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Introduction

Using the work of Grothendieck on the foundations of the theory of algebraic schemes,
M. Knebusch ([Kn1]) introduced the theory of quadratic forms over a scheme (X,OX).
The central object is the Witt group W (X;L), the Grothendieck group on isomorphism
classes of symmetric, OX -bilinear maps

E × E → L,

where E and L are locally free OX -modules and L is rank one, modulo the subgroup
generated by lagrangians (see Definition (0.1) below). When X = SpecR is affine, and
L = R, this definition spcializes to the the usual W (R). In 1978 he proposed ([Kn2]) the
following basic

Conjecture. Let A be a regular domain and K its field of fractions. Then the natural
map

W (A)→W (K)

is injective.

More concretely, and in case A is local, the conjecture says that an invertible symmetric
2n-by-2n matrix with entries in A is contragredient over A to one with a zero upper left
n-by-n block if and only if this is so over K. The conjecture is easily seen to be true
if dimA = 1, and was proved by M. Karoubi ([K]) in case A = k[x1, . . . , xn] and by T.
Craven, A. Rosenberg and R. Ware ([CRW]) in case A is a complete regular local ring.
By quite different methods from these and from each other, M. Ojanguren ([Oj2]) and
the author ([P3, Theorem A(i)]) proved the Knebusch Conjecture when dimA ≤ 3 and
gave a counterexample ([P3, 4.6]) to the conjecture when A is the coordinate ring of the
real 4-sphere. A general explanation of this counterexample in terms of the Chow group of
zero-cycles of Spec A was given in [P3, Theorem B], together with a consequent affirmation
of the conjecture for all regular local rings A of dimension ≤ 4. Ojanguren and the author
proved the conjecture independently in case A is regular local and essentially of finite
type over a field ([Oj1], [P4, Theorem B]). F. Fernández-Carmena globalized some of the
techniques of [P3] and [P4] to prove the Knebusch Conjecture in case A is replaced by a
regular scheme X of dimension 2 and K is its function field ([FFC]). He concluded from
this and from ideas of J. L. Colliot-Thèléne and J.-J. Sansuc ([CTS]) that W (X) is a
birational invariant of X.
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The study of the map W (A) → W (K) in [P3] used localization sequences and leads
naturally to other results, including a Chow group description of the skew-symmetric
analogueW−1(A) ofW (A) (dimA = 2) and a connection between this group and the Serre-
Horrocks construction of symmetric resolutions of a codimension 2 ideal in a 2-dimensional
regular ring. The description of W−1(A) was later refined in [OPS] and [BOj].

Another by-product of the point of view of localization was a proof of the Gersten
Conjecture (or resolution, in its global form) for Witt groups ([P4]), a result which had
already been proved by D. Quillen in K-theory.

The object of this paper is to sharpen the techniques of [P4] to prove a filtered global
version of the Gersten resolution for Witt groups, Theorem 0.12 below and Theorem 5.4
in the body of the paper. This, together with the Milnor Conjecture recently proved
by V. Voevodsky, can be used to verify a conjecture in [P2, Conjecture C] which relates
the Gersten resolution to the Bloch-Ogus resolution ([BO]) and to construct a spectral
sequence (Theorem 0.13 and Theorem 5.5) which can be used to strengthen some of the
applications from [P3] mentioned above and to extend the study of resolutions initiated in
[P3].

To describe these recent results and their applications in more detail it is necessary to
generalize some of the ideas from [P3] to a global setting.

Let (X,OX) be a locally Cohen-Macaulay (CM) scheme and X (i), its points of codi-
mension i. If C is a canonical sheaf for X, there is an injective resolution

0→ C → E0(C)
d0
→ E1(C)

d1
→ · · · → En−1(C)

dn−1

→ En(C)→ 0

where E i(C) ∼=
∐
x∈X(i) i∗E(k(x)), E(k(x)) is the injective hull of the residue class field of

x, viewed as a constant sheaf on x̄ and i : x̄→ X is the inclusion. If X is Gorensein, then
C is a canonical sheaf for X if and only if it is locally free. Set V i(C) := ker di. Unless
otherwise noted, C is fixed and will often be omitted from the notation.

0.1 Definition. Let i and p be integers, i ≥ 0, 0 ≤ p ≤ n. Then Spi (X) denotes the
category of OX -modules M such that

a. codM = p, and
b. depth OX,x

Mx ≥ inf {i, dimOX,x
Mx}, for all x ∈ X,.

together with the zero module.

Elements of Spi (X) coincide with those satisfying property (Si) in [EGA, 5.7.2], but with
the extra support condition (a). If i ≥ n − p then Spi (X) is the category of codimension
p locally Cohen-Macaulay OX -modules, denoted CMp(X). If X is regular, then S0

n(X)
coincides with the category of locally free OX -modules. On the other hand, Sn0 (X) is the
category of OX -modules of finite length.

0.2 Definition. Let M ∈ Spi (X) and φ :M×M→ Vp(C) be a symmetric, OX -bilinear
form, such that φx : Mx × Mx → Vp(C)x is nonsingular if cod x ≤ p + i. Then the
pair (M, φ) is called a symmetric form in Sni (X) and the collection of such is denoted
Q(Spi (X); C). (M, φ) ∈ Q(Spi (X); C) is called a lagrangian if there is N ⊆ M where N
and M/N ∈ Spi (X), and the induced pairing N × (M/N ) → Vp(C) is nonsingular (i.e.,
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both adjoints are bijective) at all x such that cod x ≤ p + i. N is called a sublagrangian.
When X is regular one sets

Q(X; C) := Q(S0
n(X); C)

the category of symmetric forms on locally free OX -modules, with values in C.

One may add isomorphism classes of objects in Q(Spi (X); C) by “orthogonal sum” and
obtain an abelian semigroup (with the obvious zero element). The Witt group in the
category Spi (X; C) is the corresponding Grothendieck group modulo the subgroup generated
by lagrangians and is denoted

(0.3) W (Spi (X); C).

If X is regular, then
W (X; C) := W (S0

n(X); C).

At the opposite extreme, for each p, 0 ≤ p ≤ n, set

(0.4) W (Fp(X); C) :=
∐

x∈X(p)

W (Sp0 (Xx); Cx),

the Witt group of forms on finite length OX,x-modules, cod x = p. When X = SpecR, R
is a CM ring and C is a canonical module for R, we write

W (Spi (R);C) = W (Spi (X); C).

The groups W (Spi (X); C) are less exotic than they might appear: if (R,m) is a local
CM ring with canonical module C, its elements can be represented by symmetric bilinear
forms φ : M ×M → ΛpN(I)⊗C, where M satisfies Grothendieck’s condition (Si), I ⊂ m

is a codimension p ideal in R such that IM = 0 and N(I) := Hom(I/I2, R/I) is the dual
of its “conormal module.” More exactly, there is a canonical isomorphism

(0.5) lim
I⊂R

W (S0
i (R/I); Λ

pN(I)⊗ C)
∼=−→W (Spi (R);C)

where the direct limit is taken over all codimension p local complete intersection ideals
I ⊂ m. Notice that ΛpN(I) ⊗ C is a canonical module for R/I and that no reference is
made to the injective resolution on the left side of this isomorphism.

The following was proved in [P4] in case X is affine and the canonical sheaf is trivial.

0.6 Theorem. ([P4]) Let (X,OX) be a CM scheme and C a canonical sheaf. Then for
each p ≥ 0 there is an exact sequence

(0.7) 0→W (Sp1 (X); C)
Kp

−−→W (Fp(X); C)
Lp

−→W (Sp+1
1 (X); C)

Hence there is a complex
(0.8)

0→W (S0
1 (X); C) −→W (F0(X); C)

∂0

−→ . . .
∂p−1

−−−→W (Fp(X); C)
∂p

−→ . . .
∂n−1

−−−→W (Fn(X); C)→ 0

where ∂p := Kp+1 ◦ Lp.
If X = SpecR, where R is regular local ring, essentially of finite type over a field of

characteristic 6= 2, then (0.7) is short exact and (0.8) is exact.

An argument from [P3] shows that the middle term in the exact sequence (0.7) can be
simplified considerably:
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0.9 Proposition. (Dévissage, [P3, Theorem 2.2]) Let (X,OX) be a regular scheme and
C a canonical sheaf. Then there is a canonical isomorphism

∐

cod x=p

W (k(x); ΛpN(mx)⊗ Cx)
∼=→W (Fp(X); C),

where k(x) denotes the fraction field at x and mx ⊂ OX,x is the maximal ideal.

For instance, let X be, in addition, of finite type over a field k finite over its prime field
or of characteristic zero, and let C = ΩnX/k. There is a canonical isomorphism

ΛpN(mx)⊗ C = ΛpN(mx)⊗ ΩnX/k
∼=−→ Ωn−pk(x)/k

for each x ∈ X of codimension p. Then (0.8) is the complex studied in [Sc] (although
exactness was not proved there). Note that in this case, or indeed for any canonical sheaf
C on a regular scheme X, one may choose an isomorphism

ΛpN(mx)⊗ Cx ∼= k(x)

hence an isomorphism

(0.10) W (k(x); ΛpN(mx)⊗ Cx) ∼= W (k(x)),

but no natural isomorphism. This is clerly shown by Proposition 0.15 below.
The filtered version of Theorem (0.6) is the basis of the main results of this paper. The

non-trivial assertion in it is the surjectivity of Lp. The proof of this (Theorem 4.1 below)
follows Quillen’s proof of the corresponding K-theory statement, but also needs the trace
functions constructed in [SS]. The ideas in this extra ingredient are quite simple in concept,
if not in excecution (in the proof of 4.1), so we have given a proof of a well-known theorem
of Milnor, to illustrate their use.

We now pass to the global versions of (0.6) and (0.9). Let X be a regular scheme
and C, a canonical sheaf. Define the unramified Witt sheaf W(X; C) for U ⊆ X open

by W(X; C)(U) := ker{W (K; Cξ)
∂0

−→
∐
x∈U(1) W (k(x))}, where xi is the generic point of

X and K is its field of rational functions. For the regular schemes finite over a field of
characteristic 6= 2, Ojanguren and Panin ([OjP]) have recently proved the Purity Theorem:
the stalk of W(X; C) at x ∈ X is W (OX,x; Cx). Then (0.8) may be sheafified to:

0.11 Corollary. Let X/k be regular scheme of finite type over a field k, char k 6= 2, let K
be the function field of X and let C be a locally free sheaf. Then there is a flasque resolution
of W(X; C),

W(X; C) � iξ∗W (K; Cξ)
∂0

−→
∐

cod x=1

ix∗W (k(x);N(mx)⊗ C)
∂1

−→ · · ·

∂n−1

−−−→
∐

cod x=n

ix∗W (k(x); ΛnN(mx)⊗ C)→ 0
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where W (k(x); ΛpN(mx) ⊗ C) is viewed as a constant sheaf on x̄ and i : x̄ → X is the
inclusion.

Now define a decreasing filtration {Ik(X; C)} of W(X; C) generalizing the standard
filtration {Ik(F )} of the Witt group W (F ) of a field F :

Ik(X; C)(U) :=W(X; C)(U) ∩ Ik(K)

Then the filtered, global version of (0.8) is:

0.12 Theorem. Let X be regular scheme of finite type over a field k, char k 6= 2, and let
C be a locally free sheaf. Then the differentials in the Gersten resolution induce a flasque
resolution of Ik(X; C) for each k ≥ 0,

Ik(X; C) � iξ∗I
k(K; Cξ)

∂0

−→
∐

cod x=1

ix∗I
k−1(k(x);N(mx)⊗ C)

∂1

−→ · · ·

∂n−1

−−−→
∐

cod x=n

ix∗I
k−n(k(x); ΛnN(mx)⊗ C)→ 0,

where Is(k(x); ΛpN(mx)⊗ C) := W (k(x); ΛpN(mx)⊗ C) if s < 0.

Using Voevodsky’s theoerem affirming the Milnor Conjecture, one may now show that
the quotient of these resolutions for any pair k and k + 1 is the Bloch-Ogus resolution
([BO]) of the (Zariski) sheaf Hkét of mod 2 étale cohomology groups, {U 7→ Hk

ét(U ;µ2)}.
As a consequence. one gets:

0.13 Corollary. There is a spectral sequence {Es,tr } converging to the associated graded
groups of a filtration {F s} of H∗(X;W(X; C)) such that deg dr = (r, 1− r),

Es,t1 = Hs+t(X;Hsét) =⇒ Es,t∞ = GrFH
s+t(X;W(X; C)),

Es,t1 = 0 unless t ≤ 0 and s+ t ≥ 0, and Ek,01 = Ak(X)⊗ Z/2Z.

0.14 Corollary. If dimX = n and k is algebraically closed, then Hn(X;W) ∼= cok {dn−1,0
1 :

An−1(X)⊗ Z/2Z→ An(X)⊗ Z/2Z}

As outlined below, Corollaries (0.13) and (0.14) sharpen calculations done in [P3] and
elsewhere. For instance, the question posed in [PaS, p. 30] asks whether the edge homo-
morphism in the spectral sequence

∐

k≥0

Ik(X; C)/Ik+1(X; C)→
∐

k≥0

Hk(X;Hkét)

is an isomorphism and the positive results there prove that the relevant differentials in the
spectral sequence are trivial.

Note that the E1 terms of the spectral sequence are independent of C. However, the
differentials are not, as is shown by the following calculation, the second and third equalities
of which are proved in [Sc].
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0.15 Proposition. If X = P
n and C = O(m), then the spectral sequence in Theorem

(0.13) satisfies Es,t1 = 0 if t 6= 0, Es,01 = Z/2Z for 0 ≤ s ≤ n and ds,01 is non-trivial if and
only if s+m is odd. Consequently, the edge homomorphism induces an isomorphism

∐

k≥0

Ik(P
n;O(m))/Ik+1(P

n;O(m)) ∼=
∐

k≥0

H0(Pn;Hkét),

Hi(Pn;W(Pn;O(m)) = 0, 0 < i < n,

and if m is even,

H0(Pn;W(Pn;O(m)) = Z/2Z and Hn(PnC;W) =

{
Z/2Z, n odd

0, n even

while if m is odd

H0(Pn;W(Pn;O(m)) = 0 and Hn(PnC;W) =

{
0, n odd

Z/2Z, n even

Here are some other prospective applications of ideas in this paper in contexts where
the groups H∗(X;W(X; C)) appear naturally and the spectral sequence may be applied.

Following an exposition of Ferrand [F], a connection was made in [P3] between Goren-
stein ideals in a regular ring A and quadratic forms over A. In a more global context (also
following Ferrand) the discussion from [P3] can be summarized as follows. Let X be a
regular scheme and C ⊂ X a codimension c Gorenstein subscheme. Then the canonical
sheaf ωC := ExtcOX

(OC ,KX) is locally free; if it extends to an invertible sheaf S on X then
it is said to be subcanonical, and there is an elment

(OC , µ) ∈ Q(Scn(X);KXS
−1)

(i.e., OC supports a nonsingular form with values in Vc(KXS−1)). Set L = KXS−1.
If Hc(X;L) = 0, C ⊂ X is then strongly subcanonical, and one gets an element ε ∈
Extc(IC ,L). Now let c = 2. Then ε yields an exact sequence of sheaves

0→ L → E → IC → 0

where E is locally free of rank two, there is a canonical isomorphism σ : Λ2E
∼=−→ L and the

composition E ×E → Λ2E
σ
−→ L is a nonsingular skew-symmetric form, an element of what

we denote Q−1(X;L). (Compare Definition (0.2).) Geometrically, C is thus the zero locus
of the section, given by the composition E → IC ↪→ OX , of the bundle corresponding to

E . The function Q(S2
n(X);L)

SH
−−→ Q−1(X;L) was called the Serre-Horrocks construction

in [P3].
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0.16 Proposition. [P3, 4.3] The diagram

Q(S2
n(X);L)

SH
−−−−→ Q−1(X;L)

y
y

W (S2
n(X);L) −−−−→ W−1(X;L)

commutes where the verticals pass to the equivalence class in the apprpriate Witt group and
the bottom vertical is a composition of maps in the localization sequences of [P3, Theorem
2.1].

This result was used in [P3] to estimate the size of W−1(X) if dimX = 2; improvements
were obtained in [BOj], [OPS] and [Ku]. The definitive result in this direction should follow
from the spectral sequence (0.13) and the following:

0.17 Corollary. Let dimX ≤ 3. Then the bottom horizontal in (0.16) induces an iso-
morphism

H2(X;W(X;L))
∼=
−→W−1(X;L)

In [W], [EPW1] and [EPW2], the authors study a question raised by C. Okonek: are
strongly subcanonical codimension 3 subschemes Z of a (usually regular) scheme X cut
out by the Pfaffians of a skew-symmetric map of locally free sheaves? This question was
motivated by the local theorem of [BE] which says that the skew-symmetric map moreover
appears in the middle of a minimal resolution of OZ . Such Z are called Pfaffian and are
conversely subcanonical. In [W], C. Walter showed that if X = Pnk , Z is Pfaffian if and
only if it is subcanonical and a certain element of W 1

0 (k) vanishes. In [EPW1], the authors
recast Okonek’s question, giving a general construction of a locally free resolution of OZ
which they call “symmetrically quasi-isomorphic”. Using this, we will now show how the
machinery described above may be used to generalize some of Walter’s results to apply to
any regular scheme X, finite over a field of characteristic 6= 2, in place of Pnk . To describe
the ideas, some definitions and other constructions from [EPW1] will now be recalled.

