ALGEBRAIC COBORDISM OF SIMPLY CONNECTED LIE GROUPS

NOBUAKI YAGITA

ABSTRACT. Let G¢ be the algebraic group over C corresponding a simply connected Lie
group G. The algebraic cobordism Q(Gc) defined by Levine and Morel is showed isomor-
phic to MU*-subalgebra of MU*(G) with some modulous and is computed explicitely.

1. INTRODUCTION

For a smooth algebraic variety X over a field k of ch(k) = 0, recently Levine and Morel
[L-M 1,2] defined the algebraic cobordism Q*(X) such that Q*(X) ®q« Z = CH*(X) ; the
Chow ring of X and that there are maps

QF(X) LML, MGLP(X) Y MU*(X)

where MGL?***(—) = &; MGL?"*(—) is the motivic cobordism theory defined by Voevodsky
[V 1] and MU*(—) is the usual complex cobordism theory.

Let G be a simply connected Lie group and G¢ the corresponding reductive algebraic
group over C ; the complex number field. Let T be the maximal torus of G and 7 : G — G/T
is the projection. By Grothendieck and Kac [K], it is known

CH*(Ge) 2 n*(H*(G/T)).
We study the cobordism version of this result. Fix a prime p. Recall Q* =2 MU* 2 Z|xy, ...]
with |z;| = —2i and identify v; = x,i_;.

Theorem 1.1. Let I = (p,v1,...) be the invariant prime ideal of MU*. Then we have the
isomorphism Q*(Ge)/I? =2 o*(MU*(G/T))/I?.

The above isomorphism seems to hold without 12, however we can not prove it now.

By Borel theorem, we can write H*(G;Z/p) = P(Yeven)/D @ AMZodq) where P(Yeyen) is
a truncated polynomial algebra of even degree generators yeypen and A(x,qq) is the exterior
algebra of odd degree generators x,q4. When p = 2 we take yeypen as a power of some Zyq4.
Then the result of Grothendieck and Kac [K] is stated as

OH*(G(C)(;D) = P(yeven)/p-

Let @; be the Milnor primitive operation inductively defined by @Q; = [Q;-1, Ppifl] and
Qo = B3; the Bockstein operation. It is known that Q;(2odd) € P(Yeven)/p for all i > 0.

Theorem 1.2. There is an *-algebra isomorphism

Q*(GC)/I2 20" ® P(yeven)/(IQv ZviQi(Iodd))-

i
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For all simply connected simple Lie groups, more explicit forms of this theorem are shown
in Theorem 5.1-5.4.

As for motivic cobordism theory MGL**(G¢), we do not know well. Indeed, even
MU*(G)(p are quite complicated and unknown, in general. Let MGL/p** be the mod
p motivic cobordism theory defined by the cofibering

MGL -2 MGL — MGL/p

in the stable A!-homotopy category. Let MU/p*(X) = MU*(—;Z/p) the mod p complex
cobordism theory defined similarly.

Theorem 1.3. Let G be a simle Lie group in Case I in §5, e.q., G = Fy, Eg, E7 for p = 3.
Then we can give bidegree to MU /p*(G) such that degree of its MU*-algebra generators are
(2n,n) or (2m — 1,m) for n,m >3, and that

MU/p*(G) ¢ MGL/p"*(Gc).

In §2, we recall the definition of the algebraic cobordism ©*(X) and the relation to the
complex cobordism MU*(X). We also remark the BP-version of *(X). In §3, we note

that Theorem 1.1 holds if 7* MU*(G/T) = MU*(G/T)/Ideal(i* MU (BT)). Here
¢ - G/T —~— BT.

is the usual fibering. In §4, we will prove the above isomorphism mod(I?) with some as-
sumption of the Milnor operation @Q; on H*(G;Z/p). Here we use the spectral sequence for
connected Morava K-theory (or other cohomology theories)

EY* = H*(BT; k(1)*(G)) = k(1)*(G/T).

Indeed, EZ° shows the image i*k(1)*(BT). In §5, we check the condition of @, for each
simple Lie group which has p-torsion, and consequently we see Theorem 1.1. Explicit results
of Q*(Gc)/I? also given here. In §6, we give examples of computations of the above spectral
sequence for the easy cases G. In §7, for this type group G, we also study the motivic
cobordism MGL/p**(G¢). The last section is very short remark for classifying spaces BG.

2. ALGEBRAIC COBORDISM

By extending the arguments by Quillen [Q], Levine and Morel defined the algebraic
cobordism theory Q*(—) as the universal theory in theories having transfers and Chern
classes [L-M 1,2] ( We say that h*(X) is a theory having transfers and Chern classes if this
theory satifies the actioms A1 to A4 in [L-M 1]). Here we note that Q*(—) is not cohomology
theory. The ring Q*(X) is constructed as

QX)) ={[f : M — X]}/(relations).

Here f is a map from a smooth variety M to X of pure codimension, namely, dim ¢, (X) —
dimy (M) is constant for all y in the same connected component of M. Relations are given
so that we can define Chern classes or formal group laws ( for details, see [L-M 1]). Given
theory h*(—) having transfers and Chern classes, the map

pr (=) = h* (=)
is defined by pn([f : M — X]) = f«(1ar) where 157 € h°(M) represents the identity element.

