
CALCULATIONS IN ÉTALE COHOMOLOGY

BRUNO KAHN

Abstract. We prove some finiteness theorems for the étale coho-
mology, Borel-Moore homology and cohomology with proper sup-
ports of schemes of finite type over a finite or p-adic field. This
yields vanishing results for their l-adic cohomology, proving part
of a conjecture of Jannsen.

Let X be a scheme and n ∈ Z. We denote by (Q/Z)′(n) the étale
sheaf lim

−→
µ⊗n

m over X, where m runs through the integers invertible over

X and µ⊗n
m denotes the sheaf of m-th roots of unity, twisted n times.

For a fixed prime number p, we denote by

e ∈ H1(Fp, Ẑ)

the generator sending Frobenius to 1.
We shall consider étale cohomology, Borel-Moore étale homology and

cohomology with proper supports. Recall that the first notion is ab-
solute while the two others are relative to a base. More precisely, if
f : X → S is a compactifiable morphism, then one defines

• H i
c(X/S, Z/m(n)) = H i(S, Rf!µ

⊗n
m );

• Hc
i (X/S, Z/m(n)) = H−i(X, Rf !µ⊗−n

m ).

Here Rf! is higher direct image with proper supports and Rf ! is its
right adjoint [2, 3]. When S is unambiguous, we shall usually drop it
from the notation.

For simplicity, we abbreviate the étale cohomology groups
H i

ét(X, (Q/Z)′(n)) into H i(X, n); similarly for Borel-Moore homology
and cohomology with proper supports. We shall use without further
mention that all the groups with these coefficients we encounter here
are of cofinite type, i.e. direct sums of a finite group and finitely many
copies of Ql/Zl, for all l 6= p. This follows from the classical finiteness
results for étale cohomology [SGA 4 1/2, Th. finitude].

Acknowledgements.Part of these results were obtained during a stay
at the University of Tokyo and the Tokyo Metropolitan University in

Date: July 12, 2001.
1



2 BRUNO KAHN

the fall of 2000. I warmly thank the two institutions, and especially
Takeshi Saito and Masato Kurihara, for their hospitality.

1. Varieties over a finite field

Theorem 1. Let X be a smooth variety of dimension d over Fp and
let n ∈ Z. Then the group H i(X, n) is finite in the following cases:

1) i /∈ [n, 2n + 1]
2) n < 0
3) n > d.

This group is 0 for i > 2d + 1, and for i > d + 1 if X is affine.
Moreover, cup-product by e

H0(X, 0) → H1(X, 0)

has finite kernel and cokernel.

Proof. We argue by induction on d, starting with case 1).
a) By [1, th. 2], the statement is true for X projective: in this case,

H i(X, n) is actually finite for all i 6= 2n, 2n+ 1. In particular, theorem
1 1) is true when dim X = 0.

b) Suppose that X is an open subset of a smooth variety X ′: we
claim that theorem 1 1) holds for X if and only if it holds for X ′. It
is convenient to reason modulo finite abelian groups, that is, within
the category A quotient of the category of abelian groups by the thick
subcategory of finite abelian groups. Let Z = X ′ − X, with reduced
structure. Let Z1 be the singular locus of Z and X1 = X ′ − Z1, so
that X1 − X = Z − Z1 is smooth. We have a long exact sequence of
cohomology groups with supports:

(1.1) · · · → H i
Z−Z1

(X1, n) → H i(X1, n)

→ H i(X, n) → H i+1
Z−Z1

(X1, n) → . . .

By purity, H i
Z−Z1

(X1, n) decomposes according to the connected
components Zα of the smooth variety Z − Z1 into a direct sum⊕

α H i−2cα(Zα, n − cα), where cα is the codimension of Zα in X1. By
induction on dim X, these groups are all finite as long as i − 2cα /∈
[n − cα, 2n − 2cα + 1] or i /∈ [n + cα, 2n + 1]. In particular, the two ex-
treme groups in (1.1) are finite provided we assume that i /∈ [n, 2n+1].
So the map

H i(X1, n) → H i(X, n)

is an isomorphism in A. By induction on dim Z, this shows that
H i(X ′, n) → H i(X, n) is an isomorphism in A, and so the two groups
are finite together.
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In particular, theorem 1 1) is true if X is an open subset of a smooth,
projective variety.

c) In general, de Jong’s theorem [11] allows us to find an alteration
π : Y → X which is generically étale. Let U be an open subset of X
such that π|π−1(U) is finite étale. We shall show that theorem 1 holds
for U ; hence, by 2), it will hold for X and the proof will be complete.
Since H i(U, Ql/Zl(n)) is known to be a co-finitely generated Zl-module
for all l 6= p (a sum of a finite l-primary group and a finite number of
copies of Ql/Zl), it will suffice to show that H i(U, n) is annihilated by
some nonzero integer.

