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Abstract. We give a model structure on the category of simplicial
presheaves on some essentially small Grothendieck site T . When T is
the Nisnevich site it specializes to a proper simplicial model category
with the same weak equivalences as in [MV], but with fewer cofibrations
and consequently more fibrations. This allows a simpler proof of the
comparison theorem of [V2], one which makes no use of ∆-closed classes.

The purpose of this note is to introduce different model structures on
the categories of simplicial presheaves and simplicial sheaves on some es-
sentially small Grothendieck site T and to give some applications of these
simplified model categories. In particular, we prove that the stable homo-
topy categories SH((Sm/k)Nis, A

1) and SH((Sch/k)cdh, A1) are equivalent.
This result was first proven by Voevodsky in [V2] and our proof uses many
of his techniques, but it does not use his theory of ∆-closed classes developed
in [V3].

1. The local projective model structure on presheaves

We first recall some of the other well-known model structures on simplicial
presheaves.

Definition 1.1. A map f : X → Y of simplicial presheaves (or sheaves) is
a local weak equivalence if f∗ : π0(X) → π0(Y ) induces an isomorphism of
associated sheaves and, for all U ∈ T , f∗ : πn(X,x) → πn(Y, f(x)) induces
an isomorphism of associated sheaves on T/U for any choice of basepoint
x ∈ X(U). The map f is a sectionwise weak equivalence (respectively sec-
tionwise fibration) if for all U ∈ T , the map f(U) : X(U) → Y (U) is a weak
equivalence (respectively Kan fibration) of simplicial sets.

Heller [He] discovered a model structure on simplicial presheaves whose
weak equivalences are the sectionwise weak equivalences. We will refer to
his model structure as the injective model structure.
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Theorem 1.2. (Heller) The category of simplicial presheaves on a small
site forms a proper simplicial cofibrantly generated model category if we de-
fine weak equivalences to be sectionwise weak equivalences, cofibrations to
be monomorphisms, and fibrations to be those maps with the right lifting
property with respect to acyclic cofibrations.

The first model structure on simplicial presheaves whose weak equiva-
lences are the local weak equivalences was discovered by Jardine in [J], and
in the case of sheaves by Joyal [Jo]. These are the local analogues of the
injective model structure and we will refer to them as the local injective
model structures.

Theorem 1.3. (Jardine) The category of simplicial presheaves on a small
site forms a proper simplicial cofibrantly generated model category if we de-
fine weak equivalences to be the local weak equivalences, cofibrations to be
monomorphisms, and fibrations to be those maps with the right lifting prop-
erty with respect to all acyclic cofibrations.

Theorem 1.4. (Joyal) The category of simplicial sheaves on a small site
forms a proper simplicial cofibrantly generated model category with weak
equivalences, cofibrations and fibrations defined exactly as in the previous
theorem.

The local projective model structure on presheaves is based on the follow-
ing model structure, which we will refer to as the projective model structure.
The following theorem is proved in [Hi], which also contains the definition
of a cellular model category.

Theorem 1.5. (Hirschhorn-Bousfield-Kan-Quillen) The category of pre-
sheaves on a small site forms a proper simplicial cellular model category if
we define weak equivalences to be sectionwise weak equivalences, fibrations
to be sectionwise fibrations, and cofibrations to be those maps with the left
lifting property with respect to acyclic fibrations.

By definition, any cellular model category is cofibrantly generated, and in
this case we can explicitly describe the generating cofibrations and acyclic
cofibrations. The cofibrations turn out to be exactly the retracts of transfi-
nite compositions of pushouts along the maps

∂∆n ⊗ X → ∆n ⊗ X,

where X is an object of T considered as a represented presheaf, the simplicial
sets are to be thought of as constant presheaves, and ⊗ is just the product
(technically, ⊗ is part of the simplicial structure). Acyclic cofibrations are
generated in the same fashion by the maps

Λn
k ⊗ X → ∆n ⊗ X.

If we “localize” this with respect to the class of local weak equivalences, we
obtain the following local projective model structure for presheaves. This is
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an analog for presheaves of the model structure discovered by Brown and
Gersten in [BG].

