Homotopy theory of A, ring spectra and
applications to M U-modules

A.Lazarev

Department of Mathematics, Univ. of Bristol, Bristol, BS8 1TW, UK.
email A.Lazarev@bristol.ac.uk

Abstract

We give a definition of a derivation of an A, ring spectrum and
relate this notion to topological Hochschild cohomology. Strict multi-
plicative structure is introduced into Postnikov towers and generalized
Adams towers of A,.-ring spectra. An obstruction theory for lifting
multiplicative maps is constructed. The developed techniques are then
applied to show that a broad class of complex-oriented spectra admit
structures of MU-algebras where MU is the complex cobordism spec-
trum. Various computations of topological derivations and topological
Hochschild cohomology are made.
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1 Introduction

It has long been proved useful in topology to exploit multiplicative structures.
The notion of an A, ring spectrum or, in more modern terminology, an S-
algebra is an analogue in stable homotopy theory of the algebraic notion of an
associative ring. The analogue of a commutative ring is the so-called E, ring
spectrum or a commutative S-algebra. There has been much interest recently
to these objects, especially after the appearance of the seminal work [7]. For
instance, M.Mandell used them in [14] to give an algebraic characterization
of the category of p-complete nilpotent spaces. Another prominent example



is the Hopkins-Miller theorem (cf. [16]) asserting the existence of the action
of the Morava stabilizer group on the Johnson- Wilson spectrum E,.

Until recently only a handful of spectra were known to possess an A
or F,, structure. Those are K-theoretic spectra arising from permutative
categories, Eilenberg-MacLane spectra, various bordism spectra and their
Bousfield localizations. The main purpose of the present paper is to devise
a general method of proving the existence of A.-structures.

We give a definition of the topological derivation spectrum of an S-algebra
in the sense of [7] and, more generally, of and R-algebra for an S-algebra R.
This definition is based on the notion of a derivation of an R-algebra. A
derivation of an R-algebra A with coefficients in an A-bimodule M is a map
of R-algebras A — AV M commuting with the canonical projection onto
A. An analogous theory for commutative R-algebras was developed in by
M.Basterra in [3]. The topological derivation spectrum and the topological
Hochschild (co)homology of an R-algebra are related via cofibre sequences (2)
and in good many cases they can be recovered from each other. We use these
tools to develop an obstruction theory for lifting R-algebra maps and to in-
troduce (strict) multiplicative structures into Postnikov towers of R-algebras
and generalized Adams towers. We compute the topological derivations of
the Eilenberg-MacLane spectrum HZ/p as an MU-algebra and compare the
result with the classical computation of [8]. A curious consequence is that
the mod p Moore spectrum does not admit a structure of an A, ring spec-
trum for any p. Further we prove that Morava K-theories (as well as a much
broader class of complex-oriented spectra) admit structures of M U-algebras.
By neglect of structure they also admit an A..- structure. The problem of
introducing multiplicative structures into MU-modules was considered by
Elmendorf, Kriz, Mandell and May in [7] and by Strickland in [18]. However
these authors only prove the existence of such structures up to homotopy
whereas the present paper deals with strict products. Such strict products
(for Morava K-theories only) were first studied in [17]. However, in the cited
reference the existence of an A, structure on K(n) was established with a
weaker notion of an A, ring spectrum (without the unit condition). Our
method involves building up a complex-oriented spectrum starting from the
Eilenberg-MacLane spectrum (which reduces to the Postnikov tower in the
case of Morava K-theories) in the spirit of algebraic deformation theory.

Finally we compute the topological derivations and topological Hochschild
cohomology of K(n) (modulo additive extensions). We show how to deal
with these extensions in a forthcoming paper. Our interest in topological



Hochschild (co)homology of general spectra was inspired by the work of Mc-
Clure and Staffeldt [15] where computations were made for the connective
K-theory spectrum.

This paper is based on two preprints of the author [11] and [12], though
the content of these has been considerably revised. Further extensive revi-
sions were made following suggestions of the referees.

2 Derived module of differentials

Let R be a commutative S-algebra (in older terminology, an E, ring spec-
trum), A a (not necessarily commutative) R-algebra. Without loss of gen-
erality we assume that R is g-cofibrant as a commutative S-algebra and A
is g-cofibrant as an R-algebra in the sense of [7]. Throughout the paper the
notation A will mean Ag.

Denote by Q4 /r the (functorial) homotopy fibre of the multiplication map
taken in the category of A-bimodules:

Qur— ANA— A

That is, QA/R is the pullback A A A x4 F(I, A) where [ is the unit interval
R-module. The pullbacks of A-bimodules are created in the category of R-
modules and thus €4,z is an A-bimodule.

Definition 2.1 The (derived) module of differentials Qa/r or just Q4 if the
“ground ring” R s clear from the context is the canonical cell approximation

of Qa/r in the category of A-bimodules.
So we still have the homotopy fibre sequence of A-bimodules
Qur—ANA— A (1)
The exact triangle (1) is split by the map
AZAANR™M AN A

in the homotopy category of left A-modules. Here (and later on in the paper)
1: R — A stands for the unit map of the R-algebra A. Therefore 24 is
weakly equivalent as a left A-module to A A A/R. Symmetrically, 4 is
weakly equivalent to A/R A A as a right A-module.
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Now let M be an A-bimodule. Recall from [7], X.1 that M is then a left
A N A°? module where A is an R-algebra which as an R-module coincides
with A but with opposite multiplication. Define the topological derivation
homology spectrum Der®(A, M) as

Der®(A, M) = Q4 Aapaor M
and the topological derivation cohomology spectrum Derg (A, M) as
DerR(A, M) = FA/\AOP(QA> M)

Here Der stands for “derivations”, and the meaning of this notation will
become clear shortly.

Recall that the standard definition of Hochschild homology and cohomol-
ogy (cf. [7]) is respectively

THH®R (A, M) = A Appaor M;
THHRg (A, M) = Fypaer (A, M)

Now from (1) we see that the two definitions are related via cofibre se-
quences of R-modules:

Der®(A, M) — M — THH®R (A, M);
THHR(A, M) — M — Derg(A, M) (2)
Now define the derived module of derivations of A with values in M as
Der(A, M) = [A, AV M]g—aig/a (3)

The right hand side of the last formula means homotopy classes of maps in
the category of R-algebras over A, that is, R-algebras B supplied with a map
B — A. This category inherits the structure of a topological model category
from the category of R-algebras and therefore it is legitimate to consider
homotopy classes of maps in R — alg/A. Further, A is an R-algebra over
A in the obvious way and AV M is given the structure of an R-algebra as
follows:

(AVM)NAVM)=ANAVANMNVMANAVMAM — AV M,

where the last map is induced by the multiplication on the first summand,
by the A-bimodule structure on M on the second and third summands and
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zero on the last summand. The structure map AV M — A is the usual
projection.
We will see shortly that Der(A, M) is an abelian group and

Der(A, M) = [Qa, M]A_bimod

The right hand side of the last equality is the homotopy classes of maps from
Q4 to M in the category of A-bimodules (or, equivalently, in the category of
left A A A%?-modules). This gives, therefore, another definition of topological
derivation groups, namely

Derr" (A, M) = Der(A,X"M)

(and explains the notation Derg (A, M)).
Denote the category of R-algebras over A by Cr/s and its homotopy
category by hoCr/a. Let B € Cr/4 and denote the A-bimodule

AN Qp Ag A= ANAP Nppapor OB (4)

by QF. Since Qp is by definition a cell B A B°’-module the smash products
in (4) represent the derived smash product in the category of B-bimodules.
Therefore the functor QF could be interpreted as a point-set functor from
the category of R-algebras over A to the category of A-bimodules or as a
homotopy functor between the corresponding homotopy categories.

Theorem 2.2 There is a natural equivalence
[Bu AV M]R—alg/A = [ng M]A—bimod
In other words the functors
B — QF : hoCrja — ho(A —bimod)  and

M — AV M : ho(A — bimod) — hoCg/a

are adjoint.

Proof. As a first step we construct the “universal map” of AV M-bimodules

QQVM — M.



Since QQVM = A ANavyr Qavm Aavar A it is enough to construct a map of
AV M-bimodules Q4 — M. Consider the following strictly commutative
diagram of AV M-modules

ANAVANMNY MNAVMANM — AVM

| |

AVMYVM — AVM
| |
M — pt

Here the vertical arrow going out of the left upper corner is determined by
the algebra structure on A and an A-bimodule structure on M on the first
three summands, and is zero on the last summand. The arrow going to the
lower left corner is zero on A, id on the second summand and —id on the
last summand. (Of course, the category of AV M-modules is not additive,
but we can still choose a functorial representative of the negative of a map).
Denote the homotopy fibre of the middle row by M. The homotopy fibre of
the last row is the same as the actual fibre and is equal to M. Then take as
our universal map the composite

Quavar — Qavyr — M — M.

