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Abstract

The Isomorphism Conjecture of Farrell and Jones for L-theory
[5] has only been formulated for L−∞ and in this formulation been
proved for a large class of groups, for instance for discrete cocompact
subgroups of a virtually connected Lie group. The question arises
whether the corresponding conjecture is true for Lε for the decorations
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ε = p, h, s. We give examples showing that it fails for any of the
decorations ε = p, h, s. The groups involved are of the shape Z

2 × F

for finite F .

keywords: Farrell-Jones-Conjecture, decorated L-groups.

We first summarize the Farrell-Jones-Conjecture for L-theory as far as
needed here. We will follow the notation and setup of [6], which is different,
but equivalent to the original setup in [5], [8], and slightly more convenient
for our purposes. Let G be a group. A family F is a class of subgroups
of G which is closed under conjugation and taking subgroups. Our main
examples will be the families VC of virtually cyclic subgroups, i.e. subgroups
which are either finite or contain Z as a normal subgroup of finite index, and
the family ALL of all subgroups. Let Lε

n for ε ∈ Z, ε ≤ 2 and ε = −∞ be
defined as in [9, §17]. Notice that with this convention L2

n = Ls
n, L1

n = Lh
n

and L0
n = Lp

n holds. Denote by Lε the corresponding Or(G)-spectrum, i.e.
covariant functor from the orbit category Or(G) to the category of spectra.
It has the property that πn(Lε(G/H)) = Lε

n(ZH). An Or(G)-space X is a
contravariant functor X from Or(G) to the category of topological spaces.
Associated to X and Lε there are homology groups HG

n (X;Lε) (see [4], [6,
Section 1] for more details). Given a family F , we denote by ?G,F the Or(G)-
space, which sends G/H to the space consisting of one point, if H ∈ F , and
to the empty set, if H /∈ F . There is an obvious map ?G,VC → ?G,ALL and an
obvious identification of HG

n (?G,ALL;Lε) with πn(Lε(G/G)) = Ln(ZG). Thus
we obtain a map, called assembly map

HG
n (?G,VC;L

ε) → HG
n (?G,ALL;Lε) = Lε

n(ZG). (1)

The Farrell-Jones-Conjecture says that (1) is an isomorphism for all n ∈
Z, if ε = −∞. It has been proved for instance for any subgroup G ⊂ Γ, if
Γ ⊂ L is a discrete cocompact subgroup of a virtually connected Lie group
L. We want to give examples which show that (1) is not an isomorphism
for all n ∈ Z, if ε is p, h or s, or in other words, that the version of the
Farrell-Jones-Conjecture for ε = p, h, s is not true.

Let F be a finite group. Put G = Z
2 × F . Let K be the set of all

subgroups K ⊂ Z
2 such that Z

2/K ∼= Z. In other words, an element in K is
a subgroup K ⊂ Z

2 which is neither trivial nor Z
2 and has the property that

for x ∈ Z
2 and n ∈ Z, n 6= 0 the implication n · x ∈ K ⇒ x ∈ K holds. Let
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SUB(F ) and SUB(K × F ) be the family of all subgroups of K and K × F .
Consider the following diagram of Or(G)-spaces

∐
K∈K

?G,SUB(F ) −−−→
∐

K∈K
?G,SUB(K×F )y

y
?G,SUB(F ) −−−→ ?G,VC

where the horizontal arrows are the obvious inclusions and the vertical arrows
are the disjoint unions of the obvious inclusions. Any finite subgroup H ⊂ G
is already contained in F . Let V ⊂ G be an infinite virtually cyclic subgroup.
Define V ⊂ Z

2 to be the subgroup of elements x ∈ Z
2 for which there exists

n ∈ Z, n 6= 0 with n · x ∈ V . Then V ∈ K and V ∈ SUB(V × F ). If K ∈ K
satisfies V ⊂ K × F , then V = K. Now one easily checks that the diagram
of Or(G)-spaces above evaluated at a subgroup H ⊂ G looks as follows