Let H**(—) (resp. MGL**(—), MU*(-), CH*(-), H*(—)) be the motivic cohomology
theory defined by Suslin and Voevodsky (resp. the motivic cobordism theory, the complex
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cobordism theory, the Chow ring, the usual cohomology theory). Then we have commutaive
diagram

Qf(X) ZMEE, MGLPH(X)  —B MUA(X)

| | ‘|
O (X) L9, CHA(X) =2 H2*(X) —2 5 H*(X)

where p?**, p* (resp. tm,ty) are Thom maps (resp. realization maps.) Levine and Morel
proves that

tapmar QU (pt) =2 MU (pt) 2 Zlxy, xo,...] with |z;| = —2i

and PCH PO+ 7 Q*(X) R 4 = CH*(X)

Moreover they conjecture that pyrqr are always isomorphisms.

For the loaclized theories h*(—) ), we can consider the B P-version by using the universal
p-typical formal group laws. However we construct here the BP-version using the Novikov’s
technique (5.4 in [N]). Given a sequence a = (a1, as, ..),a; > 0, recall the Landweber-Novikov
operation is defined by

Sa(f«(Inr)) = filca(Ny))  for [f: M — X] € Q°(X)

where co(Ny) is the Chern class of the normal bundle of f(M) in X so that S, in MU*(X)
is the usual Landweber-Novikov operation. This operations satisfy the Cartan formula
Sa(zy) = Xa=p+~,58(x)S,(y) for z,y € Q*(X). Define an operation

Ay, = Sg>1(2i/Sa, (€))7  Sga, -

Note that A, (z;) = 1 and Sa, (z;) # 0 mod p if i # p’ — 1. Then we can easily prove that
m = 1 —x;A,, is a multiplicative projection such that m;(x;) = (1 — d;;)x;. Essentially
composing (for details, see p587 in [N]) m; for all i # p/ — 1, we get the multiplicative
projection ® : Q*(—) ) — Q*(—) () such that
;) = {xl (if :;?j —1 for some j)
0 (otherwise)

Define the algebraic Brown-Peterson theory
Qpp(X) = Im(Q(Q2" (X)) € (X))

Hence if h*(—) is a theory having transfers and Chern classes, then there is the natural map
PBPh - QEP (X) — h* (X)(p) compatible with Ph(p)-

Lemma 2.1. Identifying Qpp = MU(*p)/(:ciﬁ # p?—1), we have the isomorphism Q% p(X) =
Q*BP ®Q(*p) Q*(X)(p).

Proof. Since 7y, (a) = (1 — 2;A,,)a = a mod(z;), we see ®(a) = a mod(x;|i # p? — 1) for all
a € Q*(X)( (I

p)*

In this paper we mainly consider Q*(X)(,) but not Q%,(X). However we use notations
Uy = Tpi_q € Q?p) for ease of expressions.
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3. LIE GROUP AND ITS MAXIMAL TORUS

Let G be a simply connected Lie group and G¢ the corresponding reductive algebraic
group over C. Let T be the maximal torus of G. then we have the fibering

3.1) G —— G/T —~— BT = ET/T.
Taking BT = colimpy—oo (AN — {0})*"/(G,)"), we get the maps of algebraic groups
Gc _re Ge/Tc — BT.
If an algebraic variety X has a cellular decomposition,i.e., X = X, D ... D Xy with
X; — X;—1 = UA™J where A" is the affine space of dim = n;;, then the Chow ring is
isomorphic to the ordinary cohomology i.e.,CH*(X) = H*(X) and moreover MU*(X) =

MU* @ H*(X). Hence these facts hold for X = G¢ and BTg.
From Grothendieck and Kac [K], it is known that

(3.2) CH*(Gc) 2 Im(r*: H*(G/T) — H*(G)).
Lemma 3.1. Let ]\/fU*(—) be the reduced MU*(—) theory. If there is the isomorphism
™ (MU*(G/T)) = MU*(G/T)/(Ideal(i* MU (BT)),
then we have
MGL**(Gc) D Q*(Ge) = 7" (MU*(G/T)).
Proof. Consider the diagram

*
Uy

Q' (Ge) " Q(Ge/Tic) ——  Q*(BT)
m| @ | ®|
MU*(G) <MY MU(GT) <2 Mu*(BT).
where (1),(2),(3) are maps induced from tpyppper. For X = G/T, BT, we already know

that MU*(X) @ MU*® H*(X) 2 MU* ® CH*(X). Hence (2) and (3) are isomorphisms.
While the rows are not exact, we get the map

Q" (Ge) sl MU*(G/T)/(Ideal(i’MUMU*(BT)))

where 7* is induced from 7{(2)~!. Tensoring ®q+Z, we have
CH*(G) = (G) ®qe " 2v+?

(MU*(G/T)/(Ideal(ir)) @mu~ Z = H*(G/T)/(Ideal(i%;)).

By Grothendieck and Kac theorem the above map is epic. Hence 7* itself also epic. From
the assumption of this lemma, we get Im(ny,;) = MU*(G/T)/(Ideal(i})). Hence the
map 7* is an isomorphism.

Since (1) = tyupmar is injective, the map parar is a split injection. O
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4. BP*(G/T)/Ideal(i*(BP"(BT))

In this section, we consider Q5 p(Ge) or Q*(Ge)(p). Moreover we study BP*(G) instead
of MU*(G)py- Let G be a simply connected Lie group. By the Borel’s therorem, we have
the ring isomorphism for p odd

(41) H*(G:Z/p) = P(y)/p® Awr,.oz))  with Ply) = Zlyr, il /0F 0] )
where |y;| = even and |z;| = odd. When p=2, the righthand side is isomorphic to grH*(G; Z/2)
and for each y;, there is z; with z? = y;. By Grothendieck and Kac [K], we know that

(4.2)  CH"(Gc)/p= Py)/p.
Consider the spectral sequence induced from the cofibering (3.1)

(4.3) Ey" =H"(BT;H"(G;Z/p)) = H"(G/T;Z/p).

