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Abstract

Notions of a cohomology theory and an oriented cohomology theory for alge-

braic varieties are introduced, push-forwards for projective morphisms are con-

structed and a Riemann-Roch theorem for ring operations between oriented the-

ories is proved. An explicit formula for the Todd genus related to a ring operation

is given. The theory is illustrated by motivic cohomology, algebraic K-theory, alge-

braic cobordism theory and by other examples.

1 Introduction

Let k be a field and consider the category of pairs (X,U) with a smooth variety X over k
and its open subset U . By a cohomology theory we mean a contrvariant functor A from
this category to the category of abelian groups endowed with a functor transformation
∂ : A(U) → A(X,U) and satisfying the localization, Nisnevich excision and homotopy
invariance properties (2.0.1).

An oriented cohomology theory is a ring cohomology theory A (3.1.1) together with a
rule assigning to each variety X and to each vector bundle E/X a two-sided A(X)-module
isomorphism A(X)→ A(E,E−X) satisfying certain natural properties (3.1.1) and called
Thom isomorphisms.

Any oriented cohomology theory is endowed with Chern classes for line bundles and
therefore with higher Chern classes. Vice versa a ring theory endowed with Chern classes
can be oriented in such a way that the corresponding Chern classes coincide with the
given ones.

Any oriented cohomology theory is endowed with push-forwards for projective mor-
phisms satisfying certain natural properties (4.1.3). Vice versa a ring cohomology theory
endowed with push-forwards (4.1.2) can be oriented in such a way that the corresponding
push-forwards coincide with the given ones.

For well-known theories (like K-theory, etale cohomology theory, motivic cohomology
theory) one can use the usual Chern classes and in order to get an orientation such that
the mentioned push-forwards coincide with the classical ones. Another example of an
oriented cohomology theory is algebraic cobordism theory [V1] which can be oriented
by choosing the tautological class as the Thom class. If k = C and the theory is the
complex cobordism theory restricted to the category of pairs of algebraic varieties then
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the Chern classes corresponding to the orientation coincide with the Conner-Floyd classes
[CF] and the corresponding push-forwards coincide with the push-forwards in the complex
cobordism theory [Qu1].

With a given ring operation ϕ : A→ B (2.3.3) between oriented theories we associate
an inverse Todd series itdϕ(t) ∈ B̄[[t]] where B̄ = B(pt) is the coefficient ring of the
theory B. This gives rise to an inverse Todd genus itdϕ(E) of a vector bundle E. The
Riemann-Roch theorem (5.1.3) states that for a closed imbedding i : Y → X and for each
a ∈ A(Y ) one has the following relation in B(X)

iB(ϕ(a) ∪ itdϕ(N)) = ϕ(iA(a)),

where N is the normal bundle to Y and iA (resp. iB) is the push-forward for i corre-
sponding to the theory A (resp. B) and to its orientation.

In the case when the inverse Todd series itdϕ(t) is invertible in B̄[[t]] we define the
Todd series tdϕ(t) as the multiplicative inverse to itdϕ(t). This gives rise to a Todd
genus tdϕ(E) of any vector bundle E. The Riemann-Roch theorem (5.1.4) states that for
a projective morphism f : Y → X and for each a ∈ A(Y ) one has the following relation
in B(X)

fB(ϕ(a) ∪ tdϕ(TY )) = ϕ(fA(a)) ∪ tdϕ(TX).

Note that in the case when ϕ is the Chern character from K-theory to Chow ring these
formulas coincide with the classical ones. In the case when ϕ is the Adams operation ψr

from K-theory to itself the first of these formulas coincides with the classical ones as well.
Now take k = R and consider the theory A sending (X,U) to H∗(X(R), U(R)); Z/2)

(the singular cohomology of topological spaces). It turns out that the first Stiefel-Whitney
class satisfies the axioms of Chern classes for line bundles (3.2.1) in this case and thus
it determines the corresponding orientation of A. The total Steenrod square Sq is a ring
operation from A to itself. The inverse Todd genus itd(E) coincides in this case with the
total Stiefel-Whitney class w(E(R)) of the vector bundle E(R). Thus the Riemann-Roch
theorem for a closed imbedding i : Y ↪→ X states that the following relation holds

i∗(w(N(R))) = Sq([Y ])

where N is the normal bundle to Y . This is the known Wu formula.
Other examples are discussed in the main text below.
The Riemann-Roch theorems (5.1.3) and (5.1.4) are inspired by a Riemann-Roch the-

orem from [Dy]. However the explicit definitions of the inverse Todd genus (5.1.1) and of
the Todd genus (5.1.2) possibly are not mentioned even in the topological context.

The subject of (3.3) and (3.7) was inspired by Morel’s lectures (Muenster, June, 1999).
We thank A. Suslin for his interest to the subject. His remark on possible existence

of push-forwards in general situation was the origin of our work on the subject.

1.1 Terminology and notation

Let k be a field. The term ”variety” is used in this text for an arbitrary quasi-projective
variety over k (in particular, for a singular variety). We fix the following notation:
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• Ab - the category of abelian groups;

• Sm - the category of smooth varieties;

SmOp - the category of pairs (X,U) with smooth X and open U in X. Morphisms
are morphisms of pairs.

We identify the category Sm with a full subcategory of SmOp assigning to a variety
X the pair (X, ∅);

• pt = Spec(k);

For a smooth X and an effective divisor D ⊂ X we write L(D) for a line bundle
over X whose sheaf of sections is the sheaf LX(D) (see [Har, Ch.II,§6, 6.13]).

P(V ) = Proj(S∗(V ∨))-the space of lines in a finite dimensional k-vector space V ;

LV = OV (−1)-the tautological line bundle over P(V );

• P(E) - the space of lines in a vector bundle E;

LE = OE(−1) - the tautological line bundle on P(E);

E0 - the complement to the zero section of E;

E∨ - the vector bundle dual to E;

z : X → E - the zero section of a vector bundle E;

• For a contravariant functor A on Sm set

A(P∞) = lim←−A(P(V )), (1)

where the projective system is induced by all the finite dimensional vector subspaces
V ↪→ k∞.

For such V and a ∈ A(P∞) denote by aV the canonical image of a in A(P(V )).

In particular, taking the Picard group Pic as A one gets the definition of Pic(P∞).

Similarly set
A(P∞ ×P∞) = lim←−A(P(V )×P(W ))

where the projective system is induced by all the finite dimensional subspaces
V,W ⊂ k∞.

Moreover in the case when A is defined on SmOp set

A(L∞, L
0
∞) = lim←−A(LV , L

0
V ), (2)

where the projective system is induced by all the finite dimensional subspaces V ⊂
k∞.

For a finite dimensional V ⊂ k∞ and a ∈ A(L∞, L
0
∞) denote by aV the canonical

image of a in A(LV , L
0
V ).
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2 Cohomology theories

2.0.1. Definition. A cohomology theory is a contravariant functor SmOp
A
−→ Ab to-

gether with a functor morphism ∂ : A(U)→ A(X,U) satisfying the following properties

1. Localization: the sequence A(X)
jA

−→ A(U)
∂P−→ A(X,U)

iA
−→ A(X)

jA

−→ A(U) is exact
for each pair P = (X,U) ∈ SmOp, where j : U ↪→ X and i : (X, ∅) ↪→ (X,U) are
the natural inclusions;

2. Excision: the operator A(X,U)→ A(X ′, U ′) induced by a morphism e : (X ′, U ′)→
(X,U) is an isomorphism, if the morphism e is etale and for Z = X − U , Z ′ =
X ′ − U ′ one has e−1(Z) = Z ′ and e : Z ′ → Z is an isomorphism;

3. Homotopy invariance: the operator A(X) → A(X ×A1) induced by the projection
X ×A1 → X is an isomorphism.

The operator ∂P is called the boundary operator and is written usually as ∂.
We assume in the text, although it is not necessary, that A is a Z-graded theory. This

means that A is a Z-graded functor and that ∂ is a graded operator of the degree (+1).
We write also AZ(X) for A(X,U), where Z = X − U , and call the group AZ(X)

cohomology of X with the support on Z. The operator

AZ(X)
iA
−→ A(X) (3)

is called the support extension operator for the pair (X,U).

2.1 Examples

Consider a number of examples.

2.1.1. Etale cohomology. Let F be a locally constant torsion sheaf on the etale k-
situs and assume that char(k) is prime to the torsion of F . In this example An(X,U) =
Hn

Z(Xet, F ) [Mi, 3.1] and ∂ is defined in [Mi, 3.1.25]. The localization property for the
pair (A, ∂) is proved in [Mi, 3.1.25], the excision property is proved in [Mi, 3.1.27] and
the homotopy invariance is proved in [Mi, 6.4.20].

2.1.2. K-theory. Algebraic K-theory also can be fitted to the definition 2.0.1. To
do this use, for instance, K-groups with support Kn(XonZ) (n ≥ 0) of [TT]. So set
An(X,U) = K−n(XonZ), where Z = X − U . The definition of ∂ and the exactness
of the localization sequence are contained in [TT, Theorem 5.1] (except the surjectivity
of the restriction A0(X) → A0(U)). If X is quasi-projective then K(XonX) coincides
with the Quillen’s K-groups KQ

n (X) by [TT, 3.9, 3.10]. This proves in particular the
homotopy invariance An(X) for smooth X. The excision property for A follows from
[TT, 3.19]. It remains now to check the surjectivity of the restriction A0(X) → A0(U).
Clearly A0(X) = KQ

0 (X) coincides with the Grothendieck group of the vector bundles on
X. Since X is smooth the desired surjectivity follows from [BS, §8, Prop.7]. Thus (A, ∂)
satisfies the definition 2.0.1.
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2.1.3. Motivic cohomology. Here Ap
Z(X) = Hp

Z(X, C) := HomDM−(k)(MZ(X), C[p]) is
the motivic cohomology with coefficients in a motivic complex C ∈ DM−(k) [SV], where
the motive MZ(X) with supports on Z is defined in [SV, the text just below the proof of
Th.4.8]. The motive MZ(X) is identified with the complex C∗(Ztr(X)/Ztr(X−Z)) in the
proof of Lemma 4.11 in [SV]. The homotopy invariance property holds by [SV, Prop.4.2].
The excision property is proved in [SV, the proof of Lemma 4.11]. The localization
property follows from the exactness of the complex

0→ Ztr(X − Z)→ Ztr(X)→ Ztr(X)/Ztr(X − Z)→ 0

because the functor C∗ takes short exact sequences to exact triangles [SV, Th.1.12].

2.1.4. Representable theories. Here Ap(X,U) = ⊕qE
p,q(X/U) where E is a T -spectra

[V1]. In particular, in the case E = MGL [V1, Sect.6.3 ] we obtain the algebraic cobordism
theory.

2.2 General properties of cohomology theories

We specify here certain properties of an arbitrary cohomology theory A which are useful
below in the text.

2.2.1. The localization property implies that A∅(X) = A(X,X) = 0.

2.2.2. If any two of morphisms (X,U)→ (Y, V ), X → Y , U → V , defined by a morphism
f : (X,U) → (Y, V ), induce isomorphisms on the level of A then the third of these
morphisms induces an isomorphism on the level of A.

2.2.3. Let ir : Xr ↪→ X1 qX2 be the natural inclusion (r = 1, 2). Then the induced map
A(X1 qX2)→ A(X1)⊕ A(X2) is an isomorphism.

