
THE GEISSER-LEVINE METHOD REVISITED

BRUNO KAHN

Abstract. We reformulate part of the arguments of T. Geisser
and M. Levine computing motivic cohomology with finite coeffi-
cients under the assumption that the Bloch-Kato conjecture holds
[5, 6]. This reformulation amounts to a uniqueness theorem for mo-
tivic cohomology, and shows that the Geisser-Levine method can
be applied generally to compare motivic cohomology with other
types of cohomology theories.

The aim of this paper is to offer an alternate proof of the results
of Suslin-Voevodsky [17] and Geisser-Levine [5, 6] relating motivic co-
homology with finite coefficients to truncated étale cohomology with
finite coefficients. Our interest in doing so is twofold. First, to try and
clarify the strategy of the proofs. Second, to make it clear to what
extent these strategies can be applied in other situations, to compare
motivic cohomology with other cohomology theories.

The main application we have in mind is to compare motivic coho-
mology with l-adic cohomology [7]. Since this comparison will be in
characteristic p, we have to choose the methods of [5, 6] which don’t
assume resolution of singularities, while those of [17] do. However, the
paper takes its inspiration both from [5, 6] and [17].

This article is divided into two sections. The first one is technical and
could be skipped at first reading: it “straightens out” the functoriality
of Bloch’s cycle complexes [1] in transforming them into presheaves of
abelian groups on the category of essentially smooth schemes over a
given base field: the original Bloch complexes are only contravariant
up to homotopy. Such a straightening is needed in the next section.
We could have relied on Suslin’s moving lemma in [16, th. 2.1], as
suggested by Suslin to the author. Rather, we prefer to apply a more
universal construction, and replace the Bloch complex by the homotopy
inverse limit of its (quasi-isomorphic) subcomplexes with supports in
increasing collections of closed subsets. We also take this opportunity

Date: Aug. 17, 2000.
2000 Mathematics Subject Classification. 14F42,19E15,19E20.

1



2 BRUNO KAHN

to extend the Geisser-Levine cycle class map to a map from the Borel-
Moore motivic homology of an arbitrary scheme of finite type over the
ground field to its Borel-Moore étale homology.

The second section is where we “revisit” the Geisser-Levine method.
The main theorem of the paper is theorem 2.19: it can be viewed as
a “uniqueness theorem” for motivic cohomology. In corollary 2.21, we
show how one can use it to recover the results of [5, 6]. The main trick
is the introduction of a new topology, well-adapted to the handling of
multirelative cohomology groups: the open-closed topology. We also
use some techniques from [3].

The fact that this paper is substantially shorter than [17], [5] and
[6] does not really mean that we have shortened their authors’ argu-
ments. What we have done is reformulate them and perhaps marginally
shorten them. This may be so for the comparison with truncated étale
cohomology with invertible coefficients [17, 6], but not so much for the
comparison with logarithmic differentials on characteristic p given in
[5]: in this paper, hard work has been done that is not reproduced here
(compare the proof of corollary 2.21 b)). Similarly, theorem 2.14 below
is a fundamental result on which everything rests, and its proof [5] is
not reproduced here.

We fix a base field k.

1. Functoriality of motivic cohomology

1.1. Motivic cohomology. We shall define motivic cohomology
groups for a smooth k-variety as Bloch’s higher Chow groups [1] renum-
bered. Let us recall their definition:

1.1. Definition. Let k be a field; denote by ∆• the standard cosimpli-
cial scheme over k (with ∆p = Spec k[t0, . . . , tp]/(

∑
ti − 1)).

a) For X a scheme essentially of finite type over k, the homological cycle
complex of dimension n of X is the chain complex zn(X, ∗) associated
to the simplicial abelian group zn(X, •), where, for all p, zn(X, p) is
the group of cycles of dimension n + p on X × ∆p meeting all faces
properly; the faces and degeneracies are induced by those of ∆•. The
weight n Borel-Moore motivic complex of X is the complex

L(X, n) = zn(X, ∗)[2n].

We denote by L(X, n) its class in D−(Ab), the derived category of
bounded below chain complexes of abelian groups.
a) Suppose X (essentially) smooth of pure dimension d. The coho-
mological cycle complex of codimension n of X is the cochain complex
zn(X, ∗) deduced from the chain complex zd−n(X, ∗) (i.e. zn(X, p) =
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zd−n(X, p)). The weight n motivic complex of X is the complex

Z(X, n) = zn(X, ∗)[−2n].

We denote by Z(X, n) its class in D−(Ab). Therefore,

L(X, n) = Z(X, d− n)[2d].

We shall usually consider L(X, n) as a chain complex and Z(X, n)
as a cochain complex. Of course this is just a matter of notation, as
one can pass from a chain complex (Ci) to a cochain complex (Di) by
setting Di = C−i.

Let us list the main properties of the complexes L(X, n) and Z(X, n)
[1, 2, 12, 6].

1.2. Theorem. a) [1, prop. 1.3] The Borel-Moore motivic complexes
are covariant for proper maps and contravariant for flat, equidimen-
sional maps.
b) [1, th. 4.1], [12, Part I, th. II.3.5.14] The cohomology groups of
Z(X, n) are contravariant for arbitrary maps between quasi-projective
smooth schemes.
c) [1, th. 2.1] [12, Part I, prop. II.3.6.2] Homotopy invariance. Let
X ∈ Sm/k. Then, for all n, q,

Hq(Z(X, n))
f∗

−−→ Hq(Z(X ×A1, n))

is an isomorphism, where f : X ×A1 → X is the first projection. For
X ∈ Sch/k, the maps

Hq(L(X, n))→ Hq+2(L(X ×A1, n + 1))

are isomorphisms as well.
d) [1, §5], [6, §8] Products. For any smooth X, there are commutative
and associative products

Z(X, m)
L
⊗Z(X, n)→ Z(X, m + n).

e) [1, th. 3.1], [2] Localisation. Let i : Z → X be a closed immersion
of k-schemes of finite type, with X quasi-projective, and let j : U → X
be the corresponding open immersion. Then, for all n, the sequence of
complexes

L(Z, n)
i∗−−→ L(X, n)

j∗

−−→ L(U, n)

defines an exact triangle in D−(Ab). In particular, if X = U ∪V , with
U, V open, then the sequence of complexes

L(X, n)
(jU

jV
)

−−−→ L(U, n)⊕ L(V, n)
(j′

U
,−j′

V
)

−−−−−→ L(U ∩ V, n)
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defines an exact triangle (Mayer-Vietoris), where jU , jV , j ′U , j ′V are the
relevant open immersions.
f) [1, th. 3.2] For all quasi-projective X ∈ Sch/k and all n ∈ Z, the
augmentation

L(X, n)→ H·
Zar(X, L(n)X)

is a quasi-isomorphism, where the right hand side denotes the total
complex associated to the Godement resolution of the complex of Zariski
sheaves associated to the presheaf U 7→ L(U, n). In particular, if X is
smooth quasi-projective, the augmentation

Z(X, n)→ H·
Zar(X, Z(n)X)

is an isomorphism for all n ≥ 0.
g) [1, th. 10.1] Gersten’s conjecture. Let X ∈ Sm/k. For all n, q, de-
note byHq(Z(n)) the Zariski sheaf on X associated to U 7→ H q(Z(U, n)).
Then there are Gersten resolutions:

0→Hq(Z(n))→
∐

x∈X(0)

(ix)∗H
q(Z(k(x), n))

→
∐

x∈X(1)

(ix)∗H
q−1(Z(k(x), n− 1))→ . . .

where X (p) denotes the set of points of X of codimension p.
h) [1, th. 9.1], [11, th. 3.1] Relationship with algebraic K-theory There
are isomorphisms for X smooth quasi-projective over a field

Hp(Z(X, n))⊗Q ' grnK2n−p(X)Q

where K∗(X) denotes Quillen’s K-theory of X and grn refers to the
gamma-filtration [15].