∐
K∈K

∗
Id

−−−→
∐

K∈K
∗y

y

∗
Id

−−−→ ∗

∅ −−−→ ∗

Id

y Id

y
∅ −−−→ ∗,

∅
Id

−−−→ ∅

Id

y Id

y

∅
Id

−−−→ ∅,

if |H| < ∞, if |H| = ∞, H ∈ VC, else,

where ∗ denotes the space consisting of one point. In each case we get a
pushout of spaces whose upper horizontal arrow is a cofibration. Hence by
excision the inclusion induces an isomorphism [4, Lemma 4.4], [6, Lemma
1.8]

⊕K∈KHG
n (?G,SUB(K×F ), ?G,SUB(F );L

ε)
∼=
−→ HG

n (?G,VC, ?G,SUB(F );L
ε). (2)

We get from [6, Lemma 2.7] isomorphisms

HG
n (?G,SUB(F );L

ε) ∼= HG
n (B(G/F );Lε(ZF ));

HG
n (?G,SUB(K×F );L

ε) ∼= HG
n (B(G/K × F );Lε(Z[K × F ])),

where Hn(X;Lε(ZF )) denotes the homology of a space X associated to the
L-theory spectrum Lε(ZF ) and analogously for Hn(X;Lε(Z[K ×F ])). Since
B(G/F ) = T 2 and B(G/K × F ) = S1, we obtain isomorphisms

HG
n (?G,SUB(F );L

ε) ∼= Lε
n(ZF )⊕Lε

n−1(ZF )⊕Lε
n−1(ZF )⊕Lε

n−2(ZF ); (3)

HG
n (?G,SUB(K×F );L

ε) ∼= Lε
n(Z[K × F ]) ⊕ Lε

n−1(Z[K × F ]). (4)
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We conclude from [5, Proposition 2.4, Remark 2.1.3, Theorem A.16] or from
[13, Theorem 4.11] and [6, Theorem 2.4] that the two maps induced by the
inclusions

HG
n (?G,SUB(F );L

ε)[1/2]
∼=
−→ HG

n (?G,VC;L
ε)[1/2]

∼=
−→ HG

n (?G,ALL;Lε)[1/2] (5)

are isomorphisms. By the splitting due to Shaneson [10] and Wall [11] there
are isomorphisms

Lε
n(ZG) ∼= Lε

n(ZF ) ⊕ Lε−1
n−1(ZF ) ⊕ Lε−1

n−1(ZF ) ⊕ Lε−2
n−2(ZF ); (6)

Lε
n(Z[K × F ]) ∼= Lε

n(ZF ) ⊕ Lε−1
n−1(ZF ). (7)

Since the L-groups of integral group rings of finite groups are finitely gener-
ated abelian groups [12], we conclude from (3) and (6) that HG

n (?G,SUB(F );L
ε)

and HG
n (?G,ALL;Lε) = Lε

n(ZG) are finitely generated abelian groups. We con-
clude from (5) that the inclusion induces a 2-isomorphism, i.e. a map whose
kernel and cokernel are finite 2-groups.

HG
n (?G,SUB(F );L

ε)
∼=2−→ HG

n (?G,ALL;Lε). (8)

This implies together with the long exact sequence of a pair of Or(G)-spaces

Lemma 9 Suppose that the assembly map (1) for Lε is bijective for all n ∈
Z. Then, for all n ∈ Z, the inclusion induces a 2-isomorphism

HG
n (?G,SUB(F );L

ε)
∼=2−→ HG

n (?G,VC;L
ε)

and the group HG
n (?G,VC, ?G,SUB(F );L

ε) is a finite 2-group.

Given K ⊂ K, there is an isomorphism G
∼=
−→ G which sends K bijectively

to 0 × Z and leaves F fixed. It induces an isomorphism

HG
n (?G,SUB(K×F ), ?G,SUB(F );L

ε)
∼=
−→ HG

n (?G,SUB(0×Z×F ), ?G,SUB(F );L
ε).