2.2.4. Mayer-Vietoris sequence. If X is a union of two open subsets U1 and U2 and
let Y be a closed subset in X, then there is a long exact sequence depending functorially
on X,U1, U2 and Y

...→ An
Y (X)→ An

Y1
(U1)⊕ A

n
Y2

(U2)→ An
Y12

(U12)→ An+1
Y (X)→ ...

where U12 = U1 ∩ U2, Y1 = Y ∩ U1, Y2 = Y ∩ U2, and Y12 = Y ∩ U12. This sequence is
called the Mayer-Vietoris sequence.

2.2.5. Let p : T → X be an affine bundle (i.e., a torsor under a vector bundle). Then
the induced operator A(X) → A(T ) is an isomorphism. If s : X → T is a section then
the induced operator sA : A(T )→ A(X) is an isomorphism as well.

2.2.6. Deformation to the normal cone. The deformation to the normal cone is a
well-known construction (for example, see [Fu]). Since the construction and its property
(5) play an important role in what follows we give here some details.

Let i : Y ↪→ X be a closed imbedding of smooth varieties with the normal bundle N .
There exists a smooth variety Xt together with a smooth morphism pt : Xt → A1 and a
closed imbedding it : Y ×A1 ↪→ Xt such that the map pt ◦ it coincides with the projection
Y ×A1 → A1 and
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• the fiber of pt over 1 ∈ A1 is canonically isomorphic to X and the base change of it
by means of the imbedding 1 ↪→ A1 coincides with the imbedding i : Y ↪→ X;

• the fiber of pt over 0 ∈ A1 is canonically isomorphic to N and the base change of it
by means of the imbedding 0 ↪→ A1 coincides with the zero section Y ↪→ N .

Thus we have the diagram

(N,N − Y ) ↪→ (Xt, Xt − Y ×A1)←↩ (X,X − Y ) (4)

Here and further we identify a variety with its image under the zero section of any vector
bundle over this variety.

Let us recall a construction of Xt, pt and it. Take X ′
t to be the blow-up of X × A1

with the center Y ×{0}. Set Xt = X ′
t− X̃ where X̃ is the the proper preimage of X×{0}

under the blow-up map. Let σ : Xt → X ×A1 be the restriction of the blow-up map to
Xt and set pt to be the composition of σ and the projection X ×A1 → A1.

The proper preimage of Y ×A1 under the blow-up map is mapped isomorphically to
Y ×A1 under the blow-up map. Thus the inverse isomorphism gives the desired imbedding
it : Y ×A1 ↪→ Xt (observe that it(Y ×A1) does not cross X̃).

We claim that the diagram (4) consists of isomorphisms on the level of A. Namely,
the following diagram consists of isomorphisms

AY (N)
iA0←− AY ×A1(Xt)

iA1−→ AY (X). (5)

This can be proved by a method, which is similar to a method used in [MV, 3.2.4].
Let us sketch the proof. First the property can be proved immediately for the pair
(X,Z) = (Y ×An, Y × 0). Next one can prove the property for a pair (X,Z) endowed
with an etale morphism q : X → An satisfying the condition Z = q−1(Am × 0). In

this proof one constructs by means of a diagonal trick a diagram X
p1
←− X̃

p2
−→ Z ×Ak

(k = n − m) where p1, p2 are etale morphisms and the morphisms p−1
1 (Z) → Z and

p−1
2 (Z) → Z × 0 are isomorphisms. Thus p1 and p2 satisfy the excision property (2.0.1)

and one can reduce this case to the previous one. Finally general case can be reduced
to the previous one by means of a finite covering of X by such open U , that the pairs
(U, U ∩ Z) satisfy the previous case.

2.2.7. Let X be a smooth variety and let L be a line bundle over X. We claim that the
localization sequence (localization property, 2.0.1) for the pair (P(E), U) where E = 1⊕L,
U = P(E)−P(1) gives rise the following exact sequence

0→ A(P(E), U)
iA
−→ A(P(E))

jA

−→ A(U)→ 0. (6)

In fact U becomes a line bundle over X by means of the linear projection q : U → P(L) =

X (the line bundle is isomorphic to L∨) and pA ◦ (qA)−1 splits jA where P(E)
p
−→X is the

natural projection. This implies the surjectivity of jA and the injectivity of iA.
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2.3 Ring cohomology theories

2.3.1. Definition. One says that a cohomology theory A is a ring cohomology theory if
for every (X,U), (Y, V ) ∈ SmOp it is chosen and fixed a bilinear morphism (of graded
groups) called cross-product

× : Ap(X,U)× Aq(Y, V )→ Ap+q(X × Y,X × V ∪ U × Y )

which is functorial in both variables and satisfies the following properties

1. associativity: (a× b)× c = a× (b× c) for a ∈ A(X,U), b ∈ A(Y, V ), c ∈ A(Z,W );

2. there is an element 1 ∈ A(pt) such that for any pair (X,U) ∈ SmOp and any
a ∈ A(X,U) one has 1× a = a = a× 1;

3. partial Leibnitz rule: ∂(a × b) = ∂(a) × b for a ∈ A(U), b ∈ A(Y ) and ∂(c × d) =
(−1)nc× ∂(d) for c ∈ An(X), d ∈ A(V ).

Given cross-products define cup-products ∪ : Ap
Z(X)× Aq

Z′(X)→ Ap+q
Z∩Z′(X) by

a ∪ b = ∆A(a× b), (7)

where ∆ : (X,U ∪ V ) ↪→ (X ×X,X × V ∪ U ×X) is the diagonal. Clearly cup-products
thus defined are associative: (a∪ b)∪ c = a∪ (b∪ c); the element pA(1) ∈ A(X), (here p is
the projection X → pt) is the unit for the cup-product; and a partial Leibnitz rule holds:
∂(a ∪ b) = ∂(a) ∪ b and ∂(c ∪ d) = (−1)nc ∪ ∂(d) for a ∈ A(U), b ∈ A(X), c ∈ An(X),
d ∈ A(V ). Finally these cup-products are functorial in both variables.

Given cup-products one can construct cross-products by a × b = pA
X(a) ∪ pA

Y (b) for
a ∈ A(X,U) and b ∈ A(Y, V ). Clearly these two constructions are inverse each to other.
Thus having products of one kind we have products of the other kind and can use both
products in the same time.

2.3.2. Definition. Let A be a ring cohomology theory and Z be a closed subvariety of a
smooth variety X. An element a ∈ AZ(X) is called A(X)-central if for each b ∈ A(X)
one has a ∪ b = b ∪ a in AZ(X). An element a ∈ AZ(X) is called universally central
if for any morphism f : X̃ → X the element fA(a) ∈ Af−1(Z)(X̃) is A(X̃)-central. We
denote by Auc

Z (X) the set of all the universally central elements in AZ(X). If Z = X then
AZ(X) = A(X) and Auc

Z (X) is a subring of A(X) denoted by Auc(X).

Note, that if A is a graded-commutative theory, i.e. for any a ∈ Ap
Z(X) and b ∈ Aq

Z′(Y )
one has a∪ b = (−1)pqb∪a then each even degree element is a universally central element.

In this text it is not taken in account whether a morphism of cohomology theories
commutes with the boundary mappings or not. A part of reason is this: it’s often much
easier to construct such a morphism and the consequences are the same. Thus we prefer
to consider the following notion in this text.

2.3.3. Definition. By an operation ϕ : A|Sm → B|Sm, where A and B are cohomology
theories, we mean a morphism of the functors. Let A and B be ring cohomology theories.
The operation ϕ : A|Sm → B|Sm is an ring operation if it commutes with the products and
takes the unit of A to the unit of B: ϕ(a) ∪ ϕ(b) = ϕ(a ∪ b) and ϕ(1A) = 1B.
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2.4 Examples

Consider following examples.

2.4.1. Etale cohomology. Let A∗
Z(X) = ⊕+∞

q=−∞H
∗
Z(X, µ⊗q

m ) be the etale cohomology
theory, where m is an integer prime to char(k). The cup-products are described in [Mi,
Ch.V, §1, 1.17].

2.4.2. K-theory. Let A be the algebraicK-theory from the example 2.1.2. So An(X,U) =
K−n(XonZ), where Z = X − U . The products are defined in [TT].

2.4.3. Motivic cohomology. Let Ap
Z(X) = ⊕∞

q=0H
p
Z(X,Z(q)) be the motivic cohomol-

ogy [SV]. The products are defined in [SV, the text just below Lemma 3.3] .

2.4.4. Algebraic cobordism theory. To introduce a ring structure on the algebraic
cobordism theory (2.1.4) it would be convenient to enrich MGL with a symmetric ring
structure [Ja, Sect.4]. For that we construct another T -spectra MGL which is a commu-
tative symmetric ring spectra by the very construction and which is weekly equivalent to
MGL as the T -spectra. Now we are going to describe MGL. A ring structure on the
algebraic cobordism theory was introduced as well in [Hu].

Let V be a countable dimension vector space and let e ∈ V be a non-zero vector (for
instance one can take V = k∞ and e = (1, 0, . . . )). Now set Vn = V ⊕ V ⊕ · · · ⊕ V
(n summands) and let en

i = (0, . . . , e, . . . , 0) ∈ Vn be a vector with the only non-zero
term e on i-th position. For a finite dimensional vector space W and a positive m let
Gr(m,W ) be the Grassmannian of m-dimensional subspaces of W and Let T (m,W )
be the tautological rank m vector bundle on Gr(m,W ). For a vector bundle E over a
smooth variety X we denote Th(E) its the Thom space E/(E−X) ([V1, p. 422]. In this
subsection we identify Sm with the full subcategory of spaces Spc [V1, p. 421].

Let G(n) = ∪Gr(n,W ) and let T = ∪T (n,W ) and let Th(T (n)) = ∪Th(T (n,W ))
where W runs over all finite-dimensional vector subspaces of Vn. Set

MGLn = Th(T (n)).

The subspace of Vn generated by the vectors en
i (i = 1, . . . , n) gives a distinguish point gn

of the space G(n). The fiber of the vector bundle T (n) over the point gn denote An (it is
an n-dimensional vector bundle over the point gn equipped with a free basis en

1 , e
n
2 , . . . , e

n
n).

We will identify the space G(m)×G(n) with a subspace of G(m+ n) identifying the
point ({W1}, {W2}) ∈ G(m) × G(n) with the point {W1 ⊕ W2} ∈ G(m + n). Observe
that the distinguish point (gm, gn) is identified with the distinguish point gm+n under the
mentioned identification. Observe furthermore that the restriction of the vector bundle
T (m+ n) to G(m)×G(n) coincides with the vector bundle T (m)× T (n). Thus one has
the inclusion of spaces (see [V1, p. 422])

MGLm ∧MGLn ⊂MGLm+n. (8)
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The inclusion of the fiber Am in T (m) induces an inclusion Th(Am) ⊂ Th(T (m)) =
MGLm. Composing it with the inclusion (8) one gets the following inclusion

Th(Am) ∧MGLn ⊂MGLm+n. (9)

Consider the action of the permutation group Σk on the vector space Vk by the permu-
tation of the summands. This action induces a Σk-action on the spaces G(k), T (k) and
MGLk = Th(T (k)). As well this action permutes the vectors ek

1, e
k
2, . . . , e

k
k and thus acts

on the fiber Ak and on the Thom space Th(Ak) = Th(A1) ∧ Th(A1) ∧ · · · ∧ Th(A1) per-
muting the coordinates. If we consider the obvious inclusion of groups Σm × Σn ⊂ Σm+n

then the inclusions (8) and (9) are Σm × Σn-equivariant.
Now the family of spaces MGLn together with the inclusions (9) forms a symmetric

T -spectrum [Ja, Sect.4] which we denote MGL. The family of inclusions (8) forms a
structure of the commutative symmetric ring spectrum on the symmetric spectrum MGL

(see [Ja, Sect.4.3]).
Considered as a T -spectra the spectra MGL is weakly equivalent to the spectra MGL

from [V1, 6.3]. To prove this consider a subspace V ′
n =< en

1 , e
n
2 , . . . , e

n
n−1 > ⊕V of the

space Vn where the summand V is the very last copy of V in Vn. Let G′(n) = ∪Gr(n,W )
and T ′(n) = ∪T (n,W ) where W runs over all finite-dimensional subspace of V ′

n. Let
MGLn = Th(T ′(n)) be the Thom space of T ′(n). It is exactly the space MGLn from
[V1, 6.3].