So we constructed a map Q4YM — M. Now for f: B — AV M we have

a map
Qf — QQVM — M

and therefore a correspondence
D : [37 AV M]R—alg/A - [ng M]A—bimod-

Notice that we actually proved the existence of D on the point-set level.
This more precise result will be used below. We need a special case of the
Theorem 2.2 to prove the general case:

Lemma 2.3 For
B=TV ={RVVVV"?V...5 A} € Cpua,

the free associative algebra on an R-module V' over A this correspondence
establishes an isomorphism

[TV, AV M]R—alg/A — [in, M]A—bimod (5)



Proof. First compute both sides of (5) separately. Obviously, the left hand
side is equal to
[V, AV M]R—mod/A = [V, M]R—mod-

We have the following homotopy fibre sequence of T'V-bimodules:
(TVYAV ATV LTV ATV 2 TV (6)
where f = f; — f5 and
f TV AV ATV™TYV ATV

fo i TV AV ATV TV ATV

m is the multiplication map. Smashing (6) with A on both sides over TV we
get

Therefore QLY = ANV A A and
4" M) A bimod = [V, M) p-moa = [T(V), AV Mlpocy,,
The second equality uses the (obvious) fact that the functor
M — AV M : ho(R — mod) — ho(R —mod/A)
is right adjoint to the forgetful functor
ho(R — mod/A) — ho(R — mod).

So we identified each side of (5) with [V, M]gr_mea. To prove our lemma
we have to show that D respects this identification. In other words for an
R-module map f: V — M the composite

QTv - QA\/M — M

should correspond under this identification to the map f.
Consider now the diagram

TVAVATV — Qavm — M

TV ATV — ANAVANMNVMNAVMAM — AVMVM

| | |

TV — ANM = ANM
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Here all three columns are homotopy cofibre sequences. Also recall that
the upper left vertical map is m A td — id A m. Clearly the composite

V->TVAVATV =TV ATV —

ANAVANMNY MNAV MN—AVMNV M — MVM

coincides with the composite
VoVVV>AANMVMANA—MVM

where the first map is id V 0 — 0 V id, the second map is u A f — f A p and
the last map is induced by the A-bimodule structure on M. Therefore the
composite map V. — MV M is f V0 — 0V f. Taking into account that the
exact triangle

M—-MVM—M

splits we see that there is a unique up to homotopy lifting
V—-TVANVANTV - M

and it coincides with f. The lemma is proved.

Return now to the general case. Without loss of generality we assume that
B is a g-cofibrant R-algebra and resolve it by the monadic bar-construction
B,. Recall from [7], Chapter 12 that B, = {B;} is a simplicial R-algebra
with B; = T"B and there is a weak equivalence |B,| — B where |B,| is the
geometric realization of B,. According to [7], Proposition 3.3 Chapter VII
this geometric realization is the same in the category of R-algebras as in the
underlying category of R-modules).

The problem with B, is that its ith simplices need not be ¢-cofibrant R-
algebras which means that its realization |B,| is not necessarily g-cofibrant.
Therefore we can’t use it to compute the homotopy type of the function space
out of B. To make the cofibrant resolution of B we use the argument due
to M.Basterra, cf. [3]. Namely, replace B, by the simplicial R-algebra I'B,
that is obtained from B, by the application of the functorial cell R-algebra
approximation functor I' component-wise. Then each component I'B; is a
cell R-algebra, all degeneracy operators are cell inclusions and the face maps
are sequentially cellular. Therefore we conclude by [7], Chapter 10, Theorem
2.7 that the realization |[I'B,| is a cell R-algebra. Moreover, the simplicial
components of I'B, are weakly equivalent to free R-algebras. Also |[I'B,]| is



weakly equivalent to B. That means that we have a weak equivalence of
topological spaces

[37 AV M]R—alg/A = [|FB*|7 AV M]R—alg/A

Denote F¢, /R(—, —) the topological space of maps between two objects
in Ca/r (not homotopy classes of maps). We have:

FCA/R(|FB*|,A VM) = FcA/R(FB*,A vV M)

where fg,, o(I'B,, AV M) is the topological space of maps between two sim-
plicial R-algebras I'B, and AV M, the latter regarded as a constant simplicial
algebra.
Next, F¢, ,(I'By, AV M) is the total space of the cosimplicial topological
space
T*:{FCA/R(FBZ-,AVM)}. (7)

The monadic bar-construction B, is a proper simplicial spectrum and so is
I'B,. That ensures that the cosimplicial space (7) is fibrant in the sense that
there is a tower of fibrations

Tot"(T) « Tot'(T) « ...

where Tot'(T) is the ith cosimplicial approximation of 7* and whose inverse
limit is Tot(T™).
Likewise

Fu_timoa(Q4B*, M) = FrB, _bimod(Qrs, , M)

is the total space of the cosimplicial space
{T*"} = Frp,—bimoda(Qrp,, M)} (8)

The cosimplicial space T* does not necesssarily give rise to a tower of fibra-
tions since the simplicial spectrum Qrp, need not be proper. (Recall that the
definition of the module of differentials involves taking the homotopy fibre
which could destroy properness). Replace {{drp,} functorially by a proper
simplicial spectrum and denote the corresponding cosimplicial space by T*.
Then T* is fibrant and we still have a map T* — T*. According to the previ-
ous lemma this map induces induces an equivalence on the ith cosimplices for
all 7. It follows that this map induces an isomorphism of the corresponding
spectral sequences. Therefore it is a weak equivalence and Theorem 2.2 is
proved.



Remark 2.4 [t will be useful to generalize the notion of the module of dif-
ferentials a little. Let R' be a (not necessarily commutative ) R-algebra and
consider the category of R'-algebras which means just R-algebras A equipped
with a map R' — A, not necessarily central as usually required. For an R'-
algebra A we can define Qa/p just as we did before (replacing A by Aps).
The analogue of Theorem (2.2) reads as follows: for an R'-algebra B over
an R'-algebra A one has a natural equivalence

[B,A\/ M]hoC ! /A = [Qi R”M]A—bi”wd
R/ /

where Qg/R’ =A AB QA/R’ AB A.
The proof is the same, one only has to notice that there still are adjunc-
tions
R' — algebras = R' — bimodules;

A — bimodules = R' — bimodules

where the “free” R'-algebra functor is given for an R'-bimodule V as
TV=RVVVVARV...

and the “free” A-bimodule on a R'-bimodule V' is A ANp V AN A. The R'-
bimodule Fs_pimod(2a/r, M) will be called R'-relative topological derivation
spectrum of A with coefficients in M and denoted as Der(A; R', M). Notice,
that even if R' happens to be commutative Der(A; R', M) is not the same
as Dergr/(A, M) since the latter is relevant to the category of R'-relative A-
bimodules, that is, those A-bimodules whose induced R'-bimodule structure is
symmetric.

Corollary 2.5 The functor
B — Qf : Crja — A — bimod
respects homotopy colimits.

Proposition 2.6 (Transitivity exact sequence) Let A — B — C' be mor-

phisms of R-algebras. Then one has the following homotopy cofibre sequence
of C-bimodules:
C A SQpa N C — Qca — Qcyp
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Proof. Without loss of generality we assume that both maps A — B and
B — C are g-cofibration of R-algebras. We have the following homotopy
cofibre sequence of B-bimodules:

QB/AHB/\ABHB.

Smashing it with C' over B on both sides we get the homotopy cofibre se-
quence of C-bimodules:

C/\BQB/A/\BCHC/\ACHC/\BC.
Consider the following homotopy commutative diagram:

C/\BQB/A/\BC — C/\AC — C/\BC

| |

0 — C — C

Here the right and the middle vertical arrows are induced by multiplication
on C'. Taking the homotopy fibres of the vertical arrows we get the desired
cofibre sequence.

Corollary 2.7 For a C-bimodule M we have the following homotopy cofibre
sequence

Der(C; B, M) — Der(C; A, M) — Der(B; A, M)
Proof. Apply the functor Fo_pimea(?, M) to the transitivity exact sequence.

Remark 2.8 Notice that the transitivity exact sequence is functorial with
respect to the strict morphisms of triples {A — B — C'} (essentially because
the construction of the modules of differentials is functorial).

