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The spectral sequence predicted by A. Beilinson relating motivic cohomology to
algebraic K-theory has been established for smooth quasi-projective varieties over
a field (cf. [FS], [L1]). Among other properties verified, this spectral sequence has
the expected multiplicative behavior (involving cup product in motivic cohomology
and product in algebraic K-theory) and a good multiplicative “mod-n reduction”
relating mod-n motivic cohomology to mod-n algebraic K-theory.

The purpose of this short paper is to draw two conclusions concerning mod-
n algebraic K-theory of smooth, quasi-projective varieties over an algebraically
closed field by comparing this spectral sequence to its “localization” which we show
converges to mod-n etale K-theory. In Theorem 2.1, we verify that the map from
mod-n algebraic K-theory to mod-n etale K-theory of a smooth quasi-projective
variety X over an algebraically closed field in which n is invertible is surjective
in degrees greater than or equal to twice the dimension of X . This refines the
surjectivity result of [DFST] and extends an argument by A. Suslin in [S1].

Then, in Example 3.4, we show that certain projective smooth 3-folds X con-
structed by S. Bloch and H. Esnault have non-zero elements in K0(X,Z/n) which
are killed by multiplication by a sufficiently high power of the Bott element β ∈

K2(X,Z/n). Although the existence of such examples is perhaps not surprising,
there have been attempts to prove that multiplication by β is always injective.

The authors gratefully acknowledge useful conversations with H. Esnault and A.
Suslin.

§1. Comparing Spectral Sequences

One method for computing mod-n algebraic K-theory is to compare it to its
topological analogue, the étale K-theory of [DF]. Since we shall be working over
an algebraically closed field, this étale K-theory is that described in its simpler,
earlier incarnation presented in [F1]. Indeed, in the case in which our base field is
the complex field C, the mod-n étale K-theory of the variety X is isomorphic to
the mod-n topological K-theory of the underlying analytic space Xan.

We recall the following fundamental result of R. Thomason, specialized to quasi-
projective varieties over an algebraically closed field.

Theorem 1.1. (cf. [T]) Let X be a quasi-projective variety over an algebraically
closed field k and let n be a positive integer invertible in k. Let β ∈ K2(k,Z/n) be
a choice of Bott element, an element which maps to a primitive n-th root of unity
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in n(K1(k)) = µn(k). Then for any quasi-projective variety X over k there is a
natural isomorphism (for ∗ ≥ 0)

K∗(X,Z/n)[1/β]
'
−→ Ket

∗ (X,Z/n).

In the following proposition, we use a result of A. Suslin [S2] to identify the
result of analogous localization in motivic cohomology. Let Hp

M(X,Z(q)) denote
the motivic cohomology of an algebraic variety X , defined either as in [V1] or as the
higher Chow group CHq(X, 2q− p). The equivalence of these definitions is proved
in [V2]. Let H∗

M(X,Z/n(q)) denote the indicated mod-n motivic cohomology group
defined, for example, as the mod-n homology of the Bloch complex of codimension
q cycles.

Proposition 1.2. Let X be a smooth quasi-projective variety over an algebraically
closed field k and n a positive integer invertible in k. Let

b ∈ H0
M(X,Z/n(1)) = H0

et(X,µn)

be the primitive n-th root of unity used to define β. Then for any i ≥ 0, multipli-
cation by b

b · (−) : H i
M(X,Z/n(s)) −→ H i

M(X,Z/n(s+ 1))

is an isomorphism for s ≥ d = dim(X) whereas multiplication by b

b · (−) : H i
et(X,µ

⊗s
n ) −→ H i

et(X,µ
⊗s+1
n )

is an isomorphism for all s. In other words, for any s the natural map

H i
M(X,Z/n(∗)) −→ H i

et(X,µ
⊗∗
n )

is equivalent to localization of H i(X,Z/n(∗)) with respect to the action of multipli-
cation by b.