Theorem 1.6. Let T be any essentially small site. Then the category
∆op(PreShv(T )) of presheaves of simplicial sets on T admits a proper simpli-
cial cellular model structure if we define weak equivalences to be local weak
equivalences, cofibrations to be projective cofibrations, and fibrations to be
those maps with the right lifting property with respect to acyclic cofibrations.

Proof. Axioms MC1 - MC3 are immediate. Let us first prove that the fac-
torization axiom MC4 holds. Let f : X → Y be the map to be factored.
Observe that any local injective fibration is a local projective fibration, since
any projective cofibration is a local injective cofibration. Consequently any
local projective cofibration is a local injective cofibration. Also, any acyclic
projective fibration is a local weak equivalence and has the right lifting
property with respect to all local projective cofibrations and therefore with
respect to all acyclic local projective cofibrations, and is therefore an acyclic
local projective fibration.

First factor f as

X
i //

f   A
AA

AA
AA

Z

p

��
Y

where i is a projective cofibration and p is an acyclic projective fibration.
This provides one of the desired factorizations.

For the other factorization, use the local injective model structure to
factor f as

X
i //

f   B
BB

BB
BB

B W

p

��
Y

where i is an acyclic local injective cofibration and p is a local injective,
and hence local projective, fibration. Next factor i as i = j ◦ k, where k is
a (necessarily acyclic) local projective cofibration and j is an acyclic local
projective fibration. Then f = (p ◦ j) ◦ k yields the desired factorization.

The acyclic cofibration / fibration half of the lifting axiom MC5 is imme-
diate from the definitions. Suppose we have a square

A //

i

��

X

p

��
B // Y

where i is a cofibration and p is an acyclic fibration. Factor p as

X
q

// Z
r // Y
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where q is a projective cofibration which is necessarily a local weak equiva-
lence and r is an acyclic projective fibration. Consider the diagram

X

q

��

X

p

��
A //

��

>>}}}}}}}
Z //

��

>>}
}

}
}

Y

}}
}}

}}
}}

}}
}}

}}
}}

B //

>>}
}

}
}

Y.

By the projective lifting axiom, a lift B → Z exists. A lift Z → X also exists
since q is a local projective acyclic cofibration and p is a local projective
fibration. The composite of these two lifts yields the desired lift in the
original diagram. The following three lemmas complete the proof. �

Lemma 1.7. The local projective model structure is proper.

Proof. The local projective model structure is left proper since every local
projective cofibration is a local injective cofibration and the local injective
model structure is left proper.

Any local projective fibration is a projective fibration, and any projective
fibration is a local fibration. By [J2, Proposition 1.4] the pullback of a
local weak equivalence by a local fibration (see [J] for a definition) is a local
weak equivalence. Therefore the local projective model structure is right
proper. �

Lemma 1.8. The local projective model structure is simplicial.

Proof. Define a simplicial mapping object by Map(X,Y )n = Hom(X ×
∆n, Y ) If X is a simplicial presheaf and K is a simplicial set, define X⊗K =
X × K, where K is considered as a constant simplicial presheaf. Also de-
fine the cotensor XK to be Hom(K,X), where Hom denotes the internal
presheaf Hom. It is standard that these satisfy the usual adjunctions at the
non-localized level.

To prove that the local projective model structure is simplicial, it suffices
to verify axiom SM7: if i : A → B is a cofibration and p : X → Y is a
fibration, then Map(B,X) → Map(A,X)×Map(A,Y )Map(B, Y ) is a fibration
(of simplicial sets) which is acyclic if either i or p is.

Since local projective cofibrations are projective cofibrations and (acyclic)
local projective fibrations are (acyclic) projective fibrations, we are reduced
to proving that the above map is an acyclic fibration in case i is an acyclic
cofibration and p is a fibration.