1.3. Remarks. (1) In fact, g) follows formally from c) and e), by
results of [3]. Indeed, one checks easily by Noetherian induc-
tion that localisation implies étale excision for closed subsets of
smooth schemes.

(2) If (Xi)i∈I is a projective system of schemes, with affine étale
transition morphisms, and if X = lim←−Xi, then for all n one
has zn(X, ∗) = lim−→ zn(Xi, ∗). In particular, if X is integral with
function field K, then lim←−U

zn(U, ∗) = zn(K, ∗), where the limit
is over nonempty open subsets of X. This is used implicitely in
theorem 1.2 g), and also in (1.2) and (1.3) below.

By theorem 1.2 b), for any X ∈ Sch/k, U 7→ L(U, n) determines a
(cochain) complex of presheaves over the small Zariski site of X: we
denote the associated complex of sheaves by L(n)X , and its class in
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the derived category by L(n)X . For X smooth, we denote similarly by
Z(n)X the complex of Zariski sheaves associated to U 7→ Z(U, n), and
by Z(n)X its class in the derived category. Theorem 1.2 f) implies that,
for X quasi-projective, there are isomorphisms for all n, q

Hq(L(X, n))
∼
−−→ Hq

Zar(X, L(n)X)

Hq(Z(X, n))
∼
−−→ Hq

Zar(X, Z(n)X) (X smooth).

For X arbitrary, we shall denote the right hand side of these isomor-
phisms respectively by Hc

−q(X, Z(n)) and Hq(X, Z(n)).
The following proposition gives a computation of some motivic co-

homology groups:

1.4. Proposition. Let X be an essentially smooth scheme over k.
Then,

(i) Hp(X, Z(n)) = 0 for p > 2n.
(ii) H2n(X, Z(n)) is canonically isomorphic to the n-th Chow group

CHn(X).
Moreover

(iii) Hp(Z(n)X) = 0 for p > n.

(iv) Hn(Z(n)X) ' K̃M
n , where K̃M

n (X) is the n-th unramified Milnor
K-sheaf of X, i.e.

K̃M
n = Ker(

⊕

x∈X(0)

(ix)∗K
M
n (k(x))→

⊕

x∈X(1)

(ix)∗K
M
n−1(k(x)))

where X (p) denotes the set of points of codimension p in X and
ix is the inclusion of a point x in X.

Proof. (i) and (ii) are obvious from the definition of the motivic
complex. For (iii) and (iv), we reduce to the case of a field by theorem
1.2 g). In this case, (iii) is obvious and (iv) is the Nesterenko-Suslin
theorem [13]. 2

The next proposition generalises the previous one to the case of sin-
gular schemes.

1.5. Proposition. Let X ∈ Sch/k, and d = dim X. Then

τ≤n+dL(n)X ' M(−n)X [n]

where M(n)X denotes the (homological) Gersten complex of sheaves of
Kato [8]

· · · →
⊕

x∈X(1)

(ix)∗K
M
n+1(k(x))→

⊕

x∈X(0)

(ix)∗K
M
n (k(x))→ 0
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where X(p) denotes the set of points of dimension p in X and the last
term of the complex is in homological degree 0.

Proof. Generally, let C(0) → C(1) → · · · → C(d) = C be a sequence
of (chain) complexes in some abelian category. Define C(p/p−1) as the
cone of the morphism C(p−1) → C(p). We have a double complex

C·· : C(d/d−1) → C(d−1/d−2)[1]→ · · · → C(1/0)[d− 1]→ C(0)[d]→ 0

and the map C → C(d/d−1) defines a homotopy equivalence C
∼
−−→

Tot(C··).
In our case, consider the niveau filtration on Borel-Moore motivic

homology (cf. [1, §10]):

Fpzn(X, ∗) = {z ∈ zn(X, ∗) | the projection of Supp(z) onX has dimension ≤ p}

Sheafifying this for the Zariski topology gives a quasi-isomorphism
(1.1)

L(n)X
∼
−−→ Tot(L(d/d−1)(n)X → L(d−1/d−2)(n)X [1]→ · · · → L(0)(n)X [d])

where L(p/p−1)(n)X denotes the cone of the sheafification of Fp−1zn(−, ∗)→
Fpzn(−, ∗).

Suppose first k perfect. Then any k-scheme of finite type is generi-
cally smooth. By theorem 1.2 e) and a classical argument, L(p/p−1)(n)X

is quasi-isomorphic to
⊕

x∈X(p)

(ix)∗Z(k(x), p− n)[2p]

so that (1.1) reads

L(n)X
∼
−−→ Tot(

⊕

x∈X(d)

(ix)∗Z(k(x), d− n)[2d]→

· · · →
⊕

x∈X(p)

(ix)∗Z(k(x), p−n)[p+d]→ · · · →
⊕

x∈X(0)

(ix)∗Z(k(x),−n)[d].

Noting that Z(k(x), p−n) is acyclic in (homological) degrees < n−p,
it follows that τ≤n+dL(n)X is quasi-isomorphic to the Gersten complex
⊕

x∈X(d)

(ix)∗H
d−n(k(x), Z(d− n))→ · · · →

⊕

x∈X(0)

(ix)∗H
−n(k(x), Z(−n)).

As seen above, the p-th term of this complex is isomorphic to⊕
x∈X(p)

(ix)∗K
M
p−n(k(x)); moreover, by (the proof of) [5, lemma 3.2],

the differentials coincide with those from [8].
In general, we can reduce to the case where the base field is perfect

by Quillen’s method [14, proof of th. 7.5]. 2
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1.6. Proposition. a) For all X ∈ Sm/k and all n ≥ 0, the morphism
Z(n)X → Rf∗f

∗Z(n)X is an isomorphism, where f : A1 × X → X is
the first projection.
b) In the situation of theorem 1.2 e), the direct image map i∗ induces
an isomorphism

L(n)Z
∼
−−→ Ri!L(n)X

for all n ∈ Z. In particular, if i : Z → X is a smooth k-pair of
codimension c, then i∗ induces for all n ≥ 0 an isomorphism

Z(n)Z
∼
−−→ Ri!Z(n + c)X [2c].

