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Abstract

The notion of a characteristic fibration is introduced. This fibration

consists of a base space M and a set of fibres which are dimension groups

associated to a noncommutative ring R. Every dimension group of the

fibration is isomorphic to the first Betti group of M with a ‘positive cone’

depending continuously on the fibre. The characteristic fibrations are

linked to the codimension–1 regular foliations on M . In particular, we

prove that the characteristic classes of such foliations coincide with the

Stiefel-Whitney class of M .
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Introduction

The nature of a noncommutative (NC–) topological space is much a mystery,
although some typical traits can be observed. To ‘cook’ an NC-space one needs a
noncommutative ring R. The ring R crops up as a von Neumann or C∗-algebra,
group or groupoid algebra, etc.

R is identified with a topological space, X , whose structure cannot be es-
tablished by the standard topological methods. For example, X can be the leaf
space of a foliation or a topological space whose higher signatures satisfy the
Novikov conjecture. X is called an NC-space.
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Applying formal algebraic operations to R, one looks for an information
about X . Then this information is translated into the language of ‘usual’ topo-
logical spaces.

Let M be a differentiable manifold of dimension n. Every integrable field
of (n − k)–planes on M defines a foliation F . By a continuous rotation of the
(n− k)–planes preserving the integrability (Frobenius) condition, one gets a set
of foliations which belong to the homotopy class of F .

The homotopy classes of foliations have been studied by R. Bott, A. Hae-
fliger, J. Mather, W. Thurston and others, see a remarkable survey of Lawson
[5]. Let Γ be a topological groupoid associated to F and BΓ a classifying space
of Γ. The problem is the following: Find the homology (cohomology) invariants
of M responsible for the distinct homotopy types of the mapping M → BΓ.
The latter are called characteristic classes of F .

Despite a progress in this area, like a construction of the Godbillon-Vey
invariant and the Gelfand-Fuchs cohomology, a final solution to the problem is
not found. Haefliger noted on p. 193 of [4] that the ignorance (of the problem)
is almost total 1 .

In this note we suggest a partial solution to the above problem in the spirit of
NC-spaces. In [7]–[9] we associated to a regular foliation F an AF-algebra whose
dimension group 2 coincides with the first Betti group of M . This AF-algebra
is Morita equivalent to a foliation C∗-algebra studied by A. Connes almost 20
years ago.

An NC-space X in our case is the leaf space of a regular foliation on M . The
algebraic dual to X is a dimension group of rank k = ‘first Betti number of M ’.
It is known (G. A. Elliott and others) that dimension groups define completely
the noncommutative ring R of an AF-algebra.

The homotopy class of F gives us a family, Xα, of the NC-spaces. The
characteristic fibration, {Xα}α∈M , is a parametrization of this family by the
points of manifold M . A fundamental advantage of the characteristic fibrations
is that they are classifiable (by the Stiefel–Whitney invariants of M).

What is a connection between the characteristic fibrations and homotopy
(characteristic) classes of regular foliations? It turns out (Section 2) that these
two notions are dual.

(An intuitive picture is that dimension groups ‘control’ the asymptotic be-
haviour of a regular foliation. Measuring a variation of the asymptotic behaviour
under the homotopy deformation allows to compute the characteristic class of
the foliation.)

Theorem Let M be a closed hyperbolic manifold of dimension n ≥ 3 and
the first Betti group of rank k. If F is a regular foliation on M , then there
exists a bijection between the homotopy class of F and a homotopy class of the
continuous mapping M → Vk−1(R

k), where Vk−1(R
k) is the Stiefel variety of

1Malheureusement notre ignorance est presque totale.
2The dimension group is an algebraic K0-group of the noncommutative ring R which

‘preserves’ the information about the Grothendieck semi-group of R.
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(k − 1)–dimensional orthonormal frames in Rk. Moreover, the characteristic
class of F is determined by the total Stiefel-Whitney class of the manifold M .

The paper is organized as follows. In Section 1 the notation and statements
to be used in the proof of the main result are fixed. We formulate and prove
the main result in Sections 2 and 3, respectively. A summary on foliations is
attached at the end of the text.

1 Notation

1.1 Algebraic K-theory

Finitely generated projective modules over noncommutative ring

Let R be a noncommutative ring with unit. By module over R (an R-module)
we shall always mean a left module. A homomorphism between two R-modules
A and A′ is defined to be a function α : A → A′ that respects the module
structure: α(a+ b) = α(a) + α(b), α(λa) = λ(αa) for all a, b ∈ A and λ ∈ R.

The projective module over R is an R-module A with the property that any
surjective homomorphism α : A → A′ has a right inverse β : A′ → A. An
equivalent definition is that for any “projection” ϕ : A →M to an intermediate
R-module M such that ψ : A′ → M is surjective, one can find “projection”
θ : A → A′ so that the following diagram is commutative:

A′

ψ

θ ϕ

M-

A

?

�
�

�
�

�	

An R-module is free if it is isomorphic to the R-module Rn which is formed
by n-tuples (ξ1, . . . , ξn), where ξi ∈ R and (ξ1, . . . , ξn) + (η1, . . . , ηn) = (ξ1 +
η1, . . . , ξn + ηn), λ(ξ1, . . . , ξn) = (λξ1, . . . , λξn) for all λ, ηi ∈ R. The basic
property (whose proof we omit) of projective R-modules A,A′ is that they occur
as direct summands A ⊕ A′ ' Rn in a free R-module. Moreover, A is finitely
generated if and only if it is a direct summand in Rn for some n <∞.

