Tamagawa numbers and special values of L{functions

Conference, May 20{31 2002, Institut Galil ee, Univ ersit e Paris 13

The aim of the conferenceis to explain the formulation of the Tamagava number conjecture
by Bloch and Kato, and the proof of this conjecture for Dirichlet motives. The badground
necessaryfor the formulation of the conjectureis explained by the main spealkers, in eight series
of talks (A{H). SeriesZ consists of talks by the participants (model: Arb eitsgemeinshaft
Oberwolfach { thus, the subjects of these talks have been xed in advance; seethe program
below). These talks will provide certain details of the general theory entering the proof for
Dirichlet motives. Preferably, the speakers will not be experts in the eld. Graduate students
and post-docsare particularly encouragedto participate, and to apply for one of the talks of the
seriesZ. In order to do so,write an e-mail to tamagawa@math.univ-paris1 3.fr , and establish
a list of 3 talks (order of preference),ead of which you would be ready to prepare (pleasedo
so before February 28). Instead of writing an e-mail, you may usethe registration form on the
conferencehome page

http://zeus.math.univ-p ari s13.fr/ tamagava/

where more information of technical nature (concerning accommalation in particular) can be
found aswell. NB: Accommaodation will be organizedonly for the main spealers, and for the
participants giving a talk of the seriesZ. Pleasenote the registration deadlines: April 15 for
ordinary participants; February 28 for those wishing to give a talk of seriesZ.

Program

Our aim is to presen a coherert picture of the ingredients of the Tamagava number conjecture,
and to discussthe example of Dirichlet characters. In order to achieve this goal, all speakers
should follow closelythe instructions given below, and usethe notations asindicated. All talks
are designedto last 60 minutes (seethe time sdedule at the end of this program). Please
avoid to take more time. If you have questions,don't hesitate to contact one of the organizers:
guido.kings@mathematik.uni -re gensburg.de, or wildesh@math.univ-paris13. fr

General notations:

F=Q abelian number eld

K =Q generalnumber eld

E=Q eld ofcoecients, E,=Qy E,E; =E R

O Ering ofintegers, Op,=72, O

M (r) motive, Tate twist r

V Artin motive

VbRr;Ve; Vi Vp; Vi DeRham, Betti, “{adic, p{adic, and Hodge realizations of a motive
Tg;Tp Z (resp. Zp) {lattice in Vg (resp. Vp).



V () Dirichlet motive for character

M-:V-  dual motive

Vs Ep{dual

T, = Homg, (Tp; Ep=Op) Pontry agin dual

k base eld

A eld of coe cien ts for the mixed sheaftheories: A 2 fQ; Rg in Hodge theory, A=Q- nite or
A = Q- in the “{adic theory

Frp geometric Frobenius at p

A1 A7 Mixed sheaves and absolute cohomology (K. Bannai, T.
Saito, A. Shiho)

Purp ose: For us, (locally constart) mixed sheaeswill occur in two incarnations:
admissiblevariations of A{Ho dge structure, and lisse "-adic sheaves. The three principal aims
of this seriesare:

the explicit description of (elemerts of) Ext1(A(0); M), for a locally constart mixed sheaf
M of Tate type over a smooth basis,

the sheaftheoretical de nition of the polylogarithm on Pt f0;1;1g , using the Classi -

cation Theorem of Hain-Zucker asits main conceptualingredient, but avoiding the use of
the generalformalism of Grothendied's functors on the derived category of not necessarily
locally constart mixed sheares,

the geometrical realization of the polylogarithm, i.e., its identi cation with a classin ab-
solute conomologywith coe cien ts.