By b), theorem 1 1) is true for π−1(U). The composition

H i(U, n)
π∗

−−→ H i(π−1(U), n)
π∗

−−→ H i(U, n)

is multiplication by the degree N of π|π−1(U). Hence H i(U, n) is annihi-
lated by NM , where M is the order of the finite group H i(π−1(U), n).
This completes the proof of theorem 1 in case 1).

Case 2) is a special case of case 1).
The two vanishing statements are clear from the known cohomolog-

ical dimension of varieties and affine varieties over a field.
To prove the isomorphism in case n = 0, we may assume that X is

connected. It suffices to prove that the map

H i(k, 0) → H i(X, 0)

is an isomorphism in A for all i, where k is the field of constants of X.
The proof goes along the same lines: the isomorphism is clear in case
X is projective, and then in general by using the finiteness of H i(Y, n)
for Y smooth and n < 0. (In fact, one easily checks that cup-product
by e is injective on H0.)

It remains to prove theorem 1 in case 3). Assume n > d. As noted
above, for X smooth projective, H i(X, n) is finite for all i 6= 2n, 2n+1.
But for i = 2n or 2n+1 it is 0 as seen above (cohomological dimension),
hence also finite. The fact that this remains true for all smooth X can
then be proven along the same steps as for case 1). 2

Note that the proof of [1, th. 2] rests on Gabber’s theorem that,
for X smooth projective over F̄p and i ≥ 0, the group H i

ét(X̄, Zl)
is torsion-free for almost all l [7]. The above proof avoids the issue
whether Gabber’s theorem remains true for X smooth, not necessarily
projective.

Theorem 2. Let X be a variety of dimension d over Fp and let n ∈ Z.
Then the group H i(X, n) is finite in the following cases:

1) n /∈ [0, d]
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2) i /∈ [n, n + d + 1].

This group is 0 for i > 2d + 1, and for i > d + 1 if X is affine.

Proof. We again argue by induction on d.
We first reduce to X reduced, then to X integral by closed Mayer-

Vietoris, which is valid for étale cohomology with torsion coefficients (a
trivial application of the proper base change theorem!) Then, by [11,
th. 7.3], there exists a finite extension k/Fp and a smooth projective
k-variety Y provided with the action of a finite group G, an open G-

invariant subscheme X̃ ⊆ Y , a proper map f : X̃ → Xk and a closed
subset Z ⊆ Xk such that f−1(U) → U is a quasi-Galois covering of
group G, with U = Xk − Z.

Let Z̃ = f−1(Z). By using proper base change, we obtain a long
exact sequence

· · · → H i−1(Z̃, G, n) → H i(Xk, n)

→ H i(Z, n) ⊕ H i(X̃, G, n) → H i(Z̃, G, n) → . . .

where H i(X̃, G, n) is equivariant étale cohomology [8].
A hypercohomology spectral sequence shows that the natural maps

H i(X̃, G, n) → H i(X̃, n)G and H i(Z̃, G, n) → H i(Z̃, n)G are isomor-
phisms modulo finite groups.

By induction, the groups H i−1(Z̃, n) and H i(Z, n) are finite in the

desired range. This is also the case for H i(X̃, n), thanks to theorem
1. It follows that H i(Xk, n) is finite. A transfer argument now implies
that H i(X, n) has finite exponent, hence is finite. The two vanishing
statements are clear. 2

Theorem 3. Let X be a variety of dimension d over Fp and let n ∈ Z.
a) The Borel-Moore étale homology group H c

i (X, n) is finite in the fol-
lowing cases:

1) n /∈ [0, d]
2) i /∈ [n − 1, n + d].

This group is 0 for i /∈ [−1, 2d], and for i /∈ [d − 1, 2d] if X is affine.
b) The cohomology group with proper supports H i

c(X, n) is finite in the
following cases:

1) n /∈ [0, d]
2) i /∈ [n, n + d + 1]

This group is 0 for i /∈ [0, 2d + 1], and for i /∈ [d, 2d + 1] if X is affine.
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Proof. a) In case X is smooth, this follows from the isomorphism
(geometric Poincaré duality)

Hc
i (X, n) ' H2d−i(X, d − n)

and theorem 1. In general, X contains an smooth open subset U
(choose U affine if X is affine). Let Z be the reduced complement.
Then the claims follow from the long exact sequences

· · · → Hc
i (Z, n) → Hc

i (X, n) → Hc
i (U, n) → Hc

i−1(Z, n) → . . .

and induction on d.
b) For any X, there are perfect parings (arithmetic Poincaré duality)

Hc
i (X, µ⊗n

m ) × H i+1
c (X, µ⊗n

m ) → Z/m.

