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Introduction

The goal of this paper is to give a theory of F..-ring spectra and S-modules [6] in
Morel and Voevodsky’s category of algebraic spaces [16, 20]. This is an alternative
to the work of Jardine, who worked out an approach to the same problem using
symmetric spectra [9]. Briefly, Morel and Voevodsky defined a notion of spaces over
an arbitrary field k, and used it to do homotopy theory in the category of smooth
schemes over k. Passing to stable homotopy theory, they defined the notion of T-
spectra over k, with a smash product that is commutative, associative and unital
up to homotopy. One would also like a notion of spectra that are strict rings and
modules under the smash product. In classical homotopy theory, one approach to
strict ring- and module-spectra was given by Elmendorf, Kriz, Mandell and May [6].
This is the notion of S-modules, which is a category of spectra that has a strictly
associative, commutative, and unital smash product. Furthermore, there is a model
structure on the category of S-modules whose homotopy category is equivalent to
the usual homotopy category of spectra. The purpose of this paper is to work out
this idea of S-modules in the context of smooth schemes over a field k. As an
example, I give a construction of algebraic Morava K (n)-theories, thus proving the
foundational part of a conjecture of Voevodsky [19], [8]. An alternative approach
using symmetric prespectra is also possible. S-modules are interesting since they
have a rich structure(see [6]). It also appears useful to have algebraic analogues
of the constructions from topology in place for future investigations of homological
operations, equivariant generalized cohomology theories, etc.

In the paper, I will introduce several categories of prespectra and spectra over k.
The most important will be Spectra(lf), a closed model category of coordinate-free
spectra in a sense similar to Lewis, May and Steinberger [12], where &/ = A is the
universe in the algebraic context. This is needed for the construction of S-modules.
To compare this category to Morel and Voevodsky’s definition of T-spectra [16],
I also consider a decomposition B of the universe into one-dimensional subspaces.

I introduce the intermediate categories of B-spectra and By,;-spectra, which are
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indexed on a sequence of subspaces of U specified by B. The difference between
them is that a B-spectrum has a sequence of chosen structure maps, whereas a B -
spectrum has structure maps corresponding to all complements of one indexing space
inside another. I will show that the category of Bj,;-spectra is equivalent to the
category of B-spectra, which is in turn equivalent to the category of T-spectra. Also,
there is a model structure on these equivalent categories of spectra. I will show
that the homotopy category of U-spectra is equivalent to the homotopy category of
Bru-spectra. Hence, the definitions are compatible with that of [16].

In Section 1, I recall some of the basic constructions used to do homotopy theory
in the category of smooth schemes, due to Morel and Voevodsky [16]. They defined a
model structure on Spc(k), the category of spaces over k in two steps as follows. First,
there is the simplicial model structure due to Jardine [9]. The A'-local structure
on Spc(k), which is the structure with which one actually works, is derived from
the simplicial structure by Al-localization in the sense of Bousefield [1]. In the
second section, I define the categories of coordinate-free prespectra and spectra over
k, denoted Prespectra(ld) and Spectra(U). This is parallel to the approach to spectra
described in Lewis, May and Steinberger [12]. For a general field k, the universe U
is not equipped with an inner product, making the notion of orthogonal complement
ambiguous. To solve this problem, one first gives a definition of spectra which does
not depend on orthogonal complements. Namely, I define coordinate-free spectra
to be indexed on the cofinite subspaces of the universe, rather than on the finite
subspaces as in the classical case. Unfortunately, I cannot show that the categories
of spectra indexed on the cofinite subspaces of the universe is equivalent on the nose to
a category of spectra indexed on a sequence. This is because no decreasing sequence
of cofinite subspaces of U is cofinal in the poset of cofinite subspaces of Y. This
difficulty was pointed out to me by C. Weibel. To solve this problem, I introduce
in Section 3 the auxiliary categories of B-prespectra, B-spectra, B, ;-prespectra and

Buu-spectra, for B a decomposition of the universe into finite-dimensional subspaces.
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They are intermediates between coordinate-free spectra and the classical definition
of T-spectra, and will play a role in the comparison between the two.

In Sections 4 and 5, I construct a model structure on the category of coordinate-
free spectra over a field k. Analogously as in the case of spaces over k, one first
defines the simplicial model structure on the category of spectra, by starting with
the simplicial model structure on k-spaces and stabilizing. Then, one does Bousfield
localization at all maps of the form A} AX — X to define the A'-local model structure
on Spectra(U). This is the model structure on the category of spectra over k with
which we will work. It allows one to compare the category of coordinate-free spectra
with Morel and Voevodsky’s definition in [16]. Namely, in Section 6, I show that
the homotopy category associated with the A'-local model structure on U-spectra is
equivalent to the Al-local homotopy category of T-spectra [16], via the categories of
B-spectra and By,;-spectra. It turns out that the categories of B-spectra are Quillen
equivalent when we vary B, and by taking a colimit of the argument, they are also
Quillen equivalent to Spectra(U) (Theorem 6.3).

In Section 7, I prove directly that the homotopy category of Spectra(U) is equiv-
alent to the stable homotopy category of Al-symmetric spectra constructed by Jar-
dine [9] (Proposition 7.2). Section 8 gives the definitions of change of universe func-
tors, parallel to those given in [12]. These are parametrized by what I call extended
injections, which are injections from one universe into another which come with a
compatible system of “preimages of a splitting”. (This is a compromise between
several simpler notions which do not work.) The extended injections serve as substi-
tutes of linear isometries for the algebraic category. In particular, given a universe U,
the space L£(2) of extended injections from U @& U to U parametrizes internal smash
products of U-spectra. In Section 9, I show that the algebraic space of these injec-
tions is Al-contractible. Thus, the internal smash products are well-defined up to
A'-homotopies with all higher coherences. In Section 10, I construct twisted half-
smash products and twisted function spectra, using a method analogous to that of

Cole in [6]. Given a k-space A mapping into a space of extended injections, and a



INTRODUCTION 7

coordinate-free spectrum F, the twisted half-smash product A x E is the analogue to
the corrsponding construction in classical stable homotopy theory. Roughly speak-

7

ing, it is the “gluing together” of the change of universe functors parametrized by A.
This will be the technical basis for the construction of IL-spectra and S-modules.

The next three sections of the paper deal with L-spectra and S-modules. In
Section 11, I construct the category of L-spectra, and a smash product on IL-spectra
that is associative and commutative on the point-set level. 1 also construct the
Al'-local stable homotopy category of L-spectra, and show that it is equivalent to
the A'-local stable homotopy category of spectra. The smash product of L-spectra,
however, is not unital on the point-set level, but unital only up to homotopy. This is
proven in Section 12. This situation is completely analogous to [6], but the technical
details are more subtle (see Lemma 12.4, and its proof in Section 16). In Section 13,
following [6], I define the category of S-modules, whose smash products are unital
on the point-set level, in addition to being associative and commutative. Again, one
shows that the A!-local stable homotopy category of S-modules is equivalent to the
Al-local stable homotopy category of spectra. The proofs of the Quillen equivalences
between S-modules, L-spectra, and Spectra(Ud) are different from [6], because the
closed model structures are different.

This gives a symmetric monoidal category of spectra over k. In particular, in
Section 14 I consider the category of S-algebras, i. e. monoids in the symmetric
monoidal category of S-modules. One can also look at modules over a given S-algebra.
A special example of an S-algebra is that of the algebraic cobordism spectrum MGL.
Using the theory of strict modules, I show how one can construct algebraic versions
of the usual spectra derived from the cobordism spectrum MU, including algebraic
Morava K-theories K (n)9.

The remaining sections of the paper contain technical details left over from the
earlier sections. In Section 15, I prove that the model structures constructed on
the categories of spectra, IL-spectra, and S-modules are indeed model structures,

using the small objects argument. Section 16 contains the proofs of Lemmas 12.4
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and 13.3, about the extended injections operad. Finally, in the Appendix, I record
some facts about Morel and Voevodsky’s category Spc(k): most importantly, that it
is “compactly generated”, i. e. every object is a directed homotopy colimit of small
objects. T also show that the A'-local homotopy category of k-spaces [16] is generated
by small objects.

Acknowledgement: 1 am very thankful to J. P. May for many helpful comments

and suggestions.

1. Preliminaries

We first recall some of the basic notions about the category of algebraic spectra
defined by Morel and Voevodsky [16, 20]. Let k be a field, and Sm/k be the category
of smooth schemes of finite type over k. We cannot do homotopy theory directly in
Sm/k since it does not have all small colimits. To solve this problem, one first endows
Sm/k with the Nisnevich topology. This is a Grothendieck topology on Sm/k, and
is the subtopology of the étale topology on Sm/k, where the coverings are generated
by finite families of étale maps {U;} — X, such that for every point x of the scheme

X, the induced map of schemes

[ xx Spec(O% ) — Spec(O% )

)

has a section (Nisnevich [17]). Here, O%  denotes the henselization of the local ring

of X at x. Equivalently, it is generated by covering diagrams of the form
Y
lp
X

where 4 is an open embedding, p is an étale map, and the map p~ (X \U) — X \ U

pH(U) —

(1.1) l
U

(2

is an isomorphism (see [16], Proposition 3.1.4).
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The Nisnevich topology on Sm/k gives it the structure of a Grothendieck site.
Define the category of k-spaces by

Spc(k) = APSh(Sm/k)nis,

the category of simplicial sheaves over Sm/k in the Nisnevich topology. Then Spc(k)
is a complete and cocomplete category, and is the algebraic analogue of the category
of topological spaces. Let A! denote the affine line over k. Two maps f,g: X — Y
in Spc(k) are Al-homotopic if there is a map h : A' x X — Y in Spc(k), such that
(0Ix X 5 A'x X B Yisf,and {1} x X - Al x X 5V is g.

To do homotopy theory in any category C, we need a model structure on C. Recall
that a category C is a model category if it is complete and cocomplete, and comes with
three classes of morphisms called the cofibrations, weak equivalences, and fibrations,

with the following axioms.

CM1. The classes of cofibrations, weak equivalences, and fibrations contain the

identity on each object, and are closed under compositions.

CM2. If f and g are composable maps, and two of the three maps f, g, and gf

are weak equivalences, then so is the third.

CM3. The classes of cofibrations, weak equivalences, and fibrations are closed

under retracts.

CM4. Given the following commutative square

A—F

T

B——G

where ¢ is a cofibration and p a fibration, a lifting B — FE exists whenever either ¢
or p is a weak equivalence. (In that case, we say that ¢ has the left lifting property

with respect to p, and p has the right lift property with respect to .)

CM5. Let f: A — B be any map in C.
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a. f can be factored into a composition p-i, where p is a fibration and ¢ an acyclic
cofibration (a cofibration which is also a weak equivalence).
b. f can be factored into a composition ¢ - j, where j is a cofibration and ¢ is an

acyclic fibration (a fibration which is also a weak equivalence).

A cofibration (resp. fibration) is said to be acyclic if it is also a weak equivalence.

The category Spe(k) has a model structure defined by Morel and Voevodsky in
two steps. First, one constructs the simplicial model category structure, which exists
for the category of simplicial sheaves over any site (Jardine [9]). Then, one constructs
an A'-local model structure, which is the structure that one really works with. It
is derived from the simplicial structure by adding a class of Al-weak equivalences to
the simplicial weak equivalences in the manner of Bousfield [1].

The simplicial model structure on Spc(k) is defined as follows. Recall that for
a site §, a point x* of § is just a functor from the category of sheaves on S to the

category of sets, which commutes with finite limits and all colimits.

DEFINITION 1.2. Let f: X — Y be a map in Spc(k).

1. f is a simplicial cofibration if it is a monomorphism.

2. [ is a simplicial weak equivalence if for every point x* of the site Sm/k, the
induced map f*:x*(X) — x*(Y) is a weak equivalence of simplicial sets.

3. f is a simplicial fibration if it has the right lifting property with respect to all

simplicial acyclic cofibrations.

Together, these three classes of maps given the simplicial model category structure
on Spc(k) [9, 16]. Denote by H,(Spe(k)) the homotopy category associated with this
structure.

Consider the affine line A! over k. We also have the Al-local model structure on
Spe(k), the structure with which we in fact want to work. It is given by the following

definitions (see also Bousfield [1]).
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DEFINITION 1.3. A k-space X € Spc(k) is A'-local if for any k-space Y, the map
HomHs(Spc(k))(Y, X) — HomHS(Spc(k))(Y X Al, X)

induced by the projection map Y x Al — Y is a bijection.

DEFINITION 1.4. Let f: X — Y be a map in Spc(k).
1. f is an A'-cofibration if it is a monomorphism.
2. f is an A'-weak equivalence if for any A'-local k-space Z, the map of simplicial

sets
[ Homa(spegy) (Y, Z) — Homay(sper)) (X, Z)

s a bijection.
3. f is an A'-fibration if it has the right lifting property with respect to all acyclic

Al-cofibrations.

There is another characterization of Al-weak equivalences by Proposition 2.2.9
of [16]: f: X — Y is an Al-weak equivalence if and only if for any A'-local and
simplicially fibrant Z, the map of internal Hom-objects in Spc(k)

f* . MSpc(k)(K Z) - mSpc(k)(X’ Z)

is a simplicial weak equivalence.

The A'-local model structure allows one to do homotopy theory in the category
Spe(k). Here, Al plays the role of the unit interval. For k a subfield of C, there is a
complex topological realization functor ¢¢ from Sm/k to the category of topological
spaces, which extends to a functor on Spe(k). Namely, t¢ takes a smooth scheme X
to its C-points X (C). If k is contained in R, t¢ gives a Z/2-equivariant topological
space, with a Z/2-action by complex conjugation.

To define spectra over k, we really need to consider k-spaces with basepoints. Let
Spc(k)e = Spec(k) | Spe(k) be the category of k-spaces with basepoints, an object
of which is a k-space X with a given map Spec(k) — X. There is a smash product

A Spe(k)e X Spe(k)e — Spc(k)e.
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There are also internal Hom-spaces, i. e. for every X € Spc(k),, the functor — A X :
Spc(k)e — Spe(k)e has a right adjoint Hom(X, —).

We say that a map in Spc(k)e is a simplicial cofibration, simplicial weak equiv-
alence, or simplicial fibration if it is a simplicial cofibration, simplicial weak equiva-
lence, or simplicial fibration in Spe(k). This defines the simplicial model structure on
Spc(k)e. Likewise, the A'-local model structure on Spe(k) gives rise to the Al-local
model structure on Spc(k). (see [16]).

The zero-dimensional sphere in Spc(k)e is

SO = Spec(k) I Spec(k).
There are two notions of the circle in the category Spc(k).. The simplicial circle is
S, = A'/{0,1}
the affine line with the two points 0 and 1 identified. If £ C R, this corresponds by
tc to the fixed circle S'. There is also the “twisted” circle
Sy = A"\ {0}

with the basepoint at 1. For k C R, this corresponds to S¢, the circle with Z/2-action
by complex conjugation.

Consider the k-space
T =AY/(A"\{0}).
There is a canonical Al-weak equivalence
SIANSH ~P' ~T.

Also, observe that T = A"/(A™\ {0}). This allows the notion of T-prespectra
over k, given by Voevodsky in [20]. (However, our T-prespectra are in fact called

T-spectra in [20]).

DEFINITION 1.5. A T-prespectrum over k is a collection of k-spaces E = {FE,},

n € Z, with structure maps

En - QTEln-l—l = MSpc(k).(Ta En+1)~
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A map f: F — G of T-prespectra is a sequence of maps
foni B, — G,

that are compatible with the structure maps.
Analogous to the topological case (see [12]), we define a T-spectrum as follows.

DEFINITION 1.6. A T-spectrum is a prespectrum whose structure maps are iso-

morphisms of based k-spaces. A map of T-spectra is a map of T-prespectra.

Let Prespectra(k) and Spectra(k) denote the categories of T-prespectra and T-
spectra over k, respectively. As in the case of topological spectra, there is an obvious
forgetful functor R from the category Spectra(k) to the category Prespectra(k).
This has a left adjoint L, the spectrification functor. However, L is much simpler to
describe than in the topological case. Since T is a quotient of a smooth scheme by

another, it is a small object in Spc(k),, i. e. there is a natural bijection
Homgper), (T, colim; X;) = colim; Homgpe(), (T, X;)

for any directed system of based k-spaces X; (see Lemma 17.2 in the Appendix).
This means that if D = {D, } is a T-prespectrum, then

(1.7) (LD),, = colimyQ™" D, 1.

This is similar to the topological spectrification functor when restricted to inclusion

prespectra [12].

2. Coordinate-free Spectra

The definition of T-spectra from the previous section is analogous to the notion
of a topological spectrum indexed on the integers, which assumes a given basis for
the universe. However, we really want a notion of coordinate-free spectra over k,
analogous to the notion of coordinate-free topological spectra in Lewis, May, and

Steinberger [12].
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To define a coordinate-free k-spectrum, we first need the notion of a universe over
k, i. e. an infinite-dimensional k-vector space, over whose subspaces the spectrum
would be indexed. The natural definition is to set the universe U to be the infinite-

dimensional affine space over k:
U = A>* = colim, A".

We can think of the variety A™ to be the vector space k™ over k. So A™ is ©yk as
a vector space over k. (However, note that it is not in fact in Sm/k, an example of
the lack of colimits in Sm/k.)

In the topological case, given a universe Y = R*°, one indexes a U-spectrum on
the finite-dimensional subspaces of . In particular, i comes equipped with an inner
product, so we can subtract one finite-dimensional subspace from a larger one by

taking orthogonal complements. This allows for well-defined structure maps
EU — QV_UEV

for all U C V. We do not have this inner product when k is an arbitrary field.
Rather, for general k, we will index an U-spectrum on the subspaces of U of finite
codimension instead of subspaces of finite dimension.

Let U be a k-vector space, and V, Z linear subspaces of U such that VN Z = 0.
Then we denote the internal direct sum V +2Z CU by V + Z.

DEFINITION 2.1. For a fixed universe U, we say that a linear subspace V- C U
is cofinite if U/V s finite-dimensional as a vector space over k. In other words,

V =2 A%, and there is a linear injection V. — U, with U/V = A™ for some n.
For a universe U, we also define the following category.

DEFINITION 2.2. For a universe U, the category C(U) of cofinite subspaces of U
is as follows. The objects are the cofinite subspaces V-C U. For U,V objects of C(U),
a morphism Z : U — V is a finite-dimensional space Z C U, such that V + Z =U.
IfZ:U—-V,andT :V - W, then W CV CU, and (Z+T)+W =U. We
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define the composition

T -Z=T+27Z:U—W.

We index coordinate-free k-prespectra on the objects of C(U), and require a struc-

ture map for every morphism in C(U).

DEFINITION 2.3. Let U be a k-universe. A U-prespectrum D is a collection of
based k-spaces Dy, for all cofinite U C U, together with maps
pvz: Du — Q7Dy = Homg,.1,,(Z/(Z \ {0}), Dv)
forall Z : U — 'V in C(U). We require that Pg,o =1Id, and for Z - U -V, T:V —
W in C(U),
pi[/JV,Z—i-T = (QZpK/,T) ‘ﬂg,z : Dy — QZJFTDW-
A map f: D — D" of U-prespectrum is a collection of maps fy : Dy — Dy, that

are compatible with all structure maps.
We also have the category of coordinate-free spectra over U.

DEFINITION 2.4. A U-spectrum is a U-prespectrum E, all of whose structure
maps p%z are isomorphisms of based k-spaces. A map of U-spectra is a map of

U -prespectra.

For a universe U, denote the categories of coordinate-free prespectra and spectra
indexed on U by Prepectra(U) and Spectra(U), respectively. As in the categories
of topological prespectra and spectra, all colimits and limits in Prespectra(U) and
all limits in Spectra(id) can be formed spacewise. For a based k-space X, and a

U-spectrum E, the function spectrum F'(X, E) is given by
F(X7 E>U = MSpc(k). (X7 EU)

for each U € C(U).

There is an obvious forgetful functor

R : Spectra(U) — Prespectra(U).
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It has a left adjoint, which we denote by L. Since each Z/(Z \ {0}) is a small object
in the category of based k-spaces for each finite-dimensional Z, this functor is similar

to the case for T-spectra. Let D be a U-prespectrum. For each U € C(U),
(LD)U = COhm(V,Z)EUlC(L{)QZDV-

Here, the colimit is taken over the category U | C(U), an object is a cofinite subspace
V along with a map Z : U — V, i. e. a finite subspace Z such that Z +V = U.
A morphism T : (V,Z) — (V',Z’) is a finite subspace T such that V' + T =V,
Z+T=27.

The spectrification functor L allows us to define colimits in Spectra(i) by first
taking colimits in Prespectra(U) and then applying L. Also, the smash product
X AN E of a based k-space X with a spectrum E is given by first taking smash
products spacewise, then applying L.

For cofinite W C U in U and Z : U — W in C(U), let GLy (Z) be the group of
all linear maps g : U — U such that g is the identity on W and sends Z to Z. This is
an object of Spc(k)e since it is in fact a smooth scheme. If W/ C W C U are cofinite,
T :W — W' in C(U), then there is an inclusion of schemes GLy (Z) C GLy/(Z+T).
Define the general linear group on U by

GL(U) = COlim(W7z)€Ulc(u)GLw<Z).

For every g € GL(U), one can find subspaces W, Z C U, such that Z is finite-
dimensional, and W 4 Z = U, such that ¢ is the identity on W and sends Z to Z.
For each U, GL(U) is an object of Spc(k)s.

For any U-spectrum E, there is a canonical action of GL(U) on Ey;. Suppose that
g € GL(U). Choose W, Z as above. Define the action of g on Ey by the following

diagram.
pU
Ey - 04y
J{g l Q9 tz14d
pll/}V,Z
Ey O By,

1%
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Here Q9 121 d is the map on Q7 Eyy induced by the action of g~ on Z/(Z\ {0}) and
the identity on Ey . It is easy to check that this action is independent of the choice
of W and Z.

We make the following easy observation.

LEMMA 2.5. For every morphism Z : U — W and g € GL(U) such that g sends

W to W, the following diagram commutes:

P%,Z
Ey QZEW
J/g U lgglzglw
By — 9 e,

Here, Q9 '12g|y denotes Hom(g7 Yz, glw).

PRrRoOF. We find V cofinite in W, and finite T such that T+V =W and T+ Z =
T + g(Z). This is possible since we can choose T to be (Z 4+ g(Z)) N W, and V a
complement of 7" in W. Additionally, we can choose V,T such that ¢ is the identity
on V and sends T to T'. Then in the following diagram

Ey QZEW QZ-@—TEV
g lgglzmw lQ91Z+T]d
Ey Qg(Z)EW QZ-i—TE'V

both the right hand square and the outside square commute. Therefore, the left hand

square commutes also. O

Thus, for a U-spectrum E, most of the structure maps of F are in some sense

“redundant”.

Examples:
1. The suspension spectrum.
There is a forgetful functor Q% from the category of U-spectra to the category of

based k-spaces, which assigns to a spectrum F the space Fy,. This has a left adjoint

S . Spe(k)s — Spectra(Ul),
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the V-th shift desuspension of the suspension spectrum.