Basic operations on finitely generated projective modules

The isomorphism classes of finitely generated projective R-modules make an
abelian semi-group relatively direct sum ⊕ with the identity equal to 0-module.
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Indeed, given representatives P ' P ′, Q ' Q′ and V in each isomorphism class
of finitely generated projective R-modules, we can see that:

P ⊕Q ' P ′ ⊕Q′

P ⊕Q ' Q⊕ P (1)

((P ⊕Q) ⊕ V ) ' (P ⊕ (Q⊕ V )).

This semi-group, in general, might fail to have a cancellation property:

P ⊕ V ' Q⊕ V implies P ' Q. (2)

The semi-group, Proj R, that we have described, captures valuable information
about the noncommutative ring R. In many cases, the ring R can be completely
recovered upon Proj R. This will be in our case too.

It is preferable, in any case, to deal with the semi-group Proj R itself, al-
though there exists an information-decreasing reduction of it, known as Gro-
thendieck group. The Grothendieck groups are certainly the better option, but
a sort of bitter victory since much of the theory which is evolved in below is
how to keep track on the “lost information”.

Grothendieck group

The simplest way to introduce the Grothendieck group of the semi-group Proj
R is via an equivalence of pairs (x, y) where x, y ∈ Proj R. The pairs (x, y) and
(x′, y′) are equivalent if and only if there exists t ∈ Proj R such that

x+ y′ + t ' x′ + y + t. (3)

The equivalence class of (x, y) we denote by K(x, y) and let define an addition
between the equivalence classes by the formula:

K(x, y) +K(x′, y′) = K(x+ x′, y + y′). (4)

This operation turns the set of pairs (x, y) into an abelian group where the role
of unit (in the additive notation) is played by the pairs

K(x, x) = K(y, y) = . . . = 0. (5)

Every element (x, y) has an inverse (y, x) since

K(x, y) +K(y, x) = K(x+ y, x+ y) = 0. (6)

As we shall see later the Grothendieck groups of noncommutative rings are
intimately related to geometry and topology of manifolds and foliations. Our
basic concern will be to restore those pieces of information that are lost relatively
semigroup Proj R.
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1.2 K-theory of AF–algebras

The noncommutative rings are too general to be linked directly to a geometric
object. The simplest category having the structure of a noncommutative ring
and where this can be done, is the C∗-algebra category. (The proportion here
as between “abstract” groups and groups of permutations.)

C∗ and AF -algebras

A C∗-algebra is a noncommutative Banach algebra with an involution. These
algebras appear in the study of bounded linear operators acting on a Hilbert
space. The ring structure comes from the addition and multiplication of such
operators. For a definition of the C∗-algebra we refer to Blackadar [1].

The C∗-algebra A is said to be an AF-algebra (approximately finite-di-
mensional) if it is separable C∗-algebra generated by an increasing sequence
A1 ⊆ A2 ⊆ . . . ⊆ A of finite-dimensional C∗-subalgebras. Because every finite-
dimensional C∗-algebra is (up to an isomorphism) a multi-matrix C∗-algebra
Mn = Mn1

⊕ . . . ⊕Mnk
where Mni

are square matrices with the entries in C,
another way to define A is via the norm-closure of a sequence of algebras and
their homomorphisms:

M1

ϕ1

−→M2

ϕ2

−→ . . . (7)

For such algebras a complete classification based on the Grothendieck group of
ring structure of A is known.

Idempotents of noncommutative rings

The Proj R semi-group and the Grothendieck group of a noncommutative ring
R allow an elegant reformulation in terms of idempotents of R. The idempotent
elements play an outstanding role in the classification of AF -algebras. This fact
partially explains our interest to the set of idempotents connected with the ring
R.

Let P be finitely generated projective R-module. In this case for some n > 0
and an R-module Q, we have

P ⊕Q = Rn. (8)

Let p : Rn → Rn be an R-module homomorphism which is identity on P and
0 on Q. Clearly, p is idempotent, i.e. p2 = p. In a fixed basis in Rn p can be
written as n×n idempotent matrix. This matrix defines P up to ismorphism of
R-modules.

Denote by GLn(R) the group of invertible n×n matrices with entries in the
ring R. Two idempotent matrices p, q correspond to the isomorphic projective
R-modules P,Q if and only if they can be enveloped (by adding zeroes) into two
n × n matrices that are conjugate under the group GLn(R). This observation
provides us with a useful representation of the semi-group Proj R.
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Lemma 1 Let Idem R be a set of idempotent matrices corresponding to the
noncommutative ring R. Then the semi-group Proj R coincides with the set of
GLn(R)-orbits (0 ≤ n <∞) of Idem R endowed with a semi-group operation:

p⊕ q =

(
p 0
0 q

)

. (9)

Proof. See Blackadar [1]. �

Dimension groups of AF -algebras

Roughly speaking, the dimension group of AF -algebra is a pair consisting of the
Grothendieck group of ring R structure of the AF -algebra and the semi-group
Proj R “fitted” in a special way into the Grothendieck group. (Here again, the
problem is to track Proj R correctly. This will be done in terms of the “order
structure” on abelian groups.) Dimension groups have already a nice geometric
interpretation. They are also complete invariants of the stable isomorphism
classes of the AF -algebras.