3 Extensions of R-algebras

In this section we define and study extensions of R-algebras. Our results
turn out to be in some ways analogous to the classical theory for associative
algebras (cf., for example, [13], Chapter X). A more modern treatment suit-
able for operadic algebras is found in the recent work of Hopkins and Goerss

[9]-
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Definition 3.1 An extension of an R-algebra B by an R-algebra I without
unit 1s the following homotopy fibre sequence of R-modules:

I — A— B. 9)
where A is an algebra, and both arrows are algebra maps.
Next denote I/I* the homotopy cofibre
TN T — T — 1)1
(notice that I is naturally an A-bimodule.) Then we have the following

Lemma 3.2 (Conormal exact sequence) The R-module I/1? is weakly equiv-
alent as an R-module to a B-bimodule (which we will still denote as I/I?)
and there is a homotopy cofibre sequence of B-bimodules

I/I*> = BAsQ4 Ay B — Qp (10)

Proof. We have the following transitivity exact sequence (corresponding
to algebra maps R — A — B):

B/\AQA/\AB_>QB_>QB/A-

So it suffices to show that $(1/I?) = Qp/4. Consider the following diagram:

INgIT — I — I]I?
l ! I
I — A — B
l ! l

[/\AB — B — B/\AB

Here the arrows going to the right lower corner are both equal to 1 A id,
the arrows going out of the left upper corner are multiplication maps on [
and the map from [ to I A4 B is id A 1. This diagram is commutative in the
homotopy category of R-modules and all rows and columns are homotopy
cofibre sequences of R-modules. Indeed, the middle row and column are cofi-
bre sequences by hypothesis, the first column and last row are likewise, since
smash product preserves such sequences, the first row is a cofibre sequence
by definition of I/I%, and the last column of induced maps is also a cofibre
sequence. To be precise, the map from the first column to the middle column
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can be rigidified in the category of R-modules, hence the last column can be
considered as the functorial cofibre of the relevant maps and is itself therefore
a cofibre sequence. Next we have the following commutative diagram in the
homotopy category of R- modules:

)P — 0 — Qg
l ! 1
I/I? — B — BAsB
l ! l

0 — B — B

Here the rightmost column is a cofibre sequence by definition of {2p,4, the

middle row is also such by the previous discussion. It follows that the upper

row is a cofibre sequence. Therefore Q5,4 = ¥1/I? and the lemma is proved.
A derivation d : B — BV X1 gives rise to an extension as follows.
Consider the diagram

(11)

Here the lower vertical map is the canonical inclusion of a retract; the lower
square is a homotopy pullback in the category of R-algebras (which is also the
homotopy pullback of underlying R-modules), therefore the left column is a
homotopy cofibre sequence of R-modules and an extension of an R-algebra B
by I. We will call I — X — B the extension associated with the derivation

d.

Definition 3.3 An extension I' — X' — B’ is called singular if there exists
an extension I — X — B associated with a derivation d : B — BV X1 and
a strictly commutative diagram of algebras

I — X — B
! i i
I' - X' — B

where the vertical arrows are weak equivalences.
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The next proposition explains the analogy with usual singular extensions
of algebras (hence the name); the multiplication map on the “ideal” I (at
least up to homotopy)is zero.

Proposition 3.4 Let I — X — B be a singular extension. Then the mul-
tiplication map I Ax I — I is homotopic to zero as a map of R-modules, so
the homotopy cofibre sequence

INx T — T —1I/I?

splits and 1/I? is weakly equivalent as an R-module to IV X(I Ax ).

Proof. Let us consider first the “universal” singular extension
I —-B— BVXI

Then the multiplication map I Ag I — I can be factored up to homotopy as

follows
INgl — I

Nl
BApl

Since the map I — B is homotopically zero we conclude that the map
I NI — I is also so.

Next if we have a singular extension I — X — B associated with a
derivation B — BV X[ it is clear that the multiplication map [ Ax I — [
factors through I Ag I — I and is therefore homotopic to zero.

The next proposition describes more concretely the boundary map

Qp — SI/1?
in the case of a singular extension.

Proposition 3.5 Let (9) be a singular extension, so X1 /1% ~ SIVEIAAXI.
Denote by
d:B—XI

the boundary map in (9). Recall that there is an R-module weak equivalence
Qp = BAB/R. Then for the boundary map in (10)

0:BAB/R—XIVYXI Ny X1
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we have 0 = 01 + Oy where
& : BAB/R"Y' BASI — BAg Xl ~ XI;
and Oy is the composite map
BAB/R™ SIANSI — SI Ay 21

Proof. Consider the following homotopy commutative diagram of R-modules:

B = BALA — BAsB DY BayXI
I | lidnd

B = BAMA — BAB — BABJ/R

Here both rows are split homotopy cofibre sequences , the R-module BA 4 %1
is homotopy equivalent to X1/ as we saw in the proof of Lemma 3.2 and
the right vertical map is the map 0 that we are interested in. Now the
proposition follows from the following diagram , where again both rows are
split homotopy cofibre sequences of R-modules:

ST = AAMSI — BAASI — SIALNT
&dAd ﬁdAd
AAB/R - BAB/R — YIAB/R

Remark 3.6 There is a slight catch in the above proposition. We considered
the map
idNd: BNB/R— BAXI

denoting the extension of the map B — X1 to B/R by the same letter d.
This extension is not unique, but the indeterminacy vanishes upon smashing

with B.

4 The universal derivation

In this section we will compute the homotopy type of the “universal deriva-
tion”, that is, of the composite map

A—AVQy — Q4
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where the first map is the algebra map adjoint to the identity map Q4 — 24
and the second map is the projection.
Let A be an R-algebra. Recall that there is an equivalence of R-modules

Qa2 ANA/R (12)

Theorem 4.1 Upon the identification (12) the universal derivation A — 24
coincides with the map

AT AN AJR.
where d 1s defined by the homotopy cofibre sequence
R— A% A/R.

More symmetrically: the universal derivation is the unique (in the homotopy
category of R-modules) lifting A — Q4 in the diagram

Q4

l

A=A Loana
where f=1Nid —id N1
Proof. Consider the following extension
I-R— A

where the second map is just the unit map and I is the kernel of this map.
From the conormal sequence of this extension we see that there is a map

Qq — XI/1? (13)
and, consequently, a singular extension with the kernel I /1%
I/ — X — 1. (14)
We have the following homotopy commutative diagram of R-modules:

Q1 L NI/ A 1) T2
[
A
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Here the horizontal row is a fragment of the conormal sequence corresponding
to (13), the vertical arrow is the universal derivation and the slanted arrow
is the boundary map in (13).

We claim that the map g is the canonical inclusion of a retract:

fiQu=XI/I? = SI)1PVv 2T/ 1? Ax T) T2
To see that observe that there is a map of extensions

I — R — A

! l !
Ir —- X — A

and therefore the following homotopy commutative diagram of R-modules:

Qu =~ I/1? — A M ANA
L
Qux ~[/IPVS2IPAx T2 — A S Apg A
Notice that since both rows split there exists only one up to homotopy map

Qg — Qa/x

making the diagram commute and this map is obviously the inclusion of a
retract. Our claim is proved. Therefore, our universal derivation is just the
boundary map (14):

A—XI/I%
Next from the diagram
I - R — A — ¥I = A/R
| l I !

I/)1? — R/I? — A — XI/I? = AANA/R
we see that the boundary map A — XI/I? is the composition
A— A/R~X%I — XI/I?

and the diagram

I — R — A — A/R
l ! 1Awd | 1A |
)2 — A 2 AnA —  AMNA/R
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tells us that the map X1 — XI/I? is the same as
A/R'™ ANA/R

and the first part of our theorem is proved.
Consider now the following homotopy commutative diagram

Qy — ANA — ANA/R
A
A

Here the slanted arrow is id A d and the composite of the two horizontal
arrows is an isomorphism identifying Q24 with A A A/R. Clearly the map
A — Q4 fitting in the above diagram exists and is unique up to homotopy.
With this our theorem is proved.

The universal derivation allows us to define a useful forgetful map

l: DerR(A, M) — FR(A, M)
as the composite
Derg(A, M) = Fa—pimod(Q24, M) — F(Q4, M) — F(A, M)

where the last map is induced by d.
We will also denote by [ the corresponding map on homotopy groups

Dery,(A, M) — [A, M]%.

At the level of homotopy groups the map [ has the following simple de-
scription: let d : A — AV M be a derivation of A with coefficients in M.
Then [(d) is the homotopy class of the following composite map

AL AVM - M
where the second map is just the projection onto the wedge summand.

Lemma 4.2 Let d € Dery, (A, A). Then l(d) € [A, A} is contained in the
subspace of primitive cohomology operations from A into itself.
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Proof. Let d have degree i, so it determines a map of algebras A — AV YA,
Then the following diagram is homotopy commutative:

ANA — A

! !
YANAVAAYA — A

Here the upper arrow is the multiplication map m, the lower arrow is mV m,
the right vertical arrow is d and the left vertical arrow is d A1V 1 A d. This
is the definition of a primitive operation and the lemma is proved.

