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1. Introduction

In this note, we consider the Picard group Pic(SH(k)) of the A1-stable homotopy
category SH(k) of Morel and Voevodsky, for k any field [15, 20]. This is the group
of objects invertible with respect to the smash product. Our aim is not to calculate
the group, as that at present seems to be too difficult a task. Rather, we construct
certain examples of elements of Pic(SH(k)). By definition, the one-dimensional
projective space P1 is invertible in SH(k). The other standard invertible objects are
the simplicial circle S1

s , also written as S1, and the twisted circle S1
t , also written as

Sα. There is a canonical isomorphism in SH(k)

S1 ∧ Sα ∼= P1

so S1, Sα ∈ Pic(SH(k)) as well.
By a “new” element of Pic(SH(k)), we mean an invertible object that is not

isomorphic to smash products of powers of S1 and Sα in SH(k). The examples given
in the present paper are as follows. Let a ∈ k×/(k×)2, and La be the extension field
k[
√

a]. Also, let Sαa = Ga
m be the affine variety defined by the equation x2 −ay2 = 1,

and let SLa = ˜Spec(La) be the unreduced suspension of Spec(La).

Proposition 1.1. For a ∈ k× not in (k×)2, there is a canonical isomorphism in

SH(k)

Sαa+La = Sαa ∧ SLa ∼= S1+α.

Proposition 1.2. For a, b ∈ k×, let Y(a,b) denote the projective quadric defined by

the homogenous equation x2 − ay2 = bz2. Then the unreduced suspension Ỹ(a,b) is

invertible in SH(k).

These examples fit into an infinite family of conjectured examples, motivated by
an algebraic version of the Z/2-equivariant Hopf invariant one problem, and the
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“Rost spectra”, whose motivic homologies are the Rost motives (see [8, 18, 20]). For
a1, . . . , an ∈ k×, the Pfister form defined by a1, . . . , an is the quadratic form

<< a1, . . . , an >>= ⊗n
i=1(x

2 − aiy
2).(1.3)

Define U(a1,... ,an) to be the affine variety given by the equation

<< a1, . . . , an−1 >>= an.

We will see in Section 4 that there are two ways to state algebraic analogues of the
Hopf invariant one problem from homotopy theory. Whether or not elements of Hopf
invariant one exist, it is reasonable to conjecture that the dimensions in which these
elements would lie in the two versions of the problem should agree. We should point
out that these “dimensions” are not merely shifts by copies of S1

s and S1
t , but by

Ũ(a1 ,... ,an). This leads to the following conjecture (see Section 4).

Conjecture 1.4. In SH(k), for a1, . . . , an ∈ k×,

U(a1 ,... ,an,1) ∧ Ũ(a1 ,... ,an−1,an)
∼= Σ2n−1(1+α)U(a1 ,... ,an−1,1).

Note that this conjecture would imply that Ũ(a1,... ,an) is in Pic(SH(k)) for all
a1, . . . , an in k×. The case of n = 1 is Proposition 1.1. We also prove the case of
n = 2:

Proposition 1.5. For a, b ∈ k×,

U(a,b,1) ∧ Ũ(a,b)
∼= Σ2(1+α)U(a,1)

in SH(k).

In particular, this gives that U(a,b,1), i. e. the affine quadric defined by the equation
x2 − ay2 − bz2 + abt2 = 1, is in Pic(SH(k)).

The organization of the paper is as follows. In Section 2, we briefly review the basic
constructions in SH(k). In Section 3, we prove Propositions 1.1 and 1.2. We also show
that the objects constructed in these propositions give new elements of Pic(SH(k)),
not generated by S1 and Sα. In Section 4, we discuss the Hopf invariant one problem
in SH(k), in analogy with the Real-oriented Hopf invariant one problem [7]. Finally,
the proof of Proposition 1.5 is given in Section 5.

2. Preliminaries

We begin be recalling some of the basic notions involved in doing homotopy theory
in algebraic geometry, due to Morel and Voevodsky [15]. Let k be an arbitrary
field, and let Sm/k denote the category of smooth schemes of finite type over k.
The category Spc(k) of k-spaces is defined by adjoining all colimits to Sm/k. More
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specifically, consider the Nisnevich topology on Sm/k, which is the subtopology of
the étale topology generated by all fundamental squares of the form

p−1(U) Y

p

U
i

X

(2.1)

where i is an open embedding, p is an étale map, and

p|Y \p−1(U) : Y \ p−1(U) → X \ U

is an isomorphism [16]. A presheaf F of sets on Sm/k is a sheaf in the Nisnevich
topology if and only if it takes any square of the form (2.1)to a pullback square. Then

Spc(k) = ∆opSh(Sm/k)Nis

is the category of simplicial sheaves of sets over Sm/k with the Nisnevich topology.
The category Spc(k) is complete and cocomplete, and has a model category struc-

ture in which the affine line A1 plays the role that the unit interval plays in topology.
Namely, for a k-space X, X × A1 is a cylinder object for X. Let Spc(k)• denote
the category of based k-spaces, i. e. k-spaces with a given map from Spec(k). Let
H(k)• denote the homotopy category associated with the model structure on Spc(k)•.
There are more than one notions of the circle in Spc(k)•. In particular, one has the
simplicial circle

S1
s = A1/{0, 1}

and the twisted circle

S1
t = A1 \ {0} = Gm

with 1 as the basepoint. Define T ∈ Spc(k)• to be A1/(A1 \{0}). There are canonical
A1-weak equivalences

S1
s ∧ S1

t ' T ' P1.(2.2)

There are also canonical A1-weak equivalences

An/(An \ {0}) ' Sn(1+α) = (P1)∧n

for all n.
Morel and Voevodsky defined the stable algebraic category by making P1 invertible

under the smash product [15, 20]. Namely, a k-spectrum is defined to be a sequence of
based k-spaces {Ei}, with given structure maps ri : P1∧Ei → Ei+1. There is a model
structure on the category of k-spectra, which is stable in the sense of Bousfield and
Friedlander [3]. Let SH(k) denote the homotopy category associated with this model
structure. It is the algebraic analogue of the stable homotopy category in topology.
In particular, SH(k) is a symmetric monoidal category by the smash product. Since
P1 is invertible under the smash product in SH(k) by definition, both S1

s and S1
t are

invertible in SH(k).
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For k ⊆ R, there is a forgetful functor, complex realization, from Spc(k)• to the
category of based Z/2-equivariant topological spaces, which takes a scheme to its
C-points, with complex conjugation as the Z/2-action. Under this forgetful functor,
the simplicial circle S1

s goes to the fixed circle S1, and the twisted circle S1
t goes

to Sα, the one-point compactification of the sign representation α of Z/2. Thus,
this functor also takes a generalized algebraic cohomology theory to a generalized
Z/2-equivariant cohomology theory indexed on the complete Z/2-universe, i. e. all
dimensions k + lα, k, l ∈ Z. In the following, we will write S1 for S1

s and Sα for S1
t

to emphasize this analogy with the Z/2-equivariant category.
We shall deal with many hypersurfaces. In some cases, we will introduce separate

notations. In general, however, for an algebraic equation E, we will denote by Sp(E)
the affine hypersurface defined by E, and by Pr(E) the projective hypersurface de-
fined by E (provided that E is homogenous).

3. Examples of Invertible Objects in SH(k)

We give the first classes of examples of nontrivial elements of Pic(SH(k)) in this
section. Our first goal is to prove Proposition 1.1.