If A is an AF -algebra, let us denote by P (A) the set of projections p2 = p in
the algebraA. Two projections p, q ∈ P (A) are said to be Murray–von Neumann
equivalent if there is an element u ∈ A such that p = u∗u and q = uu∗. Clearly,
this is an equivalence relation on the set P (A) which is invariant under the direct
sum p ⊕ q of two projections. For the AF -algebras the Murray–von Neumann
equivalence coincides with conjugacy of idempotents under the group GLn(R);
cf. earlier section.

Let us denote by 1n the unit n × n matrix. They say that two projections
p, q ∈ P (A) are stably equivalent if there exists a positive integer n such that
1n ⊕ p is Murray–von Neumann equivalent to 1n ⊕ q. We write this equivalence
relation and the equivalence class of element p ∈ P (A) by ∼ and [p], respectively.
The set of the equivalence classes [p]’s of algebra A is denoted by K+

0 (A). A
binary operation + on the set K+

0 (A) is defined as

[p] + [q] = [p⊕ q] (10)

whenever [p], [q] ∈ K+
0 (A). (This formula corresponds to operation (9) on the set

Idem R; cf earlier sections.) If A is unital, then with respect to this operation
K+

0 (A) is an abelian semi-group with zero element [0] and the cancellation
property, cf Blackadar [1].

The enveloping (Grothendieck’s) abelian group of the semigroup K+
0 (A)

is called the K0–group of the algebra A. It plays a fundamental role in the
classification of the AF C∗-algebras. Namely, there is a partial order on the
abelian group K0, defined by the semi-group K+

0 (A): for x, y ∈ K0 x ≤ y if
x − y ∈ K+

0 (A). (Note that the definition is correct, since K+
0 (A) is a cone in

K0 – cf [1].) An isomorphism of the K0–groups with order is order-preserving
if it respects the ordering between the elements of the group. The isomorphism
criterion for the AF -algebras is given by
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Lemma 2 (G. A. Elliott) If A and A′ are two unital AF -algebras and τ :
K0(A) → K0(A

′) is a unital order-preserving isomorphism between respective
K0-groups, then there is an isomorphism ϕ : A → A′ between the AF -algebras
such that ϕ∗ = τ .

Proof. See [1]. �

1.3 Geometry of dimension groups

Dimension group of a noncommutative ring R is a pair (K0(R),K+
0 (R)). There

is a remarkable link between this pair and a pair (M,F), where M is a closed
hyperbolic manifold and F a foliation on M . The details of this construction
can be found in our works [7]-[9]. We remind the main ideas in below.

A reminder on hyperbolic geometry

Universal cover and absolute. Denote by H
n = {x ∈ R

n|xn > 0} the upper part
of the space Rn endowed with the hyperbolic metric ds = |dx|/xn. Hn is called
a hyperbolic n-space. The first two coordinates of vectors from Hn are identified
with the complex plane C = {z | z = x1 + ix2}. A transformation C → C is
called Möbius if it acts by the formula

z 7−→
az + b

cz + d
ad− bc 6= 0, (11)

where a, b, c, d ∈ C. The Möbius transformations are identified with the group
SL(2,C)/± I of the 2 × 2 matrices with complex entries.

The action of Möbius transformations can be prolonged from C to the rest
of Hn with the help of the Poincaré inversion: x 7→ x/|x|2, x ∈ Hn; cf. Tukia
[10]. This extension is an isometry of Hn, and for n = 2 (n = 3) is known as
Fuchsian (Kleinian) transformation.

The (n− 1)-dimensional plane

∂H
n = {x ∈ H

n | xn = 0}, (12)

where the hyperbolic distances tend to infinity, is called an absolute. There
exists a natural extension of Möbius transformations to the absolute. The union
Hn ∪ ∂Hn is called an extended hyperbolic n-space.

The geodesic lines on the extended hyperbolic n-space are represented by the
arcs of circles orthogonal to the absolute. Every geodesic line can be included
into a hemi-sphere Sn−1 whose radius is equal to the radius of the geodesic line.
Clearly, Sn−1 consists of geodesic lines and is called a geodesic hemi-sphere.

Möbius groups and fundamental tessellation of Hn. Let M be a compact n-
dimensional manifold which carries a metric of constant negative curvature.
Then there exists a universal covering of M by the extended hyperbolic n-space.
The manifold M can be represented as a factor-space Hn/G by the action of a
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discrete group G of Möbius transformations. The group G is isomorphic to the
fundamental group of M and is called a Möbius group associated to Hn.

Let G be a Möbius group. The space of G-orbits G × Hn → Hn is homeo-
morphic to a simply connected domain in Hn called a fundamental domain. If
the fundamental group of M is finitely generated, then the fundamental domain
of G is an n-dimensional polyhedron (i.e. a convex body bounded by a finite
number of hyperplanes).

We consider only fundamental domains which have no common points with
the absolute. (This situation corresponds to the Möbius groups of the first kind.)
With no restriction of generality, we may assume that the faces of fundamental
polyhedron are formed by the rational 3 geodesic hemi-spheres.

The fundamental domains split Hn into a countable union of n-dimensional
polyhedrons, which is called a fundamental tessellation of H

n. One can recapit-
ulate the picture using the following commutative diagram:

U × π1(M)
π

pIdM

- U

?

@
@

@
@

@R

M

where U ∼= Hn is the universal cover of M .

Regular foliations

A definition of the foliation can be found in the standard texts like Lawson [5]
or in the Appendix to this note.