Details:

A1 Ay dene "-adic Galois modulesand mixed (graded-polarizable) Hodge structures Recall
the relation between Yoneda-Ext! of Galois modules and the rst Galois cohomology The
situation in Hodge theory needsmore time: sketch Beilinson's de nition of absolute Hodge
cohomolay ([Be2]), calculate HX (A(0); M), and explain the isomorphism between Yoneda-

abs

Ext! of Hodge structures and H 1 _ (give the explicit interpretation of this isomorphismin terms
of the period matrix). Introduce the variants \over R" of absolute Hodge cohomology
De ne lisse {adic sheaesand admissible variations of Hodge structures over a smooth basis

X, with very little emphasison admissibility; illustrate the point by discussing
Ext (A(0); A(1))

in the admissibleand the non{admissible category ([Wil], IV, Thm. 3.7). Finally, explain how
to describe elemeris of Ext (A(0); M): in the lisse {adic setting, the languageof torsors will
be most appropriate (for an example, see[Wil], IV, Chapter 4).

Again, the situation in Hodgetheory needsmoretime: assumethat M is of Tate type, and shaw
that elemerts of Ext} (A(0); M) are determined by their period matrix (see[Huwi2], IV.3 and
[wil], IV, Chapter 3).



Az Ag! start by explaining the mixed structure on the completion of the group ring of the
geometricalfundamertal group 1(X;X). Here, X is smooth over the base eld k, andx 2 X (k).
In the "-adic setting, this is a formal consequencef the existenceof the split exact sequence

1! X;x) ! o(X;x) ! Gk ! oL

In the Hodge theoretic setting, this is Chen's theory of iterated integrals ([BrZ], 6.23). De ne

unipotent mixed sheaves. State and explain the Classi cation Theorem of Hain-Zucker ([BrZ],

7.19), aswell asits analoguein the “{adic setting. De ne the generic pro-unipotent mixed sheaf
Geny (Wil], p. 43), and give its universal property ([HuWil], Thm. 2.1d)).

De nition:  The logarithmic sheaf on G, is Log := Gen;.

Identify Gr'WLog. Up to here, the material is essetially cortained in [Wil], I, Chapters 2 and
3. Setting U := P! {0;1;1g, the rest of A, Ag will be dewted to the sheaftheoretical
de nition of the (small) polylogarithm:

Prop osition-De nition:
(a) There is a canonicalisomorphism
Exty(A(1);LogD)jy) ! A
The pre-imageof 12 A is de ned as pol.

(b) Considerthe isomorphism
' IAQ) ! Gr%Log
given by the residueat zero, and the maps

Ext{(A(1); Log(1)ju)

& (2
Ext'(A(1); (W 2 Log)(1)ju)

%l

Exty(A(1);A(2)

Thenpol® := ( ;) (pol) =" ([1 id]), where[1 id] denotesthe classof the invertible
function 1-id on U in

O (U) A ! Exti(A(0);A(1) = Exti(A(1);A(2):

(c) pol is uniquely determined by pol®™, and even by the extension of “{adic sheaeson
U o Q/ local systemson U(C) underlying pol®.

For the proof, avoid the use of the generalformalism of Grothendied's functors (as in [Wil],
11, Thm.1.3). The certral ingredient in the presen approad is the calculation of the higher
direct imagesof Log(1);y under the projection

p:U ! Speck



([Huwil], Thm.2.3): view p asa functor from unipotent locally constart mixed sheaeson U
to mixed sheavreson Spec k. The Classi cation Theorem for U allows to compute the derived
functor of p . For the details, see[Wi2].

As A7 Sketch the content of [HuWil], Sections4 and 6, e.g., as in [HuWi2] VII.1. The
formalism of Grothendiec's functors can be introduced axiomatically (see[Wi2]).

Notations: Follow the notations of [HuWil], except for the coe cient eld (usethe letter A
instead of F), and for the basering (usethe letter k instead of A).

Connections: The talks E; E, dependonA; Aj;Zg Z;dependonA; Ag; D3 Dy
dependon Ag As.

References: [BeZ, [BrZ], [HuWil], [HuWwi2], [Wil], [Wi2].
B,: B, Galois cohomology (O. Venjakob)

Purp ose: Introduction of local and global duality in form of the Poitou-Tate seguen@. Com-
putation of local and global Euler characteristics.