Proof. Suslin’s comparison result [S2; 2.1],

H∗
M(X,Z/n(d))

'
−→ H∗

et(X,µ
⊗d
n ),

is stated for a variety X over an algebraically closed field of characteristic 0. The
characteristic 0 hypothesis was invoked in order to apply the techniques of [SV].
As is well known, these techniques also apply to varieties over algebraically closed
field of characteristic p > 0 with (n, p) = 1, thanks to J. de Jong’s result concerning
the existence of smooth alterations for any singular variety [J].

On the other hand, if s > d, then homotopy invariance of motivic cohomology
and étale cohomology implies the isomorphisms

H∗
M(X,Z/n(s)) ' H∗

M(X ×As−d,Z/n(s))
'
−→ H∗

et(X ×As−d, µ⊗s
n ) ' H∗

et(X,µ
⊗s
n ).

Now observe that

b · (−) : H i
et(X,µ

⊗s
n ) −→ H i

et(X,µ
⊗s+1
n ),
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is an isomorphism for all s in view of the non-canonical isomorphisms

µ⊗s
n ' Z/n ' µ⊗s+1

n .

In particular, multiplication by b,

b · (−) : H i
M(X,Z/n(s)) −→ H i

M(X,Z/n(s+ 1)),

is an isomorphism whenever s ≥ d. �

The following theorem shows how to relate multiplication by β in mod-n K-
theory and multiplication by b in mod-n cohomology. The reader can find an
alternate construction of such a map of spectral sequences given (implicitly) in
[L2;12.13].

Theorem 1.3. Let X be a smooth quasi-projective variety over an algebraically
closed field k and n a positive integer invertible in k. Then there is a natural map
of spectral sequences from

Ep,q
2 = Hp−q

M (X,Z/n(−q)) ⇒ K−p−q(X,Z/n)

to
′Ep,q

2 = Hp−q
et (X,µ⊗−q

n ) ⇒ Ket
−p−q(X,Z/n)

whose map on abutments is localization by the Bott element β ∈ K2(X,Z/n) and
whose map on E2-terms is localization by b ∈ H0

M(X,Z/n(1)).

Proof. The first spectral sequence arises from a homotopy exact couple associated
to a tower of fibrations

· · · K(q)(X × ∆•) −→ K(q−1)(X × ∆•) −→ · · ·

The multiplicative structure on this exact couple as detailed in [FS] enables us
to define a self-map of the exact couple associated to multiplication by β. The
second spectral sequence is that of the exact couple obtained by localization of the
first exact couple with respect to this map (i.e., by considering the colimit of an
infinite sequence of this map), whose asserted form follows from Theorem 1.1 and
Proposition 1.2. �

§2. Surjectivity in mod-n K-theory

In [S1], A. Suslin essentially assumed Theorem 1.3 and verified the following
surjectivity result (among other things) in the special case in whichX has dimension
at most 2. As we see below, this dimension condition is not necessary to prove such
a surjectivity result.

Theorem 2.1. Let X be a smooth quasi-projective variety of dimension d over an
algebraically closed field k and n a positive integer invertible in k. Then the natural
map

Km(X,Z/n) −→ Ket
m(X,Z/n),

is split surjective for m ≥ 2d.

Proof. Note that the rth differentials, dp,q
r and ′dp,q

r , of the spectral sequences of
1.3 have bi-degree (r,−r+ 1). As discussed in the proof of 1.2, a theorem of Suslin
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[S2; 2.1] shows that the map Ep,q
2 → ′Ep,q

2 is an isomorphism for q ≤ −d. We claim
that for r ≥ 2, p+ q ≤ −2d, and q ≤ −d, the image of the map

dp−r,q+r−1
r : Ep−r,q+r−1

r → Ep,q
r

is mapped isomorphically to the image of

′dp−r,q+r−1
r : ′Ep−r,q+r−1

r → ′Ep,q
r

under the map Ep,q
r → ′Ep,q

r , which is itself an isomorphism. To see this, consider
the commutative square

Ep−r,q+r−1
r ≡ Hp−2r−q+1

M (X,Z/n(−q − r + 1))
dr

−−−−→ Ep,q
r ≡ Hp−q

M (X,Z/n(−q))




y





y

′Ep−r,q+r−1
r ≡ Hp−2r−q+1

et (X,µ
⊗(−q−r+1)
n )

′dr

−−−−→ ′Ep,q
r ≡ Hp−q

et (X,µ⊗−q
n ).