Foliations without Reeb components. We are considering the codimension–1
foliations on a closed hyperbolic manifold of dimension n ≥ 3. We leave aside
the delicate existence questions for such foliations: in the case n = 3 such
foliations always exist, and in the higher dimensions good examples are known
– cf. [5].

A Reeb component can be defined as a foliation on the n-dimensional solid
torus whose leaves are (n − 1)-dimensional planes with the limit set coincid-
ing with the boundary of the solid torus. (In the lower dimensions the Reeb
components look like a dragon eating its own tale.)

A foliation F will be called regular if the following requirements are met:

• no part of F has a Reeb component;

3A geodesic hemi-sphere is called rational if and only if the set of intersection points with
the absolute (on the extended hyperbolic n-space) is invariant under the (extended) action of
the Möbius group.
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• the leaves are either compact (i.e. the limit set of a leaf is the leaf itself)
or

• the leaves are everywhere dense in the manifold (i.e. the limit set of a leaf
is the whole M , or a Cantor set in M).

One can usefully think of regular foliations as a higher-dimensional analog of
the Kronecker foliations on the two-dimensional torus. These can either be
“rational”, i.e. with all leaves compact, or “irrational”, so that each leaf is
everywhere dense on the torus. An exceptional “Denjoy” case adds to the
picture when the leaves tend to a Cantor set.

Asymptotic of regular foliations and absolute. The study of foliations with “good”
asymptotic behaviour at the universal cover was initiated by Fenley, Gabai and
Thurston; cf a survey of Fenley [3]. Although they consider the 3-dimensional
manifolds, the results generalize to arbitrary hyperbolic manifolds.

Let F be a regular foliation. Denote by F̃ = p−1(F) a lifting of F to the
universal cover Hn. Let l̃ ∈ F̃ be a leaf of the foliation located “upstairs”.

Unfortunately, l̃ cannot be a geodesic leaf, i.e. coincide with one of the
geodesic hemi-spheres. (This situation is very common even for the 2-dimensional
hyperbolic manifolds; cf [7]-[9].) In other words, l̃ is not an isomteric leaf. The
situation can be corrected if one allows a quasi-isometry of the leaves; cf Fenley
[3].

Based on the works of Fenley, Gabai and Thurston the following lemma
describes the asymptotic (i.e. near the absolute) behaviour of leaves of regular
foliations.

Lemma 3 Let l̃ ∈ F̃ be a leaf of regular foliation on the universal cover Hn.
Then l̃ is a quasi-isometric immersion to Hn and the limit set of l̃ is either a
“Jordan curve” (i.e. circle Sn−2 ⊂ ∂Hn) at the absolute or the absolute itself.

Proof. See [3]. �

Dimension group of regular foliation

The regular foliations give rise to a dimension group based on the free abelian
lattice Zk, where k is equal to the number of generators in π1(M). The “positive
cone” in Z

k is defined from the asymptotic properties of F̃ near the absolute.

Free lattice Zk. Denote by τ the fundamental tessellation of Hn associated to
a Möbius group G. Each polyhedron in τ is an n-dimensional complex whose
0-dimensional (1-dimensional) simplex we refer to as vertices (edges) of τ . The
union of these two is isomorphic to the Cayley graph 4 of group G. This fact will

4This graph is defined for any group given by generators and relations. Each element of G

is represented by a vertex of Cay G and edges correspond to the action of generators on the
elements of G. Closed cycles of the graph represent relations in group G. For further reading
we recommend Coxeter & Moser [2].
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be used to index the set V (τ) of vertices of τ . We shall write vg(τ) or simply
vg to denote a vertex corresponding to the element g ∈ G.

Unfortunately, the set V (τ) cannot be turned to an abelian group, since
G ' π1(M) is generally noncommutative. For a subset of V (τ) this can be done
as it shows the following general construction.

Denote by [vg ] a set of vertices of the form

gxyx−1y−1, (13)

where x, y run all the elements of G. The set (13) is a coset of the element
g ∈ G. Picking-up a representative v ∈ [vg ] in each of (disjoint) cosets in G, one
turns a subset V0 ∈ V (τ) into an abelian group.

Indeed, the commutator H = [G,G] is a normal subgroup of G so that the
cosets gH have the structure of abelian group

G/[G,G] ' H1(M,Z) = Z
k, (14)

where k is the number of generators in the fundamental group of M . The subset
V0 ' Zk of V (τ) obtained as above is called a free lattice Zk of the tessellation
τ .

Positive elements of Zk. Let F̃ be the lifting of a regular foliation F to the
extended hyperbolic n-space. Take a leaf l̃ ∈ F̃ that has the limit set at the
absolute which is a “circle” Sn−2, see Lemma 3. A geodesic hemi-sphere Sn−1

passing through the circle Sn−2 can be either rational or irrational because of
the regularity of F . (The rational case corresponds to the compact leaves of F ,
while irrational to the everywhere dense leaves or the limit set of Cantor type.)

In either of these two cases the geodesic hemi-sphere Sn−1 can be made
passing through the point 0 ∈ Z

k of the free lattice Z
k of tessellation τ . A

positive cone of Zk is defined as the set

Z
k
+ = {z ∈ Z

k ⊂ H
n | z ∈ Int Sn−1}, (15)

where Int Sn−1 denotes the interior points of Hn separated by the hemi-sphere
Sn−1. The group (Zk ,Zk

+) is called a dimension group associated to a regular
foliation F . The group (Zk ,Zk

+) is simple if F is irrational and non-simple (i.e.
having the non-trivial order-ideals) if F has the compact leaves.