The claims follow from a) and this duality. 2

2. Duality for regular schemes

Let X
f

−−→ S be a flat compactifiable morphism of pure relative di-
mension d and n an integer invertible on S. According to [3, (3.2.1.2)],
there is a canonical natural transformation

(2.1) tf : f ∗(d)[2d] → Rf !

between functors from D+(S, Z/n) to D+(X, Z/n), the derived cate-
gories of étale sheaves of Z/n-modules over S and X. If f is smooth,
tf is an isomorphism of functors (loc. cit. , th. 3.2.5).

Theorem 4. Suppose that X satisfies the conditions of [12, 2.2] and
is regular. Let N be the étale n-cohomological dimension of X, i.e.
the supremum of the étale l-cohomological dimensions of X for l prime
dividing n. Then there exists an integer m(N), depending only on N ,
such that Ker tf and Coker tf are annihilated by m(N).

Proof. Embed f into a smooth compactifiable morphism f̃ of pure
dimension D:

X
i

−−−→ X̃yf �
��=

f̃

S
(i is a closed immersion).

Let c = D − d. By [12, th. 3.5], there exists an integer M(N) and a
map with kernels and cokernels killed by M(N)2:

M(N)i∗i
∗Z/n → H2c

X (X̃, Z/n(c));
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moreover, Hj
X(X̃, Z/n(c)) is killed by M(N) for j 6= 2c. From this and

the full faithfulness of i∗, one derives a natural transformation with
kernel and cokernel killed by M(N)2:

M(N)i∗ → Ri!(c)[2c].

Composing with f̃∗(d)[2d], we get a new map

M(N)f ∗(d)[2d] → Ri!f̃ ∗(D)[2D]

with the same properties. The proof of [12, th. 3.5] makes it clear that
the diagram

M(N)Rf ! −−−→ Rf ! = Ri!Rf̃ !

y o

y

M(N)f ∗(d)[2d] −−−→ Ri!f̃ ∗(D)[2D]

commutes. This completes the proof. 2

3. Varieties over Qp

Theorem 5. Let X be a variety of dimension d over Qp.
a) The group H i(X, n) is finite in the following cases:

1) n /∈ [0, d + 1]
2) i /∈ [n, n + d + 1].

This group is 0 for i > 2d + 2, and for i > d + 2 if X is affine.
b) The Borel-Moore étale homology group H c

i (X, n) is finite in the fol-
lowing cases:

1) n /∈ [−1, d]
2) i /∈ [n − 1, n + d].

This group is 0 for i /∈ [−2, 2d], and for i /∈ [d − 2, 2d] if X is affine.
c) The cohomology group with proper supports H i

c(X, n) is finite in the
following cases:

1) n /∈ [0, d + 1]
2) i /∈ [n, n + d + 1].

This group is 0 for i /∈ [0, 2d + 2], and for i /∈ [d, 2d + 2] if X is affine.
d) If X is smooth and U is an open subset of X, then, for all i, the
kernel and cokernel of the map

H i(X, 0) → H i(U, 0)

are finite.
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Proof. We argue as usual by induction on d.
a) We first assume X smooth projective and strictly semi-stable over

some finite extension K of Qp. Let X be a strict semi-stable model
over OK and Y the closed fibre. Consider the long exact sequence of
cohomology with supports:

· · · → H i
Y (X , n) → H i(X , n) → H i(X, n) → H i+1

Y (X , n) → . . .

By proper base change, the map H i(X , n) → H i(Y, n) is an isomor-
phism, hence H i(X , n) is finite for n /∈ [0, d] or i /∈ [n, n + d + 1] by
theorem 2. On the other hand, theorem 4 implies that the natural map

H i+1
Y (X , n) → Hc

2d−i−1(Y/Zp, d − n)

is an isomorphism up to groups of finite exponent. Moreover,
Hc

2d−i−1(Y/Zp, d − n) ' Hc
2d−i+1(Y/Fp, d − n + 1) since Ri!(Q/Z)′(d −

n) = (Q/Z)′(d−n− 1)[−2], where i = Spec Fp → Spec Zp is the closed
immersion. From theorem 3 a), we deduce that H i+1

Y (X , n) is finite for
n /∈ [1, d + 1] or i /∈ [n, n + d + 1]. The result follows in this case. (We
have not used that Y is a divisor with normal crossings.)