For any object X of the category Spc(k) of (unbased) k-spaces, let X+ ∈ Spc(k)•
denote X q Spec(k), with Spec(k) as the basepoint. In particular, S0 = Spec(k)+.

For unbased X, the unreduced suspension X̃ of X is defined by the cofiber sequence
in Spc(k)•

X+ → S0 → X̃

whose first map collapses X to a single point. For a ∈ k×, a 6∈ (k×)2, let La denote
the extension field k[

√
a]. Let SLa be the unreduced suspension of Spec(La). We also

define the affine quadric Ga
m by the affine quadric

Ga
m = Sp(x2 − ay2 = 1).(3.1)

The notation Ga
m is meant to suggest that this is a “twisted” version of the multi-

plicative group Gm, which is the affine quadric given by the equation x2 − y2 = 1.

Proof of Proposition 1.1. Consider the join construction in Spc(k), analogous to the
join in topology. Given two unbased k-spaces X and Y , the join X ∗ Y is defined to
be the homotopy pushout of the two projections of X × Y to X and to Y . The join
has the property that

X̃ ∗ Y ' X̃ ∧ Ỹ .

If X is based, then X̃ = ΣX, so the above equation is

Σ(X ∗ Y ) ' ΣX ∧ Ỹ .
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Thus, in the stable category, one gets

X ∗ Y ' X ∧ Ỹ(3.2)

for based X.
Thus, it suffices to show that P1 ' Ga

m∗Spec(La). First, recall that P1 is isomorphic
to the projective quadric Pr(x2 − ay2 = z2). This is because

Pr(x2 − ay2 = z2) = Pr(x2 − z2 = ay2) = Pr(uv = ay2)

where u = x + z, v = x − z. This is in turn isomorophic to Pr(uw = y2), where
w = v/a. However, Pr(uw = y2) is the image of the 2-uple embedding of P1 in P2,

so it is isomorphic to P1. Explicitly, the isomorphism Pr(x2 − ay2 = z2)
∼=→ P1 takes

(x, y, z) to

x − z

y
=

ay

x + z
.

(Note that if y = 0, the one of x + z and x− z is not 0, so this indeed maps into P1.)
Consider the following diagram

Spec(La) × Ga
m

p

j
Spec(La) × A1

f

Ga
m

i
P1.

(3.3)

Here, p is the projection map that collapses Spec(La) to Spec(k). The map i is the
open embedding that takes the affine quadric Sp(x2 − ay2 = 1) in Pr(x2 − ay2 = z2)
as the complement of the closed projective subvariety given by the equation z = 0.
For j, consider the isomorphism

Spec(La) × Ga
m = Spec(k[

√
a, x, y]/(x2 − ay2 − 1))

∼= Spec(k[
√

a, x′y′]/(x′2 − y′2 = 1)

= Spec(La) × Gm.

On the level of rings, the isomorphism takes x to x′ and y to y′/
√

a. The map j is the
composition of this isomorphism with the inclusion of Gm = A1 \ {0} to A1. Finally,
the map f is the composition

Spec(La) × A1 → Spec(La) × P1 → P1.(3.4)

The first map is the open embedding that takes Spec(La)×A1 as the complement of
the closed subvariety given by Pr(x =

√
ay) in

Spec(La) × P1 = Proj(k[
√

a, x, y, z]/(x2 − ay2 = z2)).

The second map is projection onto the second variable. Thus, it is an étale map
and an isomorphism on f−1(P1 \ Ga

m). Also, one can check on the level of rings that
the diagram commutes. So the square (3.3) is of the form (2.1), and is therefore a



ON THE PICARD GROUP OF THE A1
-STABLE HOMOTOPY CATEGORY 6

pushout square in Spc(k). Also, the projection map Spec(La) × A1 → Spec(La) is
an A1-homotopy equivalence by contracting A1. It is easy to check that the map j,
composed with this projection map, is the projection of Spec(La)×Ga

m onto Spec(La).
Thus, P1 is the homotopy pushout of the projections from Spec(La)×Ga

m to Spec(La)
and to Ga

m, i. e. the join of Spec(La) and Ga
m.

We claim that for a 6∈ (k×)2, Ga
m is not generated by S1

s and S1
t via the smash

product in SH(k). Consider the cofiber sequence

Spec(La)+ → S0 → ˜Spec(La) = SLa.(3.5)

Let H denote the motivic cohomology spectrum for the field k, with coefficient Z/2.
Recall that H is bigraded such that

Hp+q,qX = Hp+qαX = SH(H, (S1
s)

∧p ∧ (S1
t )

∧q ∧ X).

Here, we write p + qα for the bidegree (p + q, q) to emphasize the analogy with Z/2-
equivariant cohomology. We denote this bigrading by the superscript ?. Applying
H? to (3.5) gives the long exact sequence

· · · → HαS0 → Hα(Spec(La)+) → H1+α ˜Spec(La) → H1+αS0 → · · · .

By the Voevodsky’s proof of the mod 2 Milnor Conjecture [20],

H1+αS0 = 0

HαS0 = k×/(k×)2

HαSpec(La)+ = L×
a /(L×

a )2.

Thus, H1+α ˜Spec(La) is the cokernel of the map

k×/(k×)2 → L×/(L×)2.

This map, induced by the projection Spec(La)+ → S0, is just inclusion, so

H1+α ˜Spec(La) = L×/(k×, (L×)2).

On the other hand, recall the Milnor K-theory of the field k is

K∗
M(k) = T (k×)/a ⊗ (1 − a), a 6= 0, 1(3.6)

where T denotes the tensor algebra. By the Milnor Conjecture, for any Ss+tα =
(S1

s)
∧s ∧ (S1

t )
∧t, H?Ss+tα is a direct sum of copies of the mod 2 Milnor K-theory of

k, which cannot contain L×/(k×, (L×)2). So SLa = ˜Spec(La) is not stably equivalent
to Ss+tα for any s, t. Therefore, neither is Sαa = Ga

m.
In the case a ∈ (k×)2, we can still make sense of the statement of the proposition

by replacing Spec(La) by S0 = Spec(k)+. Then Ga
m

∼= Gm = S1
t , and SLa ∼= S1

s .
In general, the pairs Ga

m, SLa are parametrized by k×/(k×)2. For instance, consider
k ⊆ R. For the purpose of taking complex realizations into the Z/2-equivariant
category, we can assume that a = 1 or −1. If a = 1, then Ga

m = Gm, which goes to
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Sα under complex realization. On the other hand, if a = −1, then Spec(La) = {i,−i}
goes to Z/2 under complex realization. So the complex realization of SLa is Z̃/2 = Sα,
and the complex realization of Ga

m = S1+α−La is S1+α−α = S1 for a = −1.

We can also generalize the above example in a certain sense. Consider the pro-
jective quadric Pr(x2 − ay2 = bz2) as a generalization of P1 ∼= Pr(x2 − ay2 = z2).
Proposition 1.2 states that its unreduced suspension is invertible in SH(k).