Thus we obtain from (2) an isomorphism

⊕K∈KHG
n (?G,SUB(0×Z×F ), ?G,SUB(F );L

ε)
∼=
−→ HG

n (?G,VC, ?G,SUB(F );L
ε). (10)

Since K is an infinite set, we conclude from Lemma 9 and (10) together with
the long exact sequence of a pair of Or(G)-spaces
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Lemma 11 Suppose that the assembly map (1) for Lε is bijective for all

n ∈ Z. Then, for all n ∈ Z,

HG
n (?G,SUB(0×Z×F ), ?G,SUB(F );L

ε) = 0

and the inclusion induces an isomorphism

HG
n (?G,SUB(F );L

ε)
∼=
−→ HG

n (?G,SUB(0×Z×F );L
ε). (12)

Notice that we have identified already the source and the target of the ho-
momorphism (12) in (3) and (4). Using furthermore the isomorphism (7) the
homomorphism (12) can be identified with a homomorphism

Lε
n(ZF ) ⊕ Lε

n−1(ZF ) ⊕ Lε
n−1(ZF ) ⊕ Lε

n−2(ZF )

→ Lε
n(ZF ) ⊕ Lε−1

n−1(ZF ) ⊕ Lε
n−1(ZF ) ⊕ Lε−1

n−2(ZF ). (13)

Example 14 Consider the cyclic group G = Z/29 of order 29. Then we get
from [1, Theorem 1, 3 and 5] and [2, Corollary 4.3 on page 58].

Lε
n(Z[Z/29]) = 0 ε = h, s, p, n odd;

Lε
0(Z[Z/29]) = Z

15 ε = s, p;
Lε

2(Z[Z/29]) = Z/2 ⊕ Z
14 ε = s, p;

Lh
0(Z[Z/29]) = Z

15 ⊕ Ĥ2(Z/2; K̃0(Z[Z/29]));

Lh
2(Z[Z/29]) = Z/2 ⊕ Z

14 ⊕ Ĥ2(Z/2; K̃0(Z[Z/29]));

We have K̃0(Z[Z/29]) = Z/2 ⊕ Z/2 ⊕ Z/2 [7, page 30]. Hence K̃0(Z[Z/29])
is Z[Z/2]-isomorphic either to Z[Z/2] ⊕ Z/2 or to Z/2 ⊕ Z/2 ⊕ Z/2, where

Z/2 carries the trivial Z[Z/2]-structure. In both cases Ĥ i(Z/2; K̃0(Z[Z/29]))
is non-trivial for all i ∈ Z. This implies that the homomorphism (13) is for
no n ∈ Z an isomorphism, if ε is s or h. We conclude from Lemma 11 that
the assembly map (1) is not an isomorphism for all n ∈ Z, if ε is s or h and
G = Z

2 × Z/29.

Remark 15 With some further effort the homomorphism (13) and hence
the homomorphism (12) can be identified with

(Id, f, Id, f) : Lε
n(ZF ) ⊕ Lε

n−1(ZF ) ⊕ Lε
n−1(ZF ) ⊕ Lε

n−2(ZF )

→ Lε
n(ZF ) ⊕ Lε−1

n−1(ZF ) ⊕ Lε
n−1(ZF ) ⊕ Lε−1

n−2(ZF ), (16)
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where f denotes the forgetful map given by lowering the decoration ε to
ε−1. Because of the Rothenberg sequence we see that (12) is bijective for all

n ∈ Z if and only if Ĥn(Z/2, Whε−1(F )) = 0 for all n ∈ Z. We conclude from
Lemma 11 that, given ε ≤ 2, the assembly map (1) for Lε is bijective for all

n ∈ Z, only if Ĥn(Z/2, Whε−1(F )) = 0 for all n ∈ Z. Since Wh−1(Z[Z/6]) is

isomorphic to Z [3], Ĥn(Z/2, Wh−1(Z/6)) = 0 cannot be zero for all n ∈ Z.
Hence the assembly map (1) for Lp cannot be an isomorphism for all n ∈ Z,
if G = Z

2 × Z/6.