Proof. a) follows from theorem 1.2 c) and f), and b) follows from
theorem 1.2 e) and f). 2

For any X ∈ Sch/k, the niveau filtration used in the proof of propo-
sition 1.5 determines by theorem 1.2 e) the niveau spectral sequence

(1.2) E1
p,q =

∐

x∈X(p)

Hc
q−p(k(x), Z(n− p))→ Hc

p+q(X, Z(n))

where X(p) denotes the set of points of X of dimension p. Similarly,
when X is smooth, we have the coniveau filtration on motivic coho-
mology, yielding the coniveau spectral sequence:

(1.3) Ep,q
1 =

∐

x∈X(p)

Hq−p(k(x), Z(n− p))→ Hp+q(X, Z(n)).

Theorem 1.2 g) implies that the E2-term of (1.3) is given by Ep,q
2 =

Hp
Zar(X,Hq(Z(n)).

For any abelian group A, we denote the object Z(n)
L
⊗A by A(n).

Let α denote the projection of the big étale site of Spec k onto its big
Zariski site, and for all X ∈ Sch/k, let αX denote the restriction of α
to the small étale site of X.

1.7. Proposition. Let X ∈ Sch/k. Then, for all n ∈ Z, the natural
map L(n)X ⊗ Q → R(αX)∗α

∗
XL(n)X ⊗ Q is an isomorphism. In par-

ticular, the natural map Q(n)X → Rα∗α
∗Q(n)X is an isomorphism for

X smooth and all n ≥ 0.

Proof. In case X = Spec k, we look at the hypercohomology spectral
sequence

Ep,q
2 = Hp

ét(k, Hq(k̄, Q(n)))⇒ Hp+q
ét (k, Q(n)).

We have Ep,q
2 = 0 for p > 0, because higher Galois cohomology

groups are torsion. It remains to show that the map

Hp(k, Q(n))→ Hp(k̄, Q(n))Gk
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is an isomorphism for all p, where Gk is the absolute Galois group of
k. But this follows from the existence of transfers for étale morphisms
in motivic cohomology [1, cor. 1.4].

The case where X is local Artinian with residue field k follows from
the previous one, since obviously zn(X, ∗) = zn(k, ∗). This extends
to local Artinian k-algebras with another residue field. Finally, the
general case follows from this one and theorem 1.2 e) by [19, prop. 2.8]
(to apply loc. cit., either adapt the proof to the case of presheaves of
complexes, or apply it directly to the presheaf of spectra associated to
the presheaf of cycle complexes by the Dold-Kan construction). 2

We shall authorise ourselves of proposition 1.7 to occasionally drop
the index ét from groups H i

ét(X, Q(n)) or H ét
i (X, Q(n)), as they coin-

cide with their Zariski couterparts.

1.2. A global motivic complex. We want to strengthen theorem
1.2 b) to make X 7→ Z(X, n) an object of D−(Ab((Sm/k)Zar)), the
derived category of Zariski sheaves over the big smooth Zariski site of
Spec k. This is not straightforward, as the motivic complexes are not
contravariant on the nose.

1.8. Definition. Let E be a subcategory of Sch/k stable under open
immersions. Let C be a contravariant functor from E to C(Ab), the
category of complexes of abelian groups. We say that C satisfies Mayer-
Vietoris if, for any triple (X, U, V ) where X = U ∪V , U, V are open in
X and X ∈ E, the sequence

C(X)→ C(U)⊕ C(V )→ C(U ∩ V )

defines an exact triangle in D(Ab), the derived category of the category
of abelian groups.

With notation as in definition 1.8, let C(Ab)Eo

= C(AbEo

) be the
category of contravariant functors from E to C(Ab), and let C(Ab)Eo

MV

be the full subcategory of functors satisfying Mayer-Vietoris. Let Eaff

be the full subcategory of E consisting of affine schemes in E. We have
a naturally commutative diagram of categories and functors:

C(Ab)Eo O
−−−→ C(Ab)(Eaff )o

ι

x ιaff

x

C(Ab)Eo

MV

OMV−−−→ C(Ab)
(Eaff )o

MV .

1.9. Proposition. There exists a functor Ȟ·
aff : C(Ab)(Eaff )o

→ C(Ab)Eo

MV

and a natural transformation ε : Id→ ιaffOMV Ȟ·
E such that:
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(i) Ȟ·
aff transforms quasi-isomorphisms into quasi-isomorphisms.

(ii) For C ∈ C(Ab)(Eaff )o

, C ∈ C(Ab)
(Eaff )o

MV if and only if εC is a
quasi-isomorphism.

Proof. Let C : (Eaff)o → C(Ab) be a functor. Let X ∈ E and let
U = (Ui)i∈I be a finite open cover of X by affine schemes. Since X is
separated, all intersections of Ui are affine. This allows us to consider
the Čech double complex:

⊕

i∈I

C(Ui)→
⊕

(i,j)∈I×I

C(Ui ∩ Uj)→ . . .

Let Ȟ·(U , C) be the total complex of this double complex. We define

Ȟ·
aff(X, C) = lim

−→
U

Ȟ·(U , C).

Let f : Y → X be a morphism in E, and let U = (Ui)i∈I be a finite
open cover of X by affine schemes. Then (f−1(Ui))i∈I is a finite open
cover of Y by not necessarily affine schemes. Choosing for all i a finite
open cover (Vij)j∈Ji

of f−1(Ui) by affine schemes, and letting V = (Vij),
we get a morphism

Ȟ·(U , C)→ Ȟ·(V, C).

Passing to the limit, we get a morphism f ∗ : Ȟ·
aff(X, C)→ Ȟ·

aff(Y, C).
Hence Ȟ·

aff(X, C) is contravariant in X. We denote this functor by
Ȟ·

aff(C). Clearly, C 7→ Ȟ·
aff(C) defines a functor

Ȟ·
aff : C(Ab)(Eaff )o

→ C(Ab)Eo

.

1.10. Lemma. a) For all C, Ȟ·
aff(C) satisfies Mayer-Vietoris in E.

b) Let C,D ∈ C(Ab)(Eaff )o

and ϕ : C → D be a morphism such that, for
all X, ϕX is a quasi-isomorphism (briefly: ϕ is a quasi-isomorphism).
Then Ȟ·

aff(ϕ) is also a quasi-isomorphism.

Indeed, let X = U ∪ V , where U, V are open. Let U = (Ui)i∈I be a
finite open affine cover of U and V = (Vj)j∈J a finite open affine cover
of V . Then U ∪ V is a finite open affine cover of X, while U · V =
(Ui ∩ Vj)(i,j)∈I×J is a finite open affine cover of U ∩ V . One sees easily,
by induction on |I| and |J |, that the sequence

Ȟ·(U ∪ V, C)→ Ȟ·(U , C)⊕ Ȟ·(V, C)→ Ȟ·(U · V, C)

defines an exact triangle in the derived category. Since covers of the
form U ∪ V are cofinal among finite open affine covers of X and covers
of the form U · V are cofinal among finite open affine covers of U ∩ V ,
this proves a), and b) follows readily from the Čech spectral sequence
for a finite affine cover and a passage to the limit. 2
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We have checked condition (i) of proposition 1.9. Let X ∈ Eaff .
There is an obvious augmentation map:

C(X)→ Ȟ·
aff(X, C)

which defines the natural transformation ε of proposition 1.9. The
Mayer-Vietoris condition being invariant under quasi-isomorphisms,
sufficiency in condition (ii) is clear, and necessity is proved by pas-
sage to the limit from the case of a finite covering, the latter being
easily proved by induction on the number of terms of the covering. 2

1.11. Proposition. Let Smaff/k be the full subcategory of Sm/k con-
sisting of smooth, affine varieties, and let C : (Smaff/k)o → C(Ab) be
a functor as in definition 1.8, satisfying Mayer-Vietoris. Then there ex-
ists an object C ∈ D(Ab((Sm/k)Zar)) such that, for all X ∈ Smaff/k,
the class of C(X) in D(Ab) is isomorphic to RΓ(X, C).