First, to the data given by a strongly subcanonical codimension 3 scheme Z ⊂ X is
assigned a triple (M, q; E ,F), where E and F are sublagrangians of (M, q), an element
of Q(X;L) ([EPW1,(6.1)]). Conversely, given such a triple, one gets ([EPW1,(3.1)]) a
subcanonical codimension 3 scheme.

Now the triples (M, q; E ,F) are (symmetric) formations, in the sense of [FFC], and,
in the affine case, played a major role in [P1]-[P3]. One may define, in the spirit of the
Definition (0.2) above, formations and associated Witt groups ([FFC]),

F (Spi (X);L) and W1(S
p
i (X);L).

(The subscript “1” on W1(S
p
i (X);L) is meant to suggest K1.) As in the codimension two

case above, the main datum of a subcanonical Z is an element

η : OZ ×OZ → V
3(L)

of Q(S3
n(X);L).
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So, roughly speaking, there are correspondences

(*)

{
(OZ , η) ∈ Q(S3

n(X);L)

}
←→

{
(M, q; E ,F) ∈ F 1(Sn,0) = F (X;L)

}

which is strongly suggestive of the top of the diagram in Proposition (0.16). Indeed, we
have:

0,23 Proposition. There is a commutative diagram

Q(S3
n(X);L)

[EPW ]
−−−−→ F (X;L)

y
y

W (S3
n(X);L)

R
−−−−→ W1(X;L)

where R is a composition of maps in the localization sequences of [P3,2.1], and Z is Pfaffian
if and only if there is strongly subcanonical data (including a line bundle L and η as above)
such that R([OZ , η]) = 0.

The idea of proof is that the relations defining W1(X) do not change the degeneracy
locus Z of (M, q; E ,F): they are essentially the alternating homotopies of [EPW1, §5]
and the modification of §4 leading to split bundles, which are, respectively, isomorphism of
formations and stabilization to a split formation in the language of [FFC, Appendix]); and,
when X is affine, [(M, q; E ,F)] = 0 in W1(X;L) if and only if stabilization and homotopy
bring it to the form ([EPW1, §4]) required for it to give rise to a Pfaffian subscheme ([P3,
1.21]).

The following result has a proof similar to that of Proposition (0.17). Together with
Theorem (0.13), it gives substance to Proposition (0.18) and should allow one to generalize
the computations in §7 of [EPW1].

0.19 Proposition. If X is a 3-dimensional regular scheme, finite over a field k of char-
acteristic 6= 2, then H3(X;W(X;L) ∼= W1(X;L).

This is consistent with the examples in §7 in [EPW1]: in the special case where X =
P3

C
, Propositions (0.15), (0.18) and (0.19) imply that there is at most a single Z/2Z-

obstruction to the subcanonical data on the left side of the EPW correspondence giving
rise to a Pfaffian structure on Z. The claim is that this is the same as the element of
W (C) = Z/2Z appearing in [EPW1, 7.1]; and that even when k is not algebraically closed,
the element of W 0

1 (k) seen in [EPW1, 7.1] corresponds to the element of H3(X;W) gotten
from Proposition (0.19) and Corollary (0.14).

It is likely that one may generalize the result of [CC] in a similar way. There is an exact
sequence, analogous to [P3, 2.1]

W (K)→W0(CM1(X);L)→W−1
1 (X;L)

where K is the function field of X and W−1
1 (X;L) is an abelian group of equvalence

classes of formations analogous to W1(X;L), but using skew-symmetric forms. Then a
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quadratic sheaf (F , σ), in the sense of [CC, Def. 0.2], evidently gives rise to an element
of W0(CM1(X);L) which, by the construction of the exact sequence, is in the image
of W 1

0 (K) if and only if (F , σ) admits a symmetric resolution as in [CC, (0.3.1)]. The
obstruction to the resolution thus lies in W−1

1 (X;L), and one shows that if dimX ≤ 3,
then

W−1
1 (X;L) ∼= H1(X;W)

Thus, as in the discussion following Corollary 12, [CC, Theorem (0,3)] would be a conse-
quence of Proposition (0.15) and would be generalized to regular 3-dimensional X in place
of P3; and one would get a generalization of [EPW, Theorem (9.1)].

Recently, P. Balmer and C. Walter, using the derived category methods of [Ba], have
independently developed the applications to Pfaffian schemes sketched above (in prepa-
ration). They have also constructed a “Gersten-Witt spectral sequence” (different from
(0.13) above!) in [BaW] and applied it to purity questions for the Witt group.

Suggestions of Spencer Bloch and David Eisenbud have been crucial in formulating the
approach taken here. Most important, however, was the observation of J. Barge in [Bar]
that the natural places for the values of a quadratic form on torsion modules over a ring
R are the terms of the injective resolution of R.
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§1. Quadratic forms on Cohen-Macaulay schemes

In this section (X,OX) (resp. R) will be a CM (Cohen-Macaulay) scheme (resp. ring)
such that dimOX,x = n (resp. dimRm = n) for all closed points x ∈ X (resp. maximal
ideals m ⊂ R). (Xx,OX,x) denotes the scheme Spec OX,x. In [P2]-[P4] we considered
forms with values in the terms of the injective resolution of a Gorenstein ring. However,
it is both more natural, useful and no less difficult to develop the theory of forms with
values in the terms of the injective resolution of a canonical sheaf of a CM scheme. The
following facts and more can be found in [BH].

A canonical sheaf for X is a coherent sheaf C such that ExtiOX,x
(k(x), Cx) = δin for all

closed points x ∈ X. Equivalently, C has a minimal injective resolution of the form

(1.1) 0 −→ C −→ E0(C)
d0
−→ E1(C)

d1
−→ · · ·

dn−1

−−−→ En(C)
dn

−→ 0

where each Ep(C) decomposes into a direct sum of sheaves supported at x ∈ X (p):

(1.2) Ep(C) =
∐

x∈X(p)

ix∗E
p(C)x

where ix : x→ X is the inclusion and

(1.3) Ep(C)x ∼= EOX,x
(k(x))

and ER(M) denotes the injective hull of the R-module M . A canonical sheaf is always a
maximal CM sheaf: depth Cx = dimOX,x for all x ∈ X.

If R is local, a canonical module is well-defined up to isomorphism, and, since for any
canonical module C the standard homomorphism R → End(R) is bijective, is esentially
unique. In general, C is unique up to tensor product with with a locally free sheaf of rank
one. X is Gorenstein if and only if C is locally free of rank one. In particular, R is local
Gorenstein if and only if the canonical module is isomorphic to R. Not every local CM
ring admits a canonical module; it does so if and only if it the image of a local Gorenstein
ring, which is how canonical modules will sometimes arise in this paper. Somewhat more
generally, if φ : R → S is a local homomorphism of local CM rings such that S is a
finitely-generated R-module, and C is the canonical module for R, then

(1.4) ExttR(S,C)

is the canonical module for S.
Now referring to (1.1), set

(1.5) Vp(C) := ker dp, 0 ≤ p ≤ n

Because of (1.2) and (1.3), the minimal resolution of a canonical sheaf C is unique up to
isomorphism; moreover, cod Ep(C) = p, for all p, so that Vp+1(C)x ⊆ E

p+1(C)x = 0, for
x ∈ X(p). Hence,

(1.6) Vp(C)x ∼= E
p(C)x, x ∈ X

(p)
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For instance, (1.2) and (1.6) imply that C → E0(C) induces

(1.7)
∐

x∈X(0)

ix∗Cx
∼=
−→

∐

x∈X(0)

ix∗E
0(C)x = E0(C)

so the canonical map C ↪→
∐
ix∗Cx is an injective hull for C; let C1 denote its cokernel.

Then (1.7) induces an isomorphism C1
∼=−→ V1(C), from which we get

(1.8)
∐

x∈X(1)

ix∗C
1
x

∼=
−→

∐

x∈X(1)

ix∗V
1(C)x = E1(C)

so that C1 →
∐
x∈X(1) ix∗C1x is an injective hull for C. One may now continue in this way

to build a canonical injective resolution of C.
Because the localization sequences we construct will depend on this resolution, we make

the

1.9 Convention. Given a canonical sheaf C for a CM scheme X, the injective resolution

C → E ·(C)

will be the canonical injective resolution constructed above.

In [P3], CMp(R) denoted the category of codimension p CM R-modules; here CMp(X)
denotes the category of codimension p coherent CM sheaves. The following larger category
plays a central role in this paper.

1.10 Definition. Let i and p be integers, i ≥ 0, 0 ≤ p ≤ n. Then Spi (X) denotes the the
category of coherent sheaves M on X such that

a. codM = p, and
b. depth Mx ≥ inf {i, dimMx}, for all x ∈ X(p),

together with the zero module.

The category of sheaves with codimension ≥ p, denoted Mp, was used in the derivation
of the localization sequence for K-theory in [Q], while condition (1.1b) is property (Si) in
[EGA IV, 5.7.2]. Evidently, CMp(X) ⊆ Spi+1(X) ⊆ Spi (X) for all i, and, since dimMx =
cod x−p if x ∈ SuppM, CMp(X) = Spi (X) if i ≥ n−p. In particular, Spi (Xx) = CMp(Xx)
if i ≥ cod x− p. On the other hand, if I ⊂ OX is an ideal sheaf which is a codimension p
local complete intersection, Y is the corresponding subscheme and p ≤ r, then there is an
inclusion

(1.11) Sr−pi (Y ) ⊆ Sri (X).

whose image consists of sheaves M ∈ Sri (X) with I ⊆ AnnM. When p = n the elements
of Spi (X) are simply modules of finite length, and we denote (for any i)

(1.12) F(X) := Sni (X)
11



When i = 1 or 2, we will relate ((1.17 ) and (1.19 ) below) elements of Spi (X) to modules
satisfying torsionless and reflexivity conditions generalizing those in case p = 0 ([BH,
1.4.1]).

Our interest in Spi (X) stems from the lack of useful existence theorems for finitely-
generated CM modules (objects in CMp(R)). This difficulty was avoided in [P3] by as-
suming dim R ≤ 4; its appearance in this paper will be discussed in (3.) below. However,
a functorial method for constructing elements of Sp2 (R) was given by Hochster ([Ho, p.18]).
The proof in different language is reproduced here.

1.13 Proposition. Let R be a local CM ring with canonical module C, and let M ∈ Sp0 (R).
Then Hom(M,V p(C)) ∈ Sp2 (R).

Proof: Let Mˆ= Hom(M,V p(C)). Since AssMˆ= AssV p(C) ∩ SuppM , cod M = p.
The proof will show that if s (resp., s, t) is part of a s.o.p. (system of parameters) of M ,
then s (resp., s, t) is Mˆ-regular (resp., is an Mˆ-regular sequence). It follows from [B,
2.2] that (Mˆ)p = (Mp)ˆ for all primes p, so this suffices to place Mˆ∈ Sp1 .

Let s be part of a s.o.p. Then cod (M/sM) = p + 1, so Hom(M/sM, V p(C)) = 0,
Consider

sM := ker{M →M [ 1s ]}.

Clearly, cod sM > p, so (sM)ˆ= 0. Thus applying (-)ˆ to the short exact sequence

sM � M � M/sM,

we obtain

(1.14) (M/sM )̂ ∼= M .̂

But s is not a zero-divisor on M/sM , so from the short exact sequence

M/sM
·s
� M/sM � N := cok s,

we get

(1.15) (M/sM )̂
·s
� (M/sM )̂

since cod N > p. This together with (1.14) shows s is a non-zero-divisor on M .̂
Next suppose {s, t} is part of a s.o.p. for M . Let M ′ = M/sM . Extending (1.15) to

the right, we have an exact sequence

0→ (M ′)̂
s
−→ (M ′)̂ −→ Ext1(M ′/sM ′, V p(C)).

Hence M /̂sMˆ∼= (M ′)̂ /s(M ′)̂ � Ext1(M ′/sM ′, V p(C)), so it suffices to show t is a non-
zerodivisor on Ext1(M ′/sM ′, V p(C)), which is isomorphic to Hom(M ′/sM ′, V p+1(C)),
since Ep(C) is injective, and cod M ′/sM ′ > p, so that Hom(M ′/sM ′, Ep(C)) = 0. But t
is part of a s.o.p. for M ′/sM ′, so the first part of the argument shows t is a non-zerodivisor
on Hom (M ′/sM ′, V p+1(C)).
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The properties of the V k(R) developed in [P3, 1.3-1.6], in the case where R is Gorenstein
and C = R, continue to hold if X is a CM scheme and Vk(C) replaces V k(R). In particular,
every CM sheaf M which is of dimension n at closed points is reflexive with respect to
a(ny) canonical sheaf M: the canonical homomorphism

κ :M−→Hom(Hom(M, C), C)

is bijective. Moreover, because this condition is necessary to a reasonable theory of nonsin-
gular quadratic forms on CM sheaves over a CM scheme, the canonical module is inevitable:
if X is CM and one replaces C with OX , κ is not generally bijective. More generally, a
coherent sheaf M∈ Sp0 (X) is called p-reflexive with respect to C if the natural map

(1.16) κ :M−→ Hom(Hom(M,Vp(C)),Vp(C))

is an isomorphism. Since AssHom(M,Vp(C)) = SuppM∩ AssVp(C), p-reflexive sheaves
lie in Sp0 (X). Since V0(C) = C, 0-reflexive sheaves are reflexive with respect to C. The
following generalizes their well-known characterization ([BH, 1.4.1b]).

1.17 Proposition. Let X be a CM scheme and C a canonical sheaf. Let M ∈ Sp0 (X).
Then M is p-reflexive if and only if M∈ Sp2 (X).

Proof: It suffices to take X=Spec R, where R is local CM.
Suppose M is reflexive. Construct an exact sequence

P → Q→Mˆ:= Hom(M,V p(C))

where P, Q ∈ CMp(R) (see the beginning of the proof of [P3, 1.6]). Dualize it to

M ∼= Mˆ̂ � Qˆ
fˆ
−→ Pˆ−→ cok fˆ:= C

By [P3, 1.6a], Q ,̂ Pˆ∈ CMp(R) ⊆ Spi (R), for all i. Since dimP q̂ ≥ dimCq for all primes
q, depthP q̂ ≥ depthCq. We may suppose cod q > p in verifying that M ∈ Sp2 (R), i ≥ 2.
The behavior of depth in short exact sequences is used several times below and comes from
[E, p. 451].

Suppose first that depthCq < depthPq. Then depth (im f )̂q = depthCq + 1; there are
two possibilities here. First, if depth (im f )̂q < depthQq then depthMq = depth (im f )̂q+
1 = depthCq + 2 ≥ 2. Second, if depth (im f )̂q = depthCq, then depthMq ≥ depthQq =
cod q− p.

Next suppose depthCq = depthPq. Then depth (im f )̂q ≥ cod q − p, which must be
equality by [P3, 1.2(ii)]. Again by [P3, 1.2], depthMq = depthQq = cod q− p.

Hence depthMq ≥ inf ( 2, cod q− p) for all q of codimension ≥ p+ 1.
Suppose conversely that M ∈ Sp2 (R). First, M is unmixed: if q ∈ AssM , then

depthMq = 0 and by assumption this is only possible if cod q = p. On the other hand,
at each codimension p prime q ∈ AssM , M is reflexive by [P3, 1.6a], since Mq has finite
length. But (Mˆ̂ )q = (Mq )̂ ,̂ so the canonical map κ : M −→Mˆ̂ can have no codimension
p primes in its kernel. Thus, κ is injective; let C denote its cokernel.

By assumption, Mq ∈ CM
cod q−p(Rq) if cod q ≤ p + 2. By [P3, 1.6a] Mq

∼= (Mˆ̂ )q

for such q, so if p ∈ AssC, then cod p > p + 2 and depthCp = 0. But by assumption,
depthMp ≥ 2, and by Hochster’s argument (1.13), depth (Mˆ̂ )p ≥ 2. By [E, p. 451] this
is impossible.
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1.18 Corollary. If M, N ∈ Spi (X), i ≥ 2, and f : M → N is an isomorphism at all
points of codimension ≤ p+ 1, then f is an isomorphism.

Proof It suffices to work locally.
First, f is injective because M is unmixed and f is an isomorphism in codimension p.

Let Q = cok f and dualize the exact sequence M
f
−→ N � Q to

Qˆ� Nˆ
fˆ
−→Mˆ→ Ext(Q, V p(C)),

where (−)̂ = Hom (−, V p(C)). By assumption cod Q ≥ p+ 2, so Qˆ= 0. The short exact
sequence V p(C) � Ep(C) � V p+1(C) gives rise to an exact sequence

Hom(Q, V p+1(C))→ Ext(Q, V p(C))→ Ext(Q,Ep(C))

in which the first term vanishes because cod Q ≥ p+2 and the third does because Ep+1(C)
is injective. Thus, fˆ is an isomorphism. However, N and M are reflexive by (1.17), so
f = fˆ̂ is an isomorphism too.

Here is a corollary of (the easier parts of) the proof of (1.17); it characterizes the
elements of S1,p(X).

1.19 Corollary. Let M ∈ Sp0 (X). Then the following are equivalent:

a. The natural map κ :M−→Hom(Hom(M,Vp(C)),Vp(C)) is injective
b. M∈ Sp1 (X)
c. cod x = p for all x ∈ AssM.

We can now introduce forms with values in the terms of the injective resolution.