A link between (Zk ,Zk
+) and the C∗-algebras of Connes associated to the

foliations is given by the following lemma.

Lemma 4 The dimension group of the foliation (Connes) C∗-algebra associated
to a regular foliation F is order-isomorphic to (Zk,Zk

+).

Proof. See [7]-[9]. �

Parametrization of totally ordered dimension groups. The state on a dimension

group (Zk ,Zk
+) is a homomorphism (Zk ,Zk

+) → R which maps the positive cone
Zk

+ to the positive reals, see Blackadar [1]. The linear space of all states is

10



a Choquet simplex of dimension ≤ k − 1. (The dimension of the state space
indicates to the number of invariant ergodic measures of the foliation F , see
[9].)

The group (Zk,Zk
+) is totally ordered (i.e. any two elements of Zk can be

compared) if and only if the state space is one-dimensional. An equivalent way
to say this is that the boundary of the cone Zk

+ consists of a unique hyperplane,
α, which passes through 0 of the Euclidean space Rk.

The totally ordered dimension groups are naturally parametrized by the
points of the (k − 1)-dimensional sphere. Indeed, every α can be written as

(α, x) = 0, (16)

where x ∈ Sk−1 is a unit vector normal to α.

2 Main result

Homotopy class of a regular foliation. Some useful information on foliations
and their homotopy classes can be found in Appendix. A standard text on
the subject is the survey of Lawson [5].

Given a regular foliation F on the manifold M one can look at the integrable
distribution which is a set of planes tangent to F at every point of M . We shall
allow to rotate every plane of this distribution with a single restriction that the
newly obtained distributions are integrable and correspond to regular foliations.
The set of regular foliations obtained by a continuous rotation from F we call
a homotopy class of F .

Parametrization of a homotopy deformation. Foliations from the same homo-
topy class are obtained from each other by a (continuous) homotopy defor-
mation, which is a “sum” of local homotopy deformations. There exists a
parametrization of these deformations by the points of manifold M .

Let F be a (regular) foliation on M whose restriction to a unit cylinder

Cylh = Dn−1 × [0, h], ||D|| = 1, h > 0 (17)

of height h looks like given by the level sets h = Const. Fix 0 of a Descartes
coordinate system at the centre of the disk Dn−1 × {0}.

Let us rotate the distribution in Cylh so that all the tangent planes remain
parallel. In this way, the rotation is parametrized by a vector v ∈ Rn normal to
all planes. We set

||v|| = h. (18)

Thus far, the local deformations are parametrized by the vector v whose end-
points x ∈ Rn we identify with the points of manifold M covered by a local
chart in 0.

The reader can verify that this is indeed a homotopy deformation since the
initial foliation F has been modified only within Cylh. Moreover, mending
together the local homotopy deformations one gets a global one by identifying
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deformations on the overlapping domains. This process we call a parametrization
of homotopy deformation by points x ∈M .

(The reader should firmly understand that even local homotopy deformations
change dramatically the structure of foliation F . For example, an irrational foli-
ation on the torus can be made rational, and vice versa, by a local modification
near any point of torus; see also examples of Ch. Pugh and others.)

Definition of a characteristic fibration. We have seen (Section 1) that dimension
groups control the global (asymptotic) behaviour of regular foliations. Another
virtue of dimension groups is their natural bijection with the points of Sk−1 (in
the totally ordered case). Based on this observation, it might be interesting to
consider the following notion.

Definition 1 Let F be a regular foliation whose homotopy class we denote by
[F ]. By a characteristic fibration ξk = ξk[F ] one understands a bundle of di-
mension groups of rank k over M . A fibre over x ∈M is equal to the dimension
group of a foliation Fx ∈ [F ] parametrized by the point x.

Based on the characteristic fibrations we are able to prove the following results.

Theorem 1 (Homotopy classes of regular foliations) Let M be a closed
hyperbolic manifold of dimension n ≥ 3 and the first Betti group of rank k. If F
is a regular foliation on M , then there exists a bijection between the homotopy
class of F and a homotopy class of the continuous mapping M → Vk−1(R

k),
where Vk−1(R

k) is the Stiefel variety of (k−1)–dimensional orthonormal frames
in Rk. These homotopy classes correspond to different characteristic fibrations
ξk = ξk[F ] over M .

Corollary 1 (Classification of regular foliations) In the notation of The-
orem 1, the characteristic class of F is defined by the (total) Stiefel-Whitney
class w(ξ) ∈ H∗(M,Z2) of a vector bundle of rank k − 1 over M .

3 Proof

3.1 Proof of Theorem 1

Hurewicz isomorphism. Let M be a closed n-dimensional manifold whose fun-
damental group is finitely generated. Denote by k the number of generators in
π1(M). (In other terms, the Möbius group G of M is given by k generators and
k′ relators.)

First, let us remind an important relation between k and the first Betti
number (i.e. the rank of the first singular homology group) of M .

Lemma 5 (Hurewicz homomorphism) If M is a path-connected topological
space, then there exists a homomorphism

h : π1(M) −→ H1(M,Z) (19)
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between the fundamental group and the first (singular) homology group of M .
Moreover, the kernel of h coincides with the commutator subgroup of π1(M).

Proof of lemma. Fix a point x0 ∈ M . Any loop ω ∈ π1(M,x0) with the base
at x0 is a singular 1-dimensional simplex, u, in a triangulation of M . The
homomorphism h is established by the formula ω 7→ u, where u is regarded as
an element of the group H1(M,Z).