The cohomology of the classifying space of the torus is
H*(BT) 2 Zlty, ..., t] with  |t;| =2

where [ is also the number of the odd degree generatos zj in H*(G;Z/p). It is known that
there is a regular sequence (b1, ..., b;) in H*(BT)/p such that d|;, 41 (z;) = b;. Thus we get

(4.4) H™(G/T;Z/p) = P(y) ® Z/pltr, ... ] /(by, ., bu).

Recall the connected Morava K-theory k(n)*(—) with the coefficient k(n)* = Z/plv,].
Then the usual Morava K-theory is K (n)*(X) = [v,, 1]k(n)*(X).

n

Since H*(G/T') has no torsion, we get the BP*-modules isomorphism
(4.5) BP*(G/T)= BP* ® P(y) @ Zt1, ..., t1]/ (b1, ..., by)
where b; = b; mod(p). However note that this is not a BP*-algebras isomorphism. (The
righthand side above is isomorphic to grBP*(G/T).) We also note k(n)*(G/T) = k(n)*®pp+
BP*(G/T) and
(4.6) k(n)"(G/T) = k(n)" ® P(y) @ Z/p[t1, ..., t1]/ (b1, ..., br).
We want to study the spectral sequence
(4.7) Ey" = H*(BT;k(1)*(G)) = k(1)*(G).

Let p : k(n)*(X) — H*(X;Z/p) be the natural (Thom) map. Let us write by X*
the s-skeleton of X. Recall also @; is the Milnor primitive operation inductively defined by
Qi = PP Qi1 —Q;_1 PP where P* are reduced power operations and Qo = 3; Bockstein
operation. Here we recall lemmas related about relations between BP*-modules structure
of BP*(X) and Q;-acotions on H*(X;Z/p).

Lemma 4.1. ([Y 1]) Let ), voyn = 0 € BP*(X). Then there is x € H*(X;Z/p) such
that Qn () = p(yn)-

Lemma 4.2. Forxz € H*(X;Z/p), there isy' € k(n)*(X) with Q,(z) = p(y') and vy’ = 0.
Conversely if v,y = 0, then there is x with Qn(z) = p(y’).

Proof. There is the Sullivan-Bockstein exact sequence
k(n) (X) —— k(n)"(X) —— H*(X:Z/p) —— k(n)"(X) —2—

Since pd = Qn, if Qnz =y , then §(x) =y’ is v,-torsion. Conversely if v,y’ = 0, then there
isx € H*(X;Z/p) with §(z) =y and Q,(z) = p(v/'). O
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Lemma 4.3. Let F — E 25 B be a fiber bundle such that H*(B) is a p-torion free
simply connected space. In the Serre spectral sequence converging to H*(E;Z/p), let 0 #
y € H*(F;Z/p) and 0 # b € H*(B;Z/p) such that if Qnx =y, then d,.(x) = b and that
there exists such x € H*(F;Z/p). Then there are y' € k(n)*(F) and b’ € k(n)*(B) such
that p(y') =y, p(b') = b and

vy =N, AN#£0€Z/p in k(n)*(p B
Proof. Let B’ = BI’l=! and E' = p~'(B’). Consider the Serre spectral sequence

Ey" = H"(B'H*(F;Z/p)) = H*(E"; Z/p).
Since dyx = b =0 € H*(B'), there is x € H*(F’'; Z/p) with Q,x = y. This means there
exists vy’ = 0 in k(n)*(E’).

On the otherhand, let B” = Bl’I=1 U, and E” = p~'B” where e, is the normal cell

representing b. Then d,x = b # 0 and there is no element x € H*(E";Z/p) with Qn,z = p(y).
From Lemma 4.2, we get v,y # 0 € k(n)*(E") and have this lemma. O

Remark (4.8). Lemma 4.1 and Lemma 4.2 are also hold for n = 0 replacing k(0)*(—) =
H*(—) : the integral cohomology and vy = p, A # 0 mod(p).

The Q; actions on H*(G;Z/p) are quite restrictive. We consider the following assumption.

Assumption (4.9)

(A1) if i # j, then |z;| # |z;].

(A.2) Qrax; € P(y) for all k,i and if Qrz; # 0, then Qox; = y; or, Qox; = 0 and
Q1x; = y;» for some ¢".
The above assumptions are satisfied for all simply connected simple Lie groups except for
p = 2, Spin(n), Es. However quite similar conditions also hold for these cases. (We will
expain these in the next section.)

Lemma 4.4. Assume (A,1),(A.2). Then BP*(G/T)/Ideal(i*(BP" (BT)),12)) is a quotient
ring of BP* @ P(y)/(I%,(1),(2)) where
(1) pyi=0 mod(vy,...) if Qoxi=1y;
(2) ny; =0 mod(ve,...) if Qizy =y; but Qoxj =0.
Proof. First note that from (4.5) , the BP*-algebra is a quotient of BP*®P(y). Recall in the
spectral sequence (4.3), d,(x;) = b; and Qo(x;) = y;. Letting F = G,G/T = E,B = BT,
from Remark (4.8), we know
py; = 1" (b;) in H*(G/T)= BP*(G/T)/(v1,v,...).