The imbedding in : Vn ↪→ Vn+1 onto the last n copies of V in Vn+1 induces an imbedding
i′n : V ′

n ↪→ V ′
n+1 which takes the vector en

i to the vector en+1
i+1 (i = 1, 2, . . . , n−1) and which

is the identity on the summand V . These inclusions give rise to a commutative diagram
of spaces

Th(A1) ∧ Th(T ′(n)) −−−→ Th(T ′(n+ 1))y
y

Th(A1) ∧ Th(T (n)) −−−→ Th(T (n+ 1))

Replacing just the notation one gets a commutative diagram of spaces

Th(A1) ∧MGLn −−−→ MGLn+1y
y

Th(A1) ∧MGLn −−−→ MGLn+1

Now observe that the top horizontal arrow in the last diagram is exactly the assembly map
for the T -spectra MGL from [V1, 6.3]. Observe furthermore that the bottom horizontal
arrow in this diagram is exactly the assembly map for the symmetric T -spectra MGL

considered just as the T -spectra.Thus the family of inclusions MGLn ⊂ MGLn induced
by the inclusions V ′

n ⊂ Vn is a T -spectra morphism MGL → MGL. The individual
inclusions of spaces MGLn ⊂MGLn is a weak equivalence. Thus the T -spectra morphism
MGL→MGL is a weak equivalence as well.
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3 Orientations

In this section A is a ring cohomology theory. We introduce three following structures
which A can be endowed with: orientations, Chern classes for line bundles and Thom
classes for line bundles. We show that there is a natural one-to-one correspondence
between these structures (see Theorems 3.2.3, 3.4.1 and 3.4.2).

3.1 Orientations on a ring cohomology theory

Let us recall that for a vector bundle E over a variety X we identify X with z(X) where
z : X → E is the zero section.

3.1.1. Definition. An orientation on the theory A is a rule assigning to each smooth
variety X, to each its closed subset Z and to each vector bundle E/X an operator

thE
Z : AZ(X)→ AZ(E)

which is a two-sided A(X)-module isomorphism and satisfies the following properties

1. invariance: for each vector bundle isomorphism ϕ : E → F the diagram commutes

AZ(X)
thE

Z−−−→ AZ(F )

id

y
yϕA

AZ(X)
thE

Z−−−→ AZ(E)

2. base change: for each morphism f : (X ′, X ′−Z ′)→ (X,X −Z) with closed subsets
Z ↪→ X and Z ′ ↪→ X ′ and for each vector bundle E/X and for its pull-back E ′ over
X ′ and for the projection g : E ′ = E ×X X ′ → E the diagram commutes

AZ(X)
thE

Z−−−→ AZ(E)

fA

y
ygA

AZ′(X ′)
thE′

Z′

−−−→ AZ′(E ′)

3. for each vector bundles p : E → X and q : F → X the following diagram commutes

AZ(X)
thE

Z−−−→ AZ(E)

thF
Z

y
yth

q∗(E)
Z

AZ(F )
th

p∗(F )
Z−−−−→ AZ(E ⊕ F )

and both compositions coincides with the operator thE⊕F
Z .
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The operators thE
Z are called Thom isomorphisms. The theory A is called orientable

if there exists an orientation of A. The theory A is called oriented if an orientation is
chosen and fixed.

3.1.2. Remark. Any orientation on A allows to assign to each vector bundle E/X the
class th(E) = thE

X(1) ∈ AX(E) called the Thom class for E. The classes satisfy the
following properties: th(E) is universally central; ϕA(th(F ))=th(E) for each vector bundle
isomorphism ϕ : E → F ; fA(th(E)) = th(f ∗(E)) for each morphism f : Y → X; the
operator A(X)→ AX(E), a→ th(E)∪a is an isomorphism. In addition the Thom classes
satisfy the multiplicativity property: for the projections qi : E1 ⊕ E2 → Ei (i = 1, 2) one
has

q∗1th(E1) ∪ q
∗
2th(E2) = th(E1 ⊕ E2) ∈ AX(E1 ⊕ E2) (10)

Conversely the Thom classes for vector bundles allow to reconstruct the orientation
on A taking thE

Z (m) = th(E) ∪m.

Next we are going to describe a number of data which allow to orient A.

3.2 Chern and Thom classes for line bundles

3.2.1. Definition. One says that A is endowed with Chern classes for line bundles if
for each smooth X and each line bundle L/X it is chosen and fixed a universally central
element c(L) ∈ A(X) satisfying the following properties

1. functoriality:

c(L1) = c(L2) for isomorphic line bundles L1 and L2;

fA(c(L)) = c(f ∗(L)) for each morphism f : Y → X;

2. nondegeneracy: the operator (1, ξ) : A(X)⊕A(X)→ A(X×P1) is an isomorphism
where ξ = c(O(−1)) and O(−1) is the tautological line bundle on P1;

3. vanishing: c(1) = 0.

3.2.2. Definition. One says that A is endowed with Thom classes for line bundles if
for each smooth variety X and each line bundle L/X it is chosen and fixed a universally
central element th(L) ∈ AX(L) satisfying the following properties

1. functoriality:

ϕA(th(L2)) = th(L1) for each isomorphism ϕ : L1 → L2 of line bundles;

fA
L (th(L)) = th(LY ) for each morphism f : Y → X and each line bundle L/X where
LY = L×X Y is the line bundle over Y and fL : LY → L is the projection to L;

2. nondegeneracy: the cup-product ∪th(1) : A(X) → AX(X ×A1) is an isomorphism
( here X is identified with X × {0} ).

11



Now we are going to describe a one-to-one correspondence between endowments of
A with Chern classes for line bundles and endowments of A with Thom classes for line
bundles.

Assuming that A is endowed with Thom classes for line bundles L 7→ th(L) endow A
with Chern classes for line bundles as follows. For a line bundle L over a smooth X set

c(L) = [zA ◦ iA](th(L)) ∈ A(X) (11)

where iA : AX(L)→ A(L) is the support extension operator (see 2.0.1) and zA : A(L)→
A(X) is the operator induced by the zero section z : X → L. Assuming that A is endowed
with Chern classes for line bundles L 7→ c(L) endow A with Thom classes for line bundles
as follows. For a line bundle L over a smooth X set

th(L) = eA(c(OE(1)⊗ p∗L)) ∈ A(L, L0) = AX(L) (12)

where E = 1⊕ L, U = P(E)−P(1), P(E)
p
−→X is the natural projection and (L, L0)

e
↪→

(P(E), U) is the natural inclusion. The term eA(c(OE(1) ⊗ p∗L)) is well defined since
A(P(E), U) is in fact a subgroup in A(P(E)) (see 2.2.7) by means of the support extension
operator iA (see 2.0.1) related to the pair (P(E), U) and the element c(OE(1)⊗p∗L)) lying
a priori in A(P(E)) in fact lies in A(P(E), U). To see this it is sufficient to show that

jA(c(OE(1)⊗ p∗L))) = 0 (13)

where j : U → P(E) is the natural inclusion. The inclusion iL : X = P(L) ↪→ U coincides
with the zero section of the line bundle q : U → X (see 2.2.7) and (13) follows from the
relation iAL◦j

A(c(OE(1)⊗p∗L))) = 0 which followed by the fact that the bundle O(1)⊗p∗L
is trivial being restricted to P(L) and therefore it trivial being restricted to U .

3.2.3. Theorem. For any ring cohomology theory A the following assertions hold.

1. If A is endowed with Thom classes for line bundles L 7→ th(L) then the assignment
L 7→ c(L) given by (11) endows A with Chern classes for line bundles;

2. If A is endowed with Chern classes for line bundles L 7→ c(L) then the assignment
L 7→ th(L) given by (12) endows A with Thom classes for line bundles;

3. The constructions described in the items 2 and in 1 are inverse of each other.

In the case when (12) holds for all line bundles (or (11) holds for all line bundles which
is the same) we say that the endowment of A with Chern classes for line bundles and the
endowment of A with Thom classes for line bundles correspond to each other.

3.3 Chern classes for vector bundles

Now we are going for a ring cohomology theory endowed with Chern classes for line
bundles construct higher Chern classes. We use the known Grothendieck’s method.

12



3.3.1. Theorem (Projective Bundle Cohomology). Let A be a ring cohomology the-
ory endowed with Chern classes for line bundles L 7→ c(L). Let X be a smooth variety
and let E/X be a vector bundle with rkE = n. For ξE = c(OE(−1)) ∈ A(P(E)) we have
an isomorphism

(1, ξE, . . . , ξ
n−1
E ) : A(X)⊕ A(X) · · · ⊕ A(X)→ A(P(E))

where (and elsewhere) we denote the operator of ∪-product with a universally central
element by the symbol of the element.

Moreover, for trivial E we have ξn
E = 0. In addition, all the assertions hold if the

element ζE = c(OE(1)) ∈ A(P(E)) is used instead of ξE.

3.3.2. Corollary. Let A be a ring cohomology theory which can be endowed with Chern
classes for line bundles. For each smooth X and for each vector bundle E/X the sequence

0→ A(P(F ), U)
iA
−→ A(P(F ))

jA

−→ A(U)→ 0 (14)

is exact, where F = 1⊕E, U = P(F )−P(1), j : U ↪→ P(F ) is the natural inclusion and
iA is the support extension map for the pair (P(F ), U).

Proof. Note that U becomes a line bundle over P(E) by means of the linear projection
q : U → P(E) (in fact we get the bundle OE(1)) and the inclusion P(E) ↪→ U coincides
with its zero section. Thus we have the isomorphism qA : A(P(E))→ A(U).

To check that (14) is an exact sequence it is sufficient to check that qA(ξE) ∈ jA(A(P(F )))
since by (3.3.1) A(P(E)) is generated over A(X) by ξE. However qA(ξE) = jA(c(OF (−1)))
since the restriction of OF (−1) to P(E) is OE(−1).

3.3.3. Theorem. Let A is endowed with Chern classes for line bundles L 7→ c(L). Then
A can be uniquely endowed with Chern classes of vector bundles, i.e. there is a rule
assigning to each smooth variety X and to each vector bundle E/X classes ci(E) ∈ A(X)
(i = 0, 1, ...) which are universally central and satisfy the following properties

1. c0(E) = 1;

c1(L) = c(L);

2. functoriality:

ci(E) = ci(E
′) for isomorphic vector bundles E and E ′;

fA(ci(E)) = ci(f
∗(E)) for each morphism f : Y → X;

3. Cartan formula: cr(E) = c0(E1)∪ cr(E2)+ · · ·+ cr(E1)∪ c0(E2) for each short exact
sequence 0→ E1 → E → E2 → 0 of vector bundles;

Moreover ci(E) are nilpotent for i > 0 and cm(E) = 0 for m > rk(E).