Let X € Spc(k)e. For each Z = A", denote Z/(Z \ {0}) A X by ©ZX. Then for
U C U cofinite, define the based k-space

Dy(X)y = \/ ¥7X,
Z+U=V

and Dy (X)y = * = Spec(k) otherwise. If W CU CV, W 4+ T = U, then for any Z
with Z+U =V, (T+ Z)+ W = V. So we have a canonical map
STDy(X)y = \/ ¥X— \/ 27X =Dy(X)w.
Z+U=V Z' W=V
These maps are compatible, so we have a U-prespectrum

Dy (X) = {Dv(X)v}.

We define the spectrum X4 X to be LDy (X).

Now for any U-prespectrum E and based k-space X, suppose we have a map
f: X — Ey. Then for any cofinite U C V, and Z + U =V, we have X2 f : Y2 X —
Y2 Ey — Ey. Therefore, f gives a map Dy (X)y — Ey. Conversely, given a map
of U-prespectra g : Dy(X) — E, taking the V-th space gives a map of based k-
spaces X — Ey. So X — Dy (X) is the left adjoint to the V-th space functor from
Prespectra(U)-prespectra to Spc(k)s, which means that X¥ is the left adjoint to the
functor Q% : Spectra(d) — Spe(k),.

2. Algebraic cobordism.

Consider the algebraic cobordism spectrum MGL constructed as a T-spectrum
in [20] as follows. Let X be a smooth scheme over k, and v : F — X a bundle over
X, and let s(X) denote the 0-section of v in E. Then the Thom space X7 of « is the
based k-space given by the pushout square

E\s(X)——F
|
* X7

Let 1 be the one-dimensional trivial bundle over X. Then as in the topological case,

there is a natural isomorphism X?®!' = T A X7. There are also Grassmannians
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G(m,n) with canonical n-dimensional bundles 7,, . The we define
BGL(n) = colim,,G(m,n)

with canonical bundle v, = colim,,¥,, . We can define a T-prespectrum whose n-th

space is BGL(n)™, with structure map
BGL(n)"™ — Q"BGL(n + 1)+

adjoint to the map classifying -, @ 1 on BGL(n). Spectrification gives MGL.

In the coordinate-free context, we need to construct MGLy for all cofinite sub-
spaces V. C U. Let Z,U C U be finite-dimensional. Let the Grassmannian G(U @
Z,1Z|) be the k-space of all |Z|-dimensional subspaces of the external direct sum
U @ Z. There is a canonical |Z|-dimensional bundle vyygz, 7 over G(U & Z,|Z]). If
U,U" C U are finite-dimensional, U C U’, then there is a natural map

GU® Z,|Z|)vezizl — GU' & Z,|Z])v'ezizl.
Set
BG Lygz(|Z|)7 = colimpycy finite G(U @ Z, | Z]) Vo221,
Given Z + T = Z', there is a canonical map of based k-spaces
(2.6) ST BGLygz(|Z)? — BGLygz (|Z')) 17

which classifies the bundle v,z ®T over BG Lygz(|Z|). We define the algebraic Thom
prespectrum to be the U-prespectrum whose V-th space is
(2.7) \/ BGLusz(1Z))"7.
Z4+v=u
Analogously as in the case of suspension prespectra, for W + T = V, there is a

canonical structure map from X7 of the V-th space to the W-th space. On each

summand X7 BG Lygz(|Z])"7 for Z +V =U, we have

2" BG Lyez(1Z2])"% — BGLygriz)(|T + Z|) 172



3. COORDINATIZED PRESPECTRA 20

which classifies the bundle v,z ® T over BG Lygz(|Z]). Taking adjoints and applying

the spectrification functor gives

MGLy = colimyyr.v—wyevican$” ( \/ BGLM@Z(|Z|)VZ) -
Z+w=u

This gives the coordinate-free version of the algebraic cobordism spectrum MGL. It
will be shown in Section 6 that the homotopy type of this construction agrees with

the one in [20].

3. Coordinatized Prespectra

In some sense, coordinate-free prespectra are really not what one would expect.
In this section, we introduce a notion of prespectra which are not coordinate-free,

but are more closely parallel to the classical case [12].

DEFINITION 3.1. Let B = {U;};>1 be a fized decomposition

i=1

of the universe U = A into finite-dimensional subspaces. For n € N, let V,, =
DB,., Ui. A B-prespectrum D is a collection of based k-spaces D,, = Dy, , with given

structure map

Pn - Dn - QU%Lan—i-l = HomSpc(k).(Un+1/(Un+1 \ {O}>7 Dn—i—l)-

A map f: D — D' of B-prespectra is a collection of maps f, : D, — D, that
commute with the structure maps.
A B-spectrum E is a B-prespectrum {E,}, such that each structure map p, is an

isomorphism.

We will let Prespectra(B) and Spectra(B) denote the categories of B-prespectra
and B-spectra, respectively. For each B, there is an obvious forgetful functor Rz from

Spectra(B) to Prespectra(B). Let Lg be the left adjoint to this forgetful functor.
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For any B-prespectrum D = {D,},
. n+l .
(LgD), = colimQ®i=n+:1ViD, .

This is similar to the spectrification functor from Prespectra(k) to Spectra(k).
We will use the following elementary categorical lemma to compare the categories

of B-spectra for different decompositions B, as well as to Spectra(U).

LEMMA 3.2. Let C be a small directed category, and D = {D;} C C, f; : D; —
D;1 be a sequence of morphisms in C satisfying the following two conditions.

1. For every X € C, there is some D; € D, and a map f: X — D; in C.

2. For every pairs of maps go,g1 : X — Y in C, there is some D, € D and
f:Y —= D,, such that f-go=f- 1.

Then given a functor F from C to any cocomplete category C', the canonical map

colime F' — colimpF' is an isomorphism in C'.

Given B = {U;}, we can choose an refinement of B into a decomposition B’ = {U}}
of the universe I into 1-dimensional subspaces. That is to say, there is an increasing

sequence {ji,...} C N, j; > 1, such that
Ji

U =]
j=1

Ji
U= @ Ujfori>1.
Jj=Jji—1+1
This can be done by decomposing each U; into 1-dimensional subspaces. There is

a forgetful functor R(B,B’) from the catgory of B’-spectra to B-spectra. Given a
B'-spectrum E, we define (R(B, B')E),, = E;,. The structure map

Jn+1

(R(B, B/)E)n = Ejn — OUn+1 (R(B, B,)E)n—i—l — 0P E.

In+1
is given by the composition of the structure maps of E. Conversely, a B-spectrum
G gives rise naturally to a B'-spectrum L(B, B')G. Namely, for each n, let m be the

smallest number such that m = j; for some ¢, and m > n. Then define

(L(B,B)G),, = Q@1 Uiq;.
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The structure map
(L(B,B)G), — Q1(L(B, B')G) iy

is the identity for m > n+1, and the structure map of GG if m = n. It is easy to check
that R(B,B’) and L(B,B’) are inverse equivalences, so the category of B-spectra is
equivalent to the category of B’-spectra. Hence, we can always assume that in the
decomposition B = {U;}, every U; has dimension one.

We can also consider the forgetful functor
PreR(B,B') : Prespectra(B') — Prespectra(B)

analogous to the forgetful functor on the level of spectra. Let PreL(B,B’) be the
right adjoint to it. Given a B-prespectrum D, PreL(B,B')D is given as follows. For

each n, consider the largest 7 such that j; < n. Set
(PreL(B,B)D), = £%-i+YD,.

If n+1 < jii1, the structure map (PreL(B,B')D), — Q(PreL(B,B')D),.1 is just
adjoint to the identity map on pIRIARLY D;. If n+1 = j;11, then define the structure
map to be adjoint to the structure map in D. The composition of the structure maps
of PreL(B,B')D is the same as the structure maps in D. Since the sequence {j;} is

cofinal in N in the sense of Lemma 3.2, it is easy to check that the following diagram

commutes
PreL(B,B’
Prespectra(B) EE) Prespectra(B')
Li \L Ly l
/
Spectra(B) TG Spectra(B').

The definition of B-spectra is also compatible with the definition of T-spectra (see

Definition 1.6).

PROPOSITION 3.3. For any decomposition B, there is an equivalence between the

categories Spectra(B) and Spectra(k).
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PROOF. Given B, choose a refinement B’ = {U}} of B, such that each U] has

dimension one. Then the categories Spectra(B) and Spectra(B’) are equivalent.

Also, Spectra(B') is equivalent to Spectra(k) by definition. O

In fact, for a decompostion B’ of U into one-dimensional subspaces, there is by

definition an equivalence of categories on the prespectra level
Prespectra(B') = Prespectra(k).

We can define the suspension spectrum of a k-space and the algebraic cobordism
spectrum in this coordinatized context. Let B = {U;} be a given decomposition of U
U; and W,, = @ign U;. There is a
forgetful functor Qf from Spectra(B) to Spc(k)s, which is just taking the n-th space
E, = Ey,. Then Qf has the left adjoint £f , the V,-th shift desuspension of the

into one-dimensional spaces. Denote V,, = @,.,,

suspension spectrum. For a based k-space X, we first take the B-prespectrum whose
n-th space is X" X. The structure maps are adjoint to the identities on X" X.
Then Ean is the spectrification of this B-prespectrum.

For the case of MGL, we consider the Thom prespectrum indexed on B, whose

n-th space is BG Lygw, (|W,|)"W=!. The structure maps are the canonical maps

YY1 BG Lyaw, (

Wn|)~/\wn\ N BGLMEBWn+1(|Wn+1|)mWn+H

classifying the bundle v, | ® Unq1 over BG Lygw, ([Wy|) (see (2.6)). Spectrification
gives MG Lg, the Spectra(B) version of the algebraic cobordism spectrum. In Sec-
tion 6, we will see that the homotopy categories of Spectra(B) and Spectra(ld) are
equivalent, and MGLg corresponds to the coordinate-free version of M GL in this

equivalence.

For purposes of comparison with Spectra(U), we also define the following interme-
diate categories of prespectra and spectra. Let B = {U,};>; be a given decomposition
of U into one-dimensional subspaces, and let V,, = @®;5,U; for n € N. Let By, be
the full subcategory of C(U) on the objects V,.



3. COORDINATIZED PRESPECTRA 24

DEFINITION 3.4. A Byuy-prespectrum E is a prespectrum indexed on By, t. e.

a sequence of based k-spaces Ey. , for all n > 0, together with structure maps
piZ By, — QZEVn
for all maps Z : V,,, — V,, in C(U), with the usual compatibility conditions. A B -

spectrum is a By -prespectrum, all of whose structure maps are isomorphisms.

We denote the categories of B, -prespectra and B,y -spectra by Prespectra(B )
and Spectra(B,u), respectively.

PROPOSITION 3.5. For any decomposition B of U into one-dimensional subspaces,

there is a canonical equivalence of categories

Spectra(B) ~ Spectra(B ).

PROOF. There is an obvious forgetful functor from Spectra(B.) to Spectra(B),

by restricting structure maps to ones of the form
EVn N QUnH EVnH

for all n € N.

To give the inverse functor, we need to extend a B-spectrum D to a Bj,-spectrum.
For a given V,, n € N, define the subcategory Dy, of V,, | By, where the objects
are pairs (V}, Z), Z + V; = V,,, and the morphisms are only of the form

Ui+ + U= (V;, 2) = (i, Z+ Ujpa -+ + U)
for j < 1. Suppose V,, +T =V,, for some n > m. Consider the sequence
S=AV;, Unsa + -+ Uj : Vin = Vi}jzm

in Dy,,, along with maps U1 : V; — V1. The sequence S satisfies the conditions of
Lemma 3.2 in Dy,,. (In fact, it satisfies the conditions of Lemma 3.2 in V,,, | Bpuy.)

This is because for V,., Vs € V,,, | By and any two finite-dimensional spaces Zy, Z; :
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V, — Vs, we can choose V; such that j > s, and (Zo+ Z1) NV C Ugq + -+ + Uj.
Then
Zo+Usir -+ U;j =2 + Uy + - + U
so Usy1 + -+ + Uj is a morphism satisfying Condition 2 of Lemma 3.2. Thus, for a
B-spectrum D, we have
Dy, = colimy, zyep,,, QZDV],.
Likewise, the sequence
S'={V;, U1+ +U; : Vin = Vitjom
and
S ={Vi, T+ Vo -+ Vi Vin = Vi}jon

satisfy the conditions of Lemma 3.2 in Dy, , Thus, we get a canonical structure
isomorphism
DVm = COlim(VrﬂZ)EDV'nL QZDV?

= coliijTJrU”“Jr“'Uj va

o~ QTcoliijU"“Jr”*Ujva

12

Q' Dy, .
The next to last isomorphism is due to the fact that 7'/(7 \ {0}) is a small object
in Spc(k)e (see Lemma 17.4 in the Appendix). Therefore, we have made D into a
B fuy-spectrum.

Finally, by arguments similar as above, the sequence {V,,, U,11 : V, — V,i1}
satisfies the conditions of Lemma 3.2 in the category By,;. Using this, it is easy

to check that the functor given above and the forgetful functor are inverses to each

other. 0

Given a decomposition B = {U;} of the universe into one-dimensional subspaces,

let V; = ®;5;U;. There is a forgetful functor

ng : Prespectra(U) — Prespectra(Bguy).
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Namely, given an U-prespectrum D, we restrict to Dy, and structure maps with

respect to U;yq : V; — V1. The functor R%’ restricts to a functor
R% : Spectra(U) — Spectra(Bju)-

The functor RY has a left adjoint LY. For a Bj,y-prespectrum D, we define the
U-prespectrum L¥D as follows. For W € C(U), set

(3.6) L¥ Dy = colimy jy—v. X% Dy,.

If W C V; CV, for some j > i, suppose Z+W = V;. Recall the Noether isomorphism,
which gives a canonical bijective correspondance between the subspaces of V;/W and
the subspaces of V; containing W. Hence, there is a unique Z’ C Z corresponding to
Vie1 /W, such that W 4+ Z' = V; 4. If U is finite-dimensional, and Z' + U = Z, then
it is elementary to check that V., + U = V;. Hence, there is a map
“Dy, —» \/ "Dy, —x”Dy,
7'4U=2

where the second map is a wedge of structure maps of D. This gives the colimit
used in (3.6). The structure maps of LY%D are defined similarly. In particular,
L%Dy. = Dy, for a Bp,y-prespectrum D. Thus, it is straightforward to check that
Ly : Prespectra(Bpu) — Prespectra(U) is indeed the left adjoint to R%. Applying
the spectrification functor gives LY E from Spectra(B) to Spectra(U).

On the level of spectra, we have the canonical equivalence of categories
Spectra(B) ~ Spectra(Bu)

by Proposition 3.5. Thus, (LY, R¥) becomes a pair of adjoint functors between the

categories Spectra(B) and Spectra(U).

4. The Stable Simplicial Model Structure

In this section and the next, we describe the construction of the stable homotopy

category of smooth schemes, along with some of its properties. This was given by
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Morel and Voevodsky [16] and Jardine [9], but we give a slightly different construction
here. We will state the theorems in this section, and defer their proofs to Section 15.

We construct the structure of a model category on Spectra(i). As in the case of
k-spaces, this is done in two steps. First, one uses the simplicial model structure on
Spc(k)s [16] to construct the simplicial model structure on the category of spectra.
The A'-local structure on Spectra(U) follows from the simplicial structure by adding
a class of Al-weak equivalences to the simplicial weak equivalences, similar to the
case of Spc(k)s.

We begin by recalling the simplicial model structures on Prespectra(k) and
Spectra(k). The category of based k-spaces has the simplicial model category struc-
ture, given in Definition 1.2. Recall the definition of the simplicial model structure
on Prespectra(k), due to Bousfield and Friedlander [2]. First, there is the levelwise

simplicial model structure on Prespectra(k).

DEFINITION 4.1 ([2]). A map of T-prespectra f : D — FE is a levelwise sim-
plicial weak equivalence or a levelwise simplicial fibration if each map of k-spaces
fn : D, — E, is a simplicial weak equivalence or simplicial fibration, respectively.
It is a simplicial cofibration if it satisfies the left lifting property with respect to all

levelwise simplicial acyclic fibrations.

The classes of simplicial cofibrations, levelwise simplicial weak equivalences and
levelwise simplicial fibrations form a model structure on Prespectra(k). The stable

simplicial structure on Prespectra(k) is defined as follows.

DEFINITION 4.2 ([2]). Let f: D — E be a map in Prespectra(k).
1. f is a stable simplicial cofibration if it is a simplicial cofibration in the levelwise
simplicial model structure.

2. f is a stable simplicial weak equivalence if it induces a bijection
colim,, H4(Spc(k)e)(T™, Dyym) i colim,,, H(Spe(k)puiiet) (T™, Enym)

for all n.
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3. f is a stable simplicial fibration if it has the right lifting property with respect

to all stable simplicial acyclic cofibrations of prespectra.

THEOREM 4.3 ([2]). The classes of stable simplicial cofibrations, stable simpli-
cial weak equivalences, and stable simplicial fibrations give a model structure on

Prespectra(k).

When there is no possibility of confusion, we will say the simplicial model structure
to mean the stable simplicial model structure. We give an alternative formulation of

stable simplicial weak equivalences.

DEFINITION 4.4. A map f : D — D’ of T-prespectra over k is an eventual space-

wise equivalence if there is some N € N such that for alln > N,
fn: D, — D,

is a simplicial weak equivalence in Spc(k),.

We also define a class W of maps generated by eventual spacewise equivalences,
which turns out to coincide with the class of stable simplicial weak equivalences of

T-prespectra.

DEFINITION 4.5. We define the class W of maps in Prespectra(k) to be the small-
est class containing all eventual spacewise equivalences, and satisfying the following
conditions:

1. For composable maps f, g, if two out of the three maps f, g, and gf are in W,
then so is the third.

2. For a directed system of prespectra D® and maps f® : D* — D for any
f:a — o, such that each map is in W, the induced map DP — colimaD® is in W

for each (.
The first result of this section is the following, which we will prove in Section 15.

PROPOSITION 4.6. The class of stable simplicial weak equivalences in the category

Prespectra(k) coincides with W.
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The simplicial model structure on Prespectra(k) gives rise to the simplicial model

structure on Spectra(k).

DEFINITION 4.7. Let f : E — G be a map of spectra. f is a simplicial cofibra-
tion, simplicial weak equivalence, or simplicial fibration of spectra if it is a simplicial
cofibration, simplicial weak equivalence, or simplicial fibration in the category of pre-

spectra.

The proof of the next theorem is by the usual small objects argument, which we

defer also to Section 15.

THEOREM 4.8. The classes of simplicial cofibrations, weak equivalences, and fi-

brations of spectra define the structure of a model category on Spectra(k).

In particular, let L : Prespectra(k) — Spectra(k) be the spectrification functor.
We will see in Lemma 15.1 that for any T-prespectrum D, the canonical map D — LD
is a simplicial weak equivalence of T-prespectra, so the simplicial homotopy categories

of T-prespectra and T-spectra are equivalent.

We can also formulate the levelwise and stable simplicial model structures for

Prespectra(Ud) and Spectra(Ud) in an analogous fashion.

DEFINITION 4.9. A map f : D — E of U-prespectra is a levelwise simplicial
weak equivalence or fibration if for every V€ C(U), the map fv : Dy — Ey is a
simplicial weak equivalence or simplicial fibration of based k-spaces, respectively. It
1s a simplicial cofibration in the levelwise model structure if it satisifies the left lifting

property with respect to all levelwise simplicial acyclic fibrations.

The proof of the following proposition is by the small objects argument (see

Section 15).

PROPOSITION 4.10. The classes of simplicial cofibrations, levelwise simplicial weak
equivalences, and levelwise simplicial fibrations give a model category structure on

Prespectra(U).
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There is also the stable simplicial model structure on Prespectra(U).

DEFINITION 4.11. Let f: D — E be a map in Prespectra(l).

1. f is a stable simplicial cofibration if it is a simplicial cofibration in the levelwise
model structure;

2. f is a stable simplicial weak equivalence if it induces a bijection

colimyy 1 z—vHs(Spe(k)s)(Z/(Z\ {0}), Dw)
=~ colimy i z—vHs(Spe(k)e)(Z/(Z \ {0}), Ew)

for every Ve C(U).

2. f is a stable simplicial fibration if it satisfies the right lifting property with

respect to all stable simplicial acyclic cofibrations.
The proof of the following theorem is similar to Bousfield and Friedlander [2].

THEOREM 4.12. The classes of simplicial cofibrations, stable simplicial weak equiv-

alences and stable simplicial fibrations form a model structure on Prespectra(U).

The model structure on U-spectra is defined from the model structure on U-

prespectra.

DEFINITION 4.13. A map f : D — E of U-spectra is a stable simplicial cofibra-
tion, stable simplicial weak equivalence, or stable simplicial fibration if it is a stable
simplicial cofibration, stable simplicial weak equivalence, or stable simplicial fibration

of U-prespectra.

We also have the following model structure theorem. Its proof is analogous to

that of Theorem 4.8 (see Section 15).

THEOREM 4.14. The classes of stable simplicial cofibrations, stable simplicial
weak equivalences, and stable simplicial fibrations give a model structure on the cat-

egory Spectra(Ud).

We denote by H(U) the homotopy category associated with the stable simplicial

model structure on Spectra(U).



4. THE STABLE SIMPLICIAL MODEL STRUCTURE 31

We will now start working on a comparison between Spectra(U), Spectra(B), and
Spectra(Bsu). Let B = {U;} be a fixed decomposition of & Into one-dimensional
subspaces. The canonical identification of Prespectra(B) and Spectra(B) via Propo-
sition 3.3 respectively with Prespectra(k) and Spectra(k) give the stable simplicial
model structures on Prespectra(B) and Spectra(B). Let H,(B) denote the homotopy
category of the stable simplicial model structure on Spectra(B).

There are also the categories Prespectra(Br, and Spectra(Bypu). Wefine the
levelwise and stable simplicial model structures on Prespectra(By,;) similarly as for
Prespectra(Ud) (see Definitions 4.9 and 4.11). By arguments similar to that of [2],
these are indeed model category structures. We define a map of By, ;-spectra to be
a stable simplicial cofibration, stable simplicial weak equivalence, or stable simplicial
fibration if it is in the corrsponding class of maps in Prespectra(By,;). This is a
model structure by arguments similar to that for Theorem 4.8. Consider the canonical

equivalence
Spectra(B) ~ Spectra(Bfuy)

by Proposition 3.5. This equivalence is the identity on the level of the Ey;’s, as well
as on maps between spectra. Hence, the equivalence preserves the levelwise simplicial
model category structures, as well as eventual spacewise weak equivalences. Using
the fact that the sequence {V;,U;41 : Vi — Viy1} is cofinal in By, in the sense of
Lemma 3.2, and the homotopy sets definition of stable simplicial weak equivalences
in Definition 4.2, one sees that the equivalence also preserves stable simplicial weak

equivalences, hence the stable simplicial model structures.

We recall some results in the theory of model categories. The following result is

Theorem 9.7 in Dwyer and Spanlinski [5].