Details: We needin B:
local duality,

the groupsH{ (Ky; Vp(r); HL (Ky; Vp(r)) asde ned in [Fol] 3.2, and their properties under
local duality (proof in Z4),

local Euler characteristic.

Bo:

Poitou-Tate sequencevith Op := O ZpandEp := E Qp{ coe cien ts (see[FoPR] 11.1.2.3
for the caseof E, { coe cien ts, but use_notations Vp—;Tp asin \General notations"). The
cohomologygroups should be written H'(Ox[1=pS]; Ty(r)) etc. with K=Q number eld, S
set of placesof K.

cohomologywith compact support and its Euler characteristic ([Fol] 4.2).

Notations: Hj;HL in the local case,H' (O [1=pS]; );H(Ok [1=pS]; ).

Connections: independert of formertalks, B; Bjyisneededin E; Ej;F1 F3;G; Gy H1
H4;Z4;Z5;Z8  Zyo.

References: [Fo1l], [FOPR].



C: C4 p{adic Hodge theory and explicit recipro city (D. Benaois,
C. Breuil)

Purp ose: Thesetalks review on the one hand the results from p-adic Hodgetheory and on the
other hand intro duce the exponertial map together with its explicit description in certain cases
(explicit reciprocity) .

Details: C; Cy4: The rings Bgr and B, together with the notions of cristalline and de
Rham represenations, will have beenintroducedin Zs.
We need

the isomorphism Dgr:p(Mp) = (E o Kp) Mpr and its compatibility with Itrations.
([Fol] 6.2., [FOPR] I.2.2.). Here the normalization of ' should be asin [Fol] 3.2.

discussionof conjecture 11.3.4.3 in [FOPR] and the caseswhereit is known.
the exact sequencg[BIKa] prop. 1.7)
0! Qp! Busp! Besip Barp=Fil°Bgrp! O

the maps exp and exp and their properties ([BIKa] and [Ka2]); these must be given in
Ci, asthey are neededin Z4.

the de nition of H};HL (must begivenin C; asit is neededin Z4),

the explicit reciprocity law as in [Ka2] 2.1.7 (see also [PR1], [ChCo]). Note that the
argumert in [Ka2] works alsofor a norm compatible systemin Ok, nfOg, K, asin loc. cit.

the explicit computation of the image of the cyclotomic elemen under exp* (see[Kal]
thm. 5.12).

Notations: usethe notations from \General notations".
Connections: Input from Z3. The results are usedin Z4;Z11;Z12;F1  F3;H1 Ha.

References: [BlKa], [ChCo], [Ka2], [Fo1], [FOPR].
D1 Dy Motiv es and motivic cohomology (M. Levine, F. Morel)

Purp ose: Thesetalks provide

a review of Voewodsky's view of motives over a base eld Kk,

a sketch of the proof of the comparison results on cyclotomic elementsin motivic and
absolute cohomology

Details:

D1 D»,: One may assumethat k is of characteristic zero. For the de nitions and results that
needto be mertioned, see[Hu], Section1.1.

We need:



the de nition of the motivic cohomolay with coe cients asmorphismsin the triangulated
category of (e e ctive) geometrical motives

the comparisonresult with Chow theory ([Vo], 4.2.6),

as a consequencethe identi cation of the category of Chow motivesin Grothendied's
senseas a full subcategory of our triangulated category

using Borel's theorem, the identi cation of the ranks of the
H (SpecQ;h°(K)(j));
where (i;j) 6 (1:1), and h°(K) is the motive of a number eld K. State that
Hi (SpecQ;h%(K)(1)) = K :

In addition to what is said in [Hu], Section1.1, we needthe notion of an Artin motive over
k with coe cients in a eld of coecients E. State that the category of such motivesis
equivalent to that of cortinuous represetations of the Galois group on E -vector spacesof
nite rank.

