K∗−1(k(Z)) takes value in the subgroup K∗−1(Z) of

the group K∗−1(k(Z)).
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1.7. Lemma. Under the hypotheses of Lemma 1.6 the diagram

K ∗(Xf )
∂z−−−−→ K∗−1(Z)

x





can

x




id

K∗(Xf )
dz−−−−→ K∗−1(Z)

commutes, where the map dz is the boundary map in the localization sequence for
the open subscheme Xf of the scheme X.

These seven lemmas will be proved below in §§2–4. Now we give

1.8. Proof of Theorem A. We proceed by the induction on the dimension of
the ring R. If dim (R) = 1 and f ∈ R is a local parameter then Lemma 1.5 proves
Theorem A in this case. In fact, the ring Rf is the quotient field K of R in this case
and the ring R/fR is the only residue field. One may assume now that dim (R) ≥ 2
and theorem A holds for every regular local ring (equi-characteristic) of dimension
strictly smaller than d = dim (R).

The vanishing locus Z of the local parameter f ∈ R is a regular local scheme of
dimension d− 1 and Xf is a regular scheme of dimension d− 1. Let g∗(X) be the
Gersten complex of the scheme X, i.e.,

g∗(X) =
(

0 → K∗(k(X)) −→ ⊕
ht(p)=1

K∗−1(k(p)) −→ ⊕
ht(q)=2

K∗−2(k(q)) −→ . . .
)

.

Let g∗(Xf ) be the Gersten complex of the scheme Xf , i.e.,

g∗(Xf ) =
(

0 −→ K∗(k(X)) −→ ⊕
htp=1

f /∈p

K∗−1(k(p)) −→ ⊕
htq=2

f /∈q

K∗−2(k(q)) −→ . . .
)

.

Let gz∗(X) be a subcomplex of the complex g∗(X) “supporting” on the subscheme
Z, i.e.,

gz∗(X) =
(

0 −→ 0 −→ K∗−1(k(Z)) −→ ⊕
htq=2

f∈q

K∗−2(k(q)) −→ . . .
)

.

Let g ∗(X), g ∗(Xf ), and g z∗(X) be the corresponding complexes of sheaves on

schemes X, Xf , and X, respectively. Clearly the complex gz∗(X) coincides with the
Gersten complex g∗−1(Z) of Z sheafted by “-1”, i.e., gz∗(X) = g∗−1(Z)[−1]. Thus
one has the short exact sequence of complexes

(†) 0 −→ g∗−1(Z)[−1] −→ g∗(X) −→ g∗(Xf ) −→ 0.

Since dim (Z) = d−1 the inductive assumption shows that the complex g∗−1(Z)
is a resolution of the group K∗−1(Z). In particular, Hp(g∗−1(Z)) = 0 for p ≥ 1.
Thus, Hp(g∗−1(Z)[−1]) = 0 for p ≥ 2 and H1(g∗−1(Z)[−1]) = K∗−1(Z).

Observe as well that the complex g∗(Xf ) is the complex of global sections of
the sheaf complex g ∗(Xf ). The complex g ∗(Xf ) consists of flasque sheaves and

it is a resulution of the sheaf K ∗ of the scheme Xf because dim (Xf ) < d. Thus,
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Hp(g∗(Xf )) = Hp
Zar(Xf , K ∗). Lemmas 1.3 and 1.4 shows now thatHp(g∗(Xf )) = 0

for p ≥ 1 and H0(g∗(Xf )) = K ∗(Xf ).
Now, the long cohomology sequence associated with the short exact sequence (†)

shows that Hp(g∗(X)) = 0 for p ≥ 2 and groups H0(g∗(X)) and H1(g∗(X)) are
determined by the exact sequence

0 → H0(g∗(X)) → K ∗(Xf )
∂z→ K∗−1(Z) → H1(g∗(X)) → 0.