By adjunction, it suffices to prove that for any monomorphism K → L of
simplicial sets, the map

B ⊗ K qA⊗K A ⊗ L → B ⊗ L

is an acyclic cofibration. It is a cofibration by the simplicial axiom SM7
for the projective model structure. It is a weak equivalence because the
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maps A ⊗ K → B ⊗ K and A ⊗ L → B ⊗ L are local projective acyclic
cofibrations. �

Lemma 1.9. The local projective model structure is cellular, and in partic-
ular is cofibrantly generated.

Proof. The maps ∂∆n ⊗ U → ∆n ⊗ U , where U runs through all objects of
T viewed as represented presheaves, are a set of generating cofibrations. Let
Aα → Bα be a set of generating acyclic cofibrations for the local injective

model structure and choose projective cofibrant replacements Ãα → B̃α.
We will show that the local projective model structure is the left Bousfield
localization of the projective model category with respect to the cofibrations

Ãα → B̃α. Therefore, by the localization machinery of [Hi, Chapter 3], it
will follow that the local projective model structure is cellular.

To prove the localization claim, it suffices to prove that an object Z is
local projective fibrant if and only if it is projective fibrant and the maps

Map(B̃α, Z) → Map(Ãα, Z) are weak equivalences.
By the simplicial axiom SM7, the “only if” direction is true. Therefore,

suppose Z is projective fibrant and the maps above are weak equivalences.

Let Z → Ẑ be an injective fibrant replacement. Since both Z and Ẑ are

projective fibrant, Map(B̃α, Z) → Map(B̃α, Ẑ) is a weak equivalence and

similarly for Ãα. Therefore Map(B̃α, Ẑ) → Map(Ãα, Ẑ) is a weak equiva-
lence, and by axiom SM7 for the injective model structure, we obtain that

Map(Bα, Ẑ) → Map(Aα, Ẑ) is a weak equivalence. Therefore Ẑ → ∗ has the
right lifting property with respect to Aα → Bα and is local injective fibrant.

Now, let C → D be any local projective acyclic cofibration. To prove that
Z is local projective fibrant, it suffices to show that Map(D,Z) → Map(C,Z)
is a weak equivalence. Since local projective acyclic cofibrations are also local

injective acyclic cofibrations, we know Map(D, Ẑ) → Map(C, Ẑ) is a weak

equivalence. But we also know that Map(C, Ẑ) ' Map(C,Z) and similarly
for D. �

Remark 1.10. Hirschowitz and Simpson examined the local projective model
structure for presheaves in the context of stacks in their preprint [HS]. Dan
Dugger has also examined the local projective model structure for presheaves
and his preprint [D] contains statements of many of his results, which overlap
with some results in this note. He has proposed a complete description of
the fibrant objects in the local projective model category, and has proposed
several other applications to motivic homotopy theory. For example, Dugger
shows that the local projective model structure makes it possible to construct
a Quillen pair

∆opPreShv(Sm/C)(Nis,A1)
L // Top
R

oo
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where L is the geometric realization functor. Dan Isaksen and the author
have an alternative construction using the characterization of fibrant objects
given in Lemma 4.1 below.

2. The local projective model structure on sheaves

The main result of this section is the following theorem.

Theorem 2.1. The category of simplicial sheaves on a small site is a proper
simplicial cellular model category if we define weak equivalences to be the
local weak equivalences, fibrations to be the local projective fibrations of the
underlying presheaves, and cofibrations to be those maps with the left lifting
property with respect to acyclic fibrations.

We also have the following straightforward but important result which,
for the purposes of homotopy theory, allows us to consider categories of
presheaves instead of sheaves. Let a denote the associated sheaf functor.

Theorem 2.2. The functor a is the left adjoint of a Quillen equivalence
between the local projective model categories of presheaves and sheaves, which
therefore have equivalent homotopy categories. The same is true for the local
injective model categories.