1.20 Definition. Let C be a canonical sheaf for the CM scheme X and let C → E ·(C) be
the injective resolution. Let M ∈ Spi (X) and φ :M×M→ Vp(C) be a symmetric, OX -
bilinear form, such that φx :Mx×Mx → Vp(C)x = V p(Cx) is nonsingular (the adjoints are
isomorphisms) if cod x ≤ p+ i. Then the pair (M, φ) is called a Vp(C)-valued symmetric
OX -bilinear form in Spi (X) and the collection of such is denoted Q(Spi (X); C).

Observe that there are inclusions Q(Sp+1
i (X); C) ⊆ Q(Spi (X); C). Thus a form (M, φ)

in Q(Spi (X); C) is required to be nonsingular in those codimensions where M is CM. The
next result shows that (M, φ) is nonsingular in the usual sense if and only ifM is reflexive.
1.21 Proposition. Let (M, φ) ∈ Q(Spi (X); C) for some i ≥ 1. Then φ is nonsingular if
and only if M∈ Sp2 (X).

Proof: We have a commutative diagram

(1.21a)

M
Adφ
−−−−→ Mˆ

κ

y
y=

Mˆ̂
(Adφ)̂
−−−−→ Mˆ
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where Mˆ= Hom(M,Vp(C)) and κ is the canonical map. Since (M, φ) ∈ Q(Spi (X); C),
Adφ is an isomorphism at all codimension p primes. Hence Adφ is injective.

Let N = cok Adφ; cod N ≥ p+ 1 because Adφ is an isomorphism at all codimension
p primes. Dualizing the short exact sequence M�Mˆ� N gives the exact sequence

0 −→ Nˆ−→Mˆˆ
(Adφ)̂
−−−−→Mˆ−→ Ext1(N ,Vp(C)),

Since Ep(C) is injective and cod N ≥ p+1, Ext1(N ,Vp) ∼= Hom (N ,Vp+1). Since (M, φ) ∈
Q(Sp1 (X); C), cod N ≥ p+ 2, so Hom(N ,Vp(C)) = 0 = Hom(N ,Vp+1(C)). Hence (Adφ)̂
is an isomorphism. Thus, Adφ is an isomorphism if and only if κ is; and by (1.17 ), this
is equivalent toM∈ Sp2 (X)

In the rest of this chapter, we work locally, so that R is a CM local ring. The next
result shows that each V p(C) is the union of submodules isomorphic to C/(x1, . . . , xp)C,
where {x1, . . . , xp} is an R-sequence on C.

1.22 Proposition. a. Let C be a canonical module for the local CM ring R, and let
C → E·(C) be the injective resolution (1.9). Let x1, . . . x` be a C-sequence, ` ≥ 1, let
Ip := (x1, . . . , xp), C

p = C/IpC, 1 ≤ p ≤ ` and let C0 = C. Then there are injections,
depending on x1, . . . x`,

(1.23) ip : Cp −→ V p, im ip = (0 : Ip)V p(C)

for 0 ≤ p ≤ `, such that i0 : C0 = C → V 0 = C is the identity, the diagram

(1.24)

Cp −−−−→ x−1
p+1C

p qp

−−−−→ Cp+1

yip
yx−1

p+1i
p

yip+1

V p(C)
ep

−−−−→ Ep(C)
dp

−−−−→ V p+1(C)

commutes, where x−1
p+1C

p ⊂ Cp[ 1
xp+1

], ip+1 ◦ κp+1 = x−1
p+1i

p : x−1
p+1C

p/Cp → V p+1(C)

is the injection induced by the commutativity of the left square, κp+1 : x−1
p+1C

p/Cp →

Cp/(xp+1) =: Cp+1 is the isomorphism sending the class of x−1
p+1c to the class of c and

qp = {x−1
p+1C

p → x−1
p+1C

p/Cp
κp+1

−−−→ Cp+1}

b. Let cod p = p. Then ipp : Cpp → V pp = E(k(p)) := ERp
(k(p)) restricts to an

isomorphism

(0 : p)Cp
p

∼=−→ (0 : p)E(k(p))

and both are isomorphic to k(p)) as Rp-modules (non-canonically).

Proof To begin we remark that if p is a prime ideal and x /∈ p, then x acts isomorphically
on the p-primary summand E(k(p)) of Ep(C) since it is p-local; this fact gives meaning
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to the middle vertical map x−1
p+1i

p in the diagram above and will also be used below. We
proceed by induction to prove part a. In the commutative diagram

(1.25)

C −−−−→ x−1
1 C −−−−→ C/(x1)C

=

y
y i1

y

C
e0

−−−−→ E0(C)
d0

−−−−→ V 1(C)

the middle vertical sends x−1
1 m to x−1

1 e0(m) (x1 is not a zero-divisor, so is not in any
codimension zero prime), and i1 is the induced map. It is trivial to check that i1 is
injective and has image (0 : x1)V 1(C).

Suppose we have constructed ip : Cp ↪→ V p(C) with image (0 : Ip)V p(C). We aim to
construct a commutative diagram of short exact sequences (horizontally)

(1.26)

0 −−−−→ Cp −−−−→ x−1
p+1C

p qp

−−−−→ Cp+1 −−−−→ 0

ip
y∼=

y jp+1

y

0 −−−−→ (0 : Ip)V p(C) −−−−→ (0 : Ip)Ep(C) −−−−→ (0 : Ip)V p+1(C) −−−−→ 0
y

y
y

0 −−−−→ V p(C)
ep

−−−−→ Ep(C)
dp

−−−−→ V p+1(C) −−−−→ 0

First the horizontal sequences are short exact: this is clear for the upper and lower ones
and exactness of the middle one follows from [B, 2.5]; the lower verticals are inclusions;
(0 : Ip)Ep(C) is injective by [B, 2.5] again, is the sum of its p-primary components for
p ∈ AssM and is therefore acted on isomorphically by xp+1 (since xp+1 is a nonzerodivisor
on Cp); thus we get the upper middle vertical, and jp+1 is the induced map. One may
now repeat the argument given in the case p = 1 and applied to the first two rows to see
that jp+1 has image (0 : xp+1)(0:Ip)

V p+1(C)
= (0 : Ip+1)V p+1(C). This completes the proof

of part a.
To prove b., note that ipp((0 : p)Cp

p
⊆ (0 : p)V p

p
and that (0 : p)Cp

p
and (0 : p)V p

p
= (0 :

p)Ep
p

are each isomorphic to k(p) as Rp-modules ([BH, 3.3.13, 3.3.1]). Since ipp is injective

the conclusion follows.

In the notation of the proposition, Grothendieck’s fundamental local isomorphism has
the form ([AK, p.13])

(1.27) ExtpR(R/Ip, C)
∼=
−→ HomR(Λp(Ip/I

2
p), C

p)

From the injective resolution C → E·(C) and the fact that Hom(R/Ip, E
k(C)) = 0 if

k < p, one gets an isomorphism

ExtpR(R/Ip, C)
∼=−→ HomR(R/Ip, V

p(C)) = (0 : Ip)V p(C)
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Since Ip is generated by a regular sequence, Ip/I
2
p is R/Ip-free of rank p, so that Λp(Ip/I

2
p)
∼=

R/Ip. Hence there is a (non-canonical) isomorphism

HomR(Λp(Ip/I
2
p), C

p) ∼= Cp

Putting these isomorphisms together, we get isomorphisms

Cp ∼= (0 : Ip)V p(C), 0 ≤ p ≤ `

just as in Proposition (1.23). However, to prove our main results in §4 we will need not
only these isomorphisms, but also the relations between them expressed in Diagram (1.24).

What the fundamental local isomorphism (1.27) does suggest is a way to make the
imbeddings ip of Proposition (1.23) independent of the choice of generators of Ip.

1.28 Proposition. In the notation of Proposition (1.23) define for each p, 0 ≤ p ≤ `,

ε : HomR(Λp(Ip/I
2
p), C

p)
∼=
−→ Cp, f 7→ f(x1 ∧ · · · ∧ xp)

where xi is the class of xi in Ip/I
2
p . Then the composition

jp := ip ◦ ε : HomR(Λp(Ip/I
2
p), C

p) ↪→ V p(C)

is independent of the choice of generators for Ip.

Proof Let (x1, . . . , xp) = (y1, . . . , yp) = Ip. Then if yi =
∑
cijxj , the matrix (cij) is

invertible. Since R is local, GLn(R) is generated by elementary matrices and diagonal
matrices ([BK, V.9.2]). Let ip{x} and ip{y} denote the imbeddings constructed in (1.23),

corresponding to the generating sets {x1, . . . , xp} and {y1, . . . , yp} for Ip. If we prove first
that

a. yi = xσ(i), σ ∈ Sp ⇒ ip{y} = (−1)σip{x}
then it will suffice to show

b. y2 = x2 + rx1, r ∈ R, and yi = xi, i 6= 2 ⇒ ip{y} = ip{x}, and

c. y1 = ux1, u ∈ R×, and yi = xi, i 6= 1 ⇒ ip{y} = uip{x}.

We prove a. in case σ = (12), the case of general transpositions being similar. Consider
the following diagram, which concatenates copies of Diagram (1.24) where p = 1 and 2:
(1.29)
C −−−−→ x−1

1 C −−−−→ C/x1C −−−−→ x−1
2 (C/x1C) −−−−→ C/(x1, x2)C

i0

y= x−1
1

y i1

y x−1
2 (i1)

y i2

y

C
e0

−−−−→ E0(C)
d0

−−−−→ E0(C)/C
e1

−−−−→
∐

cod p=1E
0(C)/Cp

d1
−−−−→ V 2(C)

We have, for c ∈ C, i1(c) = d0(x−1
1 ·e

0(c)), which is sent by e1 to the sum of its localizations

e1d0(x−1
1 · e

0(c)) =
∑

p

d0(x−1
1 · e

0(c))p ∈
∐

cod p=1
x∈p

E0(C)/Cp
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Hence, by definition of i2,

i2x(¯̄c) = d1(x−1
2

∑

p

d0(x−1
1 · e

0(c))p), ¯̄c ∈ C/(x1, x2)C

Similarly,

e1d0(x−1
2 · e

0(c)) =
∑

q

d0(x−1
2 · e

0(c))q ∈
∐

cod q=1
x∈q

E0(C)/Cq

and
i2y(¯̄c) = d1(x−1

1

∑

q

d0(x−1
2 · e

0(c))q), ¯̄c ∈ C/(x1, x2)C

However,

e1d0(x−1
1 x−1

2 · e
0(c)) =

∑

p

d0(x−1
1 · e

0(c))p +
∑

q

d0(x−1
2 · e

0(c))q

so
i2x(¯̄c) + i2y(¯̄c) = 0

as required in a.
To prove b., refer to (1.29). We claim

x−1
2 · e

1d0(x−1
1 · e

0(c)) = (x2 + rx1)
−1 · e1d0(x−1

1 · e
0(c))

in
∐

cod p=1E
0(C)/Cp. This holds because d0(x−1

1 · e0(c)) = i1(c), c ∈ C/(x1)C and

im i1 = (0 : x1)E0(C)/C , so that the multiplications by x2 and x2 + rx2 on e1d0(x−1
1 · e

0(c))
are the same. This proves b.

Part c. is easy and is left to the reader.

This proposition has a corollary which clarifies a troublesome point. Call an ideal I ⊂ R
regular if it is generated by a regular sequence. Then if J ⊆ I are regular ideals, there are
natural maps

(1.30) C/JC → C/IC, and (0 : I)V p(C) → (0 : J)V p(C)

so that the maps ip of Proposition (1.23) cannot be functorial.
However, it is easy to show that, for regular ideals J ⊆ I of codimension p, there is a

natural homomorphism

ρI,J : Hom (Λp(I/I2), C/IC)→ Hom(Λp(J/J2), C/JC)

and that the maps jp of (1.28) are functorial. To state the result note that we have
isomorphisms

Hom(Λp(I/I2), C/IC)
∼=
−→ Hom(Λp(I/I2), R/I)⊗ C

∼=
−→ Λp

(
Hom (I/I2, R/I)

)
⊗ C

Set

(1.31) N(I) := Hom(I/I2, R/I),

the normal bundle of the regular ideal I.
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1.32 Corollary. Let J ⊂ I be codimension p regular ideals in the CM ring R. Let C be
a canonical module for R and let jpJ and jpI be the imbeddings of (1.28) corresponding to
J and I. Then there is a commutative diagram

(1.33)

ΛpN(I)⊗ C
jp

I−−−−→
∼=

(0 : I)V p(C)

ρI,J

y
y

ΛpN(J)⊗ C
jp

J−−−−→
∼=

(0 : J)V p(C)

where the right vertical is the inclusion. Hence if ΛpN(I)⊗ C is identified with its image
in V p(C), then

V p(C) =
⋃

I

ΛpN(I)⊗ C

Since we will not need this result in this paper we will not prove it here.
Proposition (1.23) has another corollary. Let p ⊂ R be a prime ideal of R which is a

generic complete intersection: there is a regular ideal I such that Ip = pRp. Then the last
proposition gives us a canonical injection

(1.34) jpp : ΛpN(p)p ⊗ C ↪→ V p(C)p = Ep(C)p

whose image is (0 : p)Ep(C)p
. The following is an immediate corollary of Proposition (1.28).

1.35 Corollary. Suppose that the prime p ⊂ R is a generic complete intersection of
codimension p. Then there is a canonical isomorphism

(1.36) ν(p) : ΛpN(p)p ⊗ C
∼=−→ (0 : p)Ep(C)p

We now connect the last few results with quadratic forms. The following is an immediate
cosequence of (1.22).

1.37 Proposition. a. Let (M,φ) ∈ Q(Sri (R);C), i ≥ 0, let {x1, . . . , xp} be a C-sequence
in AnnM and set Cp := C/(x1, . . . , xp)C, Rp := R/(x1, . . . , xp). Then there is a unique
symmetric Rp-bilinear form

ψ : M ×M → Cp

such that (M,ψ) ∈ Q(Sr−pi (Rp);Cp) and

ipψ = φ

b. If, in addition, pM = 0 where cod p = p, then there is a unique nonsingular
symmetric bilinear form

ψ : M ×M → (0 : p)Cp

such that
ipψ = φ
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We now see that the inclusion S0
i (R/I) ↪→ S

p
i (R) of (1.11) induces an inclusion

(1.38) κI : Q(S0
i (R/I); Λ

pN(I)⊗ C) ↪→ Q(Spi (R);C)

and, if J ⊆ I, ρI,J (see (1.30)) induces

(1.39) Q(S0
i (R/I); Λ

pN(I)⊗ C) ↪→ Q(S0
i (R/J); ΛpN(J)⊗ C)

Notice that the elements of Q(S0
i (R/I); Λ

pN(I) ⊗ C) are “ordinary” symmetric R/I-
bilinear forms M × M → ΛpN(I) ⊗ C, i.e. not taking values in, or even making ref-
erence to, an injective resolution. Since for any M ∈ Spi (R) there is a regular sequence
{x1, . . . , xp} ⊂ AnnM , (1.32) implies that every element of Q(Spi (R);C) can be repre-
sented this way:

1.40 Corollary. If κI identifies Q(S0
i (R/I); Λ

pN(I)⊗C) with its image in Q(Spi (R);C),
then

Q(Spi (R);C) =
⋃

I

Q(S0
i (R/I); Λ

pN(I)⊗ C)

where the union is over all codimension p regular ideals in R.

Let (R,m) be local CM with canonical module C. Then there is an inclusion of the
category of nonsingular symmetric k(m)-bilinear forms with values in (0 : m)En(C),

Q(k(m); (0 : m)En(C)) ⊆ Q(F(R);C)

whose image consists of forms φ : M ×M → En(C) such that mM = 0. From (1.35) and
(1.37b) we get:

1.41 Corollary. If R is regular local, then the isomorphism ν(m) of (1.36) induces

(1.42) Q(k(m); ΛnN(m)⊗ C)
∼=−→ Q(k(m); (0 : m)En(C))

In one case the left side of (1.42) assumes a form depending on m only. Namely, let R
be smooth and essentially of finite type over a field k, so that ΩR/k is R-free of rank n. If
p ⊂ R is a codimension p prime and k(p) is separable over k, then the conormal sequence
([E, p. 397])

0→ pp/p
2
p → ΩRp/k ⊗ k(p)→ Ωk(p)/k → 0

is split exact, from which we get an isomorphism

ΛpN(p)⊗ ΩnRp/k
⊗ k(p)

∼=
−→ Ωn−pk(p)/k

1.43 Corollary. For R and p as above, char k = 0, there is an inclusion of categories

Q(k(p); Ωn−pk(p)/k) ↪→ Q(F(Rp); Ω
n
Rp/k

)

whose image consists of forms φ : F × F → Ep(ΩnR/k) where pF = 0.
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§2. Quillen’s normalization lemma and

the trace map of Scheja and Storch.

We begin by quoting a theorem of Quillen ([Q, (5.12)]).

2.1 Proposition. Let T be a smooth finitely-generated algebra of dimension n over a field
k, let t ∈ T be a non-zero-divisor and let F be a finite subset of Spec T . Then there exist
elements x1, ..., xn−1 of T , algebraically independent over k, such that

(1) T/tT is finite over k[x1, . . . , xn−1]
(2) T is smooth of relative dimension one over k[x1, . . . , xn−1] at points of F .