Lemma 1.7 shows that the diagram

K ∗(Xf )
∂z−−−−→ K∗−1(Z)

x





can

x




id

K∗(Xf )
dz−−−−→ K∗−1(Z)

commutes. Lemma 1.3 shows that the map “can” in this diagram is an isomor-
phism. Thus Lemma 1.5 proves that H1(g∗(X)) = 0 and the map “can” induces

an isomorphism K∗(X)
∼
→ H0(g∗(X)). Thus the complex g∗(X) is a resolution of

the group K∗(X). Theorem A is proved. �

§2. Proofs of Lemmas 1.1 and 1.2

Let X = Spec (S) and Xf = Spec (Sf ), and Z = Spec (S/fS). Recall that for
an irreducible scheme Y the Gersten complex g∗(Y ) is the complex

0 → K∗(k(Y ))
∂
→ ⊕

codim(y)=1
K∗−1(k(y))

∂
→ ⊕

codim(z)=2
K∗(k(z))

∂
→ . . . .

2.1. Proof of Lemma 1.1. The Gersten complexes g∗−1(Z) and g∗(X) are res-
olutions of groups K∗−1(Z) and K∗(X) respectively by the geometric case of the
Gersten conjecture proved by Quillen (see the introduction). The sheaf Gersten
complex g ∗(Xf ) is a resolution of the sheaf K ∗ on the scheme Xf again by the

geometric case of the Gersten conjecture. Since Γ(Xf , g ∗(Xf )) = g∗(Xf) hence

H0(g∗(Xf )) = K ∗(Xf ). Therefore the short exact sequence of complexes (†) from
§1

0 → g∗−1(Z)[−1] → g∗(X) → g∗(Xf ) → 0

gives rise (in part) to a short exact sequence of groups

(∗) 0 → K∗(X) → K ∗(Xf )
∂z→ K∗−1(Z) → 0.

On the other hand, the long exact localization sequence of K-groups for the open
embedding Xf ↪→ X gives rise to a short exact sequence (use again the geomet-
ric case of the Gersten conecture, more specifically use the injective of the map
K∗(X) → K∗(Xf ))

(∗∗) 0 → K∗(X) → K∗(Xf )
dz→ K∗−1(Z) → 0.

The canonical morphism of complexes (∗∗) → (∗) is the identity on K∗(X) and on
K∗−1(Z). Thus it is an isomorphism on the middle terms, i.e., the map K∗(Xf ) →
K ∗(Xf ) is an isomorphism. The lemma is proved.
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Proof of Lemma 1.2. Consider once again the short exact sequence

0 −→ g∗−1(Z)[−1] −→ g∗(X) −→ g∗(Xf ) −→ 0.

By the geometric case of the Gersten conjecture the complexes g∗−1(Z) and g∗(X)
are resolutions of the groupsK∗−1(Z) andK∗(X), respectively. ThusHp(g∗(Xf )) =
0 for p > 0.

On the other hand, g∗(Xf ) is a complex of global sections of the sheaf complex
g ∗(Xf ) and the last one is a flasque resolution of the sheaf K ∗ on the scheme

Xf (again use the geometric case of the Gersten conjecture). Thus Hp(g∗(Xf )) =
Hp

Zar(Xf , K ∗) for each p ≥ 0. Hence Hp
Zar(Xf , K ∗) = 0 for p > 0. �

§3. Certain observations

This section contains certain observations concerning the theorem of D. Popescu
mentioned in the introduction. We use these observations in §4 below to prove
Lemmas 1.3–1.7.

Let R be a regular local ring (equi-characteristic). Then there exists a perfect
subfield k in R. The theorem of D. Popescu mentioned in the introduction states
that R is a filtering inductive limit of finitely generated smooth k-algebras: R =
lim−→Rα.

3.1. Let M ⊂ R be the only maximal ideal in R. Let ϕα : Rα → R be the
canonical homomorphism and let ϕαβ : Rα → Rβ be the transition homomorphism
of the inductive system (β ≥ α). Set pα = ϕ−1

α (M). Then pα is a prime ideal in
Rα. Denote by Rαpα

the localization of Rα with respect to the prime ideal pα. Set

M(α) = pα · Rαpα
. It is the only maximal ideal in Rαpα

. Let ψαβ : Rαpα
→ Rβpβ

(β ≥ α) denote the only ring homomorphism making commutative the diagram

Rα
ϕαβ

−−−−→ Rβ




y





y

Rαpα

ψαβ

−−−−→ Rβpβ
.

Let ψα : Rαpα
→ R denote the only ring homomorphism making commutative the

diagram

Rα
ϕα

−−−−→ R




y





y
id

Rαpα

ψαβ

−−−−→ R.