Example: Dirichlet motives. A Dirichlet character
:(Z=NZ) ! C

de nes a rank one Artin motive V( ) with coe cien ts in the eld E generatedby the valuesof
. In the category of these motives, hO(Q(M v ))is the direct sum of Dirichlet motives.

D3 Dy State the comparisonresults on cyclotomic elemens ([Bel], 7.1.5,[HuWil], 9.7). The
proof usesthe construction of the motivic polylogarithm, and the splitting principle over roots
of unity. The speaker can sketch the content of [HuWil], Sections8 and 9 (building on the
material of the preceding sectionsof loc. cit.,, which have beentreated in seriesA), but heis
free to chooseany alternative approacd proving the result.

Notations: H,i\,I (X;M) for the motivic cohomology of X with coe cients in M, \General
notations" for D; D». In D3z Dy, formulate the comparisonresults asin [HuKi], Thm. 5.3.1
and 5.3.2.

Connections: For D3 Dy, input from A; A7,;E1 E»Z;y Zp andZg Z7.D; Djis
neededin E; E;;D3 Djisneededin H3 Ha.

References: [Bel], [Hu], [HuKi], [Huwil], [Vo].
E:1 E, Regulators (J. I. Burgos)

Purp ose: In thesetalks, two regulator mapson motivic cohomologywill bede ned: the “{adic
regulator r- to “{adic cohomology(with coe cien ts A = Q-), and the Beilinson regulator r; to
absolute Hodge cohomology (with coe cients A = Q or A = R). Certain re nements of r- in
the caseof cohomologyof an Artin motive over Q will be discussed.



Details: In fact, r- andr; arethe mapson the level of morphism groupsinduced by “{adic and
Hodge theoretic realization functors r- and r; on the triangulated category of motives, which
was introduced in D1 D». Mention also the singular (or Betti) and de Rham realizations
rs and rpr. Explain the abstract principles from [Hu], Section 2.1, necessaryfor the proof of
[Hu], Cor. 2.3.4, Cor. 2.3.5. Obsene that the purposeof loc. cit. is to prove the existenceof
realization functors to Huber's \deriv ed" category of mixed realizations. This specializesto the
“{adic and Hodge theoretic realizations. However, we only needthe existenceof the latter; at
least the construction of the “{adic realization functor can be donein a more direct way than
[Hu], Thm. 2.1.6;seeloc. cit, Example on pp. 772/773.

At the end of the talks, specializeto the caseof (twists of) Artin motives V(r) over Q with
coe cien ts in a number eld E. Introduce the notation H,i\,I (Specz;V(r)) : for (i;r) 6 (1;1),
this is identical to H{,l (SpecQ; V(r)), and H{, (SpecZ;V (1)) is the direct factor of

Ok zE=E[AutK] gpauk)(Ok zE)
corresponding to the character of V, if V is a direct summand of h®(K ). State Borel's theorem:
ri  R:HYL (Specz;V(r)) R ! Hl (SpecR;V; (r))
is an isomorphismfor r > 1. For r = 0, we have the Betti regulator
rg :HY (Specz;V) ! (V& R)*:

Recall from A;  A; that the latter group can be identied with H1 (SpecR;V; (1)). For all
primes °, the “{adic regulator factorizesthrough

r-:HY (Specz;V(r)) ! H(Specz[1=S'];V:(r));

for a nite setS of primes. Quote [So], Thm. 1: r~ Q- is an isomorphismfor r > 1. De ne
Hfl(SpecZ[lzs‘];V‘(r)) as the group of those classesn H 1(Spec Z[1=S']; V- (r)) which map to
HA(Qy; V-(r)) for all v (including v = °). r- factors through

r-:HY (Specz;V(r)) ! H}(Specz[1=S'];V-(r));

andr- Q- is anisomorphismfor all r. (This follows from the above caser > 1, compatibility
of H} with local duality, and the explicit shape of the exponertial for r = 1 (talks B and Z4).)

Notations: usethe n_otations from \General notations", and thoseintroducedin A; A, and
D1 Dy. IntroduceH}, (SpecZ;V(r)) and H}(Spec Z[1=S']; V-(r)).