Now suppose we are given a local ring (R,m) = (Tq, qTq), where T is a finitely-generated
k-algebra; R is then said to be essentially of finite type over a field. Let T satisfy the
hypotheses of (2.1), with F = {q} and t ∈ q. Then set A = k[x1, . . . , xr−1]p and n := pA,
where p is the restriction of q to k[x1, . . . , xr−1], and set B = R/(t), m := m/(t). Evidently,
(A, n) → (R,m) is local, as is (R,m) → (B,m). The maximal ideal n of A is clearly the
inverse image of m, so (A, n)→ (B,m) is finite and local. As B is local, Cohen-Macaulay
and dimA = dimB, [Se, IV, Prop. 22] shows B is free, hence flat over A. Finally, the
remarks of [Q, top of p. 126] show that in the following, ker ρ is principal.

2.2 Definition-Proposition. Let (R,m) be an n-dimensional regular local ring, the
localization of a smooth, finitely-generated algebra T over a field k. Let t ∈ m, t 6= 0, be
an element of T . Then there is an (n− 1)-dimensional regular local subring (A, n) of R so
that the inclusion (A, n)→ (R,m) is smooth of relative dimension one and the composition
with π : (R,m)→ (B, m̄) := (R/(t),m/(t)) is finite, flat, and local. In the diagram

(2.3) S := R⊗A B

ρ

��

Roo

π

yyrrrrrrrrrrrr

B Aoo

OO

the top horizontal is given by r 7→ r⊗ 1, ρ(r⊗ b) := π(r)b, the inner triangles commute, ρ
splits the natural map B → R⊗A B and ker ρ ⊂ S is a principal ideal.

2.4 Proposition. Assume the hypotheses of (2.2). Let M ∈ Sp+1
i (R), p ≥ 0, and let

t ∈ Ann(M). Then R⊗AM ∈ S
p
i+1(R).

Proof: Observe first that M is finitely-generated as an A-module: it is clearly so as a
B-module and B is finite over A.

By [EGA, §0, 16.1.9], dimAM = dimBM , which is clearly dimRM . Thus, by [EGA,

§IV, 6.1.2], we have dimRR ⊗A M = dimRM + 1. Since M ∈ Sp+1
i (R), it follows that

cod RR ⊗A M = p. It remains to prove that R ⊗A M satisfies the second condition in
Definition (1.10 ).

For this, let p ⊂ R be prime and (R⊗AM)p 6= 0. Let q = A∩p. By [EGA, §IV, 5.7.9.2],
there is a prime r ⊂ B lying over q such that

depth Br
Mr = depthAq

Mq
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Let p̃ = q−1(r). Then Mp̃ = Mr and so clearly

depth Rp̃
Mp̃ = depth Br

Mr

Now p̃ ∩ A = q. Let cod Rp = k. Since A → R is smooth of codimension one,
cod Aq = k or k+ 1. Since B is finite over A, cod Br = cod Aq; and cod Rp̃ = cod Br + 1,
since p̃ = q−1(r). Hence

cod Rp̃ ≥ k = cod Rp

Now we have

dimMp̃ = cod Rp̃− (p+ 1) and dim(R⊗AM)p = cod Rp− p

and so
dimMp̃ ≥ dim(R⊗AM)p− 1

Thus, using [-, §IV, 6.3,2],

depthRp
(R⊗AM)p = depthAq

Mq

= depthRp̃
Mp̃ + 1

≥ inf(i, dimRp̃
Mp̃) + 1

≥ inf(i+ 1, dim(R⊗AM)p)

2.5 Corollary. In the setting of (2.4), there is an R-regular sequence {t, t1 . . . , tp}
⊆ AnnR(M) such that {t1, . . . , tp} ⊆ A ⊆ R. Further, t is a non-zero-divisor on R⊗AM .

Proof: We will use the fact that cod I = grade I for ideals I in R, A or B (each is
Cohen-Macaulay). Since cod RM = p + 1, htBM = p, so there is a B-regular sequence
{s1, . . . sp} ⊆ AnnB(M). From the going-down property of A → B (it is finite and flat)
and the fact that AnnB(M) ∩ A = AnnA(M), we get gradeB(M) = gradeA(M), so
there is an A-regular sequence {t1 . . . , tp} ⊆ AnnA(M). By the proof of [EGA, 6.3.1],
{t1, . . . , tp} is B-regular, so {t, t1, . . . , tp} is R-regular. If t were a zero-divisor on R⊗AM
it would be contained in some q, q ∈ AssR(R⊗AM). Since {t1, ..., tp} ⊆ A, {t1, . . . , tp} ⊆
AnnR(R⊗AM), so {t1, . . . , tp} ⊆ q also. Thus, q would contain the R-sequence {t, t1, ..., tp}
which would mean cod q ≥ p + 1, whereas (1.19) implies that all associated primes of
R⊗AM ∈ S

p
i+1(R) have codimension p.

As a consequence of this corollary, we tensor Diagram (2.3) overA withAp := A/(t1, . . . , tp)
to get

(2.6) Sp := Rp ⊗Ap Rp+1

ρ

��

Rpoo

π

wwooooooooooooo

Rp+1 Apoo

OO

where Rp := B/(t1, . . . , tp)B = R/(t1, . . . , tp)R and Rp+1 := R/(t, t1, . . . , tp)R. We will
use this diagram in conjunction with (1.37) and (2.4) to prove the main technical result of
this paper in §4.

We next construct a “trace” homomorphism ξ : B → A using the data in the diagram
(2.3) above. The trace homomorphism we need is essentially constructed in [SS], but in
a slightly different context. We will (mostly) use the notation of that paper to state the
next theorem, so that we may refer to [SS] for some of the details of the proof.
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2.7 Theorem. Let R be an A-algebra, t ∈ R a non-zerodivisor, π : R→ R/(t) =: B the
quotient map and define ζ : R⊗A B → B by ζ(r ⊗ b) = π(r)b. Suppose that

i. the composition A→ R
π
−→ B makes B a finitely generated free A-module, and

ii. ker ζ is a principal ideal.

Let t⊗ 1 = sx in R⊗A B, where ker ζ = (x). Then there is a B-isomorphism

Ξ : B → HomA(B,A)

such that if ξ := Ξ(1), then the composition

p : B −→ R⊗A B
·s
−→ R⊗A B

R⊗Aξ−−−−→ R⊗A A = R

splits the quotient map π.

Before giving the proof we present an example in which ξ can be computed explicitly.
2.8 Example [SS, pp. 182-183] Let R = A[X] and t =

∑n
k=1 akX

k a monic polynomial.

Then B := A[X]/(t) is free of dimension n over A, with basis {1, X, . . . , X
n−1
} and

ker ζ = (X⊗ 1− 1⊗X). Let t⊗ 1 = (
∑n−1
k=0 X

k⊗ ck)(X⊗ 1− 1⊗X), where ck ∈ B. Then
one calculates recursively to find that

ck =
n−k∑

i=1

ak+iX
i−1

and, in particular, cn−1 = 1. It is shown in [SS, loc. cit.] (see (2.13) below) that in B⊗AB
∑

X
k
⊗ ck = (π ⊗ 1)(

∑
Xk ⊗ ck) =

∑
X
k
⊗ (X

k
)′

where {1
′
, (X)′, . . . , (X

n−1
)′} is the A-basis of B dual to {1, X, . . . , X

n−1
} with respect to

ξ. Hence, (X
n−1

)′ = cn−1 = 1.
On the other hand, by its definition, ξ is characterized by the equation

∑
ξ(X

k
)(X

k
)′ = 1

in B. Hence
ξ = (X

n−1
)∗ ∈ Hom(B,A)

is the functional dual to X
n−1

. In particular, ξ is not the usual trace, Tr : B → A

associated the natural map B
∼=
−→ EndB(B) ⊂ EndA(B). For instance, ξ(1) = 0, while

Tr(1)=n. In fact, Tr(b) = ξ(ζ(s)b), for all b ∈ B ([SS, 4.2]). Also, ξ is the trace used in
[Sch, p.215] to prove the exactness of

W (K(X)) −→
∐

(t) prime,∞

W (K[X]/(t))
‘

ξ∗
−−−→W (K)

Proof: Since t is a non-zerodivisor in R and R ⊗A B is R-free, x is a non-zerodivisor
in R⊗A B. Let x̄, s̄ ∈ B ⊗A B be the images of x, s under π ⊗B : R⊗A B → B ⊗A B. It
is now easy to verify:
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2.9.1. [SS, (1.2)] (s̄) = AnnB⊗B(x̄) and (x̄) = AnnB⊗B(s̄).

Next let
κ : B ⊗A B → HomA(HomA(B,A), B)

be the A-isomorphism defined by (b1⊗ b2) = (φ 7→ φ(b1)b2). B⊗AB is a B-module in two
ways: b·b1⊗b2 = bb1⊗b2 and b◦b1⊗b2 = b1⊗bb2, Since ker(m : B⊗AB → B) is generated
as a B⊗AB-ideal by{b⊗1−1⊗b | b ∈ B}, AnnB⊗

A
B(kerm) is the largest B⊗AB-submodule

on which the two B-module structures coincide. Similarly, HomA(HomA(B,A), B) has two
B-module structures, b · Φ(φ) := Φ(bφ) and b ◦ Φ(φ) := bΦ(φ). The largest submodule
on which they coincide is clearly HomB(HomA(B,A), B). Since κ(b · β) = b · κ(β) and
κ(b ◦ β) = b ◦ κ(β), for β ∈ B ⊗A B, we conclude:

2.9.2. [SS, (3.2)]. κ induces a B-isomorphism

AnnB⊗AB(kerm)
∼=−→ HomB(HomA(B,A), B)

Now kerm = (x̄), since ker ζ = (x); so Ann B⊗AB(kerm) = (s̄) by (2.7). Thus κ(s̄) is a
B-basis of HomB(HomA(B,A), B). Since HomA(B,A) is a free B-module ([SS, 1.4)]), it
must be that

(2.10) Proposition. [SS, (3.3)] κ(s̄) : Hom A(B,A)→ B is a B-isomorphism.

Set

(2.11) Ξ := κ(s̄)−1 ξ := Ξ(1)

The fact that Ξ : B → HomA(B,A) is a B-isomorphism is equivalent to the fact that
the symmetric A-bilinear form

(2.12) B ×B −→ A

(b1, b2)→ ξ(b1b2)

is nonsingular. If {b1, . . . , bn} is an A-basis of B and {b′1, . . . , b
′
n} is the dual basis with

respect to this form (i.e., ξ(bib
′
j) = 0, if i 6= j; = 1 if i = j) then we claim

(2.13) s̄ =
∑

bi ⊗ b
′
i and

∑
ξ(bi)b

′
i = 1.

Indeed, since {bi} is an A-basis of B, s̄ =
∑
bi ⊗ βi for some β ∈ B. It then follows

from the definition (-.-) of ξ that ∑
ξ(bi)βi = 1

As we remarked above,
∑
bbi ⊗ βi =

∑
bi ⊗ bβi, for all b ∈ B. Applying κ to this relation

gives
∑
φ(bbi)βi =

∑
φ(bi)bβi for all φ ∈ Hom(B,A). In particular, we have for each j,

βj =
∑

ξ(b′jbi)βi =
∑

ξ(bi)b
′
jβi = b′j

To prove the final assertion of the theorem, it suffices to show π(R ⊗ ξ)(s(1 ⊗ bj)) =
bj , j = 1, . . . , n, since ξ is A-linear. R⊗A B is R-free with basis {1⊗ b′1, . . . , 1⊗ b

′
n} and

(π ⊗ B)(s) =
∑
bi ⊗ b′i by (2.13), so s =

∑
ri ⊗ b′i, where π(ri) = bi. Thus, we have

(R⊗ ξ)(s(1⊗ bj)) =
∑
riξ(b

′
ibj) = rj , so π(R⊗ ξ)(s(1⊗ bj)) = π(rj) = bj .

For later use we must put this trace construction into more general contexts, first
where the trace is a homomorphism of canonical modules, and the second, where the maps
ip : Cp → V p of Theorem (1.22) will also be trace maps.
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2.14 Corollary. Suppose, in addition to the hypotheses made in Theorem (2.7), that A,
R and B are CM with canonical modules CA, CR and CB := CR/tCR. Suppose given an

isomorphism w : R⊗A CA
∼=−→ CR. Then w induces an isomorphism CB

∼=−→ B ⊗A CA and
there is a B-isomorphism

Ξ : B
∼=−→ HomA(CB, CA)

such that if ξ := Ξ(1) : CB → CA, then

CB −→ R⊗A CB
·s
−→ R⊗A CB

R⊗Aξ
−−−−→ R⊗A CA

w
−→ CR −→ CR/tCR = CB

is the identity.

Proof Tensor the composition in (2.17) with ⊗ACA.

Now we extend the notion of trace map to the injective resolution.

2.15 Definition. Let φ : R→ S be a homomorphism of CM rings such that S is a finitely-
generated R-module. Let c := dimR− dimS and let CR and CS be canonical modules for
R and S. Then a nonsingular trace homomorphism is an R-homomorphism of complexes

Ξ : E·(CS)→ E·(CR)[c]

such that the induced S-homomorphism of complexes

E·(CS)
∼=
−→HomR(S,E·(CR)[c])

e −→{s −→ Ξ(se)}

is an isomorphism.

2.16 Proposition. For any finitely-generated S-module M , Ξ induces an S-isomorphism
of complexes

Ξ∗ : Hom S(M,E·(CS))
∼=
−→ HomR(M,E·(CR)[c])

and hence for each p an S-isomorphism,

ξp∗ : Hom S(M,V p(CS))
∼=−→ HomR(M,V p+c(CR))

where ξp : V p(CS)→ V p+c(CR) is the R-homomorphism induced by Ξ.

Proof For M = S this is part of the definition of Ξ. The standard argument (apply
Hom S(−, V p(CS) and HomR(−, V p+c(CR)) to a finite presentation of M) completes the
proof.

It was just observed that a nonsingular trace homomorphism Ξ induces anR-homomorphism

ξ := ξ0 : CS → V c(CR)

such that

CS −→HomR(S, V c(CR))

t −→{s −→ ξ(st)}
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is an isomorphism of S-modules. We have seen two examples of such ξ: the homomorphism

ic : CS −→ V c(CR)

where S = R/(x1, . . . , xc), {x1, . . . , xc} is R-regular and CS := CR/(x1, . . . , xc)CR [BH];
and the Scheja-Storch trace map of (2.14), where c = 0. Since for any CM ring S, CS =
E·(CS) in the derived category and E·(CS) is minimal, one expects conversely that ξ will
give rise to a unique trace homomorphism Ξ. This is the content of the next result.

2.16 Theorem. Let φ : R→ S, c, CR and CS be as in Definition (2.15). Let

ξ : CS −→ V c(CR)

be an R-homomorphism such that the induced homomorphism of S-modules

CS −→HomR(S, V c(CR))

t −→{s −→ ξ(st)}

is an isomorphism. Then there is a unique nonsingular trace homomorphism

Ξ : E·(CS)→ E·(CR)[c]

inducing ξ.

Proof Let p be a codimension p prime of R, kerφ ⊆ p and let M be an R-module with
cod M ≥ p. Then there is a natural isomorphism of R-modules

Rp ⊗RM
∼=−→

∐

φ−1(q)=p

Sq ⊗S M

r ⊗m −→φ(r)⊗m

Thus, there is a natural R-isomorphism

ν :
∐

cod p=p+c
kerφ⊆p

Rp ⊗RM
∼=
−→

∐

cod q=p

Sq ⊗S M

The construction of Ξ may now be done inductively. To begin define Ξ0 to be the compo-
sition

Ξ0 :
∐

cod q=0

Sq⊗SCS
ν−1

−−→
∐

cod p=c
kerφ⊆p

Rp⊗RCS ⊆
∐

cod p=c

Rp⊗RCS

‘

Rp⊗ξ
−−−−−→

∐

cod p=c

Rp⊗RV
c(CR)

It is easy to check that the following diagram commutes:

CS ↪→
∐

cod q=0

Sq ⊗S CS =: E0(CS)

↓ ξ ↓ Ξ0

V c(CR)↪→
∐

cod p=c

Rp ⊗R V
c(CR)=: Ec(CR)
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We get the equalities from the definition in (1.9) of the canonical injective resolution.
Next we take ξ1 : V 1(CS) → V c+1(CR) to be the induced map on the cokernels of the

horizontal maps and extend it to a map

Ξ1 : E1(CS) :=
∐

cod q=1

Sq ⊗S V
1(CS) −→

∐

cod p=c+1

Rp ⊗R V
c+1(CR) =: Ec+1(CR)

as above. Continuing in this way completes the construction of Ξ.

2.17 Theorem. Let φ : R→ S be a homomorphism of CM rings such that S is a finitely-
generated R-module. Let c := dimR− dimS and let CR and CS be canonical modules for
R and S. Let

Ξ : E·(CS)→ E·(CR)[c]

be a nonsingular trace homomorphism. Let q ⊂ S be prime and let p = φ−1(q). Then for
each p, 0 ≤ p ≤ dimS, Ξp induces a surjection of k(p)-modules

Ξp : (0 : q)Ep(CS) −→ (0 : p)Ep+c(CR)

which is an isomorphism if φ is surjective.