Clearly the following lemma holds

3.2. Lemma. The system of transition maps {ψαβ : Rαpα
→ Rβpβ

} is a filtering
inductive system and the canonical homomorphism

lim−→Rαpα
→ R

is an isomorphism. For each index α the ring Rαpα
is an essentially smooth local

k-algebra over the perfect field k.

Now let f ∈ R be a local parameter in R. Let α be an index such that the
element f can be lifted up to an element of Rαpα

. Choose and fix a lift fα ∈ Rαpα
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of the element f , i.e., ψα(fα) = f . Increasing the index α one may assume that
fα ∈ M(α). Since f /∈ M2 hence fα /∈ M(α)2. Thus fα is a local parameter in
Rαpα

. For each β ≥ α set fβ = ψαβ(fα). Clearly fβ ∈ M(β) and fβ /∈ M(β)2 and
the following lemma holds.

3.3. Lemma. The canonical homomorphisms

lim−→
β≥α

Rβpβ
−→ R, lim−→

β≥α

Rβ
pβ,fβ

−→ Rf

are isomorphisms, and for each β ≥ α the element fβ is a local parameter of the

ring Rβpβ
.

3.4. Notation. Set Xβ
pβ

= Spec (Rβpβ
), Xβ

pβ ,fβ
= Spec (Rβ

pβ,fβ
), X = Spec (R),

Xf = Spec (Xf ).

§4. Proof of Lemmas 1.3–1.7

We keep the notation of Section 3 in this Section.

4.1. Proof of Lemma 1.3. For a commutative ring S we write K ∗(S) for the

group K ∗(SpecS) (the evaluation of the sheaf K ∗ on the scheme SpecS). Now
consider the commutative diagram

lim−→
β≥α

K∗(R
β
pβ,fβ

) −−−−→ lim−→
β≥α

K ∗(R
β
pβ,fβ

)





y





y

K∗(Rf )
ψαβ

−−−−→ K ∗(Rf ),

where the vertical arrows are induced by homomorphisms Rβ
pβ,fβ

→ Rf (β ≥ α) (see

Lemma 3.3). Observe that both vertical arrows are isomorphisms. In fact the left
one is an isomorphism because K-groups commute with filtering inductive system
of rings and because of Lemma 3.3. The right-hand side arrow is an isomorphism
by the Grothendieck limit theorem (see the introduction) applied to the functor
K∗ : Sch/k → Ab.

The top arrow in the diagram is an isomorphism as well. In fact each ring Rβpβ

is an essentially smooth local k-algebra (see Lemma 3.2). Thus the top arrow is
an isomorphism by Lemma 1.1. Therefore the bottom arrow is an isomorphism as
well. Lemma 1.3 is proved.

4.2. Proof of Lemma 1.4. By Lemma 3.3 one has Rf = lim−→
β≥α

Rβ
pβ ,fβ

. The

Grothendieck limit theorem (see the introduction) shows that

Hp(Xf , K ∗) = lim−→
β≥α

Hp(Xβ
pβ,fβ

, K ∗).

The right-hand side of this equality vanishes for p > 0 by Lemma 1.2. Lemma 1.4
is now proved.
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4.3. Proof of Lemma 1.5. Consider the long sequence of K-groups with respect
to the open embedding Xf ↪→ X and the closed subscheme Z = Spec (R/fR) of
the scheme X

. . .→ K∗(Z) → K∗(X) → K∗(Xf )
dz→ K∗−1(Z1) → K∗−1(X) → K∗−1(Xf ) → . . . .

To prove the lemma it suffices to check that the maps K∗(X) → K∗(Xf ) are
injective. For that consider the commutative diagram (see Lemma 3.3)

lim−→
β≥α

K∗(X
β
pβ

) −−−−→ lim−→
β≥α

K∗(X
β
pβ,fβ

)





y

o





y

o

K∗(X)
ψαβ

−−−−→ K∗(Xf).