5 Pullbacks and pushouts of singular exten-
sions

Here we will describe some basic constructions with singular extensions. Let
E:1—-A—B (15)
be a singular extension and
f:C—B

a map of algebras. Consider the strictly commutative diagram

I — X — C

| | ! (16)
I - A — B

where the right vertical map is f and the right square is a homotopy pullback
of R-algebras. It is easy to see that the upper row in (16) is a singular
extension (the associated derivation is induced by the map C' — B). We will
denote it f*(FE).

We have the following simple interpretation of f*(E) in terms of the
topological module of differentials. Let

QB—>ZI

be the derivation corresponding to the singular extension E. Then it is easy
to see that the composite map

Qc — Qg — X1
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represents the element in Derg'(C, I) that corresponds to f*(E).
Next consider again an extension (15) and a map of B-bimodules

g:I—-M

The map
d:Qp — X1 - XM

gives rise to an element in DerRl(B,M ) and, therefore, to a singular ex-
tension of B by M. We will call this extension the pushout of F by ¢ and
denote it g,(F).

Proposition 5.1 There is a map from E to g.(E) which is the identity on
B.

Proof. Consider the diagram

4 BvXI — BVIM

1
|
A — B = B
| ! !
B

Here the left square is a homotopy pullback, and from the commutativity
of the outer square it follows that there is a map from it to the homotopy
pullback diagram

A — B
! !
B — BvVXI

and therefore from F to ¢,(FE) and the proposition is proved.
Remark 5.2 Consider the diagram

/I —-— A — B

l l 1
M —- 'Y — B

where the upper row is E and the lower row is g,(E). Since both rows are
homotopy cofibre sequences of R-modules, Y 1is homotopically the same as

AN M but it is not clear apriori how to introduce strict multiplication on
AV M
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6 Obstruction theory.

In this section we consider the problem of lifting an algebra map. We restrict
ourselves to the case of a singular extension only. However in the next section
we will see that a fairly broad class of algebra maps can be decomposed
as a sequence of singular extensions, which we call a generalized Adams
resolution. Together these results provide a sequence of obstructions for
lifting an arbitrary map of R-algebras.

Theorem 6.1 Let I — B — A be a singular extension of R-algebras associ-
ated with a derivation d: B — BV XI and f : X — A a map of R-algebras
where X is q-cofibrant. Then:

(1) f lifts to an R-algebra map X — B iff the induced derivation do f €
Dert(X, ) is homotopic to zero.

(11) Assuming that a lifting exists in the fibration

FR—alg(X7 B) - FR—alg(X7 A) (17>

the homotopy fibre over the point f € Frp_auy(X,A) is weakly equivalent to
Q>Der(X, I) (the 0th space of the spectrum Der(X, I)).

Proof. (7). If a lifting of f exists, then d o f factors as
xLpsavs

which means that the derivation d o f is trivial, Conversely, if d o f is trivial
then the diagram of R-algebras

x L 4
fl le
A 4 Avyr

commutes up to homotopy and by the universal property of the homotopy
pullback there is a map f : X — B lifting f.

(71). Suppose that the lifting of f exists, so the (homotopy) fibre of the
map (17) is nonempty. We have the following diagram of R-algebras.

B — A

N
L/ AN !
A N AV YT



Here the northwest arrow is the canonical projection onto the wedge sum-
mand. Changing B in its homotopy class if necessary we can arrange that
this diagram be strictly commutative. Notice that the outer square is a ho-
motopy pullback of R-algebras. Applying the functor Fr_q,(X, —) to this
diagram we get the diagram of spaces

Fr_ay(X, B) — Froag(X, A)
N\ /
Fr_ag(X, A)
l / AN l
Froag(X, A) — Fr_ag(X, AV XI)

Again the outer square is a homotopy pullback (of spaces). Taking the
homotopy fibres of the maps from the outer square to the center (over
f € Froug(X, A)) we get the following homotopy pullback of spaces:

hOfibFR_alg(X, B) — FR—alg(X> A) — pt
l l
pt — hOfibFR_alg(X, AV ZI) — FR—alg(X7 A)

(18)
Notice that the space in the right lower corner of (18) is canonically weakly
equivalent to Q*°Derg (X, X1). Since according to our assumption the space

hObe FR—alg(X7 B) — FR—alg(X7 A)

is nonempty the images of the lower and right arrows in (18) coincide and
therefore

hOf’Lb FR—alg(X, B) — FR—alg(X, A) = Q(QOODGI'R(X, 2[)) = QOODGI'R(X, [)

With this our theorem is proved.

7 Ideals of R-algebras and generalized Adams
resolutions

Let
I—-A—B (19)
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be an extension of R-algebras (not necessarily singular.) In such a situation
we will call I an ideal of A. To stress the analogy with algebra we will use
the notation A/I instead of B in the sequel so (19) becomes

I —A— A/l (20)

One essential feature of ideals is that one can define R-algebras of the form
A/I"™ for n > 1. More precisely:

Theorem 7.1 Associated to the extension (20) is a tower of R- algebras (a
generalized Adams resolution) of the form

L AT AT AT (21)

such that
(i) there are projections p, : A — A/I™ compatible with the maps in the
tower and the corresponding extensions

I"—A— A/I"

where
" Z:[/\A.../\AI;

(ii) each successive stage A/I™ is a singular extension of the previous stage
A/T"7Y by a certain A/I" 1 -bimodule which we denote I™ /1" "

Proof. We know that there is there is a weak equivalence
Q(A/I)/A ~ 21/12

where /1?2 is determined as the homotopy cofibre of the multiplication map
I Na I — 1. Associated to the (universal) derivation

dajr: AJT — Quayryja ~ I/ T
is the following singular extension
I/ — X — A/l
We claim that there exists a map A — X making the diagram
X
/0
A Loayr
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commute. Indeed, the obstruction to the existence of such a map is an
element

f*(dA/]) € DeT(A, 2]/]2)

which is zero by virtue of the transitivity exact sequence corresponding to
the morphisms of algebras

R—A— A/l
Therefore we have a morphism of extensions

I - A — A/l

| | | (22)
I/)rr — X — A/l

Now set A/I? := X. From (22) it is easy to see that there is an extension
IAAT — A— AT

(which justifies the notation A/I?).

Proceeding by induction assume that we have constructed the tower
{A/I*} for k < n together with algebra maps p, : A — A/I". Consider
the following homotopy commutative diagram of A/I™-bimodules where both
rows are homotopy fibre sequences:

? — A/I"Ns Al —  AJI

g1 T T
Q(A/I”)/A — A/I"/\AA/In — A/In

Here the lower row is the definition of £2(4/7n)/4 and the upper row represents
the (left) action of A/I™ on A/I. The right and middle vertical arrows are
obvious maps of A/I"-bimodules. Therefore we can choose the left vertical
arrow (denoted by ¢) to be also a map of A/I"-bimodules. Notice, that
despite the choices made in the underlying category of R-modules this map
still remains unique (up to homotopy).

Further notice that the A/I"-bimodule ? is weakly equivalent as an R-
module to 1" Ay A/I. Denoting by I"/I""! the homotopy cofibre of the
multiplication map I" Ay I — I™ we see that I™/I"! is weakly equivalent to
I" Na AJI. So the A/I™-bimodule 7 is weakly equivalent as an R-module to
¥ 1" /1" From now on we will (slightly abusing notations) use the symbol
Y1 /1" to denote the corresponding A/I"-bimodule.
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Now we can construct the singular extension
I/t — A AT
associated with the derivation
g Qaymya —? =3I/ 1"

The induction step is concluded and our theorem is proved.

Remarks 1. In the special case when A = S, the sphere spectrum, the
tower (21) is just the canonical Adams resolution of S, ¢f. [1] and its ho-
motopy inverse limit is the nilpotent completion of S at the ideal I (cf.
[5]), which under favorable circumstances coincides with the localization of
S with respect to the spectrum S/I. This is why we called the tower (21)
the generalized Adams resolution.

2. It is not hard to show that the tower (21) is determined in the homotopy
category of R-algebras up to a (noncanonical) isomorphism. We leave the
details to the interested reader.

Examples 1. Take A = k(n), the nth connective Morava K-theory,
A/l == HZ/p, A — A/I the canonical map inducing an isomorphism on
mo. Then the generalized Adams resolution of k(n) is exactly its Postnikov
tower.

2. Truncated polynomial algebra. Denote R[t] the free associative algebra
on the R-module X4R), i.e.

R[t] ~ RVYIRVY™ RV ...