Proof of Proposition 1.2. For fixed a, b ∈ k×, write Y for Y(a,b) = Pr(x2−ay2 = bz2).
We can assume that a and b are not in (k×)2. Y has the property that Y × Y is a
P1-bundle over Y . To see this, note that Y is covered by the two open subvarieties
Y1 and Y2, given by z 6= 0 and y 6= 0 respectively. Now let (x0, y0, z0) be a fixed point
of Y . If (x0, y0, z0) ∈ Y1, we can set z0 = 1, so we have x2

0 − ay2
0 = b. Consider the

extension field La = k[
√

a] of k, and let N : La → k denote the norm map. Then
over La, the quadric can be written as

bz2 = N(x + y
√

a).

In particular, we have b = N(x0 + y0

√
a). So over the point (x0, y0, z0), the quadric

is isomorphic to

z2 = N((x + y
√

a)/(x0 + y0

√
a)) = s2 − at2

where s + t
√

a = (x + y
√

a)/(x0 + y0

√
a). By the proof of Proposition 1.1, this is

P1. This isomorphism of the fiber of (x0, y0, z0) to P1 is canonical with respect to
(x0, y0, z0) ∈ Y1. Under the isomorphism Pr(z2 = s2 − at2) ∼= P1, (s, t, z) goes to
(s−z)/t = at/(s+z). Hence, the point (x0, y0, z0) itself corresponds to 0 ∈ P1. Thus,
the canonical isomorphism gives an explicit trivialization of the bundle Y1 × Y into
Y1 × P1 The other open subvariety Y2 is given by y 6= 0, so if (x0, y0, z0) ∈ Y2, we can

set y0 = 1. Then as above, over Lb = Spec(k[
√

b]), the quadric is

ay2 = N(x + z
√

b).

But a = N(x0 + z0

√
b), so over (x0, y0, z0), the quadric is canonically isomorphic to

y2 = N((x + z
√

b)/(x0 + z0

√
b)) = s2 + bt2

where s + t
√

b = (x + z
√

b)/(x0 + z0

√
b). Again, this is P1, and the canonical

isomorphism gives a trivialization of Y2 × Y into Y2 × P1.
Now consider the diagonal embedding

∆ : Y+ → (Y × Y )+.

This is the 0-section of the above bundle, which is the normal bundle of ∆(Y )+ in
(Y ×Y )+. But for any variety X, the normal bundle of the diagonal is isomorphic to
the tangent bundle of X. In effect, the normal space to a point (P, P ) is isomorphic
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to the tangent space at P by projection to the second coordinate. So we have a
cofiber sequence

((Y × Y ) \ ∆(Y ))+ → (Y × Y )+ → (Y × Y )/((Y × Y ) \ ∆(Y )) ' Y τ(3.7)

where Y τ denotes the Thom space of the tangent bundle τ of Y . However, consider
the map

π1 : (Y × Y ) \ ∆(Y ) → Y

which is the projection onto the first variable, restricted to (Y × Y ) \ ∆(Y ). By the
previous argument, for a point P ranging in each of the open subvarieties Y1 and Y2,
the complement of P in Y is canonically isomorphic to the complement of a point in
P1, and so contractible. Hence, π1 is an A1-homotopy equivalence in Spc(k). Thus,
we have a diagram in H(k)•

((Y × Y )/∆(Y ))+

' π1

(Y × Y )+
g

Y τ

Y+

f

.

So we in fact have a cofiber sequence

Y+
f→ (Y × Y )+

g→ Y τ .(3.8)

For a bundle ξ over Y , consider the pullback π∗
1ξ on Y × Y of ξ with respect to

projection onto the first coordinate. We have (Y × Y )π∗
1
ξ ' Y ξ ∧ Y+. Note that the

restriction of π∗
1ξ on Y ×Y to ∆(Y ) is just ξ itself, so the map g is covered by a map

of bundles from π∗
1ξ to ξ. Hence, taking Thom spaces with respect to ξ on (3.7) gives

((Y × Y ) \ ∆(Y ))π∗
1
ξ → (Y × Y )π∗

1
ξ gξ

→ Y ξ⊕τ .(3.9)

The map π1 induces an A1-equivalences of Thom spaces

π̃1 : ((Y × Y ) \ ∆(Y ))π∗
1
ξ → Y ξ

and we have the commutative diagram

((Y × Y ) \ ∆(Y ))π∗
1ξ

π1'

(Y × Y )π∗
1ξ

π1

Y ξ
=

Y ξ.

(3.10)

So in (3.9), we can replace ((Y × Y ) \ ∆(Y ))π∗
1
ξ by Y ξ, giving the cofiber sequence

Y ξ fξ

→ Y ξ ∧ Y+
gξ

→ Y τ⊕ξ.(3.11)

Note that the cofiber sequence (3.11) also holds stably if ξ is a virtual bundle.
Namely, if ξ is a virtual bundle over an affine variety U , then we always have

ξ ⊕ n = ζ
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where ζ is an actual bundle, and n ≥ 0 (in the formula, n denotes the trivial bundle
of that dimension). Thus, one can just desuspend the cofiber sequence for ζ by
Sn(1+α). Here, Y is a projective variety. However, for any projective variety M , we
can define an affine variety U(M) which is A1-weak equivalent to M . For M = Pk,
U(Pk) ⊂ Pk×Pk is the complement of the projective subvariety given by the equation

k∑

i=0

xiyi = 0

where xi and yi are the projective coordinates in the two copies of Pk, respectively.
Projection onto the first coordinate U(Pk) → Pk is easily seen to be an Ak-bundle,
and thus an A1-weak equivalence in Spc(k). For general M ,

U(M) → M(3.12)

is just the pullback of this bundle via an inclusion M → Pk.
Consider the virtual normal bundle ν of Y , characterized by the property that

ν ⊕ τ = 0. By (3.11), we have a cofiber sequence

Y ν fν

→ Y ν ∧ Y+
gν

→ Y ν⊕τ = Y+.

By the diagram (3.10), the map f ν : Y ν → Y ν ∧ Y+ is split by

π1 : Y ν ∧ Y+ ' (Y × Y )π∗
1
ν → Y ν.

The map π1 collapses Y+ to S0, so its stable fiber is Σ−1Y ν ∧ Ỹ , so we have the
equivalence

ϕ : Y ν ∧ Ỹ ' ΣY+

since Y+ is the stable cofiber of f ν. Recall that by Atiyah duality [1, 13],

Y ν = DY+(3.13)

where DY+ = F (S0, Y+) is the Spanier-Whitehead dual of Y+. Dualizing the collapse
map Y+ → S0, we get a unit map j : S0 → Y ν. This gives the square

Ỹ

=

j∧Id

Y ν ∧ Ỹ

' ϕ

Ỹ δ
ΣY+.

(3.14)

Here, δ denotes the connecting map. We claim that this diagram commutes up to

homotopy. Then the stable fiber of the top map is DỸ ∧ Ỹ , and the stable fiber of the
bottom map is S0, and the two are equivalent. This gives that the stable homotopy

inverse of Ỹ is DỸ .
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To show that the square (3.14) commutes up to homotopy, consider the diagram

Σ−1Ỹ

j∧Id

δ
Y+

j∧Id

Y ν ∧ Σ−1Ỹ

Σ−1ϕ '

δ
Y ν ∧ Y+

=

Y+ Y ν ∧ Y+.
gν

It is easy to check that this diagram commutes up to homotopy: the top square
commutes by the naturality of δ, and the bottom square commutes by the definition
of ϕ. It suffices to show that the composition

gν ◦ (j ∧ id) : Y+ → Y ν ∧ Y+ → Y+(3.15)

is homotopic to the identity. Then the composition on the left edge of the diagram
is homotopic to the connecting map δ, which is what we need.