The vertical arrows are isomorphisms because K-groups commute with filtering in-
ductive systems of rings and because of Lemma 3.3. The top arrow is a monomor-
phism. In fact the Gersten conjecture holds in the geometric case due to the result

of Quillen mentioned in the introduction and because the ring Rβ
p(β) is an essen-

tially smooth local k-algebra by Lemma 3.2. Thus the map K∗(X
β
pβ

) → K∗(X
β
pβ,fβ

)

is injective for each index β ≥ α. So, the top arrow in the diagram is injective.
Therefore, the map K∗(X) → K∗(Xf ) is injective as well. Lemma 1.5 is proved.�

4.4. Proof of Lemma 1.6. The Gersten complex g∗(X) of the scheme X is a
complex (see §2 for the notation). Thus d ◦ d = 0. Therefore for each divisor Y in
Z the map

∑

X⊃Z′⊃Y

∂z
′

Y ◦ ∂Z′ : K∗(k(X)) → K∗−2(k(Y ))

vanishes, where the sum runs over all irreducible divisors Z ′ in X containing Y .

For each divisor Z ′ different from Z the composite map K ∗(Xf ) → K∗(k(X))
∂Z′

→

K∗−1(k(Z
′)) vanishes. Thus the map

∑

X⊃Z′⊃Y ∂
z′

Y ◦∂Z′ when restricted toK ∗(Xf )
coincides with ∂zY ◦∂Z : K ∗(Xf) → K∗−2(k(Y )). And therefore this last composite

vanishes. So, one has the inclusion ∂Z(K ∗(Xf )) ⊂
⋂

Y

Ker
[

∂Y : K∗−1(k(Z)) →

K∗−2(k(Y ))
]

. By the very assumption of Lemma 1.6 the group K∗−1(Z) is a
subgroup of the group K∗−1(k(Z)) and the right-hand side of the mentioned inter-
section of kernels coincides with this subgroup. Thus the inclusion ∂Z(K(Xf )) ⊂
K∗−1(Z) is proved. �

4.5. Proof of Lemma 1.7. Consider the diagram

K∗(k(X)) d > K∗−1(k(Z))

↖ ↗

id

x









K ∗(Xf )
∂Z−−−−→ K∗−1(Z)

x





can

x




id

K∗(Xf )
dZ−−−−→ K∗−1(Z)

x









id

↙ ↘

K∗(k(X)) d > K∗−1(k(Z)),



8 I. A. PANIN

where the map d and ∂Z are the boundary maps in the localization sequences.
All the squares in this diagram commute except may be the inner square. The
map K∗−1(Z) → K∗−1(k(Z)) is injective by the very hypotheses of Lemma 1.7.
Therefore the inner square in the diagram commutes as well. Lemma 1.7 is proved.
�

§5. Some other results

This section contains some other results which can be proved by the method of
this paper.

5.1. Theorem B. Let R be an equi-characteristic regular local ring and let A be
an Azumaya algebra over R. Then the Gersten complex

0 → K∗(A) → K∗(A⊗
R
K) → ⊕

htp=1
K∗−1(A(p)) → ⊕

htq=2
K∗−2(A(q)) → . . .

is exact (here K is the quotient field of R and A(p) = A⊗
R
k(p)).

5.2. Theorem C. Let R be an equi-characteristic regular local ring. Let p =
char (R) and let A be a torsion Gal (R)-module (prime to p-torsion). Let X =
Spec (R) and let η = Spec (K), where K is the quotient field of R. Then the
Cousin complex

0 → H∗
et(X,A) → H∗

et(η,A) → ⊕
x∈X(1)

H∗+1
x (X,A) → ⊕

x∈X(2)
H∗+2
y (X,A) → . . .

is exact and moreover there is a canonical isomorphism H∗+r
z (X,A)

∼
= H∗−r

et

(z, A(−r)) for each codimension r point z of the scheme X.

5.3. Theorem D. Let R be an equi-characteristic regular local ring and let k be
a subfield in R. Let T be a smooth variety over k. If k is perfect, then the Gersten
complex

0 → K∗(TR) → K∗(TK) → ⊕
htp=1

K∗−1(Tk(p)) → ⊕
htq=2

K∗−2(Tk(q)) → . . .

is exact (here for a k-algebra L we write TL for T ⊗
k
L and K is the fraction field

of R).

5.4. Theorem E. Let R be an equi-characteristic regular local ring and let k be
a subfield in R. Let p = char (k) and let A be a torsion Gal (k)-module (prime
to p-torsion). Let T be a smooth variety over k. If k is perfect, then the Cousin
complex

0 → H∗
et(TR, A) → H∗

et(TK , A) → ⊕
htp=1

H∗+1
T (p)(TR, A) → ⊕

htq=2
H∗+2
T (q)(TR, A) → . . .

is exact. Moreover there is a canonical isomorphism H∗+r
T (q)(TR, A)

∼
= H∗−r (T (q), A(−r))

for each prime height r ideal q in R (here T (p) = T ⊗
k
k(p)).