Sketch of proof. Let X be a smooth variety and E/X be a vector bundle with rkE = n.
Set ξ = c(OE(−1)). By (3.3.1) there are unique elements ci(E) ∈ A(X) such that

ξn − c1(E)ξn−1 + · · ·+ (−1)ncn(E) = 0. (15)

Set c0(E) = 1 and cm(E) = 0 if m > n. The classes ci(E) satisfy the theorem.
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3.4 Orienting a theory

In this section A is a ring cohomology theory. The following two theorem shows how one
can construct orientations using Chern classes (or Thom classes) for line bundles and how
one can construct Chern classes ( or Thom classes ) using an orientation.

3.4.1. Theorem. Given Chern classes L 7→ c(L) for line bundles (or the corresponding
by 3.2.3 Thom classes L 7→ th(L) for line bundles) there exists an orientation (X,Z,E) 7→
thE

Z on A such that the following properties hold

1. for each smooth variety X and each line bundle L/X one has th(L) = thL
X(1);

2. for each smooth X and each line bundle L/X one has zA ◦ iA ◦ thL
X(a) = c(L) ∪ a

where a ∈ A(X) is any element, iA : AX(L) → A(L) is the support extension
operator for the pair (L, L−X), z : X → L is the zero section.

Moreover the required orientation is uniquely determined both by the property (1) and by
the property (2).

3.4.2. Theorem. If (X,Z,E) 7→ thE
Z is an orientation on A then the assignment L 7→

zA ◦ iA ◦ thL
X(1) endows A with Chern classes for line bundles, the assignment L 7→ thL

X(1)
endows A with Thom classes for line bundles and so constructed Chern and Thom classes
for line bundles correspond to each other.

Moreover the construction of an orientation by means of Chern (or Thom) classes for
line bundles given by Theorem 3.4.1 and the construction of Chern and Thom classes for
line bundles by means of an orientation are inverse of each other.

Sketch of proof of Theorem 3.4.1. It is enough (see 3.1.2) to construct appropriate Thom
classes for vector bundles. Let E/X be such a bundle with rkE = n. We are going to
construct th(E) ∈ AX(E). To do this identify AX(E) with A(P(F ), U), where F = E⊕1
and U = P(F )−P(1), by means of the open imbedding (E,X)→ (P(F ), U) which satisfy
the excision property (see 2.0.1). Thus we have to construct an element in A(P(F ), U)
which will be in the sketch also denoted by th(E). Since we have the exact sequence (see
3.3.2)

0→ A(P(F ), U)
iA
−→ A(P(F )

jA

−→ A(U)→ 0

it is enough to construct th(E) ∈ A(P(F )) and check that jA(th(E)) = 0. Set

th(E) = cn(OF (1)⊗ p∗E) ∈ A(P(F )) (16)

where cn is the n-th Chern class (see 3.3.3) and p : P(F )→ X is the natural projection.
To check that jA(th(E)) = 0 identify A(U) with A(P(E)) by means of the linear

projection q : U → P(E) which makes U a line bundle over P(E) where the zero section
z of this bundle coincides with the natural inclusion P(E) → U (use 2.2.5). After the
identification it is enough to check that cn(OF (1) ⊗ p∗E) vanishes being restricted to
P(E). To prove this consider the canonical exact sequence of vector bundles on P(E)

0→ OE(−1)→ p∗E(E)→ Q→ 0
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where pE : P(E) → X is the natural projection. Twisting this sequence with OE(1) one
gets the exact sequence

0→ O → p∗E(E)⊗OE(1)→ Q⊗OE(1)→ 0

Now the relation jA(th(E)) = 0 is implied by the Cartan formula (see 3.3.3, 3) and by
the fact that cn(Q⊗OE(1)) = 0 because n > rk(Q⊗OE(1)) (see 3.3.3).

3.5 Orienting a representable theory.

Here we give a technics which allows to orient a theory A represented by a ring T -spectra
[V1] starting with very small set of data, namely only with an element th ∈ AP∞(O(−1))
or alternatively with an element ch ∈ A(P∞) satisfying certain properties. This is done
in [M] in a slightly different way.

However we prefer to work in a more general context. Namely we do not assume that
A is represented by a ring T -spectra, but we assume that there exists a universally central
element σ ∈ A{0}(P

1) such that for each smooth X the map

∪σ : A(X)→ A{0}×X(P1 ×X), a 7→ σ ∪ a (17)

is an isomorphism. This is the case for any A represented by a symmetric ring T -spectra
( see [Ja] ) since the T -suspension σ ∈ A2,1

{0}(P
1) of the unite 1 ∈ A0,0(pt) satisfies the

required property.

3.5.1. Definition. A universally central element ch ∈ A(P∞) is called a Chern element
if for a flag l ⊂ V ⊂ k∞ consisting of 1- and 2-dimensional vector subspaces the element
chl vanishes in A(P(l)) = A(pt) and the operator (∪1,∪chV ) : A(pt)⊕A(pt)→ A(P(V ))
is an isomorphism.

A universally central element th ∈ A(L∞, L
0
∞) is called a Thom element if for a 1-

dimensional subspace l ⊂ k∞ the operator ∪thl : A(pt) → AP(l)(Ol(−1)) = AP(l)(l) is an
isomorphism.

3.5.2. Theorem. Let ch ∈ A(P∞) be a Chern element. Then the assignment L 7→ ch(L)
(see 6, (27)) endows A with Chern classes for line bundles and ch(OV (−1)) = chV in
A(P(V )). Thus A is oriented (see 3.4.1).

Let th ∈ AP∞(O(−1)) be a Thom element. Then the assignment L 7→ th(L) (see 6,
(28)) is well defined by Theorem 6.1.5 and it endows A with Thom classes for line bundles
and th(OV (−1)) = thV in AP(V )(OV (−1)). Thus A is oriented (see 3.4.1).

3.5.3. Theorem. One says that a Chern element ch ∈ A(P∞) and a Thom element
th ∈ AP∞(O(−1)) correspond to each other if chV = (zA ◦ iA)(thV ) ∈ A(P(V )) for
each finite-dimensional subspace V in k∞, where iA : AP(V )(OV (−1)) → A(OV (−1)) is
the support extension operator and zA : A(OV (−1)) → A(P(V )) is induced by the zero
section z.

Let a Chern element ch ∈ A(Pn) and a Thom element th ∈ AP∞(O(−1)) correspond
to each other. Then the Chern classes for line bundles L 7→ c(L) and the Thom classes
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for line bundles L 7→ th(L) given by (3.5.2) correspond to each other (3.2.3). Thus the
orientation defined by the Chern classes for line bundles and the orientation defined by
the Thom classes for line bundles coincide (see 3.4.1).

Next we are going to study bigraded structures on A. As before assume that A is a
ring cohomology theory satisfying (17).

To each smooth variety X associate an operator εX : A(X) → A(X) given by the
composition

A(X)
σ◦σ
−−→ AX(X ×A1 ×A1)

(idX×i)A

−−−−−→ AX(X ×A1 ×A1)
σ−1◦σ−1

−−−−−→ A(X)

where i : A1 ×A1 → A1 ×A1 is the transposition (x, y) 7→ (y, x).
Set ε(X) = εX(1) ∈ A(X).
For each map f : Y → X of smooth varieties one has f ∗(ε(X)) = ε(Y ). In particular

for the projection p : X → pt one has the relation p∗(ε(pt) = ε(X). We write ε for ε(pt).
Clearly ε2 = 1.

Assume moreover that A is a bigraded theory, i.e., for each pair (X,U) in SmOp
one has Ap(X,U) = ⊕qA

p,q(X,U), and A is a bigraded functor, and ∂X,U is a bigraded
operator of the degree (1, 0). Moreover assume that the cup-product respect this bigrading
as well. This means that for elements α ∈ Ap,q and β ∈ Ar,s one has α ∪ β ∈ Ap+r,q+s.
Assume also that the element σ belongs to the group A2,1

{0}(P
1) and that for any a ∈ Ap,q

and b ∈ Ar,s one has the relation

a ∪ b = (−1)prεqs(b ∪ a). (18)

Clearly ε ∈ A0,0(pt) under our assumptions.
A typical example of such a theory A is a theory represented by a commutative sym-

metric ring T -spectra (in this case (18) is proved in [M]).

3.5.4. Theorem. Let th ∈ A2,1
P∞(O(−1)) be an element and let l be a 1-dimensional

subspace in k∞ such that thl = σ ∈ A2,1
P(l)(Ol(−1)) = A2,1

P(l)(l). Then ε = 1 ∈ A0,0(pt)

and th is a Thom element (3.5.1). Furthermore A is endowed with Thom classes for line
bundles L 7→ th(L) (3.5.2) and thus A is oriented (see 3.4.1).

Let ch ∈ A2,1
P∞(O(−1)) be an element and let l ⊂ V ⊂ k∞ be a flag consisting of 1-

and 2-dimensional subspaces such that chl = 0 and chV = −j(σ) in A2,1(P(V )) where
j : AP(l)(P(V )) → A(P(V )) is the support extension map. Then ε = 1 ∈ A0,0 and ch is
a Chern element (3.5.1). Furthermore the rule L 7→ ch(L) from (3.5.2) endows A with
Chern classes for line bundles and thus A is oriented (see 3.4.1).

3.5.5. Theorem. Let an element ch ∈ A2,1(P∞) and an element th ∈ A2,1
P∞(O(−1)) be

such that for each finite-dimensional subspace V ⊂ k∞ the following relation holds in
A(P(V ))

chV = (zA · iA)(thV ),

where iA : AP(V )(OV (−1)) → A(OV (−1)) is the support extension map and where zA is

induced by the zero section z : P(V ) → OV (−1). Assuming that thl = σ ∈ A2,1
P(l)(l) for a
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1-dimensional subspace l in k∞ we claim that the element th is a Thom element and the
element ch is a Chern element and the orientations on A constructed in (3.5.4) by means
of the elements ch and th coincide.

A proof of (3.5.4) is based on the following observation. Let x0, x1, x2 ∈ P2 be three
different points. Let l1 (l2) be the only projective line going through x0 and x1 (x0 and
x2). Let i : l1 ↪→ P2 be the inclusion. If there exists σ̃ ∈ Al2(P

2) such that iA(σ̃) = σ in
Ax0(l1) = AP0(P1) then ε = 1 in A0,0(pt).

3.6 Examples

3.6.1. Let A be the algebraic K-theory (2.1.2). The rule L → [1]− [L∨] endows A with
Chern classes for line bundles (the property (4) follows from [Qu2, §8, Th.2.1 ]) and thus
orients A.

It’s interesting to observe that the corresponding Chern class cn of a rank n vector
bundle E is exactly the known class λ−1(E

∨) = [1]− [E∨] + [∧2E∨] + · · ·+ (−1)n[∧nE∨].

3.6.2. Let A be the etale cohomology theory A∗
Z(X) = ⊕+∞

q=−∞H
∗
Z(X, µ⊗q

m ) , where m
is an integer prime to char(k). Consider the short exact sequence of the etale sheaves

0→ µm → G
×m
→ G→ 0 and denote by ∂ : H1(X,Gm)→ H2(X, µm) the boundary map.

For a line bundle L over a smooth variety X let [L] ∈ H1(X,Gm) be its isomorphism
class. It is known [Mi] that the rule L 7→ ∂([L]) endows A with Chern classes for line
bundles. Thus A is oriented.