If q+r−1 ≤ −d, then both vertical maps of this diagram are seen to be isomorphisms
by induction on r ≥ 2, with the case r = 2 given by Suslin’s theorem [S2; 2.1]. Thus
the result is evident in this case. If q + r − 1 > −d, then the lower left group is 0
for all r ≥ 2, since p− 2r − q + 1 < 0, and so ′dr = 0. As before, by induction on
r ≥ 2 and using Suslin’s theorem, one easily concludes that dr is the zero map and
the right-hand vertical map of the diagram is an isomorphism.

Letting r 7→ ∞, it follows that for p+ q ≤ −2d, the map

Ep,q
∞ → ′Ep,q

∞

is an isomorphism for q ≤ −d and has target 0 for q > −d. Thus, for any m =
−p− q ≥ 2d, the map

Km(X,Z/n) → Ket
m(X,Z/n)

admits a decreasing bounded filtration

F s ≡ F sKm(X,Z/n) → ′F s ≡ ′F sKet
m(X,Z/n), s ∈ Z,

such that F s/F s+1 ∼= ′F s/ ′F s+1 for s ≥ d−m and ′F s/ ′F s+1 = 0 for s < d−m.
Thus, the composite map F d−m → ′F d−m → Ket

m(X,Z/n) is an isomorphism,
whose inverse composed with F d−m ↪→ Km(X,Z/n) is the desired splitting. �

Using Theorem 2.1, we obtain further information concerning the map of spectral
sequences of Theorem 1.3.

Proposition 2.2. Adopt the hypotheses and notation of Theorem 1.3 with d =
dim(X). If (n, (d− 1)!) = 1, then there exists a commutative diagram

K0(X,Z/n)
ch

−−−−→
⊕

s≥0H
2s
M(X,Z/n(s))





y





y

Ket
0 (X,Z/n)

′ch
−−−−→

⊕

s≥0 H
2s
et (X,µ⊗s

n )
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whose horizontal arrows are isomorphisms, given as the reduction modulo n of the
Chern character.

Proof. Explicit formulas for the Chern character in terms of (integrally defined)
Chern classes enable us to conclude that ch and ′ch can be defined in terms of
mod-n Chern classes provided (n, (d− 1)!) = 1.

The only possible r ≥ 2 such that dr or ′dr maps non-trivially to Es,−s
r or ′Es,−s

r

satisfy r < s. For if r > s, then the source of each of these maps is trivial, and if
r = s, the source of dr and ′dr are each isomorphic to H1

Zar(X,µn) ∼= H1
et(X,µn),

which admits a surjective map from K1(X,Z/n) and thus must persist to infinity.

Now observe that Es,−s
2

∼= ′Es,−s
2 = H2s

et (X,µ⊗s
n ) = 0 whenever 2s > 2d, by

Suslin’s theorem and since X has étale cohomological dimension of at most 2d.
Thus Es,−s

r = ′Es,−s
r = 0 for all r ≥ 2 whenever 2s > 2d. Since we may assume

r < s from above, the only non-trivial differentials dr,
′dr with target Es,−s

r , ′Es,−s
r

satisfy r < d.
As shown in [L2;9.7], the spectral sequences of Theorem 1.3 admit Adams oper-

ations ψk commuting with differentials whose action on each of Ep,q
r and ′Ep,q

r is
multiplication by k−q. As argued in [L2;11.7], this implies that the differentials dr

and ′dr vanish provided that n > r.
In particular, since n > d−1, this shows that all differentials with target Es,−s

r or
′Es,−s

r vanish. On the other hand, the only non-vanishing differentials with source
Es,−s

r or ′Es,−s
r must satisfy r ≥ n ≥ d. But we claim that even these differentials

vanish. For if s > 0, then their targets, Es+r,−s−r+1
r and ′Es+r,−s−r+1

r , are zero,
since ′Ep,q

r = 0 for p− q > 2d by considering étale cohomological dimension, and
Ep,q

r = 0 for p − q > −q + d, since the motivic complex Z(−q) is concentrated
in cohomological degrees [−∞,−q] (cf. [V1]) and X has Zariski cohomological
dimension d. If s = 0, then E0,0