From (4.5), we have py; + Y vpa, € Ideal(i*(BP" (BT)) for a, € BP* ® P(y). Hence the
relation (1) containd in Ideal(i*(BP" (BT)).

Let Qizy = y;. Recall by = d|,,|41(wi) in the spectral sequence (4.3). From Lemma
4.3, we already know in k(1)*(G/T)

(*)  wvyi=Mp4+b0 NA0€Z/p, b e ElbvIHlx
Since by = 0 in H*(G/T;Z/p), we know b’ = 0 mod(v1) in k(1)*(G/T). Here we recall all
elements are represented as in (4.7). Hence we can write
b =vid(y) +v1g with d(y) € P(y), g € I(t) = Ideal(ty, ..., t;) C k(1)*(G/T).

Let B/ = p~'G/T'®"I. Since V/ € Bl ,we see b’ = 0 € k(1)*(E’). Hence there is
x € H*(E';Z/p) such that Q1(x) =V /v1 = d(y) + g. But if ¥’ # 0 € k(1)*(G/T), then x
does not exist in H*(G/T;Z/p), namely, the corresponding element x in E5"* of (4.7) is not
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a permanent cycle. In particular if d(y) # 0, then z # 0 € H*(G;Z/p) but |z| = |zi| and
there is no differential d,(x) # 0 for r > |z;/| + 1 = |by| ; this is a contradiction. Hence we
get b’ € I(t) and so vn1y; € I(t).

Let Qoxzy = 0 and Q124 = y;. From (*), we get in BP*(G/T),

vy = Ay + 8+ pf(y) +pb" mod(p®,ve,vs, ...),
where by = by mod(p), o' = b mod(p), f(y) € P(y) and b" € Ideal(ty,...,t;) C BP*(G/T).
But f(y) = 0 mod(p?) otherwise Qozis = —f(y) # 0 from Remark 4.8. . Thus we get (2) is
contained in Ideal(i*(BP" (BT)). 0
Lemma 4.5. Assume (A,2). The image ©*BP*(G/T)/I? is isomorphic to
BP*® P(y)/(I% (1), (2) in Lemma 4.3).
Proof. Suppose that there is a relation in 7* BP*(G/T)/I?
(%) vy =0 mod(I? vpy1,...) with y € P(y).

From Lemma 4.1, there is € H*(G;Z/p) such that Q,z =y and Q;(z) = 0 mod(I?) for
j <n.Let H*(G;Z/p) = ®sXs where X is the free P(y)-module generated by monomials
Tiy ..., Since all Q;(z;) € P(y) from (A.2), we know that Q; : Xs — X,_1, In particular,
we can write z = . u;z;, u; € P(y). Then we have the relation (mod(I?),vp41,--.))

Zuj Z(Uka(CCJ)) = ka ZUJQk(IJ)
J k k j
= kaQk(Z u;T;) = kaQk(x) = Uny.
k J k

Thus we can express the relation type (*) by taking (1),(2) in Lemma 4.3. By the induction
on n, we can prove the lemma. |

From Lemma 3.1. the following corollary is immediate.

Corollary 4.6. If (A.1),(A,2) are satisfied for simply connected Lie group G;, 1 < i < n,
then the product G = Gy X ... X Gy, satisfies Theorem 1.1 in the introduction.

Proof. Let T; be the maximal torus of G;. Since G;/T; and BT; are torsion free, we see
BP*(B/T)/Ideal(i*) = ®Bp*BP*(Gi/Ti)/(Ideal(Z i7)).

Hence the result of Lemma 4.4 holds for this G.
On the otherhand (A.2) is satisfied also in H*(G; Z/p) =2 @ H*(G;;Z/p). Hence Lemma
4.5 also holds. Thus we get Theorem 1.1 from the mod(I?) version of Lemma 3.1. O

5. SIMPLE GROUPS

We study simple groups. The simple Lie groups which have p-torsion in H*(G) are divided
to the following cases.
CaseI. The (G, p) are the exceptional Lie groups (Ga, 2), (Fy, 2),(Fs, 2), (Fy, 3),(Es, 3),(E7,3)
and (Es, 5).
Case I1. (Es, 3).
Case III. The cases (E7,2), (Es, 2).
Cases IV. The classical cases (Spin(n),2).
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Case I.  We at first study k(1)*(G) for the groups (G, p) in Case I. The ordinary mod
p-cohomology is written

H*(G;Z/p) = Z/plyl/ (") @ Az1, 22, .0 71)

where |x1| = 3, |z2| = 2p+1, Jy| = 2p+2, Q121 = Qox2 = y. In this case k(1)*(G) is known.
Consider the Atiyah-Hirzebruch spectral sequence

By = H*(G:k(1)") = k(1)"(G).
Th only nonzero differential is dap—1(2) = v1 ® Q1(z). Thus we can prove
K(1)*(G) = (k(1)*[y)/ (47, v1y) © k(1) {2y }) @ Maz, ..., 1)
Moreover, BP*(G) is computed in [Y2],
BP*(G) = (BP*®@P(y)/(py, v1y) ® BP™{w1, w2}/ (pwi+viwz2) ©BP* {2}, 2" }) @ A3, ...21).

