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Introduction

The goal of this paper is to give a theory of E∞-ring spectra and S-modules [6] in

Morel and Voevodsky’s category of algebraic spaces [16, 20]. This is an alternative

to the work of Jardine, who worked out an approach to the same problem using

symmetric spectra [9]. Briefly, Morel and Voevodsky defined a notion of spaces over

an arbitrary field k, and used it to do homotopy theory in the category of smooth

schemes over k. Passing to stable homotopy theory, they defined the notion of T-

spectra over k, with a smash product that is commutative, associative and unital

up to homotopy. One would also like a notion of spectra that are strict rings and

modules under the smash product. In classical homotopy theory, one approach to

strict ring- and module-spectra was given by Elmendorf, Kriz, Mandell and May [6].

This is the notion of S-modules, which is a category of spectra that has a strictly

associative, commutative, and unital smash product. Furthermore, there is a model

structure on the category of S-modules whose homotopy category is equivalent to

the usual homotopy category of spectra. The purpose of this paper is to work out

this idea of S-modules in the context of smooth schemes over a field k. As an

example, I give a construction of algebraic Morava K(n)-theories, thus proving the

foundational part of a conjecture of Voevodsky [19], [8]. An alternative approach

using symmetric prespectra is also possible. S-modules are interesting since they

have a rich structure(see [6]). It also appears useful to have algebraic analogues

of the constructions from topology in place for future investigations of homological

operations, equivariant generalized cohomology theories, etc.

In the paper, I will introduce several categories of prespectra and spectra over k.

The most important will be Spectra(U), a closed model category of coordinate-free

spectra in a sense similar to Lewis, May and Steinberger [12], where U = A∞ is the

universe in the algebraic context. This is needed for the construction of S-modules.

To compare this category to Morel and Voevodsky’s definition of T-spectra [16],

I also consider a decomposition B of the universe into one-dimensional subspaces.

I introduce the intermediate categories of B-spectra and Bfull-spectra, which are
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indexed on a sequence of subspaces of U specified by B. The difference between

them is that a B-spectrum has a sequence of chosen structure maps, whereas a Bfull-

spectrum has structure maps corresponding to all complements of one indexing space

inside another. I will show that the category of Bfull-spectra is equivalent to the

category of B-spectra, which is in turn equivalent to the category of T-spectra. Also,

there is a model structure on these equivalent categories of spectra. I will show

that the homotopy category of U -spectra is equivalent to the homotopy category of

Bfull-spectra. Hence, the definitions are compatible with that of [16].

In Section 1, I recall some of the basic constructions used to do homotopy theory

in the category of smooth schemes, due to Morel and Voevodsky [16]. They defined a

model structure on Spc(k), the category of spaces over k in two steps as follows. First,

there is the simplicial model structure due to Jardine [9]. The A1-local structure

on Spc(k), which is the structure with which one actually works, is derived from

the simplicial structure by A1-localization in the sense of Bousefield [1]. In the

second section, I define the categories of coordinate-free prespectra and spectra over

k, denoted Prespectra(U) and Spectra(U). This is parallel to the approach to spectra

described in Lewis, May and Steinberger [12]. For a general field k, the universe U

is not equipped with an inner product, making the notion of orthogonal complement

ambiguous. To solve this problem, one first gives a definition of spectra which does

not depend on orthogonal complements. Namely, I define coordinate-free spectra

to be indexed on the cofinite subspaces of the universe, rather than on the finite

subspaces as in the classical case. Unfortunately, I cannot show that the categories

of spectra indexed on the cofinite subspaces of the universe is equivalent on the nose to

a category of spectra indexed on a sequence. This is because no decreasing sequence

of cofinite subspaces of U is cofinal in the poset of cofinite subspaces of U . This

difficulty was pointed out to me by C. Weibel. To solve this problem, I introduce

in Section 3 the auxiliary categories of B-prespectra, B-spectra, Bfull-prespectra and

Bfull-spectra, for B a decomposition of the universe into finite-dimensional subspaces.
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They are intermediates between coordinate-free spectra and the classical definition

of T-spectra, and will play a role in the comparison between the two.

In Sections 4 and 5, I construct a model structure on the category of coordinate-

free spectra over a field k. Analogously as in the case of spaces over k, one first

defines the simplicial model structure on the category of spectra, by starting with

the simplicial model structure on k-spaces and stabilizing. Then, one does Bousfield

localization at all maps of the form A1
+∧X → X to define the A1-local model structure

on Spectra(U). This is the model structure on the category of spectra over k with

which we will work. It allows one to compare the category of coordinate-free spectra

with Morel and Voevodsky’s definition in [16]. Namely, in Section 6, I show that

the homotopy category associated with the A1-local model structure on U -spectra is

equivalent to the A1-local homotopy category of T-spectra [16], via the categories of

B-spectra and Bfull-spectra. It turns out that the categories of B-spectra are Quillen

equivalent when we vary B, and by taking a colimit of the argument, they are also

Quillen equivalent to Spectra(U) (Theorem 6.3).

In Section 7, I prove directly that the homotopy category of Spectra(U) is equiv-

alent to the stable homotopy category of A1-symmetric spectra constructed by Jar-

dine [9] (Proposition 7.2). Section 8 gives the definitions of change of universe func-

tors, parallel to those given in [12]. These are parametrized by what I call extended

injections, which are injections from one universe into another which come with a

compatible system of “preimages of a splitting”. (This is a compromise between

several simpler notions which do not work.) The extended injections serve as substi-

tutes of linear isometries for the algebraic category. In particular, given a universe U ,

the space L(2) of extended injections from U ⊕ U to U parametrizes internal smash

products of U -spectra. In Section 9, I show that the algebraic space of these injec-

tions is A1-contractible. Thus, the internal smash products are well-defined up to

A1-homotopies with all higher coherences. In Section 10, I construct twisted half-

smash products and twisted function spectra, using a method analogous to that of

Cole in [6]. Given a k-space A mapping into a space of extended injections, and a
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coordinate-free spectrum E, the twisted half-smash product AnE is the analogue to

the corrsponding construction in classical stable homotopy theory. Roughly speak-

ing, it is the “gluing together” of the change of universe functors parametrized by A.

This will be the technical basis for the construction of L-spectra and S-modules.

The next three sections of the paper deal with L-spectra and S-modules. In

Section 11, I construct the category of L-spectra, and a smash product on L-spectra

that is associative and commutative on the point-set level. I also construct the

A1-local stable homotopy category of L-spectra, and show that it is equivalent to

the A1-local stable homotopy category of spectra. The smash product of L-spectra,

however, is not unital on the point-set level, but unital only up to homotopy. This is

proven in Section 12. This situation is completely analogous to [6], but the technical

details are more subtle (see Lemma 12.4, and its proof in Section 16). In Section 13,

following [6], I define the category of S-modules, whose smash products are unital

on the point-set level, in addition to being associative and commutative. Again, one

shows that the A1-local stable homotopy category of S-modules is equivalent to the

A1-local stable homotopy category of spectra. The proofs of the Quillen equivalences

between S-modules, L-spectra, and Spectra(U) are different from [6], because the

closed model structures are different.

This gives a symmetric monoidal category of spectra over k. In particular, in

Section 14 I consider the category of S-algebras, i. e. monoids in the symmetric

monoidal category of S-modules. One can also look at modules over a given S-algebra.

A special example of an S-algebra is that of the algebraic cobordism spectrum MGL.

Using the theory of strict modules, I show how one can construct algebraic versions

of the usual spectra derived from the cobordism spectrum MU , including algebraic

Morava K-theories K(n)alg.

The remaining sections of the paper contain technical details left over from the

earlier sections. In Section 15, I prove that the model structures constructed on

the categories of spectra, L-spectra, and S-modules are indeed model structures,

using the small objects argument. Section 16 contains the proofs of Lemmas 12.4
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and 13.3, about the extended injections operad. Finally, in the Appendix, I record

some facts about Morel and Voevodsky’s category Spc(k): most importantly, that it

is “compactly generated”, i. e. every object is a directed homotopy colimit of small

objects. I also show that the A1-local homotopy category of k-spaces [16] is generated

by small objects.

Acknowledgement: I am very thankful to J. P. May for many helpful comments

and suggestions.

1. Preliminaries

We first recall some of the basic notions about the category of algebraic spectra

defined by Morel and Voevodsky [16, 20]. Let k be a field, and Sm/k be the category

of smooth schemes of finite type over k. We cannot do homotopy theory directly in

Sm/k since it does not have all small colimits. To solve this problem, one first endows

Sm/k with the Nisnevich topology. This is a Grothendieck topology on Sm/k, and

is the subtopology of the étale topology on Sm/k, where the coverings are generated

by finite families of étale maps {Ui} → X, such that for every point x of the scheme

X, the induced map of schemes

∏

i

(Ui ×X Spec(Oh
X,x) → Spec(Oh

X,x)

has a section (Nisnevich [17]). Here, Oh
X,x denotes the henselization of the local ring

of X at x. Equivalently, it is generated by covering diagrams of the form

p−1(U) Y

p

U
i

X

(1.1)

where i is an open embedding, p is an étale map, and the map p−1(X \ U) → X \ U

is an isomorphism (see [16], Proposition 3.1.4).
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The Nisnevich topology on Sm/k gives it the structure of a Grothendieck site.

Define the category of k-spaces by

Spc(k) = ∆opSh(Sm/k)Nis,

the category of simplicial sheaves over Sm/k in the Nisnevich topology. Then Spc(k)

is a complete and cocomplete category, and is the algebraic analogue of the category

of topological spaces. Let A1 denote the affine line over k. Two maps f, g : X → Y

in Spc(k) are A1-homotopic if there is a map h : A1 × X → Y in Spc(k), such that

{0} ×X → A1 ×X
h
→ Y is f , and {1} ×X → A1 ×X

h
→ Y is g.

To do homotopy theory in any category C, we need a model structure on C. Recall

that a category C is a model category if it is complete and cocomplete, and comes with

three classes of morphisms called the cofibrations, weak equivalences, and fibrations,

with the following axioms.

CM1. The classes of cofibrations, weak equivalences, and fibrations contain the

identity on each object, and are closed under compositions.

CM2. If f and g are composable maps, and two of the three maps f , g, and gf

are weak equivalences, then so is the third.

CM3. The classes of cofibrations, weak equivalences, and fibrations are closed

under retracts.

CM4. Given the following commutative square

A

i

E

p

B G

where i is a cofibration and p a fibration, a lifting B → E exists whenever either i

or p is a weak equivalence. (In that case, we say that i has the left lifting property

with respect to p, and p has the right lift property with respect to i.)

CM5. Let f : A→ B be any map in C.



1. PRELIMINARIES 10

a. f can be factored into a composition p · i, where p is a fibration and i an acyclic

cofibration (a cofibration which is also a weak equivalence).

b. f can be factored into a composition q · j, where j is a cofibration and q is an

acyclic fibration (a fibration which is also a weak equivalence).

A cofibration (resp. fibration) is said to be acyclic if it is also a weak equivalence.

The category Spc(k) has a model structure defined by Morel and Voevodsky in

two steps. First, one constructs the simplicial model category structure, which exists

for the category of simplicial sheaves over any site (Jardine [9]). Then, one constructs

an A1-local model structure, which is the structure that one really works with. It

is derived from the simplicial structure by adding a class of A1-weak equivalences to

the simplicial weak equivalences in the manner of Bousfield [1].

The simplicial model structure on Spc(k) is defined as follows. Recall that for

a site S, a point x∗ of S is just a functor from the category of sheaves on S to the

category of sets, which commutes with finite limits and all colimits.

Definition 1.2. Let f : X → Y be a map in Spc(k).

1. f is a simplicial cofibration if it is a monomorphism.

2. f is a simplicial weak equivalence if for every point x∗ of the site Sm/k, the

induced map f ∗ : x∗(X) → x∗(Y ) is a weak equivalence of simplicial sets.

3. f is a simplicial fibration if it has the right lifting property with respect to all

simplicial acyclic cofibrations.

Together, these three classes of maps given the simplicial model category structure

on Spc(k) [9, 16]. Denote by Hs(Spc(k)) the homotopy category associated with this

structure.

Consider the affine line A1 over k. We also have the A1-local model structure on

Spc(k), the structure with which we in fact want to work. It is given by the following

definitions (see also Bousfield [1]).
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Definition 1.3. A k-space X ∈ Spc(k) is A1-local if for any k-space Y , the map

HomHs(Spc(k))(Y,X) → HomHs(Spc(k))(Y × A1, X)

induced by the projection map Y × A1 → Y is a bijection.

Definition 1.4. Let f : X → Y be a map in Spc(k).

1. f is an A1-cofibration if it is a monomorphism.

2. f is an A1-weak equivalence if for any A1-local k-space Z, the map of simplicial

sets

f ∗ : HomHs(Spc(k))(Y, Z) → HomHs(Spc(k))(X,Z)

is a bijection.

3. f is an A1-fibration if it has the right lifting property with respect to all acyclic

A1-cofibrations.

There is another characterization of A1-weak equivalences by Proposition 2.2.9

of [16]: f : X → Y is an A1-weak equivalence if and only if for any A1-local and

simplicially fibrant Z, the map of internal Hom-objects in Spc(k)

f ∗ : HomSpc(k)(Y, Z) → HomSpc(k)(X,Z)

is a simplicial weak equivalence.

The A1-local model structure allows one to do homotopy theory in the category

Spc(k). Here, A1 plays the role of the unit interval. For k a subfield of C, there is a

complex topological realization functor tC from Sm/k to the category of topological

spaces, which extends to a functor on Spc(k). Namely, tC takes a smooth scheme X

to its C-points X(C). If k is contained in R, tC gives a Z/2-equivariant topological

space, with a Z/2-action by complex conjugation.

To define spectra over k, we really need to consider k-spaces with basepoints. Let

Spc(k)• = Spec(k) ↓ Spc(k) be the category of k-spaces with basepoints, an object

of which is a k-space X with a given map Spec(k) → X. There is a smash product

∧ : Spc(k)• × Spc(k)• → Spc(k)•.
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There are also internal Hom-spaces, i. e. for every X ∈ Spc(k)•, the functor −∧X :

Spc(k)• → Spc(k)• has a right adjoint Hom(X,−).

We say that a map in Spc(k)• is a simplicial cofibration, simplicial weak equiv-

alence, or simplicial fibration if it is a simplicial cofibration, simplicial weak equiva-

lence, or simplicial fibration in Spc(k). This defines the simplicial model structure on

Spc(k)•. Likewise, the A1-local model structure on Spc(k) gives rise to the A1-local

model structure on Spc(k)• (see [16]).

The zero-dimensional sphere in Spc(k)• is

S0 = Spec(k) q Spec(k).

There are two notions of the circle in the category Spc(k)•. The simplicial circle is

S1
s = A1/{0, 1}

the affine line with the two points 0 and 1 identified. If k ⊆ R, this corresponds by

tC to the fixed circle S1. There is also the “twisted” circle

S1
t = A1 \ {0}

with the basepoint at 1. For k ⊂ R, this corresponds to Sα, the circle with Z/2-action

by complex conjugation.

Consider the k-space

T = A1/(A1 \ {0}).

There is a canonical A1-weak equivalence

S1
s ∧ S1

t ' P1 ' T.

Also, observe that T∧n ∼= An/(An \ {0}). This allows the notion of T-prespectra

over k, given by Voevodsky in [20]. (However, our T-prespectra are in fact called

T-spectra in [20]).

Definition 1.5. A T-prespectrum over k is a collection of k-spaces E = {En},

n ∈ Z, with structure maps

En → ΩTEn+1 = HomSpc(k)•(T, En+1).
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A map f : E → G of T-prespectra is a sequence of maps

fn : En → Gn

that are compatible with the structure maps.

Analogous to the topological case (see [12]), we define a T-spectrum as follows.

Definition 1.6. A T-spectrum is a prespectrum whose structure maps are iso-

morphisms of based k-spaces. A map of T-spectra is a map of T-prespectra.

Let Prespectra(k) and Spectra(k) denote the categories of T-prespectra and T-

spectra over k, respectively. As in the case of topological spectra, there is an obvious

forgetful functor R from the category Spectra(k) to the category Prespectra(k).

This has a left adjoint L, the spectrification functor. However, L is much simpler to

describe than in the topological case. Since T is a quotient of a smooth scheme by

another, it is a small object in Spc(k)•, i. e. there is a natural bijection

HomSpc(k)•(T, colimiXi) ∼= colimiHomSpc(k)•(T, Xi)

for any directed system of based k-spaces Xi (see Lemma 17.2 in the Appendix).

This means that if D = {Dn} is a T-prespectrum, then

(LD)n = colimkΩ
T∧k

Dn+k.(1.7)

This is similar to the topological spectrification functor when restricted to inclusion

prespectra [12].

2. Coordinate-free Spectra

The definition of T-spectra from the previous section is analogous to the notion

of a topological spectrum indexed on the integers, which assumes a given basis for

the universe. However, we really want a notion of coordinate-free spectra over k,

analogous to the notion of coordinate-free topological spectra in Lewis, May, and

Steinberger [12].



2. COORDINATE-FREE SPECTRA 14

To define a coordinate-free k-spectrum, we first need the notion of a universe over

k, i. e. an infinite-dimensional k-vector space, over whose subspaces the spectrum

would be indexed. The natural definition is to set the universe U to be the infinite-

dimensional affine space over k:

U = A∞ = colimnAn.

We can think of the variety An to be the vector space kn over k. So A∞ is ⊕Nk as

a vector space over k. (However, note that it is not in fact in Sm/k, an example of

the lack of colimits in Sm/k.)

In the topological case, given a universe U = R∞, one indexes a U -spectrum on

the finite-dimensional subspaces of U . In particular, U comes equipped with an inner

product, so we can subtract one finite-dimensional subspace from a larger one by

taking orthogonal complements. This allows for well-defined structure maps

EU → ΩV −UEV

for all U ⊂ V . We do not have this inner product when k is an arbitrary field.

Rather, for general k, we will index an U -spectrum on the subspaces of U of finite

codimension instead of subspaces of finite dimension.

Let U be a k-vector space, and V, Z linear subspaces of U such that V ∩ Z = 0.

Then we denote the internal direct sum V + Z ⊆ U by V u Z.

Definition 2.1. For a fixed universe U , we say that a linear subspace V ⊂ U

is cofinite if U/V is finite-dimensional as a vector space over k. In other words,

V ∼= A∞, and there is a linear injection V → U , with U/V ∼= An for some n.

For a universe U , we also define the following category.

Definition 2.2. For a universe U , the category C(U) of cofinite subspaces of U

is as follows. The objects are the cofinite subspaces V ⊆ U . For U, V objects of C(U),

a morphism Z : U → V is a finite-dimensional space Z ⊂ U , such that V u Z = U .

If Z : U → V , and T : V → W , then W ⊆ V ⊆ U , and (Z u T ) u W = U . We



2. COORDINATE-FREE SPECTRA 15

define the composition

T · Z = T u Z : U → W.

We index coordinate-free k-prespectra on the objects of C(U), and require a struc-

ture map for every morphism in C(U).

Definition 2.3. Let U be a k-universe. A U-prespectrum D is a collection of

based k-spaces DU , for all cofinite U ⊆ U , together with maps

ρU
V,Z : DU → ΩZDV = HomSpc(k)•(Z/(Z \ {0}), DV )

for all Z : U → V in C(U). We require that ρU
U,0 = Id, and for Z : U → V, T : V →

W in C(U),

ρU
W,ZuT = (ΩZρV

W,T ) · ρU
V,Z : DU → ΩZuTDW .

A map f : D → D′ of U-prespectrum is a collection of maps fU : DU → D′
U that

are compatible with all structure maps.

We also have the category of coordinate-free spectra over U .

Definition 2.4. A U-spectrum is a U-prespectrum E, all of whose structure

maps ρU
V,Z are isomorphisms of based k-spaces. A map of U-spectra is a map of

U-prespectra.

For a universe U , denote the categories of coordinate-free prespectra and spectra

indexed on U by Prepectra(U) and Spectra(U), respectively. As in the categories

of topological prespectra and spectra, all colimits and limits in Prespectra(U) and

all limits in Spectra(U) can be formed spacewise. For a based k-space X, and a

U -spectrum E, the function spectrum F (X,E) is given by

F (X,E)U = HomSpc(k)•(X,EU)

for each U ∈ C(U).

There is an obvious forgetful functor

R : Spectra(U) → Prespectra(U).
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It has a left adjoint, which we denote by L. Since each Z/(Z \ {0}) is a small object

in the category of based k-spaces for each finite-dimensional Z, this functor is similar

to the case for T-spectra. Let D be a U -prespectrum. For each U ∈ C(U),

(LD)U = colim(V,Z)∈U↓C(U)Ω
ZDV .

Here, the colimit is taken over the category U ↓ C(U), an object is a cofinite subspace

V along with a map Z : U → V , i. e. a finite subspace Z such that Z u V = U .

A morphism T : (V, Z) → (V ′, Z ′) is a finite subspace T such that V ′ u T = V ,

Z u T = Z ′.

The spectrification functor L allows us to define colimits in Spectra(U) by first

taking colimits in Prespectra(U) and then applying L. Also, the smash product

X ∧ E of a based k-space X with a spectrum E is given by first taking smash

products spacewise, then applying L.

For cofinite W ⊆ U in U and Z : U → W in C(U), let GLW (Z) be the group of

all linear maps g : U → U such that g is the identity on W and sends Z to Z. This is

an object of Spc(k)• since it is in fact a smooth scheme. If W ′ ⊆ W ⊆ U are cofinite,

T : W →W ′ in C(U), then there is an inclusion of schemes GLW (Z) ⊆ GLW ′(ZuT ).

Define the general linear group on U by

GL(U) = colim(W,Z)∈U↓C(U)GLW (Z).

For every g ∈ GL(U), one can find subspaces W,Z ⊂ U , such that Z is finite-

dimensional, and W u Z = U , such that g is the identity on W and sends Z to Z.

For each U , GL(U) is an object of Spc(k)•.

For any U -spectrum E, there is a canonical action of GL(U) on EU . Suppose that

g ∈ GL(U). Choose W,Z as above. Define the action of g on EU by the following

diagram.

EU

ρU
W,Z

∼=

g

ΩZEW

Ωg−1|Z Id

EU

ρU
W,Z

∼=
ΩZEW
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Here Ωg−1|ZId is the map on ΩZEW induced by the action of g−1 on Z/(Z \ {0}) and

the identity on EW . It is easy to check that this action is independent of the choice

of W and Z.

We make the following easy observation.

Lemma 2.5. For every morphism Z : U → W and g ∈ GL(U) such that g sends

W to W , the following diagram commutes:

EU

ρU
W,Z

g

ΩZEW

Ωg−1|Z g|W

EU

ρU
W,g(Z)

Ωg(Z)EW .

Here, Ωg−1|Zg|W denotes Hom(g−1|Z , g|W ).

Proof. We find V cofinite in W , and finite T such that T uV = W and T uZ =

T u g(Z). This is possible since we can choose T to be (Z + g(Z)) ∩W , and V a

complement of T in W . Additionally, we can choose V, T such that g is the identity

on V and sends T to T . Then in the following diagram

EU

g

ΩZEW

Ωg−1|Z g|W

ΩZuTEV

Ω
g−1|ZuT Id

EU Ωg(Z)EW ΩZuTEV

both the right hand square and the outside square commute. Therefore, the left hand

square commutes also.

Thus, for a U -spectrum E, most of the structure maps of E are in some sense

“redundant”.

Examples:

1. The suspension spectrum.

There is a forgetful functor ΩU
V from the category of U -spectra to the category of

based k-spaces, which assigns to a spectrum E the space EV . This has a left adjoint

ΣU
V : Spc(k)• → Spectra(U),
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the V -th shift desuspension of the suspension spectrum.

Let X ∈ Spc(k)•. For each Z ∼= An, denote Z/(Z \ {0}) ∧X by ΣZX. Then for

U ⊂ U cofinite, define the based k-space

DV (X)U =
∨

ZuU=V

ΣZX,

and DV (X)U = ∗ = Spec(k) otherwise. If W ⊆ U ⊆ V , W u T = U , then for any Z

with Z u U = V , (T u Z) uW = V . So we have a canonical map

ΣTDV (X)V =
∨

ZuU=V

ΣTuZX →
∨

Z′uW=V

ΣZ′

X = DV (X)W .

These maps are compatible, so we have a U -prespectrum

DV (X) = {DV (X)U}.

We define the spectrum ΣU
VX to be LDV (X).

Now for any U -prespectrum E and based k-space X, suppose we have a map

f : X → EV . Then for any cofinite U ⊂ V , and Z u U = V , we have ΣZf : ΣZX →

ΣZEV → EU . Therefore, f gives a map DV (X)U → EU . Conversely, given a map

of U -prespectra g : DV (X) → E, taking the V -th space gives a map of based k-

spaces X → EV . So X 7→ DV (X) is the left adjoint to the V -th space functor from

Prespectra(U)-prespectra to Spc(k)•, which means that ΣU
V is the left adjoint to the

functor ΩU
V : Spectra(U) → Spc(k)•.