Proof. Let D = Ȟ·
aff(C), where Ȟ·

aff is as in proposition 1.9. For X ∈
Sm/k, let H·

Zar(X,D) be the total complex of the Godement resolution
of the sheaf of complexes associated to D. Since D satisfies Mayer-
Vietoris, the argument of [19, ex. 2.5] shows that the augmentation

D(X)→ H·
Zar(X,D)

is a quasi-isomorphism. Therefore, when X is affine, the composition

C(X)→ D(X)→ H·
Zar(X,D)

is a quasi-isomorphism. We may therefore take for C the class of the
complex of sheaves associated to D. 2

1.12. Theorem. Let n ≥ 0. There exists an object Z(n) in
D−(Ab((Sm/k)Zar)) such that, for all quasi-projective X ∈ Sm/k, one
has Z(X, n) ' RΓ(XZar, Z(n)) in D(Ab).

Proof. Let X ∈ Smaff/k and let f : Y → X be a morphism, with
Y ∈ Sch/k. Then, by [12, Part I, lemma II.3.5.2], there is a finite
collection (Zi, ni), where the Zi are locally closed subsets of X and
the ni are integers ≤ n, such that f ∗ is defined on the subcomplex
zn

Zi,ni
(X, ∗) (see ibid., Part I, II.3.5.1 for the definition of zn

Zi,ni
(X, ∗)).

Suppose Y also smooth affine, and let g : Z → Y be another morphism.
Find subsets and integers (Tj, mj) similarly for g∗. Then, for a suitable
collection (Wl, pl) of locally closed subsets of X and integers, (fg)∗ is
defined over zn

Wl,pl
(X, ∗) and f ∗zn

Wl,pl
(X, ∗) ⊂ zn

Tj ,mj
(Y, ∗). The second

condition shows that g∗f ∗ is defined over zn
Wl,pl

(X, ∗), where it obviously
equals (fg)∗. Moreover, for all (Zi, ni), the inclusion

zn
Zi,ni

(X, ∗)→ zn(X, ∗)
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is a quasi-isomorphism [12, th. II.3.5.14]. Define, for X ∈ Smaff/k

ẑn(X, ∗) = holim zn
Zi,ni

(X, ∗).

(Recall that, if (Ci)i∈I is a filtering inverse system of complexes of
abelian groups, holim Ci is the total complex of the double complex∏

Ci
Id−ρ
−−−→

∏
Ci, where ρ is given by the transition morphisms.)

The natural map ẑn(X, ∗)→ zn(X, ∗) is a quasi-isomorphism; more-
over, the considerations above show that X 7→ ẑn(X, ∗) is strictly con-
travariant on smooth affine schemes. In particular, X 7→ ẑn(X, ∗) de-
fines a contravariant functor on Smaff/k wich verifies Mayer-Vietoris
by theorem 1.2 e). Applying proposition 1.11 to C(X) = ẑn(X, ∗),
we find that there exists an object Z(n) of D(Ab((Sm/k)Zar)) satisfy-
ing the condition of theorem 1.12 for X affine. But this extends to
X ∈ Sm/k quasi-projective, by covering it by affine open sets and
applying theorem 1.2 e) again. 2

1.13. Proposition. Let S ∈ Sm/k. Then the restriction of the Z(n) to
(Sm/S)Zar verifies all the axioms a geometric cohomology theory in the
sense of [12, p. 256, ch. V, def. 1.1.6], except for axiom (iv) (Künneth
isomorphism), which is wrong.

Proof. We check conditions (i) to (vi) (except (iv)) of loc. cit. .
(i) Homotopy. In the situation

W
s

−−−→ A1
W

i

y i′

y
X

p
−−−→ Y

where the diagram is cartesian, p defines a smooth S-pair of codimen-
sion 1, i and i′ are closed immersions and s is the 0 section, the natural
map

R(p
A1

W

Y )∗Z(n)Y
p∗

−−→ R(pW
X )∗Z(n)X

must be an isomorphism, where (p
A1

W

Y )∗ and (pW
X )∗ are the functors

“sections with supports”. By localisation, this map translates as

L(A1
W , d− n)[−2d]

s∗
−−→ L(W, d− 1− n)[−2d + 2]

which is indeed an isomorphism by theorem 1.2 c).
(ii) Cycles classes. For X ∈ Sm/S and W ⊆ X a closed subset

which is the support of an effective relative cycle of codimension q over
S, there must be a cycle map

(1.4) clqX,W : Zq
W (X/S)→ H2q

Zar,W (X, Z(q))
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compatible with pull-backs and products. Here Zq
W (X/S) is the sub-

group of Zq(X/S) consisting of cycles of supports in W , cf. [12, p.
256], where Zq(X/S) is defined in loc. cit. , p. 349, app. A, def. 2.2.1
(iii).

Since S is smooth over Fp and in particular normal, this group coin-
cides with the group Cd(X/S)Z of relative cycles of codimension d over
S loc. cit. , p. 331, app. A, def/lemma 1.1.2 (iii): this follows from loc.
cit. , p. 349, remark 2.2.2 and p. 342, def. 1.4.2 (i) and remark 1.4.3
(i). Therefore, Zq

W (X/S) is simply the free abelian group generated by
the connected components of W .

On the other hand, the right hand side of (1.4) is none else than
CHd−q(W ), where d = dim X, hence also coincides with the free abelian
group on connceted components of W . The requested map is then the
identity. The requested properties are obvious.

(iii) Semi-purity. For X, W as in (ii), we must have H2q−p
Zar,W (X, Z(q)) =

0 for p > 0. Since X is smooth over a perfect field, we may reduce by
a classical argument to the case where W is smooth. Then this group
is just H−p

Zar(W, Z) and the property is obvious.
(v) Gysin isomorphism. For p : P → X a smooth S-morphism of

smooth S-schemes, of relative dimension d, with section s : X → P ,
the composition

R(pX)∗Z(q)X
p∗

−−→ R(pP )∗Z(q)P

(−)·cld
s(X),P (|s(X)|)

−−−−−−−−−−−→ R(pP )s
∗(X)Z(q + d)P [2d]

must be an isomorphism for all q. This follows from the localisation
theorem and the way the cycle class map is defined in (ii).