Here wy = 19?7, we = z2yP™ Y, ) = pry and 2" = z122yP~ ! in the Atiyah-Hirzebruch
spectral sequence converging to BP*(G).

Of course this case satisfies (A,1),(A,2) in §4. Moreover it is easy proved that Corollary
4.6 holds without modulo(I?) for all products of Lie groups of Case I.

Theorem 5.1. For the group (G,p) in Case I, we have the isomorphism
Q(G) ) = QMyl/ (py, v1y, y").
Case II. Let (G,p) = (Es,3). The mod 3 cohomology is

H*(Es; Z/3) = Z/3ys, y20]/ (43, ¥30) © A3, 7,215, 219, )
where the suffix means its degree,i.e., |ys| = 8. The Minor operations are
Qix3 = Qoxr = yg, Q273 = Q1715 = QoT19 = Y20

and Q;x; = 0 for other 7, j. From this we have relations,e.g.,
v1Ys + v2y20 = 0, v1y20 = 0.

We easily see the conditions (A,1),(A,2). The BP*(FEjg) is computed ([M],[Y 3]). We also
get the result without mod(I?), however for BP*(Es x Eg) I can not show the result without
mod(I?).

Theorem 5.2. Then Theorem 1.1 holds for (Es,3) without mod(I?) ,i.e.,
Q(Es)3) = Q*[ys, y20]/ (3ys, 3Y20, Y3, Y30, V1Ys + V2920, V1Y20)-

Case III.  (Er,2), (Es,2).
The mod 2-cohomology of Eg is

H*(Bg; Z/2) = Z/2[w3, w5, 79, 215) / (23°, 75, 29, 275) @ A(w17, 223, Ta7, T29),
and H*(E7;Z/2) = H*(Fs; 7/2)/ (24, 23, 235, 29).

Let us write yo; = 27 if it is not zero. The Q;-actions are completely determined by Hunton-
Mimura-Nishimoto-Schuster. We have for example, [H-M-N-S], [M-N]

Q123 = Qoxs = s, Qozy = Y10 Q1715 = QoT17 = Y18,
Q2723 = Q1227 = QoT29 = Y30
with 0 = Qo3 = Qoz1s = Qoxar, 0= Qox23 = Q1%23.

(Of course there many other nonzero operations , e.g., Qa3 = Y10, Q33 = y1s-.)
Assumption (A.2) holds except for Qpxes = Q12235 = 0 but Q2223 = ys0.
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If there is a relation in BP*(X)/I?
UnGp + Upg1Gp41 + ... =0 an # 0,

then we say it the relation starting with v,a,. For example, the relations in BP*(FEg)/I?
starting with 2yg, v1ye are

2y6 + v2y + vyt = 0,  v1Y6 + vay10 + vsy1s = 0.
Theorem 5.3. The cases p =2 and G = Eg, FE7 satify Theorem 1.1 ,e.g.,
(1) Q*(Es) /I = Q*[y6, y10, Y18, Y30) / (U5 Yo, Yiss Y30, B I7)

where R is generated by relations starting with
2y6, v1Y6, 2Y10, 2Y18, V1Y18, 2Y30, V1Y30, V2¥30,
(2) QN (Er)/I* = Q" (Es)/ (1%, y5. yio, yso)-
Proof. We will prove only for G = Eg but E7 is much easier. Note that the product
i Gx G — G induces the coproduct p* : BP*(G) — BP*(G x G), which is not isomorphic
to BP*(G) ® pp- BP*(G). Since y; is primitive in H*(G;Z/2), we can write in BP*(G x G)
py) =y 01+10y +a with a € I = (2,v1,..).

Hence yfk, k > 1 is always primitive mod(I?). Conversely mod(I?) primitive elements are

of the form yi%/, k' > 0 and z;. By the dimensionl reason, we see y§ = 0, y{, = 0,...
The part which does not satify (A,2) is come from

Qoz2z = Q1723 =0, Q2723 = Y30.

Here we do k(2) version of the proof of Lemma 4.4. Letting y; = yso and z;; = x93, we can
take in k(2)*(G/T), vay; = by + b’ same as (*) in the proof of Lemma 4.4. All arguments
work similarly and we get the theorem. O

Case IV ; classical group cases.
We first consider the orthogonal groups G = SO(m), while these are not simply connected.
The mod 2-cohomology is written as ( see for example [N])

grH*(SO(m); Z/2) = A(x1, 22, ooy Typ—1)

. . . . 2 . 2
where the multiplications are given by x5 = z25. We write ys(oqq) = ¥4, Hence we can
write

H*(SO(m); 2,/2) = Z,/2[yaiyo|2 < 4i +2 < m — 1]/ (551,) © Az, 3, ...)

where s(i) is the smallest number such that 25() (45 + 2) > m.
The @;-operations are given by Nishimoto [N]

anodd = Iodd-HQn\- aneven = Qnyeven =0.
We note the operations
Qoz1 = Y2, Q172(0ad)—3 = Q0T2(0dd)—1 = Y2(0da) 1f (odd) > 1.