It is a bit more technical to prove that Ker h is the commutator subgroup
of π1(M,x0). The idea is to show that all loops of the form

xyx−1y−1 (20)

are trivial.
Indeed, suppose that x0 is a common point to every singular simplex of a

triangulation of M . Denote by u a cycle representing an element of Ker h.
Then u is the boundary of a simplex

∑
aidσi, where dσi = τi1 + τi2 + τi3 is the

sum of three closed paths.
Let us consider the product τai

i1 τ
ai

i2 τ
ai

i3 . It is not hard to show (see e.g.
C. R. F. Maunder, Algebraic Topology, Van Nostrand, London, 1970, pp 323-
324) that this product represents an element of π1(M,x0) which is homotopic
to a constant. Moreover, taking a composition of the above product with the
path u−1 yields us a new product the sum of whose exponents is equal to 0.
Thus we have an element of a commutator subgroup of form (20). �

Let τ be a fundamental tessellation of the universal cover Hn corresponding to
the Möbius group G. Then, by Lemma 5, the free lattice of τ is isomorphic to
the first homology (Betti) group of the manifold M .

We consider the regular foliations on M whose holonomy transformations
are strictly ergodic 5 or periodic. In this case the associated dimension group
(Zk,Zk

+) is parametrized by the points x ∈ Sk−1, see Section 1. (The dimension
group is simply equal to the first Betti group Zk of manifold M with a specified
positive cone Zk

+ ⊂ Zk.)
Let F be a strictly ergodic regular foliation on M whose characteristic fi-

bration we agree to denote by ξk, see Definition 1. Let us prove the following
important statement.

Lemma 6 The characteristic fibrations ξk over M are classified by the homo-
topy classes of the continuous cross-sections M → Vk−1(R

k) into a space of the
(k − 1)–dimensional orthonormal frames in the Euclidean space Rk.

Proof. Every fibre of ξk is a dimension group (Zk,Zk
+) whose positive cone Zk

+ is
given by a hyperplane Rk−1. Denote by Ek−1 = {e1, . . . , ek−1} an orthonormal
frame in R

k−1. Clearly,
Span Ek−1

∼= R
k−1. (21)

5Regarding the notion of holonomy and strict ergodicity we refer to the standard texts
like Lawson [5]. By a (generalized) Masur-Veech theorem “almost all” non-periodic regular
foliations are strictly ergodic, cf. [9].
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Let us consider a space

Vk−1(R
k) = Sk−1 × . . .× Sk−1

︸ ︷︷ ︸

k−1

(22)

of (k−1)-frames in the Eucledean space R
k. (Every unit vector in R

k is identified
with a point of the (k − 1)-dimensional unit sphere.) The space Vk−1(R

k) is
called a Stiefel manifold in the product topology of (22). We identify the (k−1)-
frames with the hyperplanes Rk−1 ⊂ Rk according to the formula (21).

Suppose that M is smoothly immersed into the Euclidean space Rk. (Of
course this is possible if and only if k ≥ n+ 1. For the sake of comfort we shall
always assume this fact. The opposite case is treated likewise, but geometrically
is less evident.)

Let us fix a lattice Z
k ⊂ R

k. By the definition of characteristic fibration, to
every x ∈M one can relate an hyperplane Rk−1, which is oriented, 6 and whose
‘right’ side bounds a positive cone Zk

+ of Zk. Since these positive cones depend
continuously on the points of M we have a continuous mapping

M −→ Vk−1(R
k) (23)

into the Stiefel manifold Vk−1(R
k). Lemma is proved. �

To finish the proof of theorem it remains to show that the characteristic
foliation ξk corresponds to a homotopy class of mapping (23). Indeed, fix a
homotopy

h(x, t) : M × [0, 1] −→ M (24)

of M into itself. Then h(x, t) defines equivalent fibrations ξk over M . The
composition of h(x, t) with the mapping (23) gives a mapping which is homotopy
equivalent with (23). Conversely, given a mapping in the homotopy class of
(23) one can find a homotopy (24) such that it conjugates fibration ξk with a
‘standard representative’ of its homotopy class.

Theorem is proven. �

3.2 Proof of Corollary 1

The proof is based on the ‘obstruction theory’ due to Stiefel, Whitney and
Steenrod. We recommend the classical paper of Whitney [11] and monograph
of Milnor-Stasheff [6] for the notation and main ideas.

The mapping (23) is a cross-section of a ‘sphere bundle’ introduced by Stiefel
and Whitney, see e.g. [11]. They showed that for every 0 ≤ ν ≤ n there exists
an ‘obstruction cocycle’ which is critical for the extension of a cross-section
from the simplex Kν−1 to the simplex Kν (in a given triangulation of M). The
cohomology class of this cocycle is a homotopy invariant of the ‘sphere bundle’ in

6It means that hyperplanes Rk−1 have ‘left’ and ‘right’ sides in Rk . This is the main
reason why one cannot use the Grassmann manifold Gk−1(R

k) which is a variety of (k − 1)-
dimensional hyperplanes in Rk.
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question. It was noticed by Milnor and Stasheff (Theorem 12.1 of [6]) that these
cohomology classes coincide with the Stiefel-Whitney classes of vector bundles
over M .