3.6.3. Let A be the motivic cohomology [SV]: Ap
Z(X) = ⊕∞

q=0H
p
Z(X,Z(q)). Recall that

H2
M(X,Z(1)) = CH1(X) for a smooth X [SV]. For a line bundle L over a smooth variety

X let D(L) ∈ CH1(X) be the associated class divisor. The rule L 7→ D(L) endows A
with Chern classes for line bundles in the characteristic zero [SV, Cor. 4.12.1] (now it is
known in any characteristic). Thus A is oriented.

3.6.4. Let A be the K-cohomology [Qu2, §7, 5.8 ]: Ap
Z(X) = ⊕∞

q=0H
p
Z(X,Kq)), where K

is the sheaf of K-groups. Recall that the sheaf K1 coincides with the sheaf O∗ of invertible
functions. For a line bundle L over a smooth variety X let [L] ∈ H1(X,K1) = H1(X,O∗)
be the isomorphism class of L. The rule L 7→ [L] endows A with Chern classes for line
bundles [Gi, Th.8.10] and thus orients A.

3.6.5. Let k = R and let A be the theory Ap(X,U) = Hp(X(R), U(R); Z/2Z). For a
line bundle L consider the real line bundle L(R) over the topological space X(R) and
set c1(L) = w1(L(R)) (the first Stiefel-Whitney class). Since Pn(R) = RP n is the real
projective space the rule L 7→ c1(L) endows A with Chern classes for line bundles and
thus orients A.

3.6.6. Orienting the algebraic cobordism theory. In this example the notation of
2.4.4 are used.
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The identity morphism MGL1 to itself gives rise in the standard manner to an element
[id1] ∈ MGL2,1(MGL1). By the very definition MGL1 = Th(T (1)) and T (1) is the
tautological line bundle O(−1) over the space G(1) = P(V ) = P∞. Now set

th = [id1] ∈ MGL2,1(MGL1) = MGL
2,1
P∞(O(−1)).

Consider the fiber A1 of T (1) over the point g1 ∈ P(V ).
The restriction of the element th to the Thom space Th(A1) = A1/(A1−{0}) coincides

with the T -suspension σ ∈MGL2,1(Th(A1)) = MGL
2,1
{0}(A

1) of the unite 1 ∈MGL0,0(pt).

Thus the element th orients the algebraic cobordism theory MGL due to (3.5.4).

3.7 The formal group law Fω

Let ω be an orientation of A. Thus A is endowed with Chern classes for line bundles which
correspond to ω ( see 3.4.2 and 3.4.1 ). Following [Qu1] we associate a formal group low
Fω with ω. This formal group low is defined over the ring Āuc and gives an expression of
the first Chern class of L1 ⊗ L2 in terms of the first Chern classes of line bundles L1, L2.

Using (3.3.1) identify the formal power series in one variable Ā[[u]] with the ring A(P∞)
identifying u with c1(O(1)) ∈ A(P∞). The two ”projections” pi : P∞×P∞ → P∞ induce
two pull-back maps pA

i : A(P∞)→ A(P∞×P∞). Using (3.3.1) again identify A(P∞×P∞)
with Ā[[u1, u2]] where ui = p∗i (u) = c1(p

∗
i (O(1)). Set

Fω(u1, u2) = c1(p
∗
1(O(1)⊗ p∗2(O(1))) ∈ Ā[[u1, u2]] (19)

Since the first Chern class is a universally central element Fω ∈ Ā
uc[[u1, u2]]

3.7.1. Proposition. For any X ∈ Sm and line bundles L1/X, L2/X one has the fol-
lowing relation in A(X)

c1(L1 ⊗ L2) = Fω(c1(L1), c1(L2))

Here the right hand side is well-defined since the first Chern classes are universally central
and nilpotent (3.3.3).

Sketch of proof. Using (6.1.4) reduce the assertion to the case when L∨
i = f ∗

i (O(−1))) for
a maps fi : X → PN . Then Li = f ∗

i (O(1)). Let f = f1 × f2. The chain of relations

c1(L1 ⊗ L2) = fA(c1(p
∗
1(O(1))⊗ p∗2(O(1))) = fA(Fω(u1, u2)) = Fω(c1(L1), c1(L2)).

completes the sketch.

For instance, if A = H∗
M(−,Z(∗)) with the first Chern class cH1 then cH1 (L1 ⊗ L2) =

cH1 (L1) + cH1 (L2); if A = K-theory with the Chern classes for line bundles defined by
L 7→ [1] − [L∨] then c1(L1 ⊗ L2) = c1(L1) + c1(L2) − c1(L1)c1(L2). More complicated
examples are related to other theories.
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3.7.2. Proposition. The formal power series Fω ∈ Ā
uc[[u1, u2]] is a commutative formal

group law ([Ha]) with the ”inverse element” I(u) = c1(O(−1)) ∈ Auc(P∞) = Āuc[[u]].

Proof. This is implied by the corresponding properties of line bundles by means of (3.7.1).

3.7.3. Definition. The formal group low Fω is called the formal group low associated
with A endowed with the orientation ω.

4 Push-forwards

Let A be a ring cohomology theory.

4.1 Integrations on a a ring cohomology theory

Here we define a notion of an integration on A and prove that orientations on A are in a
natural one-to-one correspondence with integrations on A.

Let us recall a notion.

4.1.1. Definition. Let i : Y ↪→ X be a closed imbedding of smooth varieties. Consider
a Cartesian square ( in the category of schemes )

Ỹ
ĩ

−−−→ X̃

ϕ̃

y
yϕ

Y
i

−−−→ X

consisting of smooth varieties. This square is called transversal if the canonical morphism
ϕ̃∗(N)→ Ñ is an isomorphism (here N and Ñ are the normal bundle to Y in X and to
Ỹ in X̃).

4.1.2. Definition. Let A be the ring cohomology theory. An integration on A is a rule
assigning to each projective morphism of smooth varieties f : Y → X a two-sided A(X)-
module operator

fA : A(Y )→ A(X)

called the push-forward (for f) and satisfying the following properties

1. (f ◦ g)A = fA ◦ gA for any projective morphisms Z
g
→ Y and Y

f
→ X of smooth

varieties;

2. for the transversal square from (4.1.1) the following diagram commutes

A(Ỹ )
ĩA−−−→ A(X̃)

ϕ̃A

x
xϕA

A(Y )
iA−−−→ A(X)
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3. for any projective morphism of smooth varieties f : Y → X the following diagram
commutes

A(Pn × Y )
(id×f)A

←−−−− A(Pn ×X)

(pY )A

y
y(pX)A

A(Y )
fA

←−−− A(X)

where pY : Pn × Y → Y and pX : Pn ×X → X are the natural projections;

4. normalization: for any smooth variety X one has (idX)A = idA(X).

The line bundle L(D) used below in the text and associated with an effective divisor
D on a smooth variety X is defined in 1.1.

4.1.3. Theorem. Let A be a ring cohomology theory.

1. Assuming A endowed with an orientation ω one can uniquely endow A with an
integration such that for each smooth variety X and each smooth divisor i : D ↪→ X
one has iA(1) = c(L(D)), where L 7→ c(L) is the Chern classes for line bundles
corresponding to ω by Theorem 3.4.2.

2. Assuming A endowed with an integration f 7→ fA one can endow A with an orien-
tation ω such that for each smooth variety X and each smooth divisor i : D ↪→ X
one has iA(1) = c(L(D)) where L 7→ c(L) are the Chern classes for line bundles
corresponding to ω by Theorem 3.4.2.

Moreover, for a smooth variety X and a line bundle L/X one has c(L) = zA(zA(1)) ∈
A(X).

3. The two correspondences between orientations and integrations described in the pre-
vious items are inverse of each other.

In what follows we denote by fω the push-forward fA determined by an orientation ω
due to (4.1.3).

4.1.4. Corollary. Let A be a ring cohomology theory.

1. Given Chern classes for line bundles L 7→ c(L) one can uniquely endow A with an
integration such that for each smooth variety X and each smooth divisor i : D ↪→ X
one has iA(1) = c(L(D)).

2. Given an integration f 7→ fA on A one can uniquely endow A with Chern classes
for line bundles L 7→ c(L) such that for each smooth variety X and each smooth
divisor i : D ↪→ X one has iA(1) = c(L(D)). Moreover, for a smooth variety X and
a line bundle L over X this Chern class is given by c(L) = zA(zA(1)) ∈ A(X).

3. The two correspondences between the endowments of A with Chern classes and in-
tegrations described in the previous items are inverse of each other.
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4. If an orientation on A and Chern classes L 7→ c(L) for line bundles correspond to
each other as in Theorem 3.4.1 then the integrations on A given by Theorem 4.1.3
and by this Corollary coincide.

Each theory from 3.6 is oriented and thus endowed with the integration given by
(4.1.3). For any such theory A the integration coincides with the well-known one as
follows from the known properties of push-forwards in these cases. In particular for
the algebraic K-theory the push-forwards given by (4.1.3) and the orientation from 3.6
coincides with the push-forwards from [Qu2, §7, 2.7 ]. Note that the algebraic cobordism
theory being oriented (see 3.6.6) is also endowed with an integration due to (4.1.3).

In the following three examples we assume that A is an ring cohomology theory en-
dowed with an orientation ω and thus endowed with the corresponding Chern classes and
with the corresponding integration.

4.1.5. Self-intersection formula. Let i : Y ↪→ X be a closed imbedding of smooth
varieties of pure codimension d with the normal bundle N . Then for each α ∈ A(Y ) one
has the relation in A(Y ) (compare with [BS, Prop.12 ])

iA(iω(α)) = cd(N) ∪ α = α ∪ cd(N).

4.1.6. Excess formula (compare with [BS, Lemma 19(c) ]). Let i : Y ↪→ X be a closed
imbedding of smooth varieties of pure codimension d with the normal bundle N . Let
σ : X ′ → X be the blow-up with the center Y and let Y ′ = P(N) be the projective
bundle associated with N and let

Y ′ j
−−−→ X ′

g

y
yσ

Y
i

−−−→ X

be the standard blow-up Cartesian square. And let E be the factor-bundle g∗(N)/ON (−1)
on Y ′ = P(N). Then for each α ∈ A(Y ) one has the relation in A(X ′)

σA(iω(α)) = jω(cd−1(E) ∪ gA(α))).

4.1.7. A formula for the top Chern class (compare with [Gr, Th.2]). Let X be a
smooth variety and let E/X be a vector bundle with rkE = d and let s : X → E be a
section of E such that the scheme theoretic vanishing locus Y of the section s is a smooth
subvariety in X of pure codimension d. Then

iω(1) = cd(E).

where i : Y ↪→ X is the natural imbedding.
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4.2 Push-forwards for closed imbeddings

Let A be a ring cohomology theory endowed with an orientation ω. Below we give a
construction of push-forwards for closed imbeddings. The push-forward to be constructed
for a closed imbedding i will be temporarily (until 4.4.1) denoted by igys. The deformation
to the normal cone (see 2.2.6) plays an important role here.

For a closed imbedding i : Y ↪→ X of smooth varieties define an operator

ith : A(Y )→ AY (X) (20)

as the composition ith : A(Y )
thN

Y−−→ AY (N)
(iA0 )−1

−−−→ AY ×A1(Xt)
iA1−→ AY (X) where the

notation for N = NX/Y , iA0 and iA1 are taken from (2.2.6) and thN
Y is the Thom operator

corresponding to the orientation ω (3.1.1). The operator ith is an isomorphism (see 3.1.2).
Define the Gysin operator

igys : A(Y )→ A(X) (21)

as the composition igys : A(Y )
ith−→ AY (X)

jA

−→ A(X) where jA is the support extension
operator for the pair (X,X − Y ) (see 2.0.1).