For motivation, we first consider the analogous case in topology, where Y is replaced
by a manifold M . Then M+ can be embedded in Sn for some n. Since we are working
stably, we can suspend (3.15) by Sn, so it suffices to show that the composition

ΣnM+
Σnj∧Id−→ ΣnMν ∧ M+ = M ξ ∧ M+

gξ

−→ M ξ⊕τ = ΣnM+(3.16)

is homtopic to the identity. Here, ξ = ν ⊕ n is the normal bundle of M+ in Sn. By
the proof of Atiyah duality, the map

Σnj : Sn → M ξ

is the Pontrjagin-Thom map, i. e. collapsing the complement of M in Sn. The second
map of this composition is

gξ :M ξ ∧ M+ ' (M × M)π∗
1
ξ

→ (M × M)π∗
1
ξ/((M × M) \ ∆(M))π∗

1
ξ ' M ξ⊕τ = ΣnM+.

For a given point x ∈ M , this map collapses the tangent direction to M at x in Sn.
So at each x ∈ M , the composition (3.16)

Sn ∧ {x}+ → Sn ∧ {x}+

collapses the complement of x ∈ M ⊂ Sn in Sn, which is homotopic to the identity.
Using a tubular neighborhood, the homotopies can be constructed uniformly with
respect to x, so they give rise to a homotopy between the map (3.16) and the identity.

Now we return to the case of algebraic geometry. We need to find a geometric
model for the stable map j : S0 → Y ν. Let Y ′ = U(Y ) be the affinization of Y . So
Y ′ can be embedded in the affine space An for some n. Let

p : Y ′ → Y
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be the projection map (3.12). Then p is an Ar-bundle for r = dim(Y ), and thus an
A1-weak equivalence. We have a canonical surjective map of bundles over Y ′

τY ′ → p∗τY

where τY ′ is the tangent bundle of Y ′, and τY is the tangent bundle of Y . Since Y is
an affine variety, this is equivalent to a surjective map of projective modules over the
coordinate ring of Y ′, which is a split map. Thus, there is a splitting p∗τY → τY ′ . In
particular, there is some bundle ρ of dimension r over Y ′, such that

p∗τY ⊕ ρ ∼= τY ′.

Also, let ξ be the normal bundle of the embedding of Y ′ in An, then

p∗τY ⊕ ρ ⊕ ξ ∼= n.

If ρ is not trivial, consider the total space Y ′′ of the bundle p∗τY ⊕ ξ over Y ′. So
Y ′′ is an affine variety whose coordinate ring is an symmetric algebra of a projective
module over the coordinate ring of Y ′. Let p′ : Y ′′ → Y ′ be the projection map.
Then p · p′ : Y ′′ → Y is an An bundle. We have

τY ′′ = (p′)∗(τY ′) ⊕ (p′)∗(p∗τY ⊕ ξ)

∼= (p′)∗(p∗τY ) ⊕ (p′)∗ρ ⊕ (p′)∗(p∗τY ⊕ ξ)

= (p′)∗(p∗τY ) ⊕ (p′)∗(ρ ⊕ p∗τY ⊕ ξ)

∼= (p′ · p)∗τY ⊕ n.

Hence, replacing Y ′ by Y ′′ and increasing n, we can assume that ρ is isomorphic to
a trivial bundle of dimension r.

We will replace Y be Y ′ and suspend by n(1 + α) to construct a model

Σn(1+α)Y ′
+ → (Y ′)r⊕ξ ∧ Y ′

+

(p∗g)r⊕ξ

−→ (Y ′)p∗τY ⊕r⊕ξ ∼= An/(An \ {0}) ∧ Y ′
+(3.17)

for (3.15). (Recall that An/(An \ {0}) ' Sn(1+α).) The second map is defined as
follows. We have g : (Y × Y )+ → Y τY . Define

p∗g : (Y ′ × Y ′)+ → (Y ′)p∗τY

by the pullback diagram

(Y ′ × Y ′)+

p×p

p∗g
(Y ′)p∗τY

pτY

(Y × Y )+ g Y τY .

The second map of (3.17) is the thomification of p∗g with respect to ρ⊕ξ. (Note that
the map p∗g is covered by a map of bundles from π∗

1(ρ ⊕ ξ) to ρ ⊕ ξ, by arguments
similar to that of (3.9). Thomification is natural in the sense that a map of bundles
gives rise to a map of Thom spaces, so the map (p∗g)ρ⊕ξ exists.)
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It remains to construct the first map of (3.17). The difficulty with defining it
naively is that the closure of Y ′ in Pn cannot be disjoint from the Pn−1 at infinity.
Therefore, if we think of Sn(1+α) ' Pn/Pn−1 as the one-point compactification of An,
and attempt to define the map j like in the case of topology, then we we would be
collapsing the direction of ρ, which is contained in the tangent bundle of Y ′.

To solve this problem, we add another trivial bundle ρ′ of dimension r over An. So
we have the embedding Y ′ ⊂ An ⊂ An+r, where An+r is thought of as the total space
of ρ′ over An. Further, we claim that ρ itself extends to a Zariski open subset of An

(not just up to isomorphism). Then we take (An+r)η as a model of Sn(1+α), where η
is a trivial bundle of dimension n, ρ′ is contained in η, and η restricts to p∗τY ⊕ ξ⊕ ρ′

on Y ′. We define

j : (An+r)η → Y ρ′⊕ξ

to be the thomification with respect to ρ′ of the Pontrjagin-Thom map

An → An/(An \ Y ′) ' Y ξ.

In other words, locally at each P ∈ Y ′, we collapse in the directions of ρ′ and ξ. This
is a model for the stable map j. So (3.17) is the projection map, which is our model
of the identity. Thus, so is (3.15).

It remains to check that the bundle ρ extends to a Zariski open subset of An.
Consider the case of Y = Pk for some k. Then

Y ′ = Pk × Pk \ Pr(Σxiyi = 0)

where xi, yi are the coordinates of the two copies of Pk, respectively. Also, Pk × Pk

embeds in Pn via the Segre embedding, where n = k2 + 2k. If uij are the projective
coordinates of Pn, with 0 ≤ i ≤ k, 0 ≤ j ≤ k, then as an affine variety in Pn, Y ′ is
given by the usual Segre relations plus the relation

u00 + · · ·+ ukk = 1.

Likewise, using the Segre embedding, one can write down the bundle ρ on Y ′ in terms
of formulas in uij. These formulas are defined on an open subset of An, so we have
defined ρ on an open subset of An. For general Y , Y ′ is defined via pullback with
respect to an embedding Y ⊂ Pk. So a similar argument applies.

This concludes the proof that Ỹ is invertible for Y = Pr(x2 − ay2 = bz2).

Corollary 3.18. For the affine quadric U(a,b) = Sp(x2 − ay2 = b), the unreduced

suspension Ũ(a,b) is invertible in SH(k).

Proof. Note that the affine quadric U = Sp(x2 − ay2 = b) is the complement of
Spec(k[

√
a]) = Pr(x2 − ay2 = 0) in Pr(x2 − ay2 = bz2). So by methods similar to

the proof of Proposition 1.1, we have

Sp(x2 − ay2 = b) ∗ (Spec(k[
√

a]) ' Pr(x2 − ay2 = bz2).
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Hence,

Ũ(a,b) ∧ SLa ' Ỹ(a,b).