Proof. This follows from the facts that the forgetful functor from sheaves
to presheaves preserves fibrations and acyclic fibrations, and that for any
presheaf F , the natural map F → aF is a local weak equivalence by [J,
Lemma 2.6]. Indeed, if F is a simplicial presheaf and G is a simplicial sheaf,
a map aF → G is a local weak equivalence if and only if F → G is. �

Remark 2.3. The local projective model structure for sheaves is different
than the one considered by Voevodsky in [V1]: it has more fibrations and
fewer cofibrations. For example, let us consider the case of the Zariski topol-
ogy on the site Sm/k. In Voevodsky’s model structure, all open inclusions of
schemes, viewed as monomorphisms of represented sheaves, are cofibrations.
This is not the case in the model structure of Theorem 2.1. Since a map
F → ∗ is a local projective acyclic fibration of sheaves if and only if F (U)
is a contractible Kan simplicial set for all U ∈ T , we need not have that
F (X) → F (U) is surjective. Therefore the map U → X does not have the
left lifting property with respect to the acyclic fibration F → ∗. However, in
Voevodsky’s model structure, in order for F → ∗ to be an acyclic fibration,
each map F (X) → F (U) must be an acyclic fibration.

Proof of 2.1. Axioms MC1, MC2 and MC3 are obvious since fibrations and
cofibrations are defined by lifting properties. We begin by proving the fac-
torization axiom MC5, following a trick of Joyal (see [J]). Let f : X → Y
be a map of simplicial sheaves. First we wish to factor f as a cofibration
followed by an acyclic fibration. Following the trick of Joyal, construct, us-
ing transfinite induction, a filtered sequence of sheaves indexed by ordinal
numbers, together with maps to Y making the evident triangles commute,
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as follows. Define X0 = X, and assume the sequence is defined up to Xα.
Factor the map Xα → Y as follows:

Xα
//

##G
GG

GG
GG

GG

��5
5

5
5

5
5

5
5

5
5

5
5

5
5

5
5

Xα+1 = a(PXα+1)

}}{{
{{

{{
{{

{{
{{

{{
{{

{{
{{

PXα+1

66mmmmmmmmmmmm

��
Y

where PXα+1 is a simplicial presheaf, Xα → PXα+1 is a local projective cofi-
bration, PXα+1 → Y is an acyclic local projective fibration, and Xα+1 → Y
is the map induced by the universal property of sheafification. By Theorem
2.2, the map Xα → Xα+1 is a cofibration. For each limit ordinal β, define
Xβ = colimα<βXα. Since cofibrations are determined by a left lifting prop-
erty, the map X0 → Xα is a cofibration for any ordinal α. We show that for
α sufficiently large, the map Xα → Y is an acyclic fibration. Let {Aγ → Bγ}
be a set of small acyclic cofibrant generators for the local projective model
structure on presheaves. Consider the diagram

Aγ
//

��

Xα

��
Bγ

// Y.

If we choose α to be a sufficiently large limit ordinal, the map Aγ → Xα will
factor through some Xβ, with β < α. The map PXβ+1 → Y is an acyclic
local projective fibration, yielding a lift Bγ → PXβ+1. After composing with
the map PXβ+1 → Xβ+1 → Xα we obtain the desired lift in the original
diagram.

Next, we must factor f as an acyclic cofibration followed by a fibration.
Construct sheaves Xα as before, now requiring that the map Xα → Xα+1 be
an acyclic cofibration and the map PXα → Y be a local projective fibration.
Since the map from a presheaf to its associated sheaf is always a local weak
equivalence, and since simplicial homotopy groups commute with (filtered)
colimits, the map X → Xα is an acyclic cofibration. It is also clear, by
adjunction, that this map has the left lifting property with respect to all
local projective fibrations of sheaves. The proof that, for sufficiently large
α, the map Xα → Y is a fibration is exactly as before.

Finally, we must prove that the lifting axiom MC4 holds. The cofibration
/ acyclic fibration half is tautological, hence we must show that a lift exists
in any diagram

A //

��

X

��
B // Y
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such that A → B is an acyclic cofibration and X → Y is a fibration. The
proof of MC5 given above shows that we can factor the map A → B as

A
j

// Z
i // B

where j is an acyclic cofibration which has the left lifting property with
respect to all fibrations, and i is a (necessarily acyclic) fibration. Therefore,
by the tautological half of MC4, a lift exists in the diagram

A //

��

Z

��
B B.