The following properties of the Gysin operators can be proved before the theorem
(4.4.1) and are useful when proving this theorem.

4.2.1. The Gysin operators commute with a transversal base change, i.e., for a transversal
square from (4.1.1) the following diagram commutes

A(Ỹ )
ĩgys

−−−→ A(X̃)

ϕ̃A

x ϕA

x

A(Y )
igys

−−−→ A(X)

4.2.2. Let j1 and j2 be the natural imbeddings of smooth varieties Y1 and Y2 to Y =
Y1 q Y2. For a closed imbedding i : Y ↪→ X one has igys = (i1)gys ◦ j

A
1 + (i2)gys ◦ j

A
2 where

ir is the composition i ◦ jr.

4.2.3. One has igys ◦ jgys = (i ◦ j)gys for closed imbeddings Z
j
↪→ Y

i
↪→ X of smooth

varieties.

4.2.4. For a closed imbedding of smooth varieties i : Y ↪→ X the operator igys ◦ i
A :

A(X) → A(X) coincides with the operator given by the cup-product with the element
igys(1).

4.2.5. Let z : Y → E be the zero section of a vector bundle E/Y . Then the operator zth

coincides with the Thom operator thE
Y .

To state the following few properties recall that A is endowed with the Chern classes
for line bundles corresponding to the orientation ω (3.4.2) and with the corresponding
higher Chern classes (3.3.3).
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4.2.6. Let E/Y be a rank n vector bundle and let s : Y → P(E) be a section of the
natural projection p : P(E) → Y . Consider the natural inclusion OE(−1) → p∗(E) and
let Q be the factor-bundle p∗(E)/OE(−1). In A(P(E)) one has sgys(1) = cn−1(OE(1) ⊗
p∗s∗Q).

4.2.7. For a smooth divisor i : D ↪→ X one has igys(1) = c1(L(D)) in A(X) (see 1.1 for
notation).

4.2.8. Self-intersection formula. For a closed imbedding of smooth varieties i : Y ↪→
X the operator iA ◦ igys : A(Y ) → A(Y ) coincides with the cup-product by cn(N) where
N is the normal bundle and n = rkN .

4.3 Push-forward for the projection X ×Pn → X

Let A be a ring cohomology theory endowed with an orientation ω and therefore endowed
with the corresponding Chern classes for line bundles ( (3.4.2) and (3.4.1) ) and with the
corresponding higher Chern classes (3.3.3). Below we give a construction of push-forwards
for projections. As above Ā = A(pt) and Āuc is the subring of all the universally central
elements in Ā.

We give two alternative ways to construct push-forwards for the projections. The first
way is based on the fact that the cobordism ring MU is the coefficient ring of an universal
formal group law. The second way uses no complicated facts and is based on residues
theory. The push-forward to be constructed for the projection p : X × Pn → X will be
temporarily (until 4.4.1) denoted by pquil.

4.3.1. MU-approach. Consider the complex cobordism theory MU(∗) and the formal
group low FMU associated with this theory and its canonical Chern class for line bundles
(Conner-Floyd class) [CF]. This low is defined over the ring MU = MU(pt). According to
a theorem of Quillen ([Qu1, Th.2]) FMU is a universal commutative formal group low in
one variable. This means that for any commutative ring R and any commutative formal
group law in one variable F over R there exists a unique ring homomorphism lF : MU→ R
such that the coefficients of F coincide with the lF -images of the corresponding coefficients
of FMU. For the theory A endowed with the orientation ω denote by

lω : MU→ Āuc (22)

the homomorphism lF where F = Fω is the formal group law associated with the orien-
tation ω on A (3.7.3) and set

[Pn]ω = lω([CP n]),

where [CP n] is the class of CP n in MU.
For the projection p : X ×Pn → X define the operator

pquil : A(X ×Pn)→ A(X) (23)

as follows. Identify A(X ×Pn) with A(X)[t]/(tn+1) taking t to the element ζ = c1(O(1))
(see 3.3.1), consider the structural morphism f : X → pt and set pquil to be the unique
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two-sided A(X)-module operator which takes the element ti to the element fA([Pn−i]ω) ∈
A(X) for i = 0, 1, . . . , n.

The following properties of the operator pquil can be proved before the theorem (4.4.1)
and are useful when proving this theorem.

1. The operator pquil : A(X × Pn) → A(X) is a two-sided A(X)-module homomor-
phism.

2. Let ϕ : Y → X be a morphism of smooth varieties and let ϕ̃ be the base change
of ϕ by the natural projection pX : X × Pn → X. Then one has the relation
(pY )quil ◦ ϕ̃

A = ϕA ◦ (pX)quil where pY : Y ×Pn → Y is the natural projection.

3. The following diagram commutes

A(X ×Pn ×Pm)
(p̃n)quil
−−−−→ A(X ×Pm)

(p̃m)quil

y
y(pm)quil

A(X ×Pn)
(pn)quil
−−−−→ A(X)

where pn : X × Pn → X, pm : X × Pm → X, p̃n : X × Pn × Pm → X × Pm and
p̃m : X ×Pn ×Pm → X ×Pn are the natural projections.

4. For a linear imbedding i : Pn → Pm the following diagram commutes

A(X ×Pn)
igys
−−−→ A(X ×Pm)

(pn)quil

y
y(pm)quil

A(X)
id
−−−→ A(X)

where pn : X ×Pn → X and pm : X ×Pm → X are the natural projections.

5. For a closed imbedding of smooth varieties i : Y ↪→ X the following diagram
commutes

A(Y ×Pn)
(i×id)gys
−−−−−→ A(X ×Pn)

(pY )quil

y
y(pX)quil

A(Y )
igys

−−−→ A(X)

where pX : X ×Pn → X and pY : Y ×Pn → Y are the natural projections.

6. For a section s : X → X × Pn of the projection p : X × Pn → X one has
pquil ◦ sgys = idA(X).

4.3.2. Approach by means of residues. Here we sketch another way to introduce
push-forwards for the projections. This way is based on an elementary residues theory
and uses no complicated facts. Thus it can be applied in a more general situation.
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Let p : P(E)→ X be the natural projection where E/X is a vector bundle. Below (see
4.4.1) we will construct push-forwards for any projective morphisms. In particular, the
push-forward pω for the projection p can be computed as follows (compare with Quillen’s
formula [Qu1, Th.1]):

pω(a) = Res(
h

qE
ωF ) (24)

where ωF is the normalized invariant differential on the formal group F related to the
theory A and its orientation ω, and h(t) is an arbitrary polynomial with h(ζE) = a, and
the series qE ∈ A(X)[[t]] corresponds to the total Chern class

ctot(E ⊗O(1)) (25)

under the identification A(X)[[t]] with A(X×P∞) which identifies the variable t with the
element c1(O(1)) ( here for a vector bundle F we write ctot(F ) for the element c0(F ) +
c1(F ) + . . . ).

One gets the alternative definition of the operator pquil by means of the formula (24)
for a trivial vector bundle E. In this case the formula (24) shows that the push-forward
pω takes the element ζ i

E to the coefficient of tn−idt in ωF (t). The new definition coincides
with the previous one by [Qu1, Cor. of Th.1]. Observe that the new definition allows
to work easily in a relative situation (i.e. for varieties over a base). Main technical tool
for the work with this definition is the invariance of the residues with respect to variable
changes allowing a nilpotent shift of the coordinate origin.

One concludes this subsection with the following observation: if E∨ = ⊕Li is the
direct sum of line bundles then one has (compare with [Qu1, Th.1])

qE =

d∏

i=1

(t−F λi) (26)

where rkE = d, λi = c1(Li).

4.4 Push-forwards for projective morphisms

Let A be a ring cohomology theory endowed with an orientation ω and therefore endowed
with the corresponding Chern classes for line bundles ( (3.4.2) and (3.4.1) ) The main
result of this section is the following

4.4.1. Theorem. There exists and unique family of maps fA : A(Y )→ A(X), where f :
Y → X runs over all projective morphisms of smooth quasi-projective varieties, satisfying
the following properties

1) fA ◦ gA = (f ◦ g)A for morphisms g : Z → Y and f : Y → X;

2) iA = igys for a closed imbedding i : Y ↪→ X;
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3) pA = pquil for the projection p : X ×Pn → X.

Moreover the family of the maps fA from this theorem is the integration on A required
by Theorem 4.1.3 and Corollary 4.1.4.

Let f : Y → X be a projective morphism of smooth varieties. One can present f as a
composition of a closed imbedding i : Y ↪→ X ×Pn and the projection p : X ×Pn → X,
i.e. f = p ◦ i. Define now the desired map fA by the formula

fA = pquil ◦ igys.

To prove the theorem it suffices to check that the resulting map fA does not depend on
the particular choice of the decomposition of f and to verify 4.4.1(1), which does not
follow directly from well-defines of fA.

A complete proof of Theorem 4.4.1 will be written in a next preprint. Let us only
to stress here that an important point in the proof is the following fact: given a section
s : X → X×Pn of the projection p : X×Pn → X one has the relation pquil◦sgys = idA(X).

5 Riemann-Roch theorem

Let A and B be oriented ring cohomology theories endowed with orientations ωA and ωB,
with the corresponding Chern classes cAi and cBi and with the corresponding integrations
(see Theorem 4.1.3, Corollary 4.1.4 and Theorem 3.3.3).

Let Āuc be the ring of universally central elements in A(pt) (2.3.2) and let B̄uc be the
ring of universally central elements in B(pt). As in 3.7 identify A(P∞) with the formal
power series in one variable Ā[[u]] identifying the variable u with cA1 (O(1)) and identify
B(P∞) with B̄[[t]] identifying the variable t with cB1 (O(1)).

Below in this section we consider ring operations defined on the category Sm rather
than on SmOp since some interesting facts hold in this case and it is more easy to
construct such operations.

5.1 Todd genus

Let ϕ : A|Sm → B|Sm be a ring operation (see 2.3.3) which takes universally central
elements to the universally central ones. Consider the operation ϕ on P∞:

ϕ∞ : A(P∞)→ B(P∞)

and define a series Φ(t) ∈ B̄[[t]] as follows

Φ(t) = ϕ∞(u)

where t and u are the variables from the identifications A(P∞) = Ā[[u]] and B(P∞) =
B̄[[t]]. It’s interesting to observe that the series Φ(t) presents a homomorphism of the
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formal group laws FωB
→ FωA

⊗Āuc B̄uc related to the given orientations of A and of B,
but we will not use this observation below in the preprint.

Note that all the coefficients of the formal power series Φ(t) lie in B̄uc. The series Φ(t)
is divisible by t, because cA1 (O(1)) vanishes being restricted to a point.