Lemma 7 (H. Whitney) Denote by Vk−1(M) a bundle of the orthonormal
(k − 1)-frames over an n-dimensional manifold M . Let K0 ⊂ K1 ⊂ . . . ⊂
Kn−1 ⊂ Kn

∼= M be a partition of M into the ν-dimensional simplicial com-
plexes Kν , 0 ≤ ν ≤ n. Then for every ν there corresponds a cohomology class
hν which is a homotopy invariant of Vk−1(M). This class has

(i) Z-coefficients, i.e. hν ∈ Hν(M,Z), if ν is odd;

(ii) Z2-coefficients, i.e. hν ∈ Hν(M,Z2), if ν is even.

Proof. For a complete and accurate proof of this lemma we refer the reader
to Whitney [11]. The proof is inductive. Suppose that we have a cross-section
K0 → Vk−1(R

k) of the bundle Vk−1(M) given over 0-dimensional simplex K0.
The existence of such a cross-section is trivial since K0 is a set of isolated points
with arbitrary (k − 1)-frames over these points.

To extend this cross-section to a K1-simplex one must verify that there are
no obstruction 1-cocycles in K1. These are the cocycles which measure a ‘twist’
of the (k − 1)-frame along the cocycle. (A ‘twist’ is the change of sign of the
frame. If moving along the cocycle one comes to the initial point with the
opposite sign, then there are no continuous cross-sections of Vk−1 over K1.)

By the definition of characteristic fibration a cross-section over K1 exists
a priori what implies that the number of twists is even. It can be proved
that all the cocycles where this happens belong to the same cohomology class
h1 ∈ H1(M,Z).

This process can be extended to the rest of Kν , 2 ≤ ν ≤ n in the same way.
We refer the reader to the original work of Whitney [11] for the details.

Lemma is proved. �

To finish the proof of Corollary 1 one can apply Theorem 12.1 of Milnor and
Stasheff [6]. Since there exists a natural homomorphism Z → Z2 between the
cohomology coefficient groups used in items (i) and (ii) of Lemma 7, one can
take Z2 as a ‘universal’ one.

Some more elaborated argument due to Milnor and Stasheff shows that hν

coincides with the Stiefel-Whitney class wν ∈ Hν(M,Z2) of the vector bundles
over M . The collection of Stiefel-Whitney classes calculated for all 0 ≤ ν ≤ n
defines a total Stiefel-Whitney class

ν=n⋃

ν=0

wν ∈ H0(M,Z2) ⊕ . . .⊕Hn(M,Z2)
def
= H∗(M,Z2),

which is a homotopy invariant of the bundle Vk−1(M).
Corollary 1 is proved. �
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4 Appendix

4.1 Foliations

By Mn = M we agree to understand a compact manifold of dimension n > 2.
Foliation on M is a partition of M = ∪αFα such that for every point x ∈ M
there exists a neighbourhood U and a homeomorphism ϕ : U → Rn sending
the connectivity components U ∩ Fα to a family of hyperplanes R

k × R
n−k.

Positive integers k and n− k are called dimension and codimension of foliation
F , respectively. Submanifolds Fα are called leaves of the foliation F .

An equivalence relation on the set of foliations on M is a topological equiv-
alence of two foliations. Foliation F1 and F2 on M are said to be topologically
equivalent if there is a homeomorphism ϕ : M →M such that for every x ∈M
the leaf of F1 through point x goes to a leaf of F2 through the point ϕ(x). The
problem of (topological) classification of foliations even for the codimension 1
foliations is far from being solved.

Relaxed equivalence relation on the set of foliations is the so-called homotopy
equivalence. In the geometric terms it is defined as follows. Suppose that Mn+1

is a manifold whose boundary is an n-dimensional manifold B. Given a foliation
F on Mn+1 whose leaves are transversal to B, there defined a foliation FB (of
the same codimension as F) on the manifold B by components of the intersection
of F with B. In this case, FB is said to be induced by F . Two foliations FB1

and FB2
on the manifolds B1 and B2 are cobordant if there exists a foliation

F on a manifold M with the boundary B1 ∪ B2 such that FB1
and FB2

are
induced by F .

Foliations F0 and F1 on a manifold M are said to be integrably homotopic
if there exists a foliation F on the manifold M × [0, 1] such that F0 and F1

are induced by F . In the local setting, this equivalence means that the field
of hyperplanes tangent to foliation F0 in each point of M can be continuously
rotated to the field of hyperplanes tangent to foliation F1, provided at every
moment 0 ≤ α ≤ 1 of the homotopy the field is ‘integrable’, i.e. tangent to a
foliation Fα on M .

4.2 Characteristic classes of foliations

It may seem that any two foliations on M are homotopy equivalent. However,
it is far from being so even for this ‘relaxed’ equivalence relation. Thanks to the
works of Bott, Haefliger, Mather and Thurston we know the series of topological
obstructions to the homotopy equivalence of two foliations. These obstructions
are usually called ‘characteristic classes’ and the idea why they appear is given
by the following construction due to Haefliger.

Denote by Γr
k the set of germs of local Cr-diffeomorphisms of the space Rk.

If X is a topological space, then a codimension k Cr-smooth Haefliger cocycle
over an open covering U = {Oi}i∈I of X is a continuous map:

γij : Oi

⋂

Oj → Γr
k, (25)

16



defined for each pair i, j ∈ I and such that for all i1, i2, i3 ∈ I γi3i1 = γi3i2 ◦γi2i1

if x ∈ Oi1 ∩ Oi2 ∩ Oi3 . Two Haefliger cocycles over coverings U and U ′ are
equivalent if they extend to a cocycle on the disjoint union U

⊔
U ′. A class of

equivalent cocycles is called a codimension k, Cr-smooth Haefliger structure on
X .