Remark. There is a general statement about the exactness of a Cousin complex,
but it is not entirely clear whether the terms of the Cousin complex coincide with
the expected ones in interesting particular cases (see 7.3).
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§6. The Grothendieck limit theorem

We give a sketch of a proof of the Grothendieck limit theorem stated in the
introduction. This proof was communicated to the author by A. Suslin. Let k be
a field and let Sch/k be the category of Noetherian schemes over k. Let Ab be
the category of abelian groups. Let {Rα/α ∈ A} be a filtering inductive system of
Noetherian k-algebras such that the limit R∞ = lim−→Rα is Noetherian as well. Let
Xα = SpecRα and X∞ = SpecR∞. Let fαβ : Rα → Rβ be the transition map
(here β ≥ α) and let fα : Rα → R∞ be the canonical map. Let ϕαβ : Xβ → Xα

and ϕα : X∞ → Xα be the respective morphisms of schemes.

6.1. Definition. Let F : Sch/k → Ab be a presheaf. One says in this section that
F is continuous if F commutes with filtering projective limits of Noetherian affine
schemes, i.e., the canonical map lim−→F (Sβ) → F (lim−→Sβ) is an isomorphism for a
filtering inductive system of Noetherian k-algebras Sβ with a Noetherian limit S =
lim−→Sβ.

6.2. Lemma. Let F : Sch/k → Ab be a continuous presheaf and let F∼ be the
Zariski sheaf on Sch/k associated with F . Then F∼ is continuous as well.

6.3. Construction. Let G : Sch/k → Ab be a presheaf. Define a presheaf G∞

on the Zariski topology of the scheme X∞ as follows. A section of G∞ on an open
U ⊂ X∞ is a couple (sα, Uα) such that ϕ−1

α (Uα) = U and sα ∈ Γ(Uα, G). Two
couples (sα, Uα) and (sβ, Uβ) are identified if there exists an index γ with γ ≥ α and
γ ≥ β such that the couples (ϕ∗

αγ(s
α), ϕ−1

αγ (U
α)) and (ϕ∗

βγ(s
β), ϕ−1

βγ (Uβ)) coincide.

6.4. Properties. The correspondence G 7→ G∞ has the following properties
(1) Γ(X∞, G∞) = lim−→Γ(Xα, G);
(2) if G is a sheaf then G∞ is a sheaf on X∞;
(3) if G is a continuous sheaf then G

∣

∣

X∞

= G∞ on the Zariski topology on X∞;

(4) if G an injective sheaf then G∞ is a flasque sheaf on X∞;
(5) the functor G 7→ G∞ is exact (on the category of Zariski sheaves):

if 0 → G′ → G → G′′ → 0 is an exact sequence of Zariski sheaves on Sch/k
then 0 → G′

∞ → G∞ → G′′
∞ → 0 is an exact sequence of Zariski sheaves

on X∞.

6.5. Proposition. Let F : Sch/k → Ab be a continuous sheaf. Then the canonical
map

lim−→Hp
(

Xα, F
∣

∣

Xα

)

→ Hp
(

X∞, F
∣

∣

X∞

)

(p ≥ 0)

is an isomorphism.

Proof. Let F → I · be an injective resolution of F on the big Zariski site on Sch/k.
Then F∞ → I·∞ is a flasque resolution of the sheaf F∞ on the scheme X∞ (by (2),
(4), and (5)). Thus, Hp(X∞, F∞) = Hp(Γ(X∞, I

·
∞)). By property (1) one has

Hp(Γ(X∞, I
·
∞)) = Hp(lim−→Γ(Xα, I·)) = lim−→Hp(Γ(Xα, I·)) = lim−→Hp

(

Xα, F
∣

∣

Xα

)

.

Since F∞ = F
∣

∣

X∞

(see (3)) hence one gets finally

Hp
(

X∞, F
∣

∣

X∞

)

= lim−→Hp
(

Xα, F
∣

∣

Xα

)

.