Connections: Input from A; A,;B1;D; Dj;Z4. Thetalks F; F3;D3 DgandH; Hg
dependon E; E».

References: [Hu], [So].



F1 Fs: Formulation of the conjectures (A. Hub er)

Purp ose: Thesetalks will formulate the Tamagawanumkter conjecture of Bloch and Kato in
its absoluteand equivariant form (Kato, Burns{Flach). We want to concenrate on the caseof
Artin motivesand mertion the generalcaseonly in passing.

Details: We need
a short review of \det",

the de nition of H i(Z[1=p];Tp) = H'(Z[1=pS];] Tp) and an explanation why this is inde-
penden of S (in the caseof Dirichlet motives),

the de nition of R ;R . (the necessarnpbadkground is explainedin B; B,;C; Csand
Zy),

a discussionof the identi cation of det R ¢ (Qy; Vp(r)),

the computation of the cohomologygroups of R ¢ (Z[1=p]; Vp(r)),

the formulation of the absolute and equivariant conjecture (cf. [Fol], [BuFI]),

the formulation of the theorem of Burns-Greither / Huber-Kings ([BuGr], [HuKi]),
the comparisonof det R . with det R,

compatibility under the equivariant functional equation,

the relation to the Lichtenbaum conjecture.

Notations: £ (K=Q;V (r)) equivariant fundamertal line, rest asin \General notations".

Connections: Input from By Bj;C; Czand Z4. The talks Hy  Hy;Zg;Z11;Z1> depend
onF; Faj.

References: [BuGr], [BuFl], [Fol], [HuKi].

G; Gy Iwasawa theory and Euler systems (S. Howson)

Purp ose: Here we discuss {mo dules in generaland introduce the {mo dules H1(Tp) and
H'(T,). Moreover, Euler systemsare de ned and the main theoremsabout them explained.

Details:

G;1: We need:

the de nition of = lim Op[Gal (Q,=Q)], where Oy, is asin \General notation" and Qn=Q

runs through the layers of the cyclotomic Z-extension,



the isomorphism = Op|[[t]],
the classi cation of {mo dules (up to pseudo-isomorphism),

the relation betweendet (as introducedin F1) and char (characteristic polynomial).
This is explained in [Kal] prop. 6.1.

introduction of the {mo dules Hi(Tp) (e.g. [HuKi] 4.1.2,[PR2] 1.3, the notation should
be asin [HuKi]).

GQZ

the de nition of Euler systems([Ru] 2.1.1; the caseK = Q; K1 = the cyclotomic Z,{
extensionsu ces). The Euler factor should be denoted by

Py(Vp;t) == detgp(l  Fry tjV,Y)
wherev - p;Fr, is the geometric Frobenius and I, the inertia group at v.

asan examplethe elemens ¢;( ) and ¢ ( m)( ) from Z, (seealso[HuKi] 3.1.2and 3.1.3.)
should be discussed.

the consequencesf non-torsion Euler systemsshould be discussed.This is theorem 2.2.3
and 2.3.3in [Ru]. (Pleasefollow the notations in [HuKi] proof of 3.3.1and thm. 4.3.1. It
would also be useful to explain thesetwo applications).

Notations:  ;Qn; Q1 ;Hy (Tp(K): Hy (To (1 K)); Hio(Tp(K): Hip (T (1 K)) s HEo(Tp(K)).

loc loc

Connections: Input from Z,. The results arerelevant in Hy  Hy; Zg; Z1o.

References: [HuKi], [Kal], [PR2], [Ru].

H: Hg4 Proof of the Tamagawa number conjecture for Diric hlet
motiv es (A. Schmidt, M. Spiess)

Purp ose: This seriesof lecturesis dewoted to the caseof Dirichlet motives. Its aim is to put all
the prerequisite work together to give a proof of the Tamagava number conjecture for Diric hlet
motives.