So in SH(k), Ũ(a,b) = Ỹ(a,b) ∧ (SLa)−1 is invertible.

We claim that in Pic(SH(k)), Ỹ(a,b) is not generated by S1 and Sα. The projective
quadric Pr(x2 − ay2 = bz2) is just one case of Pfister quadrics of the form

Y(a1,... ,an) = Pr(<< a1, . . . , an−1 >>= anz2)

where << a1, . . . , an−1 >> is the Pfister form associated with the elements

a1, . . . , an−1 ∈ k×

given by (1.3). The cohomology of Pfister quadrics has been calculated by Rost [18].
For (a, b) 6= 0 in the mod 2 Milnor K-theory K∗

M(k)/2 of k, the mod 2 motivic
cohomology of (Y(a,b))+ is not the same as that of P1

+. Thus, if (a, b) 6= 0 in K2
M(k)/2,

(Y(a,b))+ is not stably equivalent to P1, so Ỹ(a,b) is not stably equivalent to P̃1 = S2+α.
Hence, in this case, the affine quadric Sp(x2 − ay2 = b) is also not stably equivalent
to Ga

m. This also gives the relation in SH(k)

Ũ(a,b) ∧ SLa ' Ũ(b,a) ∧ SLb.

In fact, the only such Pfister quadrics whose unreduced suspension are invertible

are for n = 1, 2. (For n = 1, Y(a) = Pr(x2 = ay2) = Spec(La), so Ỹ(a) = SLa.)

Suppose k ⊆ C. If the complex realization of Ỹ is a sphere, then the complex
realization of Y itself has to be also a sphere nonequivariantly, after forgetting the
Z/2-action. Consider the singular homology of Y(a1,... ,an) with coefficient Z after
topological realization. Nonequivariantly, this is made up of a copy each of Σ2kHZ,
where k runs from 0 to 2n−1 − 1. For n > 2, the two copies of HZ in the two middle
dimensions k = 2n−2−1 and k = 2n−2 are related by multiplication by 2. So Y(a1,... ,an)

cannot be invertible, since their topological realizations cannot be spheres.

In the case of topology, for a compact Lie group G, a G-equivariant generalized
cohomology theory should be graded on the representation ring RO(G) of G to get
the complete information [11]. By one-point compactification, RO(G) maps to the
Picard group Pic(SH(G)) of the G-equivariant stable homotopy category. In the
algebraic case, generalized cohomology theories, such as motivic cohomology, are
bigraded in a manner compatible with the forgetful functor to Z/2-equivariant co-
homology theories, graded on RO(Z/2), i. e. all dimensions k + lα. However, the
above examples suggests that to capture full information, generalized algebraic co-
homology theories should not only have the two gradings with respect to S1 and Sα,
but rather with respect to some “motivic representation ring”, related to the Picard
group Pic(SH(k)).
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4. Z/2-equivariant and Algebraic Hopf Invariant One Maps

In part, our motivation comes from trying to formulate the Hopf invariant one
problem in the algebraic category [8, 7]. In the Z/2-equivariant topological world,
one can state the Hopf invariant one problem as follows. Consider the (free) unit
sphere S(2nα) in the Z/2-representation 2nα. One has

τ |S(2nα)+ ⊕ 1 ∼= 2nα

where τ denotes the tangent bundle. To say that the Hopf invariant one property
holds is to say that

τ |S(2nα)+
∼= 2n − 1.

So in the stable homotopy category, we have that

Σ2n(α−1)S(2nα)+ ' S(2nα)+.(4.1)

It is well-known that this is true if and only if n ≤ 3. Consider the canonical cofiber
sequence

S(2nα)+ → S0 → S2nα.

Composing the connecting map with the periodicity (4.1), then with the map col-
lapsing S(2nα)+ gives

S2nα−1 → S(2nα)+
'→ Σ2n(α−1)S(2nα)+ → S2n(α−1).(4.2)

This is the Hopf invariant one map in the Z/2-equivariant stable homotopy groups of
spheres, in dimension 2n − 1. These maps are detected in the Ext0 summand of the
Real-oriented Adams-Novikov spectral sequence [7]. For further discussion of Hopf
invariant one elements in the Z/2-equivariant category, see [6].

One would like to formulate the Hopf invariant one problem in the algebraic stable
homotopy category as well. This is done in [8], and we summarize it here as follows.
For a1, . . . , an ∈ k×, consider the Pfister form << a1, . . . , an >> given by (1.3). One
has the Pfister quadrics

X(a1 ,... ,an) = Pr(<< a1, . . . , an >>= 0)(4.3)

Y(a1,... ,an) = Pr(<< a1, . . . , an−1 >>= anz2).(4.4)

Rost has show that the motivic homologies of the Pfister quadrics split into a wedge
sum of Rost motives R(a1 ,... ,an) [18]. There is a Rost spectrum Θ(a1,... ,an) with the
property that

H ∧ Θ(a1,... ,an) ' R(a1,... ,an)

where H denotes the mod 2 motivic cohomology spectrum.
The Rost spectrum Θ(a1,... ,an) also has the property that there is a canonical object

(S0)⊥(a1,... ,an)
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in SH(k) associated to Θ(a1 ,... ,an), defined by the cofiber sequence

S(2n−1−1)(1+α) → Θ(a1,... ,an) → (S0)⊥.(4.5)

When there is no possibility of confusion, we suppress the subscript (a1, . . . , an) in the
notation and write just (S0)⊥. In fact, the construction of Θ(a1,... ,an) and (S0)⊥ in [8]
gives an explicit descrption of (S0)⊥ as follows. The rational point (1, 0, . . . , 0, 1) of
Y(a1 ,... ,an,1) gives a splitting

S0 → Y+.

Then (S0)⊥ is defined by the cofiber sequence

S0 → (Y \ X)+ → Σ1−2n−1(1+α)(S0)⊥.

Thus, it is

Σ1−2n−1(1+α)Sp(<< a1, . . . , an >>= 1)

with the basepoint at the rational point (1, 0, . . . , 0) ∈ Sp(<< a1, . . . , an >>= 1).
We also recall some basic theory of Pfister quadrics. Let GW (k) denote the

Grothendieck-Witt ring of k, and let I be the augmentation ideal of GW (k). There
is a map from the mod 2 Milnor K-theory

Kn
M(k)/2 → In/In+1

defined by Milnor [12], which sends the generator a ∈ K1
M(k)/2 to the class < 1 >

− < a >∈ I. The mod 2 Milnor Conjecture, proven by Voevodsky [20], states
that this is an isomorphism. Also, let W (k) denote the Witt ring of k. There is a
canonical projection map GW (k) → W (k). The augmentation ideal I maps to the
kernel I ′ of the map W (k) → Z/2. So the projection map respects the filtrations
by powers of I and I ′, and the class < 1 > − < a > maps to the Pfister quadric
<< a >> (see [10, 14]). Also, recall that if two Pfister forms << a1, . . . , an >>
and << a′

1, . . . , a′
n >> are the same in (I ′)n/(I ′)n+1, then they are in fact equivalent

quadratic forms [10, Corollary 10.3.4]. Hence, the Pfister quadric << a1, . . . , an >>,
and therefore (S0)⊥(a1,... ,an), depends only on the class of (a1, . . . , an) in the mod 2

Milnor K-theory K∗
M(k)/2.