2. Algebraic cobordism.

Consider the algebraic cobordism spectrum MGL constructed as a T-spectrum

in [20] as follows. Let X be a smooth scheme over k, and γ : E → X a bundle over

X, and let s(X) denote the 0-section of γ in E. Then the Thom space Xγ of γ is the

based k-space given by the pushout square

E \ s(X) E

∗ Xγ

Let 1 be the one-dimensional trivial bundle over X. Then as in the topological case,

there is a natural isomorphism Xγ⊕1 ∼= T ∧ Xγ. There are also Grassmannians
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G(m,n) with canonical n-dimensional bundles γm,n. The we define

BGL(n) = colimmG(m,n)

with canonical bundle γn = colimmγm,n. We can define a T-prespectrum whose n-th

space is BGL(n)γn , with structure map

BGL(n)γn → ΩTBGL(n+ 1)γn+1

adjoint to the map classifying γn ⊕ 1 on BGL(n). Spectrification gives MGL.

In the coordinate-free context, we need to construct MGLV for all cofinite sub-

spaces V ⊂ U . Let Z, U ⊂ U be finite-dimensional. Let the Grassmannian G(U ⊕

Z, |Z|) be the k-space of all |Z|-dimensional subspaces of the external direct sum

U ⊕ Z. There is a canonical |Z|-dimensional bundle γU⊕Z,|Z| over G(U ⊕ Z, |Z|). If

U, U ′ ⊂ U are finite-dimensional, U ⊆ U ′, then there is a natural map

G(U ⊕ Z, |Z|)γU⊕Z,|Z| → G(U ′ ⊕ Z, |Z|)γU′⊕Z,|Z| .

Set

BGLU⊕Z(|Z|)γ|Z| = colimU⊂U finiteG(U ⊕ Z, |Z|)γU⊕Z,|Z|.

Given Z u T = Z ′, there is a canonical map of based k-spaces

ΣTBGLU⊕Z(|Z|)γ|Z| → BGLU⊕Z′(|Z ′|)γ|Z′|(2.6)

which classifies the bundle γ|Z|⊕T over BGLU⊕Z(|Z|). We define the algebraic Thom

prespectrum to be the U -prespectrum whose V -th space is

∨

ZuV =U

BGLU⊕Z(|Z|)γ|Z|.(2.7)

Analogously as in the case of suspension prespectra, for W u T = V , there is a

canonical structure map from ΣT of the V -th space to the W -th space. On each

summand ΣTBGLU⊕Z(|Z|)γ|Z| for Z u V = U , we have

ΣTBGLU⊕Z(|Z|)γ|Z| → BGLU⊕(TuZ)(|T u Z|)γ|TuZ|
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which classifies the bundle γ|Z|⊕T over BGLU⊕Z(|Z|). Taking adjoints and applying

the spectrification functor gives

MGLV = colim(W,T :V →W )∈V ↓C(U)Ω
T

(

∨

ZuW=U

BGLU⊕Z(|Z|)γ|Z|

)

.

This gives the coordinate-free version of the algebraic cobordism spectrum MGL. It

will be shown in Section 6 that the homotopy type of this construction agrees with

the one in [20].

3. Coordinatized Prespectra

In some sense, coordinate-free prespectra are really not what one would expect.

In this section, we introduce a notion of prespectra which are not coordinate-free,

but are more closely parallel to the classical case [12].

Definition 3.1. Let B = {Ui}i≥1 be a fixed decomposition

U =
∞
⊕

i=1

Ui

of the universe U = A∞ into finite-dimensional subspaces. For n ∈ N, let Vn =
⊕

i>n Ui. A B-prespectrum D is a collection of based k-spaces Dn = DVn
, with given

structure map

ρn : Dn → ΩUn+1Dn+1 = HomSpc(k)•(Un+1/(Un+1 \ {0}), Dn+1).

A map f : D → D′ of B-prespectra is a collection of maps fn : Dn → D′
n that

commute with the structure maps.

A B-spectrum E is a B-prespectrum {En}, such that each structure map ρn is an

isomorphism.

We will let Prespectra(B) and Spectra(B) denote the categories of B-prespectra

and B-spectra, respectively. For each B, there is an obvious forgetful functor RB from

Spectra(B) to Prespectra(B). Let LB be the left adjoint to this forgetful functor.
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For any B-prespectrum D = {Dn},

(LBD)n = colimlΩ
⊕n+l

i=n+1UiDn+l.

This is similar to the spectrification functor from Prespectra(k) to Spectra(k).

We will use the following elementary categorical lemma to compare the categories

of B-spectra for different decompositions B, as well as to Spectra(U).

Lemma 3.2. Let C be a small directed category, and D = {Di} ⊂ C, fi : Di →

Di+1 be a sequence of morphisms in C satisfying the following two conditions.

1. For every X ∈ C, there is some Di ∈ D, and a map f : X → Di in C.

2. For every pairs of maps g0, g1 : X → Y in C, there is some Dn ∈ D and

f : Y → Dn, such that f · g0 = f · g1.

Then given a functor F from C to any cocomplete category C ′, the canonical map

colimCF → colimDF is an isomorphism in C ′.

Given B = {Ui}, we can choose an refinement of B into a decomposition B′ = {U ′
j}

of the universe U into 1-dimensional subspaces. That is to say, there is an increasing

sequence {j1, . . . } ⊂ N, j1 ≥ 1, such that

U1 =

j1
⊕

j=1

U ′
j

Ui =

ji
⊕

j=ji−1+1

U ′
j for i > 1.

This can be done by decomposing each Ui into 1-dimensional subspaces. There is

a forgetful functor R(B,B′) from the catgory of B′-spectra to B-spectra. Given a

B′-spectrum E, we define (R(B,B′)E)n = Ejn
. The structure map

(R(B,B′)E)n = Ejn
→ ΩUn+1(R(B,B′)E)n+1 = Ω

Ljn+1
jn+1Ejn+1

is given by the composition of the structure maps of E. Conversely, a B-spectrum

G gives rise naturally to a B′-spectrum L(B,B′)G. Namely, for each n, let m be the

smallest number such that m = ji for some i, and m ≥ n. Then define

(L(B,B′)G)n = Ω
Lm

j=n+1 U ′
jGi.
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The structure map

(L(B,B′)G)n → ΩU ′
n+1(L(B,B′)G)n+1

is the identity for m ≥ n+1, and the structure map of G if m = n. It is easy to check

that R(B,B′) and L(B,B′) are inverse equivalences, so the category of B-spectra is

equivalent to the category of B′-spectra. Hence, we can always assume that in the

decomposition B = {Ui}, every Ui has dimension one.

We can also consider the forgetful functor

PreR(B,B′) : Prespectra(B′) → Prespectra(B)

analogous to the forgetful functor on the level of spectra. Let PreL(B,B′) be the

right adjoint to it. Given a B-prespectrum D, PreL(B,B′)D is given as follows. For

each n, consider the largest i such that ji ≤ n. Set

(PreL(B,B′)D)n = Σ⊕n
j=ji+1U ′

jDi.

If n + 1 < ji+1, the structure map (PreL(B,B′)D)n → Ω(PreL(B,B′)D)n+1 is just

adjoint to the identity map on Σ⊕n+1
ji+1U ′

jDi. If n+ 1 = ji+1, then define the structure

map to be adjoint to the structure map in D. The composition of the structure maps

of PreL(B,B′)D is the same as the structure maps in D. Since the sequence {ji} is

cofinal in N in the sense of Lemma 3.2, it is easy to check that the following diagram

commutes

Prespectra(B)

LB

PreL(B,B′)
Prespectra(B′)

LB′

Spectra(B)
L(B,B′)

Spectra(B′).

The definition of B-spectra is also compatible with the definition of T-spectra (see

Definition 1.6).

Proposition 3.3. For any decomposition B, there is an equivalence between the

categories Spectra(B) and Spectra(k).
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Proof. Given B, choose a refinement B′ = {U ′
j} of B, such that each U ′

j has

dimension one. Then the categories Spectra(B) and Spectra(B′) are equivalent.

Also, Spectra(B′) is equivalent to Spectra(k) by definition.

In fact, for a decompostion B′ of U into one-dimensional subspaces, there is by

definition an equivalence of categories on the prespectra level

Prespectra(B′)
∼=
→ Prespectra(k).

We can define the suspension spectrum of a k-space and the algebraic cobordism

spectrum in this coordinatized context. Let B = {Ui} be a given decomposition of U

into one-dimensional spaces. Denote Vn =
⊕

i>n Ui and Wn =
⊕

i≤n Ui. There is a

forgetful functor ΩB
Vn

from Spectra(B) to Spc(k)•, which is just taking the n-th space

En = EVn
. Then ΩB

Vn
has the left adjoint ΣB

Vn
, the Vn-th shift desuspension of the

suspension spectrum. For a based k-space X, we first take the B-prespectrum whose

n-th space is ΣWnX. The structure maps are adjoint to the identities on ΣWnX.

Then ΣB
Vn
X is the spectrification of this B-prespectrum.

For the case of MGL, we consider the Thom prespectrum indexed on B, whose

n-th space is BGLU⊕Wn
(|Wn|)

γ|Wn|. The structure maps are the canonical maps

ΣUn+1BGLU⊕Wn
(|Wn|)

γ|Wn| → BGLU⊕Wn+1(|Wn+1|)
γ|Wn+1|

classifying the bundle γ|Wn| ⊕ Un+1 over BGLU⊕Wn
(|Wn|) (see (2.6)). Spectrification

gives MGLB, the Spectra(B) version of the algebraic cobordism spectrum. In Sec-

tion 6, we will see that the homotopy categories of Spectra(B) and Spectra(U) are

equivalent, and MGLB corresponds to the coordinate-free version of MGL in this

equivalence.

For purposes of comparison with Spectra(U), we also define the following interme-

diate categories of prespectra and spectra. Let B = {Ui}i≥1 be a given decomposition

of U into one-dimensional subspaces, and let Vn = ⊕i>nUi for n ∈ N. Let Bfull be

the full subcategory of C(U) on the objects Vn.
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Definition 3.4. A Bfull-prespectrum E is a prespectrum indexed on Bfull, i. e.

a sequence of based k-spaces EVn
, for all n ≥ 0, together with structure maps

ρm
n,Z : EVm

→ ΩZEVn

for all maps Z : Vm → Vn in C(U), with the usual compatibility conditions. A Bfull-

spectrum is a Bfull-prespectrum, all of whose structure maps are isomorphisms.

We denote the categories of Bfull-prespectra and Bfull-spectra by Prespectra(Bfull)

and Spectra(Bfull), respectively.

Proposition 3.5. For any decomposition B of U into one-dimensional subspaces,

there is a canonical equivalence of categories

Spectra(B) ' Spectra(Bfull).

Proof. There is an obvious forgetful functor from Spectra(Bfull) to Spectra(B),

by restricting structure maps to ones of the form

EVn
→ ΩUn+1EVn+1

for all n ∈ N.

To give the inverse functor, we need to extend a B-spectrumD to a Bfull-spectrum.

For a given Vn, n ∈ N, define the subcategory DVn
of Vn ↓ Bfull, where the objects

are pairs (Vj, Z), Z u Vj = Vn, and the morphisms are only of the form

Uj+1 u · · · u Ul : (Vj, Z) → (Vl, Z u Uj+1 u · · ·u Ul)

for j ≤ l. Suppose Vn u T = Vm for some n ≥ m. Consider the sequence

S = {Vj, Um+1 u · · ·u Uj : Vm → Vj}j≥m

in DVm
, along with maps Uj+1 : Vj → Vj+1. The sequence S satisfies the conditions of

Lemma 3.2 in DVm
. (In fact, it satisfies the conditions of Lemma 3.2 in Vm ↓ Bfull.)

This is because for Vr, Vs ∈ Vm ↓ Bfull and any two finite-dimensional spaces Z0, Z1 :
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Vr → Vs, we can choose Vj such that j ≥ s, and (Z0 + Z1) ∩ Vs ⊆ Us+1 u · · · u Uj.

Then

Z0 u Us+1 u · · · u Uj = Z1 u Us+1 u · · · u Uj

so Us+1 u · · · u Uj is a morphism satisfying Condition 2 of Lemma 3.2. Thus, for a

B-spectrum D, we have

DVm
= colim(Vj ,Z)∈DVm

ΩZDVj
.

Likewise, the sequence

S ′ = {Vj, Um+1 u · · · u Uj : Vm → Vj}j≥m

and

S ′ = {Vj, T u Vn+1 u · · ·u Vj : Vm → Vj}j≥n

satisfy the conditions of Lemma 3.2 in DVm
, Thus, we get a canonical structure

isomorphism

DVm
∼= colim(Vj ,Z)∈DVm

ΩZDVj

∼= colimjΩ
TuUn+1u···UjDVj

∼= ΩT colimjΩ
Un+1u···uUjDVj

∼= ΩTDVn
.

The next to last isomorphism is due to the fact that T/(T \ {0}) is a small object

in Spc(k)• (see Lemma 17.4 in the Appendix). Therefore, we have made D into a

Bfull-spectrum.

Finally, by arguments similar as above, the sequence {Vn, Un+1 : Vn → Vn+1}

satisfies the conditions of Lemma 3.2 in the category Bfull. Using this, it is easy

to check that the functor given above and the forgetful functor are inverses to each

other.

Given a decomposition B = {Ui} of the universe into one-dimensional subspaces,

let Vi = ⊕j>iUj. There is a forgetful functor

RU
B : Prespectra(U) → Prespectra(Bfull).
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Namely, given an U -prespectrum D, we restrict to DVi
and structure maps with

respect to Ui+1 : Vi → Vi+1. The functor RU
B restricts to a functor

RU
B : Spectra(U) → Spectra(Bfull).

The functor RU
B has a left adjoint LU

B . For a Bfull-prespectrum D, we define the

U -prespectrum LU
BD as follows. For W ∈ C(U), set

LU
BDW = colimZuW=Vi

ΣZDVi
.(3.6)

If W ⊂ Vj ⊆ Vi for some j ≥ i, suppose ZuW = Vi. Recall the Noether isomorphism,

which gives a canonical bijective correspondance between the subspaces of Vi/W and

the subspaces of Vi containing W . Hence, there is a unique Z ′ ⊆ Z corresponding to

Vi+1/W , such that W u Z ′ = Vi+1. If U is finite-dimensional, and Z ′ u U = Z, then

it is elementary to check that Vi+1 u U = Vi. Hence, there is a map

ΣZDVi
→

∨

Z′uU=Z

ΣZ′uUDVi
→ ΣZ′

DVj

where the second map is a wedge of structure maps of D. This gives the colimit

used in (3.6). The structure maps of LU
BD are defined similarly. In particular,

LU
BDVi

= DVi
for a Bfull-prespectrum D. Thus, it is straightforward to check that

LY
B : Prespectra(Bfull) → Prespectra(U) is indeed the left adjoint to RU

B . Applying

the spectrification functor gives LU
BE from Spectra(B) to Spectra(U).

On the level of spectra, we have the canonical equivalence of categories

Spectra(B) ' Spectra(Bfull)

by Proposition 3.5. Thus, (LU
B , R

U
B) becomes a pair of adjoint functors between the

categories Spectra(B) and Spectra(U).

4. The Stable Simplicial Model Structure

In this section and the next, we describe the construction of the stable homotopy

category of smooth schemes, along with some of its properties. This was given by
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Morel and Voevodsky [16] and Jardine [9], but we give a slightly different construction

here. We will state the theorems in this section, and defer their proofs to Section 15.

We construct the structure of a model category on Spectra(U). As in the case of

k-spaces, this is done in two steps. First, one uses the simplicial model structure on

Spc(k)• [16] to construct the simplicial model structure on the category of spectra.

The A1-local structure on Spectra(U) follows from the simplicial structure by adding

a class of A1-weak equivalences to the simplicial weak equivalences, similar to the

case of Spc(k)•.

We begin by recalling the simplicial model structures on Prespectra(k) and

Spectra(k). The category of based k-spaces has the simplicial model category struc-

ture, given in Definition 1.2. Recall the definition of the simplicial model structure

on Prespectra(k), due to Bousfield and Friedlander [2]. First, there is the levelwise

simplicial model structure on Prespectra(k).

Definition 4.1 ([2]). A map of T-prespectra f : D → E is a levelwise sim-

plicial weak equivalence or a levelwise simplicial fibration if each map of k-spaces

fn : Dn → En is a simplicial weak equivalence or simplicial fibration, respectively.

It is a simplicial cofibration if it satisfies the left lifting property with respect to all

levelwise simplicial acyclic fibrations.

The classes of simplicial cofibrations, levelwise simplicial weak equivalences and

levelwise simplicial fibrations form a model structure on Prespectra(k). The stable

simplicial structure on Prespectra(k) is defined as follows.

Definition 4.2 ([2]). Let f : D → E be a map in Prespectra(k).

1. f is a stable simplicial cofibration if it is a simplicial cofibration in the levelwise

simplicial model structure.

2. f is a stable simplicial weak equivalence if it induces a bijection

colimmHs(Spc(k)•)(T
m, Dn+m)

∼=
→ colimmHs(Spc(k)bullet)(T

m, En+m)

for all n.
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3. f is a stable simplicial fibration if it has the right lifting property with respect

to all stable simplicial acyclic cofibrations of prespectra.

Theorem 4.3 ([2]). The classes of stable simplicial cofibrations, stable simpli-

cial weak equivalences, and stable simplicial fibrations give a model structure on

Prespectra(k).

When there is no possibility of confusion, we will say the simplicial model structure

to mean the stable simplicial model structure. We give an alternative formulation of

stable simplicial weak equivalences.

Definition 4.4. A map f : D → D′ of T-prespectra over k is an eventual space-

wise equivalence if there is some N ∈ N such that for all n ≥ N ,

fn : Dn → D′
n

is a simplicial weak equivalence in Spc(k)•.

We also define a class W of maps generated by eventual spacewise equivalences,

which turns out to coincide with the class of stable simplicial weak equivalences of

T-prespectra.

Definition 4.5. We define the class W of maps in Prespectra(k) to be the small-

est class containing all eventual spacewise equivalences, and satisfying the following

conditions:

1. For composable maps f, g, if two out of the three maps f , g, and gf are in W,

then so is the third.

2. For a directed system of prespectra Dα and maps fα : Dα → Dα′
for any

f : α → α′, such that each map is in W, the induced map Dβ → colimαD
α is in W

for each β.

The first result of this section is the following, which we will prove in Section 15.

Proposition 4.6. The class of stable simplicial weak equivalences in the category

Prespectra(k) coincides with W.
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The simplicial model structure on Prespectra(k) gives rise to the simplicial model

structure on Spectra(k).

Definition 4.7. Let f : E → G be a map of spectra. f is a simplicial cofibra-

tion, simplicial weak equivalence, or simplicial fibration of spectra if it is a simplicial

cofibration, simplicial weak equivalence, or simplicial fibration in the category of pre-

spectra.

The proof of the next theorem is by the usual small objects argument, which we

defer also to Section 15.

Theorem 4.8. The classes of simplicial cofibrations, weak equivalences, and fi-

brations of spectra define the structure of a model category on Spectra(k).

In particular, let L : Prespectra(k) → Spectra(k) be the spectrification functor.

We will see in Lemma 15.1 that for any T-prespectrum D, the canonical mapD → LD

is a simplicial weak equivalence of T-prespectra, so the simplicial homotopy categories

of T-prespectra and T-spectra are equivalent.

We can also formulate the levelwise and stable simplicial model structures for

Prespectra(U) and Spectra(U) in an analogous fashion.

Definition 4.9. A map f : D → E of U-prespectra is a levelwise simplicial

weak equivalence or fibration if for every V ∈ C(U), the map fV : DV → EV is a

simplicial weak equivalence or simplicial fibration of based k-spaces, respectively. It

is a simplicial cofibration in the levelwise model structure if it satisifies the left lifting

property with respect to all levelwise simplicial acyclic fibrations.

The proof of the following proposition is by the small objects argument (see

Section 15).

Proposition 4.10. The classes of simplicial cofibrations, levelwise simplicial weak

equivalences, and levelwise simplicial fibrations give a model category structure on

Prespectra(U).
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There is also the stable simplicial model structure on Prespectra(U).

Definition 4.11. Let f : D → E be a map in Prespectra(U).

1. f is a stable simplicial cofibration if it is a simplicial cofibration in the levelwise

model structure;

2. f is a stable simplicial weak equivalence if it induces a bijection

colimWuZ=V Hs(Spc(k)•)(Z/(Z \ {0}), DW )

∼= colimWuZ=V Hs(Spc(k)•)(Z/(Z \ {0}), EW )

for every V ∈ C(U).

2. f is a stable simplicial fibration if it satisfies the right lifting property with

respect to all stable simplicial acyclic cofibrations.

The proof of the following theorem is similar to Bousfield and Friedlander [2].

Theorem 4.12. The classes of simplicial cofibrations, stable simplicial weak equiv-

alences and stable simplicial fibrations form a model structure on Prespectra(U).

The model structure on U -spectra is defined from the model structure on U -

prespectra.

Definition 4.13. A map f : D → E of U-spectra is a stable simplicial cofibra-

tion, stable simplicial weak equivalence, or stable simplicial fibration if it is a stable

simplicial cofibration, stable simplicial weak equivalence, or stable simplicial fibration

of U-prespectra.

We also have the following model structure theorem. Its proof is analogous to

that of Theorem 4.8 (see Section 15).

Theorem 4.14. The classes of stable simplicial cofibrations, stable simplicial

weak equivalences, and stable simplicial fibrations give a model structure on the cat-

egory Spectra(U).

We denote by Hs(U) the homotopy category associated with the stable simplicial

model structure on Spectra(U).
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We will now start working on a comparison between Spectra(U), Spectra(B), and

Spectra(Bfull). Let B = {Ui} be a fixed decomposition of U Into one-dimensional

subspaces. The canonical identification of Prespectra(B) and Spectra(B) via Propo-

sition 3.3 respectively with Prespectra(k) and Spectra(k) give the stable simplicial

model structures on Prespectra(B) and Spectra(B). Let Hs(B) denote the homotopy

category of the stable simplicial model structure on Spectra(B).

There are also the categories Prespectra(Bfull and Spectra(Bfull). Wefine the

levelwise and stable simplicial model structures on Prespectra(Bfull) similarly as for

Prespectra(U) (see Definitions 4.9 and 4.11). By arguments similar to that of [2],

these are indeed model category structures. We define a map of Bfull-spectra to be

a stable simplicial cofibration, stable simplicial weak equivalence, or stable simplicial

fibration if it is in the corrsponding class of maps in Prespectra(Bfull). This is a

model structure by arguments similar to that for Theorem 4.8. Consider the canonical

equivalence

Spectra(B) ' Spectra(Bfull)

by Proposition 3.5. This equivalence is the identity on the level of the EVi
’s, as well

as on maps between spectra. Hence, the equivalence preserves the levelwise simplicial

model category structures, as well as eventual spacewise weak equivalences. Using

the fact that the sequence {Vi, Ui+1 : Vi → Vi+1} is cofinal in Bfull in the sense of

Lemma 3.2, and the homotopy sets definition of stable simplicial weak equivalences

in Definition 4.2, one sees that the equivalence also preserves stable simplicial weak

equivalences, hence the stable simplicial model structures.

We recall some results in the theory of model categories. The following result is

Theorem 9.7 in Dwyer and Spanlinski [5].

Lemma 4.15 (Dwyer and Spalinski [5]). Let C and D are two model categories,

with two functors F : C → D and G : D → C which form an adjoint pair (with F

being the left adjoint). If F preserves cofibrations and G preserves fibrations, then F

and G pass to a pair of functors between the homotopy categories of C and D.



4. THE STABLE SIMPLICIAL MODEL STRUCTURE 32

The functors F,G are said to be a Quillen adjoint pair if they satisfy the condition

of the lemma. By adjunction, the condition that F,G are a Quillen adjoint pair is

also equivalent to each of the following two conditions: 1. the left adjoint F preserves

cofibrations and acyclic cofibrations; 2. the right adjoint G preserves fibrations and

acyclic fibrations.

A Quillen adjoint pair F : C → D , G : D → C is a Quillen equivalence if

the functors induced on the homotopy categories are equivalences of categories. Let

G : D → C be a functor between two model categories. Recall that if a map f in D

is a weak equivalence if and only if Gf is a weak equivalence in C, then G is said to

create weak equivalences in D. There is the following result ([18], [14]).

Lemma 4.16 ([14], Lemma 2.2). Given a Quillen adjoint pair

F : C → D, G : D → C

if G creates the weak equivalences in D and the unit of the adjunction X → GFX is

a weak equivalence for all cofibrant X ∈ C, then (F,G) is a Quillen equivalence.