r and ′E0,0
r clearly persist to infinity, and so dr and

′dr vanish in this case too.
Thus, the mod-n spectral sequences collapse at the E2-level in total degree 0,

with splitting given by the Chern character maps ch and ′ch. �

§3. Non-injectivity of multiplication by β

In this section, we show how examples of algebraic cycles which are neither n-
torsion nor n-divisible and which are homologically trivial determine examples of
classes in mod-n K-theory which are killed by multiplication by a sufficiently high
power of the Bott element. This follows easily from Proposition 2.2.

The connection between homologically trivial cycles and elements in K-theory
killed by multiplication by a power of the Bott element was first observed when
contemplating the relationship between “algebraic vector bundles modulo algebraic
equivalence” and “algebraic cycles modulo algebraic equivalence” as in [FW]. As we
observe in Remark 3.3 below, one should be able to use a somewhat sophisticated
version of this relationship to provide much sharper examples.

Our examples of non-surjectivity in Example 3.2 use the following proposition
relating cycles homologically trivial to K-theory classes killed by a power of the
Bott element. We remind the reader that for any smooth quasi-projective variety
X , we have

H2s
M(X,Z/n(s)) ' CHs(X) ⊗ Z/n,

where CHs(X) denotes the Chow group of codimension s cycles on X modulo
rational equivalence.
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Proposition 3.1. Let X be a smooth quasi-projective variety over an algebraically
closed field k, n a positive integer invertible in k, and d = dim(X). Assume that
there exists an algebraic cycle Z of codimension s on X with the property that

[Z] 6= 0 ∈ CHs(X) ⊗ Z/n, [Z] = 0 ∈ H2s
et (X,µ⊗s

n ). (3.1.1)

Then there exists

0 6= α ∈ K0(X,Z/n), βe · α = 0

for some e > 0 provided that (n, (d− 1)!) = 1.

Proof. By Proposition 2.2, the hypotheses of the proposition imply that there exists
some non-zero class α ∈ K0(X,Z/n) mapping to 0 ∈ Ket

0 (X,Z/n). Thus, the
proposition follows from Theorem 1.1. �

Examples of varietiesX and cycles Z satisfying the hypotheses of Proposition 3.1
should be “generic” in nature. In the following, we recall an explicit such example
constructed by S. Bloch and H. Esnault.

Example 3.2. We let W ⊂ P5
C

be a smooth complex quadric hypersurface defined
over Q. For a prime ` � 0 and integer k � 0, Bloch and Esnault show [BE; 4.1]
that there exists a smooth hypersurface section X of W defined over an algebraic
number field and an algebraic cycle Z of codimension 2 on X which satisfy (3.1.1)
with s = 2, n = `k:

[Z] 6= 0 ∈ CH2(X,Z/`k), [Z] = 0 ∈ H4
et(X,µ

⊗2
`k ).

Thus, for such choices of X, `, and k, Proposition 3.1 tells us that there exists

0 6= α ∈ K0(X,Z/`
k), βe · α = 0,

for some e > 0.

Remark 3.3. As mentioned above, the relevance of the Bloch-Esnault examples to
the non-injectivity of multiplication by the Bott element was motivated by consider-
ing the relationship between “semi-topological K-theory” (cf. [FW]) and “morphic
cohomology” (cf. [FL]). In [CL], it is stated that these are rationally isomorphic for
projective, smooth complex varieties. Moreover, it is shown in [CL] that multiplica-
tion by the Bott element corresponds under the Chern character to the s-operation
in morphic cohomology. In [F2], examples are given of classes in morphic coho-
mology killed by a specific power of the s-operation. Thus, provided that one could
show that the cycles occurring in these examples are not infinitely `-divisible in
the appropriate mod-` Chow group, one could provide much sharper examples than
those of Example 3.2. Namely, for m > 1 and suitable prime `, one should be
able to construct a projective smooth complex algebraic variety X and an element
α ∈ K0(X,Z/`) such that

βm−1 · α 6= 0, βm · α = 0.
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