LEMMA 4.15 (Dwyer and Spalinski [5]). Let C and D are two model categories,
with two functors F : C — D and G : D — C which form an adjoint pair (with F
being the left adjoint). If F' preserves cofibrations and G preserves fibrations, then F

and G pass to a pair of functors between the homotopy categories of C and D.
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The functors F, G are said to be a Quillen adjoint pair if they satisfy the condition
of the lemma. By adjunction, the condition that F,G are a Quillen adjoint pair is
also equivalent to each of the following two conditions: 1. the left adjoint F' preserves
cofibrations and acyclic cofibrations; 2. the right adjoint G preserves fibrations and
acyclic fibrations.

A Quillen adjoint pair FF' : C — D , G : D — C is a Quillen equivalence if
the functors induced on the homotopy categories are equivalences of categories. Let
G : D — C be a functor between two model categories. Recall that if a map f in D
is a weak equivalence if and only if Gf is a weak equivalence in C, then G is said to

create weak equivalences in D. There is the following result ([18], [14]).

LEMMA 4.16 ([14], Lemma 2.2). Given a Quillen adjoint pair
F:C—-D,G:D—-C

if G creates the weak equivalences in D and the unit of the adjunction X — GFX 1is
a weak equivalence for all cofibrant X € C, then (F,G) is a Quillen equivalence.

PROPOSITION 4.17. The functors

R% : Spectra(d) — Spectra(B)
LY . Spectra(B) — Spectra(U)

for a Quillen adjoint pair with respect to the stable simplicial model structures.

PROOF. In the levelwise simplicial model structure, RY¥ preserves weak equiva-
lences and fibrations, since these are just defined spacewise. Hence, LY preserves
cofibrations in the levelwise simplicial structure, which are the same as cofibrations
in the stable simplicial model structure.

We need that LY also preserves stable simplicial acyclic cofibrations. In fact, LY
preserves stable simplicial weak equivalences. The stable simplicial model structures
on Spectra(B) and Spectra(By.,;) are preserved by the equivalence of categories be-

tween them. Also, by Proposition 4.6, the stable simplicial weak equivalences of
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B-spectra are generated by eventual spacewise equivalences. Thus, it suffices to con-
sider an eventual spacewise equivalence f : E — E’ of Bj,-prespectra. So there
exists some n € N, such that for all ¢ > n, f; : E; — E! is a simplicial weak equiv-
alence of based k-spaces. Then for all W C V; for some i > n, applying LY gives
that (L¥%)w is a directed colimit of simplicial weak equivalences of based k-spaces,
which is therefore a simplicial weak equivalence of based k-spaces by [16]. Note that
VilCU)={W | V; C W} is cofinal in C(U) in the sense of Lemma 3.2. Thus, it is
easy to check by the homotopy sets characterization in Defintion 4.11 that L¥f is a

stable simplicial weak equivalence of U-spectra. O

Thus, (LY, RY¥) pass to a pair of adjoint functors
L% - H(B) — H,U)
RY - H (U) — H(B).

5. The A'-local Model Structure

The stable simplicial homotopy category H(U) is not yet the stable homotopy

category of U-spectra with which we would like to work.

DEFINITION 5.1. Two maps f,q: E — G of U-spectra are A*-homotopic if there
is a map h : ENAL — G, such that the composition of h with the two maps
E=FEANS"— EAAL, given by sending the non-base point of S° to 0 and 1, are f

and g respectively.

We would like Al-homotopy equivalences of U-spectra to be weak equivalences.
This motivates the following definitions, analogous to those given for k-spaces by

Morel and Voevodsky [16].

DEFINITION 5.2. A U-spectrum G is said to be A'-local if for every U-spectrum
E, the map E N AL — E induced by the projection AL — S° induces a bijection of

morphism sets

H(E,G) — HJ(ENAL,G).
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DEFINITION 5.3. Let f : E — E' be a map of U-spectra.
1. f is an Al-cofibration if it is a (stable) simplicial cofibration;

2. f is an A'-weak equivalence if for every Al-local G, the map of morphism sets
H,(E',G) — H,(E,G)
s a bijection;
3. fis an A'-fibration if it satisfies the right lifting property with respect to every

acyclic A*-cofibration.

There is the following alternative characterization of A'-weak equivalences of spec-

tra, the proof of which is analogous to Proposition 2.2.9 of Morel and Voevodsky [16].

PROPOSITION 5.4. A map f: E — E' of U-spectra is an A'-weak equivalence if
and only if for any A'-local and simplicially fibrant spectrum G, the map of function

spectra
[ F(F',G)— F(E,QG)

15 a simplicial weak equivalence.
We have the following theorem.

THEOREM 5.5. The classes of Al-cofibrations, A'-weak equivalences and A'-fibra-

tions define a model structure on Spectra(U).

PROOF. Analogous to that of Morel and Voevodsky for k-spaces ([16], Theo-
rem 2.2.21). The first three model structure axioms are clear. The factorization of
any map into a cofibration and an acyclic fibration is immediate since a simplicial
acyclic fibration is an A'-local acyclic fibration (Lemma 2.2.9 of [16]). The other
factorization uses the formal fact that A!-local ayclic cofibrations are preserved un-
der pushouts and the bounding argument in Corollary 2.2.18 of [16], done spacewise.
These allow the usual small objects argument to give the factorization of any map
into an acyclic cofibration and a fibration. Finally, the part of CM4 which is not by
definition follows formally by an argument due to Joyal [11]. O
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This gives the A'-local model structure on Spectra(i), which is the structure
with which one really wants to work. In particular, all A'-homotopy equivalences of
spectra are weak equivalences in this structure. Let H1(U) denote the homotopy
category associated with this model structure. In the next section, we will show
that this homotopy category is equivalent to the A'-local stable homotopy category
of T-spectra defined by Morel and Voevodsky [16]. We first give some properties
of homotopy colimits of U-spectra. Given a small category C, and a functor F :
C — Spectra(Ud), we can define the homotopy colimit hocolim.ccFE; similarly as
for k-spaces ([3], [16]). In the simplicial homotopy category H,, morphisms into a
homotopy colimit are determined by morphisms into objects of the diagram in the

following sense.

DEFINITION 5.6. Suppose C is a small category, and D is a category in which we
can form homotopy colimits. Let S : C — D be a functor. Then we say that for an
object Y € D, the morphism set D(hocolimeS,,Y') is determined by D(S.,Y) for all
c € C, if for any functor T : C — D and natural transformation n : S — T that
induces a bijection D(T,.,Y) = D(S.,Y) for all c € C, n induces a bijection

D(hocolimeT,,Y) = D(hocolimeS,, V).

We record the following standard argument.

PROPOSITION 5.7. Suppose C is a small category, and
S : C — Spectra(U)

is a functor. Then for any spectrum G, the morphism set in the simplicial homotopy

category
Hs(hocolime S, G)

is determined by Hy(S., G) for all ¢ € C.
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PROOF. Denote
E = hocolim¢S...
Define the simplicial object E* as follows: the n-th simplicial stage is
E" =1y, . sy Target(E(f,))

where (fi,..., fn) runs through all n-tuples of composable morphisms in C. Then
the homotopy colimit E is the simplicial realization of E*°.

This gives the following spectral sequence of mapping groups:
(58) E1 = HS(H(fL___7fn)Target(S(fn)), G) = HS(E, G)

which is conditionally convergent. Let T' be another functor, and let n: S — T be a

natural transformation that induces a bijection

for a spectrum G and X € C. Then we have a conditionally convergent spectral

sequence similar to (5.8)

Ey =Hu (g, .. ryTarget(T(fn)), G) = Har(hocolimeecT(c), G)
The natural trausformation 7 induces an isomorphism of spectral sequences. O
Comment: This spectral sequence argument is generic. Namely, the proposition

also holds if we replace the morphism sets in H, by morphism sets in the Al-local

stable homotopy category H,:. Thus, for any GG, we also get a spectral sequence
El = HAl (H(fh’fn)Target(E(fn)), G) = HAI (E, G)

So the morphism set H 1 (hocolim;er E;, G) is also determined by the morphism sets

Ha (B, G).

Recall the following lemma of Morel and Voevodsky [16].

LEMMA 5.9 (Morel and Voevodsky [16], Lemma 2.1.14). Suppose T is a small di-
rected category, and X : T — Spc(k)e be a functor. Then the canonical map

hocolim;c7 X; — colim;e7 X;
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is a simplical weak equivalence of based k-spaces.
The same is true in the category of spectra.

LEMMA 5.10. Let Z be a small directed category, and
E : T — Spectra(U)
be a functor. Then the canonical map
hocolim;c7 E; — colim;er E;

s a simplical weak equivalence of U-spectra.

PROOF. The homotopy colimit and colimit of spectra are given by first taking
the homotopy colimit and colimit in the category of prespectra, then applying the
spectrification functor L. In Prespectra(ld), the homotopy colimit and colimit are
just taken spacewise. Denote the homotopy colimit and the colimit in the category
of prespectra by hocolim?ePer e F. and colim! Pt B, respectively. Then by
Lemma 5.9, in Prespectra(U), the map

. Prespectra(l) . Prespectra(l)
hocolim; E; — colim; 1 E;

is a spacewise simplicial weak equivalence. Hence, it is a simplicial weak equivalence
of U-prespectra. However, by Lemma 15.1, for any prespectrum D, the unit map

D — LD is a simplicial weak equivalence of prespectra. Therefore, the map
hocolim;c7 F; — colim;ez F;
is a simplicial weak equivalence of U-spectra. O
The next proposition follows from the above lemma.
PROPOSITION 5.11. Let Z be a small directed category.
1. Suppose E,E' : T — Spectra(U) are two functors, with a natural transfor-

mation f : E — E'. Suppose that for every i € I, fi : E; — E! is an A'-weak

equivalence of spectra. Then the induced map

. . /
colim;ez E; — colim;er F;
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is an A'-weak equivalence of spectra.
2. Suppose E : T — Spectra(U) is a functor such that, for all morphisms i — j

in T, E; — Ej is an A'-weak equivalence of spectra. Then for every i € I, the map
Ei — COlimiein

is an A'-weak equivalence of spectra.

PROOF. Let G be any A'-local spectrum. By the comment after Proposition 5.7,

for all Al-local G, f induces a bijection in the E..-term
H,(hocolimer E;, G) =z H,(hocolimer E, G).

So the map induced on the homotopy colimits is an A'-weak equivalence.
By Lemma 5.11, the homotopy colimit over Z is naturally simplicially weakly
equivalent to the colimit. But a simplicial weak equivalence is an A'-weak equiva-

lence. Hence, the map induced on the colimits
colim;er E; — colim;ez E;

is an Al-weak equivalence.

For the second part of the proposition, fix ¢ € Z. Consider the small directed
category Z' =i | Z of all objects j together with a morphism ¢ — j. The claim then
follows by applying the first part of the proposition to the constant functor E; and
the functor F from Z’ to Spectra(U). O

There is also the following equivalent characterization of Al-weak equivalences of
U)-spectra. We say that a map of spectra is an elementary Al-weak equivalence if it

is of the form
X AAL - TEX

induced by the projection A — S° where X € Spc(k), is a finite colimit of based
smooth schemes, and V' C U is cofinite. Here, ¥ X denotes the V-th shift desuspen-
sion of the suspension U-spectrum of X. We will show that every Al-weak equivalence

of spectra can be built up from the elementary A'-weak equivalences.
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PROPOSITION 5.12. The class of A'-weak equivalences of U-spectra is the smallest
class W 1 of maps of spectra containing all simplicial weak equivalences and satisfying
the following conditions:
1. Wi contains all elementary A'-weak equivalences of the form S¥X A AL —
YMX.
2. If two of of three maps f, g and g - f are in W1, then so is the third.

3. Suppose we have a pushout diagram

i

A X
fl f’l
B Y

i/

where f is in Wyi. If i is a cofibration, then [’ is also in Wai. If f is a coftbration,
then f' is in Wa1 and a cofibration.

4. Suppose T is a small directed category and E : T — Spectra(d) is a functor
such that, for all i — j inZ, the map E; — E; is in Wyi. Then the induced map

E; — colim;ezr E; is in Wai for each i1 € T.

To prove the proposition, we first show that to say that a spectrum is local with
respect to all maps of the form F A Aﬁr — F is equivalent to the statement that it is

local with respect to all elementary A'-weak equivalences.

LEMMA 5.13. A spectrum G is A'-local if and only if for every X € Spc(k),

which s a finite colimit of based smooth schemes and every cofinite V.C U, the map
H(SHX,G) — H (ZHX AALG)
induced by A — SY is a bijection.
PROOF. For any spectrum F, we have
E= colimVEc(u)Z)\vaEV.
By Lemma 5.10, the canonical map

hOCOhmVec(u) EZ{{/EV — COlimVEC(u)E‘LjE\/
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is a simplicial weak equivalence. Smashing with Aﬁr commutes with this homotopy
colimit, so by Proposition 5.7, the morphism set H (E,G) is determined by the
morphism sets H,(X4 By, G) in the sense of Definition 5.6. Hence, G is A'-local if
and only if for every X € Spc(k)e and every cofinite V' C U, the map

H(ZHX,G) — Hs(SEX AALG)

is a bijection.

It remains to show we can make X a finite colimit of smooth schemes. By
Lemma 17.1 in the Appendix, Every based k-space is a directed colimit of finite
colimits of based smooth schemes, and the functor X% commutes with directed col-
imits. Hence, by Lemma 5.10, we have that every suspension spectrum ¢ X is

Al-weak equivalent to some
hocolimieIZ‘ZﬂXi

for some small directed category Z, and the X;’s are all finite colimits of based smooth
schemes. Applying Proosition 5.7 again finishes the proof.
O

PROOF OF PROPOSITION 5.12. Since it is the class of weak equivalences in a
proper model category structure, the class of Al-weak equivalences of spectra clearly
satisfies conditions 1, 2, and 3 of the proposition. By Proposition 5.11, condition 4
is also satisfied. Conversely, any elementary Al'-weak equivalence is by definition in
W,i. We will show that if £ — E’ is an A'-weak equivalence of spectra, then it can
be constructed from the elementary A'-weak equivalences via the conditions defining
the class Wy1 in the proposition.

Note that the collection of elemetary Al-weak equivalences form a set, since the
site Sm/k is small. Thus, we can use a transfinite small object argument, done
with respect to the set of elementary A'-weak equivalences, to construct the Al
localization functor L1 on Spectra(U). (This is similar to the standard construction

of Bousfield [1], see also Dror-Farjoun [4].) For any E € Spectra(Ud), Ly E is the
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universal A'-local spectrum to which £ maps. The map E — L1 E is constructed
as a directed colimit of pushouts of elementary A'-weak equivalences, so it is in W .

Now suppose that f : B — E'is a Al-weak equivalence. Then there is the

following diagram:

E 4 E
/
LB~ LuE

The bottom map
LAlf : LAlE — LAlE,

is an Al-weak equivalence since the other three maps are. However, a map between
A'-local spectra is an Al-weak equivalence if and only if it is an isomorphism in H,.
Hence, Ly f isin Wyi. so f is in W1 by condition 2 of the proposition. O

We also have the following “homotopy sets” characterization of Al-weak equiva-

lences of spectra.

PROPOSITION 5.14. A map of U-spectra f : G — G’ is an A'-weak equivalence
if and only if for every X € Spe(k)e a finite colimit of based smooth schemes, and
V. C U cofinite, the map

i (SUX, G) = Han (S4X, )
induced by f is a bijection.
PROOF. Given a spectrum FE, we have E = colimUec(u)E%EU. By Lemma 5.10,
there is a natural A'-weak equivalence
colimUeC(u)E%EU — hocolimUec(u)ZuEU.

By the comment after Proposition 5.7, the Hui(E,G), is determined by the map-
ping groups Ha1 (X% Ey, G) in the sense of Definition 5.6 by a spectral sequence. In

particular, if the induced map

M (B, G) — Hau (B, G)
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is a bijection for every suspension spectrum, then f : G — G’ induces an isomorphism
of spectral sequences for every spectrum E. Hence, it is an Al-weak equivalence.
Now let £ = X¥ X for some X € Spc(k)s. By Lemma 17.3 in the Appendix, every
based k-space is is simplicially weak equivalent, and hence A'-weak equivalent, to a
homotopy colimit of finite colimits of based smooth schemes. Since X% commutes
with colimits and homotopy colimits, we have that 3¢ X is Al-weak equivalent to a
homotopy colimit of spectra of the form ¥ X;, where each X; € Spc(k), is a finite

colimit of based smooth schemes. Again, by the comment after Proposition 5.7, if
Har (8 X, G) — Har (B4 X5, G

is a bijection for every X; € Spc(k). that is a finite colimit of based smooth schemes,
then f induces an isomorphism of spectral sequences.

The statement of the proposition follows. O

6. Comparison with Coordinatized Spectra

Now we can compare Spectra(U) with Spectra(k). Let B = {U;} be any decom-
position of U into one-dimensional subspaces. Let V,, = ®,-,U; for n € N. The
Al-local model structure on Spectra(B) is defined from the stable simplicial model

structure on Spectra(B) in a manner similar to Definition 5.3.

LEMMA 6.1. The pair of adjoint functors

L% . Prespectra(B) — Prespectra(U)
R . Prespectra(U) — Prespectra(B)
form a Quillen adjoint pair with respect to the A'-local model structures on U-

prespectra and B-prespectra.

ProOF. Cofibrations in the Al-local model structure are the same as cofibra-

tions in the stable simplicial model structure, which are preserved by LY. We also
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claim that RY takes an A'-local U-spectrum to an Al-local B-spectrum. By Propo-
sition 4.17, (LY, RY¥) is a pair of adjoing functors between the stable simplicial ho-
motopy categories H,(B) and H,(U). If G is an A'-local U-spectrum, then for any
B-spectrum E, the map of morphism sets

H(B)(E, REG) — Hy(B)(E ANAL, REG)
is the same as

H(U)LEE, G) — H(U)(LBY(E N AL), G).
This is a bijection since L¥ commutes with — A AL. Thus, REG is an A'-local
B-spectrum.
Therefore, if f: E — E’ is an A'-local weak equivalence of B-spectrum, then for
every Al-local U-spectrum G, the map of morphism sets
H(UN(LGE', G) — H,U)(LSE, G)
is the same as
H,(U)(E', R%4G) — H.(B)(E, R4G)
which is a bijection. So L¥f is an Al-weak equivalence of U-spectra. O
Thus, (LY, RY¥) pass to a pair of adjoint functors between the Al-local homotopy
categories Hu1(B) and Ha: (U).

In fact, the right adjoint R¥ also preserves Al-weak equivalences.

LEMMA 6.2. For any decomposition B = {U;} of U into one-dimensional sub-

spaces, the functor RY% : Spectra(U) — Spectra(B) preserves A'-weak equivalences.

PrROOF. We use the homotopy sets characterization of Al-weak equivalences of
Proposition 5.14, which also holds for B-spectra by a similar argument. Suppose
f: E — E'is an A'-weak equivalence of U-spectra. Then by Lemma 6.1, for any

Vi = @i U;, and X € Spe(k)s, the map of morphism sets

M (B) (39, X, REE) — M (B) (57, X, E)
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is the same as
Hs U) (LS X, B) — Ho (U) (LESE X, E).

Now consider the diagram of forgetful functors

Ry

Spectra(U) Spectra(B)
Spe(k)e
This diagram commutes, so the diagram of left adjoints also commute. Hence, we

have that

X~ [ESP X
So the map of morphism groups is
Hapr (U)(ZE X, E) — Hu(U) () X, E).

This is a bijection, so R%f is an Al-weak equivalence of B-spectra. O

The main result of this section is the following theorem, which states that in the
Al'-local homotopy categories, coordinate-free spectra are the same as coordinatized

spectra.

THEOREM 6.3. For any decomosition B of U into one-dimensional subspaces, the
adjoint functors (L%, RY%) between Spectra(B) and Spectra(U) form a pair of Quillen
equivalences with respect to the Al-local model structures. Therefore, there is an

canonical equivalence of homotopy categories

HAl (B) ~ HAl (Z/{)

In the following, let B = {U;} be a fixed decomposition of ¢ into one-dimensional

subspaces. Let V,, = ®;~,U; for n € N. We have the pair of adjoint functors
LY . Prespectra(B) — Prespectra(U)

RY = Prespectra(Ul) — Prespectra(B)
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which is a Quillen adjoint pair with respect to the Al-local model structures on
U-prespectra and B-prespectra.
We make the following definition.

DEFINITION 6.4. Let B = {U;}, B' = {U!} be two decompositions of U into one-
dimensional subspaces, with V,, = @i~,U;, V! = @;5,U!. We say that B is dominated
by U' if for every n € N, there is some j > n such that V; C V.

Note that for any two decompositions B and B’, by taking {V; NV} and refining
it, there is always a decomposition B” which dominates both B and B’.

If B is dominated bt B’, we can define the categories of (BUB’) fuu-prespectra and
(B U B’) fuu-spectra to be indexed on the full subcategory of C(U) generated by the
objects V;, V. Note that (V/, U] : V", — V) satisfies the conditions of Lemma 3.2

in (BUB') fu, so there is a canonical equivalence of categories
(6.5) Spectra(B') ~ Spectra((BU B') tun).

The proof of this is analogous to that of Proposition 3.5. In the following, we will
identify these two categories.

We also have a pair of adjoint functors
LY : Prespectra(B) — Prespectra(BU B},;)
RE' . Prespectra(BU B},) — Prespectra(B).
On the level of spectra, by the equivalence (6.5), (LE | RE') is a pair of adjoing func-
tors between Spectra(B) and Spectra(B'). By arguments similar to that of Propo-

sition 4.17, these form a pair of Quillen adjoints, both in the stable simplicial and

A'-local model structures.

PROPOSITION 6.6. For any decompositions B, B of U into one-dimensional sub-
spaces, with B dominated by B', the Quillen adjoints (LB , RE) between Spectra(B)
and Spectra(B') is a pair of adjoint Quillen equivalences in the A'-local model struc-

ture.

Proposition 6.6 is the main step in the proof of Theorem 6.3.



6. COMPARISON WITH COORDINATIZED SPECTRA 46
Proor oF THEOREM 6.3. We need to show that for any cofibrant B ,;-spectrum
E, the unit of adjunction
(6.7) u:E — RUIME

is an Al-weak equivalence. There is a directed system of categories of B’-spectra,
ordered by domination. Namely, if B; is dominated by Bs, where both are decompo-

sitions of U into one-dimensional subspaces, then
Lg? : Spectra(By) — Spectra(Bs).
If B, is dominated by Bs, then
B Bs 1B
If £ is a By spectrum, then the unit of adjunction
E— RPELZE
is the composition
By 1 B
E—RgLgZE
By ( pBs 7Bz (1B
— Ry} (R Ly (L E))
B 1 B:
= RgLg E.
By Proposition 6.6 and the fact that Rgi preserves Al-weak equivalences (Lemma 6.2),
each map in the composition is an Al-weak equivalence. Now consider the directed
system of decompositions that dominate B. Then for a B-spectrum E, the unit of
adjunction (6.7) is the directed colimit of this system of A'-local weak equivalences,

so it is itself an A'-equivalence.