Proposition 4.17. The functors

RU
B : Spectra(U) → Spectra(B)

LU
B : Spectra(B) → Spectra(U)

for a Quillen adjoint pair with respect to the stable simplicial model structures.

Proof. In the levelwise simplicial model structure, RU
B preserves weak equiva-

lences and fibrations, since these are just defined spacewise. Hence, LU
B preserves

cofibrations in the levelwise simplicial structure, which are the same as cofibrations

in the stable simplicial model structure.

We need that LU
B also preserves stable simplicial acyclic cofibrations. In fact, LU

B

preserves stable simplicial weak equivalences. The stable simplicial model structures

on Spectra(B) and Spectra(Bfull) are preserved by the equivalence of categories be-

tween them. Also, by Proposition 4.6, the stable simplicial weak equivalences of
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B-spectra are generated by eventual spacewise equivalences. Thus, it suffices to con-

sider an eventual spacewise equivalence f : E → E ′ of Bfull-prespectra. So there

exists some n ∈ N, such that for all i ≥ n, fi : Ei → E ′
i is a simplicial weak equiv-

alence of based k-spaces. Then for all W ⊂ Vi for some i ≥ n, applying LU
B gives

that (LU
B)W is a directed colimit of simplicial weak equivalences of based k-spaces,

which is therefore a simplicial weak equivalence of based k-spaces by [16]. Note that

Vi ↓ C(U) = {W | Vi ⊂ W} is cofinal in C(U) in the sense of Lemma 3.2. Thus, it is

easy to check by the homotopy sets characterization in Defintion 4.11 that LU
Bf is a

stable simplicial weak equivalence of U -spectra.

Thus, (LU
B , R

U
B) pass to a pair of adjoint functors

LU
B : Hs(B) → Hs(U)

RU
B : Hs(U) → Hs(B).

5. The A1-local Model Structure

The stable simplicial homotopy category Hs(U) is not yet the stable homotopy

category of U -spectra with which we would like to work.

Definition 5.1. Two maps f, g : E → G of U-spectra are A1-homotopic if there

is a map h : E ∧ A1
+ → G, such that the composition of h with the two maps

E = E ∧ S0 → E ∧ A1
+, given by sending the non-base point of S0 to 0 and 1, are f

and g respectively.

We would like A1-homotopy equivalences of U -spectra to be weak equivalences.

This motivates the following definitions, analogous to those given for k-spaces by

Morel and Voevodsky [16].

Definition 5.2. A U-spectrum G is said to be A1-local if for every U-spectrum

E, the map E ∧ A1
+ → E induced by the projection A1

+ → S0 induces a bijection of

morphism sets

Hs(E,G) → Hs(E ∧ A1
+, G).



5. THE A1-LOCAL MODEL STRUCTURE 34

Definition 5.3. Let f : E → E ′ be a map of U-spectra.

1. f is an A1-cofibration if it is a (stable) simplicial cofibration;

2. f is an A1-weak equivalence if for every A1-local G, the map of morphism sets

Hs(E
′, G) → Hs(E,G)

is a bijection;

3. f is an A1-fibration if it satisfies the right lifting property with respect to every

acyclic A1-cofibration.

There is the following alternative characterization of A1-weak equivalences of spec-

tra, the proof of which is analogous to Proposition 2.2.9 of Morel and Voevodsky [16].

Proposition 5.4. A map f : E → E ′ of U-spectra is an A1-weak equivalence if

and only if for any A1-local and simplicially fibrant spectrum G, the map of function

spectra

f ∗ : F (E ′, G) → F (E,G)

is a simplicial weak equivalence.

We have the following theorem.

Theorem 5.5. The classes of A1-cofibrations, A1-weak equivalences and A1-fibra-

tions define a model structure on Spectra(U).

Proof. Analogous to that of Morel and Voevodsky for k-spaces ([16], Theo-

rem 2.2.21). The first three model structure axioms are clear. The factorization of

any map into a cofibration and an acyclic fibration is immediate since a simplicial

acyclic fibration is an A1-local acyclic fibration (Lemma 2.2.9 of [16]). The other

factorization uses the formal fact that A1-local ayclic cofibrations are preserved un-

der pushouts and the bounding argument in Corollary 2.2.18 of [16], done spacewise.

These allow the usual small objects argument to give the factorization of any map

into an acyclic cofibration and a fibration. Finally, the part of CM4 which is not by

definition follows formally by an argument due to Joyal [11].
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This gives the A1-local model structure on Spectra(U), which is the structure

with which one really wants to work. In particular, all A1-homotopy equivalences of

spectra are weak equivalences in this structure. Let HA1(U) denote the homotopy

category associated with this model structure. In the next section, we will show

that this homotopy category is equivalent to the A1-local stable homotopy category

of T-spectra defined by Morel and Voevodsky [16]. We first give some properties

of homotopy colimits of U -spectra. Given a small category C, and a functor E :

C → Spectra(U), we can define the homotopy colimit hocolimc∈CEi similarly as

for k-spaces ([3], [16]). In the simplicial homotopy category Hs, morphisms into a

homotopy colimit are determined by morphisms into objects of the diagram in the

following sense.

Definition 5.6. Suppose C is a small category, and D is a category in which we

can form homotopy colimits. Let S : C → D be a functor. Then we say that for an

object Y ∈ D, the morphism set D(hocolimCSc, Y ) is determined by D(Sc, Y ) for all

c ∈ C, if for any functor T : C → D and natural transformation η : S → T that

induces a bijection D(Tc, Y ) ∼= D(Sc, Y ) for all c ∈ C, η induces a bijection

D(hocolimCTc, Y )
∼=
→ D(hocolimCSc, Y ).

We record the following standard argument.

Proposition 5.7. Suppose C is a small category, and

S : C → Spectra(U)

is a functor. Then for any spectrum G, the morphism set in the simplicial homotopy

category

Hs(hocolimCSc, G)

is determined by Hs(Sc, G) for all c ∈ C.
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Proof. Denote

E = hocolimCSc.

Define the simplicial object E• as follows: the n-th simplicial stage is

En = q(f1,... ,fn)Target(E(fn))

where (f1, . . . , fn) runs through all n-tuples of composable morphisms in C. Then

the homotopy colimit E is the simplicial realization of E•.

This gives the following spectral sequence of mapping groups:

E1 = Hs(q(f1,... ,fn)Target(S(fn)), G) ⇒ Hs(E,G)(5.8)

which is conditionally convergent. Let T be another functor, and let η : S → T be a

natural transformation that induces a bijection

Hs(S(X), G) ∼= Hs(T (X), G)

for a spectrum G and X ∈ C. Then we have a conditionally convergent spectral

sequence similar to (5.8)

E1 = HA1(q(f1,... ,fn)Target(T (fn)), G) ⇒ HA1(hocolimc∈CT (c), G)

The natural trausformation η induces an isomorphism of spectral sequences.

Comment: This spectral sequence argument is generic. Namely, the proposition

also holds if we replace the morphism sets in Hs by morphism sets in the A1-local

stable homotopy category HA1 . Thus, for any G, we also get a spectral sequence

E1 = HA1(q(f1,... ,fn)Target(E(fn)), G) ⇒ HA1(E,G).

So the morphism set HA1(hocolimi∈IEi, G) is also determined by the morphism sets

HA1(Ei, G).

Recall the following lemma of Morel and Voevodsky [16].

Lemma 5.9 (Morel and Voevodsky [16], Lemma 2.1.14). Suppose I is a small di-

rected category, and X : I → Spc(k)• be a functor. Then the canonical map

hocolimi∈IXi → colimi∈IXi
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is a simplical weak equivalence of based k-spaces.

The same is true in the category of spectra.

Lemma 5.10. Let I be a small directed category, and

E : I → Spectra(U)

be a functor. Then the canonical map

hocolimi∈IEi → colimi∈IEi

is a simplical weak equivalence of U-spectra.

Proof. The homotopy colimit and colimit of spectra are given by first taking

the homotopy colimit and colimit in the category of prespectra, then applying the

spectrification functor L. In Prespectra(U), the homotopy colimit and colimit are

just taken spacewise. Denote the homotopy colimit and the colimit in the category

of prespectra by hocolimPrespectra(U)Ei and colimPrespectra(U)Ei, respectively. Then by

Lemma 5.9, in Prespectra(U), the map

hocolim
Prespectra(U)
i∈I Ei → colim

Prespectra(U)
i∈I Ei

is a spacewise simplicial weak equivalence. Hence, it is a simplicial weak equivalence

of U -prespectra. However, by Lemma 15.1, for any prespectrum D, the unit map

D → LD is a simplicial weak equivalence of prespectra. Therefore, the map

hocolimi∈IEi → colimi∈IEi

is a simplicial weak equivalence of U -spectra.

The next proposition follows from the above lemma.

Proposition 5.11. Let I be a small directed category.

1. Suppose E,E ′ : I → Spectra(U) are two functors, with a natural transfor-

mation f : E → E ′. Suppose that for every i ∈ I, fi : Ei → E ′
i is an A1-weak

equivalence of spectra. Then the induced map

colimi∈IEi → colimi∈IE
′
i
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is an A1-weak equivalence of spectra.

2. Suppose E : I → Spectra(U) is a functor such that, for all morphisms i → j

in I, Ei → Ej is an A1-weak equivalence of spectra. Then for every i ∈ I, the map

Ei → colimi∈IEi

is an A1-weak equivalence of spectra.

Proof. Let G be any A1-local spectrum. By the comment after Proposition 5.7,

for all A1-local G, f induces a bijection in the E∞-term

Hs(hocolimi∈IEi, G)
∼=
→ Hs(hocolimi∈IE

′
i, G).

So the map induced on the homotopy colimits is an A1-weak equivalence.

By Lemma 5.11, the homotopy colimit over I is naturally simplicially weakly

equivalent to the colimit. But a simplicial weak equivalence is an A1-weak equiva-

lence. Hence, the map induced on the colimits

colimi∈IEi → colimi∈IE
′
i

is an A1-weak equivalence.

For the second part of the proposition, fix i ∈ I. Consider the small directed

category I ′ = i ↓ I of all objects j together with a morphism i→ j. The claim then

follows by applying the first part of the proposition to the constant functor Ei and

the functor E from I ′ to Spectra(U).

There is also the following equivalent characterization of A1-weak equivalences of

U)-spectra. We say that a map of spectra is an elementary A1-weak equivalence if it

is of the form

ΣU
VX ∧ A1

+ → ΣU
VX

induced by the projection A1
+ → S0, where X ∈ Spc(k)• is a finite colimit of based

smooth schemes, and V ⊂ U is cofinite. Here, ΣU
VX denotes the V -th shift desuspen-

sion of the suspension U -spectrum ofX. We will show that every A1-weak equivalence

of spectra can be built up from the elementary A1-weak equivalences.
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Proposition 5.12. The class of A1-weak equivalences of U-spectra is the smallest

class WA1 of maps of spectra containing all simplicial weak equivalences and satisfying

the following conditions:

1. WA1 contains all elementary A1-weak equivalences of the form ΣU
VX ∧ A1

+ →

ΣU
VX.

2. If two of of three maps f , g and g · f are in WA1, then so is the third.

3. Suppose we have a pushout diagram

A

f

i
X

f ′

B
i′

Y

where f is in WA1 . If i is a cofibration, then f ′ is also in WA1. If f is a cofibration,

then f ′ is in WA1 and a cofibration.

4. Suppose I is a small directed category and E : I → Spectra(U) is a functor

such that, for all i → j in I, the map Ei → Ej is in WA1. Then the induced map

Ei → colimi∈IEi is in WA1 for each i ∈ I.

To prove the proposition, we first show that to say that a spectrum is local with

respect to all maps of the form E ∧A1
+ → E is equivalent to the statement that it is

local with respect to all elementary A1-weak equivalences.

Lemma 5.13. A spectrum G is A1-local if and only if for every X ∈ Spc(k)•

which is a finite colimit of based smooth schemes and every cofinite V ⊂ U , the map

Hs(Σ
U
VX,G) → Hs(Σ

U
VX ∧ A1

+, G)

induced by A1
+ → S0 is a bijection.

Proof. For any spectrum E, we have

E = colimV ∈C(U)Σ
U
VEV .

By Lemma 5.10, the canonical map

hocolimV ∈C(U)Σ
U
VEV → colimV ∈C(U)Σ

U
VEV
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is a simplicial weak equivalence. Smashing with A1
+ commutes with this homotopy

colimit, so by Proposition 5.7, the morphism set Hs(E,G) is determined by the

morphism sets Hs(Σ
U
VEV , G) in the sense of Definition 5.6. Hence, G is A1-local if

and only if for every X ∈ Spc(k)• and every cofinite V ⊂ U , the map

Hs(Σ
U
VX,G) → Hs(Σ

U
VX ∧ A1

+, G)

is a bijection.

It remains to show we can make X a finite colimit of smooth schemes. By

Lemma 17.1 in the Appendix, Every based k-space is a directed colimit of finite

colimits of based smooth schemes, and the functor ΣU
V commutes with directed col-

imits. Hence, by Lemma 5.10, we have that every suspension spectrum ΣU
VX is

A1-weak equivalent to some

hocolimi∈IΣ
U
VXi

for some small directed category I, and the Xi’s are all finite colimits of based smooth

schemes. Applying Proosition 5.7 again finishes the proof.

Proof of Proposition 5.12. Since it is the class of weak equivalences in a

proper model category structure, the class of A1-weak equivalences of spectra clearly

satisfies conditions 1, 2, and 3 of the proposition. By Proposition 5.11, condition 4

is also satisfied. Conversely, any elementary A1-weak equivalence is by definition in

WA1 . We will show that if E → E ′ is an A1-weak equivalence of spectra, then it can

be constructed from the elementary A1-weak equivalences via the conditions defining

the class WA1 in the proposition.

Note that the collection of elemetary A1-weak equivalences form a set, since the

site Sm/k is small. Thus, we can use a transfinite small object argument, done

with respect to the set of elementary A1-weak equivalences, to construct the A1-

localization functor LA1 on Spectra(U). (This is similar to the standard construction

of Bousfield [1], see also Dror-Farjoun [4].) For any E ∈ Spectra(U), LA1E is the
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universal A1-local spectrum to which E maps. The map E → LA1E is constructed

as a directed colimit of pushouts of elementary A1-weak equivalences, so it is in WA1.

Now suppose that f : E → E ′ is a A1-weak equivalence. Then there is the

following diagram:

E
f

E ′

LA1E
L

A1f
LA1E ′

The bottom map

LA1f : LA1E → LA1E ′

is an A1-weak equivalence since the other three maps are. However, a map between

A1-local spectra is an A1-weak equivalence if and only if it is an isomorphism in Hs.

Hence, LA1f is in WA1. so f is in WA1 by condition 2 of the proposition.

We also have the following “homotopy sets” characterization of A1-weak equiva-

lences of spectra.

Proposition 5.14. A map of U-spectra f : G → G′ is an A1-weak equivalence

if and only if for every X ∈ Spc(k)• a finite colimit of based smooth schemes, and

V ⊂ U cofinite, the map

HA1(ΣU
VX,G) → HA1(ΣU

VX,G
′)

induced by f is a bijection.

Proof. Given a spectrum E, we have E = colimU∈C(U)Σ
U
UEU . By Lemma 5.10,

there is a natural A1-weak equivalence

colimU∈C(U)Σ
U
UEU → hocolimU∈C(U)Σ

UEU .

By the comment after Proposition 5.7, the HA1(E,G), is determined by the map-

ping groups HA1(ΣU
UEU , G) in the sense of Definition 5.6 by a spectral sequence. In

particular, if the induced map

HA1(E,G) → HA1(E,G′)
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is a bijection for every suspension spectrum, then f : G→ G′ induces an isomorphism

of spectral sequences for every spectrum E. Hence, it is an A1-weak equivalence.

Now let E = ΣU
VX for some X ∈ Spc(k)•. By Lemma 17.3 in the Appendix, every

based k-space is is simplicially weak equivalent, and hence A1-weak equivalent, to a

homotopy colimit of finite colimits of based smooth schemes. Since ΣU
V commutes

with colimits and homotopy colimits, we have that ΣU
VX is A1-weak equivalent to a

homotopy colimit of spectra of the form ΣU
VXi, where each Xi ∈ Spc(k)• is a finite

colimit of based smooth schemes. Again, by the comment after Proposition 5.7, if

HA1(ΣU
VXi, G) → HA1(ΣU

VXi, G
′)

is a bijection for every Xi ∈ Spc(k)• that is a finite colimit of based smooth schemes,

then f induces an isomorphism of spectral sequences.

The statement of the proposition follows.

6. Comparison with Coordinatized Spectra

Now we can compare Spectra(U) with Spectra(k). Let B = {Ui} be any decom-

position of U into one-dimensional subspaces. Let Vn = ⊕i>nUi for n ∈ N. The

A1-local model structure on Spectra(B) is defined from the stable simplicial model

structure on Spectra(B) in a manner similar to Definition 5.3.

Lemma 6.1. The pair of adjoint functors

LU
B : Prespectra(B) → Prespectra(U)

RU
B : Prespectra(U) → Prespectra(B)

form a Quillen adjoint pair with respect to the A1-local model structures on U-

prespectra and B-prespectra.

Proof. Cofibrations in the A1-local model structure are the same as cofibra-

tions in the stable simplicial model structure, which are preserved by LU
B . We also
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claim that RU
B takes an A1-local U -spectrum to an A1-local B-spectrum. By Propo-

sition 4.17, (LU
B , R

U
B) is a pair of adjoing functors between the stable simplicial ho-

motopy categories Hs(B) and Hs(U). If G is an A1-local U -spectrum, then for any

B-spectrum E, the map of morphism sets

Hs(B)(E,RU
BG) → Hs(B)(E ∧ A1

+, R
U
BG)

is the same as

Hs(U)(LU
BE,G) → Hs(U)(LBU(E ∧ A1

+), G).

This is a bijection since LU
B commutes with − ∧ A1

+. Thus, RU
BG is an A1-local

B-spectrum.

Therefore, if f : E → E ′ is an A1-local weak equivalence of B-spectrum, then for

every A1-local U -spectrum G, the map of morphism sets

Hs(U)(LU
BE

′, G) → Hs(U)(LU
BE,G)

is the same as

Hs(U)(E ′, RU
BG) → Hs(B)(E,RU

BG)

which is a bijection. So LU
Bf is an A1-weak equivalence of U -spectra.

Thus, (LU
B , R

U
B) pass to a pair of adjoint functors between the A1-local homotopy

categories HA1(B) and HA1(U).

In fact, the right adjoint RU
B also preserves A1-weak equivalences.

Lemma 6.2. For any decomposition B = {Ui} of U into one-dimensional sub-

spaces, the functor RU
B : Spectra(U) → Spectra(B) preserves A1-weak equivalences.

Proof. We use the homotopy sets characterization of A1-weak equivalences of

Proposition 5.14, which also holds for B-spectra by a similar argument. Suppose

f : E → E ′ is an A1-weak equivalence of U -spectra. Then by Lemma 6.1, for any

Vn = ⊕i>nUi, and X ∈ Spc(k)•, the map of morphism sets

HA1(B)(ΣB
Vn
X,RU

BE) → HA1(B)(ΣB
Vn
X,E ′)
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is the same as

HA1(U)(LU
BΣB

Vn
X,E) → HA1(U)(LU

BΣB
Vn
X,E ′).

Now consider the diagram of forgetful functors

Spectra(U)
RU

B

ΩU

Spectra(B)

ΩB

Spc(k)• .

This diagram commutes, so the diagram of left adjoints also commute. Hence, we

have that

ΣU
Vn
X ∼= LU

BΣB
Vn
X.

So the map of morphism groups is

HA1(U)(ΣU
Vn
X,E) → HA1(U)(ΣU

Vn
X,E ′).

This is a bijection, so RU
Bf is an A1-weak equivalence of B-spectra.

The main result of this section is the following theorem, which states that in the

A1-local homotopy categories, coordinate-free spectra are the same as coordinatized

spectra.

Theorem 6.3. For any decomosition B of U into one-dimensional subspaces, the

adjoint functors (LU
B , R

U
B) between Spectra(B) and Spectra(U) form a pair of Quillen

equivalences with respect to the A1-local model structures. Therefore, there is an

canonical equivalence of homotopy categories

HA1(B) ' HA1(U).

In the following, let B = {Ui} be a fixed decomposition of U into one-dimensional

subspaces. Let Vn = ⊕i>nUi for n ∈ N. We have the pair of adjoint functors

LU
B : Prespectra(B) → Prespectra(U)

RU
B = Prespectra(U) → Prespectra(B)



6. COMPARISON WITH COORDINATIZED SPECTRA 45

which is a Quillen adjoint pair with respect to the A1-local model structures on

U -prespectra and B-prespectra.

We make the following definition.

Definition 6.4. Let B = {Ui}, B
′ = {U ′

i} be two decompositions of U into one-

dimensional subspaces, with Vn = ⊕i>nUi, V
′
n = ⊕i>nU

′
i . We say that B is dominated

by U ′ if for every n ∈ N, there is some j ≥ n such that V ′
j ⊆ Vn.

Note that for any two decompositions B and B′, by taking {Vi ∩ V
′
i } and refining

it, there is always a decomposition B′′ which dominates both B and B′.

If B is dominated bt B′, we can define the categories of (B∪B′)full-prespectra and

(B ∪ B′)full-spectra to be indexed on the full subcategory of C(U) generated by the

objects Vi, V
′
i . Note that (V ′

i , U
′
i : V ′

i−1 → V ′
i ) satisfies the conditions of Lemma 3.2

in (B ∪ B′)full, so there is a canonical equivalence of categories

Spectra(B′) ' Spectra((B ∪ B′)full).(6.5)

The proof of this is analogous to that of Proposition 3.5. In the following, we will

identify these two categories.

We also have a pair of adjoint functors

LB′

B : Prespectra(B) → Prespectra(B ∪ B′
full)

RB′

B : Prespectra(B ∪ B′
full) → Prespectra(B).

On the level of spectra, by the equivalence (6.5), (LB′

B , R
B′

B ) is a pair of adjoing func-

tors between Spectra(B) and Spectra(B′). By arguments similar to that of Propo-

sition 4.17, these form a pair of Quillen adjoints, both in the stable simplicial and

A1-local model structures.

Proposition 6.6. For any decompositions B, B′ of U into one-dimensional sub-

spaces, with B dominated by B′, the Quillen adjoints (LB′

B , R
B′

B ) between Spectra(B)

and Spectra(B′) is a pair of adjoint Quillen equivalences in the A1-local model struc-

ture.

Proposition 6.6 is the main step in the proof of Theorem 6.3.
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Proof of Theorem 6.3. We need to show that for any cofibrant Bfull-spectrum

E, the unit of adjunction

u : E → RU
BL

U
BE(6.7)

is an A1-weak equivalence. There is a directed system of categories of B′-spectra,

ordered by domination. Namely, if B1 is dominated by B2, where both are decompo-

sitions of U into one-dimensional subspaces, then

LB2
B1

: Spectra(B1) → Spectra(B2).

If B2 is dominated by B3, then

LB3
B1

= LB3
B2
LB2
B1
.

If E is a B1 spectrum, then the unit of adjunction

E → RB3
B1
LB3
B1
E

is the composition

E → RB2
B1
LB2
B1
E

→ RB2
B1

(RB3
B2
LB3
B2

(LB2
B1
E))

= RB3
B1
LB3
B1
E.

By Proposition 6.6 and the fact thatRB2
B1

preserves A1-weak equivalences (Lemma 6.2),

each map in the composition is an A1-weak equivalence. Now consider the directed

system of decompositions that dominate B. Then for a B-spectrum E, the unit of

adjunction (6.7) is the directed colimit of this system of A1-local weak equivalences,

so it is itself an A1-equivalence.

We also need to show that for any U -spectrum E, the counit of adjunction

c : LU
BR

U
BE → E(6.8)

is an A1-weak equivalence of U -spectra. For this, note that

E = colimV ∈C(U)Σ
U
VEV

where ΣU
V denotes the V -th shift desuspension of the U -suspension spectrum. Since

directed colimits preserve A1-weak equivalences of U -spectra, it suffices to show (6.8)
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for E = ΣU
VX, where V ∈ C(U), and X is a based k-space. This is because LU

BR
U
B

also commutes with directed colimits.

For X ∈ Spc(k)•, we can assume without loss of generality that V = U . Let ΣBX

denotes the suspension B-spectrum of X. By the proof of Lemma 6.2,

ΣUX ∼= LU
BΣBX.

Also, consider the unit of adjunction

ΣBX
u
→ RU

BL
U
BΣBX ∼= RU

BΣUX.

By the above, this is an A1-weak equivalence. Also, LU
B preserves A1-weak equiva-

lences. So we have the diagram

LU
BΣBX

∼=

'

LU
Bu

ΣUX

LU
BR

U
BΣUX

c

.

By looking at the adjoint diagram, we see that this diagram commutes. Thus, c is

an A1-weak equivalence.