This gives the retraction

A //

��

A //

��

A

��
B // Z // B.

The map A → B is a retract of a map which has the left lifting property
with respect to all fibrations, hence A → B also has the left lifting property
with respect to all fibrations, proving MC4.

To prove that this model structure is left proper, notice that any cofi-
bration of sheaves is also a local injective cofibration of sheaves (i.e. a
sectionwise monomorphism). Thus since the local injective model structure
is left proper, the local projective model structure on sheaves is also.

Right properness follows immediately from the corresponding result for
presheaves.

To see that the model structure is simplicial, use [GJ, Chapter 2, Proposi-
tion 3.13] and the fact that fibrations of sheaves are exactly local projective
fibrations of the underlying presheaves.

In the proof we showed that the sheafifications of generating local projec-
tive (acyclic) cofibrations of presheaves are generating (acyclic) cofibrations
of sheaves. This proves that the model structure is cellular. �

3. Sites with interval

In this section, we assume familiarity with the definition of a site with
interval [MV, Section 2.3]. We also assume that all represented presheaves
are sheaves, but this assumption is only necessary when we are concerned
with model structures for simplicial sheaves. For simplicity, we also assume
that the interval sheaf I and the terminal sheaf ∗ are represented by objects
of T . These conditions hold in most cases of interest. We begin with the
following definition.

Definition 3.1. A simplicial presheaf Z is I-local if it is local projective
fibrant and for all objects U ∈ T , the maps Map(U × I, Z) → Map(U,Z)
are weak equivalences. A map f : X → Y of simplicial presheaves is an
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I-local weak equivalence if for every I-local Z, the map f ∗ : Map(Y,Z) →
Map(X,Z) is a weak equivalence.

Theorem 3.2. The categories of presheaves and sheaves on a site T with
interval I admit proper simplicial cellular model structures if we define cofi-
brations to be local projective cofibrations of (pre)sheaves, weak equivalences
to be I-local weak equivalences, and fibrations to be those maps with the right
lifting property with respect to acyclic cofibrations.

We also have the following analogue of Theorem 2.2.

Theorem 3.3. The functor a is the left adjoint of a Quillen equivalence
between the I-local projective categories of presheaves and sheaves, which
therefore have equivalent homotopy categories.

Using the localization machinery of [Hi, Chapter 3], we can form the left
Bousfield localization of the local projective model structure on (pre)sheaves
on the site T at the maps U → U ×I defined by base change along the given
map ∗ → I. Note that all objects in sight are cofibrant since they are
represented presheaves. This yields the model structure of Theorem 3.2,
and results in [Hi, Chapter 3] show that it is left proper, simplicial and
cellular. From here on, we will refer to this model structure as the I-local
projective model structure. We now prove that it is right proper.

Lemma 3.4. The I-local projective model structure is right proper.

Proof. Suppose we have a pullback square

A
g

//

��

X

p

��
B

f
// Y

such that p is an I-local projective fibration and f is an I-local weak equiv-
alence. We wish to show that g is an I-local weak equivalence. Since the
local injective model structure is right proper, by [Hi, Proposition 11.2.10]
there exists a pullback diagram

Â
bg

//

��

X̂

bp

��

B̂
bf

// Ŷ

that is a local injective fibrant approximation to the original diagram. We
may further assume that p̂ is a local injective fibration. We have reduced
to showing that the map ĝ is an I-local weak equivalence. By the right
properness of the I-local injective model structure [MV, Theorem 2.3.2], it
suffices to show that the map p̂ is an I-local injective fibration.
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The reader is warned that the following arguments are technical and are
not relevant to the rest of the note; they may be skipped on a first reading.
Let Ai → Bi be a set of generating acyclic I-local injective cofibrations and

let Ãi → B̃i be local projective cofibrations which are their local projective
cofibrant replacements. The map p has the right lifting property with respect

to the maps Ãi → B̃i. It suffices to show that the map p̂ also has the
right lifting property with respect to those maps. Indeed, if this holds, the
left properness of the local injective model structure and [Hi, Proposition
11.1.18] imply that p̂ has the right lifting property with respect to the maps
Ai → Bi and is therefore an I-local injective fibration.