Proof φ induces φp : Rp −→ Sp := S ⊗R Rp. Sp is semi-local with maximal ideals
corresponding to the primes q ⊂ S over p. Ξp localizes to

Ξpp : Ep(CS)p −→ Ep+c(CR)p

and hence restricts to
(0 : pS)Ep(CS)p

−→ (0 : p)Ep+c(CR)p

Now

(2.18) Ep(CS)p
∼=

∐

p=φ−1(qi)

Ep(CS)qi

the splitting of Ep(CS)p into its primary components. With respect to this splitting, Ξpp
splits as

(2.19)
∐

(0 : Qi)Ep(CS)qi
−→ (0 : p)Ep+c(CR)p

where Qi are the S-primary components of pS. . Since qi ⊆ Qi, we can restrict further to

(2.20)
∐

(0 : qi)Ep(CS)qi
−→ (0 : p)Ep+c(CR)p

In case φ is surjective, there is exactly one prime q over p and φ induces k(p)
∼=−→ k(q), so

(2.20) is an isomorphism as soon as it is nonzero (it is a k(p)-linear map of one-dimensional
k(p) vector spaces). This non-triviality is proved next and without the assumption that φ
is surjective.
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Note that each component of (2.20) can be identified with the map

Hom Sqi
(k(qi), E

p(CS)qi
) −→ HomRp

(k(p), Ep+c(CR)p)

which is induced by the injection k(p) ↪→ k(qi), (2.18) and Ξpp. Hence it factors as

Hom Sqi
(k(qi), E

p(CS)qi
)

Ξp
p ∗

−−→ HomRp
(k(qi), E

p+c(CR)p) −→ HomRp
(k(p), Ep+c(CR)p).

The first map is an isomorphism by (2.16), and the second is surjective because its cokernel
injects to

Ext1Rp
(k(qi)/k(p), Ep+c(CR)p) = 0

This completes the proof.
We need not only a change of rings result for the value groups of our forms, but also

for the modules on which they are defined:

2.21 Theorem. Let φ : R→ S be a homomorphism of CM rings such that S is a finitely-
generated R-module. Let c := dimR− dimS. Then for each p, 0 ≤ p ≤ dimR and i ≥ 0,
there is a functor

Spi (S) −→ Sp+ci (R)

induced by regarding an S-module as an R-module.

Proof We give a proof valid when i ≤ 2 and there is a nonsingular trace homomorphism
Ξ : E·(CS) → E·(CR)[c], where CS and CR are canonical modules for S and R. This is
the only case we will need in this paper. Let M ∈ Sp0 (S). Consider the composition

M →Hom S(Hom S(M,V p(CS)), V p(CS))
∼=−→HomR(Hom S(M,V p(CS)), V p+c(CR))
∼=−→HomR(HomR(M,V p+c(CR)), V p+c(CR))

where the first map is the canonical S-homomorphism of M to its V p(CS) double dual
and the second and third are R-isomorphisms induced by ξ : V p(CS)→ V p+c(CR) (2.16).
The composition is the canonical R-homomorphism of M to its V p+c double dual. The
conclusion follows from (1.17) and (1.19).

28



§3. Witt groups in the categories Spi .

In this section X will denote a CM scheme of dimension n and C, a canonical sheaf.
Recall from (1.20) the definition of Q(Spi (X); C). We will define and study Witt groups
W (Spi (X); C).

Let N ∈ Spi (X),N̂:= Hom(N ,Vp(C)). The (symmetric) hyperbolic form (N ⊕N ,̂ φh)
is defined by requiring that φh|N × N ≡ 0 ≡ φh|N̂× N ,̂ that φh|N̂× N be the

natural pairing, and that φh be symmetric. Since Nx ∈ CM
j(Xx) for cod x = p + j and

j ≤ i, (N ⊕N ,̂ φh) ∈ Q(Spi (X); C) by [P3,1.6]. More generally:

3.1 Definition. (M, φ) ∈ Q(Spi (X); C) is called a lagrangian if there is N ⊆M where N
and M/N ∈ Spi (X), and the induced pairing N × (M/N ) → Vp(C) is nonsingular (i.e.,
both adjoints are bijective) at all x such that cod x ≤ p+ i. N is called a sublagrangian.

One may add isomorphism classes of objects in Q(Spi (X); C) by “orthogonal sum” (de-
noted ⊥) and obtain an abelian semigroup (with the obvious zero element). The corre-
sponding Grothendieck group modulo the subgroup generated by lagrangians is denoted

(3.2) W (Spi (X); C).

3.3 Proposition. Let (M, φ) and (M′, φ′) ∈ Q(Spi (X); C) and f : M → M′ be an
isomorphism at all x such that cod x ≤ p+ i. Suppose that φ(m1,m2) = φ′(fm1, fm2) for
all m1,m2 ∈ M. Then

[M, φ] = [M′, φ′] in W (Spi (X); C).

Proof: Consider the short exact sequence

M
(1,f)
� M⊕M′ π2

�M′.

Observe that im (1, f) is a sublagrangian of (M, φ) ⊥ (M′,−φ′).

3.4 Corollary. Let (M, φ) ∈ Q(Sp1 (X); C). Then there is (M′, φ′) ∈ Q(Sp2 (X); C) sat-
isfying the hypotheses of (3.3) where i = 1. In particular, the inclusion Q(Sp2 (X); C) ⊆
Q(Sp1 (X); C) induces a surjection

W (Sp2 (X); C) � W (Sp1 (X); C).

Proof: Let (M, φ) ∈ Q(Sp1 (X); C). Consider the diagram

(3.5)

M
Adφ
−−−−→ Mˆ

κ

y
y=

M̂̂ (Adφ)̂
−−−−→ M̂
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where κ is the canonical map. By (1.17),M̂∈ Sp2 (X) soM̂∼= (M̂ )̂ .̂ Let φ̂̂:M̂̂×
M̂̂→ Vp(C) be the OX -bilinear form corresponding to (Adφ)̂:M̂̂→M̂= (M̂ )̂ .̂
It is easily seen that φ̂̂ is symmetric; it is nonsingular by (1.21). Now take f = κ and
(M′, φ′) = (M̂ ,̂ φ̂̂) in (3.3).

3.6 Given (M, φ) ∈ Q(Spi (X); C) we obtain by localization an element (Mx, φx) ∈ Q(F(Xx); Cx),
for each x ∈ Ass (M). (Recall from (1.2) that F(Xx) is the category of finite length OX,x-
modules.) This process induces a homomorphism,

(3.7) Kp : W (Spi (X); C) −→W (Fp(X); C)

where, to simplify notation, we have written

(3.8) W (Fp(X); C) :=
∐

cod x=p

W (F(Xx); Cx).

3.9 Proposition. When i = 1,Kp is injective.

Proof: We are given (M, φ) ∈ Q(Spi (X); C), a Lagrangian at each x ∈ X (p). We must
show M has a sublagrangian. Consider the collection L of L ⊆ M such that L ⊆ L⊥

and Lx is a sublagrangian of (Mx, φx) for each x in Ass (M). This collection is non-
empty: for if Kx is a sublagrangian ofMx and i :M→⊕Mx is the canonical imbedding,
then i−1(⊕Kx) is such an L. Since X is Noetherian and M is finitely-generated, L has
a maximal element, N . Then N must equal N⊥. It suffices to prove this locally. Let
x ∈ N⊥ −N,n1, n2 ∈ N and a1, a2 ∈ R. Then

φ(n1 + a1x, n2 + a2x) = a1a2φ(x, x).

We claim that φ(x, x) = 0. If so, (N +Rx) ⊆ (N +Rx)⊥, contradicting the maximality of
N and showing N = N⊥.

3.10 Lemma. (N⊥)p = (Np)
⊥ for each p ∈ Ass (M).

Proof: N⊥ = ker{N →M }̂ where n 7→ (m 7→ φ(n,m)). Since (M )̂p
∼= (Mp) ,̂ the result

follows.

By this lemma, at each p, x ∈ (N⊥)p = (Np)
⊥ = Np. Hence φp(x, x) = 0 in Ep(Cp), so

V p(C) ⊆
∐
Ep(C)p) = Ep(C) implies φ(x, x) = 0.

Now consider the commutative diagram

N

κ α

N̂̂ β̂
−−−−→ (M/N)̂

where α : N → (M/N)̂and β : M/N → N̂are the adjoints of bilinear pairings induced
from φ. Since Ad φ is injective, α is injective, which in turn means κ is injective. By
(1.19), N ∈ Sp1 (R). Since N = N⊥ we conclude β is injective, which implies M/N is
unmixed (because N̂is). By (1.19), M/N ∈ Sp1 (R). Since φ is nonsingular in codimension
≤ p+ 1, α is surjective there. Similarly, β is nonsingular in codimension ≤ p+ 1, so N is
a sublagrangian of (M,φ).
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3.11 Definition.. Let p ≥ 0 be an integer and F =
∐
ixi∗Fi, where x1, . . . , xn ∈ X

(p),
ixi

: xi → X is the inclusion and Fi ∈ F(Xxi
) is viewed a a constant sheaf on xi. A lattice

L ⊆ F is an object in L ∈ Sp2 (X) such that Lxi
= Fi for all i. If (Fi, τi) ∈ Q(F(Xxi

);Cxi
)

and τ :=
∐
ixi∗τi, then L ⊆ F is called an integral lattice in (F , τ) if it is a lattice and

τ(L× L) ⊆ Vp(C)(⊆ Ep(C) =
∐

cod x=p E
p(Cx)).

3.12 Proposition. Let (Fi, τi) ∈ Q(Xxi
;Cxi

) where cod xi = p, i = 1, . . . , n, and let
(F , τ) =

∐
ixi∗(Fi, τi). Then there exists an integral lattice L in (F , τ).

Proof: We may assume n = 1; let x = x1. Choose a coherent sheaf L ⊆ F such that
Lx = F . By (1.19), L ∈ Sp1 (X), and the canonical map κ : L → L̂̂ is injective, where
L̂= Hom(L,Vp(C)). Since κx is bijective, we have

Lx̂ ̂ κ−1
x−−→ Lx ↪→ F

from which we get an injective map L̂̂→ F (ix∗ and i−1 are adjoint functors), where
L̂̂∈ Sp2 (X) by (1.17). Hence there is a lattice in F .

To see that there is an integral lattice, consider the composition

L × L ↪→ F ×F
τ
−→ Ep(C)

dp

−→ Ep+1(C) ∼=
∐

y∈X(p+1)

iy∗E
p+1(C)y

Again we assume F = ix∗F , where F is a finite length OX,x-module. Since L is coherent,
the image of the composition lies in a finite sum

∐
iyk∗E

p+1(C)yk
, yk ∈ x, k = 1, . . . ,m,

and the image in each summand iyk∗E
p+1(C)yk

has the form iyk∗Ik, where Ik is OX,yk
-

finitely-generated. For each yk ∈ x, there is an inclusion of rings OX,yk
⊂ OX,x and a

codimension one prime pk ⊂ OX,yk
, such that (OX,yk

)pk
= OX,x and pkOX,yk

= mx. By
[SV, 4.23] and the fact that Ik is finitely-generated, we may choose rk ∈ myk

− pk such
that rkIk = 0, k = 1, . . . ,m. Let r :=

∏
rk in OX,x. Then r /∈ mx, so multiplication by r

induces an isomorphism

i∗r : F := i∗F
∼=
−→ i∗F =: F

Set Lr := i∗r(L) ⊂ F . Then Lr ∼= L ∈ S
p
2 (X), and by construction dpτ(Lr,Lr) = 0, so

Lr is an integral lattice in (F , τ). This completes the proof of (3.12).

3.13 Remark Let X = SpecR. The most natural analogy with the ideas of [P1] would
require that we actually be able to construct a lattice L ∈ CMp(R), i.e., of homological
dimension n − p if R is regular local. Indeed in [P3], this is precisely what was done to
construct localization sequences permitting a proof of the injectivity of W (R) → W (K),
where K is the fraction field of R, in case dim R ≤ 4 and R is any regular local ring.
However, such a construction is essentially equivalent to the construction of small Cohen-
Macaulay modules (see [Ho, Conjecture E ′′′′], about which very little is known for regular
local rings R essentially of finite type over a field, if p ≥ 3. When R is an arbitrary regular
local ring, counterexamples to the existence of such L ∈ CMp(R) are known.

3.14 We are now in a position to define the map

Lp : W (Fp(X); C)→W (Sp+1
1 (X); C).

Let (Fi, τi) ∈ Q(Xxi
; Cxi

), where cod xi = p, i = 1, . . . , n. Set F =
∐
ixi∗Fi, τ =

∐
ixi∗τi :

F × F → Ep.
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3.15 Definition. Let L be an integral lattice in (F , τ). The dual lattice L∗
τ is defined for

each affine open U ⊂ X by

L∗
τ (U) = {f ∈ F(U)|τ(f,L(U)) ⊆ Vp(C)(U)}.

Equivalently, L∗
τ is the inverse image of Hom(L,Vp(C)) ⊆ Hom(L, Ep(C)) under the

map Ad τ : F → Hom(L, Ep(C)) = Hom(F , Ep(C)).
Since L is integral in (F , τ), L ⊆ L∗

τ . Since τ is nonsingular, there is an isomorphism

L∗
τ

∼=→ Hom(L,Vp(C))

`∗ 7→ {` 7→ τ(`∗, `)}(3.16)

In fact, given λ : L → Vp(C) on any affine open U ⊆ X, compose with Vp(C) ↪→ Ep(C)
and use the nonsingularity of τ to get a unique `∗ 7→ λ; or use the equivalent definition of
L∗
τ above
We now write L∗ for L∗

τ . Using the fact that Lxi
= L∗

xi
= F for each i, it follows from

[Ka, Ex. 14, p. 103] that L∗/L ∈ Sp+1
1 (X). Set

(3.17.1) M = L∗/L

and define φ :M×M→ Vp+1(C) on each affine open U ⊆ X by

(3.17.2) φ(j`1, j`2) = dpτ(`1, `2)

where j : L∗ → L∗/L = M is the canonical map. To see that (M, φ) ∈ Q(Sp+1
1 (X); C),

we must show φ is nonsingular at all points of codimension p+ 1 and p + 2. Affinely, let
q be any prime of codimension p + 1 or p + 2, q ∈ SuppM . We may localize the above
constructions at q, permitting the assumptions: L, L∗ ∈ CMp(R) and M ∈ CMp+1(R).

By [P3, 1.6] there is a short exact sequence L∗̂ α̂
� L̂� M∼, where α is the inclusion

(−)̂ = Hom (−, V p(C)) and (−)∼ = Hom(−, V p+1(C)) Following [P1, (3.8)], M∼ is
identified with cok(α )̂ by

(3.17.2) {class of f : L→ V p(C) in cok(α )̂} ↔ {e : M → V p+1(C)}

if ej = dpf
∗, where f∗ : L∗ → Ep(C) is the extension of f defined by f∗α = if and

i : V p(C)→ Ep(C) is the inclusion. Let e : M → V p+1(C) be given. Since τ is nonsingular,
there is a unique n0 ∈ F such that τ(n0, n) = f∗(n), for all n ∈ L∗. Since f∗α(n) = if(n) ∈
V p(C) for all n ∈ L, n0 must be in L∗, the dual lattice. Thus, for any n ∈ L∗, φ(jn0, jn) =
dpτ(n0, n) = dpf

∗(n) = e(j(n)). This proves Ad φ is surjective at primes of codimension
p+ 1 and p+ 2; it is injective by the definition of L∗.

We have thus shown that (M, φ) ∈ Q(Sp+1
1 (X); C) and we set

(3.18) Lp[F , τ ] = [M, φ]
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where [·] denotes the corresponding element in the appropriate Witt group. We must now
show [M, φ] is independent of the choices made in its construction.

Any two integral lattices in F have a common integral sublattice, the double dual of
their intersection. Indeed suppose L1, L2 ∈ S

p
2 (X) are two integral lattices in (F , τ). We

may assume as we did above that SuppF = x, where cod x = p. Set L := L1 ∩ L2 ⊆ Li.
Then Lx = Fx, and the double dual of L ⊆ Li is an inclusion

(L∗
τ )

∗
τ ⊆ ((Li)

∗
τ )

∗
τ = Li, i = 1, 2

where (L∗
τ )

∗
τ
∼= L̂̂∈ Sp2 by (3.16) and (1.13). Hence to show independence of [M, φ] ∈

W (Sp+1
1 (X); C) from the choice of lattice it suffices to show that if I ⊆ L are integral

lattices (so that L∗ ⊆ I∗), then

(3.19) [I∗/I, ψ] = [L∗/L, φ],

with obvious notation.
It is clear that K := L/I is totally isotropic (meaning K ⊆ K⊥) in (I∗/I, ψ), and

that K ∈ Sp+1
1 (X). Further, K⊥ = L∗/I by definition of dual lattice, and under the

isomorphism
K⊥/K = (L∗/I)/(L/I) ∼= L∗/L

the form induced on K⊥/K by ψ corresponds to φ on L∗/L. Hence it suffices to show:

3.20 Lemma. Let (T , ψ) ∈ Q(Spi (X); C) and suppose there is K ⊆ T ,K ⊆ K⊥, and
K ∈ Spi (X). Then if the naturally induced form (K⊥/K, φ) is in Q(Spi (X); C),

[T , ψ] = [K⊥/K, φ] in W (Spi (X); C).

Proof: Let S = K⊥/K. Since [S, φ] + [S,−φ] = 0 in W (Spi (X); C), it suffices to show
[T , ψ] + [S,−φ] = 0. For this take N = K and (M, γ) = (S, φ) ⊥ (S,−φ) in the following.