We also need to show that for any U-spectrum F, the counit of adjunction
(6.8) c: IEREE - F
is an Al-weak equivalence of U-spectra. For this, note that
E = colimVGC(wZz{’/EV

where Y denotes the V-th shift desuspension of the U-suspension spectrum. Since

directed colimits preserve Al-weak equivalences of U-spectra, it suffices to show (6.8)
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for E = Y X, where V € C(U), and X is a based k-space. This is because LY¥RY

also commutes with directed colimits.
For X € Spc(k)s, we can assume without loss of generality that V = U. Let ¥5X
denotes the suspension B-spectrum of X. By the proof of Lemma 6.2,
YUX >~ [HYFX,
Also, consider the unit of adjunction
YEX B RUTEYPX =~ RUSUX.
By the above, this is an A'-weak equivalence. Also, L¥ preserves Al'-weak equiva-

lences. So we have the diagram

o

L¥YBX 1320.¢
LHRUYHUX .
By looking at the adjoint diagram, we see that this diagram commutes. Thus, c is

an A'-weak equivalence. O

For each n € N, denote Z, =U;+---+ U,,and T,, =U; +--- + U..

To prove Proposition 6.6, we will use the following lemma.

LEMMA 6.9. There is a sequence of A'-paths U,(t) in T,y for some r(n) > n,
such that

1. U,(t) = Uy, U,(1) = U], for all n;

2. for each n and all t € AL, the set {U(t),... ,u,(t)} is linearly independent;

3. the sequence By = {U,(t)} is dominated by B' for all t € Al

We defer the proof of Lemma 6.9 for now.
PROOF OF PROPOSITION 6.6. To show that the unit of adjunction
(6.10) ¢c:E— RYILEE

is an Al-weak equivalence of B-spectra for any B-spectrum E, it suffices to show it for

E = Z{ZX for some based k-space X, where Zgn denotes the V,,-th shift desuspension
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of the suspension B-spectrum of X. This is because £ = colimgzgn Ey. , and the unit
map commutes with directed colimits.
Assume without loss of generality that V,, = U, so E = ¥X5X. Thinking of £ has

a Byu-spectrum, we have to consider the maps of based k-spaces for each i

(6.11) colimy, 17—, 27( \/  ITX) = colimy 12,07 (\/ T7X).
T+Vv;=U T'+vi=U

Assume first that V; = V; = U. Then by the equivalences of categories
Spectra(B) ~ Spectra(Bfuu)
Spectra(B') ~ Spectra(B},,)
the map (6.11) corresponds canonically to
(6.12) colim, Q7" %% X — colim, Q" %7 X

where Z, = +,U;, and T,, = +7_,U]. This comes from the fact that for each n,
there is some r(n) > n, such that Z, C T, ().

Given Lemma 6.6, consider the map
o Al xU—-U

such that ¢; maps U; onto U;(t) isomorphically. So ¢, is an isomorphism for each t,

and induces an isomorphism

Y, colim,, Q%" Y% X =Y colim, Q% %) X
where Z,(t) = Uy (t) 4+ - - - + U,(t). Also, for each ¢ and n,

Zu(t) T,

for some j > n (depending on n and t), so we have a canonical map

Wy colim, Q%4 O2% M X 5 colim, Q2 X
Together, we have a map

(I Al x colim,Q7"¥%" X — colim, Q31" X.

Fort = 0, g is the identity, and v is the map (6.12). Fort = 1, ¢4 is an isomorphism,
and 1), is the identity. Thus, (6.12) is A'-homotopic via 1) - ¢ to an isomorphism, so
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(6.12) is an A'-weak equivalence of based k-spaces. This shows that for V; =V = U,
the map (6.11) is an Al-weak equivalence of based k-spaces.

For (6.11) on V4, note that the map (6.11) depends on B, B’ cofinally, in the sense
that if we change finitely many of the Vj’s and V’s, the map remains unchanged.
We have that Vi C V} for some k, so we can assume that V{ = V;, V] are unchanged
for j > k, and choose V{ C V4 C --- C V| so that each V/ has codimension one
higher than V}_,, and choose the new U to be a complement of V in V/, for each
1 < j < k. Then repeating the argument as before, we get that the map (6.11) for

V) is canonically isomorphic to

(6.13) colim, QU2+ HUn 52 X' colim, QU T TV nTr X

By the same argument as above, we get that (6.13) is an A'-weak equivalence of based
k-spaces. Repeating for all V;, we get that (6.11) is a spacewise Al-weak equivalence,

so an Al-weak equivalence of B-spectra.

We also need to show that the counit of adjunction
(6.14) ¢c:LERSE - E

is an Al-weak equivalence of B'-spectra for all fibrant B'-spectra E. Note that E =
colimp Y5, E;, so again it suffices to show it for E = %5, X for some X € Spc(k)..

Then
E= LY X.

We have the diagram

IR

LEYE X E
LEREE :
This diagram commutes. The map u is an Al-weak equivalence of B-spectra,

! . . .
and LE preserves Al-weak equivalences. Hence, ¢ is an Al-weak equivalence of B'-

spectra. [

It remains to prove Lemma 6.9.
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PROOF OF LEMMA 6.9. We first find bases {d;} and {e;} for U corresponding

to B and B', in the sense that U; =< d; >, and U] =< ¢; > for i > 1. Then

Vi =<dpy1,dpio, ... >, and V! =< e,11,€,49,... >. We need to find a sequence of

paths U,(t) in T, ) for some 7(n) > n, satisfying the given conditions. To get U (t),
we have that V) C V; for some r(1) € N. Let

Rlz‘/lﬂ<€1,€2,... » €r(1) > .

Then by the Noether isomorphism, which gives a canonical bijective correspondance

between subspaces of U containing VT,’(l) and subspaces of U/ W(l), we have that
Vi=hR ‘|‘ Vr/(l)'
We will find a homotopy (d(t), Ri(t)), which is (dy, Ry) for t = 0, and
(61, < eég,... » €r(1) >)

for t = 1. Note that we can assume that d; €< ey,...,e,q) > by making r(1)
large enough. We also want the homotopy (di(t), R1(t)) to be contained in the space
< e1,... ey >. To do this, we find an A'-path fi(¢) in SL,(1), such that fi(1) is
the identity, and f1(0) takes e, to dy, and < es,... e,y > to R;. This is possible

because SL,q) is path-connected. Given fi(t), we take the projection

AE) = (fit)(er), L) (< ea, . ) >).
This gives the homtopy (di(t), Ri(t)). We set Vi(t) = Ri(t) + V). Note that
Vg CVi(t), and Vi(t)+ < di(t) >=U for all t € A"

To continue, we work by induction. Suppose we have constructed a path f,(t)
in SL, such that f,(1) is the identity, and f,(0) takes e; to d; for i < n and <
Cntls--- s Crm) > t0 Ry = VN <eq, ... ey >. By projecting to d,(t) = fu(t)(en),
and R, (t) = fu(t) < €ny1,. .. ,€r@m) >, we get homotopies

(di(8), . dn(t), Ri(t), .., Ra(t), VA(2), ..., Viesr (1))

with R;(t) = V;(t)N < e1,... e 0 > and Ry(t) + Ve = Vi(t) by the Noether
isomorphism for each i < n and t € A'. Suppose that
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(di(0), ..., dn(0),VA(0), ... , Va(0)) = (1, ... ,dn, Vi, .. Vi)
(di(1), - dn(1),Vi(1), .. V(1)) = (1, sem Vi VD)

2. the d;(t)’s are linearly independent for all ¢t € Al;
3. For all t € At

<dy(t),...,du(t) > F+V,(t) =U.
Suppose further that the homotopies satisfy the condition that
(6.15) Yoy C< diga(t), ..., du(t) > +V,)

for all 7 < n.
We need to find the next homotopy (d,+1(t), R,(t)), with

(dn+1(0), Ryt1(0)) = (dpg1, Rns1 = VoriN < €1, ..o, €ringr) >)
(dnr1(1), Rp1(1)) = (€nt1, < €rmys1s - - - s Eringn) >)
for some large r(n + 1). We choose r(n + 1) such that
di,... dp1 €< 1,0, Cpmy1) >

and V’/

r(nt+1) C V,,. By construction of

(dy(t), ... dp(t), Ri(t), ..., Ru(t), Vi(t), ..., Vu(t))
we have a homotopy of isomorphisms
jn(t) ey () P> B, Cr(n) >

with j,(t) = f(n)(t)~! taking d;(t) to e; for i <n, and R,(t) to < epi1,... ,€xm) >.
We define

in+1(t> el Crntl) < €1, - Er(ntl) >
a path of isomorphisms, which is j, () = f,(t)"' on < ey, ..., e,(n) > and the identity
on < €r(n)41s- - Er(n+1) >. We need to find the next path f,,1(t) in SLy(ny1), With

Jn+1(1) the identity, and f,,+1(0) taking e; to d; for i <n+1and < epqo, ..., €p(ng1) >
to R,41. To do this, it suffices to find a path f) ,(t) in SL;(n41)—n, the special linear
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group of the space < eni1,...,€rmue1) > We want that f) (1) the identity, and
fr41(0) taking en41 t0 ipp1(0)(dpg1), and < epqa, ..., ermy1) > t0 inp1(0)(Rygr).
Taking the inclusion of SL,(,41)—n into SL,u41) by adding on the identity map on
<ep,...,en >, fr(t) is a path in SL,g41). We set the path f,11(t) in SLy(n41) to
be

Sopr(8) = "1 fr ().

Then f,.1(t) has the desired properties, and we set d,1(t) = far1(t)(€ns1), and

Roi1(t) = fas1(t)(< ent2,- - s €rms1) >. This gives the next part of the homotopy,

with Vi1 (t) = Ropa(t) + VY
We need to check that

n+1)"

(6.16) dpg1(t) + Ruga(t) = Ru(t)+ < erny, - -+ 5 Erna1) >

to show that (6.15) is satisfied. If we add V) to both sides of (6.16), we get V,,(t)
on both sides. But both are also contained in < ey, ... ,€,(n41) >, so by the Noether
isomorphism, (6.16) holds, so (6.15) is satisified. This gives the construction of the
paths, with U, (t) =< d,(t) >. O

Recall the examples of suspension spectra and the algebraic cobordism spectrum.
We can now show that their coordinate-free definitions are equivalent to the usual

ones, with respect to the Quillen equivalence of categories
(6.17) L4 - Spectra(B) — Spectra(U)
(6.18) RY . Spectra(U) — Spectra(B).

PROPOSITION 6.19. Let B be any decomposition of U into one-dimensional sub-
spaces.

1. For X a based k-space, let ZgﬂX and Z%nX be the V,-th shift desuspensions
of the B-suspension spectrum and of the U-suspension spectrum of X, respectively.

Then

L) X ~ 3 X
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and
UsU v B
in the A'-local model structures.

2. Let MGLpg and MGLy be the algebraic cobordism spectra in Spectra(B) and
Spectra(U), respectively. Then

I¥MGLg ~ MGLy
and

RYMGLy ~ MGLg.

PRroOF. 1. The statement
X = 15 X
is shown in the proof of Lemma 6.2. So
RS X = R4S X = 28 X
via the counit of adjunction.

2. By definition, the V-th space of MG L, is

colimy 17—y Q"(\/  BGLyez(1Z])14).
Z+W=U

For B = {U;}, Vi, = @i, Ui, suppose B is dominated by B = {U}, with V| = &,,,U].
We have

(MG Lg)y, = colim», QU+ (BG Lyew, 440,y (F — n)) 7.
There is a similar formula for MGLg. Via the equivalence of categories between

B'-spectra and (B U B') s,-spectra, this is canonically isomorphic to MGL g

full®

For each n, V,, C W for some m. This gives a natural map
f:MGLg — REMGLg.

Also, consider the isomorphism U/ — U, which takes U; isomorphically onto U/.

This induces a spacewise isomorphism

g:MGLg = RE MGLg.
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Using Lemma 6.9, and arguments similar to that of Proposition 6.6, we get for each

n € N an homotopy
AL A (MGLg)v, — (RE MGLg )y,

with is fy, at ¢ = 0 and the isomorphism gy, at ¢ = 1. Hence, f is an A'-weak
equivalence of B-spectra.

Now take the directed system of decompositions of & into one-dimensional sub-
spaces which dominate B, partially ordered by domination. The for every such B’,

we have a map
MGLs — REMGLg.

This gives a diagram D with objects RS MGLg, and for B; dominated by B, the

map
RZ'MGLg, — Rg' R MGLg, = R MGLg,.

Each map is an Al-weak equivalence of B-spectra, since by Lemma 6.2, Rgf preserves

Al-weak equivalences. Thus,

MGLg — colimpRE MGLg = REMG Ly,

is an Al-weak equivalence.

The other part is formal. Since L¥ preserves Al-weak equivalences, we have
TMMGLp ~ IEREMG Ly = MG Ly

by the counit of adjuction. O

7. Characterization of A'-weak Equivalences

Next, we show that our definition of Al'-weak equivalences of spectra agrees with
Jardine’s definition of stable A'-weak equivalences [9]. First, recall Jardine’s defini-
tion of the stable homotopy category. Consider the spacewise A'-local model struc-

ture on the category of U-prespectra, where fibrations and weak equivalences are
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spacewise A!-fibrations and A'-weak equivalences. This is a model category struc-
ture, so it has a fibrant replacement functor I' : Prespectra(ld) — Prespectra(U).
Namely, I' takes a prespectrum D to a prespectrum I'D which is spacewise Al-
fibrant. There is a natural map D — I'D which is a spacewise Al-weak equiva-
lence and a cofibration. The other functor Jardine uses is the spectrification functor

L : Prespectra(U) — Spectra(U). For a prespectrum D,
(LD)V = COhm(W,Z)GVlC(Z/{)QZDW

where V' | C(U) denotes the comma category whose objects are objects W in U
together with a map 7 : V. — W.

DEFINITION 7.1 (Jardine [9]). A map of prespectra f : E — E' is a stable A'-
equivalence if

ILTf:LTE — LTE'

is a spacewise A'-weak equivalence.

PROPOSITION 7.2. A map of spectra f : E — E' is an A'-weak equivalence in

the sense of Definition 5.3 if and only if it is a stable A'-equivalence in the sense of

Jardine’s definition 7.1.
The proposition follows from the next lemma.

LEMMA 7.3. A spacewise At-weak equivalence of U-spectra is an A'-weak equiv-

alence of spectra in our sense (Definition 5.3).

PROOF. Let H,(Spc(k)s) denote the homotopy category of based k-spaces asso-
ciated with the simplicial model structure. Let f : £ — E’ be a spacewise A'-weak
equivalence of spectra. Then f is the map

f: E=colimyY¥Ey — E = colimy X E,
induced by the maps X fi-. By Proposition 5.12, directed colimits preserve A'-weak

equivalences. Thus, it suffices to show that ¢ fi, induces a bijection

H (Y E, G) =2 H (S By, G)
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for every Al-local spectrum G and V' C U cofinite. By adjunction, this is equivalent
to showing that the map fi, induces a bijection in the simplicial homotopy category

of based k-spaces
Ho(Spe(k)a)(Ey, Gv) = H(Spe(k)a) (Ev, Gv).
But if G is an A'-local spectrum, then for every based k-space X, we have a bijection
H (X, G) = H(SEX AALG).
By adjunction, this corresponds to a bijection
Ho(Spe(k)a) (X, Gy) = Hy(Spe(k)) (X A AL, Gy).
Hence, each Gy is an Al-local space, and the lemma follows. O

PROOF OF PROPOSITION 7.2: For this proof, we work with both U-spectra and
T-spectra, indexed on the integers. This is possible because by Theorem 6.3, for any
choice of decomposition B of ¢ into one-dimensional subspaces, the adjoint functors
(LY, RY¥) are Quillen equivalences, and both preserve A'-weak equivalences. We say
that amap f : E — E’ of U-prespectra is an eventual spacewise A'-weak equivalence,

if there is some V' C U cofinite, such that for all W C V,

is an Al-weak equivalence of based k-spaces. Jardine [9] has shown that if a map is
a spacewise A'-weak equivalence, then it is a stable A'-equivalence in his definition.
Since for a prespectrum D, LD only depends on Dy, for W € V | C(U), an even-
tual spacewise A'-weak equivalence of prespectra is an A'-equivalence in his sense.

Consider an elementary A'-weak equivalence of spectra
EANAL - E

where E is any spectrum. The spectrum E A Aﬁr is obtained by applying the spec-
trification functor L to the prespectrum {Ey A Al }. The space Ey A AL is Al-weak
equivalent to Ey for every V, so the prespectrum {FEy A AL} is stably A'-equivalent

to E in Jardine’s sense.
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Now for n € N, we recall the n-th partial spectrification functor L,, on the category

of T-spectra, defined in the proof of Lemma 15.1. For any prespectrum D, set

(LyD)p = Dy if m>n

=Q""D, if m <n.

There is a natural transformation /d — L,, and a natural transformation L,, — L, 11
for each n. For any prespectrum D, the maps D — L,D and L,D — L, 1D are
clearly eventual spacewise Al-equivalences. But LD = colim, L, D, and the unit
map D — LD is the directed colimit of the maps L,D — L,.1D. Since Jardine’s
stable Al-equivalences are closed under directed colimits, the unit map is a stable
A'-equivalence in his sense for any prespectrum. Hence, an elementary Al-local
equivalence of spectra is an Al-equivalence by Jardine’s definition. But since his
stable Al-equivalences satisfy the axioms of Proposition 5.12, all of our A'-weak
equivalences of spectra are stable Al-equivalences in the sense of Jardine’s definition.

Conversely, to show that any stable A'-equivalence in Jardine’s definition is an

Al-weak equivalence in our definition, consider the following commutative diagram

E E'
LTE LTFE

where £ — E’ is a map of spectra which is a stable Al-equivalence in the sense of
Jardine’s definition. The bottom map is a spacewise A'-weak equivalence, so it is an
Al'-weak equivalence by Lemma 7.3 . Likewise, the maps £ — I'E and £/ — I'F’
are spacewise Al-equivalences. Also, as shown in Lemma 15.1, the map I'D — LT'D
is an A'-weak equivalence in our definition since it is a simplicial weak equivalence.
So the vertical maps are A'-weak equivalences in our sense. Therefore, so is the top

map F — FE'. O

In particular, the proof of the proposition shows that although Jardine considers

all prespectra and we only consider spectra, the resulting homotopy categories are



8. CHANGE OF UNIVERSE 58

equivalent, since every prespectrum D is Al-weak equivalent to a spectrum (in both

ours and Jardine’s sense), namely LD.

8. Change of Universe

To define smash products of spectra, we need to define change of universe functors.
In the classical case, if i : U{ — V is a linear isometry between two universes, then we
have an adjoint pair of change of universe functors +* from the category of V-spectra
to the category of U-spectra, and i, from the category of U-spectra to the category
of U-spectra. In the algebraic case, where the universes do not come with inner

products, the analogue of a linear isometry is the following.

DEFINITION 8.1. For two k-universes U, V, an extended injection
(t,F):U—YV

is a linear injection i : U — V, together with a given map F' from the objects of C(U)
to the objects of C(V), satisfying the following conditions:
1. For every cofinite U C U,

FU)NiU) = i(U).

2. The dimension of V/F(U) is the same as the dimension of U/U.
3. If U C U are cofinite in U, then F(U) C F(U").

In particular, if ¢ : &4 — V is split by a surjection j : V — U, then i, along with
F(U) = j7'(U), is an extended injection.

Note that given an extended injection (i, F') : Y — V), cofinite U C U’ in C(U),
and Z + U’ = U for a finite-dimensional Z in U, we have i(Z) + F(U') = F(U).
Hence, F' determines a faithful functor C(U) — C(V) by sending a morphism Z to
i(2).

Let (7, F') : U — V be an extended injection. We can define the change of universe

functor i* : Spectra(V) — Spectra(U) directly. Namely, given a V-spectrum FE, we
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set
(8.2) ("B = Epw)

for every cofinite U C U. For Z+U = U’ in U, we just define the structure map pg:Z
in ¢*E to be

Pg(U/)i . ilg .
(8.3) (*E)yr = Epwry 252 0D By £5 Q% (7 E)y.
Here, Q' is the functor Hom(i(Z)/(i(Z)\{0}), =) — Hom(Z/(Z\ {0}), —) induced

by i|z. (Note that the functor F' is suppressed in this notation.)

The functor ¢* has a left adjoint i,. To give a formulation for i,, we first define the
subcategory C(V, F') of C(V). Here, the objects are cofinite subspaces V' such that
VCF@YV))=F@G'(VniWU))). For two such V,V’ a morphism Z : V — V' is
a finite-dimensional subspace Z in V, such that Z+V’' =V and i 1(Z) +i7 1 (V') =
iH(V).

Forevery V € C(V), W = VNF(i~'(V)) is cofinite in V, and WNi(U) = V Ni(U),
so W C F(i"*(W)). Therefore, C(V, F) is cofinal in C(V) in the sense of Lemma 3.2.
In particular, this means that if we have a spectrum indexed on C(V, F'), then by the
methods of Section 3, we in fact have a spectrum indexed on C(V).

Let E be a U-spectrum. For V € C(V, F), we define

(8.4) Dy = \/ %% By
Z+V=F(G-1(V))

For T:V — V"in C(V, F), note that
(TNnilh))+ (V' 'nih)) =V Nild)
by applying ¢ to the equation :=1(T) +i~}(V’) =i71(V), and

(T i)+ (TNFGEHV)) =T.
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Also, for any Z such that Z +V = F(i™Y(V)), Z/ = Z + (T N F(i~*(V"))) satisfies
Z'+ V' = F(i~'(V')). We define the structure map py, , to be
ET \/ EZEz'fl(v) = \/ ET+ZEi71(V)
ZIV=F(@G-1(V)) ZFV=F(GE~—Y(V))
\/ Z(Tﬂi(U))-@-(TﬁF(rl(V’)))-i—ZEkl
Z4V=F(@{i~1(V))
N \/ E(TnF(rl(V’)))J}ZErl(V/)

Z+V=F(G-1(V))

— \/ ZZ/Eifl(V/).
Z'+V'=F(i~Y(V')

I

V)

Here, the third map is Y47 applied to the structure map p::g?) i-1(T)-

This defines a prespectrum {Dy } over the category C(V, F'). By the above ob-
servation, after spectrification, it gives a spectrum indexed on C(V), which is our

i B
PROPOSITION 8.5. There is a natural bijection

(8.6) Homy(E,i*G) = Homy(i.E, G).

PROOF. Similar as in the case for topological spectra: it suffices to show that there
is a natural bijection between Homy(E,i*G) and Homprespectraic(v,r)) (D, G), where
D is the prespectrum indexed over C(U, F') defined above. Given a map f: £ — i*G
of U-spectra, and V € C(U, F), Z +V = F(i~1(V)), the map

firrgy s By = Gra—y) = Q7Gy

gives a map XZE;-1 () — Gy, hence by (8.4), we have a map Dy — Gy. Conversely,
given a map of C(V, F')-prespectra g : D — G, suppose U C U is cofinite. Then F(U)
is cofinite in V, F(U) Ni(U) = i(U). Therefore we have the map
grw) : By = \/ Y E; — Gy.
ZHF(U)=F(U)

This gives a map of U-spectra E — *G. O
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9. The Space of Extended Injections

Given two U-spectra E, E', there is a U @ U-prespectrum whose (U @ U’)-th space
is just Ey A Ej,. Spectrification gives the external smash product EAE’, which is a
U @ U-spectrum. Given a fixed extended injection (j, F') : U ®@U — U, we can define

an internal smash product on Spectra(U). Namely,
E N E' = j.(EAE").