/ / /
Take new generators i, 1 = Tam—1 + T2m—1Y2m, Yamie = Yam+2 + Y2mi2Y2ms Thpi1 =
Toam+1 + Tom+1Y2m SO that

Qo(xﬁlmfl) = Oa Ql(xﬁlmfl) = QO(zilerl) = yflm+2'
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Thus we see that the assumption (A.1),(A,2) are satisfied and Theorem 1.1 holds for G =
SO(m). Relations are given by

Z UnQn(xodd) = Z ’Unxodd+\Qn\ =0 mod(I2)

For example, the relations in BP*(SO(m))/I? starting with 2y and v1 (ys + y3)
2y6 + v1y5 + v2yg +vsyio + .. =0,

v1(ys +45) + v2(y10 + ¥3) + v3(y1s +y5) +valysa +937) + ... =0

Next consider the case G = Spin(m). Let 27! < m < 2!, Then the mod 2-cohomology

is
H*(BSpin(m); Z/2) = H*(BSO(m); Z/2)/(y2) © A(2)
with |z| = 2¢ — 1. Here this element z is defined as following. Consider the spectral sequence
Ey™" = H*(BZ/2; H*(Spin(m); Z/2)) = H*(BSO(m);Z/2)

induced from the cofibering Spin(m) — SO(m) — BZ/2. Let x € H*(BZ/2;7/2) be the
genrator. Then z is defined as an element with dy:(2) = 22"
H*(SO(m);Z/2).

The @;-actions of z are also given by Nishimoto [N]

Qoz = Z L2;L25

ij=2t—1 i<

since this element is zero in

2t=249n—1_1
Qnz = Z Z2iTot on+1_o_ o for n>1
i=2n+1
It is immediate @,z € P(y) and decomposable as a product of generators xcyen -
Theorem 5.4. The groups G = SO(m), Spin(m) satisfy Theorem 1.1. There are 27, -
algebra isomorphisms

(1) Q(SO(m))/I? = O [yaiya|2 < 4i +2 < m — 1]/ (R, v 5, 1)
where R = {relations starting with 2ysi+2, v1(y2:iY2i+2 + Yair2) for Yaj = ygj}
(2)  Q*(Spin(m)/I* = Q*(Spin(m))/(y2, Y 1aQn(2), I?)

Proof. Let G = Spin(m). To see the results of Lemma 4.4, Lemma 4.5, we need to see that
the relation

> vnQu(z) =0  in BP*(G)/I”
comes from an element in Ideal BP*(G/T).

Let b, € H*(BT;Z/2) be the element with d|.|;1(2) = b, in the spectral sequence
converging H*(G/T;7Z/2). There are many elements z € H*(G;7Z/2) such that Q,z = Qnz.
Let us write £ = Y fodd(¥)Toda With foaa(y) € P(y)/2. Recall that Q,,z is the decomposable
element for generators Teyep, from the result of Nishimoto. Hence we need only consider the
cases |foad(y)| > 0, namely, |z,qq| < [2]. Since d|4,,,|+1(2oaa) 7# 0, this element disappears
in H*(p~Y(G/T*=1-1); Z/2) from |zoqq| + 1 < |2| +1 = |b.].

For each n, we consider the spectral sequence

H*(BT; k(n)*(G@)) = k(n)*(G/T).
By the arguments similar to the proof of Lemma 4.3, we get
(*)  vaQn(2) =b, + b, b, € Bl
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Moreover the arguments similar to the proof of Lemma 4.5, we can see that b}, = v,b/, and
by e I(t).
Let us write
> vnQn(z) —b: =Y vna,  in BP*(G/T)/I”.
Considering above equation in k(n)*(G/T), we have a,, = bl mod(2,v1, ..., Op, ...). Hence we
have Y v,Qn(2) + b, € I(t) mod(I?) i.e., the sum Y v,Qn(2) itself in I(t) modulo I2. O

From Theorem 5.1- 5.4 and Corollary 4.6, we get Theorem 1.1, and moreover we explicitely
know Q*(G)/I? for all simply connected Lie groups ( and orthogonal groups).

6. EXAMPLE FOR THE SPECTRAL SEQUENCES
In this section, we give examples for spectral sequences for groups G in the most easy
case Case I. We consider the spectral sequence
(6.1) E(h)y" = H*(BT;h"(G/T)) = h*(G/T)
for homology theories, h = HZ/p, HZ, HQ, k(1), K (1), BP(1). Since G/T has no torsion,
in any h we know that
(6.2) h*(G/T)=h* @ P(y) @ P'(t)/ (b, ..., bn) where P'(t) = Z[t1, ..., t].
First recall the case h = HZ/p, the cohomology is h*(G;Z/p) = P(y)/p ® A(z1,...27).
The diffirentials are d|,,|4+1(7;) = b; and we still know
(6.3) E(HZ/p)s = P(y)/p® P(t)/ (b1, ... br).-
Hereafter we restrict ourself for Case I. This case P(y) = Z[y]/(y*) and Q121 = Qoz2 = y.
Next we consider the spectral sequences for Morava K-theories. First recall again
k(1)"(G) = (Py)" /p® k(1)"Az1y" ™)) @ A, ... 21).
We also note that BP*(G;Z/p) = BP* @1y« k(1)*(G) identifying BP*/p O Z/p[v1] =
E(1)*.

Proposition 6.1. Let G be a simple Lie group in Case I. Then we get isomorphisms
E(k(1)5" = k(1) ® P(y)/(n1y) @ P()'/(ba, ... b, biy" *[1 < s < p).
E(K) 2 K(1)" @ P(t) /(b ba, ..., by).