For simplicity of notation, choose a representative A → B from the set

of maps Ãi → B̃i. Also let the symbol “'” denote a local weak equiva-
lence and let the symbol “'I” denote an I-local weak equivalence. Denote
local projective cofibrations by the arrow “ // // ” and denote local pro-
jective fibrations by the arrow “ // // .” Finally, denote I-local projective

fibrations by the arrow “ //I−local
// .” By the pushout diagram

A //

'I

��

��

X̂

'I

��

��

B // B qA X̂

we may assume without loss of generality that A = X̂ and we are reduced
to finding a lift in a diagram of the form

X̂

'I

��

��

X̂

����
B // Ŷ .

If we factor the map B → Ŷ as a local projective acyclic cofibration followed

by a local projective fibration, we may further assume that the map B → Ŷ
is a local projective fibration. Consider the pullback B × bY

Y . By right
properness of the local projective model structure, the map B × bY

Y → B
is a local weak equivalence. Therefore the map X → B × bY

Y induced
by the universal property is an I-local weak equivalence. Factor that map
as a (necessarily I-local acyclic) projective cofibration followed by a local
projective acyclic fibration:

X
'I// // C

'// // B ×bY
Y.
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We then have the diagram

X

'I

��

'I

##

##H
HHHHHHHH

X //

I−local

����

X̂

�� ��

C

??�
�

�
�

'{{wwwwwwww

{{
B ×bY

Y // Y // Ŷ .

Therefore the map X̂ → Ŷ has the right lifting property with respect to the
map X → C. By virtue of the left properness of the local projective model
structure, [Hi, Proposition 11.1.18], and the square

X
' //

'I

��

��

X̂

'I

��

��
C

'

// B,

the map X̂ → Ŷ has the right lifting property with respect to the map

X̂ → B. �

The following lemma provides a description of the fibrant objects in this
model structure.

Lemma 3.5. An object F is fibrant for the I-local projective model structure
if and only if F is local projective fibrant and F (U × I) → F (U) is a weak
equivalence for all U ∈ T .

Proof. This follows from Hirschhorn’s construction of left Bousfield local-
ization: an object F is fibrant for the I-local projective model structure if
and only if it is fibrant for the local projective model structure and for all
U ∈ T , the maps Map(U ×I, F ) → Map(U,F ) are weak equivalences, which
implies the conclusion. �

The following lemma characterizes weak equivalences between fibrant ob-
jects in the I-local projective model structure.

Lemma 3.6. Let F and G be fibrant simplicial presheaves in the I-local pro-
jective model structure. Then a map F → G is an I-local weak equivalence
if and only if it is a projective weak equivalence.

Proof. Any projective weak equivalence is clearly an I-local weak equiva-
lence. Suppose F → G is an I-local weak equivalence. Then since F and
G are fibrant for the I-local projective model structure, for any U ∈ T the
map Map(U,F ) → Map(U,G) is a weak equivalence. Therefore F → G is a
projective weak equivalence. �
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4. Specialization to cd-topologies

In this section, we consider the special case when the topology on the site
in question is defined by a cd-structure in the sense of [V1]. This allows us
to use the techniques developed in [V1] to obtain a very concrete description
of the fibrations in the local projective model structure for presheaves.

Lemma 4.1. Let T be a site with an initial object whose topology is defined
by a complete bounded regular cd-structure. Then a simplicial presheaf F
is local projective fibrant if and only if F (U) is a Kan simplicial set for all
U ∈ T and for every distinguished square

A //

��

X

��
B // Y

the square

F (Y ) //

��

F (B)

��
F (X) // F (A)

is a homotopy pullback of simplicial sets. (Such presheaves are called flasque).