To show that the internal smash product is well-defined up to A!'-homotopy, we
need to consider Z(U, V), the k-space of extended injections from U to V. For finite-
dimensional U = A" and V = A™ an extended injection (i, F') : U — V is equivalent
to a split injection (i, j), where j is a surjection V' — U, since V = i(U) + F(0), so
we can just define j to be i~ on ¢(U) and 0 on F(0). The relation that j -i = Id is
algebraic for linear maps 4, j. So for U,V finite-dimensional, the space of extended
injections Z(U,V') in Spc(k) is a subspace of Hom(U,V) x Hom(V,U). Choose
sequences of finite subspaces U, C U and V; C V, such that U, + Z;, = Uy and
Vi + T; = Vj44 for finite-dimensional Z;, T}, and such that U = colimUj and V =
colim;V;. Then as an object of Spc(k),

(9.1) U, V) = limgcolimyZ(Uy, V}).

Note that if (¢, F') and (¢’, F”) are extended injections Y — V), then (¢dg’, FOF")
is an extended injection Y U — V & V. Here, for U & U’ cofinite in U & U,
(Fae F')Y(UaU) = FU)® F'(U'). The conditions of Definition 8.1 are easy to
check.

The following proposition leads to a proof that the internal smash product of

U-spectra to be well-defined up to Al-homotopy.

PROPOSITION 9.2. The k-space Z(U,V) of extended injections from U to V is

A'-contractible.

LEMMA 9.3. For any k-universe U, there is a path

H:A'— (U U)
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such that H(0) = Id and H(1) = (i, F') where U/i(U) is infinite-dimensional, and
Nuecwn F(U) is infinite-dimensional.

ProoFr. We think of A! as k. Choose a basis e, es,... of U, and denote the
subspace < €,41, €n19, ... > by V,. First consider the path hy : A* — Z(U,U), where
the image (ho(t), Fy,,(t)) at time t € A! is given by

ho(t)(e;) = 2te; + (1 — 2t)e;q
Fho(t)(vi) = Vz

let (j,G) = (ho(1), Fpy(1)). j is an injection of codimension 1, and it is split by a
map f : U — U) which sends e; to 0 and fixes e; + e;41. Let F' : C(U) — C(U) be
given by F(V,,)) = f~*(V,) = 5(Vo)+ < eg >.

We will show that there is a path in Z(U,U) connecting Id and (j, F') by defining
a path hy : A' — Z(U,U) connecting (j, F') and (5, G) as follows. At time ¢, define
the injection hy(t) = j : U — U. To define Fy,, (t), it suffices to define Fj,, (¢)(V;) for all
i >0. Fori =0, Vy = U, so we must have F}, (t)(Vp) = U for all . For i = 1, define
the path g; : A = U, g1(t) = tey — (1 —1t)ey. Then set Fy,, (t)(V1) =< g1(t) > +5(V1),
so Fr, (0)(V1) = Vi = G(Vp), and Fy,,(1)(V1) =< e; > +j(V1) = F(V1). In general,
suppose we have path g; in U, such that Fj,, (¢)(V;) =< ¢;(t) > 4+7j(V;). Consider the

path —e; + (1 — t)(e; + €;41) in < €;, €41 > connecting —e; and e; 1. Define

girr(t)(€iv1) = gi(t) + (L —t)(e; + €it1)
and F, (t)(Vig1) =< giy1(t) > +j(Vig1). Then Fy, (¢)(Viye1) has the same codimen-
sion in U as Viiq, and Fj, (t)(Viy1) C Fp, (t)(V;). Therefore, hy gives a path in Z(U,U)
connecting the identity and (j, F').

Now choose a basis {e;;}ix>1 for U. By the above, the identity on each Uy =<
e, > is homotopic, via extended injections, to an extended injection (jx, F)) which
is a split injection of codimension 1. Denote the homotopy by Hj, and V;; =<
€it1k, €itok >. The sum j = @j; is a split injection of infinite codimension, with
F = @ F), which takes U C U cofinite to j(U)+ < e;r >. On the injections,
H(t) = ®pHy(t) gives an A'-homotopy between the identity on & and j. Note also
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that the subcategory of cofinite subspaces with objects
Vieko + -+ Vip ko + (e Un)
is cofinal in the category C(U). So for ¢, define
Fra(t)(Vip g + - F Vig ko + (Frsnnlhi)) =
By (Vi) + - B, (Vi) + (Frzraln)
This satisfies the axioms for an extended injection, so we have a homotopy between

the identity on U and (j, F'), an extended injection of infinite codimension. O

PROOF OF PROPOSITION 9.2. Choose a basis {a;} of the universe U, and con-
sider the two split injections ji,jo : U — U & U, which map U onto the first and
second summands, respectively. We first show that j; and j, are homotopic in
Z(U,U ®U). Denote b; = ji(a;), and ¢; = ja(a;), then {by,cq1,bo,¢o,...} form a
basis for U @ U. Consider the identity matrix and the matrix which switches the
two basis vectors in GLo(k). Since they have the same determinant, there is an
algebraic map h : A' — GLy(k), which connects the two matrices. Suppose that
h(t) = (hs+(k)) where s,t = 1,2. Define the homotopy

H:A'xU—-UU
to be
H(t, CI,Z') = h171tbi + hgyl(t)ci.

This gives a homotopy between the injections j; and 7. It remains to define the
functor Fy(t) : C(U) — C(U & U) at time t. For V,, =< ay41, apio,... > in U, take
Fu(t)(Va) =
(V) + ja(Vi)+ < hiathy + hoster, ..., hyotby, + hooth, > .
Since h is a path in GLy(k), Fu(t)(V,) N H(t)(U) = H(t)(V,), and (H, Fy) is an
extended injection.

Now let {d;} be a basis for the universe A. We define the homotopy of extended
injections (hy, Fy,,) : A' — Z(V,V) to be the homotopy of Lemma 9.3 composed with
an automorphism of V, such that h;(0) is the identity on V, and hy(1) is a split
injection that sends d; to dy;. Also, let (ho, Fy,,) : A' — Z(U,U SU) be the homotopy
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between j; and jo given above. Let (go, Go) be a fixed extended injection from U to
V. First, define the homotopy H; : A' x Z(U,V) — Z(U,V) by

Hl(t> (gv G)) = (hla Fhl) ) (g7G)
H, gives a homotopy equivalence between Z(U, V) and (hy(1), Fp, (1)) - Z(U, V).

Consider the following map

F VeV =V, f(71(d) = ds, f(j2(di)) = dai.

f is an isomorphism, so it is an extended injection, given by the splitting f='. We
define Hy : A x Z(U,V) — Z(U,V) to be

Hy(t,(9,G)) = [ ((9:G) ® (g0, Go)) - (ha(t), Fry (1))
Then H, gives a homotopy equivalence between (h(1), Fy,,(1))-Z(U, V) and the point
f ’ j2 ' (907 GO) 0

For a fixed universe U, consider the operad L, where L£(n) is the k-space of ex-
tended injections Z(U®™, U), with the obvious composition maps and ¥,,-action. This
is the algebraic analogue of the linear isometries operad in the topological case [12].
By the above proposition, each k-space £(n) is A'-contractible. Therefore, the inter-

nal smash product of U-spectra are well-defined up to Al-homotopy.

10. Twisted Half-Smash Products and Twisted Function Spectra

Our next goal is to construct twisted half-smash products and twisted function
spectra. Namely, for a k-space A € Spc(k) which is equipped with a map ¢ : A —
Z(U,V), we would like a pair of adjoint functors

A x — : Spectra(U) — Spectra(V)
F[A, =) : Spectra(V) — Spectra(U)
which are just the change of universe functors when A is Spec(k). Intuitively, one

thinks of A X E as constructed by “gluing together” ¢(a),.E over all a € A, with
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some suitable structure as an algebraic space. Likewise, F[A, ) is constructed from
the collection of ¢(a)*G, over all a € A.

Our construction is parallel to that of Cole in [6]. For two k-universes U and V,
we consider a category S(V,U). An object & of this category is a system E(U) of
V-spectra, one for each cofinite U C Y. If U’ C U are cofinite in U, and T+ U’ = U,

then there is a structure isomorphism of V-spectra
sTe')y S EU).

Morphisms in S(V,U) are systems of morphisms of V-spectra that commute with all
such structure maps.

There is a function object functor
F(—,—):S(V,U) x Spectra(V) — Spectra(ld).
If £isin S(V,U), and G is a V-spectrum, then for U C U cofinite,
F(&,G)v = Fspectra)(E(U), G)

as a based k-space. It is easy to check that this gives a U-spectrum, and that this

functor preserves inverse limits. It has a left adjoint
A S(V,U) x Spectra(Ud) — Spectra(V).
If F is a U-spectrum, then
E N E = colimyecunE(U) N Ey.
Here, the colimit is taken over the maps
EWU)NEy 2S?EWUYNEy 2 EWUYANY Ey — EU') AN Epn
for Z:U — U in C(U).
Given ¢ : A — Z(U, V), we will construct an element M (A) of S(V,U) and define
(10.1) AxE=M(A)NE
(10.2) F[A,G) = F(M(A),G).
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To define M(A), we first introduce the notion of a continuous prespectrum. For
a U-prespectrum D, if U' C U are cofinite in the universe U, then there is a structure
map

\/ %Dy — Dy.
Z+U'=U

However, observe that the collection of all Z’s with Z + U’ = U has a natural
structure as a object of Spc(k). Let n be the difference of the codimensions of U’
and U. Consider the infinite Grasmannian BGL(n,U), which one may think of as
the k-space of all n-dimensional subspaces of U. This has a canonical n-dimensional

bundle 7, over it. Denote the Grasmannian
Gn,U U ={Z | Z+U =U}

as a subspace of BGL(n,U). The idea of a continuous prespectrum is to use the
k-space structure on G(n,U’,U), instead of taking a wedge over it (thought of as a

discrete set of points).

DEFINITION 10.3. A continuous U-prespectrum D 1is a collection of based k-spaces

Dy for all cofinite U C U, such that for all U' C U, there is a structure map
(104) DU A G(n, U/, U)Pyn — DU’

which satisfies the obvious associativity conditions. Here G(n,U’,U)" denotes the
Thom space of the canonical bundle 4" over G(n,U’,U). Maps of continuous U-

spectra are systems of maps of based k-spaces which commute with all structure maps.

In particular, there is a forgetful functor from the category of continuous prespec-
tra to the category of prespectra. Namely, for a fixed Z + U’ = U, the structure map
Y% Dy — Dy is the structure map of the continuous prespectrum, restricted to the
fiber of v, at Z € G(n,U’,U).

On the spectrum level, the notions of continuous and discrete spectra are the

same. Namely, we have the following.

LEMMA 10.5. A spectrum is a continuous prespectrum.
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PROOF. Let E be a U-spectrum. Then for each cofinite U C U, there is a natural
algebraic action of GL(U) on Ey. If U C U, let GL(U’,U) denote the subspace of
GL(U) consisting of all g which are the identity on U’. Choose a fixed Z, such that
Zo+U' =U. Then for any Z + U’ = U, and g € GL(U) such that g is the identity

on U’ and sends Zj to Z, the following diagram commutes:

o

EU QZO EU/
g |
Ey S—o VA o

In particular, the structure map pg,,z . By = QZEy is invariant if we compose
g by an element of GL(Z,). So py , is determined by the action of GL(U’,U) on
Ey and the particular structure map Ey 5 Q% Eyr. Hence, the structure maps
{p ;| Z 4 U' = U} are parametrized by GL(U',U)/GL(Z,), which is canonically
isomorphic to G(n,U’,U). Therefore, we can put the structure maps of F together

to give a single structure map
EU — Homspc(k).(G(n, U,, U)%L, EU’)'
O

Therefore, there is a forgetful functor from Spectra(U) to ContPrespectra(Ud). It
has a left adjoint L. Since the category of continuous prespectra is a full subcategory
of the category of prespectra, L is the same as the spectrification functor from the

Prespectra(U) to Spectra(Uf).

Comment: For X € Spc(k)., and U C U cofinite, we can construct the U-th shift
desuspension of the continuous suspension prespectrum of X. Namely, we define the
U’-th space to be Spec(k) = x if U’ is not contained in U. If U’ C U, then we define
U’-th space to be

G(n, U, U)™ A X.

It is straightforward to check that this gives a continuous prespectrum. We have

the following diagram of categories, where all the arrows are the left adjoints to the
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forgetful functors.

Spe(k)e Prespectra(U)
ContPrespectra(U) Spectra(U)

Because the adjoint diagram of forgetful functors commute, this diagram commutes,
i. e. the suspension spectrum of a k-space is the same whether one goes through the

discrete or continuous suspension prespectrum.

Now we construct MA as a continuous prespectrum. Fix U C U cofinite. For

V C V, define the k-spaces
(106) AU,V = {CL cA | V C Fa(U)}

More precisely, we take the Grasmannian BGL(n,V), which one may think of as
the space of all n-dimensional subspaces of V. There is an algebraic map from A
to BGL(n,V), given by a — F,(U). Also, let BGL(n,V,V) be the Grasmannian of
of all n-dimensional subspaces of V which contain V. Then Ay is defined by the

pullback square
Avy A

|

BGL(n,V,V) —= BGL(n, V).

Likewise, we define
(107) AU,V = {(CL, Za) |CL S AU,V; Z, —|— V= Fa(U)}

AU,V has a natural algebraic structure as a pullback in Spc(k).

There is a bundle 7y over flU,v, with total “space”
{(aa Za),U> | (CL, Za) € AU,erU € Za}-
Define

(10.8) nWZA%Y
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to be the Thom space of this bundle. Then for fixed U, and V' € V in V, the

algebraic map
Apy x G, V', V) — Ay
which sends ((a, Z,),T) to (a, Z, + T) is covered by a map of bundles
Nouy X Yn — Nu',v-
Hence, we have
Tov NG, V', V)" — Ty y.
So {Ty v} forms a continuous V-prespectrum. Let M(A)(U) be the spectrification

L{TU7V}.

LEMMA 10.9. If T+ U = U for cofinite subspaces U',U C U, then there is a

canonical isomorphism

STMANU') S M(A)U).

PROOF. Fix U',U and T in U as above. For each V C V), there is a natural map
AU’,V - AU,V
which takes (a, Z,) to (a, Z, + a(T)), and induces a map
STy — Tuy
which gives a map of prespectra. We construct the intermediate k-space between
/NlU/y and /IUy
Ay =10, Z,) | a € Ayy, Zo+V = F(U),a(T) C Z,} € Ay
Then the above map factors through (fl?ff,v)% Denote by £(U)™* the spectrification
of the continuous prespectrum {(A’i]ei"’,)”U" Then we have
STe’y L g(uyre L g,

We claim that each map is an isomorphism after spectrification.

By Lemma 17.1 in the Appendix, every k-space is a colimit of small objects in

Spe(k), and the maps are natural in A. Thus, we can assume that A is small in
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Spc(k). Then there is some Vi C V such that Ay v, = Auy, = A. At the V-th place,

we have the map
SEAGY = (Agy)m
which sends (a, Z,) to (a,Z, + a(T)) on the base k-space, and adds a(T") to each
fiber. If W C V., W 4+ Zy =V, then the following diagram commutes
EZ()ETA?JT{:‘»)/ ZZO (Azej/)ﬂU,V

l |

T A’ \w Ares \nu.w
)Y AUQW (AU,W) e

So for all V- C V4, fy, the map induced in the colimit over C(V), is an isomorphism.
Hence, f is an isomorphism.

To show that g is an isomorphism, we first consider a small subspace Ky of
AU,V. Again, we can assume that Ayy = Ay v = A. Then there is some finite
dimensional subspace Q C V', such that for all (a, Z,) € flva, Q + Z, contains a(T).
Choose a complement W C V, W 4+ @Q = V. Then there is a map

EQKU,V _ (AT[fiV)nU’W

which sends (a, Z,) to (a, Z, + Q) on the base k-spaces. This induces a map Ky y —
E(U)e. This is independent of the choice of ) and W, since it is clear that the
maps induced as above via @, W; and @), W5 are the same if ()1 C Q2 and Wy C
W;. However, for any small k-space of choices of () and W, there is a single finite-
dimensional space Qg with Wy+Qy = V such that Q C Qy and W, C W for all Q, W.
Therefore, we have a canonical map (Aﬁ/)"w — E(U)"™* by taking colimits over the
small subspaces of fl’[’f%/ Passing to the colimit in the source gives the inverse map

to g. U

Thus, M(A) is an object of S(V,U), and we have constructed the twisted half-
smash product and the twisted half-function spectrum by A. In particular, if A =
{(a, F,)} is a single point, i. e. isomorphic to Spec(k), then for each U, {1y} is the

continuous suspension prespectrum of S°, with a shift desuspension by F,(U). So by
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the previous comment,
M(A)(U) - Z\;va(U)SO.
Therefore, if G is a V-spectrum, for any cofinite U € U,
F[A7 G)U = F(Zlbia(U)SO7 G) = —HomSpc(k).(Sov GFa,(U)> = GFa(U)

i. e. F[A,G) = a*G. Hence, by the uniqueness of adjoints, A x F = a,E for any
U-spectrum F.

Note that for U =U, Ay v = A, we have
ALY = AL NG,V V)
This is exactly the continuous suspension spectrum of A, so

M(AY(U) = XVA,.

In general, we have the following untwisting lemma.

LEmMA 10.10. If Uy C U, Vo CV have the same codimension, then
M(A)(Tn) = £, A,
This isomorphism is natural in A.

PROOF. Suppose we have fixed finite-dimensional Ty C U, Ty + Uy = U, and

Zy CV, Zy+ Vo = V. As before, we can assume that A is small, so there is some

V C U, such that for all W C V, Ay, w = A. Choose W C Vj,. There is a map
f AL — Ap AG(n, W, Vo)™

which takes the fiber over (a,Z,) to the fiber over (a,(Z, + a(Tp)) N Vp). By the
Noether isomorphism, (Z, + a(Tp)) NVj is a well-defined complement of W in Vj, so
f is a well-defined algebraic map. This map gives a map of prespectra. Similarly,
there is a map going the other way

g:ALN G(TL, w, VO)% - Agz?mva

which takes the fiber over (a, Z) to the fiber over (Z 4 Zy) N F,(Up).
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On the prespectrum level, f and g are not inverses. For (a,Z,) € AUO’W and
Z € Gn,W, V) with f(a,Z,) = (a,Z), gf(a,Z,) = (a,Z,) if and only if Z, +
a(Ty) = Z+ Zy. But for any small subspace Ky, w of /IZ?VVVV and any small subspace
G'(n, W, Vy) of G(n, W, V}), there is some finite-dimensional Q C W and cofinite W',
with @ + W' =W, such that Q + Z, + a(Ty) = A+ Z + Z, for all (a, Z,) € Ky, w
and Z € G'(n, W, Vy). Thus, passing to colimits over W, we have induced maps

colimc(v)fl?]z(?% colimey Ay A G(n, W, Vo).

So on the spectrum level g - f = Id. By an analogous argument, f - g = Id as well.

O

The next result follows from Lemma 10.10.

ProOPOSITION 10.11 (Untwisting). Given a based k-space X, (an unbased) k-
space A, and a V-spectrum G, with ¢ : A — Z(U,V), V CV and U C U of the

same codimension, there are isomorphisms
AxSUX =2 A ASVX
QZE/{]F[A7 G) = MSpc(k). (A-H Q\KG)

ProOF. Given a V-spectrum G,
Q%F[A, G) = FSpectra(V) (M(A)(U>7 G)

= FSpectra(V)(El\jA-l-v G)
= Homgpery, (A+, QG).

The first statement follows from the uniqueness of adjoints. O

We also have the following associativity properties of the twisted half-smash prod-

uct.

ProposITION 10.12. 1. If A — Z(U,V), E is a U-spectrum, and X € Spc(k)e,
then

(AXx E)YAX=AX (ENX)
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naturally.

2. If A—=ZIU,V), B—Z(V,W), and E is a U-spectrum, then
(BxA)x E¥Bx(AXE)

naturally.

PROOF. It is easy to check that if £ is an object of S(V,U), then for any U-
spectrum E and based k-space X,

ENEYANX2ENEAX)2(EANX)ANE

naturally. The first part of the proposition follows immediately.

Given A, B as in part 2, we have
BxA—ZIU,V)xIV,W)—IU,W)
where the second map is the composition. We can define MB A MA € S(W,U) by
(MBAMA)U) = MBANMAU).
We claim that
M(B x A) =2 MBANMA

canonically in S(W,U). The second part of the proposition follows from this claim.

For fixed U € C(U) and V' € C(V), define the map

BV,W X flU,V — (Bx Ayw.
Namely,
(a, Za) x (b, Zy) = (b~ a, Zy + b(Z,)).
This is covered by a map of bundles, so we have
BUGW NARY — (B X A
Varying over W € C(W) and passing to the colimit, this gives a map of W-spectra

MB(V)AMAU)y — M(B x A)(U).



10. TWISTED HALF-SMASH PRODUCTS AND TWISTED FUNCTION SPECTRA 74

For V,V’ € C(V), the W-spectra maps commute with any 7" : V' — V' in C(V), so
varying over V' € C(V) gives a map

(MB A MA)(U) — M(B x A)(U).

By the usual small subspace and colimit argument, this is an ismorphism of W-
spectra. These isomorphisms also commute with the structure maps in S(W,U) for

any Z : U — U’ in C(U). O

We will also need the following lemma, which says that the twisted half-smash
product takes A'-weak equivalences of k-spaces in the first variable to A'-weak equiv-

alences of spectra.

LEMMA 10.13. If f : A — B is an A'-weak equivalence of k-spaces, and B —
Z(U,V), then for any U-spectrum E,

fXE:AxE— BxFE

is an Al-local weak equivalence of V-spectra.

PROOF. First, consider the case of a suspension spectrum E = XY X, where
X € Spe(k)s, U C U is cofinite. Let V' C V be cofinite, with codimension in V the

same as the codimension of U in #. Then by the untwisting lemma, f x E is just
SU(FAX):SM(ANX) — SE(BAX).

But f A X is an Al-local weak equivalence of spaces. Also, as shown in the proof of
Proposition 7.2, ¥4 takes Al-weak equivalences of k-spaces to Al-weak equivalences
of spectra.

For a general spectrum F, we have F = colimUGC(u)E%EU. The twisted half-
smash product commutes with directed colimits, so A x E 2 colimA x ¥ Ey. By
Proposition 5.12, A'-weak equivalences are preserved by directed colimits. So f x E

is an A'-weak equivalence of spectra. O
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11. The Category of L-spectra

Our next goal is to construct a category of spectra in which the smash product
is commutative and associative on the nose. This is the category of LL-spectra. Let

U be a fixed k-universe. Let £ denote the operad of extended injections, i. e.
L(n) =ZU™,U)

for each n. The structure maps are the obvious compositions. As shown in Section 5,
L is a spacewise contractible operad. For algebraic U-spectra Ey,... , E,, we think
of L(n) x (EyA---AE,) as the n-fold internal smash product in Spectra(U). Here,
A denotes the external smash product.