For each n ∈ N, denote Zn = U1 u · · · u Un, and Tn = U ′
1 u · · ·u U ′

n.

To prove Proposition 6.6, we will use the following lemma.

Lemma 6.9. There is a sequence of A1-paths Un(t) in Tr(n) for some r(n) ≥ n,

such that

1. Un(t) = Un, Un(1) = U ′
n for all n;

2. for each n and all t ∈ A1, the set {U1(t), . . . , un(t)} is linearly independent;

3. the sequence Bt = {Un(t)} is dominated by B′ for all t ∈ A1.

We defer the proof of Lemma 6.9 for now.

Proof of Proposition 6.6. To show that the unit of adjunction

c : E → RB′

B L
B′

B E(6.10)

is an A1-weak equivalence of B-spectra for any B-spectrum E, it suffices to show it for

E = ΣB
Vn
X for some based k-space X, where ΣB

Vn
denotes the Vn-th shift desuspension
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of the suspension B-spectrum of X. This is because E = colimBΣB
Vn
EVn

, and the unit

map commutes with directed colimits.

Assume without loss of generality that Vn = U , so E = ΣBX. Thinking of E has

a Bfull-spectrum, we have to consider the maps of based k-spaces for each i

colimVjuZ=Vi
ΩZ(

∨

TuVj=U

ΣTX) → colimV ′
j
uZ′=V ′

i
ΩZ′

(
∨

T ′uV ′
j =U

ΣZ′

X).(6.11)

Assume first that Vi = V0 = U . Then by the equivalences of categories

Spectra(B) ' Spectra(Bfull)

Spectra(B′) ' Spectra(B′
full)

the map (6.11) corresponds canonically to

colimnΩZnΣZnX → colimnΩTnΣTnX(6.12)

where Zn = un
i=1Ui, and Tn = un

i=1U
′
i . This comes from the fact that for each n,

there is some r(n) ≥ n, such that Zn ⊆ Tr(n).

Given Lemma 6.6, consider the map

ϕ : A1 × U → U

such that ϕt maps Ui onto Ui(t) isomorphically. So ϕt is an isomorphism for each t,

and induces an isomorphism

ϕt : colimnΩZnΣZnX
∼=
→ colimnΩZn(t)ΣZn(t)X

where Zn(t) = U1(t) u · · ·u Un(t). Also, for each t and n,

Zn(t) ⊆ Tj

for some j ≥ n (depending on n and t), so we have a canonical map

ψt : colimnΩZn(t)ΣZn(T )X → colimnΩTnΣTnX.

Together, we have a map

ψ · ϕ : A1 × colimnΩZnΣZnX → colimnΩTnΣTnX.

For t = 0, ϕ0 is the identity, and ψ0 is the map (6.12). For t = 1, ϕ1 is an isomorphism,

and ψ1 is the identity. Thus, (6.12) is A1-homotopic via ψ · ϕ to an isomorphism, so
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(6.12) is an A1-weak equivalence of based k-spaces. This shows that for Vi = V0 = U ,

the map (6.11) is an A1-weak equivalence of based k-spaces.

For (6.11) on V1, note that the map (6.11) depends on B, B′ cofinally, in the sense

that if we change finitely many of the Vj’s and V ′
j ’s, the map remains unchanged.

We have that V1 ⊂ V ′
k for some k, so we can assume that V ′

1 = V1, V
′
j are unchanged

for j ≥ k, and choose V ′
1 ⊂ V ′

2 ⊂ · · · ⊂ V ′
k so that each V ′

j has codimension one

higher than V ′
j−1, and choose the new U ′

j to be a complement of V ′
j in V ′

j−1 for each

1 ≤ j ≤ k. Then repeating the argument as before, we get that the map (6.11) for

V1 is canonically isomorphic to

colimnΩU2u···uUnΣZnX → colimnΩU ′
2u···uU ′

nΣTnX.(6.13)

By the same argument as above, we get that (6.13) is an A1-weak equivalence of based

k-spaces. Repeating for all Vi, we get that (6.11) is a spacewise A1-weak equivalence,

so an A1-weak equivalence of B-spectra.

We also need to show that the counit of adjunction

c : LB′

B R
B′

B E → E(6.14)

is an A1-weak equivalence of B′-spectra for all fibrant B′-spectra E. Note that E ∼=

colimB′ΣB′

V ′
i
Ei, so again it suffices to show it for E = ΣB′

V ′
i
X for some X ∈ Spc(k)•.

Then

E ∼= LB′

B ΣB
Vi
X.

We have the diagram

LB′

B ΣB
Vi
X

∼=
E

LB′

B R
B′

B E

c

.

This diagram commutes. The map u is an A1-weak equivalence of B-spectra,

and LB′

B preserves A1-weak equivalences. Hence, c is an A1-weak equivalence of B′-

spectra.

It remains to prove Lemma 6.9.
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Proof of Lemma 6.9. We first find bases {di} and {ei} for U corresponding

to B and B′, in the sense that Ui =< di >, and U ′
i =< ei > for i ≥ 1. Then

Vn =< dn+1, dn+2, . . . >, and V ′
n =< en+1, en+2, . . . >. We need to find a sequence of

paths Un(t) in Tr(n) for some r(n) ≥ n, satisfying the given conditions. To get U1(t),

we have that V ′
r(1) ⊂ V1 for some r(1) ∈ N. Let

R1 = V1∩ < e1, e2, . . . , er(1) > .

Then by the Noether isomorphism, which gives a canonical bijective correspondance

between subspaces of U containing V ′
r(1) and subspaces of U/V ′

r(1), we have that

V1 = R1 u V ′
r(1).

We will find a homotopy (d1(t), R1(t)), which is (d1, R1) for t = 0, and

(e1, < e2, . . . , er(1) >)

for t = 1. Note that we can assume that d1 ∈< e1, . . . , er(1) > by making r(1)

large enough. We also want the homotopy (d1(t), R1(t)) to be contained in the space

< e1, . . . , er(1) >. To do this, we find an A1-path f1(t) in SLr(1), such that f1(1) is

the identity, and f1(0) takes e1 to d1, and < e2, . . . , er(1) > to R1. This is possible

because SLr(1) is path-connected. Given f1(t), we take the projection

f1(t) 7→ (f1(t)(e1), f1(t)(< e2, . . . , er(1) >).

This gives the homtopy (d1(t), R1(t)). We set V1(t) = R1(t) u V ′
r(1). Note that

V ′
r(1) ⊂ V1(t), and V1(t)u < d1(t) >= U for all t ∈ A1.

To continue, we work by induction. Suppose we have constructed a path fn(t)

in SLr(n) such that fn(1) is the identity, and fn(0) takes ei to di for i ≤ n and <

en+1, . . . , er(n) > to Rn = Vn∩ < e1, . . . , er(n) >. By projecting to dn(t) = fn(t)(en),

and Rn(t) = fn(t) < en+1, . . . , er(n) >, we get homotopies

(d1(t), . . . , dn(t), R1(t), . . . , Rn(t), V1(t), . . . , Vn+1(t))

with Ri(t) = Vi(t)∩ < e1, . . . , er(i) > and Ri(t) u V ′
r(i) = Vi(t) by the Noether

isomorphism for each i ≤ n and t ∈ A1. Suppose that
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1. We have

(d1(0), . . . , dn(0), V1(0), . . . , Vn(0)) = (d1, . . . , dn, V1, . . . , Vn)

(d1(1), . . . , dn(1), V1(1), . . . , Vn(1)) = (e1, . . . , en, V
′
1 , . . . , V

′
n);

2. the di(t)’s are linearly independent for all t ∈ A1;

3. For all t ∈ A1,

< d1(t), . . . , dn(t) > uVn(t) = U .

Suppose further that the homotopies satisfy the condition that

V ′
r(i) ⊂< di+1(t), . . . , dn(t) > uV ′

r(n)(6.15)

for all i ≤ n.

We need to find the next homotopy (dn+1(t), Rn(t)), with

(dn+1(0), Rn+1(0)) = (dn+1, Rn+1 = Vn+1∩ < e1, . . . , er(n+1) >)

(dn+1(1), Rn+1(1)) = (en+1, < er(n)+1, . . . , er(n+1) >)

for some large r(n+ 1). We choose r(n+ 1) such that

d1, . . . , dn+1 ∈< e1, . . . , er(n+1) >

and V ′
r(n+1) ⊂ Vn. By construction of

(d1(t), . . . , dn(t), R1(t), . . . , Rn(t), V1(t), . . . , Vn(t))

we have a homotopy of isomorphisms

jn(t) :< e1, . . . , er(n) >→< e1, . . . , er(n) >

with jn(t) = f(n)(t)−1 taking di(t) to ei for i ≤ n, and Rn(t) to < en+1, . . . , er(n) >.

We define

in+1(t) :< e1, . . . , er(n+1) >→< e1, . . . , er(n+1) >

a path of isomorphisms, which is jn(t) = fn(t)−1 on < e1, . . . , er(n) > and the identity

on < er(n)+1, . . . , er(n+1) >. We need to find the next path fn+1(t) in SLr(n+1), with

fn+1(1) the identity, and fn+1(0) taking ei to di for i ≤ n+1 and < en+2, . . . , er(n+1) >

to Rn+1. To do this, it suffices to find a path f ′
n+1(t) in SLr(n+1)−n, the special linear
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group of the space < en+1, . . . , er(n+1) >. We want that f ′
n+1(1) the identity, and

f ′
n+1(0) taking en+1 to in+1(0)(dn+1), and < en+2, . . . , er(n+1) > to in+1(0)(Rn+1).

Taking the inclusion of SLr(n+1)−n into SLr(n+1) by adding on the identity map on

< e1, . . . , en >, f ′
n+1(t) is a path in SLr(n+1). We set the path fn+1(t) in SLr(n+1) to

be

fn+1(t) = in+1(t)−1 · f ′
n+1(t).

Then fn+1(t) has the desired properties, and we set dn+1(t) = fn+1(t)(en+1), and

Rn+1(t) = fn+1(t)(< en+2, . . . , er(n+1) >. This gives the next part of the homotopy,

with Vn+1(t) = Rn+1(t) u V ′
r(n+1).

We need to check that

dn+1(t) u Rn+1(t) = Rn(t)u < er(n), . . . , er(n+1) >(6.16)

to show that (6.15) is satisfied. If we add V ′
r(n+1) to both sides of (6.16), we get Vn(t)

on both sides. But both are also contained in < e1, . . . , er(n+1) >, so by the Noether

isomorphism, (6.16) holds, so (6.15) is satisified. This gives the construction of the

paths, with Un(t) =< dn(t) >.

Recall the examples of suspension spectra and the algebraic cobordism spectrum.

We can now show that their coordinate-free definitions are equivalent to the usual

ones, with respect to the Quillen equivalence of categories

LU
B : Spectra(B) → Spectra(U)(6.17)

RU
B : Spectra(U) → Spectra(B).(6.18)

Proposition 6.19. Let B be any decomposition of U into one-dimensional sub-

spaces.

1. For X a based k-space, let ΣB
Vn
X and ΣU

Vn
X be the Vn-th shift desuspensions

of the B-suspension spectrum and of the U-suspension spectrum of X, respectively.

Then

LU
BΣB

Vn
X ' ΣU

Vn
X
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and

RU
BΣU

Vn
X ' ΣB

Vn
X

in the A1-local model structures.

2. Let MGLB and MGLU be the algebraic cobordism spectra in Spectra(B) and

Spectra(U), respectively. Then

LU
BMGLB 'MGLU

and

RU
BMGLU 'MGLB.

Proof. 1. The statement

ΣU
Vn
X ∼= LU

BΣB
Vn
X

is shown in the proof of Lemma 6.2. So

RU
BΣU

Vn
X ∼= RU

BL
U
BΣB

Vn
X

'
→ ΣB

Vn
X

via the counit of adjunction.

2. By definition, the V -th space of MGLU is

colimWuT=V ΩT (
∨

ZuW=U

BGLU⊕Z(|Z|)γ|Z|).

For B = {Ui}, Vn = ⊕i>nUi, suppose B is dominated by B′ = {U ′
i}, with V ′

n = ⊕j>nU
′
i .

We have

(MGLB)Vn
= colimj≥nΩ

Un+1u···uUj(BGLU⊕(Un+1u···uUj)(j − n))γj−n .

There is a similar formula for MGLB′ . Via the equivalence of categories between

B′-spectra and (B ∪ B′)full-spectra, this is canonically isomorphic to MGL(B∪B′)full
.

For each n, Vn ⊂ W ′
j for some m. This gives a natural map

f : MGLB → RB′

B MGLB′ .

Also, consider the isomorphism U → U , which takes Ui isomorphically onto U ′
i .

This induces a spacewise isomorphism

g : MGLB

∼=
→ RB′

B MGLB′ .
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Using Lemma 6.9, and arguments similar to that of Proposition 6.6, we get for each

n ∈ N an homotopy

A1
+ ∧ (MGLB)Vn

→ (RB′

B MGLB′)Vn

with is fVn
at t = 0 and the isomorphism gVn

at t = 1. Hence, f is an A1-weak

equivalence of B-spectra.

Now take the directed system of decompositions of U into one-dimensional sub-

spaces which dominate B, partially ordered by domination. The for every such B′,

we have a map

MGLB → RB′

B MGLB′ .

This gives a diagram D with objects RB′

B MGLB′ , and for B1 dominated by B2, the

map

RB1
B MGLB1 → RB1

B R
B2
B1
MGLB2 = RB2

B MGLB2 .

Each map is an A1-weak equivalence of B-spectra, since by Lemma 6.2, RB2
B1

preserves

A1-weak equivalences. Thus,

MGLB → colimDR
B′

B MGLB′ ∼= RU
BMGLU

is an A1-weak equivalence.

The other part is formal. Since LU
B preserves A1-weak equivalences, we have

LU
BMGLB ' LU

BR
U
BMGLU

'
→MGLU

by the counit of adjuction.

7. Characterization of A1-weak Equivalences

Next, we show that our definition of A1-weak equivalences of spectra agrees with

Jardine’s definition of stable A1-weak equivalences [9]. First, recall Jardine’s defini-

tion of the stable homotopy category. Consider the spacewise A1-local model struc-

ture on the category of U -prespectra, where fibrations and weak equivalences are
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spacewise A1-fibrations and A1-weak equivalences. This is a model category struc-

ture, so it has a fibrant replacement functor Γ : Prespectra(U) → Prespectra(U).

Namely, Γ takes a prespectrum D to a prespectrum ΓD which is spacewise A1-

fibrant. There is a natural map D → ΓD which is a spacewise A1-weak equiva-

lence and a cofibration. The other functor Jardine uses is the spectrification functor

L : Prespectra(U) → Spectra(U). For a prespectrum D,

(LD)V = colim(W,Z)∈V ↓C(U)Ω
ZDW

where V ↓ C(U) denotes the comma category whose objects are objects W in U

together with a map Z : V →W .

Definition 7.1 (Jardine [9]). A map of prespectra f : E → E ′ is a stable A1-

equivalence if

LΓf : LΓE → LΓE ′

is a spacewise A1-weak equivalence.

Proposition 7.2. A map of spectra f : E → E ′ is an A1-weak equivalence in

the sense of Definition 5.3 if and only if it is a stable A1-equivalence in the sense of

Jardine’s definition 7.1.

The proposition follows from the next lemma.

Lemma 7.3. A spacewise A1-weak equivalence of U-spectra is an A1-weak equiv-

alence of spectra in our sense (Definition 5.3).

Proof. Let Hs(Spc(k)•) denote the homotopy category of based k-spaces asso-

ciated with the simplicial model structure. Let f : E → E ′ be a spacewise A1-weak

equivalence of spectra. Then f is the map

f : E = colimV ΣU
VEV → E ′ = colimV ΣU

VE
′
V

induced by the maps ΣU
V fV . By Proposition 5.12, directed colimits preserve A1-weak

equivalences. Thus, it suffices to show that ΣU
V fV induces a bijection

Hs(Σ
U
VE

′
V , G) ∼= Hs(Σ

U
VEV , G)
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for every A1-local spectrum G and V ⊂ U cofinite. By adjunction, this is equivalent

to showing that the map fV induces a bijection in the simplicial homotopy category

of based k-spaces

Hs(Spc(k)•)(E
′
V , GV ) ∼= Hs(Spc(k)•)(EV , GV ).

But if G is an A1-local spectrum, then for every based k-space X, we have a bijection

Hs(Σ
U
VX,G) ∼= Hs(Σ

U
VX ∧ A1

+, G).

By adjunction, this corresponds to a bijection

Hs(Spc(k)•)(X,GV ) ∼= Hs(Spc(k)•)(X ∧ A1
+, GV ).

Hence, each GV is an A1-local space, and the lemma follows.

Proof of Proposition 7.2: For this proof, we work with both U -spectra and

T-spectra, indexed on the integers. This is possible because by Theorem 6.3, for any

choice of decomposition B of U into one-dimensional subspaces, the adjoint functors

(LU
B , R

U
B) are Quillen equivalences, and both preserve A1-weak equivalences. We say

that a map f : E → E ′ of U -prespectra is an eventual spacewise A1-weak equivalence,

if there is some V ⊂ U cofinite, such that for all W ⊂ V ,

fW : EW → E ′
W

is an A1-weak equivalence of based k-spaces. Jardine [9] has shown that if a map is

a spacewise A1-weak equivalence, then it is a stable A1-equivalence in his definition.

Since for a prespectrum D, LD only depends on DW for W ∈ V ↓ C(U), an even-

tual spacewise A1-weak equivalence of prespectra is an A1-equivalence in his sense.

Consider an elementary A1-weak equivalence of spectra

E ∧ A1
+ → E

where E is any spectrum. The spectrum E ∧ A1
+ is obtained by applying the spec-

trification functor L to the prespectrum {EV ∧ A1
+}. The space EV ∧ A1

+ is A1-weak

equivalent to EV for every V , so the prespectrum {EV ∧A1
+} is stably A1-equivalent

to E in Jardine’s sense.
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Now for n ∈ N, we recall the n-th partial spectrification functor Ln on the category

of T-spectra, defined in the proof of Lemma 15.1. For any prespectrum D, set

(LnD)m = Dm if m ≥ n

= Ωn−mDn if m < n.

There is a natural transformation Id→ Ln and a natural transformation Ln → Ln+1

for each n. For any prespectrum D, the maps D → LnD and LnD → Ln+1D are

clearly eventual spacewise A1-equivalences. But LD = colimnLnD, and the unit

map D → LD is the directed colimit of the maps LnD → Ln+1D. Since Jardine’s

stable A1-equivalences are closed under directed colimits, the unit map is a stable

A1-equivalence in his sense for any prespectrum. Hence, an elementary A1-local

equivalence of spectra is an A1-equivalence by Jardine’s definition. But since his

stable A1-equivalences satisfy the axioms of Proposition 5.12, all of our A1-weak

equivalences of spectra are stable A1-equivalences in the sense of Jardine’s definition.

Conversely, to show that any stable A1-equivalence in Jardine’s definition is an

A1-weak equivalence in our definition, consider the following commutative diagram

E E ′

LΓE LΓE ′

where E → E ′ is a map of spectra which is a stable A1-equivalence in the sense of

Jardine’s definition. The bottom map is a spacewise A1-weak equivalence, so it is an

A1-weak equivalence by Lemma 7.3 . Likewise, the maps E → ΓE and E ′ → ΓE ′

are spacewise A1-equivalences. Also, as shown in Lemma 15.1, the map ΓD → LΓD

is an A1-weak equivalence in our definition since it is a simplicial weak equivalence.

So the vertical maps are A1-weak equivalences in our sense. Therefore, so is the top

map E → E ′.

In particular, the proof of the proposition shows that although Jardine considers

all prespectra and we only consider spectra, the resulting homotopy categories are
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equivalent, since every prespectrum D is A1-weak equivalent to a spectrum (in both

ours and Jardine’s sense), namely LD.

8. Change of Universe

To define smash products of spectra, we need to define change of universe functors.

In the classical case, if i : U → V is a linear isometry between two universes, then we

have an adjoint pair of change of universe functors i∗ from the category of V-spectra

to the category of U -spectra, and i∗ from the category of U -spectra to the category

of U -spectra. In the algebraic case, where the universes do not come with inner

products, the analogue of a linear isometry is the following.

Definition 8.1. For two k-universes U , V, an extended injection

(i, F ) : U → V

is a linear injection i : U → V, together with a given map F from the objects of C(U)

to the objects of C(V), satisfying the following conditions:

1. For every cofinite U ⊂ U ,

F (U) ∩ i(U) = i(U).

2. The dimension of V/F (U) is the same as the dimension of U/U .

3. If U ⊂ U ′ are cofinite in U , then F (U) ⊂ F (U ′).

In particular, if i : U → V is split by a surjection j : V → U , then i, along with

F (U) = j−1(U), is an extended injection.

Note that given an extended injection (i, F ) : U → V, cofinite U ⊂ U ′ in C(U),

and Z u U ′ = U for a finite-dimensional Z in U , we have i(Z) u F (U ′) = F (U).

Hence, F determines a faithful functor C(U) → C(V) by sending a morphism Z to

i(Z).

Let (i, F ) : U → V be an extended injection. We can define the change of universe

functor i∗ : Spectra(V) → Spectra(U) directly. Namely, given a V-spectrum E, we
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set

(i∗E)U = EF (U)(8.2)

for every cofinite U ⊂ U . For ZuU = U ′ in U , we just define the structure map ρU ′

U,Z

in i∗E to be

(i∗E)U ′ = EF (U ′)

ρ
F (U′)
F (U),i(Z)
−→ Ωi(Z)EF (U)

Ωi|Z

−→ ΩZ(i∗E)U .(8.3)

Here, Ωi|Z is the functor Hom(i(Z)/(i(Z)\{0}),−) → Hom(Z/(Z \{0}),−) induced

by i|Z . (Note that the functor F is suppressed in this notation.)

The functor i∗ has a left adjoint i∗. To give a formulation for i∗, we first define the

subcategory C(V, F ) of C(V). Here, the objects are cofinite subspaces V such that

V ⊂ F (i−1(V )) = F (i−1(V ∩ i(U))). For two such V, V ′, a morphism Z : V → V ′ is

a finite-dimensional subspace Z in V, such that Z u V ′ = V , and i−1(Z) u i−1(V ′) =

i−1(V ).

For every V ∈ C(V), W = V ∩F (i−1(V )) is cofinite in V, and W ∩i(U) = V ∩i(U),

so W ⊂ F (i−1(W )). Therefore, C(V, F ) is cofinal in C(V) in the sense of Lemma 3.2.

In particular, this means that if we have a spectrum indexed on C(V, F ), then by the

methods of Section 3, we in fact have a spectrum indexed on C(V).

Let E be a U -spectrum. For V ∈ C(V, F ), we define

DV =
∨

ZuV =F (i−1(V ))

ΣZEi−1(V )(8.4)

For T : V → V ′ in C(V, F ), note that

(T ∩ i(U)) u (V ′ ∩ i(U)) = V ∩ i(U)

by applying i to the equation i−1(T ) u i−1(V ′) = i−1(V ), and

(T ∩ i(U)) u (T ∩ F (i−1(V ′))) = T.
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Also, for any Z such that Z u V = F (i−1(V )), Z ′ = Z u (T ∩ F (i−1(V ′))) satisfies

Z ′ u V ′ = F (i−1(V ′)). We define the structure map ρV
V ′,Z to be

ΣT
∨

ZuV =F (i−1(V ))

ΣZEi−1(V )
∼=

∨

ZuV =F (i−1(V ))

ΣTuZEi−1(V )

∼=
∨

ZuV =F (i−1(V ))

Σ(T∩i(U))u(T∩F (i−1(V ′)))uZEi−1(V )

→
∨

ZuV =F (i−1(V ))

Σ(T∩F (i−1(V ′)))uZEi−1(V ′)

→
∨

Z′uV ′=F (i−1(V ′)

ΣZ′

Ei−1(V ′).

Here, the third map is Σi|T applied to the structure map ρ
i−1(V )
i−1(V ′),i−1(T ).

This defines a prespectrum {DV } over the category C(V, F ). By the above ob-

servation, after spectrification, it gives a spectrum indexed on C(V), which is our

i∗E.

Proposition 8.5. There is a natural bijection

HomU(E, i∗G) ∼= HomV(i∗E,G).(8.6)

Proof. Similar as in the case for topological spectra: it suffices to show that there

is a natural bijection between HomU(E, i∗G) and HomPrespectra(C(V ,F ))(D,G), where

D is the prespectrum indexed over C(U , F ) defined above. Given a map f : E → i∗G

of U -spectra, and V ∈ C(U , F ), Z u V = F (i−1(V )), the map

fi−1(V ) : Ei−1(V ) → GF (i−1(V ))
∼= ΩZGV

gives a map ΣZEi−1(V ) → GV , hence by (8.4), we have a map DV → GV . Conversely,

given a map of C(V, F )-prespectra g : D → G, suppose U ⊂ U is cofinite. Then F (U)

is cofinite in V, F (U) ∩ i(U) = i(U). Therefore we have the map

gF (U) : EU =
∨

ZuF (U)=F (U)

ΣZEU → GU .