In particular, suppose that the symbol (a1, . . . , an) is 0 in Kn
M(k)/2. Then the

affine quadric Z = Sp(<< a1, . . . , an >>= 1) is isomorphic to the quadric

Sp(x1y1 + · · ·+ x2n−1y2n−1 = 1).

There is a canonical projection Z → A2n−1 \ {0}, where

(x1, y1, . . . , x2n−1 , y2n−1) 7→ (y1, . . . , y2n−1).

Over each point (y1, . . . , y2n−1), the fiber is a linear equation in 2n−1 variables, so it

is A2n−1−1. Hence, the projection map is an A2n−1−1-bundle, so Z is A1-homotopy
equivalent to A2n−1 \ {0}. Using the fact that for any k ≥ 0,

Ak \ {0} ' (Ak−1 \ {0}) ∗ (A \ {0}) ' Σ1+α(Ak−1 \ {0})
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and induction, we get that

Z ' S2n−1(1+α)−1.

Then the cofiber (S0)⊥(a1 ,... ,an) is S0, and the cofiber sequence (4.5) splits.

On the other hand, for k ⊆ R, in the case that (a1, . . . , an) 6= 0, the complex
realization functor to the Z/2-equivariant stable homotopy category takes (S0)⊥ to
S2n−1(α−1). In general, (S0)⊥ is the algebraic analogue of the periodicity S2n−1(α−1)

in the Z/2-equivariant Hopf invariant one property (4.1). Also, consider the affine
quadric

U(a1 ,... ,an) = Sp(<< a1, . . . , an−1 >>= an).

For (a1, . . . , an) 6= 0, it is the algebraic analogue of the free sphere S(2n−1α). Hence,
we may state the algebraic Hopf invariant one problem to be the following: for what
a1, . . . , an ∈ k×, such that (a1, . . . , an) 6= 0 in K∗

M(k)/2, is it true that

U+ ∧ (S0)⊥ ' U+?(4.6)

One way in which the Hopf invariant one property can be satisfied is via non-
associative division algebras. Let Q be a quadratic form over k. We can assume that
Q is not isotropic. We have the following definition [8].

Definition 4.7. A vector space V over k with quadratic form Q is said to be a non-

associative division algebra with norm Q if there is a multiplication

µ : V ⊗k V → V

a unit ν : k → V , and a conjugation : V → V , such that multiplication is unital,

and the following conditions are satisfied:

(xy)y = xQ(y)

xy = (y)(x).

Note that this is actually a division algebra in the usual sense only if the quadratic
form Q is not isotropic. As show in [8], if Q is not isotropic, then

Q(xy) = Q(x)Q(y).

Suppose Q =<< a1, . . . , an >>, with n ≤ 3. Then there is always a non-
associative division algebra with norm Q, which comes from the usual definitions
of complex numbers, quaternions, or octonions. By Hurwitz ([9], see also [19]), these
are the only quadratic forms over k which are norms of non-associative division al-
gebras.

Let U(a1 ,... ,an,1) denote the affine quadric

Sp(<< a1, . . . , an >>= 1)
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based at the rational point (1, 0, . . . , 0). So U(a1 ,... ,an,1) = Y(a1,... ,an,1) \ X(a1,... ,an). If
Q =<< a1, . . . , an−1 >> is the norm of a non-associative division algebra, then note
that

(U(a1 ,... ,an))+ ∧ U(a1 ,... ,b,1)
∼= (U(a1 ,... ,an))+ ∧ U(a1 ,... ,ban,1)

for any b, an ∈ k×. Namely, given

(x1, . . . , x2n−1) ∈ U(a1 ,... ,an), (y1, . . . , y2n−1, z1, . . . , z2n−1) ∈ U(a1 ,... ,an−1,b,1)

we map

((x1, . . . , x2n−1), (y1, . . . , y2n−1 , z1, . . . , z2n−1))

to

((x1, . . . , x2n−1), (y1, . . . , y2n−1, (x1, . . . , x2n−1)(z1, . . . , z2n−1

))).

It is easy to check that this is an isomorphism. For b = 1, this gives exactly that
(U(a1 ,... ,an))+ is (S0)⊥(a1 ,... ,an)-periodic, so Hopf invariant one is satisfied. In fact, this
suggests the following more general formulation of the Hopf invariant one problem:
for what a1, . . . , an ∈ k×, such that (a1, . . . , an) 6= 0 in K∗

M(k)/2, is it true that

(U(a1,... ,an))+ ∧ (S0)⊥(a1,... ,an−1,b) ' (U(a1 ,... ,an))+ ∧ (S0)⊥(a1 ,... ,an−1,ban)?(4.8)

We now turn to the question of getting a Hopf invariant one map as an element in
the algebraic stable homotopy groups of spheres. We have the following conjecture.

Conjecture 4.9. For a1, . . . , an−1, b ∈ k×, (S0)⊥(a1 ,... ,an−1,b) and Ũ(a1 ,... ,an−1,b) are in-

vertible in SH(k).

Given the conjecture, if Q =<< a1, . . . , an−1 >> is the norm of a non-associative
division algebra, then there is an unstable construction of the algebraic Hopf invariant
one map in the algebraic homotopy groups of spheres. Take the multiplication map

U(a1 ,... ,an−1,an) × U(a1 ,... ,an−1,b) → U(a1 ,... ,an−1,ban).

Passing to the join gives a map

U(a1 ,... ,an−1,an) ∗ U(a1 ,... ,an−1,b) → Ũ(a1 ,... ,an−1,ban).(4.10)

Taking unreduced suspension gives a map

Ũ(a1 ,... ,an) ∧ Ũ(a1 ,... ,an−1,b) → ΣŨ(a1 ,... ,an−1,ban).(4.11)

Given Conjecture 4.9, this gives a stable Hopf invariant one map of spheres

Σ−1Ũ(a1 ,... ,an) → (Ũ(a1 ,... ,an−1,b))
−1 ∧ (Ũ(a1 ,... ,an−1,ban)).(4.12)
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The map (4.12) gives elements of the algebraic stable homotopy groups of spheres in
dimensions

Σ−1Ũ(a1,... ,an) ∧ (Ũ(a1 ,... ,an−1,b)) ∧ (Ũ(a1 ,... ,an−1,ban))
−1(4.13)

In particular, if b = 1, we have a stable map of spheres

U(a1 ,... ,an−1,1) = Sp(<< a1, . . . , an−1 >>= 1) → S0.(4.14)

There is, however, also a more general stable construction of algebraic Hopf invari-
ant one maps. Consider the cofiber sequence

U+ → S0 → Ũ

in analogy with topology. If Hopf invariant one holds for (a1, . . . , an), then composing
the connecting map with the periodicity and then collapsing gives

Σ−1Ũ ∧ (S0)⊥(a1,... ,b) → U+ ∧ (S0)⊥(a1,... ,b)
'→ U+ ∧ (S0)⊥(a1,... ,ban) → (S0)⊥(a1,... ,ban).

Assuming Conjecture 4.9, we get a map

Σ−1Ũ → Sp(<< a1, . . . , an−1, b >>= 1) ∧ Sp(<< a1, . . . , an−1, ban >>= 1)−1

= (S0)⊥(a1,... ,an−1,b) ∧ ((S0)⊥(a1 ,... ,an−1ban))
−1.