The original construction of L-spectra in [6] carries through formally in the alge-

braic category. Let I denote the monad in the category of U-spectra given by

(11.1) LE = £(1) x E.

DEFINITION 11.2. An L-spectrum is an algebra over the monad L. In other
words, it is an U-spectrum E, together with an action & : L(1) x E — E, which

satisfies the usual associativity and unit diagrams.

If X € Spc(k)., then the suspension spectrum Y¥ X is naturally an L-spectrum.

The structure map is
L(1) x XX > 5H(L(1);: A X)
¢

where the isomorphism is by Proposition 10.11, and the second map just collapses
L(1) to a point. In particular, the sphere spectrum is an L-spectrum.

The category of L-spectra is complete and cocomplete, with colimits and limits
constructed in Spectra(U). We define the smash product of L-spectra E A, E’ to be

the coequalizer of the two maps

(£(2) x £(1) x £(1)) x (ERE") £(2) x (EAE)

where the two maps are induced by the L-spectra structures on E, E’ and the operad

structure map of L.
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PROPOSITION 11.3. For U-spectra E, E’', there is a natural ismorphism

(11.4) ENE'~2E N E.

PROOF. The proof in [6] carries through: the symmetric group ¥, acts on £(2),

so if 7: U? — U? is the transposition, then there is an isomorphism
L2)S L2) x {r}.
This induces an isomorphism
L(2) x (EAE") 2 L(2) x T.(EAE") 2 L(2) x (E'AE).
Likewise, there is an isomorphism
(L£(2) x L(1) x L(1)) x (EAE") = (L(2) x L(1) x L(1)) x (E'AE)

which in addition switches the two copies of £(1). The two maps used to define
E Az E' commute with these isomorphisms, so there is an induced isomorphism on

the coequalizer. O

We have the following important lemma, the algebraic version of Lemma 1.5.4

in [6], which is due to Hopkins.
LEmMA 11.5. Fori,j > 1,

L(i+ ) = L(2) X cayxeq) (L£(7) x L(j)).

ProoF. The original proof of Hopkins in [6] carries through: the diagram

aqunxcmxcmxc@:j E@xﬁfxﬁ@
L(i+7)

is a split coequalizer in Spc(k). Namely, choose isomorphisms f : U* — U and

g : U’ — U. Then there is a splitting
a: L>i+]) — L(2) x L(3) x L()
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given by a — (a- (f1 @ g'), f,g). The other splitting
B L(2) x L(1) x L(j) — L(2) x L(1) x L(1) x L(i) x L())

is given by (bv c, d) = (b,C : f_1>d ' g_la f> g)

Hence, the diagram is a split coequalizer. O

This gives the associativity of the smash product of L-spectra.

PROPOSITION 11.6. For LL-spectra E, E' and E”, there is a natural isomorphism

(11.7) (ENc E'YNe E" =2 ENp (E' N E").

PROOF. Again, the proof in [6] carries through formally: for any L-spectrum E,

E= ,C(l) X£(1) E.

So
(E Az E"Y N E”
=~ L(2) Xy (£(2) Xcayseq) EAE)A(L(L) X ay E”)
> (L(2) Xzayxea) £(2) x L(1)) Xeayxeyxeq) (EAE'AE")
= L(3) %eyxeaxea) (EAEAE")
by Lemma 11.5. The same is true for £ A (E' Ag E"). O

For a fixed L-spectrum FE, the functor £ Ay — has a right adjoint, the function
spectrum F,(FE, —) in the category of L-spectra, whose construction is similar to the

topological case in [6].

The next goal is to construct a model structure on the category of L-spectra. We
begin by constructing the simplicial model structure on LL-spectra from the simplicial

model structure on the category of spectra, analogous to the approach in [6].

DEFINITION 11.8. Lef f : E — G be a map of LL-spectra.

1. f is a simplicial fibration of 1L-spectra if it is a simplicial fibration of spectra;
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2. f is a simplicial weak equivalence of L-spectra if it is a simplicial weak equiv-
alence of spectra;

3. f is a simplicial cofibration of LL-spectra if it satisifes the left lifting property

with respect to all simplicial acyclic fibrations of L-spectra.

We have the following theorem.

THEOREM 11.9. The classes of simplicial cofibrations, weak equivalences, and fi-

brations form a model structure on the category of L-spectra.

The proof of the theorem is by the small objects argument, which we defer to

Section 15.

This gives the simplicial model structure on IL-spectra. Denote the homotopy
category associated with this model structure by Hy(IL). Just as in the cases of k-
spaces and spectra, it is not the right homotopy category. Rather, we want to have
an Al-local model structure. By the associativity of the twisted half-smash product,
if £ is an L-spectrum, then so is £ A AL. Also, the map £ A A} — E, induced by
the projection AL — S°, is a map of L-spectra for an L-spectrum E. Therefore, we
can take the Al-localization of the simplicial model structure on L-spectra, similarly

as for spectra. Specifically, we have the following definitions.
DEFINITION 11.10. An L-spectrum G is said to be A'-local if for any spectrum
E, the map of morphism sets in H,(L) induced by ENAL — E
Hs(L)(LE,G) — Hs(L)(LE AAL,G)
1S a bijection.
DEFINITION 11.11. A map f : E — E' of L-spectra is an A'-equivalence if for
every A'-local L-spectrum G, the induced map H,(IL)(f, G) in the simplicial homo-

topy category is a bijection. An Al-cofibration of L-spectra is a simplicial cofibration

of L-spectra. Finally, a map of L-spectra is an A'-fibration if it has the right lifting
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property with respect to all cofibrations of L-spectra which are also A*-weak equiva-

lences.
We have the following theorem.

THEOREM 11.12. The classes of A'-fibrations, A'-weak equivalences, and cofibra-

tions of L-spectra define a model structure on the category of 1L-spectra.

PROOF. Similar to the proof of Theorem 5.5 for the case of U-spectra. O

Analogous to Proposition 5.11, small directed colimits of L-spectra preserve A'l-

weak equivalences.

PROPOSITION 11.13. Let Z be a small directed category.
1. Suppose E,E' : T — L-spectra are functors, and f : E — E’ is a natural
transformation such that f; : E; — E! is an A'-weak equivalence of L-spectra for

every i1 € Z. Then the map induced on the colimits
colim;er E; — colim;ez E.

is an Al-weak equivalence of LL-spectra.
2. Suppose E : T — ILL-spectra is a functor such that for every morphism i — j in
I, E; — E; is an A'-weak equivalence of L-spectra. Then for every i € Z, the map

FE; — colim;er B;

is an A'-weak equivalence of L-spectra.

PRroOOF. The proof is analogous to that of Proposition 5.11. For the first part,
note that colimits and homotopy colimits of L-spectra are created in the category of

spectra. Therefore, for any functor E : 7 — LL-spectra, the canonical map
hocolim;c7 F; — colim;ez F;

is a simplicial weak equivalence of spectra, and hence an A'-weak equivalence of
L-spectra (see [16], Lemma 2.1.14). Thus, it suffices to show that f induces an

A'-weak equivalence on the homotopy colimits. Let G be any A'-local L-spectrum.
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Then by a spectral sequence argument like that of Propositon 5.7, the morphism set
Hs(L) (hocolim;e7 E;, G) is determined (in the sense of Definition 5.6) by the mor-
phism sets Hs(E;, G), where i ranges over the objects of Z. But for every i € Z, f

induces an isomorphism
Hs(L)(E;, G) = Ho(L)(E], G).

Therefore, f induces an isomorphism of spectral sequences. So it induces an A'-weak

equivalence
hocolim;e7 E; — hocolim;ezr E.

For the second part, fix an object ¢ of Z. Then the claim follows from the first
part of the proposition by considering the functor £ and the constant functor £;. [

LEMMA 11.14. An L-spectrum G is Al-local if and only if for all L-spectra of the
form LYY X, where X is a finite colimit of based smooth schemes in Spc(k)s, the

map of morphism sets in the simplicial homotopy category
H (L)LY X, G) — H (L) (LIEX A AL G)
s a bijection.

PROOF. Similar to the proof of Lemma 5.13. For any spectrum FE, we have
E= colimvEc(u)Z‘“/Ev. The functor L : Hy — H,(LL) is a left adjoint, so it commutes
with colimits. By the previous proposition, Al-weak equivalences of L-spectra are
preserved by directed colimits, so G is Al-local if and only if for all X € Spc(k), and
cofinite V' C U, the map of morphism sets

H(L)(LEY X, G) — Hy(L)(LSYX A AL G)
is a bijection.
To show that, it suffices to check for all X € Spc(k)s which are finite colimits
of based smooth schemes. We use Lemma 17.3 in the Appendix, which states that
every X € Spe(k), is simplicially weakly equivalent to a homotopy colimit of finite

colimits of smooth schemes. The suspension spectrum functor and . commute with

homotopy colimits, so for every X € Spc(k),, there is some small category C and a
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functor S : C — Spc(k)e such that each S. is a finite colimit of based smooth schemes,

and LYY X is simplicially weakly equivalent to
hocolimceCILZ%Sc.

But by a spectral sequence argument like that of Proposition 5.7, the morphism
set Hy(IL)(hocolim,ez E;, G) is determined by Hs(L)(E;, G) for i € Z in the sense of
Definition 5.6. O

We say that a map of L-spectra is an elementary A'-weak equivalence, if it is of

the form
LYY X AAL - LY¥X

where X is a finite homotopy colimit of based smooth schemes in Spc(k)s, and V' C U
is cofinite. Similar to the case of spectra, every Al-weak equivalence of L-spectra can

be constructed from elementary A'-weak equivalences of L-spectra.

PROPOSITION 11.15. The class of A'-local equivalences of L-spectra is the small-
est class W1 (L) of maps of L-spectra containing all simplicial weak equivalences and
satifying the following conditions:

1. Wy (L) contains all elementary A-weak equivalences.

2. If two out of the three maps f, g, and g- f are in W1 (L), then so is the third.

3. Wi (L) is closed under pushouts by cofibrations. Its intersection with the class
of all cofibrations is closed under all pushouts.

4. Suppose T is a small directed category, E is a functor from I to the category
of L-spectra, and for all i — j in I, the map E; — Ej is in W1 (LL). Then for each
i € L, the induced map E; — colim ez E; is in Wi (L).

PROOF. Similar to that of Proposition 5.12 for spectra. For each L-spectrum FE,
we construct the Al-localization of E by the small objects argument, in the manner

of Bousfield [1]. O
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This gives the A'-local model structure on the category of L-spectra. This is
the model structure with which we want to work. Let H,:(IL) denote the homotopy
category of L-spectra associated with the A'-local model structure.

We also have the following result, which is the analogue of Proposition 5.14 for

[L-spectra.

PROPOSITION 11.16. A map of L-spectra f : E — E' is an A'-weak equivalence
if and only if for all X € Spc(k)e such that X is a finite colimit of based smooth
schemes and all cofinite V. C U, the induced map

Hur(L)(LEGX, E) — Hu (L)(LEFX, E)
s a bijection.

PROOF. For every L-spectrum E, consider its simplicial cofibrant model C(E),
which is isomorphic to E in the simplicial homotopy category, and thus in the A!-
local homotopy category as well. By the proof of Theorem 11.9, C'(E) is constructed
as a transfinite directed colimit of spectra E(7), where 7 are ordinal numbers. In
particular, £(0) = x = Lx. Given E(v), the next stage F(y + 1) is constructed by a

pushout diagram of the form

HILA; E(v)
H]EBZ- E (”yl—i- 1)

where A; — B; are simplicial cofibrations in the category of spectra. If v is a limit
ordinal, the E(7) is defined to be

E(~) = colim, ., E(n).
The functor I commutes with colimits, so by transfinite induction, the cofibrant

model C(E) is a free L-spectrum. Hence, f is an Al-weak equivalence if and only if

for all spectra GG, the induced map
Ho (L)(LG, E) — Hon (L)(LG, EY)

is a bijection.
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The proof that we can reduce to the case where GG is the suspension spectrum of
a finite colimit of based schemes is like that of Proposition 5.14: a spectral sequence

argument similar to Proposition 5.7. O

Let U denote the forgetful functor from the category of LL-spectra to the category
of spectra. We will show that the adjoint functors I and U pass to a pair of adjoint
equivalences between the A'-local homotopy categories of spectra and L-spectra.

We have the following lemma.

LEMMA 11.17. The functors U and IL pass to a pair of adjoint functors between

the A'-local stable homotopy categories
L IHAl — HAI (L)
U Hp (L) — Hu

Proor. The forgetful functor preserves simplicial fibrations and weak equiva-
lences by definition. Thus, it preserves simplicial acyclic fibrations. By the adjunc-
tion, the functor IL-preserves simplicial cofibrations. Therefore, by Lemma 4.15, the
forgetful functor and IL pass to a pair of adjoint functors between the simplicial stable
homotopy categories H, and H(LL).

Suppose G is an A'-local L-spectrum. Then for any spectrum E, the adjunction
in the simplicial homotopy categories gives

Hs(E,G) = Hy(L)(LE, G)
=H(L)(LEAAL,G)
=H(ENAL G).
So after forgetting, G is also A'-local in the category of spectra. Hence, if £ — E’ is
an A'-weak equivalence of spectra, then for any A'-local L-spectrum G,
H,(L)(LE', G) = H,(E', G)
=H(E,G)
— H,(L)(LE, G)
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by adjunction. Therefore, LE — LE’ is an A'-weak equivalence of L-spectra. Since
Al'-cofibrations of both spectra and L-spectra are just cofibrations in the respective
simplicial model structures, I also preserves cofibrations in the A'-local model struc-
tures. This shows that . and U form a Quillen adjoint pair with respect to the

A'-local model structures, so the statement follow from Lemma 4.15. O

THEOREM 11.18. The functors . and U pass to a pair of adjoing Quillen equiv-

alences between the A'-local stable categories Hai (L) and Har.

Proor. We first show that U creates A'-weak equivalences of L-spectra. Every
Al-weak equivalence of L-spectra can be constructed recursively from elementary A'-
weak equivalences of [L-spectra, via conditions 2,3, and 4 of Proposition 11.15. An
elementary A'-weak equivalence of L-spectra is an Al-weak equivalence of spectra.
Also, the forgetful functor from the category of L-spectra to the category of spectra
preserves colimits. Thus, every Al-weak equivalence of L-spectra is constructed in
the category of spectra from elementary A'-weak equivalences, i. e. it is an A'-weak
equivalence of spectra.

Conversely, suppose f : £ — E’ is a map of L-spectra, and U f is an A'-weak

equivalence of spectra. Then for every spectrum G, f induces a bijection
Hu (G, E) 2 Hp (G, E').
By adjunction, this gives
Hu (L)IL)(G, E) = Hu (L)(G, E).

So by Proposition 11.16, f is an Al-weak eqvivalence of L-spectra.
For any spectrum £, the unit of the adjunction £ — LLE is an A'-weak equivalence
of spectra since £(1) is Al-contractible. The theorem then follows from Lemma 4.16.

O
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12. Unital Properties of LL-spectra

For any LL-spectrum F, there is a natural map
(12.1) AN SN E— FE

just as for topological spectra [6]). To define A, note that S = £(0) x S° So if

E = ILE’ for some spectrum E’, we define \ by
S Az E=L(2) %y (L£0) x S°)A(L(1) x E)
>~ (L(2) xcaype £(0) x L(1)) x (S°AE')
— L(1)x E.

For a general L-spectrum F, we use the fact that the diagram

LLE LE E

is a coequalizer. So A\ : SA, E — E can be defined to be the map induced by the \’s
on LILE and on LE.

We have the following formal property of A from [6].

PROPOSITION 12.2 ([6], Proposition 1.8.3.). Let E and G be L-spectra. Under
the associativity isomorphism, the map
)\ZS/\L(E/\EG)%E/\EG
agrees with

)\/\gfdi(S/\LE)/\gGHE/\gG.

In general, A\ is not an isomorphism. However, we do have that it is an isomor-
phism in the A'-local homotopy category.
PrRoPOSITION 12.3. For an LL-spectrum E, the map
AN SN, E— E

is an A'-weak equivalence of L-spectra. Therefore, the functor S Ay — preserves

A'-weak equivalences.
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The proposition follows from the next lemma, whose proof we defer to Section

16.
LEMMA 12.4. The k-space £(2) X zayxc@)y £(0) x L(1) is A'-contractible.

PROOF OF PROPOSITION 12.3: First, assume that £ = ILE’ for some spectrum
E’. The map

(12.5) AN:SALE—E
is just
(L£(2) xgaye L£(0) x L(1)) x B — L(1) x E'.

So by Lemmas 12.4 and 10.13, it is an A'-weak equivalence of spectra. By the proof
of Theorem 11.18, the forgetful functor creates A'-weak equivalences of L-spectra, so
it has to be an A'-weak equivalence of L-spectra as well.

In the general case, let X € Spc(k)e be a finite colimit of based smooth schemes.

Consider the following diagram

2\*

Hu (L)(LSY X, S Ay E) Hpi (S Az LSYUX, S Ap E)

| I

Hp (L) (LY X, E) Hu (S AL LSUX, E).

)\*
By the previous paragraph, the two horizontal maps are bijections. As we will see in
the next section, A : S Az S — S is an isomorphism. Hence, the right hand side is a
bijection, whose inverse sends a map f: S Ay LYY X — F to

SALLYUX Mg A S AL LEUX MY S AL B

Hence, the left hand side map is a bijection. So by Proposition 11.16, A : SA, F — E

is an A'-weak equivalence of L-spectra for arbitrary L-spectra E. O

Thus, L-spectra are unital in Hs1(L). This leads to the following result.

LEMMA 12.6. For any L-spectrum E, the map E — F(S, E) adjoint to X is an

Al-weak equivalence of L-spectra.
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PROOF. By Proposition 12.3, the functor S A; — preserves Al-weak equivalences
of L-spectra. It also preserves cofibrations of L-spectra, which are just simplicial
cofibrations. Hence, the functors S A; — and F(S, —) pass to a pair of adjoints in
the A'-local stable homotopy category Hi(IL). For any X € Spc(k)e which is a finite
colimit of smooth schemes, and V' C U cofinite, we have

Hu (LY(LEY X, E) S Hu (L)(S Ap LYY X, E)
>~ Hu (L)(LEY X, F2(S, E)).
The conclusion follows by Proposition 11.16. O

13. The Category of S-modules

Our category of LL-spectra has a smash product that is strictly associative and
commutative. However, it is not strictly unital in the sense that there is not an
isomorphism

E=SA FE
for any L-spectrum FE, where S denotes the sphere spectrum. Rather, there is a
natural map of L-spectra going the other way:

AN SN, E— FE

for any IL-spectrum FE.
This suggests the following definition of S-modules, analogous to that of [6], on

which the smash product is strictly unital as well.

DEFINITION 13.1. An S-module E is an L-spectrum such that the map X : S A
E — FE is an isomorphism. The category of S-modules is the full subcategory of

LL-spectra whose objects are the S-modules.
First, the sphere spectrum S itself is an S-module.

PROPOSITION 13.2. For any X € Spc(k)., the map X : S Ap SYX — YU X is an

isomorphism. In particular, X : S Ap S — S is an isomorphism.
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We have the next technical lemma.
LEMMA 13.3. The coequalizer L£(2) X £(1yxcy £(0) x L£(0) is Spec(k).

We will defer the proof of Lemma 13.3 to Section 16. Given the lemma, Proposi-
tion 13.2 follows.

PROOF OF PROPOSITION 13.2. For a based k-space X € Spc(k),, the suspen-
sion spectrum is Y¥X = £(0) x X. For the based k-space S°, let n: S°A X — X be

the obvious unit ismorphism. Then \ on ¥ X is just
v (L£(2) Xgay £(0) x £(0)) x (SYAX) — L(0) x X.

So by Lemma 13.3, A is an isomorphism. In particular, this holds for the sphere
spectrum S = Y¢S0,
O

By the above proposition and Proposition 12.2, the functor S A, — takes an L-
spectrum to an S-module. This functor has both a right and a left adjoint. The right
adjoint is the function spectrum functor F (S, —). The left adjoint, as in [6], is just
the forgetful functor from the category of S-modules to the category of L-spectra.
In particular, the category of S-modules is complete and cocomplete. The colimits
are just colimits of L-spectra, and the limits are given by first taking limits in the
category of L-spectra, then applying the functor S A, —. For S-modules E and GG, we

define smash products and function spectra in the category of S-modules as follows,

as in [6]:
(13.4) ENnsG=EN G
(13.5) Fs(E,G) =S N Fr(E,G).

We would like to construct a compatible model structure on the category of S-
modules. Again, we start by constructing the simplicial model structure on the
category of S-modules. We want the simplicial fibrations and weak equivalences to

be inherited from the category of L-spectra. The right adjoint of S Ay — is F,(S, —)
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instead of the forgetful functor. Therefore, instead of using the forgetful functor to
define simplicial fibrations and weak equivalences from simplicial fibrations and weak

equivalences of L-spectra, we should use F (S, —). We make the following definition.

DEFINITION 13.6. Let f : E — G be a map of S-modules.

1. f is a simplicial fibration of S-modules if F(S, f) is a simplicial fibration of
LL-spectra.

2. fis a simplicial weak equivalence of S-modules if Fr(S, f) is a simplicial weak
equivalence of LL-spectra.

3. f is a simplicial cofibration of S-modules if it satisifies the left lifting property

with respect to all simplicial acyclic fibrations of S-modules.

THEOREM 13.7. The classes of simplicial fibrations, weak equivalences and cofi-

brations define a model structure on the category of S-modules.

The proof of the theorem is similar to that for LL-spectra. Again, we defer it to

Section 15.

Let H,(S) denote the homotopy category associated with the simplicial model
structure on the category of S-modules. Again, this is not the correct homotopy

category, and we need to apply Al-localization, as in Definition 5.3.
DEFINITION 13.8. An S-module G is A'-local if
Hy(S e LE,G) — Ho(S)((S Ae LE) A AL, G)

is a bigection for all spectra E.
This allows us to define the Al-local model structure on S-modules.

DEFINITION 13.9. A map f: E — E’ of S-modules is an A*-weak equivalence if

for every Al-local S-module G, the induced map

H(S)(E', G) = H(S)(E, G)
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is a bijection. It is an A'-cofibration of S-modules if it is a simplicial cofibration of
S-modules. It is an A'-fibration of S-modules if it has the right lifting property with

respect to all acyclic A*-cofibrations of S-modules.
We have the following model structure theorem for S-modules.

THEOREM 13.10. The classes of Al-weak equivalences, A'-fibrations and cofibra-

tions of S-modules define a model structure on the category of S-modules.

PROOF. Similar to Theorems 5.5 and 11.12 in the cases of spectra and LL-spectra.
U

This gives the A'-local model structure on S-modules, which is the right structure
with which to work. Let H,1(.S) denote the homotopy category associated with the
Al-local model structure on S-modules.

Consider the adjoint functors S Az — and F(S, —). We will show that they pass

to equivalences of categories between H a1 (L) and Hyi(S). First, note the following.
LEMMA 13.11. The functors S Az — and Fp(S,—) are a Quillen adjoint pair.