The parameter t has formal degree d. The coefficient ring of R[t] is then
R,[t] - the polynomial algebra over R, on one generator of degree d. Notice,
that the S-algebra R[t] need not be commutative unless d = 0.

Define the ideal tR[t] from the following homotopy fibre sequence:

tR[t] — R[t] — R.
Then it is easy to see that the nth Adams stage
R*" = RI[t]/(tR[t])"
splits as a spectrum as

R '~ RVXIRVIXRY .. vXU-DR
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and R~ = R,[t]/t". Moreover, the homotopy fibre sequence
Ed(n_l)R N Rn—l N Rn—2

is a singular extension.

3. Let E be a complex-oriented cohomology theory obtained by killing
a regular ideal I, = (2, %y, ...) in MU, = Z[xy1,x9,...]. By [7], chapter
V and [18] we know that E is an MU-module with homotopy associative
multiplication (or MU-ring spectrum). We will see that E possesses the
structure of an MU-algebra (i.e. with strict multiplication). Therefore we
have the generalized Adams resolution

— MU/I" — ... — MU/I* - MU/I = E

which is related to the algebraic tower {MU,/I)} and whose homotopy in-
verse limit is the spectrum MU itself.

4. Let E, be the Johnson-Wilson theory with coefficient ring F, =
Zplv1,v2,..., 05,0, '] Tt can be constructed from MU by killing a col-
lection of polynomial generators and is, therefore, an MU-algebra. We have
a canonical MU-algebra map F,, — K(n) with the kernel I,,. Associated
with this map is a generalized Adams resolution

K(n) = E,/I, « E,/I* — ...

whose homotopy inverse limit is equivalent to the K (n)-localization of E,,.
This tower is closely related to the so-called I,-adic tower studied in, for
example, [2].

8 Postnikov towers of R-algebras

In this section we prove, as an application of the techniques developed be-
fore, that a Postnikov tower of an R-algebra is a tower of R-algebras. The
analogous statement for commutative R-algebras was proved in [10] and [3].
The proof presented here is somewhat sketchy since it differs little from the
one found in the above mentioned references.

Theorem 8.1 Assume that R is a connective commutative S-algebra and A
1s a connective R-algebra. Then there exists a tower of R-algebras

= A= A —
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and maps of R-algebras
fitA— A

compatible with the maps in the tower such that

Dr(A;) =0 for k >4 and

2)fi induces an isomorphism mi(A) — mp(A;) for k < i. Moreover, the
homotopy fibre sequence

K(T['H_l(A),i + 1) — Ai—i—l — Az
1s a singular extension and the whole construction is functorial in the homo-
topy category of R-algebras

Remark 8.2 The connectivity assumptions on R and A are needed in order
to be able to kill higher homotopy groups.

Proof. Take Ay to be equal to K(my(A,)0). This is an R-algebra and
according to [7], Prop. 4.3 there exists an R-algebra map

A—>A0

realizing the isomorphism on 7.
Suppose by induction that the map A — A; has already been constructed.
Consider the following diagram:

A = A 5 SK@ma(A)i+1)

4
Q4,4

Here the vertical map is the canonical derivation, k is the ith k - invariant.
The existence of the diagonal arrow can be seen as follows. The first nontriv-
ial homotopy group of {14,/ is the same as the single nontrivial homotopy
group of XK (m;11(A),i+ 1), so we could construct a map

Qa4 = LK (mip1(A),i + 1)
by attaching cells in the category of A;-bimodules. This gives a derivation
A — AV EK(mip(A),i+ 1)
and the corresponding singular extension
K(mip1(A),i+1) = A — 4
which is the (i+1)th stage of the Postnikov tower and the theorem is proved.
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9 The spectral sequence for
topological Hochschild cohomology

In this section we discuss the spectral sequence that relates topological Hochschild
cohomology and ordinary Hochschild cohomology of graded algebras. Since

we know of no published source which describes algebraic Hochschild coho-
mology the way we need it we begin with an outline of the classical Hochschild
cohomology.

Definition 9.1 . Let R, be a commutative graded ring, A. is an algebra
over Ry, M, is a graded module over A,. Then Hochschild cohomology of Ae
with coefficients in M, is the module

HH;%. (A., M.) = E‘TtA.@)é Aoop(A'7 M.)

where @ denotes derived tensor product over R,

From now on we will write ® instead of ®pg, Notice that if A, is flat over
R, then this definition coincides with the standard one (cf.[6]). There is also
a generalization of the standard complex which computes Hochschild coho-
mology; let A, be a differential graded R.-algebra which is quasiisomorphic
to A, and R,-flat. Then HHY, (A., M,) is the cohomology of the bicomplex

C(A., M,) = Hom'y (AS7, M,).

The differentials in C'** are the internal one induced by the differential in A,
and the standard bar-differential.

We will be interested mostly in the truncated version of Hochschild coho-
mology which will be denoted as Der}, (Al, M,) (in keeping with the topo-
logical notations)

To define it let us introduce the module of differentials % /. from the
following short exact sequence of complexes:

:4./]:5. - Ao ®Ao ﬂ) Ao;

the second arrow being the multiplication map.
Now define the truncated Hochschild cohomology of A, with coefficients
in M, as
Dery, (As, M,) = Eﬂii.@fi.( :4./R., M,).

28



As in the topological case there is a “universal derivation”

d: e Oy,
whose composition with the inclusion
/e Ae @ A,
is the map 1 Aid — id A 1. It gives, therefore, the forgetful map
l: Dery, (As, My) — Bty (Al, M,)
Lemma 9.2 Consider the truncated Hochschild complex
C7(As, M,) = Homl, (A2~ M,)

with the same differentials as in C**(Al, M,). Then the cohomology of C** (A,, M,)
coincides with Derg,(As, M,) and the forgetful map | is induced by the pro-
jection

C*(As, M,) — T (As, M,) = Hom$(As, M,)

times (—1).

Proof. Considering the standard two-sided bar-resolution of fi.:

A.£A.®A.<—A?3<—...

we see that the complex A??’ — 121?4 < ... maps quasiisomorphically onto
the complex Q% = Ker(m). The universal derivation

d: Ay — Q;‘./R.

lifts to the map

d:;l.—)fl?g;
dla) = -1®a®1.

Now the statement of the lemma becomes clear after we apply the functor
Homj, g jor(—, M) to the complex A? «— AP4 — .

We now return to the topological situation; as before A is an R-algebra,
M is an A-bimodule; denote 74(A) as A,, Te(R) as R, and me(M) as M,.
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Proposition 9.3 Suppose that
1)the Kunneth spectral sequence for me(A N AP) collapses so we have

To(A N A%) = Tor e (A,, A,);
2)the algebras Ae ®%, Ao and Torl*(A., As) are quasiisomorphic.
Then there are the following spectral sequences:
'EY = Derl} (A., M,) = Derg™™ (A, M);
2By = Ext (A, My) = 71 Fr(A, M)
and a map - -
1E;] N 2E;]
which at the level of Es terms gives the forgetful map
[ : grDerg, (A, M) — gr[A, M|,
Proof. There is a spectral sequence (cf. [7], Thm 4.1)
E3* = Exty apnaor)(meQa, My) = TeFapaer(Qa, M) = Derg®(A, M)
Our assumptions 1) and 2) ensure that
To(ANAP) = A, @k A,
and
Te(Q24) = Qa,/Rs,
so we identify the Ey-term of our spectral sequence as Derf, (As, M,).
The second spectral sequence is just the hypercohomology spectral se-
quence for calculating me Fr(A, M). Next from the naturality of the hyper-

cohomology spectral sequences it follows that we have the following commu-
tative diagram of spectral sequences:

Ext;_(AAAop)(W.QA,M.) — E$t;%).(7T.QA,M.) — Bty (A, M,)

| | |
Dery, (Ad, M) — Ext}z.(QA./R.,M.) — Bty (A, M,)

(23)
and since the composite map

A. — W.QA ~ QA./R.

is just the universal derivation of the algebra A,, we conclude that the lower
row in (23) gives us the forgetful map

l: Dery. (Ae, M,) — Exty (Al, M,).

Our proposition is proved.
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10 Calculations with HZ/p

In this section we calculate the topological Hochschild cohomology of the
Eilenberg-MacLane spectrum HZ/p which will be denoted (in this section
only) by H considered as an algebra over the complex cobordism spectrum
MU. Before starting any calculations we record the following result of a
general nature. It really should have belonged to [7], but unfortunately, is
not found there. The argument below was communicated to the author by
M.Mandell.

Lemma 10.1 Let M and N are R-ring spectra. Then the spectral sequence
Torg,(Me, Ng) => me(M Ar N) (24)
is one of differential graded Ro-algebras.