3.21. Suppose given (M, γ) ∈ Q(Spi (X); C) and N ⊆ M, such that N ⊆ N⊥ and N ∈
Spi (X) and so that the induced forms

β :M/N⊥ ×N → Vp

δ :N⊥/N ×N⊥/N → Vp

are nonsingular at all primes of codimension ≤ p+ 1. Then if (N⊥/N , δ) ∈ Q(Spi (X); C)
is a lagrangian so is (M, γ).

Proof: Let P be a sublagrangian for (N⊥/N , δ) and let J ⊆ N⊥ be the inverse image of
P under the quotient map N⊥ →N⊥/N . Clearly J ⊆ J ⊥ and

N⊥/J ∼= (N⊥/N )/P.

The sequence of injections J � N⊥
�M gives rise to a short exact sequence of cokernels

(N⊥/N )/P
i

�M/J �M/N⊥.
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Applying Hom(−,Vp(C)) to this gives the bottom exact sequence in

N � J � P
↓ Adβ ↓ ↓

(M/N⊥)̂ � (M/J )̂ î
→ ((N⊥/N )/P)̂

where the unlabelled verticals are induced from γ and δ, using J ⊆ J ⊥ and P ⊆ P⊥. By
assumption the left and right verticals are isomorphisms and î is surjective at all points
of codimension ≤ p + 1; J → (M/J )̂ is therefore an isomorphism at all such points.
Since N and P ∈ Sp1 (X),J ∈ Sp1 (X). From this one easily concludes M/J ∈ Sp1 (X) and
M/J → J ̂ is an isomorphism in codimension ≤ p+ 1. Hence (M, γ) is a lagrangian.

Since Lp is additive, it remains to show that if (F , τ) is a lagrangian, so is (M, φ) in
(3.18). By what we have already done, we may assume (F, τ) ∈ Q(F(Xx); Cx), cod x = p,
where (F, τ) is a lagrangian. Choose an integral lattice L ⊆ F . Let K be a sublagrangian
of (F , τ) and set I = im {L → F → F/K}. Then Ass (I) = {x}, so I ∈ Sp1 (X); and since
L ∈ Sp2 (X), N := ker {L → I} ∈ Sp2 (X). N ⊆ N⊥ since N ⊆ K, so we get a commutative
diagram of short exact sequences,

N � L � L/N = I
↓ ↓ ↓

(L/N )̂ � L∗
� N̂

where we have identified L∗ with L̂ using (3.16) and the bottom sequence is the dual of the
top one. At any point y of codimension ≤ p+1, the top sequence is in Sp1 (Xy) = CMp(Xy),
so at such y the bottom sequence is exact, and the left vertical is the dual of the right.
Thus, taking cokernels of the vertical maps gives an exact sequence which becomes short
exact at point of codimension p+ 1,

S → L∗/L → T

where φ|S × S ≡ 0, and T ∼= Hom(S,Vp+1(C)) at primes of codimension p + 1. Hence
(L∗/L, φ) is a lagrangian at all codimension p + 1 primes. By (3.9) [L∗/L, φ] = 0 in

W (Sp+1
1 (X); C). This completes the proof that Lp is well-defined.

As a corollary of the construction of Lp we have:

3.22 Proposition. Let y ∈ x ⊆ X, cod y = p+ 1, cod x = p. Then

Lp(X) W (Sp+1
1 (X); C)

W (F(Xx); Cx) ↓ i∗y
Lp(Xy) W (F(Xy); Cy)

commutes.

The following is one of the main results of this paper.
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3.23 Proposition. The sequence

W (Sp1 (X); C)
Kp

−→W (Fp(X); C)
Lp

−→W (Sp+1
1 (X); C),

where W (Fp(X); C) :=
∐

cod x=pW (F(Xx); Cx), is exact for all p ≥ 0.

Proof: Since W (Sp2 (X); C) → W (Sp1 (X); C) is surjective ((3.4)), to show LpKp = 0 we
may replace W (Sp1 (X); C) with W (Sp2 (X); C). In this case, it is immediate from the con-
structions.

So now suppose (F , τ) is given, where F =
∐
ixi∗Fi, τ =

∐
ixi∗τi, (Fi, τi) ∈ Q(Xxi

; Cxi
)

and Lp[F , τ ] = 0. This means there is an integral lattice L ⊆ F with dual lattice L∗ ⊇
L,M := L∗/L, and lagrangians (Si, ψi) ∈ Q(Sp+1

1 (X); C) such that

(3.24) (M, φ) ⊥ (S1, ψ1) ∼= (S2, ψ2)

where (M, φ) ∈ Sp+1
1 (X) is the form constructed in (3.18).

Suppose first that (M, φ) is a lagrangian and let K ⊆ M be a sublagrangian. If
p : L∗ →M is the quotient map, let I = p−1(K). Since K ⊆ K⊥, I is an integral lattice,

L ⊆ I ⊆ I∗ ⊆M∗,

and Iy = I∗y for each y of codimension p+1. Hence τ |I ×I : I ×I → Vp(C) is nonsingular
in codimension ≤ p+ 1 and Kp[I, τ |I × I] = [F , τ ].

To reduce to the case where (M, φ) is a lagrangian we argue as follows. First we

may assume S1 ∈ S
p+1
2 (X), for the process described in (3.4) clearly takes lagrangians

to lagrangians (in Q(Sp+1
1 (X); C)). Next, after adding (S1,−ψ1) to both sides of (3.24),

we may assume (S1, ψ1) is a hyperbolic form in Q(Sp+1
2 (X); C), say S1 = T ⊕ T ∼ with

T ∼ := Hom(T ,Vp+1(C)) and T = T ⊥.
Choose a surjection J � T , where J ∈ CMp(X) (see [P3, 1.6]); then K := ker{J �

T } ∈ Sp2 (X) by [Ka, Ex. 14, p. 103]. Exactly as in [P3, loc. cit.], we conclude there is a
short exact sequence

J ̂ α̂
� K̂� T ∼,

where (−)̂ = Hom(−,Vp(C)) and (−)∼ = Hom(−,Vp+1(C)), and α : K → J is the
inclusion. We thus have a short exact sequence

K ⊕ J ̂α⊕α̂� J ⊕K̂� T ⊕ T ∼.

Define an OX -bilinear symmetric form σ on I := K⊕J ̂by σ|K×K ≡ 0 ≡ σ|J ̂×J ̂and
σ(f, k) = f(α(k)), where f ∈ J ,̂ k ∈ K. Then the following are routinely verified:

• (Ix, σx) ∈ Q(F(Xx); Cx), for all x ∈ Ass (I),
• (Ix, σx) is a lagrangian,
• setting G =

∐
codx=p ix∗Ix and σ =

∐
codx=p ix∗σx, I ⊆ G is an integral lattice in

(G, σ), and
• using the lattice I in the construction of Lp[G, τ ] produces (S1, ψ1)
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Hence adding (G, σ) to (F , τ) does not change the class of (F , τ) in
∐
W (F(Xx); Cx) and

allows us to assume (M, φ) is a lagrangian (= (S2, ψ2)) in (3.24). This completes the proof
of (3.23).

For each p ≥ 0, let
∂p : W (Fp(X); C)→W (Fp+1(X); C)

be the composition

(3.25) W (Fp(X); C)
Lp

−→W (Sp+1
i (X); C)

Kp+1

−−−→W (Fp+1(X); C)

It follows from the last proposition that ∂p+1 ◦ ∂p = 0.

3.26 Definition. Let X be a CM scheme with canonical sheaf C. The complex of flasque
sheaves on X

W
·(X; C) := {W(F0(X); C)

∂0

−→W(F1(X); C)
∂1

−→ · · ·
∂n−1

−−−→W(Fn(X); C) −→ 0}

where W(Fp(X); C) :=
∐

cod x=p ix∗W (F(Xx);Cx), is called the Gersten-Witt complex of

(X, C).

For any field F and one-dimensional F -vector space V , W (F ;V ) := W (F(F );V ) is the
Witt group of all nonsingular symmetric F -bilinear forms Fm × Fm → V , m ≥ 0.

Let x ∈ X(p) and let mx ⊂ OX,x be the maximal ideal. According to [P3, 2.2], the
inclusion of categories

Q(F(k(x)); (0 : mx)Ep(Cx)) ⊆ Q(F(Xx); Cx)

induces a canonical isomorphism

(3.27) W (k(x); (0 : mx)Ep(Cx)) = W (F(k(x)); (0 : mx)Ep(Cx))
∼=−→W (F(Xx); Cx)

If nowX is regular, then (1.41) implies that for each x ∈ X there is a canonical isomorphism

W (k(x); ΛpN(mx)⊗ Cx)
∼=−→W (k(x); (0 : mx)Ep(Cx)),

so we have canonical isomorphisms of the terms of the Gersten-Witt complex

(3.28) W(Fp(X); C) :=
∐

cod x=p

ix∗W (F(Xx); Cx) ∼=
∐

cod x=p

ix∗W (k(x); ΛpN(mx)⊗ C)

The main theorem of this paper is that if R is regular local, then a filtered version of
W·(X; C) is exact. We describe this filtration next.

Again assume x ∈ X(p). Any isomorphism (see (1.22b)) c : k(x)
∼=−→ (0 : mx)Ep(C)x

induces an isomorphism

γ : W (k(x))
∼=−→W (k(x); (0 : mx)Ep(C)x

)

Let {I`(k(x))}`≥0 denote the fundamental filtration ([Sc, p. 156]) of W (k(x)). Although
γ depends on C,

I`(k(x); (0 : mx)Ep(C)x
) := γ(I`(k(x)))

does not. For given c1, c2 : k(x)
∼=−→ (0 : mx)Ep(C)x

, there is k∗ ∈ k(x) such that c1(kk
∗) =

c2(k) for all k ∈ k(x). But ·k∗ : k(x)→ k(x) induces an automorphism of W (k(x)) which
preserves the fundamental filtration. In fact, if [φ] ∈ I`(k(x)), then

(3.29) [k∗φ] = [< k∗ >] · [φ] = [< k∗,−1 >] · [φ] + [φ],

where · denotes product in W (k(x)).
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3.30 Proposition-Definition. For each x ∈ X (p), there is a canonical filtration {I`(F(Xx); Cx)}`≥0

of I0(F(Xx); Cx) := W (F(Xx); Cx), which dévissage and any isomorphism k(x)
∼=
−→ (0 :

mx)Ep(Cx) identifies with the fundamental filtration {I `(k(x))}`≥0 of W (k(x)). The result-
ing filtration {

I`(Fp(X); C)
}
`≥0

:=
∐

cod x=p

ix∗
{
I`(F(Xx);Cx)

}
`≥0

is called the fundamental filtration of W(Fp(X); C). We make the convention

I`(Fp(X); C) :=W(Fp(X); C), if ` < 0

We now work toward the proof that the differentials in the Gersten-Witt complex pre-
serve the fundamental filtration. To do this we may work locally, so for the rest of §3 we
assume that X = SpecR.

3.31 Theorem. Let φ : R→ S be a homomorphism of CM rings such that S is a finitely-
generated R-module. Let c := dimR− dimS and let CR and CS be canonical modules for
R and S. Let

Ξ : E·(CS)→ E·(CR)[c]

be a nonsingular trace homomorphism. Then for each p, 0 ≤ p ≤ dimS, there is a
commutative diagram of exact sequences

(3.32)

W (Sp1 (S);CS)
Kp(S;CS)
−−−−−−→ W (Fp(S);CS)

Lp(S;CS)
−−−−−−→ W (Sp+1

1 (S);CS)

W (ξp)

y W (Ξp)

y W (ξp+1)

y

W (Sp+c1 (R);CR)
Kp+c(R;CR)
−−−−−−−−→ W (Fp+c(R);CR)

Lp+c(R;CR)
−−−−−−−−→ W (Sp+c+1

1 (R);CR)

where Ξp : Ep(CS) → Ep+c(CR) is Ξ in degree p and ξp : V p(CS) → V p+c(CR) is its
restriction to V p(CS).

Hence Ξ induces a map of Gersten complexes

W ·(Ξ·) : W ·(S;CS)→W ·(R;CR)[c].

Proof Given {M × M → V p(CS)} ∈ Q(Sp1 (S);CS) (resp., {F × F → Ep(CS)} ∈
Q(Fp(S);CS)), its composition with ξp : V p(CS) → V p+c(CR) (resp., Ξp : Ep(CS) →
Ep+c(CR)) gives an element of Q(Sp+c1 (R);CR) (resp., Q(Fp+c(R);CR)), by Proposition
(2.16). This defines the vertical maps in the diagram. The horizontal ones are from (3.23),
and the commutativity of the left square is clear.

Let q ⊂ S be a codimension p prime, let F be a finite length Sq-module and let τ :
F × F → Ep(CS) be nonsingular. Let L ⊆ F , L ∈ Sp2 (S), be an integral lattice in (F, τ).

Then by (2.21) L ∈ Sp+c2 (R) and is evidently an integral lattice in (F,Ξp ◦ τ). There is an
inclusion of dual lattices fitting into the commutative diagram

L∗
τ −−−−→ L∗

Ξp◦τy
y

Hom S(L, V p(CS))
ξp
∗−−−−→ HomR(L, V p+c(CR))
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where the verticals are the natural isomorphisms of (3.16) and ξp∗ is an isomorphism by
(2.16). Hence L∗

τ = L∗
Ξp◦τ .

Now the commutative diagram

L∗
τ × L

∗
τ −−−−→ Ep(CS)

dp

−−−−→ V p+1(CS)
y

yΞp

yξp+1

L∗
Ξp◦τ × L

∗
Ξp◦τ −−−−→ Ep+c(CR)

dp+c

−−−−→ V p+c+1(CR)

and the definition of Lp and of Lp+c show that the right square in (3.32) commutes.
The first half of another of the main results of this paper is the assertion that the

differentials of the Gersten complex preserve the fundamental filtration, in the following
sense.

3.33 Theorem. Let R be CM, CR a canonical module for R. Then the differentials of
the Gersen-Witt complex preserve the fundamental filtration: for each p, 0 ≤ p ≤ dimR
and all ` ≥ 1,

(3.34) ∂p
(
I`(Fp(R);C)

)
⊆ I`−1(Fp+1(R);C)

Proof To begin we show that we may assume R is local and p + 1 = n. Given any
codimension p + 1 prime q0 there is a commutative diagram with verticals induced by
⊗Rq0

:

W (Fp(R);C)
Lp(R)
−−−−→ W (Sp+1

i (R);C)
Kp+1(R)
−−−−−→ W (Fp+1(R))

y
y

y

W (Fp(Rq0
);Cq0

)
Lp(Rq0

)
−−−−−→ W (Sp+1

i (Rq0
);Cq0

)
=

−−−−→ W (Fp+1(Rq0
);Cq0

)

where the right vertical is the projection

∐

cod q=p+1

W (F(Rq);Cq)→W (F(Rq0
;Cq0

)

and the left vertical is the projection

∐

cod p=p

W (F(Rp);Cp)→
∐

cod p=p
p⊂q0

W (F(Rp);Cp)

It is obvious that the right square commutes; commutativity of the left square is (3.22).
Hence if ∂(Rq0

)
(
I`(Fp(Rq0

);Cq0
)
)
⊆ I`−1(Fp+1(Rq0

);Cq0
), then ∂(R)

(
I`(Fp(R);C)

)
⊆

I`−1(Fp+1(R);C).
So we now assume (R,m) is local CM of dimension n, and we are to show (3.34) for

p+ 1 = n. Let p0 be a codimension n− 1 prime and consider the composition

φ : R→ R/p0 → S
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where R/p0 → S is the integral closure. Then S is semi-local Dedekind and CS :=
Extn−1

R (S,CR) = HomR(S, V n−1(CR)) is a canonical module for S (1.4). The canonical
map ξ : CS → V n−1(CR) induces a map of complexes

Ξ : E·(CS)→ E·(CR)[n− 1]

and hence a commutative diagram

W (F0(S);CS)
∂0(S)=L0(S;CS)
−−−−−−−−−−−→ W (F1(S);CS)

W (Ξ0)

y W (Ξ1)

y

W (Fn−1(R);CR)
∂n−1(R)=Ln−1(R;CR)
−−−−−−−−−−−−−−−→ W (Fn(R);CR)

which equals

(3.36)

W (K(S);CS)
∂0(S)=L0(S)
−−−−−−−−→

∐

n maximal

W (k(n))

W (Ξ0)

y W (Ξ1)

y
∐

cod p=n−1

W (F(Rp);CRp
)

∂n−1(R)=Ln−1(R)
−−−−−−−−−−−−→ W (k(m))

where the left vertical maps isomorphically to W (F(Rp0
);CRp0

) = W (k(p0)) and the

right vertical is a sum of trace maps, which, according to [Ar] and (2.17), preserve the
fundamental filtration. This completes the proof of (3.33).

3.37 Corollary. Let X be a CM scheme and C, a canonical sheaf. Then for each ` ≥ 0,
there is a subcomplex of the Gersten-Witt complex W·(X; C),

I
·,`(X; C) := {I`(F0(X); C)

∂0,`

−−→ . . .I`−p(Fp(X); C)
∂p,`−p

−−−−→ I`−p−1(Fp+1(X); C)

∂p+1,`−p−1

−−−−−−−→ . . .
∂n−1,`−n+1

−−−−−−−→ I`−n(Fn(X); C)},

where Ij(Fq(X); C) :=W(Fq(X); C) if j < 0, and I·,0(X; C) = W·(X; C).
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§4. The main technical result.

This section is devoted to the proof of the following theorem. An easy consequence will
be the surjectivity of Lp in (3.23).