PROOF. By definition, F(S, —) takes simplicial weak equivalences and fibrations
of S-modules to simplicial weak equivalences and fibrations of L-spectra. The ad-
junction and the fact that F(S, —) preserves simplicial acyclic fibrations imply that
S Nr — preserves simplicial cofibrations. Therefore, by Lemma 4.15, S Ay — and
Fr(S,—) pass to a pair of adjoint functors between the simplicial stable homotopy
categories H, and H,(L).

If G is an an A'-local S-module, then for any spectrum E, the adjunction in the

simplicial homotopy categories gives

HS(L)(LE7 FE(S> G))

H,(S)(S Az LE,G)
Hs(S)(S A LEAALG)
H(L)(LE AAL, F£(S, Q).
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So F(S, —) takes G to an A'-local L-spectrum. Hence, given an A'-weak equivalence
of L-spectra f : E — E’, and an A'-local S-module G, we have
Ho(S)(S AL B, G) = H(L)(E', F(S, G))
= H(L)(E, Fc(5,G))
=Hs(S)(S N E,G).
Thus, S Az — takes an A'-weak equivalence of L-spectra to an Al-weak equivalence of
S-modules. Also, since A!-cofibrations of S-modules and LL-spectra are just simplicial

cofibrations, S Ay — preserves cofibrations as well. O

Similar to the cases for spectra and IL-spectra in Propositions 5.11 and 11.13, we

have the following result for S-modules.

PROPOSITION 13.12. Let Z be a small directed category.
1. Suppose E,E' : T — S-modules are functors, and f : E — E' is a natural
transformation such that for everyi € I, f; : E; — E! is an A'-weak equivalence of

S-modules. Then the map induced by f on the colimits
colim;er E; — colim;er B

is an Al-weak equivalence of S-modules.
2. Suppose B : T — S — modules is a functor, such that for every morphism

i — j, E; — E; is an A'-weak equivalence. Then for every i € I, the map
E; — colim;er B,
is an Al-weak equivalence of S-modules.
PRrROOF. Note that by a spectral sequence argument similar to that of Proposi-
tion 5.7, small homotopy colimits of S-modules preserve Al-weak equivalences. Thus,

for the first part, it suffices to show that for any F : Z — S-modules, the canonical

map
(13.13) hocolim;c7 F; — colim,;c7 E;

is an A'-weak equivalences of S-modules. Homotopy colimits and colimits of S-

modules are created in the category of IL-spectra, so by Proposition 11.13, it is an
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Al-weak equivalence of L-spectra. By Lemma 13.11, SA, takes this to an Al-weak
equivalence of S-modules. But hocolim;c7F; and colim;c7E; are S-modules, so the
map 13.13 itself is an Al-weak equivalence of S-modules.

For part two, fix ¢ € Z. Then the claim follows by applying part one of the

proposition to the constant functor F; and FE. O

Say that a map of S-modules is an elementary Al-weak equivalence if it is of the

form
SAcLEYX ANAL — S A LYEX.

Note that the collection of isomorphism classes of elementary A'-weak equivalences of
S-modules form a set. We have the following characterization of A'-weak equivalences
of S-modules as maps built up from elementary A'-weak equivalences of S-modules

, analogous to Propostions 5.12 and 11.15.

PROPOSITION 13.14. The class of A*-weak equivalences of S-modules is the small-
est class W1 (S) of maps of S-modules containing all simplicial weak equivalences and
satisfying the following conditions:

1. W1 (S) contains all the elmentary A'-weak equivalences of S-modules.

2. If f and g are composable maps, and two out of the three maps f,g and g - f
are in W1 (S), then so is the third.

3. Wyui(S) is closed under pushouts by cofibrations. Its intersection with the class
of cofibrations is closed under all pushouts.

4. Wy (S) is closed under small directed colimits.

PROOF. This is similar to the proofs in the cases of spectra and L-spectra (see

Proposition 5.12). O

We now return to the Quillen adjoints S Ay, — and F;— between the categories

of L-spectra and S-modules.

THEOREM 13.15. The functors S Np — and Fp(S,—) pass to a pair of adjoint
Quillen equivalences between Ha1(S) and Ha:(IL).



13. THE CATEGORY OF S-MODULES 93

PROOF. First, we show that F(S, —) creates Al-weak equivalences in the cate-
gory of S-modules. Just as in the cases of spectra and L-spectra, an S-module G is

A'-local if and only if
H(S)(S A LEEX, G) — Hs(S)(S AL LIEX A AL G)

is a bijection for every X € Spc(k)e which is a finite colimit of based smooth schemes,
and every cofinite V' C U. By Proposition 13.14, A'-weak equivalences of S-modules
are constructed recursively from elementary A'-weak equivalences. The map of L-
spectra LYY X A AL — LYY X is an A'-weak equivalence of L-spectra. By Propo-
sition 12.3, the functor S Ay — preserves Al-weak equivalences of L-spectra. Thus,
an elementary Al-weak equivalence of S-modules is an Al-weak equivalence of L-
spectra. Since the forgetful functor from S-modules to LL-spectra is a left adjoint,
it preserves colimits, and each A'-weak equivalence of S-modules is constructed in
the category L-spectra from elementary Al-weak equivalences. Thus, the forgetful
functor takes an A'-weak equivalence of S-modules to an A'-weak equivalence of
L-spectra. By Lemma 12.6, E is Al-weak equivalent to F(S, E) for any L-spectrum
E. So F(S,—) also takes an A'-weak equivalence of S-modules to an A'-weak
equivalence of IL-spectra.

Conversely, suppose f : £ — E’ is a map of S-modules, and F(S, f) is an A'-
weak equivalence of L-spectra. Then f itself is an Al-weak equivalence of L-spectra.
Applying S A; — shows that f is an Al-weak equivalence of S-modules.

Now consider the unit of the adjunction £ — F(S,5 Az E), where E is any
LL-spectrum. For each L-spectrum F, we have shown that its simplicial cofibrant
model C(FE) is a free L-spectrum. Since a simplicial weak equivalence is an A'-weak
equivalence, we can assume that £ = LE’ for some spectrum E’. In this case, we

have

E FL(S,S/\E E)

N

SAc E
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where \ is an Al-weak equivalence of L-spectra. The map at the right side is an
Al-weak equivalence of LL-spectra for all L-spectra, so the unit of the adjunction
is an Al-weak equivalence in the category of L-spectra. The theorem follows from
Lemma 4.16.

]

Thus, for the purposes of doing homotopy theory, we can use the stable homo-
topy categories of spectra, LL-spectra, or S-modules interchangeably. The category
of S-modules is a symmetric monoidal category (not just up to homotopy). The

constructions in the category of topological S-modules of [6] carry through.

14. S-algebras and their Modules

From the symmtric monoidal structure on the category of S-modules, we can

make sense of monoids in this category. This section follows closely the ideas of [6].

DEFINITION 14.1. An S-algebra E is a monoid in the category of S-modules, i. e.

there is a multiplication map
w:ENsg BB — E

which satisfies the usual associativity, and unit diagrams.

In particular, the sphere spectrum S is an S-algebra, and the category of modules
over the S-algebra S is the old category of S-modules.
Let E be a given S-algebra. Then we also have the notion of modules over E. A

left £ module M is an S-module with a multiplication map
EANs M — FE

satisfying the usual associativity and unit diagrams. The notion of a right EF-module
is defined similarly. Given a left E-module M and a right £-module N, the smash

product over F is given by the coequalizer diagram in the category of S-modules:

M/\sE/\SN:M/\sNH'M/\EN
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where the two maps are the module structure maps of M and N, respectively. M AgN

is a priori an S-module. There is a canonical isomorphism
EANg N =N

for any left F-module N, coming from the definition. A similar statement holds for
right F-modules.
Given a spectrum X, a natural construction is that of the free (left) E-module

FrX generated by X. If £ =5, then
FsX =SA,LX.
For a general E, we have
FpX = ENg (SN LX).

This is the left adjoint to the functor from (left) F-modules to spectra which takes
an F-module M to the spectrum F(S, M). In particular, the sphere spectrum in

the category of EF-modules is

There is an A'-local closed model structure on the category of E-modules, induced
from the close model structure on S-modules, as in [6]. Let Hui(E) denote the
homotopy category associated with this structure.

In the category of E-modules, we have the analogues of the algebraic constructions
of taking quotients and localizations by elements of the coefficient ring of F, similarly
as in the topological case [6]. We first consider the case of quotients. Let M be a
(left) E-module. Let E, denote the coeffiencient ring 7, F of F, and let x € E,. Then

x can be realized as a map in the category of E-modules
sz g,
We have a map of F-modules

M S EAg MM
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which represents multiplication by z on the E,-module M,. We define the FE-
module M/x to be the cofiber of this map, in the category of E-modules. Thus,
given a countable sequence of elements (z1,xs,...), we can define the E-module
M/(x1,22,...) inductively. For any finite n, we define M/(xq,...,x,) to be the

quotient of M/(z1,... ,x,_1) by x,. For the infinite case, we define
M/(zxq,...) =hocolim,M/(x1,... ,x,).

Note that this construction does not require the sequnce (x,xs,...) to be regular.
Likewise, we can define the localization of M at x € E,. Consider the sequence

of elements 2" € E,. Each x™ can be realized as a map of F-modules

where the second map is an Al-weak equivalence of F-modules. Smashing with M

and X" over E gives
S Ap M S Ap M

representing multiplication by z™ on M,. Let jo = 0 and j, = j,—1 + |z|*. Then

smashing over F with ng”’l gives maps of EF-modules
SV Ag M — S Ap M.

We define the E-module M[z~!] to be the homotopy colimit of this sequence of maps.
Similarly, for a countable sequence of elements X = {1, xs,...} C E,, we can define

the E-module M[X 1],

Example: Algebraic Morava K-theories.

Consider the algebraic cobordism spectrum MGL. We have the following the-
orem using the methods of [12, 15]. Namely, one defines an explicit £(1)-action
on the Thom prespectrum 2.7 which defines MGL. The V-th space of this Thom
prespectrum is a wedge of spaces of the form BGLygz(|Z])"7!. For an extended
injection (i, F) : U — U, (i, F') acts on U U by acting on each copy of U, so it gives
amap U ® Z — U @ i(Z). This induces an action on the Thom prespectrum, since

we have that i(Z) + F(V) =U for all Z,V such that Z+V =U.
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THEOREM 14.2. MGL has a natural structure as an E., ring spectrum, i. e. a
monoid in the category of L-spectra. Thus, applying S Nz — gives a model for MGL

which has a natrual structure as an S-algebra.

There is a theory of algebraic orientations, similar to the case of complex and Real
orientations in the topological case [7, 8]. In particular, recall that the coefficient
ring MU, of the complex cobordism spectrum MU is the Lazard ring, i. e. the
universal ring for formal group laws. Also, recall that in the algebraic category, there
are two different versions of the circle: the simplicial circle S} and the twisted circle
S}. Hence, MGL, as a generalize algebraic cohomology theory, is really bigraded.
We denote the grading of the coefficient ring of M GL by

MGLyy =Hu (S' A S MGL)

in the category of the A'-local homotopy category of spectra [20]. There is a map of

rings
MU, — MGL,

coming from the formal group law on MGL, . that corresponds to the orientation
on MGL. In particular, this map takes MUy, to MGLoy . (MGL,, is a graded-
commutative ring with respect to the grading by the first index k).

Let MU,y and MGL,) denote the localization of MU and MGL at a prime p. In
the case of MGL, localization is defined in the manner analogous to the topological
case. Namely, for each integer n relatively prime to p, we have a map of MGL-

modules
MGL 2 MGL

and MGL,) is defined as the homotopy colimit of this sequence of maps. By [6],
the Morava K-theory spectrum K (n) in the topological case can be constructed as a
MU-module by localizing MU at p in the category of M U-modules, then taking the
quotient with respect to all polynomial generators of (MU, )., except one generator

in dimension 2(p™ — 1), then localizing with respect to the remaining generator v,,.
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In the algebraic category, we take quotients with respect to the images of the
sequence of generators of (MU,)). in (MGL)).. (although these images do not
form a regular sequence in MGL, ). After localizing with respect to the image of v,,
we obtain the algebraic Morava K-theory spectra K(n)9 as MG L-modules. Other
spectra derived from MGL such as the algebraic versions of E(n), and connected

algebraic Morava K-theories k(n)%9 are defined in similar ways.

15. Proofs of the Model Structure Theorems

In this section, we prove the model structure theorems for spectra, L-spectra, and
S-modules. Our first goal is Proposition 4.6, which gives the alternative definition of
the stable simplicial closed model structure on the category of algebraic prespectra.
Recall Definition 4.5 of the class W of maps of prespectra, generated by all eventual
spacewise equivalences of prespectra. We would like to show that the class W is the
same as the class of weak equivalences in the stable simplicial model structure on
Prespectra(k).

Let L : Prespectra(k) — Spectra(k) denote the spectrification functor. We have

the following lemmas.

LEMMA 15.1. If D is a prespectrum, then the unit of the adjunction p: D — LD
s in W.

PROOF. On each space D,, of D, i is

2 Dy — ColikaanJrk.

For each N > 0, define the prespectrum LyD, with (LyD), = D,, for n > N, and
(LyD),, = Q¥"Dy for n < N. There is an obvious map u° : D — LoD, and
uN : Ly_1D — LyD for every N > 0. LyD is a “partial spectrification” of D, in
the sense that LD = colimyLyD, and p : D — LD is the colimit of all u, N > 0.

Clearly, each ;i is an eventual simplicial spacewise equivalence, so y is contained in

W. O
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Recall there is a levelwise simplicial model structure on prespectra, where the
fibrations and weak equivalences are just given spacewise. Each prespectrum is lev-
elwise simplicially weak equivalent to a levelwise simplicially fibrant prespectrum,
which can be made functorial. We recall a description of this fibrant replacement
functor. By the simplicial model structure on Spc(k)s, for every based k-space X,

the canonical map X — % can be factored to

XLFX 2«
where i is a simplicial acyclic cofibration, p is a simplicial fibration. F' is given in [9]
by the standard small object argument, which is a natural construction. Therefore,
F : Spc(k)e — Spc(k)e is a functor, and comes with a natural transformation Id — F,
such that for every object X € Spc(k),, FX is simplicially fibrant, and the map
X — FX is a simplicial acyclic cofibration. Observe that by the construction of F,

if a based k-space X is already simplicially fibrant, then there is a natural retraction
FX —-X

which is a simplicial weak equivalence.
For any X € Spc(k)s, consider the simplicial acyclic cofibration iy : X — FX.
We have

FQix : FQX — FQFX.

However, the loop of a simplicially fibrant space is again simplicially fibrant, so

FQFX — QFX naturally, and we have a natural map
0: FQX — QFX

for every X.
For a prespectrum D = {D, }, define FD = {FD,}. FD is then a prespectrum,

whose structure maps are
FDi ™ FOD, . % QFD;. ;.
This gives the fibrant replacement functor

F : Prespectra(k) — Prespectra(k)
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in the levelwise simplicial model structure on Prespectra(k). Applying the spectrifi-

ciation functor L gives the spectrum LF D, whose i-th space is

(LFD); = colimQ*F D, ..

LEMMA 15.2. A map f: D — E of prespectra is in the class W if and only if the

induced map
LFf:LFD — LFE

18 a spacewise simplicial weak equivalence.

PRrOOF. First, suppose that LE'f is a spacewise simplicial weak equivalence. Then
it is certainly contained in W. We show that D maps to LFD by a map in W. The
canonical map D — F'D is a spacewise simplicial weak equivalence by the definition
of F', and the map F'D — LFD isin W by Lemma 15.1. Therefore, we have a map of
prespectra D — LF'D which is in W. Likewise, there is a map £ — LF'E contained
in W. Thus, by the communtative diagram

f

D E
| ey
LFD —= LFE

f:D — FE is contained in W.

Conversely, suppose that f is a map in W. Since L and F' preserve all diagrams,
it suffices to assume that f is in fact an eventual spacewise simplicial equivalence
of prespectra. So there is some N such that f, : D, — E, is a simplicial weak
equivalence of k-spaces for all n > N. Thus, F'f,, is also a simplicial weak equivalence

of k-spaces. Now for every m, we have
LFf,, : colikakFDm+k — colikakFEm+k.

For k> N —m, FD,,.+ — FFE,, . is a simplicial weak equivalence of k-spaces, and

looping preserves weak equivalences between simplicially fibrant k-spaces by Lemma
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2.1.13 of [16]. Therefore, LF'f,, is a simplicial weak equivalence of k-spaces for all
m. ]

It is shown in Bousfield and Friedlander [2] that a map f of prespectra is a
stable simplicial weak equivalence if and only if LE'f is a spacewise simplicial weak
equivalence. Proposition 4.6 follows. This gives the simplicial closed model structure
on Prespectra(k).

Let a be a cardinal number greater than the cardinality of the power set of the

morphism set of the site Sm/k. Recall the following definition of Jardine [10].

DEFINITION 15.3 (Jardine). Let T be a small Grothendieck site, and let X be a
simplicial sheaf over T. X is said to be a-bounded if for every U € Sm/k, the section

X(U) has cardinality less than o at every simplicial stage.

We define a prespectrum E to be a-bounded if each FE, is an a-bounded k-space.
We record the following lemma, which was used in the proof of the stable simplicial

model structure on Prespectra(k), and is analogous to [10].

LEMMA 15.4. A map p : E — G of prespectra has the right lifting property with
respect to all simplicial acyclic cofibrations of prespectra if it has the right lifting prop-
erty with respect to all i : A — B which are elementary simpicial acyclic cofibrations,
such that B (and hence A) is a-bounded.

Now we consider the model structure on Spectra(k), namely Theorem 4.8.

PROOF OF THEOREM 4.8: The axioms CM1, CM2, and CM3 are clear. By
Lemma 15.1, the functor L preserves simplicial acyclic cofibrations of T-prespectra.
Hence, the class of simplicial fibrations of spectra is exactly the class of spectra maps
which have the right lifting property with respect to all simplicial acyclic cofibra-
tions of spectra, and CM4 follows from CM5 formally, by an argument due to Joyal
(see [10]).

To show the factorization of any f : E — G as a simplicial acyclic cofibration ¢

followed by a simplicial fibration p, we use the small objecst argument. Let § be a
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cardinal number greater than 2%. We construct a sequence of spectra E(7) and maps
E(y) — G for v < 3. Let E(0) = E. Suppose we have E(y). Then construct the
prespectrum E’(y + 1) as follows. Consider all diagrams of the form

Ar—E(v)

ill lf('v)

B ——@G
where i; is chosen from a list of representatives of isomorphism classes of elemen-
tary simplicial acyclic cofibrations of prespectra, with B; a-bounded. Define the

prespectrum E(v + 1) to be the pushout
[TAr E(v)

o

[[Br—E'(v+1).
Let f(y+1) : E(y+1) — G be the naturally induced map. The map E(vy) — E(y+1)

is a simplicial acyclic cofibration. Define the spectrum E(y + 1) to be LE'(y + 1).

For limit ordinal &, set

E(€) = colim,¢E(§).

Each E(v) — E’(v) is a simpicial acyclic cofibration of prespectra. But L preserves

simplicial acyclic cofibrations, so
E(y) = LE(y) — LE'(v+1) = E(y+ 1)

is a simplicial acyclic cofibration. Now let E(3) = colim,gE(7), with maps i : £ —
E(B), p: E(8) — G. Then i is a simplicial acyclic cofibration, and p has the right
lifting property with respect to all simplicial acyclic cofibration of prespectra. So it
is a simplicial fibration.

For the other factorization, we use a similar argument to factor f as ¢q - j, where
j is a simplicial cofibration of spectra, and ¢ has the right lifting property with
respect to all simplicial cofibrations of spectra. Then by the fact that L preserves
simplicial cofibrations, the usual adjunction argument gives that ¢ is a simplicial

acyclic fibration of prespectra, and hence of spectra. O
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The analogous result for U-spectra is Theorem 4.14. To prove it, we need the fol-

lowing lemma. Consider the spectrification functor L : Prespectra(U) — Spectra(U).

LEMMA 15.5. For E any U-prespectrum, the unit of the spectrification functor

E — LE is a stable simplicial weak equivalence of U-spectra.

PROOF. On each cofinite V' C U, the unit map is
EV — (LE)V = colim (W,2)evicu Q EW

For fixed cofinite U C U, consider the map of homotopy groups
colimey;ryevicw)Hs(Spe(k)e)(T/(T'\ {0}), Ev)

— colimqrcvien Hs(Spe(k)a) (T/ (T {0}), (LE)y).
Since for each T', T/(T \ {0}) is small in Spc(k),), the right hand side is
colimy ryev e Hs (Spe(k)e) (T/(T'\ {0}), colimw, z)ev cw)Q? Ew)
> colimyryeu jcw,w.z)evicw) Hs(Spe(k)e)(T/(T \ {0}), Q7 Ew)
= colimy,ryevicw),w,z)evica Hs(Spe(k)e) (T + Z2) /(T + Z) \ {0})
which is the same as the left hand side of (15.6). O

(15.6)

PROOF OF THEOREM 4.14. Analogous to that of Theorem 4.8. O

Using Lemma 15.5 and arguments similar to that for coordinatized spectra, we
see that the stable simplicial homotopy categories of Prespectra(U) and Spectra(U

are equivalent.

We now turn to the case of LL-spectra and prove Theorem 11.9, which gives the
simplicial model structure on L-spectra, with weak equivalences and fibrations cre-
ated in the category of spectra. To prove the theorem, we need to show that simplicial
acyclic cofibrations satisfy the left lifting property with respect to all simplicial fibra-
tions, and any map f of L-spectra can be factored as f = p-i, where p is a simplicial
fibration, 7 is a simplicial cofibration, and either p or ¢ can be made to be a simplicial

weak equivalence.
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First, note that the class of simplicial cofibrations is closed under pushouts and

directed colimits. We will use the following lemma.

LEMMA 15.7. Ifj : A — B is a simplicial cofibration of spectra, then any pushout
of Lj : LA — LB is a simplicial cofibration of L-spectra. If j : A — B s a simplicial
acyclic cofibration of spectra, then any pushout of Lj is a simplicial acyclic cofibration

of IL-spectra.

PRroOOF. For the first part, suppose we have a diagram

LA X
| |
LB y

where X — Y is a simplicial acyclic fibration of IL-spectra. Then by adjunction, this

diagram is equivalent to

-

in the category of spectra. Here, a lifting B — X exists, so by the adjunction, a
lifting LB — X exists in the original diagram.

For the simplicial acyclic cofibration statement, note that since colimits of L-
spectra are just colimits of the underlying spectra, a pushout diagram in the category
of L-spectra is a pushout diagram of spectra. Thus, it suffices to show that Lj is a

simplicial acyclic cofibration of spectra. We have
LA = COliIIlc(z,{) (ME(l)(U) AN AU)

If 7 : A — B is a spacewise inclusion, then ILj is a spacewise inclusion, since spectri-
fication preserves spacewise inclusions. To show that it is a simplicial weak equiva-
lence, by Lemma 15.4 it suffices to show that for an eventual spacewise equivalence

-/

j'+ A" — B’ of prespectra, the map

colimey (ML(1)(U) A Afy) — colimey (ML(1)(U) A Byy)
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is a simplicial weak equivalence of spectra. But there is some Uy € C(U) such that
for all U € C(U), U C Uy, A}, — By, is a simplicial acyclic cofibration of k-spaces.