Next, the usual purity argument shows by induction on d that, given
a smooth variety V of dimension d over Qp and an open subset U ,
theorem 5 a) holds for V if and only if it holds for U . In particular,
theorem 5 a) is true for open subsets of semi-stable smooth projective
varieties.

Now assume X smooth, and let X be a flat model of X over Zp.
By de Jong [11], there exists an alteration X1 → X with X1 an open
subset of a strict semi-stable variety over a suitable finite extension O

of Zp. In particular, X1 → X is an alteration, where X1 is the generic
fibre of X1, and X1 is open in a strictly semi-stable smooth projective
variety over the field of fractions of O. Then the first two steps show
that theorem 5 a) holds for X.

The case X arbitrary is dealt with exactly as in the proof of theorem
2, except that things are now simpler as one may use resolution of
singularities instead of de Jong’s theorem.

b) is proven exactly as theorem 3 a), and c) follows from b) by the
corresponding duality:

Hc
i (X, µ⊗n

m ) × H i+2
c (X, µ⊗n+1

m ) → Z/m.

Finally, d) follows from a) and purity. 2

Remark 6. For X of finite type over Fp or Qp, the group H i(X, Ql(n))
for l 6= p vanishes exactly when H i(X, Ql/Zl(n)) is finite. This is
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obvious from the exact sequence

H i(X, Zl(n)) → H i(X, Ql(n)) → H i(X, Ql/Zl(n)) → H i+1(X, Zl(n))

and the fact that the groups H∗(X, Zl(n)) are finitely generated Zl-
modules. Similarly for Borel-Moore homology and cohomology with
proper supports.

(For continous étale cohomology in general, see [9]; here, finiteness
theorems for étale cohomology with finite coefficients cause that the
näıve definition with inverse limits works fine – similarly for Borel-
Moore homology and cohomology with proper supports.)

Theorem 7. Let X be smooth projective of dimension d over Qp. Let
G = Gal(Q̄p/Qp) and X̄ = X ×Qp

Q̄p. For j = 0, 1, 2 and l 6= p, the
group Hj(G, H i−j(X̄, Ql(n))) is 0 in the following cases:
j = 0:

1) n /∈ [0, d].
2) i /∈ [n, n + d].

j = 1:

1) n /∈ [0, d + 1].
2) i /∈ [n, n + d + 1].

j = 2:

1) n /∈ [1, d + 1].
2) i /∈ [n + 1, n + d + 1].

Proof. By Hard Lefschetz, the Hochschild-Serre spectral sequence

Ha(G, Hb(X̄, Ql(n))) ⇒ Ha+b(X, Ql(n)))

degenerates [6]. Applying theorem 5 a) and remark 6, we get the
estimate Hj(G, H i−j(X̄, Ql(n))) = 0 at least in the cases

1) n /∈ [0, d + 1]
2) i /∈ [n, n + d + 1].

Let L be the class in H2(X̄, Ql(1)) of an ample line bundle on X.
The Hard Lefschetz isomorphisms are G-equivariant isomorphisms

H i−j(X̄, Ql(n)) ' H2d−i+j(X̄, Ql(n + d − i + j)).

(For i − j ≤ d, the isomorphism is given by cup-product by Ld−i+j;
for i − j ≥ d, it is given by cup-product by Li−j−d.) We therefore get
that Hj(G, H i−j(X̄, Ql(n))) = 0 also in the cases

1) n + d − i + j /∈ [0, d + 1]
2) 2d − i + 2j /∈ [n + d − i + j, n + 2d − i + j + 1]

or

1) i /∈ [n + j − 1, n + d + j]
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2) n /∈ [j − 1, d + j].

Theorem 7 follows. 2

Remark 8. I don’t know how to extend the results of theorem 7 to
(co)homology with (Q/Z)′-coefficients in the vein of the previous the-
orems, i.e. proving the finiteness of the corresponding groups in the
range of theorem 7. (Theorem 7 only gives that the corresponding
groups are possibly infinite direct sums of finite Zl-modules.) This
would depend on the following statement: for any i ≤ d, the kernel
and cokernel of the map