4.1 Theorem. Let R be a smooth local ring, essentially of finite type over a field k of
characteristic 6= 2. Let C be a canonical module for R. Let (M,φ) ∈ Q(Sp+1

i (R);C), i ≥
1, p ≥ 0. Then there exist (Fi, τi) ∈ Q(F(Rqi

);Cqi
), cod qi = p, i = 1, . . . n, an integral

lattice L ∈ Spi+1(R) in (F, τ) := (qFi,qτi) and a surjection jτ : L∗
τ →M , where L∗

τ is the
dual lattice, such that

i. jτ induces an isomorphism L∗
τ/L
∼= M , and

ii. for all `1, `2 ∈ L∗
τ ,

dpτ(`1, `2) = φ(jτ `1, jτ`2)

where dp : Ep(C)→ V p+1(C) is the differential in the injective resolution E ·(C) of (1.9).

Proof: The proof has four steps. In Steps 1 and 2 the modules (resp., values of the forms
involved) are lifted back from R (resp., the injective resolution) to a complete intersection
quotients Rp+1 of R (resp., Cp+1 of C) using (1.22); in Step 3 dual lattices are replaced by
dual modules using (3.16); and in Step 4 Quillen’s variant of normalization (2.1) is applied
to get a lattice and form ((Sp ⊗Rp+1 M,Ψ) below) over a finite extension of R and then
the Scheja-Storch trace map (2.14) is used to construct the data required in (4.1) over R.
All of the ideas in the proof of (4.1) appear in much simpler form in the proof of Milnor’s
theorem presented in the Appendix to this chapter.

Step 1 is to use (1.22) to realize (M,φ) as an element of Q(S0
i (R

′);C ′), for some

complete intersection quotients R′ of R and C ′ of C. Indeed, since (M,φ) ∈ Q(Sp+1
i (R);C)

there is by (1.22) an R-regular sequence {t, t1, . . . , tp} ⊆ Ann(M) and a symmetric R-
bilinear form

(4.2) φ′ : M ×M → Cp+1, (M,φ′) ∈ Q(S0
i (R

p+1);Cp+1)

where Rp+1 = R/(t, t1, . . . , tp) and Cp+1 = C/(t, t1, . . . , tp)C, such that

(4.3) ip+1φ′ = φ,

where ip+1 : Cp+1 → V p+1(C) is the injection in (1.23).
Step 2 is to verify that it is sufficent to find

i. L ∈ Spi+1(R), where {t1, . . . , tp} ∈ Ann(L) and t is L-regular,

ii. a symmetric R-bilinear form Φ′ : L×L→ Cp, such that Φ′[ 1t ] : L[ 1t ]×L[ 1t ]→ Cp[ 1t ]
is nonsingular, where Rp = R/(t1, . . . , tp) and Cp = C/(t1, . . . , tp)Cand

iii. a surjection jΦ′[ 1
t
] : L∗

Φ′[ 1
t
]
→ M , where L∗

Φ′[ 1
t
]
:= {` ∈ L[ 1t ]|Φ

′[ 1t ](`, L) ⊂ Rp} ⊂

L[ 1t ] is the dual lattice, such that

a. jΦ′[ 1
t
] induces an isomorphism L∗

Φ′[ 1
t
]
/L

∼=−→M and

b.
qpΦ′[ 1

t
](`1, `2) = φ′(jΦ′[ 1

t
]`1, jΦ′[ 1

t
]`2)
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for all `1, `2 ∈ L∗
Φ′[ 1

t
]
, where qp : t−1Cp → Cp+1 is the map in (1.24). Note that since

tM = 0, iiia. implies that L∗
Φ′[ 1

t
]
⊆ t−1L; thus, in iiib., qpΦ′[ 1

t
](`1, `2) makes sense.

To begin this verification, set

(4.4) Φ := ipΦ′ : L× L→ V p(C).

If Q = {q1, . . . , qr} = Ass(L), then ΦQ := Φ⊗RQ : LQ×LQ →
∐
iE

p(C)qi
is nonsingular,

since t 6∈ ∪qi. Further, it is easily seen that the localization

λQ : L[ 1t ]→ LQ

preserves the dual lattices:
λQ(L∗

Φ′[ 1
t
]) ⊆ L

∗
ΦQ
.

Thus there is a commutative diagram

L∗
Φ′[ 1

t
]

λQ−−−−→ L∗
ΦQ

∼=

y
y∼=

Hom(L,Cp)
ip∗−−−−→ Hom (L, V p(C))

in which the verticals are the isomorphisms given in (3.16), and ip∗ is an isomorphism
because (t1, · · · , tp) ⊆ AnnL and im ip = (0 : (t1, · · · , tp))V p(C). Hence

λQ : L∗
Φ′[ 1

t
]

∼=−→ L∗
ΦQ
.

Also, ΦQ extends Φ′[ 1t ] in the sense that for all `1, `2 ∈ L∗
Φ′[ 1

t
]
,

(t−1ip)Φ′[ 1t ](`1, `2) = ΦQ(λQ`1, λQ`2)

We now check the condition (4.1ii). To simplify notation, set λQ`i = `i,Q. Then we
have

dpΦQ(`1,Q, `2,Q) = dp(t−1ip)Φ′[ 1
t
](`1, `2) = ip+1qpΦ′[ 1

t
](`1, `2) =

ip+1φ′(jΦ′[ 1
t
]`1, jΦ′[ 1

t
]`2) = φ(jΦQ

`1,Q, jΦQ
`2,Q)

Taking τ = ΦQ and F = LQ thus completes Step 2.
Step 3 is to replace the dual lattice L∗

Φ′[ 1
t
]

in Step 2 with Hom(L,Cp) using (3.16).

Namely we want to show that it is sufficient to produce

i. L ∈ Spi+1(R), where {t1, . . . , tp} ∈ AnnL and t is L-regular,
ii. a symmetric R-bilinear form Φ′ : L× L→ Cp, such that

Φ′[ 1
t
] : L[ 1

t
]× L[ 1

t
]→ Cp[ 1

t
]

is nonsingular, and
iii. a surjection j : Hom (L,Cp)→M , such that
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a. j induces an isomorphism Hom(L,Cp)/ im Ad Φ′
∼=−→M and

b.
πλ1((AdΦ′)−1(tλ2)) = φ′(jλ1, jλ2)

for all λ1, λ2 ∈ Hom(L,Cp), where π : Cp → Cp/(t) =: Cp+1 is the projection, so that
π · t : t−1Cp → Cp+1 is the map qp in (1.24).

Define jΦ′[ 1
t
] by commutativity of the diagram

Hom(L,Cp)
c //

j
%%KKKKKKKKKK

L∗
Φ′[ 1

t
]

j
Φ′[ 1

t
]}}{

{
{{

{
{{

M

where the isomorphism c is from (3.16). We can now compute as follows. For any `1, `2 ∈
L∗

Φ′[ 1
t
]
, there are unique λ1, λ2 ∈ Hom(L,Cp) such that cλ = `i and so

qpΦ′[ 1t ](`1, `2) = (π · t)Φ′[ 1t ](cλ1, cλ2) = πλ1((AdΦ′)−1(tλ2)

= φ′(jλ1, jλ2) = φ′(jΦ′[ 1
t
]cλ1, jΦ′[ 1

t
]cλ2) = φ′(jΦ′[ 1

t
]`1, jΦ′[ 1

t
]`2)

as required in Step 2, iiib. This completes Step 3.
Step 4 is to produce the data of Step 3, i.-iii. This will complete the proof of (4.1).

Recall from (2.6) the diagram

Sp := Rp ⊗Ap Rp+1

ρ

��

Rpoo

π

wwooooooooooooo

Rp+1 Apoo

OO

in which the two inner triangles commute, ker ρ =: (x), kerπ = (t) and x = st in Sp. Now
choose an isomorphism w : Rp → Cp, so that we may apply (2.14), with CA = A. In
particular we have a trace homomorphism ξ : Cp+1 → Ap, with the property stated in loc.
cit.

Since Sp is flat over Rp+1, the sequence

Sp ⊗Rp+1 M
x⊗Ad φ′

−−−−−→ Sp ⊗Rp+1 HomRp(M,Cp+1)
ρ⊗(Ad φ′)−1

−−−−−−−−→ Rp+1 ⊗Rp+1 M ∼= M

is exact, and, since M is finitely presented, there is a canonical isomorphism

K : Sp ⊗Rp+1 HomRp(M,Cp+1)
∼=→ Hom Sp(Sp ⊗Rp+1 M,Sp ⊗Rp+1 Cp+1).

Hence we obtain a symmetric Sp-bilinear form

Ψ : (Sp ⊗Rp+1 M)× (Sp ⊗Rp+1 M)→ Sp ⊗Rp+1 Cp+1
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such that Ad Ψ = K ◦ (x⊗ Adφ′) and, for m1,m2 ∈ M and s1, s2 ∈ S
p and with respect

to the canonical isomorphism of Rp-modules Sp ⊗Rp+1 Cp+1 = Rp ⊗Bp Cp+1,

Ψ(s1 ⊗Rp+1 m1, s2 ⊗Rp+1 m2) = xs1s2(1⊗Ap φ′(m1,m2)) ∈ R
p ⊗Ap Cp+1

Similarly, Sp⊗Rp+1M = Rp⊗ApM as Rp-modules. The Scheja-Storch trace ξ : Cp+1 → Ap,
tensored up to an Rp-homomorphism,

η := Rp ⊗Ap ξ : Rp ⊗Ap Cp+1 → Rp ⊗Ap Ap = Rp
w
−→
∼=
Cp

induces by (2.16) an isomorphism of Rp-modules

η∗ : Hom Sp(Sp ⊗Rp+1 M,Sp ⊗Rp+1 Cp+1)
∼=−→ HomRp(Rp ⊗Ap M,Cp).

So finally we define the symmetric Rp-bilinear form Φ′, the lattice L ∈ Spi+1 and the
surjection j : Hom (L,Cp)→M required in Step 3 as follows:

Φ′ := Rp ⊗Ap η ◦Ψ, L := Rp ⊗Ap M, j := (ρ⊗ (Adφ′)−1) ◦K−1 ◦ ((Rp ⊗ η)∗)
−1

Let µ ∈ Hom(M,Cp+1). Then η ◦ (Sp ⊗Rp+1 µ ∈ Hom(L,Cp). an easy calculation shows
that if µ = Adφ′(m), where m ∈M , then

(4.5) j(η ◦ (Sp ⊗Rp+1 µ)) = m

and

(4.6) Ad Φ′(s · (1⊗m)) = tη ◦ (Sp ⊗Rp+1 µ)

Using this, we verify iiib. in Step 3 as follows. For λi = η ◦ (Sp ⊗Rp+1 µi) ∈ Hom(L,Cp),
where µi ∈ Hom(M,Cp+1), we compute using (2.14):

πλ1((AdΨ′)−1(tλ2)) = π[η ◦ (Sp ⊗Rp+1 µ1)(s · (1⊗m2))]

= π[η ◦ (·1⊗ φ′(m1,m2))] = φ′(m1,m2) = φ′(jλ1, jλ2)

An immediate conseqence of Theorem (4.1) and (3.17.1), (3.17.2) and (3.18) is:

4.7 Corollary. Let R be a smooth local ring, essentially of finite type over a field, and let
C be the canonical module. Then for each p ≥ 0, the homomorphism of (3.18)

Lp : W (Fp(R);C)→W (Sp+1
1 (R);C)

is surjective.

Recall that we have shown in (3.33) that the differentials in the Gersten complex preserve
the fundamental filtration. The next result will imply that, in case R is smooth, the filtered
complexes are also exact.
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4.8 Theorem. Keep the hypotheses of Theorem (4.1) and the notation of Step 4 in its

proof: (M,φ) ∈ Q(Sp+1
i (R);C), (t, t1, . . . , tp) ⊆ AnnM , Cp+1 := C/(t, t1, . . . , tp)C and

φ = ip+1 ◦ φ′, where φ′ : M ×M → Cp+1 and ip+1 : Cp+1 → V p+1(C) are constructed in
(1.37) and (1.22). Let Φ(x) be the composition

Rp ⊗Ap M ×Rp ⊗Ap M
Rp⊗φ′

−−−−→ Rp ⊗Ap Cp+1 ·x
−→ Rp ⊗Ap Cp+1 η:=w(Rp⊗ξ)

−−−−−−−−→ Cp
ip
−→ V p(C)

where x ∈ Rp⊗ApRp+1 is a non-zero-divisor. Suppose that (Mqi
, φqi

) ∈ Ik+1(F(Rqi
);Cqi

),
the (k+1)-st stage of the fundamental filtration (3.30), for all qi ∈ AssRp+1(M). Then if
x, y ∈ Rp ⊗Bp Rp+1 are non-zero-divisors,

(Φ(x) ⊥ Φ(y))P ∈ I
k(F(RP);CP)

for all P ∈ AssRp(Rp ⊗Bp M).

Proof For any Rp+1-module M and P ∈ Spec(Rp), we have

(Rp ⊗Ap M)P =
∐

RpP ⊗Ap
p
Mqi

where p = P ∩ Ap and q1, q2, . . . are the primes of Rp+1 over p. This implies that in
Q(F(RpP);CpP)

Φ(x) =
∐

Φ(xi)

where Φ(xi) is the composition

RpP⊗Ap
p
Mqi
×RpP⊗Ap

p
Mqi

Rp

P
⊗φ′

qi−−−−−→ RpP⊗Ap
p
Cp+1

qi

·xi−−→ RpP⊗Ap
p
Cp+1

qi

Rp

P
⊗ξqi

−−−−−→ CpP
ip
P
−→ Ep(CP)

and xi is the i-th component of x with respect to the decomposition

(Rp ⊗Ap Rp+1)P =
∐

RpP ⊗Ap
p
Rp+1

qi

and ξqi
is the restriction of ξp to the i-th component of Cp+1 =

∐
Cp+1

qi
. Note that

ξqi
((0 : qi)Cp+1

qi

⊆ (0 : p)Ap
p

since p ⊆ qi.
Now by Dévissage there is (Ni, ψi) ∈ Q(F(Rp+1

qi
);Cp+1

qi
) such that qiN = 0 and

[Mqi
, φqi

] = [Ni, ψi] in W (F(Rp+1
qi

);Cp+1
qi

). Let ψ′
i : Ni × Ni → Cp+1 be such that

ψi = ip+1 ◦ ψ′
i (1.37). Then in W (F(RpP);CpP)

[RpP ⊗Ap
p
Mqi

,Φ(xi)] = [RpP ⊗Ap
p
Ni,Ψ(xi)]

where Ψ(xi) is the composition (all tensor products over App)

RpP⊗Ni×R
p
P⊗Ni

Rp

P
⊗ψi

−−−−−→ RpP⊗(0 : qi)
·xi−−→ RpP⊗(0 : qi)

Rp

P
⊗ξqi

−−−−−→ RpP⊗(0 : p) = (0 : P)Rp
P

ip
P
−→ E(RpP)
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Now RpP ⊗ Ni × R
p
P ⊗ Ni

Rp

P
⊗ψi

−−−−−→ RpP ⊗ (0 : qi) is a nonsingular RpP ⊗B′
p
k(qi) bilinear

form. The multiplication ·xi : RpP ⊗ (0 : qi) → RpP ⊗ (0 : qi) is the same as that by x̄i:=

the image of xi in RpP ⊗B′
p
k(qi). And RpP ⊗Ap

p
k(qi) ∼= k(P)⊗k(p) k(qi) as rings.

Hence,

(RpP ⊗Ap
p
Ni, xi · (R

p
P ⊗Ap

p
ψi)) ∼= (k(P)⊗k(p) Ni, x̄i · (k(P)⊗k(p) ψi))

Next we claim that there is a splitting as rings

k(P)⊗k(p) k(qi) ∼=
∏

Ki,j

where each Ki,j is a field extension of both k(p) and k(qi). Hence

k(P)⊗k(p) (0 : qi) ∼=
∏

Vi,j

where Vi,j = Ki,j ⊗k(qi) (0 : qi). Putting all this together, we see that for each i the first
part of Ψ(xi),

RpP ⊗Ap
p
Ni × R

p
P ⊗Ap

p
Ni

·xi◦(R
p

P
⊗ψi)

−−−−−−−−→ RpP ⊗Ap
p

(0 : qi),

splits orthogonally (because of the ring decomposition above) as a sum of Vi,j-vaued non-
singular Ki,j-bilinear forms

λi,j : Ni,j ×Ni,j → Vi,j

Further, the k(P)-linear trace

k(P)⊗k(p) (0 : qi)
k(P)⊗ξi
−−−−−→ (0 : P)Cp

P

decomposes as
∏

Vi,j

Q

ξi,j
−−−−→ (0 : P)Cp

P

where each ξi,j : Vi,j → (0 : P)Cp

P
is k(P)-linear (each Ki,j is an extension of k(P)) and

surjective (2.17).
We are now done, for in W (k(P); (0 : P)) we have

Ψ(xi) ⊥ Ψ(yi) =⊥j (ξi,j)∗[(xi, yi)⊗ [Ni,j, λi,j)]

where (ξi,j)∗ : W (Ki,j;Vi,j)→W (k(P); (0 : P)) and Arason shows in [Ar] that

(ξi,j)∗(I
k+1(Ki,j;Vi,j)) ⊆ I

k+1(k(P); (0 : P))
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4.9 Corollary. Keep the notation of Theorem (4.8). If [M,φ] ∈ W (Sp+1
1 (R);C) and

Kp[m,φ] ∈ Ik(Fp+1(R);C), then there is [F, τ ] ∈ Ik+1(Fp(R);C) such that

Lp[F, τ ] = [Mφ].