Sketch proof. To deal with multiplicative structures we need a slightly
different construction then the one given in [EKMM], IV, section 5. Let

d
.%Fpﬁpr_lﬁ...éM.

be an R,-free resolution of M,. Let Qy = Ker € and Q, = ker d,. Forp >0
denote by F, the wedge of sphere R-modules with 7,(F,) = F,. Now let
M{ = Fo and choose a map ¢ : Mj — M that represents € on the level of
homotopy groups. Let Qg be the homotopy fibre of ¢y. Then m,(Qq) = Qo,
so we can choose a map F; — Qg the given map on the homotopy groups.
Take M| to be the cofibre of the composite map

F1 — Qo — Fo.
Further the map ¢g canonically extends to a map
¢y 2 M] — M.
Denote the homotopy fibre of this map by Q;. Then
Te(X7'Q1) = Q1

so we can find a map X7'Fy — Qq realizing the given map on the homotopy
groups etc.
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Continuing in this way we construct a direct system
My — M} — ... (25)

(Notice that we used the notation M, to distinguish it from M, of [7].) The
telescope M’ of this direct system is weakly equivalent to M and we can
assume that all consecutive maps are inclusions of cell subcomplexes, i.e. we
have a filtration on M’. Smashing this with N we get a filtration on M’ Az N
and the associated spectral sequence (24) converging to me(M Ar N).

Now recall that M (and therefore M’) is an R-ring spectrum. Smashing
(25) with itself we get a filtration on M’ Ag M’

Proceeding by induction we realize the multiplication map M’ Ag M' — M’
as a map of filtered R-modules so that on the cofibres of (26) it agrees with
the pairing of algebraic resolutions F, ®g, Fy — Fi.

So, we constructed a collection of maps Mj Ag M} — M, ;.
maps and the multiplication on N we construct the maps

MZ'//\RN/\RM;/\RN_)MZ‘/.;.j/\RN-

Using these

This induces the required pairing of spectral sequences and we are done.

Theorem 10.2
(4)
THH;\/[U(Hv H) = Z/pZ[?J2,y4> <y Yon, - ]7
Dernvu(H, H)* ™' = Z/pZy2,ys, .- 1/ (Z/pZ).

(22)
[H, H]}y = AZ/pZ(Zla 23y 2oty - - 1)
and the map
DerMU(H, H). — [H, H];\JU
sends the elements yy; € Deryry(H, H)? 7! to 29,4 € [H, H] o
(1i1)  Under the forgetful map
[H, H]yw — [H, H]s = A, (27)

the elements zy,i_1 get mapped to the elements Q; which form the set of
primitive elements in the Steenrod algebra, and all other z’s get mapped to
zero.
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Lemma 10.3 Let HZ denote the integral Filenberg-MacLane spectrum. Then
7T.(H /\MU HZ) = A(l‘g,l’g,, sy Lopty - - )

Proof. Consider first the spectrum HZ Ay HZ.We have a strongly con-
verging spectral sequence

TorMV(Z2,7) = Mz, ... Tony1, - ..) — 7e(H Ay H). (28)
To prove that it collapses we compare it to the spectral sequence

Tor™Vs(Z, HQ) = Tor™Ye«(HQ, HQ) = Ag(x3, ... Tant1, - ..) — Te(HAyu H)

(29)
Here H() is the rational Eilenberg-MacLane spectrum and MU, is the ra-
tionalization of MU. We see that the integral spectral sequence injects into
the the rational one and therefore it is enough to prove the collapse of the
latter. This is an essentially trivial fact and can be seen as follows. The ratio-
nal spectrum MU is equivalent as a commutative S-algebra to the infinite
smash product of S-algebras of the form HQ|x,] where

HQlr, | = HQVX™HQV ....

Here z,, is a formal symbol of degree 2n which corresponds to the polynomial
generator of MU in degree 2n. Then we have 1, HQ[z,| = Q[z,]. Further
the spectral sequence

Toruqa,),(HQ, HQ) = Ag(ynt1) = me(H Auqla,) H)

collapses for dimensional reasons and it follows that (29) splits as an infinite
product of these little spectral sequence and therefore itself collapses. So we
showed that (28) collapses. The spectral sequence for computing 7e(H Ay
HZ) is just the reduction of (28) modulo p and the statement of our lemma
follows.

Proof of Theorem 10.2. First compute me(H Ay H). We have the
following spectral sequence

TOT’MU.(Z/pZ7 Z/pZ) = AZ/pz(Zl'l,l’g, e Topt1, - ) - WQ(H/\MU H) (30)

We want to show that (30) collapses. To this end consider the following
homotopy cofibre sequence of MU-modules:

idAp
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From this cofibre sequence and taking into account that me(H Ayy HZ) is
p-torsion we see that

7T.(H /\MU H) = 7T.(H /\MU HZ) @ZW.(H /\MU HZ)

Here ¥ means shifting the grading by 1. It follows that (30) collapses (the
permanent cycle x; in (30) is accountable for the second direct summand in
the last equality). So we conclude that

To(H Ay H) = Ngjpz(21, 23, - Tong, - - ).
Next consider the spectral sequence
Exty upyom(Z/pZ, Z[pZ) = THH;(H, H).
Its Esr-term is easily computed and equal to

Extn,, ,(e1as,.aomi1. )22, Z[pZ) = Z/DZ[Y2, Ys, - - - Yan - - ).

Again, all higher differentials are zero this time because the spectral sequence
is even. Now we know that our spectral sequence lies in the right half plane
and converges conditionally. Since all higher differentials are zero Board-
man’s theorem (cf. [4], Theorem 7.1) tells us that it converges strongly. All
extension problems are clearly trivial and we conclude that

THH;WU(Hv H) = Z/pZ[y2>y4a <oy Yon - ]
The formula for Dery;(H, H) follows from the homotopy cofibre sequence
THHMU(H, H) — H — DerMU(H, H)

and part (i) of our theorem is proved.
For part (i7) notice that H Ayp H is a left H-module and we have an
equality
Fu(H Nyw H, H) = Fap (H, H)

in the homotopy category of H-modules. Therefore [H, H]},; is the Z/pZ
dual of the cooperation algebra me(H Apy H) and (ii) follows.
To compute the image of the map

Derl.\/IU(H> H) - [Hv H];\JU (31)
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we first look at the map
Deryu (Z)pZ, Z/pZ) — Extyy,(Z/pZ, ZpZ)

and then apply Proposition 9.3.
It is an easy exercise in homological algebra to show the elements

Yai € HH}\}Izéjl(Z/pZ, ZIpZ)=Z/pZ[ys,ys . . ]
correspond to the elements
22i41 € Extéf;m___](Z/pZ, Z|pZ),

so Proposition 9.3 tells us that the map (31) is as stated at the level of Es-
terms. However, the image of (31) should be contained in the subgroup of
primitive cohomology operations by Lemma 4.2, which is spanned by the
elements z9;41 € [H, H]pyp and therefore no elements of higher bar filtration
might appear in this image. Part (i) is proved.

To prove part (ii) notice that the MU-Steenrod algebra as well as the
usual Steenrod algebra are Hopf algebras and the map (27) respects this
structure. Therefore the primitive elements z5;,; should map to the primitive
elements in the Steenrod algebra. Hence only the elements 25, _; could have
a nonzero image (namely, ();). We will show now that this is indeed the case.
Consider the spectrum k(n), the nth connective Morava K-theory. According
to [7], Chapter V, section 4 k(n) is an MU-module. Therefore the Postnikov
tower of k(n) can be constructed within the category of MU-modules, and in
particular the first nontrivial k-invariant of k(n) (which is just @) is given as
a map of MU-modules H — H. In other words the cohomological operation
@, can be lifted as a map of MU-modules and part (iii) is proved.

Remark 10.4 Recall that for the ordinary topological Hochschild cohomology
of K we have (cf.[8], Theorem 7.3)

THH®*(H, H) = Sym(eg, €1,...€n...)] < (ep)?,h € N >
where e, € THH" (H, H). It follows that
Derlk (H, H) = THH*(H, H)/(Z/pZ).
Then under the map
[ :Der}y(H,H) — [H,H)% = A, (32)
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the elements ey, correspond to Q) € A, and the rest get mapped to zero.
Indeed, the Hochschild cohomology classes should give rise to primitive coho-
mology operations, therefore only elements e, may have a nonzero image. But
we know that the elements Q; do lift to Hochschild cohomology classes (even
in the category of MU-modules). Therefore the map (32) is as described.

Corollary 10.5 The mod p Moore spectrum M, cannot be given a structure
of an Ay ring spectrum for any p.