(vi) Normalisation. The cycle class map cl0(|S|) ∈ H0
Zar(S, Z(0))

must be the canonical generator of this group. This is obvious. 2

1.3. The (mod m) cycle map. Let m be an integer prime to char k.
We are now going to define morphisms

α∗
XL(p)X

L
⊗Z/m→ Rf !

Xµ⊗(−p)
m (p ∈ Z)

in D(Xét), where fX = f : X → Spec k is the structural morphism,
Rf !

X is the corresponding right adjoint of higher direct image with
compact supports [20, Exposé XVIII] and

α∗Z/m(n)→ µ⊗n
m (n ≥ 0)
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in D((Sm/k)ét). To do this, we follow the method of Geisser-Levine [6,

§3.7]. We write Hc
i (X, µ⊗p

m ) for H−i(X, Rf !µ
⊗(−p)
m ): this is Borel-Moore

étale homology, cf. [10].
Suppose X of dimension ≤ p. We then have

R−if !µ⊗(−p)
m = 0 if i > 2p.

In particular, Hc
i (X, µ⊗p

m ) = 0 for i > 2p. On the other hand, the
trace morphism of [20, XVIII 2.9]

Trf : R2pf!µ
⊗p
m → Z/m

gives by adjunction an element [X] in the group

H0(X, R−2pf !µ⊗(−p)
m )

(cf. [21, Cycle, 2.3.1]), itself isomorphic via the hypercohomology spec-
tral sequence to

Hc
2p(X, µ⊗p

m ).

Let Y be an irreducible component of X of dimension p. We define
its class [Y ] in Hc

2p(X, µ⊗p
m ) as the image of [Y ] ∈ Hc

2p(Y, µ⊗p
m ) via i∗,

where i : Y → X is the inclusion.

1.14. Lemma. The group Hc
2p(X, µ⊗p

m ) is a free Z/m-module with ba-
sis ([Y ]), where Y runs through the irreducible components of X of
dimension p.

Proof. If X is smooth irreducible of dimension p, this is clear by
Poincaré duality. The case where X is smooth not necessarily irre-
ducible follows. The general case follows by looking at the exact se-
quence

0 = Hc
2p(Xsing, µ

⊗p
m )→ Hc

2p(X, µ⊗p
m )

→ Hc
2p(X \Xsing, µ

⊗p
m )→ Hc

2p−1(Xsing, µ
⊗p
m ) = 0.

2

Assume X affine (of any dimension). Embed X as a closed subset
into a smooth scheme Y of dimension d. Then

Rf !
X = Ri!Rf ∗

Y (d)[2d]

where i is the closed immersion [20, Exposé XVIII, th. 3.2.5]. We
define

G∗(X, Y, µ⊗p
m ) = Tot−∗(G∗(i!G∗(Y, µ⊗(d−p)

m )[2d]))

where G∗ denotes Godement resolution, so that the homology of
G∗(X, Y, µ⊗p

m ) is Borel-Moore étale homology of X. Moreover, the nat-
ural morphism



14 BRUNO KAHN

τ≥2pG∗(X, Y, µ⊗p
m )→ Hc

2p(X, µ⊗p
m )[2p]

is a quasi-isomorphism, where τ≥2p (homological notation) means τ≤−2p

(cohomological notation).
For N ≥ 0, let (X×∆N )(p) be the set of closed subsets of dimension
≤ N + p in X ×∆N which are in good position relatively to the faces
of ∆N . Define

G(p)
∗ (X ×∆N , Y ×∆N , µ⊗N+p

m ) = lim
−→

Z∈(X×∆N )(p)

G∗(Z, Y ×∆N , µ⊗N+p
m ).

It follows from lemma 1.14 that one has a canonical isomorphism

zp(X, N)⊗ Z/m
∼
−−→ H2N+2p(G

(p)
∗ (X ×∆N , Y ×∆N , µ⊗N+p

m ))

and a quasi-isomorphism

τ≥2N+2pG(p)
∗ (X ×∆N , Y ×∆N , µ⊗N+p

m )
∼
−−→ H2N+2p(G

(p)
∗ (X ×∆N , Y ×∆N , µ⊗N+p

m ))[2N + 2p].

Composing with the composite inclusion

τ≥2N+2pG(p)
∗ (X×∆N , Y×∆N , µ⊗N+p

m )→ G(p)
∗ (X×∆N , Y×∆N , µ⊗N+p

m )

→ G∗(X ×∆N , Y ×∆N , µ⊗N+p
m )

we get (up to a quasi-isomorphism) a morphism of complexes

zp(X, #)⊗ Z/m
∼
←−−→ Tot(G∗(X ×∆#, Y ×∆#, µ⊗#+p

m ))

where the right hand side is the total complex of the obvious double
complex. By “homotopy invariance” of Borel-Moore étale homology,
the right hand side is functorially quasi-isomorphic to G∗(X, Y, µ⊗p

m ).
Finally, we get, up to a quasi-isomorphism, a morphism of complexes

zp(X, ∗)⊗ Z/m
∼
←−−→ G∗(X, Y, µ⊗p

m ).

If i′ : X → Y ′ is another closed immersion, with Y ′ smooth, and
f : Y ′ → Y is such that the diagram

X X

i′

y i

y

Y ′ f
−−−→ Y
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commutes, then the construction shows that the corresponding diagram

zp(X, ∗)⊗ Z/m zp(X, ∗)⊗ Z/m

o

x o

x
y

y

G∗(X, Y ′, µ⊗p
m )

f∗

←−−− G∗(X, Y, µ⊗p
m )

commutes, and the bottom horizontal map is a quasi-isomorphism. Ap-
plying [12, lemma IV.2.4.5], we therefore get a well-defined morphism
in D(Ab)

L(X, p)
L
⊗Z/m→ RΓ(Xét, Rf !

Xµ⊗−p
m )

hence, if X is smooth

Z(X, n)
L
⊗Z/m→ RΓ(Xét, µ

⊗n
m ).

Let U be an open subset of X, and Z = X \ U . If X is embedded
in a smooth Y as a closed subset, then U is embedded in the smooth
Y \ Z as a closed subset. the diagram

zp(U, ∗)⊗ Z/m ←−−− zp(X, ∗)⊗ Z/m

o

x o

x
y

y
G∗(U, Y \ Z, µ⊗p

m ) ←−−− G∗(X, Y, µ⊗p
m )

evidently commutes. By the same argument as above, this yields a
well-defined morphism in D(XZar)

(1.5) L(p)X

L
⊗Z/m→ Rα∗Rf !

Xµ⊗−p
m

hence, by adjunction, a morphism in D(Xét)

(1.6) α∗L(p)X

L
⊗Z/m→ Rf !

Xµ⊗−p
m

and if X is smooth

(1.7) α∗Z/m(n)X → (µ⊗n
m )X .