Proof In Theorem (4.8) take x to be the element x in Step 4 of the proof of Theo-
rem (4.1), and take y = 1. Then according to (4.1), Lp(

∐
Φ(x)P) = [M,φ] and clearly

Lp(
∐

Φ(y)P) = 0.

To end this section we repeat the observation of [Q, §5] that, roughly speaking, a regular
local ring R, which is essentially of finite type over a field, is the direct limit of smooth
subrings. This will permit us to extend the results of §4 to such R.

Let T be a finitely-generated algebra over k and let q ⊂ T be a prime such that Tq = R.
Then there is a subfield kf ⊆ k, finitely generated over the prime field k0, a finitely-
generated algebra Tf over kf , and a prime p ⊆ Tf such that Tf ⊗kf

k = T and Tp = q.
Clearly (Tf )p is regular local. Let {kα} be the partially ordered set of subfields of k which
are finitely-generated extensions of kf . Let Tα = Tf ⊗kf

kα, a finitely generated algebra
over kα and qα := Tαp. Then qα is prime and Rα := (Tα)qα

is regular local. Since
k = lim→ kα,

T = lim
→
Tα, R = lim

→
Rα

and the connecting maps fαβ : Rα → Rβ are flat local homomorphisms. If C is a canonical
module for R, then C ∼= R, so there is obviously canonical module Cα for Rα such that
R⊗Rα

Cα = C.

4.10 Proposition. Let p ≥ 0 and let x ∈W (Spi (R);C). Then there is an α, a homomor-
phism

tα : W (Spi (Rα);Cα)→W (Spi (R);C),

and an element xα ∈W (Spi (Rα);Cα) such that

tα(xα) = x.

Furthermore, Rα = Tp where T is a smooth, finite type k0-algebra, p ∈ Spec T and k0 is
the prime field.

Proof: Let x ∈W (Spi (R);C) be represented by φ : M ×M → V p(C). By [EGA, 5.13.7.1]
there is an Rα-module Mα such that

R⊗Rα
Mα
∼= M.

Since Rα → R is flat and local, and (clearly) dimRα
Mα = dimRM , [EGA, 6.3.3] shows

Mα ∈ S
p
i (Rα).

To complete the lift of φ : M ×M → V p(C) back to Rα, we first show
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4.11 Lemma. R⊗Rα
HomRα

(Mα, V
p(Cα))

∼=→ HomR(M,V p(C)).

Proof: Since Mα is finitely-presented, it suffices to prove

(4.12) R⊗Rα
V p(Cα)

∼=→ V p(C).

First, R⊗Ep(Cα)
∼=
→ (lim→Rβ)⊗Ep(Cα)

∼=
→ lim→(Rβ ⊗Ep(Cα)), where lim→ is over all

β ≥ α. We claim there is an isomorphism of Rβ-complexes

(4.13) Rβ ⊗ E
∗(Cα)

∼=
→ E∗(Cβ), β ≥ α.

For this, recall that the separable extension kβ of kα is a purely transcendental extension
followed by a separable algebraic one. If the purely transcendental part is trivial, then
(4.13) follows from [5, VI 5.3]. Moreover, the arguments of [HaRD, loc. cit.] plus [La, Cor.
2, p. 67] take care of the transcendental part of kβ/kα.

Now in [Q, p. 123] it is shown that, given any prime p ⊂ R, there is α and a prime
q ⊂ Rα such that the extension of q in R is p. It follows easily from the arguments of
[HaRD, VI.5.3] that there is an isomorphism

(4.14) R⊗Rα
ECα

(Rα/q) ∼= ER(C/p).

Since Ep(C) =
∐
E(C/p), where the sum is over all codimension p primes, (4.13) and

(4.14) prove that

(4.15) R⊗Rα
Ep(Cα) ∼= Ep(C).

This in turn proves (4.12).
Next, it is easy to modify the argument of [EGA, 5.13.7.1] to find φα : M×M → V p(Cα)

such that R⊗ φα = φ. Since R is faithfully flat over Rα, φα is nonsingular.
It remains to prove the last statement. Simplifying notation (and hoping not to create

notational confusion), we replace Rα, Tα and kα by R, T and k in the rest of the proof. By
construction, R = Tq is regular local, where T is algebra-finitely generated over the finitely
generated extension k of the prime field k0. It follows that there is a finitely generated
k0-algebra B and a multiplicative subset S ⊂ B such that BS = T . Then q = rS for some
prime r ⊆ B and Bp = Tq = R. Thus, since k0 is perfect, Bp is smooth over k0; further,
there is s ∈ B − p such that B[ 1

s
] is smooth. B[ 1

s
] is the desired k0-algebra. The proof of

(4.10) is complete.

Appendix: Using the Scheja-Storch trace

To illustrate the main ideas in the rather complicated proof of Theorem 4.1, we give a
proof (which we believe is new) of a well-known theorem of Milnor. All of the essential
points in the proof of Theorem 4.1 are present in the proof of Theorem A.3 below.
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Let A be a Dedekind domain and K, its field of fractions. Recall the definition of the
map (sum of “second residue homomorphisms”)

∂ : W (K)→
∐

p prime
p6=0

W (k(p))

where k(p) := Ap/pAp. For each nonzero prime ideal p ⊂ A, choose a generator (“uni-
formizer”) π of pAp. Now fix such a p. Given a nonsingular symmetric K-bilinear form
Φ : V × V → K, one may represent it in W (K) by a diagonal matrix

< u1π
−1, . . . , umπ

−1, um+1, . . . , un >,

where ui ∈ A
×
p . Then

∂p[V,Φ] :=

{
[< u1, . . . , um >], m ≥ 1

0, m = 0

where [-] denotes Witt class and ui ∈ k(p) is the class of ui, and we set

(A.1) ∂ :=
∐

∂p

It is straightforward to show this is well-defined and, in view of (0.9), agrees with ∂0 in
(0.8) (from the Introduction to this paper).

We must extend the definition of ∂ slightly in order (among other things) not to have
to diagonalize (V,Φ). (This extension is already present in [Sch, p. 204] and is needed
in much greater generality in [P3] and below.) Let L ⊂ V be an integral lattice for Φ,
a finitely-generated A-submodule such that KL = V and Φ(L × L) ⊆ A. Let L∗ :=
{v ∈ V |Φ(L, v) ∈ A}, the dual (to L) lattice. Suppose that pL∗

p ⊆ Lp. Then L∗
p/Lp is a

finitely-generated k(p)-vector space and the map

φ(p) : L∗
p/Lp × L

∗
p/Lp → p−1Ap/Ap, (v1, v2) 7→ Φ(v1, v2) (mod Ap)

is a well-defined k(p)-bilinear form. Now using the uniformizer π, one defines an isomor-
phism

κ(π) : p−1Ap/Ap

∼=−→ k(p), π−1a 7→ a,

hence a k(p)-bilinear form

κ(π) ◦ φ(p) : L∗
p/Lp × L

∗
p/Lp → k(p)

which is easily verified to agree with ∂p[V,Φ] in W (k(p)). We call this the lattice definition
of ∂. Finally, if we replace the assumption pL∗

p ⊆ Lp by the stronger condition, pL∗ ⊆ L,
then ∂q[V,Φ] = 0 if q 6= p.

Next recall ([Sch, p.47]) that, given any nonsingular K-bilinear form (V,Φ) and any
nonzero L-linear map s : K → L, where K/L is a finite field extension, there is a nonsin-
gular L-bilinear form s∗(V,Φ) := (V, s ◦ Φ).
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Let E = F [X]/(p(X)) be a simple extension of fields, and let x ∈ E be the class of X.
Suppose deg p = d. Let sp : E → F be the F -linear (“trace”) map such that sp(x

d−1) = 1
and sp(x

i) = 0, i = 0, . . . , d− 2. (This is the trace used in Scharlau’s reciprocity theorem
for P

1 [Sch, p.215].) Then Scheja and Storch show (see (2.8) below) that if sp[X] : E[X]→
F [X] is the F [X]-linear extension of sp fixing X, and p(X) = (X − x)r(X) in E[X], then
for any e ∈ E,

(A.2) e ≡ sp[X](r(X)e) (mod p(X))

We can now give a simple proof of the following theorem of Milnor.

A.3 Theorem. Let F be a field of characteristic 6= 2. Then

∂ : W (F (X))→
∐

p(X) irreducible,
monic

W (F [X]/(p(X))

is surjective. Indeed, if [< e >] ∈ W (F [X]/(p(x))) denotes the class of the unary form
< e >, then

∂ [sp(X)∗ < e(X − x) >] = [< e >]

where E(X) is regarded as an F (X) vector space, and sp(X) : E(X) → F (X) is the
F (X)-linear extension of sp fixing X.

Proof: Clearly L := E[X] ⊂ E(X) is an integral lattice for the unary form< e(X−x) >
over E(X), and L∗ := (X − x)−1E[X] is its dual lattice. Evidently, the F [X]-lattice dual
to L with respect to sp(X)∗ < e(X − x) > is contained in L∗. It turns out that the dual
lattices are identical. (This follows from the facts that sp[X] induces an isomorphism

(A.4) Hom E[X](E[X], E[X])
∼=
−→ Hom F [X](E[X], F [X]),

and the respective dual lattices can be identified with the left and right sides.)
Now there are canonical isomorphisms of F [X]/(p(X))-vector spaces,

L∗/L ∼= (X − x)−1E[X]/E[X] ∼= E[X]/(X − x) ∼= F [X]/(p(X)).

Hence, according to the lattice definition of ∂, ∂ [sp(X)∗ < e(X − x) >] is represented by
the composition

(A.5) F [X]/(p(X))× F [X]/(p(X))
∼=
−→ (X − x)−1E[X]/E[X]× (X − x)−1E[X]/E[X]

<e(X−x)>
−−−−−−−→ (X − x)−1E[X]/E[X]

sp(X)
−−−−→ p(X)−1F [X]/F [X]

κ(p)
−−→ F [X]/(p(X)).

Notice that the F (X)-linearity of sp(X) implies that sp(X)
(
(X−x)−1E[X]

)
⊆ p(X)−1F [X],

so the map sp(X) in the composition (A.5) makes sense: for any g(x) ∈ E[X],

sp(X)
{
(X − x)−1g(X)

}
= sp(X)

{
p(X)−1r(X)g(X)

}
= p(X)−1sp(X)

{
r(X)g(X)

}
.

Moreover, in the composition (A.5) we have

(1̄, 1̄) 7→ ((X − x)−1, (X − x)−1) 7→ (X − x)−2e(X − x)sp(X)((X − x)−1e)

= p(X)−1sp(X)(r(X)e) 7→ sp(X)(r(X)e) = e

where the last equality is (A.2), and so the proof is complete.
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§5. Filtered exactness of the Gersten-Witt complex

5.1 Theorem Let R be a regular local ring, essentially of finite type over a field k of
characteristic 6= 2, and let C be a canonical module for R. Then the exact sequence of
(3.23)

0→W (Sp1 (R);C)
Kp

−→W (Fp(R;C)
Lp

−→W (Sp+1
1 (R);C)→ 0

is short exact for each p ≥ 0.

Proof: According to (3.9) and (3.22), it remains to prove Lp is surjective. If R is, in

addition, smooth over k, this is Corollary (4.7). In general, given x ∈ W (Sp+1
1 (R);C),

there is by (4.10) a smooth R̃, a flat local homomorphism f : R̃ → R, and element

y ∈ W (Sp+1
1 (R̃); C̃) such that f∗y = x. It is readily verified that there is a commutative

diagram (cf. (4.13)-(4.15))

W (Fp(R̃); C̃)
Lp(R̃)
−→ W (Sp+1

1 (R̃); C̃)
↓ ↓ f∗

W (Fp(R);C)
Lp(R)
−→ W (Sp+1

1 (R);C)

from which the surjectivity of Lp(R) follows.

We can now prove the local form of the first main theorem of this paper.

5.2 Theorem. Let (R,m) be regular local ring, essentially of finite type over a field of
characteristic 6= 2 and with fraction field K. Let C be a canonical module for R. Then the
Gersten-Witt complex W ·(R;C) of (R,C)

W (K;K⊗C)
∂0

−→ · · ·
∂p−1

−−−→
∐

cod p=p

W (k(p); ΛpN(p)⊗C)
∂p

−→ · · ·
∂n−1

−−−→W (k(m); ΛnN(m)⊗C) −→ 0

is exact and ker ∂0 = W (S0
1 (R);C).

Proof: Concatenate the sequences of (5.1) for all p, and use (3.28).

More generally, the following filtered version is also exact, as follows immediately from
(3.37) and (4.9):

5.3 Theorem. With the same hypotheses as above, the filtered Gersten-Witt complex
I ·,`(R;C)

I`(K;K⊗C)
∂0

−→ · · ·
∂p−1

−−−→
∐

cod p=p

I`−p(k(p); ΛpN(p)⊗C)
∂p

−→ · · ·
∂n−1

−−−→ I`−n(k(m); ΛnN(m)⊗C) −→ 0

is exact for each ` ≥ 0, where Ij(k(p); ΛpN(p)⊗ C) = W (k(p); ΛpN(p)⊗ C) if j < 0.

Recall from (3.26) and (3.37) the complexes of sheaves W·(X; C) and I·,`(X; C). The
space of global sections of ker ∂0 in W·(X; C) (resp. of ker ∂0,` in I·,`(X; C)) is the much-
studied unramified Witt group Wnr(X) of X (resp., the fundamental filtration of the un-
ramified Witt group). Indeed, if x ∈ X, let mx denote maximal ideal of OX,x, N(x) =
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Hom(mx/m
2
x; k(x)) and let ξ denote the generic point of X. Then Wnr(X; C) is the sheaf

of abelian groups on X defined, for U ⊆ X open, by

Wnr(X; C)(U) := ker
{
W (k(ξ); Cξ)

∂0

−→
∐

x∈U(1)

W (k(x);N(x)⊗ Cx)
}

When C = OX and U = SpecR, then this is the unramified Witt group Wnr(R) of R, and,
as the proof of (3.9) shows, is canonically isomorphic to W (S0

1 (R);C), where C = C(U).
More generally, set

I`nr(X; C)(U) := ker
{
I`(k(ξ); Cξ)

∂0,`

−−→
∐

x∈U(1)

I`−1(k(x);N(x)⊗ Cx)
}

and I`nr(R) = I`nr(X; C)(U) when U = SpecR.
The following global version of Theorem 5.3 is now immediate from the definitions:

5.4 Theorem. Let X be a regular scheme of finite type over a field of characteristic 6= 2.
Let C be a rank one locally free sheaf on X. Then the complexes of sheaves I·,`(X; C),
` ≥ 0,

I
·,`(X; C) =

{
I`nr(X; C)

∂0

−→ iξ∗I
`(K; Cξ)

∂1

−→ . . .
∂`−n

−−−→
∐

x∈X(n)

ix∗I
`−n(k(x);N(x)⊗Cx)→ 0

}

are exact.

Notice that for each ` ≥ 0, the associated graded complex I·,`(X; C)/I·,`+1(X; C) is a
flasque resolution of I`nr(X; C)/I`+1

nr (X; C); moreover, the terms

∐

x∈X(p)

ix∗
{
I`−p(k(x); ΛpN(mx)⊗ Cx)/I

`−p+1(k(x); ΛpN(mx)⊗ Cx)
}

in I
·,`(X; C)/I·,`+1(X; C) are canonically isomorphic to the terms

∐

x∈X(p)

ix∗H
`−p
et (k(x), µ2)

in the Bloch-Ogus resolution of the sheaf H`(X,µ2). This is because the calculation (3.29)
shows that any isomorphism c : k(x)→ ΛpN(mx)⊗ Cx induces a canonical isomorphism

I`−p(k(x))/I`−p+1(k(x))
∼=−→ I`−p(k(x); ΛpN(mx)⊗ Cx)/I

`−p+1(k(x); ΛpN(mx)⊗ Cx)

and Voevodsky has shown that the left side is canonically isomorphic to H `−p
et (k(x), µ2).

Hence for each ` ≥ 0 we have a flasque resolution H`,·(X;µ2) of I`nr(X; C)/I`+1
nr (X; C),

where
H
`,p :=

∐

x∈X(p)

ix∗H
`−p
et (k(x);µ2).
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It is now immediate from [PaS, 1.4] that there is a canonical isomorphism

I`nr(X; C)/I`+1
nr (X; C)

∼=
−→ H`(X,µ2)

so that the the associated graded quotients

H
`,·(X;µ2) = I

·,`(X; C)/I·,`+1(X; C)

are flasque resolutions of H`(X,µ2). In fact, this is the Bloch-Ogus resolution, but we do
not need this fact.

We now invoke the standard construction of the spectral sequence of a filtered complex
to get:

5.5 Theorem. There is a spectral sequence {Es,tr } converging to (the associated graded
groups of a filtration of) H∗(X;W(X; C)) such that

a. deg dr = (r, 1− r),
b. Es,t1 = Hs+t(X;Hsét),

c. Es,t1 = 0 unless t ≤ 0 and s+ t ≥ 0,

d. Es,01 = As(X)⊗ Z/2Z and
e.

Es,t∞ =
im

[
Hs+t(X; Is(X; C))→ Hs+t(X;W(X; C))

]

im
[
Hs+t(X; Is+1(X; C))→ Hs+t(X;W(X; C))

].
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