Proposition 6.5 is proved. �

Joining this theorem with Lemma 6.2 one gets the following corollary.
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6.6. Theorem (Grothendieck). Let F : Sch/k → Ab be a continuous presheaf and
let F∼ be the Zariski sheaf associated with F . Then

lim−→Hp
(

Xα, F∼
∣

∣

Xα

)

= Hp
(

X∞, F
∼
∣

∣

X∞

)

.

This is the Grothendieck limit theorem stated in the introduction. �

§7. A weak form of the Gersten conjecture

This section contains a general result concerning the exactness of a Cousin com-
plex. Let k and Sch/k be the same as in §6. If X is a scheme and F is a sheaf on
X (in the Zariski topology) then the Cousin complex of F on X is the complex (cf.
[C-THK, §1])

0 → ⊕
x∈X(0)

F (x) → ⊕
y∈X(1)

H1
y (X,F ) → ⊕

z∈X(2)

H2
z (X,F ) → . . . ,

where for a point t ∈ X one denotes by Hp
t (X,F ) the group lim−→Hp

U∩{t}
(U, F ) with

the limit running over all open U containing the point t.

7.1. Notation. The complex is written as C(X,F ). For a closed sbscheme Y ⊆ X
let CY (X,F ) denote a subcomplex of the complex C(X,F ) “supporting” on the
subscheme Y .

7.2. Definition. One says that a presheaf F : Sch/k → Ab satisfies a weak
Gersten conjecture for k-schemes (respectively, a weak Gersten conjecture in the
k-geometric case) if the complex C(X,F∼) is a resolution of the group F (X) for
each regular local scheme X ∈ Sch/k (respectively, for each essentially smooth local
k-scheme) and for the Zariski sheaf F∼ associated with F .

7.3. Theorem. Let k be a perfect field. Let F : Sch/k → Ab be a presheaf
satisfying the weak Gersten conjecture in the k-geometric case. If F is continuous
(see 6.1) then F satisfies the weak Gersten conjecture for k-schemes.

Proof. Since F satisfies the weak Gersten conjecture in the k-geometric case hence
for an essentially smooth local k-scheme X ∈ Sch/k and for an irreducible closed
subset Y ⊂ X of codimension r one has H i

Y (X,F∼) = Hi(CY (X,F∼)). On the
other hand Hi(CY (X,F∼)) = 0 for i < r because Y does not contain any points
x ∈ X(i) with i < r. Hence H i

Y (X,F∼) = 0 for all i < r.
Now let X = Spec (R) be a regular local scheme from Sch/k. Recall that there

is a local-global spectral sequence

Ep,q1 =
∐

x∈X(q)

Hp+q
x (X,F∼) ⇒ Hp+q(X,F∼).

The complex C(X,F∼) coincides with the complex Ep,∗1 . Thus to verify that the
complex C(X,F∼) is a resolution of the group F (X) it suffices to check the vanish-
ing of the groups H i

y(X,F
∼) for each point y ∈ X with i < codimX(y). Localizing

X one may assume that y is the only closed point of X and i < dim (X) = d.
Since the field k is perfect Lemma 3.2 states that R is a filtering inductive limit

of essentially smooth local k-algebras: R = lim−→Rα. Let f1, . . . , fd be a system
of local parameters in R. Then there exists an index α and lifts f1,α, . . . , fd,α of
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elements f1, . . . , fd up to elements of Rα. Increasing the index α one may assume
that f1,α, . . . , fd,α belongs to the maximal ideal Mα of the ring Rα. Further it is
easy to observe that f1,α, . . . , fd,α is a partial system of local parameters in the
ring Rα. Moreover for an index β ≥ α the images f1,β, . . . , fd,β of the elements
f1,α, . . . , fd,α in the ring Rβ are a partial system of local parameters in the ring Rβ.
Let Zβ be the vanishing locus of elements f1,β, . . . , fd,β and let Xβ = Spec (Rβ).
Then Hi

Zβ (Xβ, F∼) = 0 for each i < d. Using Theorem 6.6 one can show that

Hi
y(X,F

∼) = lim−→
β≥α

Hi
Zβ (Xβ, F∼). Thus Hi

y(X,F
∼) = 0 for each i < d. Theorem

7.3 is proved. �
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tion,” Nagoya Math. J., 118, 45–53 (1990).
[R] M. Rost “Chow groups with coefficients,” Documenta Math., 1, 319–393 (1996).
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