This gives a map of U -spectra E → i∗G.
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9. The Space of Extended Injections

Given two U -spectra E,E ′, there is a U ⊕U -prespectrum whose (U⊕U ′)-th space

is just EU ∧ E ′
U ′. Spectrification gives the external smash product E∧E ′, which is a

U ⊕U -spectrum. Given a fixed extended injection (j, F ) : U ⊕U → U , we can define

an internal smash product on Spectra(U). Namely,

E ∧(j,F ) E
′ = j∗(E∧E

′).

To show that the internal smash product is well-defined up to A1-homotopy, we

need to consider I(U ,V), the k-space of extended injections from U to V. For finite-

dimensional U ∼= An and V ∼= Am, an extended injection (i, F ) : U → V is equivalent

to a split injection (i, j), where j is a surjection V → U , since V = i(U) u F (0), so

we can just define j to be i−1 on i(U) and 0 on F (0). The relation that j · i = Id is

algebraic for linear maps i, j. So for U, V finite-dimensional, the space of extended

injections I(U, V ) in Spc(k) is a subspace of Hom(U, V ) × Hom(V, U). Choose

sequences of finite subspaces Uk ⊂ U and Vl ⊂ V, such that Uk u Zk = Uk+1 and

Vl u Tl = Vl+1 for finite-dimensional Zi, Ti, and such that U = colimkUk and V =

colimlVl. Then as an object of Spc(k),

I(U ,V) = limkcolimlI(Uk, Vl).(9.1)

Note that if (g, F ) and (g′, F ′) are extended injections U → V, then (g⊕g′, F⊕F ′)

is an extended injection U ⊕ U → V ⊕ V. Here, for U ⊕ U ′ cofinite in U ⊕ U ,

(F ⊕ F ′)(U ⊕ U ′) = F (U) ⊕ F ′(U ′). The conditions of Definition 8.1 are easy to

check.

The following proposition leads to a proof that the internal smash product of

U -spectra to be well-defined up to A1-homotopy.

Proposition 9.2. The k-space I(U ,V) of extended injections from U to V is

A1-contractible.

Lemma 9.3. For any k-universe U , there is a path

H : A1 → I(U ,U)
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such that H(0) = Id and H(1) = (i, F ) where U/i(U) is infinite-dimensional, and
⋂

U∈C(U) F (U) is infinite-dimensional.

Proof. We think of A1 as k. Choose a basis e1, e2, . . . of U , and denote the

subspace < en+1, en+2, . . . > by Vn. First consider the path h0 : A1 → I(U ,U), where

the image (h0(t), Fh0(t)) at time t ∈ A1 is given by

h0(t)(ei) = 2tei + (1 − 2t)ei+1

Fh0(t)(Vi) = Vi.

let (j, G) = (h0(1), Fh0(1)). j is an injection of codimension 1, and it is split by a

map f : U → U) which sends e1 to 0 and fixes ei + ei+1. Let F : C(U) → C(U) be

given by F (Vn) = f−1(Vn) = j(Vn)u < e1 >.

We will show that there is a path in I(U ,U) connecting Id and (j, F ) by defining

a path h1 : A1 → I(U ,U) connecting (j, F ) and (j, G) as follows. At time t, define

the injection h1(t) = j : U → U . To define Fh1(t), it suffices to define Fh1(t)(Vi) for all

i ≥ 0. For i = 0, V0 = U , so we must have Fh1(t)(V0) = U for all t. For i = 1, define

the path g1 : A1 → U , g1(t) = te1−(1− t)e2. Then set Fh1(t)(V1) =< g1(t) > uj(V1),

so Fh1(0)(V1) = V1 = G(V1), and Fh1(1)(V1) =< e1 > uj(V1) = F (V1). In general,

suppose we have path gi in U , such that Fh1(t)(Vi) =< gi(t) > uj(Vi). Consider the

path −ei + (1 − t)(ei + ei+1) in < ei, ei+1 > connecting −ei and ei+1. Define

gi+1(t)(ei+1) = gi(t) + (1 − t)(ei + ei+1)

and Fh1(t)(Vi+1) =< gi+1(t) > uj(Vi+1). Then Fh1(t)(Vi+1) has the same codimen-

sion in U as Vi+1, and Fh1(t)(Vi+1) ⊂ Fh1(t)(Vi). Therefore, h1 gives a path in I(U ,U)

connecting the identity and (j, F ).

Now choose a basis {ei,k}i,k≥1 for U . By the above, the identity on each Uk =<

ei,k > is homotopic, via extended injections, to an extended injection (jk, Fk) which

is a split injection of codimension 1. Denote the homotopy by Hk, and Vi,k =<

ei+1,k, ei+2,k >. The sum j = ⊕kjk is a split injection of infinite codimension, with

F = ⊕kFk which takes U ⊂ U cofinite to j(U)u < e1,k >. On the injections,

H(t) = ⊕kHk(t) gives an A1-homotopy between the identity on U and j. Note also
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that the subcategory of cofinite subspaces with objects

Vi1,k1 u · · · u Vin,kn
u (uk 6=kn

Uk)

is cofinal in the category C(U). So for t, define

FH(t)(Vi1,k1 u · · · u Vin,kn
u (uk 6=kn

Uk)) =

Fk1(Vi1) u · · ·u Fkn
(Vin) u (uk 6=kn

Uk).

This satisfies the axioms for an extended injection, so we have a homotopy between

the identity on U and (j, F ), an extended injection of infinite codimension.

Proof of Proposition 9.2. Choose a basis {ai} of the universe U , and con-

sider the two split injections j1, j2 : U → U ⊕ U , which map U onto the first and

second summands, respectively. We first show that j1 and j2 are homotopic in

I(U ,U ⊕ U). Denote bi = j1(ai), and ci = j2(ai), then {b1, c1, b2, c2, . . . } form a

basis for U ⊕ U . Consider the identity matrix and the matrix which switches the

two basis vectors in GL2(k). Since they have the same determinant, there is an

algebraic map h : A1 → GL2(k), which connects the two matrices. Suppose that

h(t) = (hs,t(k)) where s, t = 1, 2. Define the homotopy

H : A1 × U → U ⊕ U

to be

H(t, ai) = h1,1tbi + h2,1(t)ci.

This gives a homotopy between the injections j1 and j2. It remains to define the

functor FH(t) : C(U) → C(U ⊕ U) at time t. For Vn =< an+1, an+2, . . . > in U , take

FH(t)(Vn) =

j1(Vn) u j2(Vn)u < h1,2tb1 + h2,2tc1, . . . , h1,2tbn + h2,2tbn > .

Since h is a path in GL2(k), FH(t)(Vn) ∩ H(t)(U) = H(t)(Vn), and (H,FH) is an

extended injection.

Now let {di} be a basis for the universe U . We define the homotopy of extended

injections (h1, Fh1) : A1 → I(V,V) to be the homotopy of Lemma 9.3 composed with

an automorphism of V, such that h1(0) is the identity on V, and h1(1) is a split

injection that sends di to d2i. Also, let (h2, Fh2) : A1 → I(U ,U ⊕U) be the homotopy
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between j1 and j2 given above. Let (g0, G0) be a fixed extended injection from U to

V. First, define the homotopy H1 : A1 × I(U ,V) → I(U ,V) by

H1(t, (g,G)) = (h1, Fh1) · (g,G).

H1 gives a homotopy equivalence between I(U ,V) and (h1(1), Fh1(1)) · I(U ,V).

Consider the following map

f : V ⊕ V → V, f(j1(di)) = d2i, f(j2(di)) = d2i−1.

f is an isomorphism, so it is an extended injection, given by the splitting f−1. We

define H2 : A1 × I(U ,V) → I(U ,V) to be

H2(t, (g,G)) = f · ((g,G) ⊕ (g0, G0)) · (h2(t), Fh2(t)).

Then H2 gives a homotopy equivalence between (h1(1), Fh1(1))·I(U ,V) and the point

f · j2 · (g0, G0).

For a fixed universe U , consider the operad L, where L(n) is the k-space of ex-

tended injections I(U⊕n,U), with the obvious composition maps and Σn-action. This

is the algebraic analogue of the linear isometries operad in the topological case [12].

By the above proposition, each k-space L(n) is A1-contractible. Therefore, the inter-

nal smash product of U -spectra are well-defined up to A1-homotopy.

10. Twisted Half-Smash Products and Twisted Function Spectra

Our next goal is to construct twisted half-smash products and twisted function

spectra. Namely, for a k-space A ∈ Spc(k) which is equipped with a map ϕ : A →

I(U ,V), we would like a pair of adjoint functors

An − : Spectra(U) → Spectra(V)

F [A,−) : Spectra(V) → Spectra(U)

which are just the change of universe functors when A is Spec(k). Intuitively, one

thinks of A n E as constructed by “gluing together” ϕ(a)∗E over all a ∈ A, with
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some suitable structure as an algebraic space. Likewise, F [A,G) is constructed from

the collection of ϕ(a)∗G, over all a ∈ A.

Our construction is parallel to that of Cole in [6]. For two k-universes U and V,

we consider a category S(V,U). An object E of this category is a system E(U) of

V-spectra, one for each cofinite U ⊂ U . If U ′ ⊂ U are cofinite in U , and T uU ′ = U ,

then there is a structure isomorphism of V-spectra

ΣTE(U ′)
∼=
→ E(U).

Morphisms in S(V,U) are systems of morphisms of V-spectra that commute with all

such structure maps.

There is a function object functor

F (−,−) : S(V,U) × Spectra(V) → Spectra(U).

If E is in S(V,U), and G is a V-spectrum, then for U ⊂ U cofinite,

F (E , G)U = FSpectra(V)(E(U), G)

as a based k-space. It is easy to check that this gives a U -spectrum, and that this

functor preserves inverse limits. It has a left adjoint

∧ : S(V,U) × Spectra(U) → Spectra(V).

If E is a U -spectrum, then

E ∧ E = colimU∈C(U)E(U) ∧ EU .

Here, the colimit is taken over the maps

E(U) ∧ EU
∼= ΣZE(U ′) ∧ EU

∼= E(U ′) ∧ ΣZEU → E(U ′) ∧ EU ′

for Z : U → U ′ in C(U).

Given ϕ : A→ I(U ,V), we will construct an element M(A) of S(V,U) and define

An E = M(A) ∧ E(10.1)

F [A,G) = F (M(A), G).(10.2)
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To define M(A), we first introduce the notion of a continuous prespectrum. For

a U -prespectrum D, if U ′ ⊂ U are cofinite in the universe U , then there is a structure

map
∨

ZuU ′=U

ΣZDU ′ → DV .

However, observe that the collection of all Z’s with Z u U ′ = U has a natural

structure as a object of Spc(k). Let n be the difference of the codimensions of U ′

and U . Consider the infinite Grasmannian BGL(n, U), which one may think of as

the k-space of all n-dimensional subspaces of U . This has a canonical n-dimensional

bundle γn over it. Denote the Grasmannian

G(n, U ′, U) = {Z | Z u U ′ = U}

as a subspace of BGL(n, U). The idea of a continuous prespectrum is to use the

k-space structure on G(n, U ′, U), instead of taking a wedge over it (thought of as a

discrete set of points).

Definition 10.3. A continuous U-prespectrum D is a collection of based k-spaces

DU for all cofinite U ⊂ U , such that for all U ′ ⊂ U , there is a structure map

DU ∧G(n, U ′, U)γn → DU ′(10.4)

which satisfies the obvious associativity conditions. Here G(n, U ′, U)γn denotes the

Thom space of the canonical bundle γn over G(n, U ′, U). Maps of continuous U-

spectra are systems of maps of based k-spaces which commute with all structure maps.

In particular, there is a forgetful functor from the category of continuous prespec-

tra to the category of prespectra. Namely, for a fixed ZuU ′ = U , the structure map

ΣZDU → DU ′ is the structure map of the continuous prespectrum, restricted to the

fiber of γn at Z ∈ G(n, U ′, U).

On the spectrum level, the notions of continuous and discrete spectra are the

same. Namely, we have the following.

Lemma 10.5. A spectrum is a continuous prespectrum.
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Proof. Let E be a U -spectrum. Then for each cofinite U ⊂ U , there is a natural

algebraic action of GL(U) on EU . If U ′ ⊂ U , let GL(U ′, U) denote the subspace of

GL(U) consisting of all g which are the identity on U ′. Choose a fixed Z0 such that

Z0 u U ′ = U . Then for any Z u U ′ = U , and g ∈ GL(U) such that g is the identity

on U ′ and sends Z0 to Z, the following diagram commutes:

EU

∼=

g

ΩZ0EU ′

EU

∼=
ΩZEU ′

In particular, the structure map ρU
U ′,Z : EU

∼=
→ ΩZEU ′ is invariant if we compose

g by an element of GL(Z0). So ρU
U ′,Z is determined by the action of GL(U ′, U) on

EU and the particular structure map EU

∼=
→ ΩZ0EU ′ . Hence, the structure maps

{ρU
U ′,Z | Z u U ′ = U} are parametrized by GL(U ′, U)/GL(Z0), which is canonically

isomorphic to G(n, U ′, U). Therefore, we can put the structure maps of E together

to give a single structure map

EU → HomSpc(k)•(G(n, U ′, U)γn , EU ′).

Therefore, there is a forgetful functor from Spectra(U) to ContPrespectra(U). It

has a left adjoint L. Since the category of continuous prespectra is a full subcategory

of the category of prespectra, L is the same as the spectrification functor from the

Prespectra(U) to Spectra(U).

Comment: For X ∈ Spc(k)•, and U ⊂ U cofinite, we can construct the U -th shift

desuspension of the continuous suspension prespectrum of X. Namely, we define the

U ′-th space to be Spec(k) = ∗ if U ′ is not contained in U . If U ′ ⊂ U , then we define

U ′-th space to be

G(n, U ′, U)γn ∧X.

It is straightforward to check that this gives a continuous prespectrum. We have

the following diagram of categories, where all the arrows are the left adjoints to the
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forgetful functors.

Spc(k)• Prespectra(U)

ContPrespectra(U) Spectra(U)

Because the adjoint diagram of forgetful functors commute, this diagram commutes,

i. e. the suspension spectrum of a k-space is the same whether one goes through the

discrete or continuous suspension prespectrum.

Now we construct MA as a continuous prespectrum. Fix U ⊂ U cofinite. For

V ⊂ V, define the k-spaces

AU,V = {a ∈ A | V ⊂ Fa(U)}.(10.6)

More precisely, we take the Grasmannian BGL(n,V), which one may think of as

the space of all n-dimensional subspaces of V. There is an algebraic map from A

to BGL(n,V), given by a 7→ Fa(U). Also, let BGL(n, V,V) be the Grasmannian of

of all n-dimensional subspaces of V which contain V . Then AU,V is defined by the

pullback square

AU,V A

BGL(n, V,V) BGL(n,V).

Likewise, we define

ÃU,V = {(a, Za) |a ∈ AU,V , Za u V = Fa(U)}.(10.7)

ÃU,V has a natural algebraic structure as a pullback in Spc(k).

There is a bundle ηU,V over ÃU,V , with total “space”

{(a, Za), v) | (a, Za) ∈ ÃU,V , v ∈ Za}.

Define

TU,V = Ã
ηU,V

U,V(10.8)
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to be the Thom space of this bundle. Then for fixed U , and V ′ ⊂ V in V, the

algebraic map

ÃU,V ×G(n, V ′, V ) → ÃU ′,V

which sends ((a, Za), T ) to (a, Za u T ) is covered by a map of bundles

ηU,V × γn → ηU ′,V .

Hence, we have

TU,V ∧G(n, V ′, V )γn → TU ′,V .

So {TU,V } forms a continuous V-prespectrum. Let M(A)(U) be the spectrification

L{TU,V }.

Lemma 10.9. If T u U ′ = U for cofinite subspaces U ′, U ⊂ U , then there is a

canonical isomorphism

ΣTM(A)(U ′)
∼=
→ M(A)(U).

Proof. Fix U ′, U and T in U as above. For each V ⊂ V, there is a natural map

ÃU ′,V → ÃU,V

which takes (a, Za) to (a, Za u a(T )), and induces a map

ΣTTU ′,V → TU,V

which gives a map of prespectra. We construct the intermediate k-space between

ÃU ′,V and ÃU,V

Ãres
U,V = {(a, Za) | a ∈ AU,V , Za u V = Fa(U), a(T ) ⊂ Za} ⊂ ÃU,V .

Then the above map factors through (Ãres
U,W )γn . Denote by E(U)res the spectrification

of the continuous prespectrum {(Ãres
U,V )ηU,V . Then we have

ΣTE(U ′)
f
→ E(U)res g

→ E(U).

We claim that each map is an isomorphism after spectrification.

By Lemma 17.1 in the Appendix, every k-space is a colimit of small objects in

Spc(k), and the maps are natural in A. Thus, we can assume that A is small in
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Spc(k). Then there is some V0 ⊂ V such that AU ′,V0 = AU,V0 = A. At the V -th place,

we have the map

ΣT Ã
ηU′,V

U ′,V → (Ãres
U,V )ηU,V

which sends (a, Za) to (a, Za u a(T )) on the base k-space, and adds a(T ) to each

fiber. If W ⊂ V , W u Z0 = V , then the following diagram commutes

ΣZ0ΣT Ã
ηU′,V

U ′,V ΣZ0(Ãres
U,V )ηU,V

ΣT Ã
ηU′,W

U ′,W (Ãres
U,W )ηU,W .

So for all V ⊂ V0, fV , the map induced in the colimit over C(V), is an isomorphism.

Hence, f is an isomorphism.

To show that g is an isomorphism, we first consider a small subspace KU,V of

ÃU,V . Again, we can assume that AU,V = AU ′,V = A. Then there is some finite

dimensional subspace Q ⊂ V , such that for all (a, Za) ∈ ÃU,V , QuZa contains a(T ).

Choose a complement W ⊂ V , W uQ = V . Then there is a map

ΣQKU,V → (Ares
U,W )ηU,W

which sends (a, Za) to (a, Za uQ) on the base k-spaces. This induces a map KU,V →

E(U)res. This is independent of the choice of Q and W , since it is clear that the

maps induced as above via Q1,W1 and Q2,W2 are the same if Q1 ⊂ Q2 and W2 ⊂

W1. However, for any small k-space of choices of Q and W , there is a single finite-

dimensional space Q0 with W0uQ0 = V such that Q ⊂ Q0 and W0 ⊂ W for all Q,W .

Therefore, we have a canonical map (Ãres
U,V )ηU,V → E(U)res by taking colimits over the

small subspaces of Ãres
U,V . Passing to the colimit in the source gives the inverse map

to g.

Thus, M(A) is an object of S(V,U), and we have constructed the twisted half-

smash product and the twisted half-function spectrum by A. In particular, if A =

{(a, Fa)} is a single point, i. e. isomorphic to Spec(k), then for each U , {TU,V } is the

continuous suspension prespectrum of S0, with a shift desuspension by Fa(U). So by
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the previous comment,

M(A)(U) = ΣV
Fa(U)S

0.

Therefore, if G is a V-spectrum, for any cofinite U ∈ U ,

F [A,G)U = F (ΣV
Fa(U)S

0, G) = HomSpc(k)•(S
0, GFa(U)) = GFa(U)

i. e. F [A,G) = a∗G. Hence, by the uniqueness of adjoints, A n E = a∗E for any

U -spectrum E.

Note that for U = U , AU ,V = A, we have

Ã
ηU,V

U ,V = A+ ∧G(n, V,V)γn .

This is exactly the continuous suspension spectrum of A+, so

M(A)(U) ∼= ΣVA+.

In general, we have the following untwisting lemma.

Lemma 10.10. If U0 ⊂ U , V0 ⊂ V have the same codimension, then

M(A)(U0) ∼= ΣV
V0
A+.

This isomorphism is natural in A.

Proof. Suppose we have fixed finite-dimensional T0 ⊂ U , T0 u U0 = U , and

Z0 ⊂ V, Z0 u V0 = V. As before, we can assume that A is small, so there is some

V ⊂ U , such that for all W ⊂ V , AU0,W = A. Choose W ⊆ V0. There is a map

f : Ã
ηU0,W

U0,W → A+ ∧G(n,W, V0)
γn

which takes the fiber over (a, Za) to the fiber over (a, (Za u a(T0)) ∩ V0). By the

Noether isomorphism, (Za u a(T0)) ∩ V0 is a well-defined complement of W in V0, so

f is a well-defined algebraic map. This map gives a map of prespectra. Similarly,

there is a map going the other way

g : A+ ∧G(n,W, V0)
γn → Ã

ηU0,W

U0,W

which takes the fiber over (a, Z) to the fiber over (Z u Z0) ∩ Fa(U0).
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On the prespectrum level, f and g are not inverses. For (a, Za) ∈ ÃU0,W and

Z ∈ G(n,W, V0) with f(a, Za) = (a, Z), gf(a, Za) = (a, Za) if and only if Za u

a(T0) = ZuZ0. But for any small subspace KU0,W of Ã
ηU0,W

U0,W and any small subspace

G′(n,W, V0) of G(n,W, V0), there is some finite-dimensional Q ⊂ W and cofinite W ′,

with Q uW ′ = W , such that Q u Za u a(T0) = A u Z u Z0 for all (a, Za) ∈ KU0,W

and Z ∈ G′(n,W, V0). Thus, passing to colimits over W , we have induced maps

colimC(V)Ã
ηU0,W

U0,W colimC(V)A+ ∧G(n,W, V0)
γn .

So on the spectrum level g · f = Id. By an analogous argument, f · g = Id as well.

The next result follows from Lemma 10.10.

Proposition 10.11 (Untwisting). Given a based k-space X, (an unbased) k-

space A, and a V-spectrum G, with ϕ : A → I(U ,V), V ⊂ V and U ⊂ U of the

same codimension, there are isomorphisms

An ΣU
UX

∼= A+ ∧ ΣV
VX

ΩU
UF [A,G) ∼= HomSpc(k)•(A+,Ω

V
VG).

Proof. Given a V-spectrum G,

ΩU
UF [A,G) = FSpectra(V)(M(A)(U), G)

∼= FSpectra(V)(Σ
V
VA+, G)

∼= HomSpc(k)•(A+,Ω
V
VG).

The first statement follows from the uniqueness of adjoints.

We also have the following associativity properties of the twisted half-smash prod-

uct.

Proposition 10.12. 1. If A → I(U ,V), E is a U-spectrum, and X ∈ Spc(k)•,

then

(An E) ∧X ∼= An (E ∧X)
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naturally.

2. If A→ I(U ,V), B → I(V,W), and E is a U-spectrum, then

(B × A) n E ∼= B n (An E)

naturally.

Proof. It is easy to check that if E is an object of S(V,U), then for any U -

spectrum E and based k-space X,

(E ∧ E) ∧X ∼= E ∧ (E ∧X) ∼= (E ∧X) ∧ E

naturally. The first part of the proposition follows immediately.

Given A,B as in part 2, we have

B × A→ I(U ,V) × I(V,W) → I(U ,W)

where the second map is the composition. We can define MB ∧MA ∈ S(W,U) by

(MB ∧MA)(U) = MB ∧MA(U).

We claim that

M(B × A) ∼= MB ∧MA

canonically in S(W,U). The second part of the proposition follows from this claim.

For fixed U ∈ C(U) and V ∈ C(V), define the map

B̃V,W × ÃU,V → (B̃ × A)U,W .

Namely,

(a, Za) × (b, Zb) 7→ (b · a, Zb u b(Za)).

This is covered by a map of bundles, so we have

B̃
ηV,W

V,W ∧ Ã
ηU,V

U,V → (B̃ × A)
ηU,W

U,W .

Varying over W ∈ C(W) and passing to the colimit, this gives a map of W-spectra

MB(V ) ∧MA(U)V → M(B × A)(U).
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For V, V ′ ∈ C(V), the W-spectra maps commute with any T : V → V ′ in C(V), so

varying over V ∈ C(V) gives a map

(MB ∧MA)(U) → M(B × A)(U).

By the usual small subspace and colimit argument, this is an ismorphism of W-

spectra. These isomorphisms also commute with the structure maps in S(W,U) for

any Z : U → U ′ in C(U).

We will also need the following lemma, which says that the twisted half-smash

product takes A1-weak equivalences of k-spaces in the first variable to A1-weak equiv-

alences of spectra.

Lemma 10.13. If f : A → B is an A1-weak equivalence of k-spaces, and B →

I(U ,V), then for any U-spectrum E,

f n E : An E → B n E

is an A1-local weak equivalence of V-spectra.

Proof. First, consider the case of a suspension spectrum E = ΣU
UX, where

X ∈ Spc(k)•, U ⊂ U is cofinite. Let V ⊂ V be cofinite, with codimension in V the

same as the codimension of U in U . Then by the untwisting lemma, f n E is just

ΣU
V (f ∧X) : ΣU

V (A ∧X) → ΣU
V (B ∧X).