Proposition 1.9 allows us to extend these definitions to the case where
X is not necessarily affine. Finally, for smooth varieties, a variant
of the above construction involving locally closed supports, together
with the technique in the proof of theorem 1.12, defines a morphism in
D((Sm/k)ét)

(1.8) α∗Z/m(n)→ µ⊗n
m
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extending (1.7). Using proposition 1.4, we see that the adjunction of
this map yields a refined morphism

(1.9) Z/m(n)→ τ≤nRα∗µ
⊗n
m

which is studied in the next section.
By construction, the morphisms above commute with covariant func-

toriality for closed immersions and with contravariant functoriality for
open immersions. Moreover, they obviously commute with change of
coefficients. We have

1.15. Theorem. The morphisms (1.6), (1.7) and (1.8) are isomor-
phisms.

Proof. For (1.7), this follows from [6, th. 1.5]; (1.8) follows immedi-
ately, while (1.6) follows from (1.7) by Noetherian induction, using lo-
calisation for Borel-Moore étale motivic homology and for Borel-Moore
étale homology. 2

1.16. Corollary. Proposition 1.6 holds after replacing L(n) and Z(n)
respectively by α∗L(n)[1/p] and α∗Z(n)[1/p], where p is the exponential
characteristic of k.

Proof. It is enough to check this after tensoring with Q and with Z/l
for all l 6= p. The first case follows from proposition 1.7; the second
one follows from theorem 1.15 and the corresponding properties of étale
cohomology with finite coefficients [20], [21]. 2

1.17. Remark. This corollary is already wrong for n = 0 if one does
not invert p (étale cohomology with coefficients Z/p is not homotopy
invariant in characteristic p).

1.18. Corollary. If k is a field, over the big smooth Zariski site of
Spec k, we have

Rf∗f
∗α∗Z[1/p](n) ' α∗Z[1/p](n)⊕ α∗Z[1/p](n− 1)[−1]

where f is the projection (A1 − {0})k → Spec k.

Proof. Let π : A1
S → S be the structural morphism. By corollary 1.16,

there is a Gysin exact triangle

Rπ∗π
∗Z(n)

α
−−→ Rf∗f

∗Z(n)→ Z(n− 1)[−1]→ Rπ∗π
∗Z(n)[1].
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Consider the section s of f given by 1 ∈ A1−{0}. If ι is the inclusion
(A1 − {0})S ↪→ A1

S, there is a commutative diagram

Rπ∗π
∗Z(n)

α
−−−→ Rf∗f

∗Z(n)

Z
ZZ~

y
Z(n)

where the vertical (resp. diagonal) map is given by the adjunction mor-
phism associated to s (resp. ιs, where ι is the inclusion (A1−{0})S →
A1

S). The vertical map is an isomorphism by homotopy invariance.
Hence a retraction of α. 2

2. The Geisser-Levine method revisited

2.1. Basics.

2.1. Definition. Let X be a scheme The open-closed topology on X is
the smallest topology oc for which Zariski open covers and finite closed
covers are covers.

By construction, the open-closed cohomology satisfies Mayer-Vietoris
for both open and finite closed covers. In particular, the following
proposition is clear.

2.2. Proposition. Let X be a scheme and (Zi)1≤i≤k a finite family of
closed subsets of X. Then, for any complex of oc sheaves C, the natural
map

H∗
oc(X; Z1, . . . , Zk, C)→ H∗

oc(X; Z1 ∪ · · · ∪ Zk, C)

on relative cohomology groups is an isomorphism. 2

2.3. Lemma. Let X be a normal scheme. Then any open-closed cover
of X is in fact a Zariski cover. In particular, the open-closed cohomol-
ogy of X coincides with its Zariski cohomology.

Indeed, we may assume X connected, hence irreducible. Then any
open subset U of X is also irreducible, hence any closed cover of U is
trivial. 2

2.4. Lemma. Let X be a normal scheme and Z1, . . . , Zn a collection of
closed subsets of X such that the Zi and all their multiple intersections
are normal. Then, for any complex of Zariski sheaves C over X and
any q ∈ Z, the natural map

Hq
Zar(X; Z1, . . . , Zn; C)→ Hq

oc(X; Z1, . . . , Zn; C)

is an isomorphism.
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Proof. This immediately follows from lemma 2.3. 2

2.5. Definition (cf. [5], [6]). A normal crossing scheme over k is a
scheme X essentially of finite type over k with the following property:
the intersection of any set of irreducible components of X is essentially
smooth (or empty).

This definition is a little more general than that of [6, 2.8], where
X is supposed to be embedded in an essentially smooth k-scheme as a
closed subset; it is also a little more general than Thomason’s definition
of a “bon assemblage” in [18, def. 3.1].

2.6. Proposition. Let S̃m/k be the category of smooth k-schemes es-
sentially of finite type and Nc/k the category of normal crossing k-
schemes. For any Grothendieck k-site τ and any subcategory C of τ sta-
ble under fibre products, denote by Cτ the corresponding subsite. Then
the restriction functor

π∗ : D(Ab((Nc/k)oc))→ D(Ab((S̃m/k)oc))
∼
←−− D(Ab((S̃m/k)Zar))

is an equivalence of categories. (The right equivalence follows from
lemma 2.3.)

Proof. Given lemma 2.3, we can construct a quasi-inverse to π∗ by
means of the Čech resolution for the closed covering of the irreducible
components of a given normal crossing scheme. 2

2.2. Homotopy invariant pure graded cohomology theories of

sheaf-theoretic type.

2.7. Definition. A homotopy invariant pure graded cohomology the-
ory of sheaf-theoretic type over k is a collection (C(n))n∈Z of objects of
D−(Ab((Sm/k)Zar)) (the bounded above derived category of the cat-
egory of abelian sheaves on the big smooth Zariski site of Spec k),
satisfying the following axioms:

(i) Homotopy invariance. For any n, C(n) → Rf∗f
∗C(n) is an

isomorphism, where f is the structural map A1
k → Spec k.

(ii) Purity. Let i : Z → X be a smooth pair of pure codimension c.
Then there exists for all n an isomorphism

α(i) : C(n− c)Z
∼
−−→ Ri!C(n)X

which is contravariant for étale morphisms of smooth pairs of
pure codimension c.

In the sequel, we abbreviate homotopy invariant pure graded coho-
mology theory of sheaf-theoretic type into cohomology theory.
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Cohomology theories over k form a category for morphisms respect-
ing the purity structures. This category is not quite a triangulated
category; however, if A(n) → B(n) is a morphism of cohomology the-
ories and (C(n))n∈Z is a collection of corresponding cones, then C(n)
can be provided with a structure of a cohomology theory. Indeed, let
i : Z → X be a smooth pair of codimension c. Consider the restriction
of C(n) to the small étale site Xét of X. By one axiom of triangulated
categories, there exists a morphism on Xét

β(i) : i∗C(n− c)Z → C(n)X

commuting to the corresponding morphisms for A and B, and the
adjoint morphism α(i) : C(n− c)Z → Ri!C(n)X is an isomorphism.

We introduce the objects �n, �̂n, ∂�̂n, Sn, Tn of [5] and [6]. For
more details on their combinatorics, the reader should consult [6, §5].
Recall their definitions:

• �n denotes the affine space An
k (the n-cube).