(4.15)

If b = 1, the target is ((S0)⊥(a1 ,... ,an))
−1, and if b = an, the target is (S0)⊥(a1 ,... ,an). Stably,

this is an element of the algebraic stable homotopy groups of spheres in dimension

Σ−1Ũ(a1 ,... ,an) ∧ ((S0)⊥(a1,... ,an−1,b))
−1 ∧ (S0)⊥(a1 ,... ,an−1,ban).(4.16)

This is the Hopf invariant one element in the algebraic stable homotopy groups. One
can of course iterate the periodicity, so the algebraic Hopf invariant one elements for
(a1, . . . , an) are in a lattice of dimensions

Σ−1Ũ(a1,... ,an) ∧
m∧

j=1

((S0)⊥(a1,... ,an−1,bj)
)∧kj ∧ ((S0)⊥(a1,... ,an−1bjan))

∧−kj(4.17)

where b1, . . . , bm ∈ k×, and k1, . . . , km are integers. In the Z/2-equivariant case, the
elements in dimensions (4.17) are 0, at least in the Ext0 part of the Adams-Novikov
spectral sequence, if k1, . . . , km are all even [6]. It would be interesting to see if this
occurs in the algebraic case also.

It is natural to ask if the dimension (4.13) coincides with any of the dimen-
sions (4.17). Namely, comparing maps (4.12) and (4.15), we can ask: is

(S0)⊥(a1,... ,an−1,b) ∧ ((S0)⊥(a1,... ,an−1,ban))
−1 ' (Ũ(a1,... ,an−1,b))

−1 ∧ (Ũ(a1 ,... ,an−1,ban))(4.18)

in SH(k)?
Note that this would follow from the case for b = 1, namely Conjecture 1.4. This

is because Conjecture 1.4 would imply that

Ũ(a1,... ,an−1,b) ∧ (S0)⊥(a1,... ,an−1,b)
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is independent of b, so (4.18) holds. Note also that Conjecture 1.4 would imply
Conjecture 4.9 by induction.

5. Proof of conjecture 1.4 for n = 2

Proposition 1.5 states that Conjecture 1.4 is true for n = 2. The goal of this section
is to prove this proposition.

Proof of Proposition 1.5. For fixed a, b ∈ k×, a, b 6∈ (k×)2, let Y denote Pr(x2−ay2 =
bz2), and let La denote the extension field k[

√
a]. For X ∈ SH(k), let DX be its

Spanier-Whitehead dual. We will show that

U(a,b,1) = Sp(<< a, b >>= 1) ∼= Σ3(1+α)D(Ỹ )(5.1)

in SH(k). Then since Ỹ is invertible, with (Ỹ )−1 = D(Ỹ ), this gives

Sp(<< a, b >>= 1) ∧ Ỹ = S3(1+α).(5.2)

But we also have

Ỹ = Ũ(a,b) ∧ ˜Spec(La).

In particular,

S1+α = P1 = Pr(x2 − ay2 = z2) = Sp(x2 − ay2 = 1) ∧ ˜Spec(La).

Thus, (5.2) gives

Sp(<< a, b >>= 1) ∧ Ũ(a,b) ∧ ˜Spec(La)

= Σ2(1+α)Sp(x2 − ay2 = 1) ∧ ˜Spec(La)

in SH(k). Since ˜Spec(La) is also invertible, smashing this with ( ˜Spec(La))
−1 gives

the proposition.
To prove (5.1), consider the Pfister quadrics

M = Y(a,b,1) = Pr(x2 − ay2 − bz2 + abt2 = u2)

X = X(a,b) = Pr(x2 − ay2 − bz2 + abt2 = 0).

The complement of X in M is Sp(<< a, b >>= 1). Also, for the inclusion X ⊆ M ,
which is the inclusion of one projective quadric in another, purity holds, i. e. the
Thom space of the normal bundle of X in M is the quotient of M by the complement
of X. This gives a cofiber sequence

Sp(<< a, b >>= 1) = M \ X → M → Xξ(5.3)

where ξ is the normal bundle of X in M . The first map is inclusion.
Recall that in the proof of Proposition 1.2, we showed that for every projective

variety Z, there is a canonical affine variety U(Z) which is A1-weak equivalent to Z.
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On an affine variety, a virtual bundle ζ is always ζ ′−n for some trivial bundle n and
actual bundle ζ ′. Thus, in the stable homotopy category, we can look at Thom spaces
of virtual bundles on projective varieties just like Thom spaces of actual bundles. By
Atiyah duality (3.13), for smooth variety Z, the Spanier-Whitehead dual of Z+ is

D(Z+) = ZνZ

where νZ is the stable normal bundle of Z, a virtual bundle characterized by νZ +τZ =
0. Analoguesly, if ζ is a bundle on Z, then

D(Xζ) = XνX−ζ .

So the Spanier-Whitehead dual of Xξ is D(Xξ) = Xνz−ξ = XνM . Taking the dual
of (5.3) gives the cofiber sequence

XνM
g→ MνM → D(Sp(<< a, b >>= 1)).(5.4)

Now rewrite the equation defining M as

−ay2 − bz2 + abt2 = vw

where v = x − u, w = x + u. Consider M ′ ⊂ M , given by the projective equation
v = 0. If we add the equation w = 0, we have Pr(−ay2 − bz2 + abt2 = 0). If we add
w 6= 0, we have

Sp(−ay2 − bz2 + abt2 = 0)

which is the affine cone on Pr(−ay2 − bz2 + abt2 = 0). So

M ′ = Pr(−ay2 − bz2 + abt2 = 0)ζ

where ζ is a line bundle on Pr(−ay2 − bz2 + abt2 = 0). The 0-section of ζ is given
by the projective equation x = u = 0. But

Pr(−ay2 − bz2 + abt2 = 0) = Pr(t2 − 1

a
y2 − 1

b
z2 = 0).

So there is an isomorphism

Pr(−ay2 − bz2 + abt2 = 0)
∼=→ Pr(t2 − ay2 − bz2 = 0) = Y

which takes t to t, y to y/a, and z to z/b. Recall also that the Picard group Pic(Z) of
a smooth variety Z is the group of line bundles on Z, with a degree map Pic(Z) → Z.
By [18], Pic(Y ) ∼= Z, and the degree map on Pic(Y ) is 2 : Z → Z. So a line bundle
on Y is determined by its degree. The bundle ζ has degree 2, so it is the canonical
line bundle γ1, which is determined by the embedding Y ⊂ P2. (The degrees of the
bundles can be calculated by passage to the algebraic closure of k.) Hence,

M ′ ' Y γ1 .

The complement of M ′ in M is

Sp(−ay2 − bz2 + abt2 = w) ∼= A3.
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Thus, the quotient M/M ′ is just A3/(A3 \ {0}) ' S3(1+α). This gives a cofiber
sequence

Y γ1
i→ M

p→ S3(1+α).

Dualizing this gives the cofiber sequence

S−3(1+α) Dp→ MνM
Di→ DY γ1(5.5)

where the first map is thomification of an inclusion of a point.
On the other hand, by the Segre embedding, we have

X ∼= Y × Y.(5.6)

Namely, a point (x0, y0, z0, t0) in X satisfies

x2
0 − ay2

0 − bz2
0 + abt20 = 0.

Suppose that z0 +
√

at0 6= 0. Let N denote the norm map from k[
√

a] to k. So we
have in k[

√
a]

N

(
x0 +

√
ay0

z0 +
√

at0

)
= b

N

(
x0 −

√
ay0

z0 +
√

at0

)
= b.