Proof. In any topology defined by a cd-structure, the empty sieve is a cov-
ering sieve of the initial object ∅. We require that the “degenerate square”
with only one entry, ∅, in the lower right hand corner, be a distinguished
square. Therefore, if F is flasque, F (∅) is weakly equivalent to the homotopy
pullback of the empty diagram and is contractible.

Let F be a local projective fibrant simplicial presheaf. Clearly F is pro-
jective fibrant. Let G be a fibrant replacement of aF in the local injective
model structure on sheaves. Then the composite map F → G is a local weak
equivalence, and since the local injective model structure for presheaves has
more cofibrations than the local projective model structure, G is local pro-
jective fibrant when considered as a presheaf. Let U be any represented
presheaf. Since F and G are fibrant and U is cofibrant, S(U,F ) → S(U,G)
is a weak equivalence. Therefore F (U) → G(U) is a weak equivalence for
any U . Since the cd-structure is regular, [V1, Corollary 2.16] implies that
any distinguished square is a homotopy pushout in the local injective model
structure. Therefore, by adjunction, G is flasque. Since the property of
being flasque is invariant under projective weak equivalences of projective
fibrant presheaves, F is also flasque.

Conversely, suppose F is a flasque simplicial presheaf. Construct the map
F → G as above. Since F and G are both flasque, F → G is a projective
weak equivalence by [V1, Lemma 3.5]. By the discussion above, G is a lo-
cal projective fibrant presheaf. Let A → B be an acyclic local projective
cofibration of presheaves. Then Map(B,F ) ' Map(B,G) ' Map(A,G) '
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Map(A,F ) since F and G are projective fibrant and since G is local projec-
tive fibrant. Therefore we conclude that F is local projective fibrant. �

Remark 4.2. This differs from the description of fibrant objects proposed in
[D], which uses hypercoverings instead of just coverings. We expect that the
two descriptions are the same in the case of a topology defined by a complete
bounded regular cd-structure, but the (more complicated) description in [D]
is expected to work for arbitrary sites.

We now wish to describe the cofibrant generators of the local projective
model structure in case the topology is defined by a complete bounded reg-
ular cd-structure. The generating cofibrations are all maps of the form

∂∆n ⊗ X → ∆n ⊗ X

for X ∈ T . Let α denote a distinguished square

U ×X V //

��

U

��
V // X

and denote the homotopy pushout of the diagram

U ×X V //

��

U

V

in the projective model structure by P (α). There is a natural map P (α) →
X, and both objects are cofibrant. In the case of the “degenerate square”
described in the proof of Lemma 4.1, this map is the map from the empty
sheaf to the sheaf represented by the initial object ∅ of the site T . We have
the following lemma.

Lemma 4.3. The local projective model category is the left Bousfield local-
ization of the projective model category with respect to the maps P (α) → X.

Proof. By the definition of left Bousfield localization, it suffices to show
that the fibrant objects we obtain by localization are the same as those
of Lemma 4.1. An object F is local projective fibrant if and only if it
is projective fibrant and the maps Map(X,F ) → Map(P (α), F ) are weak
equivalences. Indeed, by adjunction, these maps are weak equivalences if
and only if the squares displayed in Lemma 4.1 are homotopy pullbacks.
Lemma 4.1 completes the proof. �

The following corollary, which completely describes the local projective
fibrations, follows from Lemma 4.3 and the definition of left Bousfield local-
ization.
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Corollary 4.4. A map F → G is a local projective fibration if and only if
it is a projective fibration and the natural maps

F (X) → (holimF (α)) ×holimG(α) G(X)

are weak equivalences.

Using the description of generating acyclic cofibrations in left Bousfield
localizations of [Hi, Chapter 3], we obtain the following concrete description
of the generating acyclic cofibrations for the local projective model structure.
Let Aα → Bα be cofibrant replacements of the morphisms P (α) → X. Then
generating acyclic cofibrations for the local projective model structure have
the form

Λn
k ⊗ X → ∆n ⊗ X

and

(Aα ⊗ ∆n) qAα⊗∂∆n (Bα ⊗ ∂∆n) → Bα ⊗ ∆n.