But f ∧X is an A1-local weak equivalence of spaces. Also, as shown in the proof of

Proposition 7.2, ΣU
V takes A1-weak equivalences of k-spaces to A1-weak equivalences

of spectra.

For a general spectrum E, we have E = colimU∈C(U)Σ
U
UEU . The twisted half-

smash product commutes with directed colimits, so A n E ∼= colimA n ΣU
UEU . By

Proposition 5.12, A1-weak equivalences are preserved by directed colimits. So f nE

is an A1-weak equivalence of spectra.
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11. The Category of L-spectra

Our next goal is to construct a category of spectra in which the smash product

is commutative and associative on the nose. This is the category of L-spectra. Let

U be a fixed k-universe. Let L denote the operad of extended injections, i. e.

L(n) = I(U⊕n,U)

for each n. The structure maps are the obvious compositions. As shown in Section 5,

L is a spacewise contractible operad. For algebraic U -spectra E1, . . . , En, we think

of L(n) n (E1∧ · · · ∧En) as the n-fold internal smash product in Spectra(U). Here,

∧ denotes the external smash product.

The original construction of L-spectra in [6] carries through formally in the alge-

braic category. Let L denote the monad in the category of U -spectra given by

LE = L(1) n E.(11.1)

Definition 11.2. An L-spectrum is an algebra over the monad L. In other

words, it is an U-spectrum E, together with an action ξ : L(1) n E → E, which

satisfies the usual associativity and unit diagrams.

If X ∈ Spc(k)•, then the suspension spectrum ΣUX is naturally an L-spectrum.

The structure map is

L(1) n ΣUX ∼= ΣU(L(1)+ ∧X)

→ ΣUX

where the isomorphism is by Proposition 10.11, and the second map just collapses

L(1) to a point. In particular, the sphere spectrum is an L-spectrum.

The category of L-spectra is complete and cocomplete, with colimits and limits

constructed in Spectra(U). We define the smash product of L-spectra E ∧L E
′ to be

the coequalizer of the two maps

(L(2) × L(1) × L(1)) n (E∧E ′) L(2) n (E∧E ′)

where the two maps are induced by the L-spectra structures on E,E ′ and the operad

structure map of L.
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Proposition 11.3. For U-spectra E,E ′, there is a natural ismorphism

E ∧L E
′ ∼= E ′ ∧L E.(11.4)

Proof. The proof in [6] carries through: the symmetric group Σ2 acts on L(2),

so if τ : U2 → U2 is the transposition, then there is an isomorphism

L(2)
∼=
→ L(2) × {τ}.

This induces an isomorphism

L(2) n (E∧E ′) ∼= L(2) n τ∗(E∧E
′) ∼= L(2) n (E ′∧E).

Likewise, there is an isomorphism

(L(2) × L(1) × L(1)) n (E∧E ′) ∼= (L(2) × L(1) × L(1)) n (E ′∧E)

which in addition switches the two copies of L(1). The two maps used to define

E ∧L E
′ commute with these isomorphisms, so there is an induced isomorphism on

the coequalizer.

We have the following important lemma, the algebraic version of Lemma I.5.4

in [6], which is due to Hopkins.

Lemma 11.5. For i, j ≥ 1,

L(i+ j) ∼= L(2) ×L(1)×L(1) (L(i) × L(j)).

Proof. The original proof of Hopkins in [6] carries through: the diagram

L(2) × L(1) × L(1) × L(i) × L(j)
γnId

Idnγ
L(2) × L(i) × L(j)

L(i+ j)

is a split coequalizer in Spc(k). Namely, choose isomorphisms f : U i → U and

g : U j → U . Then there is a splitting

α : L(i+ j) → L(2) × L(i) × L(j)
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given by a 7→ (a · (f−1 ⊕ g−1), f, g). The other splitting

β : L(2) × L(i) × L(j) → L(2) × L(1) × L(1) × L(i) × L(j)

is given by (b, c, d) 7→ (b, c · f−1, d · g−1, f, g).

Hence, the diagram is a split coequalizer.

This gives the associativity of the smash product of L-spectra.

Proposition 11.6. For L-spectra E,E ′ and E ′′, there is a natural isomorphism

(E ∧L E
′) ∧L E

′′ ∼= E ∧L (E ′ ∧L E
′′).(11.7)

Proof. Again, the proof in [6] carries through formally: for any L-spectrum E,

E ∼= L(1) nL(1) E.

So

(E ∧L E
′) ∧L E

′′

∼= L(2) ×L(1)×L(1) (L(2) ×L(1)×L(1) E∧E
′)∧(L(1) nL(1) E

′′)

∼= (L(2) ×L(1)×L(1) L(2) × L(1)) nL(1)×L(1)×L(1) (E∧E ′∧E ′′)

∼= L(3) nL(1)×L(1)×L(1) (E∧E ′∧E ′′)

by Lemma 11.5. The same is true for E ∧L (E ′ ∧L E
′′).

For a fixed L-spectrum E, the functor E ∧L − has a right adjoint, the function

spectrum FL(E,−) in the category of L-spectra, whose construction is similar to the

topological case in [6].

The next goal is to construct a model structure on the category of L-spectra. We

begin by constructing the simplicial model structure on L-spectra from the simplicial

model structure on the category of spectra, analogous to the approach in [6].

Definition 11.8. Lef f : E → G be a map of L-spectra.

1. f is a simplicial fibration of L-spectra if it is a simplicial fibration of spectra;
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2. f is a simplicial weak equivalence of L-spectra if it is a simplicial weak equiv-

alence of spectra;

3. f is a simplicial cofibration of L-spectra if it satisifes the left lifting property

with respect to all simplicial acyclic fibrations of L-spectra.

We have the following theorem.

Theorem 11.9. The classes of simplicial cofibrations, weak equivalences, and fi-

brations form a model structure on the category of L-spectra.

The proof of the theorem is by the small objects argument, which we defer to

Section 15.

This gives the simplicial model structure on L-spectra. Denote the homotopy

category associated with this model structure by Hs(L). Just as in the cases of k-

spaces and spectra, it is not the right homotopy category. Rather, we want to have

an A1-local model structure. By the associativity of the twisted half-smash product,

if E is an L-spectrum, then so is E ∧ A1
+. Also, the map E ∧ A1

+ → E, induced by

the projection A1
+ → S0, is a map of L-spectra for an L-spectrum E. Therefore, we

can take the A1-localization of the simplicial model structure on L-spectra, similarly

as for spectra. Specifically, we have the following definitions.

Definition 11.10. An L-spectrum G is said to be A1-local if for any spectrum

E, the map of morphism sets in Hs(L) induced by E ∧ A1
+ → E

Hs(L)(LE,G) → Hs(L)(LE ∧ A1
+, G)

is a bijection.

Definition 11.11. A map f : E → E ′ of L-spectra is an A1-equivalence if for

every A1-local L-spectrum G, the induced map Hs(L)(f,G) in the simplicial homo-

topy category is a bijection. An A1-cofibration of L-spectra is a simplicial cofibration

of L-spectra. Finally, a map of L-spectra is an A1-fibration if it has the right lifting



11. THE CATEGORY OF L-SPECTRA 79

property with respect to all cofibrations of L-spectra which are also A1-weak equiva-

lences.

We have the following theorem.

Theorem 11.12. The classes of A1-fibrations, A1-weak equivalences, and cofibra-

tions of L-spectra define a model structure on the category of L-spectra.

Proof. Similar to the proof of Theorem 5.5 for the case of U -spectra.

Analogous to Proposition 5.11, small directed colimits of L-spectra preserve A1-

weak equivalences.

Proposition 11.13. Let I be a small directed category.

1. Suppose E,E ′ : I → L-spectra are functors, and f : E → E ′ is a natural

transformation such that fi : Ei → E ′
i is an A1-weak equivalence of L-spectra for

every i ∈ I. Then the map induced on the colimits

colimi∈IEi → colimi∈IE
′
i

is an A1-weak equivalence of L-spectra.

2. Suppose E : I → L-spectra is a functor such that for every morphism i→ j in

I, Ei → Ej is an A1-weak equivalence of L-spectra. Then for every i ∈ I, the map

Ei → colimi∈IEi

is an A1-weak equivalence of L-spectra.

Proof. The proof is analogous to that of Proposition 5.11. For the first part,

note that colimits and homotopy colimits of L-spectra are created in the category of

spectra. Therefore, for any functor E : I → L-spectra, the canonical map

hocolimi∈IEi → colimi∈IEi

is a simplicial weak equivalence of spectra, and hence an A1-weak equivalence of

L-spectra (see [16], Lemma 2.1.14). Thus, it suffices to show that f induces an

A1-weak equivalence on the homotopy colimits. Let G be any A1-local L-spectrum.
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Then by a spectral sequence argument like that of Propositon 5.7, the morphism set

Hs(L)(hocolimi∈IEi, G) is determined (in the sense of Definition 5.6) by the mor-

phism sets Hs(Ei, G), where i ranges over the objects of I. But for every i ∈ I, f

induces an isomorphism

Hs(L)(Ei, G) ∼= Hs(L)(E ′
i, G).

Therefore, f induces an isomorphism of spectral sequences. So it induces an A1-weak

equivalence

hocolimi∈IEi → hocolimi∈IE
′
i.

For the second part, fix an object i of I. Then the claim follows from the first

part of the proposition by considering the functor E and the constant functor Ei.

Lemma 11.14. An L-spectrum G is A1-local if and only if for all L-spectra of the

form LΣU
VX, where X is a finite colimit of based smooth schemes in Spc(k)•, the

map of morphism sets in the simplicial homotopy category

Hs(L)(LΣU
VX,G) → Hs(L)(LΣU

VX ∧ A1
+, G)

is a bijection.

Proof. Similar to the proof of Lemma 5.13. For any spectrum E, we have

E = colimV ∈C(U)Σ
U
VEV . The functor L : Hs → Hs(L) is a left adjoint, so it commutes

with colimits. By the previous proposition, A1-weak equivalences of L-spectra are

preserved by directed colimits, so G is A1-local if and only if for all X ∈ Spc(k)• and

cofinite V ⊂ U , the map of morphism sets

Hs(L)(LΣU
VX,G) → Hs(L)(LΣU

VX ∧ A1
+, G)

is a bijection.

To show that, it suffices to check for all X ∈ Spc(k)• which are finite colimits

of based smooth schemes. We use Lemma 17.3 in the Appendix, which states that

every X ∈ Spc(k)• is simplicially weakly equivalent to a homotopy colimit of finite

colimits of smooth schemes. The suspension spectrum functor and L commute with

homotopy colimits, so for every X ∈ Spc(k)•, there is some small category C and a
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functor S : C → Spc(k)• such that each Sc is a finite colimit of based smooth schemes,

and LΣU
VX is simplicially weakly equivalent to

hocolimc∈CLΣU
V Sc.

But by a spectral sequence argument like that of Proposition 5.7, the morphism

set Hs(L)(hocolimi∈IEi, G) is determined by Hs(L)(Ei, G) for i ∈ I in the sense of

Definition 5.6.

We say that a map of L-spectra is an elementary A1-weak equivalence, if it is of

the form

LΣU
VX ∧ A1

+ → LΣU
VX

where X is a finite homotopy colimit of based smooth schemes in Spc(k)•, and V ⊂ U

is cofinite. Similar to the case of spectra, every A1-weak equivalence of L-spectra can

be constructed from elementary A1-weak equivalences of L-spectra.

Proposition 11.15. The class of A1-local equivalences of L-spectra is the small-

est class WA1(L) of maps of L-spectra containing all simplicial weak equivalences and

satifying the following conditions:

1. WA1(L) contains all elementary A1-weak equivalences.

2. If two out of the three maps f , g, and g · f are in WA1(L), then so is the third.

3. WA1(L) is closed under pushouts by cofibrations. Its intersection with the class

of all cofibrations is closed under all pushouts.

4. Suppose I is a small directed category, E is a functor from I to the category

of L-spectra, and for all i → j in I, the map Ei → Ej is in WA1(L). Then for each

i ∈ I, the induced map Ei → colimj∈IEj is in WA1(L).

Proof. Similar to that of Proposition 5.12 for spectra. For each L-spectrum E,

we construct the A1-localization of E by the small objects argument, in the manner

of Bousfield [1].
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This gives the A1-local model structure on the category of L-spectra. This is

the model structure with which we want to work. Let HA1(L) denote the homotopy

category of L-spectra associated with the A1-local model structure.

We also have the following result, which is the analogue of Proposition 5.14 for

L-spectra.

Proposition 11.16. A map of L-spectra f : E → E ′ is an A1-weak equivalence

if and only if for all X ∈ Spc(k)• such that X is a finite colimit of based smooth

schemes and all cofinite V ⊂ U , the induced map

HA1(L)(LΣU
V X,E) → HA1(L)(LΣU

VX,E
′)

is a bijection.

Proof. For every L-spectrum E, consider its simplicial cofibrant model C(E),

which is isomorphic to E in the simplicial homotopy category, and thus in the A1-

local homotopy category as well. By the proof of Theorem 11.9, C(E) is constructed

as a transfinite directed colimit of spectra E(γ), where γ are ordinal numbers. In

particular, E(0) = ∗ = L∗. Given E(γ), the next stage E(γ + 1) is constructed by a

pushout diagram of the form

qLAi E(γ)

qLBi E(γ + 1)

where Ai → Bi are simplicial cofibrations in the category of spectra. If γ is a limit

ordinal, the E(γ) is defined to be

E(γ) = colimη<γE(η).

The functor L commutes with colimits, so by transfinite induction, the cofibrant

model C(E) is a free L-spectrum. Hence, f is an A1-weak equivalence if and only if

for all spectra G, the induced map

HA1(L)(LG,E) → HA1(L)(LG,E ′)

is a bijection.
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The proof that we can reduce to the case where G is the suspension spectrum of

a finite colimit of based schemes is like that of Proposition 5.14: a spectral sequence

argument similar to Proposition 5.7.

Let U denote the forgetful functor from the category of L-spectra to the category

of spectra. We will show that the adjoint functors L and U pass to a pair of adjoint

equivalences between the A1-local homotopy categories of spectra and L-spectra.

We have the following lemma.

Lemma 11.17. The functors U and L pass to a pair of adjoint functors between

the A1-local stable homotopy categories

L :HA1 → HA1(L)

U :HA1(L) → HA1

Proof. The forgetful functor preserves simplicial fibrations and weak equiva-

lences by definition. Thus, it preserves simplicial acyclic fibrations. By the adjunc-

tion, the functor L-preserves simplicial cofibrations. Therefore, by Lemma 4.15, the

forgetful functor and L pass to a pair of adjoint functors between the simplicial stable

homotopy categories Hs and Hs(L).

Suppose G is an A1-local L-spectrum. Then for any spectrum E, the adjunction

in the simplicial homotopy categories gives

Hs(E,G) = Hs(L)(LE,G)

= Hs(L)(LE ∧ A1
+, G)

= Hs(E ∧ A1
+, G).

So after forgetting, G is also A1-local in the category of spectra. Hence, if E → E ′ is

an A1-weak equivalence of spectra, then for any A1-local L-spectrum G,

Hs(L)(LE ′, G) = Hs(E
′, G)

= Hs(E,G)

= Hs(L)(LE,G)
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by adjunction. Therefore, LE → LE ′ is an A1-weak equivalence of L-spectra. Since

A1-cofibrations of both spectra and L-spectra are just cofibrations in the respective

simplicial model structures, L also preserves cofibrations in the A1-local model struc-

tures. This shows that L and U form a Quillen adjoint pair with respect to the

A1-local model structures, so the statement follow from Lemma 4.15.

Theorem 11.18. The functors L and U pass to a pair of adjoing Quillen equiv-

alences between the A1-local stable categories HA1(L) and HA1.

Proof. We first show that U creates A1-weak equivalences of L-spectra. Every

A1-weak equivalence of L-spectra can be constructed recursively from elementary A1-

weak equivalences of L-spectra, via conditions 2,3, and 4 of Proposition 11.15. An

elementary A1-weak equivalence of L-spectra is an A1-weak equivalence of spectra.

Also, the forgetful functor from the category of L-spectra to the category of spectra

preserves colimits. Thus, every A1-weak equivalence of L-spectra is constructed in

the category of spectra from elementary A1-weak equivalences, i. e. it is an A1-weak

equivalence of spectra.

Conversely, suppose f : E → E ′ is a map of L-spectra, and Uf is an A1-weak

equivalence of spectra. Then for every spectrum G, f induces a bijection

HA1(G,E) ∼= HA1(G,E ′).

By adjunction, this gives

HA1(L)(L)(G,E) ∼= HA1(L)(G,E ′).

So by Proposition 11.16, f is an A1-weak eqvivalence of L-spectra.

For any spectrum E, the unit of the adjunction E → LE is an A1-weak equivalence

of spectra since L(1) is A1-contractible. The theorem then follows from Lemma 4.16.
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12. Unital Properties of L-spectra

For any L-spectrum E, there is a natural map

λ : S ∧L E → E(12.1)

just as for topological spectra [6]). To define λ, note that S = L(0) n S0. So if

E = LE ′ for some spectrum E ′, we define λ by

S ∧L E = L(2) ×L(1)2 (L(0) n S0) ∧ (L(1) n E ′)

∼= (L(2) ×L(1)2 L(0) × L(1)) n (S0 ∧ E ′)

→ L(1) n E ′.

For a general L-spectrum E, we use the fact that the diagram

LLE LE E

is a coequalizer. So λ : S ∧LE → E can be defined to be the map induced by the λ’s

on LLE and on LE.

We have the following formal property of λ from [6].

Proposition 12.2 ([6], Proposition I.8.3.). Let E and G be L-spectra. Under

the associativity isomorphism, the map

λ : S ∧L (E ∧L G) → E ∧L G

agrees with

λ ∧L Id : (S ∧L E) ∧L G→ E ∧L G.

In general, λ is not an isomorphism. However, we do have that it is an isomor-

phism in the A1-local homotopy category.

Proposition 12.3. For an L-spectrum E, the map

λ : S ∧L E → E

is an A1-weak equivalence of L-spectra. Therefore, the functor S ∧L − preserves

A1-weak equivalences.



12. UNITAL PROPERTIES OF L-SPECTRA 86

The proposition follows from the next lemma, whose proof we defer to Section

16.

Lemma 12.4. The k-space L(2) ×L(1)×L(1) L(0) × L(1) is A1-contractible.

Proof of Proposition 12.3: First, assume that E = LE ′ for some spectrum

E ′. The map

λ : S ∧L E → E(12.5)

is just

(L(2) ×L(1)2 L(0) × L(1)) n E ′ → L(1) n E ′.

So by Lemmas 12.4 and 10.13, it is an A1-weak equivalence of spectra. By the proof

of Theorem 11.18, the forgetful functor creates A1-weak equivalences of L-spectra, so

it has to be an A1-weak equivalence of L-spectra as well.

In the general case, let X ∈ Spc(k)• be a finite colimit of based smooth schemes.

Consider the following diagram

HA1(L)(LΣU
VX,S ∧L E)

λ∗

λ∗

HA1(S ∧L LΣU
VX,S ∧L E)

λ∗

HA1(L)(LΣU
VX,E)

λ∗ HA1(S ∧L LΣU
VX,E).

By the previous paragraph, the two horizontal maps are bijections. As we will see in

the next section, λ : S ∧L S → S is an isomorphism. Hence, the right hand side is a

bijection, whose inverse sends a map f : S ∧L LΣU
VX → E to

S ∧L LΣU
VX

λ−1∧Id
−→ S ∧L S ∧L LΣU

VX
Id∧f
−→ S ∧L E.

Hence, the left hand side map is a bijection. So by Proposition 11.16, λ : S∧LE → E

is an A1-weak equivalence of L-spectra for arbitrary L-spectra E.

Thus, L-spectra are unital in HA1(L). This leads to the following result.

Lemma 12.6. For any L-spectrum E, the map E → FL(S,E) adjoint to λ is an

A1-weak equivalence of L-spectra.
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Proof. By Proposition 12.3, the functor S ∧L − preserves A1-weak equivalences

of L-spectra. It also preserves cofibrations of L-spectra, which are just simplicial

cofibrations. Hence, the functors S ∧L − and FL(S,−) pass to a pair of adjoints in

the A1-local stable homotopy category HA1(L). For any X ∈ Spc(k)• which is a finite

colimit of smooth schemes, and V ⊂ U cofinite, we have

HA1(L)(LΣU
VX,E)

∼=
→ HA1(L)(S ∧L LΣU

VX,E)

∼= HA1(L)(LΣU
VX,FL(S,E)).

The conclusion follows by Proposition 11.16.

13. The Category of S-modules

Our category of L-spectra has a smash product that is strictly associative and

commutative. However, it is not strictly unital in the sense that there is not an

isomorphism

E ∼= S ∧L E

for any L-spectrum E, where S denotes the sphere spectrum. Rather, there is a

natural map of L-spectra going the other way:

λ : S ∧L E → E

for any L-spectrum E.

This suggests the following definition of S-modules, analogous to that of [6], on

which the smash product is strictly unital as well.

Definition 13.1. An S-module E is an L-spectrum such that the map λ : S ∧L

E → E is an isomorphism. The category of S-modules is the full subcategory of

L-spectra whose objects are the S-modules.

First, the sphere spectrum S itself is an S-module.

Proposition 13.2. For any X ∈ Spc(k)•, the map λ : S ∧L ΣUX → ΣUX is an

isomorphism. In particular, λ : S ∧L S → S is an isomorphism.
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We have the next technical lemma.

Lemma 13.3. The coequalizer L(2) ×L(1)×L(1) L(0) × L(0) is Spec(k).

We will defer the proof of Lemma 13.3 to Section 16. Given the lemma, Proposi-

tion 13.2 follows.

Proof of Proposition 13.2. For a based k-space X ∈ Spc(k)•, the suspen-

sion spectrum is ΣUX = L(0) nX. For the based k-space S0, let η : S0 ∧X → X be

the obvious unit ismorphism. Then λ on ΣUX is just

γ n η : (L(2) ×L(1)2 L(0) × L(0)) n (S0 ∧X) → L(0) nX.

So by Lemma 13.3, λ is an isomorphism. In particular, this holds for the sphere

spectrum S = ΣUS0.

By the above proposition and Proposition 12.2, the functor S ∧L − takes an L-

spectrum to an S-module. This functor has both a right and a left adjoint. The right

adjoint is the function spectrum functor FL(S,−). The left adjoint, as in [6], is just

the forgetful functor from the category of S-modules to the category of L-spectra.

In particular, the category of S-modules is complete and cocomplete. The colimits

are just colimits of L-spectra, and the limits are given by first taking limits in the

category of L-spectra, then applying the functor S∧L−. For S-modules E and G, we

define smash products and function spectra in the category of S-modules as follows,

as in [6]:

E ∧S G = E ∧L G(13.4)

FS(E,G) = S ∧L FL(E,G).(13.5)

We would like to construct a compatible model structure on the category of S-

modules. Again, we start by constructing the simplicial model structure on the

category of S-modules. We want the simplicial fibrations and weak equivalences to

be inherited from the category of L-spectra. The right adjoint of S ∧L − is FL(S,−)
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instead of the forgetful functor. Therefore, instead of using the forgetful functor to

define simplicial fibrations and weak equivalences from simplicial fibrations and weak

equivalences of L-spectra, we should use FL(S,−). We make the following definition.

Definition 13.6. Let f : E → G be a map of S-modules.

1. f is a simplicial fibration of S-modules if FL(S, f) is a simplicial fibration of

L-spectra.

2. f is a simplicial weak equivalence of S-modules if FL(S, f) is a simplicial weak

equivalence of L-spectra.

3. f is a simplicial cofibration of S-modules if it satisifies the left lifting property

with respect to all simplicial acyclic fibrations of S-modules.

Theorem 13.7. The classes of simplicial fibrations, weak equivalences and cofi-

brations define a model structure on the category of S-modules.

The proof of the theorem is similar to that for L-spectra. Again, we defer it to

Section 15.

Let Hs(S) denote the homotopy category associated with the simplicial model

structure on the category of S-modules. Again, this is not the correct homotopy

category, and we need to apply A1-localization, as in Definition 5.3.

Definition 13.8. An S-module G is A1-local if

Hs(S ∧L LE,G) → Hs(S)((S ∧L LE) ∧ A1
+, G)

is a bijection for all spectra E.

This allows us to define the A1-local model structure on S-modules.

Definition 13.9. A map f : E → E ′ of S-modules is an A1-weak equivalence if

for every A1-local S-module G, the induced map

Hs(S)(E ′, G) → Hs(S)(E,G)
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is a bijection. It is an A1-cofibration of S-modules if it is a simplicial cofibration of

S-modules. It is an A1-fibration of S-modules if it has the right lifting property with

respect to all acyclic A1-cofibrations of S-modules.

We have the following model structure theorem for S-modules.