This gives a map X → Y × Y which takes (x0, y0, z0, t0) to
(

x0 +
√

ay0

z0 +
√

at0
,

x0 −
√

ay0

z0 +
√

at0

)

for z0−
√

at0 6= 0, and extends uniquely to the remaining points in Y . Here, the point
on Y corresponding to u+

√
av with N(u+

√
av) = b is (u, v, 1) ∈ Y = Pr(u2−av2 =

bz2) ⊂ P2. This map is an isomorphism. Let

∆ : Y → X ∼= Y × Y ∼= X

be the inclusion given by x = 0. Then the image of Y in X consists of
( √

ay

z +
√

at
,
−√

ay

z +
√

at

)
.

So for the two projections π1, π2 : Y ×Y → Y , π1 ·∆ = IdY , and π2 ·∆ takes (t, y, z)
to (t,−y, z). Both these compositions have degree 1. Also, recall the normal bundle
ξ of X in M . The restriction ∆∗ξ has degree 2 on Y , so it is γ1. Thomification of ∆
with respect to ξ gives a map

∆ξ : Y γ1 → Xξ.(5.7)

Consider the complement X \ ∆(Y ) in X. There is the first projection map

π1 : X \ ∆(Y ) ⊂ X = Y × Y → Y.
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As shown in the proof of Proposition 1.2, this is an A1-bundle, thus an A1-homotopy
equivalence. Recall that DXξ = XνM , and consider the inclusion j : X \∆(Y ) → X.
Thomification with respect to νM gives

jνM : (X \ ∆(Y ))νM → XνM .(5.8)

The cofiber of this map is

∆(Y )νM+ζ

where ζ is the normal bundle of ∆(Y ) in X. Since ξ restricts to γ1 on ∆(Y ), we have

τM − ζ = (τ∆(Y ) + ζ + ξ) − ζ = τ∆(Y ) + γ1

on ∆(Y ). This gives

νM + ζ = ν∆(Y ) − γ1

on ∆(Y ). Therefore, we have the cofiber sequence

Y νM
jνM ◦(π−1

1
)νM

−→ XνM
q→ Y νY −γ1 = DY γ1 .(5.9)

(Note that (π−1
1 )νM exists only in the A1-homotopy category.) The first map j :

Y νM → XνM is an injection of degree (1,−1) on the 0-sections of νM . The second
map q is the Spanier-Whitehead dual of (5.7).

On M , the tangent bundle τM is the direct sum of the normal bundle ξ of X in M ,
and the tangent bundle τX of X, which is again the direct sum of two line bundles.
The normal bundle ξ restricts to a bundle of degree 0 via a map of degree (1,−1).
Since on X\∆(Y ), a line bundle depends only on its degree, this is just the trivial line
bundle 1. The tangent bundle τX of X = Y ×Y is the direct sum of the two pullbacks
of γ1 from the two factors. of γ1 on the two factors. By the map of degree (1,−1)
they restrict to the bundles γ1 and (γ1)

−1 on Y ' X \ ∆(Y ) by degree calculations.
But in the K-theory of X \ ∆(Y ), we have

γ1 + γ−1
1 = 2.

After adding a trivial bundle n to both sides, this implies that in fact γ1 ⊕ γ−1
1

∼= 2
stably. Hence, τM restricts to the trivial bundle 3, and νM restricts to the trivial
virtual bundle −3 on X \ ∆(Y ) ' Y . So (X \ ∆(Y ))νM ' Σ−3(1+α)(X \ ∆(Y ))+.

Putting together the cofiber sequences (5.4), (5.5) and (5.9), we have the following
diagram

Σ−3(1+α)Y+

jνM ◦(π−1

1
)νM

f

S−3(1+α)

Di

XνM

D∆ξ

g
MνM

Dp

DY γ1
= DY γ1 .

(5.10)
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where the top horizontal map f is collapse of the base, the middle horizontal map g is
the first map of (5.4), and the two vertical compositions are the cofiber sequences (5.5)
and (5.9).

We claim that this diagram commutes in the stable homotopy category. For the
top square, consider the inclusion

ι : X \ ∆(Y )
⊂→ X

⊂→ M.

Recall that the image of ∆(Y ) in X = Pr(x2 − ay2 − bz2 + abt2 = 0 is given by the
projective equation x = 0, and the image of X in M = Pr(x2 − ay2 − bz2 + abt2 = u2

is given by the projective equation u = 0. Thus, the image of X \∆(Y ) in M is given
by x 6= 0, u = 0. Recall also that for M ′ ⊂ M given by x−u = 0, the complement of
M ′ in M is isomorphic to A3. The image of X \∆(Y ) in M is contained in M \M ′,
so the inclusion ι is contractible. Thus, the square

X \ ∆(Y )

⊂

Spec(k)

X
⊂

M

commutes up to homotopy. The top square of the diagram (5.10), up to homotopy,
is just thomification of this square with respect to νM , so it commutes as well.

For the lower square of (5.10), we dualize it to

Y γ1
=

Y γ1

∆ξ

M Xξ.

Now the space Y γ1 sits in M as the subvariety given by the projective equation x = u,
and the 0-section is given by the projective equation x = u = 0. Thus, on the 0-
section, the composition Y → M → Xξ maps Y into the 0-section X of Xξ as the
projective subvariety given by the equation x = 0, i. e. the diagonal ∆. The pullback
of ξ to Y with respect to ∆ is γ1, so the square commutes. Hence, the lower square
of (5.10) commutes as well.

Thus, the stable cofibers of the top and middle horizontal maps of (5.10) coincide
in SH(k). By 5.4, the stable cofiber of the middle horizontal map g is D(Sp(<<
a, b >>= 1)). On the other hand, top horizontal map f of (5.10)

Σ−3(1+α)Y+ → S−3(1+α)

collapses Y to Spec(k). This has stable cofiber Σ−3(1+α)Ỹ . Therefore,

D(Sp(<< a, b >>= 1)) ∼= Σ−3(1+α)Ỹ

in SH(k). Dualizing gives (5.1).

Corollary 5.11. For a, b ∈ k×, (S0)⊥(a,b) is invertible in SH(k).
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Proof. By definition,

(S0)⊥(a,b) = Σ−1−2αSp(<< a, b >>= 1).

But Sp(<< a, b >>= 1) is invertible in SH(k).

Thus, in the case n = 2, the Hopf invariant one maps are indeed elements in the
algebraic stable homotopy groups of spheres. For (a1, a2) 6= 0 in K2

M(k)/2 and b = 1,
the unstable construction gives an element

Sp(x2 − a1y
2 = 0) → S0

in dimension Ga1

m . The stable construction

Σ−1Ũ(a1 ,a2) → ((S0)⊥(a1 ,a2))
−1

is in dimension

Σ−1Ũ(a1 ,a2) ∧ Σ1+2αSp(<< a1, a2 >>= 1) = Sp(x2 − a1y
2 = 1) = Ga1

m .

So the dimensions of the elements from the stable and unstable constructions coincide.
For general b1, . . . , bm, the Hopf invariant one elements for (a1, a2) are in dimensions

Ga1

m ∧
m∧

j=1

Sp(<< a1, bj >>= 1)∧kj ∧ Sp(<< a1, bja2 >>= 1)∧−kj .
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