Indeed, for p = 2 M, is not even a ring spectrum up to homotopy. For an
odd p the second nontrivial homotopy groupg of M, is Z/pZ = m9,_3(M,)
and therefore the first k-invariant of M, is a cohomology operation of degree
2p — 2 and cannot be one of @);’s which is a cohomology operation of odd
degree. (In fact, the first Postnikov k-invariant of M, is P>°). We see that
already the second Postnikov stage of M, cannot be A..

11 Morava K-theories as MU-algebras

Theorem 11.1 For an odd prime p let L, be the MU-module obtained by
killing the reqular ideal generated by (p, x1,Ta, ..., Tp,...) in the ring MU, =
Z[xy,xa,...]. Then L, admits a MU-algebra structure (which extends the
MU,-algebra structure on L,e = Z/pZ[z,)).

Proof. We will prove this theorem by induction up the Postnikov tower of
L,,. The 1st Postnikov stage of L,, is HZ/p, the Eilenberg-MacLane spectrum
mod p which is, of course, an MU-algebra. Suppose that we proved that L,
the 2n(i — 1) + 1st Postnikov stage of L,, is an MU-algebra and show that
LY is also such. Notice that the MU-module L is gotten from MU by
killing the elements z!, plus all the remaining polynomial generators and the
prime p in the ring MU,, so that

W.LS) = Z/pZ|x,] /",
Lemma 11.2
THHY, (LY, HZ/p) = Z/pZ[ys, ya, - - ]

where deg Yo, = 2m for 2m # 2n + 2 and deg yonio = 2ni + 2
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Proof. The first step is to compute 7, (L® Ay L), Consider the spectral
sequence

Tord™ "™ (2 [pZlw,) [z, Z)pZlei)/2,) = mare L) A LY).

To compute the Es-term of this spectral sequence we introduce a differential
graded algebra
A* = Z[I‘l, To, .. ] ® A(Zl, 23y .- .),

where
d(Zl) =D, d(Zs) =T1y.--y d(z2n—1) = Tp-1, d(22n+1) = x;, d(22n+2) =Tp41---

Here deg x,, = 2m,deg z2mi1 = 2m + 1 if m # n and deg 22,11 = 2ni + 1.
Then A, is quasiisomorphic to Z/pZ|x,]/z!, and therefore

Tor?ve-l(Z [pZlw,) )2y, Z/pZlw,) [}, = Ax @10 00,1 Z/0Zwa] [}

n

= AZ/pZ(Zl7 23y .. ) ® Z/pZ{SEn]/:CZn

To show that all higher differentials are zero we introduce MU-modules L)
with
To(LY) = Zlan) /2,

The MU-modules L) are obtained from MU similar to L% but without
killing the prime p. Then the rationalization arguments as in the proof of
Lemma (10.3) with I/Sf) in place of the integral Eilenberg-MacLane spectrum
show that our spectral sequence collapses.

Clearly there is no room for no multiplicative extensions in the spectral
sequence and we have

W.(Ln(i) AMu Ln(i)) =ANzppz(21,23,...) @ VAL YALNES
Next we have the following spectral sequence:
ESt = El’tf\tz/pz(zl,za,...)®Z/pZ[mn}/x;;(Z/PZ[xn]/xia Z/pZ)
— THHHLY HZ/p).
We have
By = Baty, (. )(Z2/0Z, Z/pZ) = Z/pZ]ys, ys; - - ],

where deg yo,, = 2m for m # n + 1 and degys,1o = 2ni + 2. This spectral
sequence collapses since it is even and our lemma is proved.
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Remark 11.3 We don’t claim that the isomorphism of Lemma 11.2 is actu-
ally multiplicative. It is likely to be the case, however the proof of this seems
to require the fact that the Yoneda product in the Ext-spectral sequence is
associated with the composition product. This is claimed in [7], IV, Proposi-
tion 4.4 . Unfortunately the proof of this fact given in the cited reference is
incorrect.

The next lemma computes the cohomology operations from L, to HZ/p in
the category of MU-modules.

Lemma 11.4 '
[LSLZ)> HZ/p];\JU = A*Z/pZ(Zla 23y - - )

where deg zopmi1 = 2m+1 for m # n and deg zo,11 = 2ni+ 1 and * denotes
the dual vector space (over Z/pZ)

Proof. Notice that both HZ/p and L) Ay LY are naturally left L()-
modules. We have the following weak equivalence of MU-modules:

FL;(LS) Ao L, HZ p) = Fyu (LY, HZ/p).

Now the statement follows from the computation of L% Ay L&) in Lemma
11.2.

The next step is to compute the module of derivations from LSf) into
HZ/p and its image under the forgetful map into [L,,, HZ/p|uu-.

Lemma 11.5
Deripy (LY, HZ[p) = THHy (LY, HZ[p)[Z/pZ =
S Z)pZlys, s - 1/ 2 02
where as before deg Yo, = 2m for m #n and deg yonio = 2ni + 2.
Proof. We have the following homotopy cofibre sequence
HZ[p — THHyy(LY, HZ[p) — SDeray (L), HZ[p)
from which the result follows.

Remark 11.6 Using this result we can talk unambigously about derivations
and singular extensions corresponding to Hochschild cohomology classes of
LY with coefficients in HZ/p having positive degree.
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Consider now the element X7 (ya,42) € Deritit (LW HZ/p) and its
image [*(37!(yan42) in the group [L,, HZ/p|yv, where [ is the canonical
forgetful map

l: DerMU(Lg),HZ/p) — [Ln, HZ/pmv-
Lemma 11.7
l*(Z_l(y2n+2)) = Z;n-i-l < A*Z/pZ(Zla 23,...) = [Lg)v HZ[plu-

Here in the coalgebra [LY, HZ /p|% #5,.1 denotes the primitive element dual
to Zopi1-

Proof. This is analogous to the statement (i) of Theorem 10.2 of and
is proved similarly. First we find by comparing the spectral sequences for
Dert,y (LY, HZ/p) and [LY, HZ/p|yy that the image of %7Y(yy,) is as
stated on the level of the F.-terms. Next, this image is contained in the
subspace of primitive cohomology operations from L) to HZ/p, i.e. those
operations which are derivations up to homotopy and therefore no higher
filtration terms will appear. The lemma is proved.

We now begin to perform the inductive step - proving that LUV is an
MU-algebra. The cases ¢« = 1 and ¢ > 1 differ and will be considered sepa-
rately.

1)When i = 1 LW = HZ/p. Take the element

Yont2 € Z/pZ[y27y47 . ] = THHJ.\/[U(LS)vHZ/p)

and consider the associated singular extension of MU-algebras:
S™MAZ/p— X — LY (33)

We want to prove that (33) is the 2n + 1th Postnikov stage of L,,. For this
it suffices to show that the MU,-module structure on X, is given by the
formula

X. = MU./(p,xl,xg,...,xi,xnﬂ,...)

Notice that (33) gives rise to the following (algebraic) singular extension
of MU, - algebras:
Y707 — Xy — Z/pZ (34)
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If (34) is nontrivial (as an extension of MU,-algebras) then we are done -
it is elementary to verify that there is only one (up to a scalar) nontrivial
singular graded extension of Z/pZ by ¥*"Z/pZ, namely

Y ZIpZ — Z[pZlw)xh — Z[pZ

which is what we need. Therefore, we have to eliminate the possibility for
(34) to be trivial, i.e. split. Suppose, on the contrary, that this is the case.
We will deduce from it that (33) is split in the homotopy category of MU-
modules, which would be a contradiction by Lemma (11.7)

Indeed, consider the spectral sequence
D X,) = [LU

n

Byt = Eatlly, (Z/pZ, Z)pZ ® S Z/pZ) = Extiy, (L

Then
E;t = (AZ/pZ(Zlu 23, .. ) ©® ZznAZ/pZ(Zlu 235 - )>*

Comparing E3' with the spectral sequence for [X, X%, we see that the
former collapses. The element 1 € ES° corresponds the MU-module map
L% — X splitting the cofibre sequence (33) and we are done.
2) The case i > 1 is a little harder. We want to obtain the singular
extension
SMHAZ/p—Y — LY

where Y, = MU, /(p,z1, ..., Tpn_1, 25 2pi1, .. .).
However the relevant subspace in THH®*(LY, HZ/p) is 2-dimensional, it
is spanned by the elements

Yont2: Yanive € THH (LY HZ /p) = Z/pZ[y2,ys, . . ]

since ¥Yon1o and Yo, 1o both have degree 2ni + 2. Take any nonzero element
y in this subspace, i.e. a linear combination of ys,.2 and ys,i12. Associated
to y is a certain singular extension of L{¥) by %2 H Z/p which gives rise to
the following algebraic singular extension of M U-algebras:

S ZpZ — Yy — L) (35)

Just as before, we show that (35) is nontrivial. But now the space of exten-
sions like (35) is also 2-dimensional. The basis in this space corresponds to
two different M U,-algebra structures on Y,. One is given as

Yo = MU,/(p, 1, .., Tp_1, 25 Ty, ...
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and the other as
i 2
Y; = MU./(p, L1y ooy =1Ly Tnt1y - -+ s Lopiy L2ni425 - - )

Let us denote the corresponding algebraic extensions as F, and Fy respec-
tively. We need to choose the element y which gives rise to the extension
E.