Theorem 13.10. The classes of A1-weak equivalences, A1-fibrations and cofibra-

tions of S-modules define a model structure on the category of S-modules.

Proof. Similar to Theorems 5.5 and 11.12 in the cases of spectra and L-spectra.

This gives the A1-local model structure on S-modules, which is the right structure

with which to work. Let HA1(S) denote the homotopy category associated with the

A1-local model structure on S-modules.

Consider the adjoint functors S ∧L − and FL(S,−). We will show that they pass

to equivalences of categories between HA1(L) and HA1(S). First, note the following.

Lemma 13.11. The functors S ∧L − and FL(S,−) are a Quillen adjoint pair.

Proof. By definition, FL(S,−) takes simplicial weak equivalences and fibrations

of S-modules to simplicial weak equivalences and fibrations of L-spectra. The ad-

junction and the fact that FL(S,−) preserves simplicial acyclic fibrations imply that

S ∧L − preserves simplicial cofibrations. Therefore, by Lemma 4.15, S ∧L − and

FL(S,−) pass to a pair of adjoint functors between the simplicial stable homotopy

categories Hs and Hs(L).

If G is an an A1-local S-module, then for any spectrum E, the adjunction in the

simplicial homotopy categories gives

Hs(L)(LE, FL(S,G)) = Hs(S)(S ∧L LE,G)

= Hs(S)(S ∧L LE ∧ A1
+, G)

= Hs(L)(LE ∧ A1
+, FL(S,G)).
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So FL(S,−) takes G to an A1-local L-spectrum. Hence, given an A1-weak equivalence

of L-spectra f : E → E ′, and an A1-local S-module G, we have

Hs(S)(S ∧L E
′, G) = Hs(L)(E ′, FL(S,G))

= Hs(L)(E, FL(S,G))

= Hs(S)(S ∧L E,G).

Thus, S∧L− takes an A1-weak equivalence of L-spectra to an A1-weak equivalence of

S-modules. Also, since A1-cofibrations of S-modules and L-spectra are just simplicial

cofibrations, S ∧L − preserves cofibrations as well.

Similar to the cases for spectra and L-spectra in Propositions 5.11 and 11.13, we

have the following result for S-modules.

Proposition 13.12. Let I be a small directed category.

1. Suppose E,E ′ : I → S-modules are functors, and f : E → E ′ is a natural

transformation such that for every i ∈ I, fi : Ei → E ′
i is an A1-weak equivalence of

S-modules. Then the map induced by f on the colimits

colimi∈IEi → colimi∈IE
′
i

is an A1-weak equivalence of S-modules.

2. Suppose E : I → S − modules is a functor, such that for every morphism

i→ j, Ei → Ej is an A1-weak equivalence. Then for every i ∈ I, the map

Ei → colimi∈IEi

is an A1-weak equivalence of S-modules.

Proof. Note that by a spectral sequence argument similar to that of Proposi-

tion 5.7, small homotopy colimits of S-modules preserve A1-weak equivalences. Thus,

for the first part, it suffices to show that for any E : I → S-modules, the canonical

map

hocolimi∈IEi → colimi∈IEi(13.13)

is an A1-weak equivalences of S-modules. Homotopy colimits and colimits of S-

modules are created in the category of L-spectra, so by Proposition 11.13, it is an
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A1-weak equivalence of L-spectra. By Lemma 13.11, S∧L takes this to an A1-weak

equivalence of S-modules. But hocolimi∈IEi and colimi∈IEi are S-modules, so the

map 13.13 itself is an A1-weak equivalence of S-modules.

For part two, fix i ∈ I. Then the claim follows by applying part one of the

proposition to the constant functor Ei and E.

Say that a map of S-modules is an elementary A1-weak equivalence if it is of the

form

S ∧L LΣU
VX ∧ A1

+ → S ∧L LΣU
VX.

Note that the collection of isomorphism classes of elementary A1-weak equivalences of

S-modules form a set. We have the following characterization of A1-weak equivalences

of S-modules as maps built up from elementary A1-weak equivalences of S-modules

, analogous to Propostions 5.12 and 11.15.

Proposition 13.14. The class of A1-weak equivalences of S-modules is the small-

est class WA1(S) of maps of S-modules containing all simplicial weak equivalences and

satisfying the following conditions:

1. WA1(S) contains all the elmentary A1-weak equivalences of S-modules.

2. If f and g are composable maps, and two out of the three maps f, g and g · f

are in WA1(S), then so is the third.

3. WA1(S) is closed under pushouts by cofibrations. Its intersection with the class

of cofibrations is closed under all pushouts.

4. WA1(S) is closed under small directed colimits.

Proof. This is similar to the proofs in the cases of spectra and L-spectra (see

Proposition 5.12).

We now return to the Quillen adjoints S ∧L − and FL− between the categories

of L-spectra and S-modules.

Theorem 13.15. The functors S ∧L − and FL(S,−) pass to a pair of adjoint

Quillen equivalences between HA1(S) and HA1(L).
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Proof. First, we show that FL(S,−) creates A1-weak equivalences in the cate-

gory of S-modules. Just as in the cases of spectra and L-spectra, an S-module G is

A1-local if and only if

Hs(S)(S ∧L LΣU
VX,G) → Hs(S)(S ∧L LΣU

VX ∧ A1
+, G)

is a bijection for every X ∈ Spc(k)• which is a finite colimit of based smooth schemes,

and every cofinite V ⊂ U . By Proposition 13.14, A1-weak equivalences of S-modules

are constructed recursively from elementary A1-weak equivalences. The map of L-

spectra LΣU
VX ∧ A1

+ → LΣU
VX is an A1-weak equivalence of L-spectra. By Propo-

sition 12.3, the functor S ∧L − preserves A1-weak equivalences of L-spectra. Thus,

an elementary A1-weak equivalence of S-modules is an A1-weak equivalence of L-

spectra. Since the forgetful functor from S-modules to L-spectra is a left adjoint,

it preserves colimits, and each A1-weak equivalence of S-modules is constructed in

the category L-spectra from elementary A1-weak equivalences. Thus, the forgetful

functor takes an A1-weak equivalence of S-modules to an A1-weak equivalence of

L-spectra. By Lemma 12.6, E is A1-weak equivalent to FL(S,E) for any L-spectrum

E. So FL(S,−) also takes an A1-weak equivalence of S-modules to an A1-weak

equivalence of L-spectra.

Conversely, suppose f : E → E ′ is a map of S-modules, and FL(S, f) is an A1-

weak equivalence of L-spectra. Then f itself is an A1-weak equivalence of L-spectra.

Applying S ∧L − shows that f is an A1-weak equivalence of S-modules.

Now consider the unit of the adjunction E → FL(S, S ∧L E), where E is any

L-spectrum. For each L-spectrum E, we have shown that its simplicial cofibrant

model C(E) is a free L-spectrum. Since a simplicial weak equivalence is an A1-weak

equivalence, we can assume that E = LE ′ for some spectrum E ′. In this case, we

have

E FL(S, S ∧L E)

S ∧L E

λ



14. S-ALGEBRAS AND THEIR MODULES 94

where λ is an A1-weak equivalence of L-spectra. The map at the right side is an

A1-weak equivalence of L-spectra for all L-spectra, so the unit of the adjunction

is an A1-weak equivalence in the category of L-spectra. The theorem follows from

Lemma 4.16.

Thus, for the purposes of doing homotopy theory, we can use the stable homo-

topy categories of spectra, L-spectra, or S-modules interchangeably. The category

of S-modules is a symmetric monoidal category (not just up to homotopy). The

constructions in the category of topological S-modules of [6] carry through.

14. S-algebras and their Modules

From the symmtric monoidal structure on the category of S-modules, we can

make sense of monoids in this category. This section follows closely the ideas of [6].

Definition 14.1. An S-algebra E is a monoid in the category of S-modules, i. e.

there is a multiplication map

µ : E ∧S E → E

which satisfies the usual associativity, and unit diagrams.

In particular, the sphere spectrum S is an S-algebra, and the category of modules

over the S-algebra S is the old category of S-modules.

Let E be a given S-algebra. Then we also have the notion of modules over E. A

left E module M is an S-module with a multiplication map

E ∧S M → E

satisfying the usual associativity and unit diagrams. The notion of a right E-module

is defined similarly. Given a left E-module M and a right E-module N , the smash

product over E is given by the coequalizer diagram in the category of S-modules:

M ∧S E ∧S N M ∧S N M ∧E N
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where the two maps are the module structure maps ofM andN , respectively. M∧EN

is a priori an S-module. There is a canonical isomorphism

E ∧E N
∼=
→ N

for any left E-module N , coming from the definition. A similar statement holds for

right E-modules.

Given a spectrum X, a natural construction is that of the free (left) E-module

FEX generated by X. If E = S, then

FSX = S ∧L LX.

For a general E, we have

FEX = E ∧S (S ∧L LX).

This is the left adjoint to the functor from (left) E-modules to spectra which takes

an E-module M to the spectrum FL(S,M). In particular, the sphere spectrum in

the category of E-modules is

SE = FES.

There is an A1-local closed model structure on the category of E-modules, induced

from the close model structure on S-modules, as in [6]. Let HA1(E) denote the

homotopy category associated with this structure.

In the category of E-modules, we have the analogues of the algebraic constructions

of taking quotients and localizations by elements of the coefficient ring of E, similarly

as in the topological case [6]. We first consider the case of quotients. Let M be a

(left) E-module. Let E∗ denote the coeffiencient ring π∗E of E, and let x ∈ E∗. Then

x can be realized as a map in the category of E-modules

S
|x|
E

x
→ E.

We have a map of E-modules

Σ|x|M
x
→ E ∧E M ∼= M
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which represents multiplication by x on the E∗-module M∗. We define the E-

module M/x to be the cofiber of this map, in the category of E-modules. Thus,

given a countable sequence of elements (x1, x2, . . . ), we can define the E-module

M/(x1, x2, . . . ) inductively. For any finite n, we define M/(x1, . . . , xn) to be the

quotient of M/(x1, . . . , xn−1) by xn. For the infinite case, we define

M/(x1, . . . ) = hocolimnM/(x1, . . . , xn).

Note that this construction does not require the sequnce (x1, x2, . . . ) to be regular.

Likewise, we can define the localization of M at x ∈ E∗. Consider the sequence

of elements xn ∈ E∗. Each xn can be realized as a map of E-modules

S
|x|n

E

xn

→ E → S0
E

where the second map is an A1-weak equivalence of E-modules. Smashing with M

and X
−|x|n

E over E gives

S0
E ∧E M

xn

→ S
−|x|n

E ∧E M

representing multiplication by xn on M∗. Let j0 = 0 and jn = jn−1 + |x|n. Then

smashing over E with S
−jn−1

E gives maps of E-modules

S
−jn−1

E ∧E M → S−jn

E ∧E M.

We define the E-module M [x−1] to be the homotopy colimit of this sequence of maps.

Similarly, for a countable sequence of elements X = {x1, x2, . . . } ⊂ E∗, we can define

the E-module M [X−1].

Example: Algebraic Morava K-theories.

Consider the algebraic cobordism spectrum MGL. We have the following the-

orem using the methods of [12, 15]. Namely, one defines an explicit L(1)-action

on the Thom prespectrum 2.7 which defines MGL. The V -th space of this Thom

prespectrum is a wedge of spaces of the form BGLU⊕Z(|Z|)γ|Z|. For an extended

injection (i, F ) : U → U , (i, F ) acts on U ⊕U by acting on each copy of U , so it gives

a map U ⊕ Z → U ⊕ i(Z). This induces an action on the Thom prespectrum, since

we have that i(Z) u F (V ) = U for all Z, V such that Z u V = U .
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Theorem 14.2. MGL has a natural structure as an E∞ ring spectrum, i. e. a

monoid in the category of L-spectra. Thus, applying S ∧L − gives a model for MGL

which has a natrual structure as an S-algebra.

There is a theory of algebraic orientations, similar to the case of complex and Real

orientations in the topological case [7, 8]. In particular, recall that the coefficient

ring MU∗ of the complex cobordism spectrum MU is the Lazard ring, i. e. the

universal ring for formal group laws. Also, recall that in the algebraic category, there

are two different versions of the circle: the simplicial circle S1
s and the twisted circle

S1
t . Hence, MGL, as a generalize algebraic cohomology theory, is really bigraded.

We denote the grading of the coefficient ring of MGL by

MGLk,l = HA1(Sk−l
s ∧ Sl

t,MGL)

in the category of the A1-local homotopy category of spectra [20]. There is a map of

rings

MU∗ →MGL∗,∗

coming from the formal group law on MGL∗,∗ that corresponds to the orientation

on MGL. In particular, this map takes MU2k to MGL2k,k. (MGL∗,∗ is a graded-

commutative ring with respect to the grading by the first index k).

Let MU(p) and MGL(p) denote the localization of MU and MGL at a prime p. In

the case of MGL, localization is defined in the manner analogous to the topological

case. Namely, for each integer n relatively prime to p, we have a map of MGL-

modules

MGL
n
→MGL

and MGL(p) is defined as the homotopy colimit of this sequence of maps. By [6],

the Morava K-theory spectrum K(n) in the topological case can be constructed as a

MU -module by localizing MU at p in the category of MU -modules, then taking the

quotient with respect to all polynomial generators of (MU(p))∗, except one generator

in dimension 2(pn − 1), then localizing with respect to the remaining generator vn.



15. PROOFS OF THE MODEL STRUCTURE THEOREMS 98

In the algebraic category, we take quotients with respect to the images of the

sequence of generators of (MU(p))∗ in (MGL(p))∗,∗ (although these images do not

form a regular sequence in MGL∗,∗). After localizing with respect to the image of vn,

we obtain the algebraic Morava K-theory spectra K(n)alg as MGL-modules. Other

spectra derived from MGL such as the algebraic versions of E(n), and connected

algebraic Morava K-theories k(n)alg are defined in similar ways.

15. Proofs of the Model Structure Theorems

In this section, we prove the model structure theorems for spectra, L-spectra, and

S-modules. Our first goal is Proposition 4.6, which gives the alternative definition of

the stable simplicial closed model structure on the category of algebraic prespectra.

Recall Definition 4.5 of the class W of maps of prespectra, generated by all eventual

spacewise equivalences of prespectra. We would like to show that the class W is the

same as the class of weak equivalences in the stable simplicial model structure on

Prespectra(k).

Let L : Prespectra(k) → Spectra(k) denote the spectrification functor. We have

the following lemmas.

Lemma 15.1. If D is a prespectrum, then the unit of the adjunction µ : D → LD

is in W.

Proof. On each space Dn of D, µ is

µn : Dn → colimkΩ
kDn+k.

For each N ≥ 0, define the prespectrum LND, with (LND)n = Dn for n ≥ N , and

(LND)n = ΩN−nDN for n < N . There is an obvious map µ0 : D → L0D, and

µN : LN−1D → LND for every N > 0. LND is a “partial spectrification” of D, in

the sense that LD = colimNLND, and µ : D → LD is the colimit of all µN , N ≥ 0.

Clearly, each µN is an eventual simplicial spacewise equivalence, so µ is contained in

W.
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Recall there is a levelwise simplicial model structure on prespectra, where the

fibrations and weak equivalences are just given spacewise. Each prespectrum is lev-

elwise simplicially weak equivalent to a levelwise simplicially fibrant prespectrum,

which can be made functorial. We recall a description of this fibrant replacement

functor. By the simplicial model structure on Spc(k)•, for every based k-space X,

the canonical map X → ∗ can be factored to

X
i
→ FX

p
→ ∗

where i is a simplicial acyclic cofibration, p is a simplicial fibration. F is given in [9]

by the standard small object argument, which is a natural construction. Therefore,

F : Spc(k)• → Spc(k)• is a functor, and comes with a natural transformation Id→ F ,

such that for every object X ∈ Spc(k)•, FX is simplicially fibrant, and the map

X → FX is a simplicial acyclic cofibration. Observe that by the construction of F ,

if a based k-space X is already simplicially fibrant, then there is a natural retraction

FX → X

which is a simplicial weak equivalence.

For any X ∈ Spc(k)•, consider the simplicial acyclic cofibration iX : X → FX.

We have

FΩiX : FΩX → FΩFX.

However, the loop of a simplicially fibrant space is again simplicially fibrant, so

FΩFX → ΩFX naturally, and we have a natural map

θ : FΩX → ΩFX

for every X.

For a prespectrum D = {Dn}, define FD = {FDn}. FD is then a prespectrum,

whose structure maps are

FDi
Fri→ FΩDi+1

θ
→ ΩFDi+1.

This gives the fibrant replacement functor

F : Prespectra(k) → Prespectra(k)
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in the levelwise simplicial model structure on Prespectra(k). Applying the spectrifi-

ciation functor L gives the spectrum LFD, whose i-th space is

(LFD)i = colimkΩ
kFDi+k.

Lemma 15.2. A map f : D → E of prespectra is in the class W if and only if the

induced map

LFf : LFD → LFE

is a spacewise simplicial weak equivalence.

Proof. First, suppose that LFf is a spacewise simplicial weak equivalence. Then

it is certainly contained in W. We show that D maps to LFD by a map in W. The

canonical map D → FD is a spacewise simplicial weak equivalence by the definition

of F , and the map FD → LFD is in W by Lemma 15.1. Therefore, we have a map of

prespectra D → LFD which is in W. Likewise, there is a map E → LFE contained

in W. Thus, by the communtative diagram

D
f

E

LFD
LFf

LFE

f : D → E is contained in W.

Conversely, suppose that f is a map in W. Since L and F preserve all diagrams,

it suffices to assume that f is in fact an eventual spacewise simplicial equivalence

of prespectra. So there is some N such that fn : Dn → En is a simplicial weak

equivalence of k-spaces for all n ≥ N . Thus, Ffn is also a simplicial weak equivalence

of k-spaces. Now for every m, we have

LFfm : colimkΩ
kFDm+k → colimkΩ

kFEm+k.

For k ≥ N −m, FDm+k → FEm+k is a simplicial weak equivalence of k-spaces, and

looping preserves weak equivalences between simplicially fibrant k-spaces by Lemma
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2.1.13 of [16]. Therefore, LFfm is a simplicial weak equivalence of k-spaces for all

m.

It is shown in Bousfield and Friedlander [2] that a map f of prespectra is a

stable simplicial weak equivalence if and only if LFf is a spacewise simplicial weak

equivalence. Proposition 4.6 follows. This gives the simplicial closed model structure

on Prespectra(k).

Let α be a cardinal number greater than the cardinality of the power set of the

morphism set of the site Sm/k. Recall the following definition of Jardine [10].

Definition 15.3 (Jardine). Let T be a small Grothendieck site, and let X be a

simplicial sheaf over T . X is said to be α-bounded if for every U ∈ Sm/k, the section

X(U) has cardinality less than α at every simplicial stage.

We define a prespectrum E to be α-bounded if each En is an α-bounded k-space.

We record the following lemma, which was used in the proof of the stable simplicial

model structure on Prespectra(k), and is analogous to [10].

Lemma 15.4. A map p : E → G of prespectra has the right lifting property with

respect to all simplicial acyclic cofibrations of prespectra if it has the right lifting prop-

erty with respect to all i : A→ B which are elementary simpicial acyclic cofibrations,

such that B (and hence A) is α-bounded.

Now we consider the model structure on Spectra(k), namely Theorem 4.8.

Proof of Theorem 4.8: The axioms CM1, CM2, and CM3 are clear. By

Lemma 15.1, the functor L preserves simplicial acyclic cofibrations of T-prespectra.

Hence, the class of simplicial fibrations of spectra is exactly the class of spectra maps

which have the right lifting property with respect to all simplicial acyclic cofibra-

tions of spectra, and CM4 follows from CM5 formally, by an argument due to Joyal

(see [10]).

To show the factorization of any f : E → G as a simplicial acyclic cofibration i

followed by a simplicial fibration p, we use the small objecst argument. Let β be a
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cardinal number greater than 2α. We construct a sequence of spectra E(γ) and maps

E(γ) → G for γ < β. Let E(0) = E. Suppose we have E(γ). Then construct the

prespectrum E ′(γ + 1) as follows. Consider all diagrams of the form

AI

iI

E(γ)

f(γ)

BI G

where iI is chosen from a list of representatives of isomorphism classes of elemen-

tary simplicial acyclic cofibrations of prespectra, with BI α-bounded. Define the

prespectrum E(γ + 1) to be the pushout
∐

AI

‘

iI

E(γ)

∐

BI E ′(γ + 1).

Let f(γ+1) : E(γ+1) → G be the naturally induced map. The map E(γ) → E(γ+1)

is a simplicial acyclic cofibration. Define the spectrum E(γ + 1) to be LE ′(γ + 1).

For limit ordinal ξ, set

E(ξ) = colimγ<ξE(ξ).

Each E(γ) → E ′(γ) is a simpicial acyclic cofibration of prespectra. But L preserves

simplicial acyclic cofibrations, so

E(γ) ∼= LE(γ) → LE ′(γ + 1) = E(γ + 1)

is a simplicial acyclic cofibration. Now let E(β) = colimγ<βE(γ), with maps i : E →

E(β), p : E(β) → G. Then i is a simplicial acyclic cofibration, and p has the right

lifting property with respect to all simplicial acyclic cofibration of prespectra. So it

is a simplicial fibration.

For the other factorization, we use a similar argument to factor f as q · j, where

j is a simplicial cofibration of spectra, and q has the right lifting property with

respect to all simplicial cofibrations of spectra. Then by the fact that L preserves

simplicial cofibrations, the usual adjunction argument gives that q is a simplicial

acyclic fibration of prespectra, and hence of spectra.
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The analogous result for U -spectra is Theorem 4.14. To prove it, we need the fol-

lowing lemma. Consider the spectrification functor L : Prespectra(U) → Spectra(U).

Lemma 15.5. For E any U-prespectrum, the unit of the spectrification functor

E → LE is a stable simplicial weak equivalence of U-spectra.

Proof. On each cofinite V ⊆ U , the unit map is

EV → (LE)V = colim(W,Z)∈V ↓C(U)Ω
ZEW .

For fixed cofinite U ⊂ U , consider the map of homotopy groups

colim(V,T )∈U↓C(U)Hs(Spc(k)•)(T/(T \ {0}), EU)

→ colim(V,T )∈U↓C(U)Hs(Spc(k)•)(T/(T \ {0}), (LE)U).
(15.6)

Since for each T , T/(T \ {0}) is small in Spc(k)•), the right hand side is

colim(V,T )∈U↓C(U)Hs(Spc(k)•)(T/(T \ {0}), colim(W,Z)∈V ↓C(U)Ω
ZEW )

∼= colim(V,T )∈U↓C(U),(W,Z)∈V ↓C(U)Hs(Spc(k)•)(T/(T \ {0}),ΩZEW )

∼= colim(V,T )∈U↓C(U),(W,Z)∈V ↓C(U)Hs(Spc(k)•)((T u Z)/((T u Z) \ {0})

which is the same as the left hand side of (15.6).

Proof of Theorem 4.14. Analogous to that of Theorem 4.8.

Using Lemma 15.5 and arguments similar to that for coordinatized spectra, we

see that the stable simplicial homotopy categories of Prespectra(U) and Spectra(U

are equivalent.

We now turn to the case of L-spectra and prove Theorem 11.9, which gives the

simplicial model structure on L-spectra, with weak equivalences and fibrations cre-

ated in the category of spectra. To prove the theorem, we need to show that simplicial

acyclic cofibrations satisfy the left lifting property with respect to all simplicial fibra-

tions, and any map f of L-spectra can be factored as f = p · i, where p is a simplicial

fibration, i is a simplicial cofibration, and either p or i can be made to be a simplicial

weak equivalence.
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First, note that the class of simplicial cofibrations is closed under pushouts and

directed colimits. We will use the following lemma.

Lemma 15.7. If j : A→ B is a simplicial cofibration of spectra, then any pushout

of Lj : LA→ LB is a simplicial cofibration of L-spectra. If j : A→ B is a simplicial

acyclic cofibration of spectra, then any pushout of Lj is a simplicial acyclic cofibration

of L-spectra.

Proof. For the first part, suppose we have a diagram

LA

Lj

X

LB Y

where X → Y is a simplicial acyclic fibration of L-spectra. Then by adjunction, this

diagram is equivalent to

A

j

X

B Y

in the category of spectra. Here, a lifting B → X exists, so by the adjunction, a

lifting LB → X exists in the original diagram.

For the simplicial acyclic cofibration statement, note that since colimits of L-

spectra are just colimits of the underlying spectra, a pushout diagram in the category

of L-spectra is a pushout diagram of spectra. Thus, it suffices to show that Lj is a

simplicial acyclic cofibration of spectra. We have

LA = colimC(U)(ML(1)(U) ∧ AU).