• �̂n denotes the semi-localisation of �n at the points (ε1, . . . , εn),
εj ∈ {0, 1} (the vertices of the n-cube): this is the semi-local
n-cube.
• For 1 ≤ i ≤ n and ε ∈ {0, 1}, �

i,ε
n denotes the (n − 1)-face

defined by the equation ti = ε; �̂
i,ε
n = �

i,ε
n ∩ �̂n.

• Tn = {�̂i,ε
n | 1 ≤ i ≤ n, ε ∈ {0, 1}}.

• ∂�̂n =
⋃

Tn
�̂

i,ε
n , the boundary of the semi-local n-cube.

• T s
n =, the collection of the “first” s members of Tn for an ap-

propriate order.
• Sn = T 2n−1

n , the collection of all members of Tn, but one.

We also denote by uSn the union of all faces of Sn.

2.8. Lemma. Let C be a complex of Zariski sheaves on Sm/k, as well
as its extension to normal crossing schemes by proposition 2.6. Then,
for all p ≥ 0 and q ∈ Z, the restriction map

i∗ : Hq
oc(∂�̂p+1, uSp+1, C)→ Hq

oc(�̂p, ∂�̂p, C)

is an isomorphism.

Proof. This follows immediately from the fact that (uSp+1, �̂p) is a

closed cover of ∂�̂p+1, with intersection ∂�̂p. 2

2.9. Lemma. Let C, p and q be as in lemma 2.8. Then
a) If Hq

oc(∂�̂p+1, C) = 0, then Hq
oc(�̂p; ∂�̂p, C) = 0.

b) If Hq
oc(�̂m; ∂�̂m, C) = 0 for all m ≤ p, then Hq

oc(∂�̂p+1, C) = 0.
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Proof. a) Since Sp+1 contains all faces but one, Hq
oc(∂�̂p+1, uSp+1, C)

is a functorial direct summand of Hq
oc(∂�̂p+1, C) (compare [6, prop.

5.7]) and the claim follows from lemma 2.8. b) There are long exact
sequences of the form

(2.1) · · · → Hq−1
oc (�̂p,s; T

s−1
p,s , C)→ Hq

oc(�̂p; T
s
p , C)

→ Hq
oc(�̂p; T

s−1
p , C)→ Hq

oc(�̂p,s; T
s−1
p,s , C)→ . . .

where the groups are multirelative cohomology groups, �̂p,s ' �̂p−1 is

the s-th face of �̂p and T s−1
p,s is the collection of the first s− 1 faces of

�̂p,s, for a suitable ordering of the faces [6, 5.2]. It amounts to the same
to replace all these multirelative groups by the corresponding relative
groups with respect to the union of members of T s

p , etc. Using lemma
2.8, an ascending induction on p and a descending induction on s give
what we want. 2

2.10. Theorem. Let C(n) be a cohomology theory over k. Assume that
C(m) = 0 for m < n. Let n0 be such that Hq(C(n)) = 0 for q ≥ n0.
Let us denote by C(n)oc the pull-back of C(n) to (Sm/k)oc and also its
extension to (Nc/k)oc provided by proposition 2.6. Then the following
conditions are equivalent:

(i) C(n) = 0.
(ii) For any finitely generated extension K/k, there exists an integer

N ≥ n0 such that, for any p ≥ 0, HN
oc(∂�̂p ⊗k K, C(n)oc) = 0.

(iii) For any finitely generated extension K/k, any integer N ≥ n0

and any p ≥ 0, HN
oc(∂�̂p ⊗k K, C(n)Nis) = 0.

Proof. It goes in several steps:
I) Purity implies Nisnevich excision for closed immersions in ambient

smooth schemes. This is obvious in the case of a smooth pair of pure
codimension, then for an arbitrary smooth pair, and then in general
by Noetherian induction (use the singular locus of the closed subset).
By [3, §5], the C(n) verify Gersten’s conjecture. It follows that, for a
smooth connected k-scheme of finite type X, C(n)X = 0 if and only if
C(n)k(X) = 0.

II) Using the assumption that C(m) = 0 for m < n, we get:

2.11. Proposition. a) For any extension K/k of finite type and any

connected X ∈ S̃m/K, C(n)X → Rj∗j
∗C(n)K(X) is an isomorphism,

where j : Spec K(X)→ X is the inclusion of the generic point.
b) For K/k as in a) and for any rational extension L/K, C(n)K →
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Rp∗C(n)L is an isomorphism, where p : Spec L→ Spec K is the struc-
tural morphism.

Indeed, a) follows from purity and Noetherian induction on closed
subsets of X, and b) follows from a) and homotopy invariance.

2.12. Corollary. a) Let X ∈ Nc/k, and let (Zi)i∈I be the set of its
irreducible components. Assume that for any J ⊂ I, the intersection
ZJ of the corresponding components is a k-rational variety or is empty.
Let Compl(X) be the simplicial complex corresponding to the J ⊂ I
such that ZJ 6= ∅. Then

H∗
oc(X, C(n)) ' H∗

oc(k, C(n)⊗ C∗(Compl(X))

= H∗
Zar(k, C(n)⊗ C∗(Compl(X))

where C∗(Compl(X)) is the chain complex associated to Compl(X).
b) Suppose X is embedded as a closed subscheme in an essentially
smooth rational k-scheme Y . Then

H∗
oc(Y ; X, C(n)) ' H∗

oc(k, C(n)⊗ C̃∗(Compl(X))

= H∗
Zar(k, C(n)⊗ C̃∗(Compl(X))

where C̃∗(Compl(X)) is the reduced chain complex associated to Compl(X).
2

III) Applying corollary 2.12 b) to Y = �̂p, X = ∂�̂p, we get

HN
oc(�̂p ⊗k K; ∂�̂p ⊗k K, C(n)) ' HN−p+1

Zar (K, C(n)).

Theorem 2.10 follows with the help of lemma 2.9 a). 2

2.13. Corollary. Let fn : A(n)→ B(n) be a morphism of cohomology
theories. Assume that fm is an isomorphism for m < n. Let n0 be
such that Hq(A(n)) = Hq(B(n)) = 0 for q ≥ n0. Then the following
conditions are equivalent.

(i) fn is an isomorphism.
(ii) For any finitely generated extension K/k, there exists an integer

N ≥ n0 such that, for any p ≥ 0, Hq
oc(∂�̂p ⊗k K, A(n)) →

Hq
oc(∂�̂p ⊗k K, B(n)) is surjective for q = N and injective for

q = N + 1.
(iii) For any finitely generated extension K/k, any integer N ≥ n0

and any p ≥ 0, Hq
oc(∂�̂p ⊗k K, A(n)) → Hq

oc(∂�̂p ⊗k K, B(n))
is surjective for q = N and injective for q = N + 1.

Proof. Apply theorem 2.10 to the cone C(n) of fn. 2
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2.3. The case of motivic cohomology. For all n ≥ 0, let Z(n) be
the object of D−(Ab((Sm/k)Zar)) defined in theorem 1.12. By theorem
1.2, (Z(n))n∈Z defines a cohomology theory, called motivic cohomology.