5. Comparison

The results above on local projective model structures have obvious pointed
analogues, which we can use to construct stable homotopy categories in the
usual way. The goal of this section is to prove the following theorem.

Theorem 5.1. The s-stable motivic homotopy categories in the scdh and
Nisnevich topologies have the same fibrant objects and the same cofibrations,
and are therefore equivalent. The same is true for the T -stable motivic
homotopy categories.

By [V2, Lemma 4.6], this has the following immediate consequence.

Corollary 5.2. If k admits resolution of singularities, the stable homotopy
categories

SH((Sm/k)Nis, A
1)

and

SH((Sch/k)cdh, A1)

are equivalent.

Using presheaves instead of sheaves substantially simplifies the proof of
Theorem 5.1. Consider the commutative diagram

∆op(PreShv(Sm/k)Nis, A
1)

a //

Id
��

∆op(Shv(Sm/k)Nis, A
1)

π∗

��
∆op(PreShv(Sm/k)scdh, A1) a

// ∆op(Shv(Sm/k)scdh, A1)

in which the horizontal arrows induce equivalences of A
1-local projective

homotopy categories. By virtue of this diagram, if we wish to compare
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the stable categories in the scdh and Nisnevich topologies, we only need to
examine the identity functor

(PreShv(Sm/k)Nis, A
1) → (PreShv(Sm/k)scdh, A1).

This illustrates a major advantage gained by working with presheaves in-
stead of sheaves: if we were to work with sheaves we would be forced to
consider the more complicated functor π∗. The identity functor sends A

1-
Nisnevich local weak equivalences to A

1-scdh local weak equivalences since
the scdh topology is finer than the Nisnevich topology. The following key
lemma provides a near converse.

Lemma 5.3. Let F be an A
1-Nisnevich local projective fibrant simplicial

presheaf such that F is A
1-Nisnevich weakly equivalent to the simplicial loop

space of an A
1-Nisnevich local projective fibrant simplicial presheaf. Then

F is A
1-scdh local projective fibrant.

Proof. Let Map∗ denote the based simplicial mapping space and let F '
ΩsG. By the definition of the scdh topology, it suffices to show that for any
scdh distinguished square

A //

��

X

p

��
B e

// Y

such that e is a closed embedding and p is the blow-up with center in e(B),
the square

F (Y ) //

��

F (B)

��
F (X) // F (A)

is a homotopy pullback. By [MV, Remark 3.2.30], the first simplicial sus-
pension of the square

A+
//

��

X+

��
B+

// Y+

is a homotopy pushout in the A
1-Nisnevich homotopy category. Here the

subscript “+” means we adjoin a disjoint basepoint. Hence, by adjunction,
F (Y ) ' Map∗(Σ

1
s(Y+), G) is weakly equivalent to the homotopy limit of the

diagram

Map∗(Σ
1
s(B+), G)

��
Map∗(Σ

1
s(X+), G) // Map∗(Σ

1
s(A+), G)
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which is weakly equivalent to the homotopy limit of the diagram

F (B)

��
F (X) // F (A).

Therefore F is A
1-scdh local projective fibrant. �

Corollary 5.4. Let f : F → G be an A
1-scdh local pointed weak equivalence.

Then Σ1
s(f) is an A

1-Nisnevich local pointed weak equivalence.

Proof. Let X be an A
1-Nisnevich local projective fibrant pointed presheaf.

Then Ωs(X) is also A
1-Nisnevich local projective fibrant, and by Lemma

5.3 it is A
1-scdh local projective fibrant. It suffices to show that Σ1

s(f)∗ :
Map∗(Σ

1
s(G), X) → Map∗(Σ

1
s(F ), X) is a weak equivalence. By adjunction,

this is equivalent to showing that Map∗(G,Ωs(X)) → Map∗(F,Ωs(X)) is a
weak equivalence, which is true since f is an A

1-scdh local pointed weak
equivalence and Ωs(X) is A

1-scdh local projective fibrant. �

This corollary immediately proves Theorem 5.1.
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