If j : A→ B is a spacewise inclusion, then Lj is a spacewise inclusion, since spectri-

fication preserves spacewise inclusions. To show that it is a simplicial weak equiva-

lence, by Lemma 15.4 it suffices to show that for an eventual spacewise equivalence

j ′ : A′ → B′ of prespectra, the map

colimC(U)(ML(1)(U) ∧ A′
U) → colimC(U)(ML(1)(U) ∧B′

U)



15. PROOFS OF THE MODEL STRUCTURE THEOREMS 105

is a simplicial weak equivalence of spectra. But there is some U0 ∈ C(U) such that

for all U ∈ C(U), U ⊆ U0, A
′
U → B′

U is a simplicial acyclic cofibration of k-spaces.

Hence, we have a simplicial weak equivalence of spectra.

We show the factorizations by the usual small object argument. First, let α be a

cardinal number greater than the cardinality of the power set of the morphism set of

Sm/k. Recall that a prespectrum E is α-bounded if each k-space EU is α-bounded

(see Definition 15.3).

Proposition 15.8. Any map f : E → G of L-spectra can be factored as f = p · i

where p is a simplicial acyclic fibration and i is a simplicial cofibration.

Proof. Let β be a cardinal number greater than 2α. Let F be the class of maps

of the form LA→ LB, where B is α-bounded, and A→ B is a simplicial cofibration

of spectra. As usual, we construct the following diagram:

E
i0

f=f0

E(1)
i1

f1

E(2)

i2

f2
· · ·

G = G = G = · · ·

For an ordinal number γ < β, assume we have E(γ) → G. Then E(γ + 1) is given

by the following pushout diagram
∐

LAI E(γ)

iγ

∐

LBI E(γ + 1)

where the indexing set I ranges over all isomorphism classes of commutative diagrams

of the form

LAI E(γ)

fγ

LBI G

with LAI → LBI in F . Also, if ξ < β is a limit ordinal, we define

E(ξ) = colimγ<ξE(γ).
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Define E ′ = colimγ<βE(γ). Then we have i : E → E ′ and p : E ′ → G with

f = p · i. For each γ < β, the map E(γ) → E(γ + 1) is the pushout of a simplicial

cofibration, and i is the directed colimit of these maps. Hence, i is a simplicial

cofibration of L-spectra. Also, given any diagram

A

j

E ′

B G

of spectra, where j is a simplicial cofibration of spectra and B is α-bounded, there

is a lifting B → E ′ adjoint to the lifting in L-spectra that comes by construction.

Thus, by the Lemma 15.4, E ′ → G is a simplicial acyclic fibration of spectra, and so

of L-spectra as well.

There is also the other factorization.

Proposition 15.9. Any map f : E → G of L-spectra can be factored as f = p · i,

where i is a simplicial acyclic cofibration and p is a simplicial fibration.

Proof. We use lemma 15.7. Let F be the class of all acyclic cofibrations of the

form LA→ LB, where A→ B is an acyclic cofibration of spectra. As before, we can

construct E(γ) for all ordinals γ < β. By Lemma 15.7, each map E(γ) → E(γ + 1)

is a simplicial acylic cofibration of L-spectra. Define E ′ = colimγ<βE(γ). Then

i : E → E ′ is a simplicial acyclic cofibration since simplicial weak equivalences of

spectra are preserved by directed colimits. Also, in the category of spectra, p : E ′ →

G satisifes the right lifting property with respect to all simplicial acyclic cofibrations

A → B where B is α-bounded. However, by Lemma 15.4 a map of spectra has the

right lifting property with respect to all simplicial acyclic cofibrations if and only if it

has the right lifting property with respect to all simplicial acyclic cofibrations whose

target is α-bounded. Hence, it is a simplicial fibration of spectra and therefore of

L-spectra as well.

Finally, the left lifting property of acyclic cofibrations with respect to all fibrations

follows formally, by the formal argument of Joyal (see [10]).
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Finally, we have Theorem 13.7, which gives the simplicial model structure on

the category of S-modules, with the weak equivalences and fibrations created in the

category of L-spectra via the functor FL(S,−). To prove Theorem 13.7, we need that

every map f : E → G of S-modules can be factored into a simplicial cofibration and

a simplicial acyclic fibration. We let F be the class of maps of the form

S ∧L (LA) → S ∧L (LB)

where A → B is a simplicial cofibration of spectra, and B is α-bounded. Each map

in F is in particular a simplicial cofibration of S-modules. By definition, simplicial

cofibrations of S-modules are preserved under pushouts and directed colimits. By the

usual small object argument, we can factor f as p · i, where i : E → E ′ is a directed

colimit of pushouts of maps in F , so i is a simplicial cofibration of S-modules. Also,

p satisfies the right lifting property with respect to every map in F . Given any

simplicial cofibration of spectra j : A→ B, where B is α-bounded, the commutative

square of spectra

A

j

FL(S,E ′)

FL(S,p)

B FL(S,G)

is equivalent to the diagram of S-modules

S ∧L LA

S∧LLj

E ′

p

S ∧L LB G.

Hence, it has a lifting, so FL(S, p) is a simplicial acyclic cofibration of spectra, and

therefore of S-modules as well.

For the other factorization, we let F be the class of maps of the form

S ∧L LA→ S ∧L LB

where A → B is a simplicial acyclic cofibration of spectra, and A is α-bounded.

Again, we use the small object argument to factor f as p · i. To show that i is a

simplicial acyclic cofibration of S-modules, we need the following.
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Lemma 15.10. If j : A → B is a simplicial acyclic cofibration of spectra, then

any pushout of S ∧L Lj is a simplicial acyclic cofibration of S-modules.

Proof. Suppose we have a pushout diagram

S ∧L LA

S∧LLj

E

f

S ∧L LB G

in the category of S-modules. By adjunction, f is a simplicial cofibration of S-

modules. To show that it is a weak equivalence, note that by Lemma 15.7, LA→ LB

is a simplicial acyclic cofibration of spectra. Also, recall that

S ∧L LA = (L(2) ×L(1)2 L(0) × L(1)) n (S0 ∧ A).

Simplicial acyclic cofibrations of spectra are preserved by twisted half-smash prod-

ucts, so S∧LLA → S∧LB is a simplicial acyclic cofibration of spectra. Now pushouts

in the category of S-modules are created in the category of spectra. But the pushout

in the category of spectra is a simplicial acyclic cofibration of spectra. Thus, the

pushout of S-modules f itself is a simplicial weak equivalence of spectra, and hence

of L-spectra. But FL(S,−) preserves simplicial weak equivalences of L-spectra as

well, so FL(S, f) is a simplicial weak equivalence of L-spectra.

Now f = p · i, and i is a directed colimit of pushouts of maps in F , so it is a

simplicial acyclic cofibration of S-modules. Also, by the adjunction, FL(S, p) has

the left lifting property with respect to any simplicial acyclic cofibration of spectra

A → B, where B is α-bounded. Hence, p is a simplicial fibration of S-modules.

Finally, the right lifting property of simplicial fibrations with respect to simplicial

acyclic cofibrations follows formally.

16. Technical Results on the Extended Injections Operad

In this section, we prove several results on the extended injections operad L used

in the paper. Recall that for a k-universe U , L(n) is the space of extended injections

I(U⊕(n),U). By Proposition 9.2, L(n) is contractible for all n.
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We first prove Lemma 12.4, which states the k-space L(2)×L(1)×L(1) L(0) × L(1)

is A1-contractible.

Proof. We do a modified version of the proof in [6]. Fix infinite-dimensional

subspaces U1,U2 ⊂ U , such that U = U1 u U2. Let i1, i2 : U → U2 be inclusions into

the first and second summands, with the obvious extended injection structures. For

g ∈ L(2), denote g · i1 and g · i2 by g1 and g2, respectively.

Given an extended injection (h,H) : U → V, we define the complement of (h,H)

to be

C(h,H) =
⋂

U∈C(U)

H(U).(16.1)

Of course, C(h,H) may be {0}. When there is no chance of confusion, we abbreviate

C(h,H) by C(h). We make the following definitions:

K(2) = {g ∈ L(2) | g2(U) ⊂ U2,U1 ⊂ C(g2)}

K0(1) = {f ∈ L(1) | f(U) ⊂ U2,U1 ⊂ C(f)}

K̂(1) = K(2) ×L(1)×L(1) ×L(0) × L(0)

L̂(1) = L(2) ×L(1)×L(1) L(0) × L(1).

First, it is easy to see that K0(1) is isomorphic to the k-space of extended injections

I(U ,U2), so it is A1-contractible. Next, consider the structure map

γ : L(2) × L(0) × L(1) → L(1)

given by γ(g, ∗, f) 7→ g2 · f . It induces a map

γ̂ : K̂(1) → K0(1).

We will show that γ̂ is an isomorphism of k-spaces. (g, ∗, f) and (g ′, ∗, f ′) in K(2) ×

L(0) × L(1) represent the same element in K̂(1) if there are j1, j2 ∈ L(1), such that

g′ = g · (j1 ⊕ j2), and j2 · f ′ = f . Choose linear isomorphisms k1 : U → U1 and

k2 : U → U2. Define the map

ϕ : K0(1) → K̂(1)

by f 7→ (k1⊕k2, ∗, k
−1
2 ·f). Then ϕ is the inverse to γ̂. Thus, K̂(1) is A1-contractible.
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Finally, the proof in [6] that the inclusion K̂(1) → L̂(1) is a homotopy equivalence

carries through, with the homotopies replaced by the A1-homotopies constructed in

the proof of Proposition 9.2. Therefore, L̂(1) is A1-contractible.

We also prove Lemma 13.3. Namely, the coequalizer L(2) ×L(1)×L(1) L(0) × L(0)

is Spec(k).

To prove the lemma, we first make the following observation.

Lemma 16.2. Suppose (h,H) : X × U → U is a system of extended injections

parametrized over a small k-space X. Also, suppose U ⊂ U is cofinite, and Z ⊂ U

is finite-dimensional, such that Z ⊂ ∩x∈XH(x)(U). Then there is a U ′ ⊂ U of

codimension 1, such that Z ⊂ ∩x∈XH(x)(U ′).

Proof. Note that for any cofinite V ⊂ U , f(x) : U/V → U/(H(x)(V )) is an

isomorphism. This gives a map

pV : X × U → U/V.

For fixed x ∈ X, pV (x) is

U → U/(H(x)(V ))
f(x)−1

→ U/V.

In particular, pV (Z) ⊂ U/V for every V ⊂ U . For each x ∈ X, the dimension of

pV (x)(Z) is at most the dimension of Z, and since X is small, the dimension of pV (Z)

is bounded as V varies over C(U). Choose V ⊂ U such that the codimension of V

in U is strictly greater than the dimension of pV (Z). Then we can find a U ′ ⊂ U of

codimension 1, such that V ⊂ U ′, and pV (Z) ⊂ U ′/V . Then for every x ∈ X,

pV (x)(Z) ∼= Z/(Z ∩H(x)(V )) ⊂ U ′/V ∼= H(x)(U ′)/H(x)(V ).

Therefore, Z ⊂ H(x)(U ′) for every x ∈ X.

Proof of Lemma 13.3: LetX be a small k-space, and (f, F ), (g,G) : X×U 2 →

U two systems of extended injections from U 2 to U , parametrized by X. We will show

that there is an element of L(1) × L(1) which takes (f(x), F (x)) to (g(x), G(x)) for
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each x ∈ X. First, f is the (internal) direct sum of (f1, F1) and (f2, F2) : X×U → U ,

which are the restrictions of f to the first and second summands of U 2, respectively.

Likewise, g is the internal direct sum of (g1, G1) and (g2, G2) : X × U → U .

Given two systems of extended injections (h,H), (H ′, H ′ : X × U → U , we say

that (h,H) and (h′, H ′) are disjoint if

Im(h) ⊂ ∩x∈XC(h′(x), H ′(x))(16.3)

Im(h′) ⊂ ∩x∈XC(h(x), H(x)).(16.4)

Here, C(h(x), H(x)) is the complement of the extended injection

(h(x), H(x))

as defined in 16.1.

We claim that there are extended injections (i, I) and (j, J) : U → U , such that

f1 · i and g1 · J are disjoint. We show this by inductively constructing two sequences

of linearly independent elements d1, d2, . . . and e1, e2, . . . in U , as well as a decreasing

sequence of cofinite sets U0, U1, . . . , such that each Un+1 has codimension 1 in Un.

Let U0 be U . Suppose we have d1, . . . , dn−1, e1, . . . , en−1 linearly independent, and

U0, . . . , Un−1, such that

Uku < dk >= Uk−1

for each 1 ≤ k ≤ n− 1. Also,

g(X× < e1, . . . , en−1 >) ⊂
⋂

x∈X

F (x)(Un−1).

Denote Vn = ∩x∈XF (x)(Un−1). Since X is small, this is cofinite in U . Also,

⋂

x∈X

g(x)−1(Vn)

is again cofinite by the fact that X is a small k-space. So there is some en ∈ U

outside of the span of e1, . . . , en−1, such that g(x)(en) ∈ Vn for every x ∈ X. Since

X is small,

g(X× < e1, . . . , en >) ⊂
⋂

x∈X

F (x)(Un−1)
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is finite-dimensional. Hence by Lemma 16.2, there is some Un ⊂ Un−1 of codimen-

sional 1, such that

Zn ⊂
⋂

x∈X

F (x)(Un).

Finally, choose dn ∈ Un−1 such that

Unu < dn >= Un−1.

Having chosen d1, . . . , e1, . . . and U0, . . . as above, we choose a complement U ⊂ U

such that Uu < e1, e2, . . . >= U , Define extended injections (i, I) and (j, J) : U → U

as follows. Let < a1, a2, . . . > be a fixed basis for U . Then set

i(ak) = dk

j(ak) = ek

I(< ak, ak+1, . . . >) = Uk

J(< ak, ak+1, . . . >) =< ek, ek+1, . . . >) u U.

Then

Im(g · (Id× j)) = g(X× < e1, e2, . . . >)

⊂
⋂

x∈X,k≥0

F (x)(Uk) =
⋂

x∈X

C(f(x) · i, F (x) · I).(16.5)

Now note that Im(g1 · (Id× j)) ⊂ Im(g1), and

∩x∈XC(f1(x), F1(x)) ⊂ ∩x∈XC(f1(x) · i, F1(x) · I).

Hence, by repeating this procedure, we can find extended injections i1, i2, j1, j2 : U →

U , such that f1 · i1, f2 · i2, g1 ·j1 and g2 ·j2 are pairwise disjoint. Hence, we may replace

f by f · (Id× (i1 ⊕ i2)) and g by g · (Id× (j1 ⊕ j2)).

Next, consider f1, g1 : U → U . By the above construction, Im(f1) ∩ Im(g1) = 0

in particular. Define another system of extended injection (h1, H1) : X × U → U as

follows. Let a1, a2, . . . be a fixed basis of U . Denote also U1 =< a1, a3, . . . >, and
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U2 =< a2, a4, . . . >. Let (k1, K1), (m1,M1) : U → U be given by

k1(an) = a2n−1

K1(V ) = k1(V ) u U2

m1(an) = a2n

M1(V ) = k2(V ) u U1.

For each x ∈ X, define

h1(x)(a2n−1) = f1(x)(an)

h1(x)(a2n) = g1(x)(an).

For a cofinite V ⊂ U , if U2 ⊂ V , set

H1(x)(V ) = F1(x)(k
−1
1 (V ∩ Im(f))).

If U1 ⊂ V , set

H1(x)(V ) = G1(x)(m
−1
1 (V ∩ Im(g))).

And for a general cofinite V =< an, an+1, . . . >⊂ U , there are cofinite V1, V2 such

that V = V1 ∩ V2 and U1 ⊂ V1, U2 ⊂ V2. Define then

H1(x)(V ) = H1(x)(V1) ∩H1(x)(V2).

Since f1 and g1 are disjoint, this gives an extended injection, and for every x ∈ X,

f1(x) = h1(x) · k1

g1(x) = h1(x) ·m1.

By a similar argument for f2 and g2, there is a system of extended injections (h2, H2) :

X × U → U , such that

f2(x) = h2(x) · k2

for every x ∈ X. Also, h1 and h2 are disjoint, so h1 ⊕ h2 ∈ L(2). Hence, f(x) =

(h1(x) u2 (x)) · (k1 ⊕ k2) for each x. But by the same argument, g(x) is also in the

same orbit as h1(x) u h2(x), via m1 ⊕m2.
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17. Appendix: Small Objects in the Category of Simplicial Sheaves

In this appendix, we record some facts about the category of spaces over a field

k used in the paper. In particular, in Lemma 17.3 below, we will show that in

the categories of unbased and based k-spaces, every object is simplicially weakly

equivalent to a homotopy colimit of finite colimit of smooth schemes, which are small

objects. This fact is used to prove Propositions 5.14 and 11.16, that in the simplicial

and A1-local stable homotopy categories, the morphism sets from all possible spectra

are determined by morphism sets from spectra of the form ΣU
VX, where X is a finite

colimit of smooth schemes. Also, since the isomorphism classes of finite colimits of

smooth schemes form a set, Lemma 17.3 also allows us to use the bounded object

argument to construct the A1-localization of a spectrum, as in Proposition 5.12.

Recall that the category of k-spaces is

Spc(k) = ∆opSh(Sm/k)Nis

the category of simplicial sheaves over the category Sm/k of smooth schemes over k,

where Sm/k is a Grothendieck site by the Nisnevich topology.

We first consider the simpler category Sh(Sm/k)Nis of sheaves over Sm/k. The

following fact is standard, and we record it here for the sake of convenience.

Lemma 17.1. Every sheaf is a colimit of smooth schemes.

Proof. Recall that a presheaf on Sm/k is just a contravariant functor Sm/k →

Sets, and a smooth scheme Y is a presheaf by the representable functor Hom(−, Y ).

There is the Yoneda Lemma (see [13]): for any presheaf F on Sm/k and smooth

scheme Y , there is a natural bijection of sets

Nat(Hom(−, Y ), F ) ∼= F (Y ).

Now for any presheaf F , define the category Sm/k(F ) to have objects pairs (X, t)

where X ∈ Sm/k, and t ∈ F (X). A morphism f : (X, t) → (Y, z) is a morphism

f : X → Y in Sm/k, such that F (f) : F (Y ) → F (X) takes z to t. For a map f :

(X, t) → (Y, z) in Sm/k(F ), there is a map of presheaves Hom(−, X) → Hom(−, Y ):
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just the obvious natural transformation induced by f . For any (X, t), by the Yoneda

Lemma, there is a natural map of presheaves Hom(−, X) → F , namely the natural

transformation corresponding to t ∈ F (X). It is easy to check that these maps

commute with the natural transformations induced by morphisms in Sm/k(F ), so

there is a map of prespectra

colim(X,t)∈Sm/k(F )Hom(−, X) → F.

For fixed U ∈ Sm/k, consider the map of sets

colim(X,t)∈Sm/k(F )Hom(U,X) → F (U).

A typical element of Hom(U,X) is a triple (f,X, t), where f : U → X, and

(X, t) ∈ Sm/k. The natural map on the morphism sets induced by f takes the

triple (Id, U, F (f)(t)) to (f,X, t). Hence, in the colimit, each (f,X, t) is identified

with a unique triple (Id, U, F (f)(t)), where t ∈ F (X) for some X ∈ Sm/k. There-

fore, the map is in fact an bijection, and F is a colimit of representable functors.

Since Sm/k is a small site, this is a small colimit. Then in the category of presheaves

on Sm/k,

F ∼= colim(X,t)∈Sm/k(F )Hom(−, X).

Passing to the category of sheaves, we note that the sheafification functor from

preshaves to sheaves is the left adjoint to the forgetful functor, and thus commutes

with all colimits. So applying sheafifacation to the above bijection gives that every

sheaf F on Sm/k is a small colimit of representable sheaves, i. e. smooth schemes.

Next, recall the definition of a small object in a category: an object X is small if

for any small directed system {Si}i∈I ,

Hom(X, colimi∈ISi) ∼= colimi∈IHom(X,Si).

Lemma 17.2. A smooth scheme is a small object in the category of sheaves over

Sm/k with the Nisnevich topology.
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Proof. Let I be a small directed category, and S : I → Sh(Sm/k)Nis a functor.

Let X ∈ Sm/k be a smooth scheme, thought of as a representable sheaf. By the

Yoneda Lemma again, on the level of presheaves

Hom(X, colimi∈ISi) = (colimi∈ISi)(X)

and

colimi∈IHom(X,Si) = colimi∈ISi(X).

In the category of presheaves, we certainly have

(colimi∈ISi)(X) = colimi∈ISi(X).

Therefore, it suffices to show that a small directed colimit of sheaves in the category

of presheaves on Sm/k is in fact a sheaf in the Nisnevich topology. Recall that the

Nisnevich topology is generated by diagrams of the form (1.1). A presheaf F is a

sheaf in the Nisneivich topology if and only if F takes a square of the form (1.1) to

a pullback square of sets. But pullback squares are finite inverse limits of sets, and

are stable under small directed colimits. Hence, if each Si takes all such diagrams to

pullback squares of sets, then so does colimi∈ISi. Therefore, colimi∈ISi is a sheaf in

the Nisnevich topology.

Therefore, finite colimits of smooth schemes are also small in the category of

sheaves Sh(Sm/k)Nis. Every sheaf is a colimit of finite colimits of smooth schemes.

The next lemma expresses k-spaces, i. e. simplicial sheaves, as homotopy colimits

of finite colimits of smooth schemes.

Lemma 17.3. In ∆opSh(Sm/k)Nis, every object is simplicially weakly equivalent

to a homotopy colimit of finite colimits of smooth schemes.

Proof. The category of simplicial sheaves ∆opSh(Sm/k)Nis is just the category

of diagrams of sheaves over Sm/k indexed on ∆op. By Proposition 2.2.14 of [16], for

a simplicial sheaf X = {Xn},

hocolim∆opXn → X
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is a simplicial weak equivalence. Putting the two statements together gives the

lemma.

We also record some facts about the A1-local homotopy category of k-spaces. We

have the following lemma, which is not explicitly used in this paper.

Lemma 17.4. Finite colimits of smooth schemes are small in the A1-local homo-

topy category of ∆opSh(Sm/k)Nis.

Proof. It suffices to show that a smooth scheme is small in the A1-local homo-

topy category HA1(∆opSh(Sm/k)Nis). Let X be a smooth scheme, I a small directed

category, and S : I → ∆opSh(Sm/k)Nis a functor. Every object in ∆opSh(Sm/k)Nis

is cofibrant. Thus, the morphism set in the A1-local homotopy category

HA1(X, colimi∈ISi)

is the set of homotopy classes of maps from X to Γ(colimi∈ISi), where Γ denotes the

simplicial fibrant approximation functor. Recall that homotopy classes of maps from

a cofibrant object A to a fibrant object X can be detected using cylinder objects,

which are objects Cyl(A) that come with maps

A q A
i
→ Cyl(A)

f
→ A

factoring the folding map, with i a cofibration and f a weak equivalence (see [5]). By

Remark 4.23 of [5], if f, g : A→ X are homotopic, then there is a homotopy between

them using any chosen cylinder object.

The functor Γ is constructed as a transfinite colimit, so it commutes with colimi∈I ,

i. e.

Γ(colimi∈ISi) = colimi∈IΓSi.

Now suppose that f, g : X → Γ(colimi∈ISi) are homotopic maps, and X is a smooth

scheme. Since X is small in ∆opSh(Sm/k)Nis,

f q g : X qX → Γ(colimi∈ISi)
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lifts to some ΓSi. We need to show that we can also lift the homotopy between f

and g. We can choose our cylinder object to be X × A1. Consider the diagram

X qX
fqg

ΓSi

X × A1 Γ(colimi∈ISi).

Since X×A1 is also a small object in ∆opSh(Sm/k)Nis, the bottom map lifts to some

ΓSj, j ∈ I. Since I is directed, there is some k ∈ I such there is a commutative

diagram

X qX ΓSk

X × A1 Γ(colimi∈ISi).

Thus, we have

HA1(X, colimi∈ISi) ∼= colimi∈IHs(X,ΓSi)

∼= colimi∈IHs(X,Si).

Finally, we really need the above statements to hold in the category of based

simplicial sheaves over Sm/k. We will show that a directed colimit in the unbased

category of simplicial sheaves gives a directed colimit in the based category. Given

a based simplicial sheaf X, we can think of it as an unbased simplicial sheaf. Then

for some small directed category I and functor S : I → ∆opSh(Sm/k)Nis, we have

X = colimi∈ISi in the category of unbased simplicial sheaves. The basepoint of X is

a map Spec(k) → X. Since Spec(k) is a small object, it lifts to Si for some i ∈ I.

Let the small directed category I ′ be the comma category of objects in I with a map

from i. Then in the category of based simplicial sheaves,

X = colimj∈I′Si.

The remaining constructions carry through. In this sense, both the categories of

unbased and based k-spaces are “compactly generated”, i. e. every object is a directed

colimit of finite colimits of smooth schemes. In particular, note that the collection
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of isomorphism classes of finite colimits of smooth schemes is a set, as opposed to a

class.
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