Claim. The element yp,;10 € THH* (LW HZ/p) gives rise to the
extension E, (or a multiple of it). Indeed, consider the canonical map L® —
L} = HZ/p and the induced map on THH:

fTHH(LY),HZ[p) = Z/pZ[§s, Yy, .. | = THH(LY , HZp) =

Z/pZ[y27 Ya, - - ]

(here we put bars over the polynomial generators of THH®(L", HZ/p) to
distinguish them from the corresponding elements in THH®*(LY, HZ/p).
Then f(Tspiro) = Yonit2. Indeed, the map f is so on the level of Es-terms of
the corresponding spectral sequences. Furthermore, since f(7s,;,,) is primi-
tive no higher degree correction terms will appear.

The considerations as in the case ¢ = 1 tell us that the element 7,,,,,
gives rise to the algebraic extension (up to a scalar factor)

SMZ/pZ —Ye— LW =Z/pZ (36)

where
Ye=MU/(D,Z1, s Tniy Tojis -+ -)-

Therefore the extension corresponding to ¥s,,;,, is the extension induced
from (36) by the augmentation map Z/pZ[z,]/x! — Z/p which is nothing
but the extension Es.

Next take an element y € THH*(LY, HZ/p) which is a nonzero linear
combination of s, and 9,12 and not proportional to yo,;12. The corre-
sponding algebraic extension will have the form aF; + F,, where o and 3
are scalars with o # 0 and “4” means the Baer sum of extensions. Altering
y by adding to it a multiple of y9,;12 and perhaps multiplying it by a scalar
we obtain an element § whose corresponding algebraic extension is FE;. (we
leave it to the reader to check that addition of elements in THH*(L", HZ /p)
corresponds to the Baer sum of associated extensions.)

We proved that the element i descends to the 2ni+ 1st k-invariant of L,,.
With this our theorem is proved.
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Corollary 11.8 The spectrum k(n), the nth connective Morava K -theory
admits a structure of an MU -algebra.

Remark 11.9 P. Goerss pointed out to the author that there are in fact
uncountably many different MU -algebra structures on L,. For example,
when considering case 1) above we could have altered the element Yo, o by
adding to it any decomposable element of degree 2n + 2 in the graded alge-
bra Z/pZ[ys,ys, . ..] = THHY (L, HZ/p). In fact, to have a unique MU -
algebra structure on L, we should fix an As-MU,-algebra structure on Ly,
which amounts to infinitely many conditions.

Remark 11.10 Let L be an MU-module obtained by killing an arbitrary
subset of polynomial generators of MU, and/or p. Then the exact same
method as above and obvious induction show that L admits a structure of an
MU -algebra.

By comparison the results of [7] and [18] give only structures of MU -
ring spectra on various MU-modules, which is an up to homotopy notion.
It should be noted, however, that in contrast with the cited papers we never
address the question of commutativity of our products, up to homotopy or
otherwise.

12 Topological Hochschild cohomology
of Morava K-theories

Now we know that the spectra k(n) are MU-algebras (hence so are the non-
connective Morava K-theories K (n) as being Bousfield localizations of k(n)’s)
and therefore, we can talk about their topological Hochschild cohomology.
The computation of topological Hochschild (co)homology of spectra other
than Eilenberg-MacLane was initiated by McClure and Staffeldt (cf. [15]).
In this section we compute T'HH (K (n), K(n)) and THHs(K(n), K(n))
for odd primes modulo additive extensions. The possibly nontrivial additive
extensions might arise because K (n) is not a commutative M U-algebra. We
hope to return to this problem in a future paper. Apart from this com-
plication the results are similar to the calculation of topological Hochschild
cohomology of the Eilenberg-MacLane spectrum HZ/p in section 9.

In the next theorem gr(?) stands for the associated graded of a filtered
module.
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Proposition 12.1
(i) A
gTTHH;\JU(K(n)J K(n)) = K(”)’[[y27 Yay - - Yopry - - ]]7

grDery; (K (n), K(n)) = K(n)u[[y2, s, - - Gopr - I/ K ().
(i)
[K(TL), K(”‘)];MU = AK(n).(zla 23y e vy 22pn_1’ .. )

and the map
Deryy(K(n), K(n)) — [K(n), K(n)|yu

sends the (representatives of ) elements ys; € grDeryi (K (n), K(n)) to zo;1 €
(K (n), K (n)]3g1 -
(iii) The forgetful map

(K (n), K(n)]yy — [K(n), K(n)]§

maps the elements 2oy to the operations Q € [K(n),K'(n)]?”k_1 (cf., for
instance [2]) and all other z’s go to zero.

Proof. The proof is along the same lines as the proof of Theorem 10.2, and
we will be somewhat sketchy therefore. First compute me (K (1) Ay K(n)).
We have the our usual Tor- spectral sequence

TOTZ[M’IQ""}(K(H)., K(n)s) = Axmyo (21, 23, - - -, Zopn_1, .. .)

— (K (n) Ayu K(n))
which collapses so we have multiplicatively
oK (n) Ayu K(n) = Ay, (21,23, - - -, Zopn_1, -+ .).
Next consider the spectral sequence
Ey = Bt gk (K (e, K (n)s) = THH Yy (K (n), K (n)).
We have
E = Ext;X‘K(n).(zmg"”)(K(n)., K(n)e) = K(n)e[y2, ya, - - -]]-

This spectral sequence collapses since it is even, and so part (i) of Proposition
12.1 is proved. Notice however that there could possibly be some nontrivial
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additive extensions. Indeed, K(n) is not a commutative MU-algebra, and
THH yu(K(n), K(n)) need not be a K(n)-module. In particular we don’t
know whether THH,;;;(K(n), K(n)) is a Z/pZ-algebra.

Part (i7) is proved similarly to Theorem 10.2. An easy calculation shows
that

(K (n), K(n)]mo = Arciye (21, 235 -+ s Zapn1s .- )
where A(?) denotes the completed exterior algebra. Next we first show that
the elements y9; can map to either z9;_; or zero and then considering the
induced map on the corresponding spectral sequences we see, that the image
of y9;_1 is not zero. Part (i7) is proved.

Part (7ii) is also proved similarly to the corresponding statement in The-
orem 10.2. The only nontrivial thing is to prove that the element 25, _; €

[K(n), K(n)]3,; " considered as a K (n)-operation in the category of S-modules
is not homotopic to zero. Denote MU (i,n) the MU-module obtained by
killing the prime p and all polynomial generators in MU, except for x,i_;
and z,:. Consider the following homotopy cofibre sequence of MU-modules:

S22 MU(i,n) 25 MU(i,n) -2 K(n) —2 S MU (i, n).
Now the map of MU-modules
pod: K(n) — S¥ 1K (n)

is exactly the K(n)-operaton @); and we are done.
The next proposition describes topological Hochschild cohomology of
K(n) as an S-algebra.

Proposition 12.2 Let p be an odd prime. Then
grTHHY(K(n), K(n)) = K(n)«||oo, a2, . .., 1]
where ay, € THHzpk(K(n), K(n)). Moreover under the forgetful map
THHY;(K(n),K(n)) - THHY(K(n), K(n)

the image of yapi fori=10,1...,n—1 is oy and the rest of ys; get mapped to
0 (on the level of associated graded modules)
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Proof. We have a spectral sequence
E3* = Eatiton. e (K (n), K (n)) = THHY(K (n), K (n))
and the calculation of Robinson in [17] shows that
EY = K(n)d[ag, ag, . . ., an_1]].

This spectral sequence converges strongly to its target and collapses at the
FEs-term.
To see that the image of ys; is as stated consider the forgetful map

Te(K(n) Ng K(n) — me(K(n) Apy K (n).
We know (from, e.g. [19]) that
To(K(n) As K(n) 2= K(n)Jfty, ta, ..., ]/ (0at?" — 02't;) @ Alag, as, .. . an_1).

where the degree of a; is 2p" — 1 and that of ¢; is 2(p' — 1). It follows that
the exterior generators a; correspond to z9,i_1 € me(K(n) Ay K(n)). After

that the statement about the image of yo; follows from comparing spectral
sequences for THHY(K(n), K(n)) and THHS,;;(K(n), K(n)).
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