The same is true after replacing Z(n) by Z(n)
L
⊗C, where C is any

bounded above complex of abelian groups.
In [5, remark after proof of cor. 4.3], Geisser and Levine prove the

following fundamental theorem:

2.14. Theorem. Let n > 0. For any q > n and any p ≥ 0, one has

Hq
Zar(�̂p; Tp, Z(n)) = 0.

Applying lemmas 2.4 and 2.9 b), we get the following variant:

2.15. Theorem. Let n > 0. For any q > n and any p > 0, one has

Hq
oc(∂�̂p, Z(n)) = 0.

2

Note that theorems 2.14 and 2.15 are wrong for n = 0.

2.16. Corollary. Let C be a bounded above complex of abelian groups,
acyclic in degree > d. Then the conclusion of theorem 2.15 holds by

replacing Z(n) by Z(n)
L
⊗C and q > n by q > n + d. 2

From corollaries 2.13 and 2.16, we deduce:

2.17. Proposition. Let (B(n))n∈Z be a cohomology theory such that
B(n) = 0 for n < 0, C a bounded above complex of abelian groups,

acyclic in degree > d, and let fn : Z(n)
L
⊗C → B(n) be a morphism

of cohomology theories. Suppose that f0 is an isomorphism. Then the
following conditions are equivalent.

(i) For all n > 0, fn is an isomorphism.
(ii) For any finitely generated extension K/k, and any n > 0, there

exists an integer N ≥ n + d such that the map

HN
oc(∂�̂p ⊗k K, Z(n)

L
⊗C)

fn
−−→ HN

oc(∂�̂p ⊗k K, B(n))

is surjective for all p ≥ 0. 2

(iii) For any finitely generated extension K/k, any n > 0 and any
integer N ≥ n + d, the map

HN
oc(∂�̂p ⊗k K, Z(n)

L
⊗C)

fn
−−→ HN

oc(∂�̂p ⊗k K, B(n))

is surjective for all p ≥ 0. 2
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2.4. Motivic cohomology with finite coefficients.

2.18. Definition. A cohomology theory (B(n))n∈Z is weakly rigid if
the following holds:
For any finitely generated extension K/k and any n ≥ 0, there exists

N ≥ n such that, for any p ≥ 0 and any α ∈ HN
oc(∂�̂p, B(n)), there

exists an essentially smooth semi-local scheme U and a map g : ∂�̂p →
U such that α ∈ Im g∗.

2.19. Theorem. Let (B(n))n∈Z be a cohomology theory such that B(n)
= 0 for n < 0, C a bounded above complex of abelian groups, acyclic

in degrees > d, and let fn : Z(n)
L
⊗C → B(n) be a morphism of coho-

mology theories. Assume that

(i) B(n) is weakly rigid;
(ii) f0 is an isomorphism;
(iii) For any finitely generated extension K/k, there exists an integer

N ≥ n + d such that the map

HN(K, Z(n)
L
⊗C)→ HN(K, B(n))

is surjective.

Then, for all n, fn is an isomorphism.

Proof. We argue by induction on n. Let us show that assumption
(ii) of proposition 2.17 holds. Let α ∈ HN

oc(∂�̂p+1, B(n)). By assump-
tion, there exists an essentially smooth semi-local scheme U and a
map g : ∂�̂p+1 → U such that α ∈ Im g∗. Now Gersten’s conjecture,
assumption (iii) of theorem 2.19 and the induction hypothesis imply

that the map HN(U, Z(n)
L
⊗C)→ HN(U, B(n)) is surjective. Hence α

comes from an element of HN
oc(∂�̂p ⊗k K, Z(n)

L
⊗C), as desired. 2

2.20. Lemma. Let m be an integer prime to char k.
a) For any normal crossing scheme X, there exist canonical maps

Hq
oc(X, B/m(n)oc)→ Hq

ét(X, µ⊗n
m ).

Here B/m(n) = τ≤nRα∗µ
⊗n
m is truncated étale cohomology (α is the

projection from the big smooth étale site to the big smooth Zariski site),
and B/m(n)oc is its canonical extension to normal crossing schemes
given by proposition 2.6.
b) If X is semi-local, these maps are isomorphisms for q ≤ n.
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Proof. a) Since the map clearly exists for X smooth, the claim
amounts to the fact that étale cohomology with finite coefficients sat-
isfies Mayer-Vietoris for closed covers. This follows easily from the
proper base change theorem (for a closed immersion!).

b) The statement is obvious when X is local (since it is then smooth).
When X is semi-local and essentially smooth, it easily follows from
Gersten’s conjecture. Finally, in general it follows from the smooth
case by a comparison of two Mayer-Vietoris spectral sequences (for the
closed cover given by the irreducible components of X). 2

2.21. Corollary. a) [17], [6] Let m be prime to char k; assume the
Bloch-Kato conjecture holds for all primes l|m. Then the map

Z/m(n)→ B/m(n)

is bijective for all n ≥ 0, where B/m(n) = τ≤nRα∗µ
⊗n
m is truncated

étale cohomology (α is the projection from the big smooth étale site to
the big smooth Zariski site) and the map is (1.9).
b) [5] For p = char k and s ≥ 1, the map

Z/ps(n)→ B/ps(n)

is bijective for all n ≥ 0, where B/ps(n) = τ≤nRα∗νs(n)[−n] is trun-
cated logarithmic de Rham-Witt cohomology.

Proof. Both theories a) and b) are cohomology theories and the maps
are maps of cohomology theories.

In case a), condition (i) of theorem 2.19 holds for d = 0 and N =
n by lemma 2.20 and Gabber’s theorem [4]; condition (ii) holds by
assumption.

In case b), condition (i) of theorem 2.19 holds for the global sections
of νs(n) for the Zariski topology by [5, prop. 7.3]. Now, by [5, cor. 6.2],
the map

H0
Zar(∂�̂m+1; Sm+1, ν

n)→ H0
Zar(�̂m; Tm, νn)

is surjective for any m ≥ 0. By proposition 2.2, lemma 2.4 and lemma
2.8, this translates into the surjectivity of the map

H0
Zar(∂�̂m+1; Sm+1, ν

n)→ H0
oc(∂�̂m+1; Sm+1, ν

n).

But [6, prop. 5.7 1.] applied with F = νn implies that the sequence

νn(∂�̂m+1)→
⊕

(i,ε)6=(n,1)

νn(�̂i,ε
m+1)→

⊕

(i,ε)6=(i′,ε′)

νn(�̂i,ε
m+1 ∩ �̂

i′,ε′

m+1)

is exact. From this, one easily deduces that the map

H0
Zar(∂�̂m+1, νs(n))→ H0

oc(∂�̂m+1, νs(n))
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is surjective. Hence condition (i) holds for oc cohomology as well.
Condition (ii) is a theorem of Kato [9, prop. 1]. 2

2.22. Remark. I don’t know how to use (1.5) to extend corollary 2.21 a)
to a comparison theorem between Borel-Moore motivic homology with
finite coefficients and a suitably truncated Borel-Moore étale homology.
Proposition 1.5 hints that an a priori definition of such a truncation
is not so obvious. Perhaps one should define it by embedding a given
singular scheme into some smooth scheme, and then showing that the
definition obtained does not depend on the choice of such an embed-
ding.
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