Details: We need (consult also the overview [HuKi] 2.1):

the formulation of the main conjecture in the equal/unequal parity case(seee.g. [HuKi]
4.2.2,4.2.4) (input from G, G»),

the divisibilit y statemert, which follows from the Euler system (seee.g. [HuKi] 4.3.3) (the
facts about lwasava modules neededin the proof are treated in Z 1),

the proof of the main conjecture for characters with ( 1) = ( 1) ! (seee.g. [HuKi]
4.4.1),



the proof of the Tamagava number conjecturein the case ( 1)=( 1)" andr 6 0
(for r = 0 one needshere (p) 6 1, which will be removed later). Input from D3;Dg4.

from the functional equation (input from Z11;Z15), onededucesthe case ( 1)= ( 1)" !
for r 6 0;1. (Note that the equivariant Bloch-Kato conjecture is only necessaryto treat
the caser = 0;1.)

0, ( )= 1and (p) 6 1,

onetreats the caser

onetreats the caser = 1, ( 1)=1,

the missing caser = 0, (p) = 1 follows then again from the functional equation.

the equivariant case([BuGr]).

Notations: The notations should follow the \General notations", and the notations from the
inputs (often identical to the onesin [HuKi]).

Connections: Input from all talks. Note that talks D3 D4 and Z1;  Zj, take place after
talks Hy H 2.

References: [BuGr], [HuKi].
Z,: Higher logarithms and Diric hlet L-functions

Purp ose: This talk establishesthe basic properties of and the relation between higher loga-
rithms Lis(z) and Dirichlet L{functions L(; s).

Details: Introducethe higher logarithms

b3 2N
Lis(z) = —
n=1 ne

for Re(s) 1andjzj 1(zj < 1if Re(s) = 1). For an integers = k 1, establish the
main analytic properties of the Liy: represemation by (iterated) integrals and (multiv alued)
cortinuation to P! f0;1;1g ([BeD], page 97), monodromy around 0 and 1 ([Wil], IV, Prop.
3.4 (a), (b)).

Intro duce the notions of Dirichlet character, of its conductor, of a primitive Dirichlet character,
and of the L-function L( ; s) of a (primitiv e) Dirichlet character. Usingthe fact that the Hurwitz
zetafunction admits a meromorphic cortin uation to the complex plane, which is analytic except
for a simple pole at s = 1 with residuel ([Ap], Thm. 12.4), deducethe analytic properties of
L(; s) ([Ap], Thm. 12.5). Briey discussspecial valuesL(; 1 k) (Jwa], Thm. 4.2).
Givethe statemert, and (if possible)sketch the solution of Exercice8 (b) of [Ko], page78. Using
the fact that hasa simple pole of residue( 1)K 1ﬁ ats= 1 k, deducethe following two
results:



Theorem: Let k 1 beaninteger,and :(Z=NZzZ) ! C a primitiv e Dirichlet character
satisfying ( 1)= ( 1)k 1. (HenceL(; 1 k)= 0:) Then

NK 1k ap X

. (MLiEe ™ )= @2 )k 1LY 1 k)

m=1

Theorem:
(@) Forjzj = 1, the function s 7! Lis(z) (Re(s) > 1) admits a meromorphic cortinuation to C.

(b) Letr 1beaninteger,and :(Z=NZ) ! C a primitiv e Dirichlet character satisfying
( D=( 1. Then

>(\I 2 im N
(MLiy (e ) =2( =)' (r DILE )

m=1

Notations: Lig for the higher logarithms, L( ; s) for the L-function of
Connections: Talks Zg and D3 D4 depend on this talk.

References: [Ap], [BeD], [Ko], [Wa], [Wil].
Z,. Cyclotomic elements in Galois cohomology

Purp ose: This talk establishesthe basic properties of the Soule{Deligne cyclotomic elemerts.
In particular, Norm compatibility will be discussed.