For a Haefliger structure H on the topological space X and a continuous
mapping f : Y → X , there exists a natural Haefliger structure f ∗H on Y . Two
Haefliger structures H0 and H1 on X are said to be concordant if there exists a
Haefliger structure H on X × [0, 1] such that H0 = i∗0H and H1 = i∗1H, where
i0, i1 : X → X × [0, 1] are mappings given by the formula i0(x) = (x, 0), i1(x) =
(x, 1).

If H is a codimension K, Cr-smooth Haefliger structure on the topological
space X , then one associates to H a k-dimensional vector bundle ν(H) over X
as follows. Let γij be the Haefliger cocycles over covering U = {Oi}i∈I . Vector
bundle ν(H) over X is given by the local transition functions

gij(x) = dγij(x) (26)

in a neighborhood of x ∈ Oi ∩ Oj and is called normal bundle of the Haefliger
structure H. The reader is encouraged to verify that two concordant Haefliger
structures on X have the same normal bundle over X .

A way to deal with the classification of normal bundles over X (and, hence,
of the concordant Haefliger structures on X) is given in the terms of classifying
maps and spaces. The germs of diffeomorphisms Γr

k form a topological groupoid
Γ; if to replace in the usual definition of Haefliger structure Γr

k by Γ, then one
comes to the notion of Γ-structure on X . Haefliger has proved the following
beautiful property of this structure.

Lemma 8 Associated to any topological groupoid Γ there is a topological space
BΓ, endowed with a Γ-structure HΓ. Moreover, to each Γ-structure H on a
paracompact topological space X there is a continuous map f : X → BΓ such
that H = f∗HΓ. Two Γ-structures H0 and H1 on a paracompact topological
space X are concordant if and only if the associated mappings f0 and f1 are
homotopic.

The topological space BΓ is called a classifying space for the groupoid Γ; the
mapping f : X → BΓ which induces the Γ-structure H on X is called a classi-
fying map for H. In this notation, the map ν : BΓr

k → BGLk will be the map
classifying the normal bundles over X . (It is enough to notice that taking the
‘linear part’ of the germ γij accordingly with (26) gives a continuous homomor-
phism Γr

k → GLk.) If X is a paracompact topological space with a Haefliger
structure H and f is the classifying map for H while ν is the classifying map
for ν(H), then the following diagram commutes:
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BGLk

The ‘number’ of different concordance classes of Haefliger structures on X de-
pends on the answer to the following simple question: In how many (homotopy
equivalent) ways the mapping n : X → BGLk can be ‘lifted’ to a mapping
f : X → BΓr

k such that n = ν ◦ f? In other words, the study of the homotopy
type of fiber FΓr

k of the mapping ν is of a paramount interest to the geometry
and topology of foliations.

In the case of codimension 1 foliations to which we specialize further, there
exists a bunch of results due to Bott, Haefliger, Mather and Thurston showing
that the fiber FΓr

1 is far from being homotopy trivial. (Thurston proved that
for r ≥ 2 there is a surjective mapping π3(FΓr

1) → R, where R is a set of
real numbers; for the other results we refer the reader to an excellent survey of
Lawson [5].) Thus, the characteristic classes of foliations exist and their number
is tremendous. In the next section we shall consider a special but prominent
case of the Godbillon-Vey characteristic classes.

4.3 Godbillon-Vey invariant

The Godbillon-Vey construction allows to explicitly calculate characteristic classes
of the fiber FΓr

1. Let F be a foliation of codimension 1 on a compact manifold
M . Assuming certain smoothness of F 7 , one can associate to F a differential
1-form ω : T ∗M → R, whose ‘kernel’ ω = 0 gives a field of planes tangent to F .
By the Frobenius theorem

ω ∧ dω = 0

at every point x ∈ M . Then there exists a 1-form θ, such that dω = ω ∧
θ. A remarkable statement of Godbillon and Vey gives a connection between
the cohomology group H∗(BΓr

1,R) of the classifying space BΓr
1 of Haefliger

structure corresponding to the foliation F and the differential form θ.

Lemma 9 The differential 3-form θ ∧ dθ is a closed form. The de Rham co-
homology class [θ ∧ dθ] ∈ H3(M,R) is independent of the particular choice of ω
and θ. This class is an invariant of the concordance classes of foliations on M
and in the case dim M = 3 of the cobordism classes of such foliations.

Proof. We shall follow the original proof of Godbillon & Vey. Since d(θ ∧ dθ) =
dθ∧dθ = 0 the 3–form θ∧dθ is closed. To prove the second part of the theorem,

7In fact, it will be enough to demand r ≥ 2.
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let us replace ω by a form fω where f : M → R is a differentiable function on
M ; clearly, fω define the same foliation on M . Taking the derivative we have:
d(fω) = fdω+ df ∧ ω = fθ ∧ ω+ df ∧ ω = (θ+ df

f
)∧ fω. Setting a new 1–form

ξ = θ + df
f

to replace θ we find out that

ξ ∧ dξ = θ ∧ dθ +
df

f
∧ dθ,

where the second term is easily verified to be exact. Therefore, the cohomology
class [θ ∧ dθ] is independent of the choice of ω. (Similar argument shows that
[θ ∧ dθ] is also invariant with respect to the substitutions θ 7→ θ + gω, where
g : M → R is again an arbitrary differentiable function on M .) �
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