Proof. First note some facts of the differentials in K (1)*-theory. Since K(1)*(—) holds
Kunneth formula, we can defined the coalgebra map p* on also E(K(1))5* considering the
fibering
GxG—GxG/T— Gx BT.
Each element x1yP~!, z; are primitive in K (1)*(G), but
pwrde(x;) =dr(a;) =de(2; 14+ 1@ 2;) = 1@ dp(2).
The differntials images are written as d,(x;) = Y f(z)g(t) for g(t) € K(1)*P(t) and f(x) €
A(z1yP~1 29, ..., 7). However if | f(z)| > 0, then p*d,(v;) # 1 ® d,(x;). Thus we get
(k%) dr(zi), dr(z1y?™") € K(1)"P(t)".

Now we study the k(1)*-theory. Recall E(k(1))5™ = k(1)*(G)®@P(t)'. Suppose da(x) # 0.

(1) The case d2(x) is vi-torsion.
This case da(x) is a k(1)*-module generator, since E(k(1))5™ does not has higher v;-torsion.

Hence da(x) # 0 also in E(HZ/p)y™ because the Thom map E(k(1))5"/(v1) — E(HZ/p)y™*
is injective. This is a contradiction to da(z) =0 € E(HZ/p)y".
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(2)  The case da(x) is in vi-image.

Since also E(k(1))5™ has no higher v;-torsion, we see d2(z) # 0 also in E(K(1))5™". Let us
write do(z) = > f(x)g(t). , Then by dimensional reason , it is neccesary |f(z)| > 0. This is
a contradiction to (*,*). Thus we get da(z) = 0.

Next consider dy(z). By the same reasons as (1),(2), we see dq(x;) =0 for i # 1. By the
reason as (1), we see dy(z1yP~ 1) = b1yP~ L. Since byyP~! is vy-torsion, the elemnt viz;yP~!
is a k(1)*-module generator in E(k(1)); ™. The differentials are defined as some boundary
maps, we get

Az1yP™ 1) = biy?™t  mod(some filtration),
which implies that
O(v1z1y?P™Y) = by (v1y)y? 2 = b3yP~%  mod(some filtration)
where we take y such that v1y = by € k(1)*(G/T). This follows the fact
dojp, | (v121yP ™) = byP 2 mod(some filtrarion).

By induction on r for d.(x;), we can prove d,| (z;) = b; fori # 1, and ds|b1|(vf_1x1yp’1) =
biyP~® for 1 < s < p by the arguments similar to (1),(2). For K(1)*-theory we can prove
that dp, |(z2y? ") = vl_(p_l)bﬁ’ and the result of the proposition. O

We consider the integral cohomology h = HZ. Since these groups G has no higher
p-torsion, we have

H*(G;Z) = (P(y)*/(py) & Az2y”™")) @ Alwr, w3, ... 20),

H*(G;Q)=2Q® A(osgyp_l,xl,:cg, ey T).

By the arguments similar to the case Morava K-theories, but more easily, we get the following
differentials.
The differentials in E(Q);* are dy,|(x;) = b; for i # 2, and dyp,| (w2yP 1) = 5.

T

The differentials in E(HZ):* are dgp, | (p* tzoy?™ ') = bsy?~* and d|;, 41 (x;) = b; for
i 2.

Proposition 6.2. Let G be a simple Lie group in Case I. Then we get isomorphism
E(HZ)S = P(y)/(py) @ P(t)'/ (b1, bs, ... b, by ~[1 < s < p),
E(HQ)5 = P(t)'/(b1,65,bs, ..., bu)

Now we recall the BP(1)* theory with the coefficient BP(1)* = Z,[v1] so that BP(1)* /p—
k(1)*. For G in Case I, it is known that BP(1)*(G) & BP{1)* ® pp~ BP*(X). (See Case I
in §5). The rational BP-theory is immediate

BP*(G;Q) = BP* ® Q ® Az}, w2) ® A(x3, ..., x1).

The differentials in E(BP ® Q)** are given by dyz| = pb1, dwy = b5. Here we use notations
that 2, wy, wy correspond elemnts px1, 21y~ 1, 22yP ! respectively, in the spectral sequence.
( Recall also Case I in §5.)

Theorem 6.3. Let G be a simple Lie group in Case I and E(BP(1))%* be the spectral
sequence (6.1) for h = BP(1). Then we have the isomorphism

E(BP{1))5 = BP(1)* @ P(y)/(py,v1y) @ P(t)' /(pb1,bs, ..., by, bibsy?~* "1 < s +1r < p)



ALGEBRAIC COBORDISM OF SIMPLY CONNECTED LIE GROUPS 13

Proof. Compare this spectral sequence to those of the other theories k(1), HZ, BP(1) ® Q.
By induction on 7 of d,.(z;), we show in E(BP(1));*, dy,|(z:) = b; for i # 1,2 and dy(z7) =
pb1, and moreover

dsjy-4r1pa) (P05 Pwr) = bibEYP TS for 1< s+r<p

drjpy | (PP w2) = byP ™" for 1< < p.
Thus we can prove this theorem. g

The cohomology BP*(G/T) is still given in (6.2), while it does not give the imformation
of i* BP*(BT). However the above theorem says more strong facts. For example

p olyP =" & Im(i*(BP*(BT)) mod(va, ...), if s+r<p-—1

while of course it is in Ideal(i*(BP" (BT))). Hence we can know that these facts also hold
for Q*(—) and MGL?***(—) although they have not the Serre spectral sequences.