5.1.1. Definition. 1) Define the inverse Todd genus of ϕ as the formal power series

itdϕ(t) = Φ(t)/t ∈ Buc[[t]]

2) Let t1, t2, . . . ,tn be independent variables and let σ1, σ2, . . . σn be the symmetric poly-
nomial in these variables: σ1 = t1 + t2 + · · · + tn, σ2 = t1t2 + · · · + tn−1tn, ... ,
σn = t1t2 . . . tn. Set

itdϕ(σ1, σ2, . . . , σn) =
n∏

i=1

itdϕ(ti) ∈ B
uc[[σ1, σ2, . . . , σn]]

3) the inverse Todd genus of a vector bundle E with rkE = n over a smooth X is the
evaluation of the series itdϕ(σ1, σ2, . . . , σn) on the Chern classes of E

itdϕ(E) = itdϕ(cB1 (E), cB2 (E), . . . ,cBn (E)) ∈ Buc(X)

Here the right hand side is well-defined because the Chern classes are universally
central and nilpotent (see 3.3.3).

5.1.2. Definition. Assume that the series itdϕ is invertible in Buc[[t]] (this is equivalent
to the assertion that its free term is a unit in the ring Buc or, in the other words, that
Φ(t) is a local parameter in B̄uc[[t]]).

1) Define the Todd genus of ϕ as the multiplicative inverse of itdϕ(t)

tdϕ(t) = t/Φ(t) ∈ Buc[[t]];

2) Set tdϕ(σ1, σ2, . . . ,σn) =
∏n

i=1 tdϕ(ti) ∈ B
uc[[σ1, σ2, . . . ,σn]];

3) Define the Todd genus of a vector bundle E with rkE = n over a smooth X by

tdϕ(E) = tdϕ(cB1 (E), cB2 (E), . . . ,cBn (E)) ∈ Buc(X)

Here the right hand side is well-defined because the Chern classes ci(E) are univer-
sally central and nilpotent (see 3.3.3).

5.1.3. Theorem. Let ϕ be the ring transformation and let i : Y ↪→ X be a closed
imbedding of smooth varieties with the normal bundle N . Then for each element α ∈ A(Y )
one has the relation in B(X)

iB(ϕ(α) ∪ itdϕ(N)) = ϕ(iA(α)).
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5.1.4. Theorem. Let ϕ be the ring transformation. Suppose that the series itdϕ(t) is
invertible in B̄uc[[t]]. Then for each projective morphism of smooth projective varieties
f : Y → X and each element α ∈ A(Y ) one has the relation in B(X)

fB(ϕ(α) ∪ tdϕ(TY )) = ϕ(fA(α)) ∪ tdϕ(TX)

where TY (resp. TX) is the tangent bundle to Y (resp. to X).

5.1.5. Corollary. Under the hypothesis of Theorem 5.1.4 for each smooth projective va-
riety X and each a ∈ A(X) the following relation holds in B(pt)

fB(ϕ(a) ∪ tdϕ(TX)) = ϕ(fA(a))

where TX is the tangent bundle to X and f is the structural morphism X → pt.

5.1.6. Corollary. Suppose the ring transformation ϕ takes the Chern class cA
1 to the

Chern class cB1 (for each smooth variety X and each line bundle L/X one has ϕ(cA
1 (L)) =

cB1 (L)). Then ϕ commutes with the push-forwards in theories A and B. Namely for each
projective morphism of smooth varieties f : Y → X one has the relation

fB ◦ ϕY = ϕX ◦ fA.

5.1.7. Corollary. Let A be a ring cohomology theory endowed with Chern classes c′

and c′′ for line bundles. For a projective morphism f : Y → X of smooth varieties let
f ′

A : A(Y ) → A(X) and f ′′
A : A(Y ) → A(X) be the push-forwards given by Corollary

4.1.4 and the classes c′, c′′ respectively. Let ϕ : A → A be the identity transformation.
Then the inverse Todd genus itdϕ is invertible in Ā[[t]] and thus the Todd genus tdϕ(t) is
well-defined and for each α ∈ A(Y ) one has the relation in A(X)

f ′′
A(α ∪ fA(itd(TX)) ∪ td(TY )) = f ′

A(α).

5.1.8. Corollary. Let ϕ be the ring transformation. Suppose the inverse Todd genus
itdϕ(t) is invertible in B̄[[t]]. Then for each finite etale morphism f : Y → X one has the
relation

fB ◦ ϕY = ϕX ◦ fA.

5.2 Examples and applications

Here we consider ring cohomology theories from 3.6. Thus the push-forwards on these
theories given by Theorem 4.1.3 coincides with the well-known ones (see 4.1).

5.2.1. Suppose k = C. Let A = K-theory and let B be the usual singular cohomology
with rational coefficients and let ϕ be the Chern character ch : A|Sm → B|Sm.

Recall that for a line bundle L over a smooth variety X one has cA
1 (L) = [1] − [L−1]

(see 3.6.1) and cB1 (L) = D(L) ∈ H2(X,Q) is the class of the divisor associated with the
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line bundle L. Observe that cB1 (L−1) = −cB1 (L). Therefore if t = cB(O(1)) as in the
beginning of this Section then one has a chain of relations

ϕ(cA1 (O(1)) = ch([1]− [O(−1)]) = ecB
1 (1) − ecB

1 (O(−1)) = 1− e−t

Thus tdϕ(t) = t/(1 − e−t) and the Todd genus (5.1.2) coincides in the case with the
classical Todd genus [H, Ch.III].

A similar computation shows that for the Chern character ch : K-theory → K-
cohomology defined in [Gi] the Todd genus is the same series t/(1− e−t).

5.2.2. Let Ψn : K − theory → K − theory be the Adams operation (see [So] or [Gra])
considered just on smooth varieties (n 6= ±1 and n 6= 0). One has a chain of relations

ϕ(cK1 (O(1))) = Ψn([1]− [O(−1)]) = [1]− [O(−1)]n

and furthermore t = cK1 (O(1)) = [1]− [O(−1)]. Finally one gets

itdϕ(t) = ([1]− [O(−1)]n)/([1]− [O(−1)]) = [1] + [O(−1)] + · · ·+ [O(−n + 1)]

Thus for a line bundle L over a smooth variety X one has

itdϕ(L) = [1] + [L−1] + · · ·+ [L−n+1]

This class coincides with the element θ(L−1) but not with the element θ(L) = [1] + [L] +
· · ·+ [Ln−1] which is used in the Riemann-Roch theorem for Ψn proved in [So].

There is no confusion because it is written in [So, p. 519] the following relation
[1] − [L] = jK(1) where j : Y → L is the zero section of a line bundle L over a smooth
variety Y . But jK(1) = [1]− [L∨] in that case.

Thus the Riemann-Roch formula for the operation Ψn holds exactly with the class
itdϕ(L) above.

5.2.3. Let Ψ−1 : K−theory → K−theory be the Adams operation considered on smooth
varieties. It takes a vector bundle E to the class of its dual E∨. In this case for a rank n
vector bundle E one has

tdϕ(E) = (−1)rk(E)[∧n(E∨)]

and thus for a projective morphism f : Y → X of smooth varieties and for an element
α ∈ K(Y ) one has the relation in K(X)

fK(Ψ−1α ·KY ) = (−1)dim(Y )−dim(X)Ψ−1(fK(α)) ·KX ,

where KY and KX are the canonical classes of the varieties Y and X respectively and fK

is the push-forward from [Qu2, §7, 2.7 ] (see comments just after Corollary 4.1.4).
If X = pt then K0(X) = Z and KX = 1 ∈ K(X), and for each a ∈ K0(X) one has

Ψ−1(a) = a. Thus the previous relation looks as follows (for a vector bundle E/Y )

fK([KY ⊗ E
∨]) = (−1)dim(Y )fK([E]).

Since for a vector bundle F/Y its push-forward fK([F )] coincides with the Euler charac-
teristic χ(F ) the very last relations follows as well from the Serre duality for the vector
bundles over a smooth projective varieties.

29



5.2.4. (compare with [AH]). Let k = R and let A(X,U) = H∗(X(R), U(R); Z/2) the
usual singular cohomology of the underlying topological pair of real point spaces. For a
line bundle L over a smooth variety X consider the first Stiefel-Whitney class w1(L(R))
of the real vector bundle L(R) over the space X(R) and set cH

1 (L) = w1(L(R)). Consider
the total Steenrod square operation on the Z/2-cohomology

Sq = 1 + Sq1 + Sq2 + · · · : H∗ → H∗

Then one has a chain of relations

tdϕ(t) = w1(ξ)/Sq(w1(ξ)) = t/(t + t2) = 1/(1 + t)

Thus itdϕ(t) = 1 + t and itdϕ(L) = 1 + w1(L(R)) for a line bundle L and

itd(E) = w(E(R))

(the total Stiefel-Whitney class of the real vector bundle E(R) over the space X(R)). If
i : Y ↪→ X is a closed imbedding of smooth varieties with the normal bundle N then for
the element α = 1 Theorem 5.1.3 states that

i∗(w(N(R))) = Sq([Y ])

where [Y ] = i∗(1) is the class of the variety Y . This is the known Wu formula.

5.2.5. In this example the characteristic of the ground field k is zero. Let Ap
Z(X) =

⊕∞
q=0H

p
M(X,X − Z; Z/2(q)) and let τ = −1 ∈ µ2 = H0

M(k,Z/2(1)). Let

Sqτ : H∗
M(−,Z/2(∗))→ H∗

M(−,Z/2(∗))

be the operation 1 + τSq1 + τSq2 + τ 2Sq3 + τ 2Sq4 + . . . considered on smooth varieties
where Sqi are the motivic Steenrod squares [V2]. If −1 ∈ k∗ is a square then the operation
Sqτ is a ring transformation on the category Sm [V2]. (The total motivic Steenrod square
operation Sq = 1+Sq1+Sq2+. . . is not a ring transformation in contrast with the previous
example. Even if −1 ∈ k∗ is a square still the operation Sq is not multiplicative.) Now
one has a chain of relations

itdϕ(t) = Sqτ (c
H
1 (O(1)))/cH1 (O(1)) = (t + τt2)/t = 1 + τt

Thus itd(E) = cHτ (E) = 1 + τcH1 (E) + τ 2cH2 (E) + . . .mod2 and Theorem 5.1.3 states that

i∗(c
H
τ (N)) = Sqτ ([Y ])

where [Y ] ∈ H2d(X,Z/2(d)) = CHd(X) is the class of Y in the Chow group of X.
One may ask whether the relation i∗(c

H
τ (N)) = Sqτ ([Y ]) holds? The answer is yes,

it does hold. The proof is based on a Riemann-Roch theorem for the operation Sqev =
1 + Sq2 + Sq4 + · · · . This operation is no more multiplicative, but still a variant of
Riemann-Roch theorem holds for it.
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5.2.6. Let k and A be as in the previous example and assume −1 is a square in the field
k. Certain divisibility property of so called Segre numbers are deduced in this example
from the Riemann-Roch theorem for the operation Sqτ .

Consider n-dimensional smooth projective variety Y and its structural morphism to the
point f : Y → pt. Recall ( [Fu, Sect.3.2] ) that the Segre classes sd(E) ∈ H2d

M(Y,Z(d)) =
CHd(Y ) of a vector bundle E are described by the relations cH

z (E) = 1 + cH1 (E).z +
cH2 (E).z2 + . . . and cHz (E)−1 = 1 + s1(E).z + s2(E).z2 + . . . where z is a variable. The
integer

sn(Y ) = deg(sn(TY ))

is called the Segre number of the variety Y. We claim that it always is divisible by 2.
To prove this claim consider the operation Sqτ from the previous example. Since

itd(E) = cττ(E) the Todd genus of Sqτ is exactly the Segre class sτ (E) = 1 + τs1(E) +
τ 2s2(E) + . . . modulo 2. Thus one has the following relation in H0

M((pt),Z/2(n))

f∗(sτ (TY )) = Sqτ (f∗(1)) = 0

because already f∗(1) = 0. Hence one has the relations in H0
M((pt),Z/2(n))

τnf∗(sn(TY )) = f∗(τ
nsn(TY )) = 0.