Remark 17 One may speculate which family of subgroups one has to choose
so that the Isomorphism Conjecture in L-theory has a chance to be true for
all decorations ε. Of course the family ALL of all subgroups works, but the
point is to find an efficient family. For instance we do not know whether
the family of virtually poly-cyclic is enough. The smallest possible candidate
is the family B of subgroups H of G for which there is a virtually cyclic
group V and an integer k ≥ 0 with H ⊂ V × Z

k. With this choice all the
counterexamples above are taken care of, but for the trivial reason that for
them B = ALL. The family B at least passes the following test. Namely,
it can be shown that the splitting formula due to Shaneson and Wall is also
true for the source of the assembly map

HG
n (?G,B;Lε) → HG

n (?G,ALL;Lε) = Lε
n(ZG).

Namely, one has a canonical splitting compatible under the assembly map
with the splitting formula due to Shaneson and Wall on the target

HG×Z

n (?G×Z,B;Lε) = HG
n (?G,B;Lε) ⊕ HG

n−1(?G,B;Lε−1);

Lε
n(Z[G × Z]) = Lε

n(ZG) ⊕ Lε−1
n−1(ZG).

Suppose that G is an extension 1 → Z
n → G → F → 1 such that F is

finite and the conjugation action of F on Z
n is free outside the origin or that

G is a cocompact Fuchsian group. Then the Farrell-Jones-Conjecture with
respect to the family VC holds for Lε for all decorations ε as explained in [6,
Remark 4.32, Remark 6.5]. This fits together with the fact that in the first
case B = VC ∪ SUB(Zn) and in the second case B = VC. This implies in
both cases that the obvious map HG

n (?G,VC;L
ε) → HG

n (?G,B;Lε) is bijective
for all n ∈ Z and ε ≤ 2.

6



References

[1] Bak, A.: “The Computation of Surgery Groups of Finite Groups with

Abelian 2-Hyperelementary Subgroups”, Lecture Notes in Mathematics
551, 384 – 409, Springer (1976).

[2] Bak, A. and Kolster, A.: “The computation of odd dimensional pro-

jective surgery groups of finite groups”, Topology 21, 35 – 63 (1982).

[3] Carter, D.: “Lower K-theory of finite groups”, Comm. Alg. 8, 1927 –
1937 (1980).

[4] Davis, J. and Lück, W., “Spaces over a Category and Assembly Maps

in Isomorphism Conjectures in K-and L-Theory”, K-theory 15, 201- 252
(1998).

[5] Farrell, F.T. and Jones, L.E.: “Isomorphism conjectures in algebraic

K-theory”, J. of the AMS 6, 249 – 298 (1993).

[6] Lück, W. and Stamm, R.: “Computations of K- and L-theory of co-

compact planar groups”, Preprintreihe SFB 478 — Geometrische Struk-
turen in der Mathematik, Münster, Heft 51 (1999), to appear in K-
theory (2000).

[7] Milnor, J.: “Introduction to algebraic K-theory”, Annals of mathemat-

ics studies” 72, Princeton University Press (1971).

[8] Quinn, F.: “Ends of maps II”, Inventiones Mathematicae 68, 353–424
(1982).

[9] Ranicki, A.: “Lower K- and L-theory”, LMS Lecture Note Series 178,
Cambridge University Press (1992).

[10] Shaneson, J.: “Wall’s surgery obstruction group for G × Z”, Ann. of
Math. 90, 296 –334 (1969).

[11] Wall, C.T.C.: “Surgery on compact manifolds”, Academic Press
(1970).

[12] Wall, C.T.C.: “On the classification of Hermitian forms VI: Group

rings”, Ann. of Math. 103, 1–80 (1976).

7



[13] Yamasaki, M.: “L-groups of crystallographic groups”, Invent. Math.
88, 571 – 602 (1987).

8