7. MOTIVIC THEORIES

In this section, we study motivic generalized theories defined by Voevodsky [Vol],[Vo2].
When X has a cellular decomposition, we can show

h**(X) = 5" (pt) © HY"(X),
for h**(—) the generalalized motivic cohomology, e.g., h = HZ/p, MGL. The spaces X =
G/T, BT have this property.
We first study the mod p motivic cohomology theory. It is known that there is an element
T € H%'(X;Z/p) such that tz,,(T) = 1 where tz,, : H** — H*(X;Z/p) is the realization
map. Recall also H*(G;Z/p) = P(y)/p @ A(z1, ..., z1). (when p =2, we let y; = z7.)

Theorem 7.1. Let G be a simply connected Lie group. Giving bidegree to H*(G;Z/p) by
deg(y:) = (|yils [vil/2) and deg(x;) = (||, (|zi| +1)/2), we have the injection

Py)/p @ A(z1,....21)  Z/plr] € H**(Gc; Z/p)

such that for p = odd, it is a ring monomorphism, and for p = 2, it is a ring monomorphism
to grH**(Ge; Z/2) and x} — y;m € Ker(tz,).

Proof. Consider the commutative diagram

H2*(Ge/Te; Z)p) —— H2*(Ge/Te, Ge; Zfp) —— H2*(Ge;Z/p)

tZ/pl tzml tZ/pl

H'(G[T:Zfp) ——— H'(G/T.G:Z[p) —"— H'(G:Z/p)
where rows are exact. The cohomology H*(G/T, G;Z/p) is computed by using the spectral
sequence
Ey*(G/T.G) = (Ey" — By") = H*(G/T,G: Z/p)
where E5" is the spectral sequence converging to H*(G/T;Z/p).

Since the differential in E* are given d,|(z;) = b;, we easily seen from the definition
of differential, d(z;) = b, mod(ELlé"‘H’*) in H*(G/T;Z/p). Here note that ti,...,t; are in
H*(G/T,G;Z/p), while y; is not in H*(G/T, G;Z/p)because t;, = 0 € H*(G;Z/p). Moreover
d(x;) = b; implies b; # 0 € H*(G/T.G;Z/p).

Similarly ¢y, ..., t; are in H***(G /T, Gc; Z/p), since the corresponding elements in H?**(G/T; Z/p)
goes to zero in H?**(Gc;Z/p). Moreover b; # 0 € H***(G/T,Gc;Z/p) since it is nonzero
in H*(G/T,G;Z/p). Hence there is the element z; € H**~1*(G¢;Z/p) such that §(z;) = b;.
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Since tz,,(T) = 1, we also see tz,,(y;iT) = tz,(27) for p = 2. O

The injection in the above theorem seems an isomorphism but I can not prove it now.
Other types of motivic cohomology seem quite complicated and we consider only group
G in Case I. By using arguments similar to the mod p case, we have ;

Proposition 7.2. Let G be a simple Lie group in Case I. Giving the bidegree by deg(y) =
(yl,1yl/2),deg(z) = (|zl, (|z| + 1)/2) for x = x;, 22yP~, we have the ring monomorphism

H*(G) = (Z[y)/(py, y") & L{z2y?™'}) @ Aw1, a3, ..., 1) C H(Ge).

Recall the motivic cobortdism M GL**(G¢) defined by Voevodsky. Let MGL/p**(—)
the motivic cohohomology theory defined by the cofiber sequence of stable A'-homotopy
category

MGL —2— MGL —— MGL/p

so that we have the long exact sequence
——— MGL**(X) —— MGL**(X) —— MGL/p**(X) —— ...

Theorem 7.3. Let G be a simple Lie group in Case I. Giving the bidegree by deg(y) =
(lyl, |y]/2), deg(x) = (|z|, (|Jz| +1)/2) for x = x;, 21yP~ L, we have the MU* /p-algebra injec-
tion

MU/p*(G) = (MU* /p® (Z[y)/ (", v1y) © Z{z1y"~"}) @ A, ..., 21) € MGL/p™*(Ge).

Proof. The proof is quite similar to the case of ordinary mod p motivic cohomology. Here
we use the realization map

MGL/p™*(Gc) & MU*(G:Z/p) — BP*(G:Z/p) — k(1)*(G)
and the isomorphism BP*(G;Z/p) = BP* @y~ k(1)*(G). O

8. CLASSIFYING SPACES

Here we consider the other types of algebraic spaces. For an algebraic group G (not
assumed here the connectness) over C, we can construct the classifying space BG as a
limit of smooth algebraic varieties. (Indeed we still considered BT.) B.Totaro ([Tol],[To2])
first studied the Chow ring of BG. He computed most important cases and conjectured
CH*(BG) = MU*(BQG) @ pu+ Z. He first found the modified cycle map ([Tol])

(7.1)  :CH*(X) - MU*(X) ®pu- Z

such that its compostion with the Thom map is the usual cycle map. Now this map is
extended by Levine and Morel as the map

(72) tMUpMGL : Q*(X) — MU*(X)

By results of Totaro, the map (7.2) are isomorphism for products of X = BGL,,, BO(n), BZ/p™,
and hence groups whose p-Sylow subgroups are abelian p-groups ([Tol],[To2]). Moreover it
is known that (7.1) is epic ,for example, G = PGL3, SO(4), Spin(m),m < 9,G2 and the
extraspecial p groups of order p? ([Pal,[Ve].[S-Y],[Y4]). Hence all these cases (7. 2) are epic.
Thus (7.2) seems to be isomorphism for each X = BG.
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