Since the cup-product with the class τ defines an injectionH0
M((pt),Z/2)→ H0

M((pt),Z/2(n))
one concludes that f∗(sn(TY )) is divisible by 2. Thus the Segre number sn(Y ) is divisible
by 2.

5.2.7. Let again the field k be of characteristic zero and let p be a prime. Let A be as in
the previous example but with Z/p coefficients instead of Z/2. Consider an operator

PM : H∗
M(−,Z/p(∗))→ H∗

M(−,Z/p(∗))

where PM = 1 + P 1 + P 2 + . . . and P i are the the motivic reduced power operators [V2]
considered on smooth varieties.

The operator PM is a ring transformation [V2] in contrast with the mod 2 case. Its
inverse Todd genus is computed as follows

itdϕ(t) = PM(cH1 (O(1)))/cH1 (O(1)) = (t+ tp)/t = 1 + tp−1.

Thus for a line bundle L its the inverse Todd genus is the class 1 + cH
1 (L)p−1 modulo p.

Let itd(σ1, . . . , σn) be the inverse Todd genus let td(σ1, . . . , σn) be the Todd genus and
let the class b̄i be the i-th homogeneous component of the series td(σ1, . . . , σn). Now for
a rank n vector bundle E over a smooth variety X set

b̄i(E) = b̄i(c
H
1 (E), . . . , cHn (E)) ∈ H2i

M(X,Z/p(i)) = CH i(X)/pCH i(X).

Clearly the classes b̄i vanish if i is not divisible by p− 1. Finally for a smooth projective
variety X of dimension d and its tangent bundle TX set b̄d(X) = deg(b̄d(TX)) ∈ Z/pZ.
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We claim that for any smooth projective variety X its number b̄d(X) always vanishes.
In fact by Corollary 5.1.5 one has a chain of relations in H0

M(pt,Z/p)

f∗(b̄d(TX)) = SqM(f∗(1)) = 0

because already f∗(1) = 0. It’s interesting to compare the computations presented in
5.2.5, 5.2.6 and 5.2.7 with the ones given in [Br].

5.2.8. Let A be as in the previous example. Let f : Y → X be a finite etale morphism.
Then one has the relation

f∗ ◦ P = P ◦ f∗.

This is just a particular case of Corollary 5.1.8.

5.2.9. Let A = B and let the transformation ϕ : A → B be the identity. Assume
cB1 = a0 · c

A
1 for a unite a0 ∈ A

uc. Then one has tdϕ(t) = a0 and

tdϕ(E) = a
rk(E)
0

Using a slight generalization of the method developed in [PY, §1] one can prove the
following result generalizing the Suslin-Gabber rigidity theorem. The proof uses the push-
forwards, but it does not use any Riemann-Roch type theorem.

5.2.10. Theorem (Rigidity theorem). Let A be an oriented cohomology theory and
let n be an integer prime to char(k). Then for a smooth variety X and for a F-rational
point x ∈ X the homomorphisms

xA : A(Xh
x )/nA(Xh

x )→ A(k)/nA(k)

xA : nA(Xh
x )→ nA(k)

are isomorphisms, where nM is the subgroup of the exponent n elements of a group M .

6 Appendix

In topology the tautological rank r vector bundle over the Grassmannian Gr(∞, r) is a
universal vector bundle of rank r. Below we present a technic allowing to consider the
tautological line bundle O(−1) over the projective space P∞ as a universal line bundle
in a homotopy category. Recall that by an affine bundle we mean a torsor under a vector
bundle.

6.1 A homotopy category.

6.1.1. Definition. A morphism X
π
−→ Y is called a quasi-affine bundle if it can be pre-

sented as the composition of several morphisms

X = X (1) → X(2) → . . . → X (n) = Y

such that each arrow is an affine bundle.
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A base change of a quasi-affine bundle is a quasi-affine bundle and the composition
of two quasi-affine bundles is a quasi-affine bundle. If X1

π1−→ X and X2
π2−→ X are

quasi-affine bundles then the map X1 ×X X2 → X is a quasi-affine bundle.
Denote by {X, Y } the set of all quasi-morphisms from X to Y , i.e.,the set of diagrams

X
π
←− X̃

f
−→Y

where π : X̃ → X is a quasi- affine bundle and f is a usual morphism. Define the
composition (g/ρ) ◦ (f/π) of quasi-morphisms as (g · fỸ )/(π · ρZ), where ρZ is the base
change of ρ by means of f and fỸ is the base change of f by means of ρ. The quasi-
morphisms form a category. A usual morphism f : X → Y one can consider as the
quasi-morphism (id, f).

One says that quasi-morphisms f/π and f ′/π′ are elementary homotopic if there exists
a diagram

X ′

X X Y

X ′′

�
�

��	

π′ @
@

@@R

f ′

� Π

6
ρ′

?
ρ′′

@
@

@@I π′′

�
�

���

f ′′

and a morphism H : A1 × X → Y satisfying the following conditions

1. π′ · ρ′ = Π = π′′ · ρ′′ ,

2. Π, ρ and ρ′ are quasi-affine bundles ,

3. f ′ · ρ′ = H|{0}×X and f ′′ · ρ′′ = H|{1}×X .

6.1.2. Definition. One says that quasi-morphisms f ′/π′ and f ′′/π′′ are naively homo-
topic if there exists a family of quasi-morphisms f0/π0, . . . , fr/πr such that (π′, f ′) =
(π0, f0) , (π′′, f ′′) = (πr, fr) , and for each index i = 0, . . . , r − 1 the quasi-morphisms
(πi/fi) and (πi+1/fi+1) are elementary homotopic. The set of all naively homotopy classes
of quasi-morphisms X to Y denote [X, Y ]. The naively homotopy class of a quasi-
morphism (π/f) denote [π, f ]. The composition of quasi-morphisms induces a composition
of their naively homotopy classes.

6.1.3. Definition. For an inclusion V ⊂ W ⊂ k∞ of finite-dimensional subspaces we
write iV,W : P(V ) ⊂ P(W ) for the inclusion of the associated projective spaces. The
assignment f/π 7→ (π, iV,W · f) gives a map of sets [X,P(V )] → [X,P(W )] and we set
[X,P∞] = lim−→[X,P(V )], where the inductive system is taken over all finite-dimensional
subspaces V of k∞.

One has Pic(P∞) = Z and we denote [O(−1)] the unique element of Pic(P∞) which maps
to [OV (−1)] under the canonical map Pic(P∞)→ Pic(P(V )).

33



6.1.4. Theorem. Let X be a smooth variety. Then the assignment f/π 7→ ((π∗)−1 ·
f ∗)([L∞]) ∈ Pic(X) induces a well-defined map

clX : [X,P∞]→ Pic(X).

The map clX has the following property

1. the map clX is a bijection;

2. if g : Y → X is a morphism of smooth varieties, then one has g∗ · clX = clY · g
!,

where the map g! : [X,P∞]→ [Y,P∞] takes [π, f ] to [π, f ] · g;

3. if V ⊂ k∞ is a finite-dimensional subspace and X = P(V ) then clX([idX , iV,V ]) =
[OV (−1)].

Now given a cohomology theory A Theorem 6.1.4 allows to associate with any class a ∈
A(P∞) (see 1.1) and any line bundle L/X over a smooth variety X a class a(L) ∈ A(X)
as follows. Consider an affine bundle p : X̃ → X, a finite dimensional vector subspace V
of the vector space k∞ and a map i : X̃ → P(V ) such that p∗(L) = i∗(LV ). Set

a(L) = [(pA)−1 ◦ iA](aV ) ∈ A(X). (27)

The class a(L) is well-defined by 6.1.4 and satisfies the following properties

1. gA(a(L)) = a(g∗(L)) for any morphism g : Y → X of smooth varieties;

2. a(LW ) = aW ∈ A(P(W )) for any finite-dimensional vector subspace W ⊂ k∞.

Now set AP∞(L∞) = A(L∞, L
0
∞) (see 1.1) and take an element τ ∈ AP∞(L∞). Let L

be a line bundle over a smooth variety X. By 6.1.4 there exists an affine bundle p : X̃ → X
and a finite dimensional vector subspace V ⊂ k∞ and a morphism i : X̃ → P(V ) such that
the line bundles L̃ = L×X X̃ and L̃V = LV ×P(V ) X̃ over the variety X̃ are isomorphic.

Denote pL : L̃→ L and iV : L̃V → LV the projections, choose a line bundle isomorphism
ϕ : L̃→ L̃V and set

τ(L) = [(pA
L)−1 ◦ ϕA ◦ iAV ](τV ) ∈ AX(L). (28)

6.1.5. Theorem. For each line bundle L over a smooth variety X the element τ(L)
depends only on the line bundle L. The assignment L 7→ τ(L) has the following properties

(1) invariance: αA(τ(L)) = τ(L) for each line bundle automorphism α : L→ L;

(2) functoriality: gA
L (τ(L)) = τ(L̃) for each morphism g : X̃ → X of smooth varieties

and the line bundle L̃ = X̃ ×X L over X̃ and the projection gL : L̃→ L.

(3) normalization: τ(LV ) = τV in AP(V )(LV ).
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In the rest of this section we introduce a group structure on [X,P∞] and state that
the bijection clX becomes a group isomorphism. Let V1 and V2 be two finite dimensional
vector spaces over the field k and let V1 ⊗ V2 be the tensor product of these spaces. Let

sV1,V2 : P(V1)×P(V2)→ P(V1 ⊗ V2)

be the Segre map which takes the point ({l1}, {l2}) to the point {l1 ⊗ l2}. Let α, β ∈
[X,P∞] and let (π1, f1) and (π2, f2) be their representatives, where fi is a morphism
Xi → P(Vi) and Vi is a finite-dimensional subspace in k∞ (i = 1, 2). Choose a k-linear
imbedding V1 ⊗ V2 ↪→ k∞ and denote j the induced imbedding of the projective spaces.
Now set

α + β = j · sV1,V2 · (α× β) ·∆ ∈ [X,P∞]

where ∆ : X → X × X is the diagonal. Let [π, f ] ∈ [X,P(V )] where V is a finite-
dimensional subspace in k∞. Consider the vector space V ∨ dual to the space V and the
canonical pairing (, ) : V ×V ∨ → k given by (v, f) = f(v). Consider a hypersurface MV ↪→
P(V )×P(V ∨) given by the equation (v, f) = 0. Denote p : P(V )×P(V ∨)−MV → P(V )
and p∨ : P(V )×P(V ∨)−MV → P(V ∨) the projections on P(V ) and P(V ∨) respectively.
Choose a k-linear isomorphism V ∨ → V and let i : P(V ∨) → P(V ) be the induced
isomorphism of the projective spaces. Now set

−[π, f ] = i · [p, p∨] · [π, f ] ∈ [X,P∞].

Let l ⊂ k∞ be a 1-dimensional subspace and let fl : X → P∞ be the morphism which
sends X to the point {l} ∈ P∞. Now set

[0X ] = [idX , fl] ∈ [X,P∞].

6.1.6. Theorem. The operation + described just above defines an abelian group structure
on [X,P∞]. The inverse element of the element [π, f ] is the element −[π, f ] constructed
just above and the zero of this group is the element [0X ] described just above.

Finally the map clX : [X,P∞]→ Pic(X) is a group isomorphism.
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