H i(X̄, n)
Ld−i

−−−→ H2d−i(X̄, n + d − i)

are of finite exponent. For this, it would suffice to know that the kernel
and cokernel of the corresponding map with Zl coefficients has kernel
and cokernel killed by an integer independent of l. For the kernel, this
is an immediate consequence of Hard Lefschetz and Gabber’s theorem
[7]. For the cokernel, one may examine how much of the proof of Hard
Lefschetz by Deligne [5, (4.1)] goes through with Zl coefficients. This
proof contains the following ingredients: replacing L by an integral mul-
tiple of L – this is independent of l; weak Lefschetz – this works with Zl

coefficients; loc. cit. (4.1.3) which describes the image of Hd−1(X̄, Ql)
into Hd−1(Ȳ , Ql) where Y is a smooth hyperplane section of X – this
works with Zl coefficients by loc. cit. (4.3); and finally the semisim-
plicity of a certain monodromy action on Hd−1(Ȳ , Ql). If one replaces
Ql by Zl in the latter group, one is led to wonder whether the index
of the direct sum of the intersections of the image of Hd−1(Ȳ , Zl) into
Hd−1(Ȳ , Ql) with the isotypical components of the monodromy action
into this image is bounded by a constant independent of l. Analysing
the proof of [5, th. 3.4.1] (loc. cit. , (3.4.5)), this seems to be a problem
of proving that the characteristic polynomial of the action of Frobenius
on some Ext group is independent of l. This Ext group depends on
an open subset of P1 (see [5, proof of lemma (3.4.3) and (4.1.3)], so
maybe it is feasible in this special case?

4. Jannsen’s conjecture

In [10], Jannsen proposes the following conjecture:

Conjecture 9 (loc. cit. , conj. 3 and remark 5). With assumptions
and notation as in theorem 7, the group H0(G, H i(X̄, Ql(n))) is 0 for
n < 0 or i < 2n.

As pointed out by Jannsen, this conjecture would follow from the
monodromy conjecture [10, pp. 342–343]. Theorem 7 proves part of it
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unconditionally. What does it imply for the vanishing of H∗(X, Ql(n))?
By theorem 5 a), we may assume n ∈ [0, d + 1]. First, since
dim H0(G, H i(X̄, Ql(n))) = dim H2(G, H i(X̄, Ql(i+1−n)) [10, lemma
11 a)], we get the estimate H2(G, H i−2(X̄, Ql(n))) = 0 for i > 2n.
Next, since the Euler-Poincaré characteristic of G is 0, we have

dim H1(G, H i−1(X̄, Ql(n)) =

dim H0(G, H i−1(X̄, Ql(n)) + dim H2(G, H i−1(X̄, Ql(n))

for any (n, i). However, even taking the estimates of theorem 7 into
account, one sees that conjecture 9 does not add any refinement to the
bounds in theorem 5 a).

5. An open question in weight 0

For X smooth connected over Fp and l 6= p, the cohomology groups
H i(X, Ql) are very simple: they are 0 for i > 1, isomorphic to Ql

for i = 0, 1, and moreover, cup-product by e ∈ H1(Fp, Ql) gives an

isomorphism H0(X, Ql)
∼

−−→ H1(X, Ql) (theorem 1 and remark 6).
This is not true anymore when X is not smooth. It would be highly

desirable to understand the groups H∗(X, Ql) better, in terms of the
singularities of X, and for applications to smooth varieties over Qp.
We shall simply make an elementary step in this direction.

Let Sm be the category of smooth Fp-schemes of finite type, Sm0 the
full subcategory of smooth schemes of dimension 0 and Sm•, Sm0

• the
corresponding categories of simplicial schemes. The inclusion functor
Sm0 → Sm has a natural retraction

π0 : Sm → Sm0

X 7→
∐

i∈I

Spec ki

where I is the set of connected components Xi of X and, for all i, ki

is the field of constants of Xi. There corresponds to it a functor

π0 : Sm• → Sm0
•

which is a section of the natural inclusion. We may view Sm0
• as the cat-

egory of simplicial G-sets finite in each degree, where G = Gal(F̄p/Fp).
Let Y• → X be a smooth simplicial resolution of X [4]. There is a

spectral sequence

Ep,q
1 = Hq(Ȳp+1, Ql) ⇒ Hp+q(X̄, Ql)

where¯denotes the geometric fibre. Tracing the Frobenius action, one
sees that the weight 0 part of Ep,q

1 is precisely Hq(π̄0(Yp+1), Ql). Hence
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the spectral sequence yields an isomorphism

H∗(π̄0(Y•), Ql) ' H∗(X, Ql)(0)

where the index (0) denotes the weight 0 part. In particular, the ra-
tional homology type of the simplicial G-set π0(Y•) only depends on
X.

Question 10. Is it true that the homotopy type of π0(Y•) only depends
on X, at least when we restrict to simplicial resolutions Y• constructed
from alterations?
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