Hence, we have a simplicial weak equivalence of spectra. O

We show the factorizations by the usual small object argument. First, let o be a
cardinal number greater than the cardinality of the power set of the morphism set of
Sm/k. Recall that a prespectrum F is a-bounded if each k-space Ey is a-bounded
(see Definition 15.3).

PROPOSITION 15.8. Any map f : E — G of L-spectra can be factored as f =p-i

where p is a simplicial acyclic fibration and i is a simplicial cofibration.

PROOF. Let 3 be a cardinal number greater than 2%. Let F be the class of maps
of the form LA — LB, where B is a-bounded, and A — B is a simplicial cofibration

of spectra. As usual, we construct the following diagram:

E—% E(1) -2~ E(©2)

(
f=fol fll liz
G—G——=G——=
E

f2

For an ordinal number v < (3, assume we have E(y) — G. Then E(v + 1) is given

by the following pushout diagram

[TLA; E(y)
| |
[1LB; E(y+1)
where the indexing set I ranges over all isomorphism classes of commutative diagrams
of the form
LA; E(v)
| /|
LBy G

with LA; — LBy in F. Also, if £ < [ is a limit ordinal, we define

E(§) = colim, ¢ E(7).
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Define £’ = colim,<gE(y). Then we have i : £ — E' and p : £/ — G with

f =p-i. Foreach v < 3, the map FE(y) — E(v+ 1) is the pushout of a simplicial
cofibration, and i is the directed colimit of these maps. Hence, ¢ is a simplicial

cofibration of L-spectra. Also, given any diagram

A E
| |
B G

of spectra, where j is a simplicial cofibration of spectra and B is a-bounded, there
is a lifting B — E’ adjoint to the lifting in LL-spectra that comes by construction.
Thus, by the Lemma 15.4, £’ — G is a simplicial acyclic fibration of spectra, and so

of L-spectra as well. O

There is also the other factorization.

ProproOSITION 15.9. Any map f: E — G of L-spectra can be factored as f = p-i,

where i 1s a simplicial acyclic cofibration and p is a simplicial fibration.

PRrROOF. We use lemma 15.7. Let F be the class of all acyclic cofibrations of the
form LA — LB, where A — B is an acyclic cofibration of spectra. As before, we can
construct F(7) for all ordinals v < . By Lemma 15.7, each map E(vy) — E(y+ 1)
is a simplicial acylic cofibration of L-spectra. Define £’ = colim,<gE(y). Then
i : E — FE’is a simplicial acyclic cofibration since simplicial weak equivalences of
spectra are preserved by directed colimits. Also, in the category of spectra, p : £/ —
G satisifes the right lifting property with respect to all simplicial acyclic cofibrations
A — B where B is a-bounded. However, by Lemma 15.4 a map of spectra has the
right lifting property with respect to all simplicial acyclic cofibrations if and only if it
has the right lifting property with respect to all simplicial acyclic cofibrations whose
target is a-bounded. Hence, it is a simplicial fibration of spectra and therefore of

LL-spectra as well. O

Finally, the left lifting property of acyclic cofibrations with respect to all fibrations
follows formally, by the formal argument of Joyal (see [10]).
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Finally, we have Theorem 13.7, which gives the simplicial model structure on
the category of S-modules, with the weak equivalences and fibrations created in the
category of L-spectra via the functor F(.S, —). To prove Theorem 13.7, we need that
every map f : £ — G of S-modules can be factored into a simplicial cofibration and

a simplicial acyclic fibration. We let F be the class of maps of the form
S Az (LA) — S Az (LB)

where A — B is a simplicial cofibration of spectra, and B is a-bounded. Each map
in F is in particular a simplicial cofibration of S-modules. By definition, simplicial
cofibrations of S-modules are preserved under pushouts and directed colimits. By the
usual small object argument, we can factor f as p-i, where i : E — E’ is a directed
colimit of pushouts of maps in F, so 7 is a simplicial cofibration of S-modules. Also,
p satisfies the right lifting property with respect to every map in F. Given any
simplicial cofibration of spectra j : A — B, where B is a-bounded, the commutative

square of spectra

A Fr(S, E)
ij J/Fﬁ(S,p)
B Fr(S,G)
is equivalent to the diagram of S-modules
S Ac LA E'
S/\CJLjJ/ lp
SA: LB G.

Hence, it has a lifting, so F(.S,p) is a simplicial acyclic cofibration of spectra, and
therefore of S-modules as well.

For the other factorization, we let F be the class of maps of the form
SN LA— SA;LB

where A — B is a simplicial acyclic cofibration of spectra, and A is a-bounded.
Again, we use the small object argument to factor f as p-i. To show that i is a

simplicial acyclic cofibration of S-modules, we need the following.



16. TECHNICAL RESULTS ON THE EXTENDED INJECTIONS OPERAD 108

LEMMA 15.10. If 7 : A — B s a simplicial acyclic cofibration of spectra, then

any pushout of S Az Lj is a simplicial acyclic cofibration of S-modules.

PROOF. Suppose we have a pushout diagram

SNz LA E
\LS/\CLJ J{f
SN LB G

in the category of S-modules. By adjunction, f is a simplicial cofibration of S-
modules. To show that it is a weak equivalence, note that by Lemma 15.7, LA — LB

is a simplicial acyclic cofibration of spectra. Also, recall that
S Az LA = (L£(2) X2 £(0) x L(1)) x (S* A A).

Simplicial acyclic cofibrations of spectra are preserved by twisted half-smash prod-
ucts, so SALLA — SALB is a simplicial acyclic cofibration of spectra. Now pushouts
in the category of S-modules are created in the category of spectra. But the pushout
in the category of spectra is a simplicial acyclic cofibration of spectra. Thus, the
pushout of S-modules f itself is a simplicial weak equivalence of spectra, and hence
of L-spectra. But F.(S,—) preserves simplicial weak equivalences of LL-spectra as

well, so F(S, f) is a simplicial weak equivalence of L-spectra. O

Now f = p -4, and 7 is a directed colimit of pushouts of maps in F, so it is a
simplicial acyclic cofibration of S-modules. Also, by the adjunction, F,(S,p) has
the left lifting property with respect to any simplicial acyclic cofibration of spectra
A — B, where B is a-bounded. Hence, p is a simplicial fibration of S-modules.
Finally, the right lifting property of simplicial fibrations with respect to simplicial

acyclic cofibrations follows formally.

16. Technical Results on the Extended Injections Operad

In this section, we prove several results on the extended injections operad £ used
in the paper. Recall that for a k-universe U, £(n) is the space of extended injections

TZ(U®™ U). By Proposition 9.2, £(n) is contractible for all n.
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We first prove Lemma 12.4, which states the k-space £(2) X zyxz1) £(0) x £(1)

is Al-contractible.

ProoOF. We do a modified version of the proof in [6]. Fix infinite-dimensional
subspaces U;,Us C U, such that U = U; + Us. Let iy,i9 : U — U? be inclusions into
the first and second summands, with the obvious extended injection structures. For
g € L(2), denote g - i1 and g - iz by ¢ and gs, respectively.

Given an extended injection (h, H) : Y — V, we define the complement of (h, H)
to be
(16.1) C(h,H)= () H(U).

Uec)
Of course, C'(h, H) may be {0}. When there is no chance of confusion, we abbreviate

C(h,H) by C(h). We make the following definitions:

K(2) ={g € L(2) | g2(U) CUs, Uy C C(g2)}
K1) ={f e LQ) | fU) CUs,Us C C(f)}
K(1) = K(2) X ey x£(0) x £(0)

L(1) = L£(2) Xeyxeq) £0) x L(1).

First, it is easy to see that KC°(1) is isomorphic to the k-space of extended injections

I(U,Usy), so it is Al-contractible. Next, consider the structure map
v L(2) x L(0) x L(1) — L(1)
given by v(g,*, f) — g2 - f. It induces a map
A:K(1) — K°(1).
We will show that 4 is an isomorphism of k-spaces. (g,*, f) and (¢’, %, f’) in K(2) x
L£(0) x £(1) represent the same element in K(1) if there are j;,j, € £(1), such that

g = g-(j1®Jj2), and js - f' = f. Choose linear isomorphisms k; : U — U; and
ko : U — Us. Define the map

p: K1) — K(1)

by f — (ki @ ko, %, k3 - f). Then ¢ is the inverse to 4. Thus, K(1) is A'-contractible.
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Finally, the proof in [6] that the inclusion K (1) — £(1) is a homotopy equivalence
carries through, with the homotopies replaced by the A'-homotopies constructed in

the proof of Proposition 9.2. Therefore, ﬁ(l) is Al-contractible. O

We also prove Lemma 13.3. Namely, the coequalizer £(2) X z1yxza)y £(0) x £(0)
is Spec(k).

To prove the lemma, we first make the following observation.

LEMMA 16.2. Suppose (h,H) : X XU — U is a system of extended injections
parametrized over a small k-space X. Also, suppose U C U is cofinite, and Z C U
is finite-dimensional, such that Z C NzexH(x)(U). Then there is a U C U of
codimension 1, such that Z C NyexH(x)(U').

PRrROOF. Note that for any cofinite V- C U, f(z) : U/V — U/(H(z)(V)) is an

isomorphism. This gives a map
pv: X xU—-UJV.

For fixed x € X, py () is

x)~1t

U —u/(H@)(V) "L .

In particular, py(Z) C U/V for every V' C U. For each x € X, the dimension of
pv(z)(Z) is at most the dimension of Z, and since X is small, the dimension of py (Z)
is bounded as V' varies over C(U). Choose V' C U such that the codimension of V'
in U is strictly greater than the dimension of py(Z). Then we can find a U’ C U of
codimension 1, such that V' C U’, and py(Z) C U’'/V. Then for every z € X,

pv(e)(Z) = Z/(ZN H(z)(V)) CU'/V = H(z)(U")/H(z)(V).

Therefore, Z C H(z)(U’) for every z € X. O

PROOF OF LEMMA 13.3: Let X be a small k-space, and (f, F), (g, G) : X xU? —
U two systems of extended injections from U? to U, parametrized by X. We will show

that there is an element of £(1) x £(1) which takes (f(z), F(x)) to (¢g(z),G(x)) for
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each x € X. First, f is the (internal) direct sum of (fi, F}) and (f2, F3) : X xU — U,
which are the restrictions of f to the first and second summands of U2, respectively.
Likewise, g is the internal direct sum of (g1, G1) and (g2, G2) : X xU — U.

Given two systems of extended injections (h, H),(H',H' : X x U — U, we say
that (h, H) and (h/, H') are disjoint if
(16.3) Im(h) C NeexC (W (z), H (x))
(16.4) Im(h') C NuexC(h(x), H(x)).
Here, C(h(x), H(z)) is the complement of the extended injection

(h(z), H(x))

as defined in 16.1.
We claim that there are extended injections (i, I) and (j,J) : U — U, such that

fi-iand gy - J are disjoint. We show this by inductively constructing two sequences

of linearly independent elements dy, ds, ... and ey, es, ... in U, as well as a decreasing
sequence of cofinite sets Uy, Uy, ..., such that each U, ; has codimension 1 in U,,.
Let Uy be U. Suppose we have dy,...,d,_1,€1,...,e,_1 linearly independent, and

Uy, ... ,U,_1, such that
Ut < dy >= Uy
for each 1 < k <n —1. Also,

g(Xx <er,... en1>) C [ ) F(a)(Unm).

zeX
Denote V,, = Nyex F(2)(U,_1). Since X is small, this is cofinite in . Also,

() (@)~ (V)

zeX

is again cofinite by the fact that X is a small k-space. So there is some e, € U
outside of the span of ey, ..., e, 1, such that g(x)(e,) € V,, for every z € X. Since
X is small,

g(Xx <er,....en>) C () Fla)(Unzs)

zeX
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is finite-dimensional. Hence by Lemma 16.2, there is some U, C U,_; of codimen-

sional 1, such that

Zn C () F(a)(Uy).

zeX

Finally, choose d,, € U,,_; such that
U+ <d, >=U,_;.

Having chosen dy, ... ,e1,... and Uy, ... as above, we choose a complement U C U
such that U+ < ey, ey, ... >= U, Define extended injections (i, I) and (j,.J) : U — U

as follows. Let < aq,as,... > be a fixed basis for U. Then set

i(ag) = dy
jlar) = ex
I(< ag,aps1,...>) = U
J(< ag, appn, ... >) =< ep, eri1, ... >) + U.

Then
Im(g-(Idx j)) =g(Xx <e,eg,...>)

(16.5) c () F@)()=()C(f(z)-i,F(x)-I).

zeX,k>0 zeX

Now note that Im(g; - (Id x 7)) C Im(gy1), and

NeexC(fi(x), Fi(x)) C NeexC(fi(x) - i, Fi(x) - I).

Hence, by repeating this procedure, we can find extended injections i1, s, j1,j2 : U —
U, such that fi-i1, fo-is, g1-j1 and g9 - jo are pairwise disjoint. Hence, we may replace
fby f-(Idx (iy@12)) and g by g- (Id x (j1 ® j2)).

Next, consider fi,¢1 : Y — U. By the above construction, Im(f;) N Im(g;) =0
in particular. Define another system of extended injection (hy, Hy) : X x U — U as

follows. Let ay,as,... be a fixed basis of . Denote also U; =< aq,as,... >, and
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Us =< ag,ay, ... >. Let (ki, Ky), (mq, My) : U — U be given by

kl(an) = A9p—1
K\(V) = k(V) + Uy
mi(a,) = ag,

M(V) =ko(V) + U

For each x € X, define
hi(x)(azn-1) = fu(x)(an)
hi(z)(azn) = g1(x)(an).
For a cofinite V. C U, if Uy C V, set
H\(2)(V) = Fa(2)(ky ' (V 0 Im(f))).
It CV, set
H,(2)(V) = Gi(z)(m (VN Im(g))).
And for a general cofinite V' =< ay,,an11,... >C U, there are cofinite Vi, V5 such
that V =V, N Vs and Uy C Vi, Uy C V. Define then
Hy(2)(V) = Hi(2)(Vi) N Hy(2)(V2).
Since f; and g; are disjoint, this gives an extended injection, and for every z € X,
fi(x) = ha(2) - b
g1(z) = hy(x) - my.

By a similar argument for fs and go, there is a system of extended injections (hs, Hs) :

X xU — U, such that
fg(!L’) = hg(!L’) . k‘g
for every x € X. Also, hy and hy are disjoint, so h; @ hy € L(2). Hence, f(z) =

(hi(x) 42 (z)) - (k1 & ko) for each x. But by the same argument, g(x) is also in the

same orbit as hi(x) 4 ho(x), via my & mo. O
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17. Appendix: Small Objects in the Category of Simplicial Sheaves

In this appendix, we record some facts about the category of spaces over a field
k used in the paper. In particular, in Lemma 17.3 below, we will show that in
the categories of unbased and based k-spaces, every object is simplicially weakly
equivalent to a homotopy colimit of finite colimit of smooth schemes, which are small
objects. This fact is used to prove Propositions 5.14 and 11.16, that in the simplicial
and A'-local stable homotopy categories, the morphism sets from all possible spectra
are determined by morphism sets from spectra of the form ¥4 X where X is a finite
colimit of smooth schemes. Also, since the isomorphism classes of finite colimits of
smooth schemes form a set, Lemma 17.3 also allows us to use the bounded object
argument to construct the Al-localization of a spectrum, as in Proposition 5.12.

Recall that the category of k-spaces is
Spe(k) = APSh(Sm/k)nis

the category of simplicial sheaves over the category Sm/k of smooth schemes over k,
where Sm/k is a Grothendieck site by the Nisnevich topology.
We first consider the simpler category Sh(Sm/k)y;s of sheaves over Sm/k. The

following fact is standard, and we record it here for the sake of convenience.
LEMMA 17.1. FEvery sheaf is a colimit of smooth schemes.

PROOF. Recall that a presheaf on Sm/k is just a contravariant functor Sm/k —
Sets, and a smooth scheme Y is a presheaf by the representable functor Hom(—,Y).
There is the Yoneda Lemma (see [13]): for any presheaf F' on Sm/k and smooth

scheme Y| there is a natural bijection of sets

Nat(Hom(—,Y),F) = F(Y).
Now for any presheaf F', define the category Sm/k(F) to have objects pairs (X, 1)
where X € Sm/k, and t € F(X). A morphism f : (X,t) — (Y, z) is a morphism

f:X —Y in Sm/k, such that F(f) : F(Y) — F(X) takes z to t. For a map f :
(X,t) — (Y, 2) in Sm/E(F), there is a map of presheaves Hom(—, X) — Hom(—,Y):
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just the obvious natural transformation induced by f. For any (X, t), by the Yoneda
Lemma, there is a natural map of presheaves Hom(—, X) — F, namely the natural
transformation corresponding to ¢t € F(X). It is easy to check that these maps
commute with the natural transformations induced by morphisms in Sm/k(F'), so

there is a map of prespectra
colimx y)egm/k(py Hom(—, X) — F.
For fixed U € Sm/k, consider the map of sets
colimx pyesm/k(ry Hom(U, X) — F(U).

A typical element of Hom(U, X) is a triple (f, X,t), where f : U — X, and
(X,t) € Sm/k. The natural map on the morphism sets induced by f takes the
triple (Id,U, F(f)(t)) to (f,X,t). Hence, in the colimit, each (f, X,t) is identified
with a unique triple (Id, U, F'(f)(t)), where t € F(X) for some X € Sm/k. There-
fore, the map is in fact an bijection, and F' is a colimit of representable functors.

Since Sm/k is a small site, this is a small colimit. Then in the category of presheaves

on Sm/k,
F = colimx ¢)esm/rr)y Hom(—, X).

Passing to the category of sheaves, we note that the sheafification functor from
preshaves to sheaves is the left adjoint to the forgetful functor, and thus commutes
with all colimits. So applying sheafifacation to the above bijection gives that every

sheaf F' on Sm/k is a small colimit of representable sheaves, i. e. smooth schemes. [

Next, recall the definition of a small object in a category: an object X is small if

for any small directed system {S;}icz,

Hom(X, colim;ezS;) = colimjer Hom(X, S;).

LEMMA 17.2. A smooth scheme is a small object in the category of sheaves over

Sm/k with the Nisnevich topology.
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PROOF. Let 7 be a small directed category, and S : Z — Sh(Sm/k) nis a functor.
Let X € Sm/k be a smooth scheme, thought of as a representable sheaf. By the

Yoneda Lemma again, on the level of presheaves
Hom(X, colime7.S;) = (colim;erS;)(X)
and
colimyez Hom(X, S;) = colim;e7.S;(X).
In the category of presheaves, we certainly have
(colim;ez5;)(X) = colim;ezS;(X).

Therefore, it suffices to show that a small directed colimit of sheaves in the category
of presheaves on Sm/k is in fact a sheaf in the Nisnevich topology. Recall that the
Nisnevich topology is generated by diagrams of the form (1.1). A presheaf F' is a
sheaf in the Nisneivich topology if and only if F' takes a square of the form (1.1) to
a pullback square of sets. But pullback squares are finite inverse limits of sets, and
are stable under small directed colimits. Hence, if each S; takes all such diagrams to
pullback squares of sets, then so does colim;c7S;. Therefore, colim;c7.5; is a sheaf in

the Nisnevich topology. O

Therefore, finite colimits of smooth schemes are also small in the category of
sheaves Sh(Sm/k)yis. Every sheaf is a colimit of finite colimits of smooth schemes.
The next lemma expresses k-spaces, i. e. simplicial sheaves, as homotopy colimits

of finite colimits of smooth schemes.

LEMMA 17.3. In A?Sh(Sm/k)yis, every object is simplicially weakly equivalent

to a homotopy colimit of finite colimits of smooth schemes.

PROOF. The category of simplicial sheaves A?Sh(Sm/k)y;s is just the category
of diagrams of sheaves over Sm/k indexed on A°?. By Proposition 2.2.14 of [16], for
a simplicial sheaf X = {X,},

hocolimaer X,, — X
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is a simplicial weak equivalence. Putting the two statements together gives the

lemma. O

We also record some facts about the Al-local homotopy category of k-spaces. We

have the following lemma, which is not explicitly used in this paper.

LEMMA 17.4. Finite colimits of smooth schemes are small in the A'-local homo-

topy category of AP?Sh(Sm/k)nis.

PROOF. It suffices to show that a smooth scheme is small in the A'-local homo-
topy category Ha1 (APSh(Sm/k)nis). Let X be a smooth scheme, 7 a small directed
category, and S : Z — ASh(Sm/k)yis a functor. Every object in A?Sh(Sm/k)nis

is cofibrant. Thus, the morphism set in the Al-local homotopy category
Hp1 (X, colimyerS;)

is the set of homotopy classes of maps from X to I'(colim;e7S;), where I" denotes the
simplicial fibrant approximation functor. Recall that homotopy classes of maps from
a cofibrant object A to a fibrant object X can be detected using cylinder objects,
which are objects C'yl(A) that come with maps

ATTA S Cyl(A) 5 A

factoring the folding map, with 7 a cofibration and f a weak equivalence (see [5]). By
Remark 4.23 of [5], if f,¢g: A — X are homotopic, then there is a homotopy between
them using any chosen cylinder object.

The functor I' is constructed as a transfinite colimit, so it commutes with colim;ecz,

i. e.
[(colim;e7.S;) = colim;e7I'S;.

Now suppose that f,g: X — I'(colim;c7S;) are homotopic maps, and X is a smooth

scheme. Since X is small in A?Sh(Sm/k)yis,

fllg: XII X — I'(colimezS;)
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lifts to some I'S;. We need to show that we can also lift the homotopy between f
and g. We can choose our cylinder object to be X x A!. Consider the diagram

XTI X My IS

| |

X x Al ['(colim;ezS;).
Since X x A! is also a small object in A°?Sh(Sm/k)yis, the bottom map lifts to some

I'S;, j € Z. Since 7 is directed, there is some k € Z such there is a commutative
diagram
XX r's;

||

X x Al — T'(colim;e7.S;).

Thus, we have
HAI (X, COhmieISi) = Colimiesz(X, FSZ)
= colim;er Hs (X, S;).
O

Finally, we really need the above statements to hold in the category of based
simplicial sheaves over Sm/k. We will show that a directed colimit in the unbased
category of simplicial sheaves gives a directed colimit in the based category. Given
a based simplicial sheaf X, we can think of it as an unbased simplicial sheaf. Then
for some small directed category Z and functor S : Z — ASh(Sm/k)yis, we have
X = colim;c7S; in the category of unbased simplicial sheaves. The basepoint of X is
a map Spec(k) — X. Since Spec(k) is a small object, it lifts to .S; for some ¢ € Z.
Let the small directed category Z' be the comma category of objects in Z with a map

from 4. Then in the category of based simplicial sheaves,
X = colimjezS;.

The remaining constructions carry through. In this sense, both the categories of
unbased and based k-spaces are “compactly generated”, i. e. every object is a directed

colimit of finite colimits of smooth schemes. In particular, note that the collection
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of isomorphism classes of finite colimits of smooth schemes is a set, as opposed to a

class.
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