Details: Start with the polynominal identity
Y
@ X)=1 Xk
k=1

a certral tool in a number of proofs. Fix a collection ( m)m 1 Of primitiv e m{th roots of unity
satisfying |'(‘m = . For any prime ~ and any m prime to °, we denote by Fr- the geometric
Frobeniusat * in Gal(Q( m)=Q), i.e., the inverseof the automorphism determinedby n, 7! ..
Using standard facts about cyclotomic elds (e.g. the rst two chapters of [Wa]), prove the
following:

Prop osition: For every prime ~, we have
8
< 1 n if ~jm
NQ( \m):Q(m)(l ‘m): . (1 m)(l Fr‘) if\‘m andm> 1
' ) ifm=1

Fix a prime p. Recallthat 1  pny is aunit in Z[ pnm][1=p] for every n;m 1. We shall
considerunits in this ring as elemerns of the rst etale cohomologygroup

H*(Z[ prml[1=p};Z=0"Z(1)):



More generally consider(l  pm) () " ! asanelemen of

HZ[ prm]l1=0; Z=P"Z(r));

forr 2 Z.

Notation:  The image of this elemen under corestriction (= the norm) from Z[ pny][1=p to
Z[ m][1=p is denotedby ¢ ( m)n:

C(mn2 Hl(z[ ml[1=p; Z=p"Z(r));

m,n 1r2Z:
Using the product formula cores(x res(y)) = cores(x) Y, prove that the ¢;( m)n are com-
patible with respect to the mapsz=p'z ! z=p" 'Z.

De nition:  (see[Sq, page381- 383.)
The Souk{Deligne cyclotomic elements

¢ ( m) 2 im HY(Z[ m][1=p; Z=p"Z(r))
n
are de ned to be

CG(m):=Ilmc( mn;
n

m 1r2Z.

State and prove the following:

Prop osition: (Norm compatibility.)

For every prime °, corestriction from Q( 'm) to Q( m) mapsc ( 'm) to

G (m) if " jpm
@ ") (m)  if T -pm

We needalso the following variant:

Notation: (see[Kal], x5.)

8 L
& ( m) it pjm
% G Hig(h) i p-mr 2
&( m) Z=E 1 i i r=1

P o
Pt Ve( k) if p-mr 0
0

In the secondcase, H " denotesthe unique m{th root of unity whosep'{th power equals n,.
Note that for p-m, wehave (1 p' lFrp)er( m) = C( m)



State and prove the following:

Prop osition:

(@ Letm;n 1;r 2. Then the following identity holdsin H(Z[ ynm][1=p]; Z=p"Z(r)):

8 S _

X <T@ (B 0 p-

(1 ) ( m) r l:. i=0(p )CI'( ) I p-m
= " G(mn it pjm

(b) Letm 1;r 1 Then
0 1
X
lim @ @ ) (™M ""A=e(m

n pN = m

in lim HY(Z[ ot m][1=0; Z=p"Z(r)):
n

For the proof, see[HuKi], Lemma 3.1.6.

Notations: Fr- for the geometric Frobenius, ¢, ( ) for the Soule-Delignecyclotomic elemerts,
& ( m) for their variants after Kato.

Connections: Talks Z7;G, and D3 D4 depend on this talk.

References: [HuKi], [Kal], [So], [Wa].
Z3. De Rham and cristalline Galois represen tations

Purp ose: In this talk the rings Bpr;B.is and someof their properties are introduced. More-
over, one de nes the functors Dpr and D, and the notions of de Rham and cristalline repre-
sentations The example Vp( ) will be discussed.

Details: We need

ashort review of the construction of Bpr;p ([Fo2] 2.3,2.4,2.8,2.17) (K, local eld of char
0, nite extensionof Qy),

the properties of Bpr ([Fo3] 1.5.4.,1.5.5), Gy, := Gal(K p=Kp){action, ng;p = Kp,

a short review of the construction of B .p ([Fo3] 2.3.3.,2.3.4), Gp{action, Bfﬁs";p = Kpo =
Quot W (kp) wherek, in the residueclass eld of K,

de nition of DpRr;Dgs ([FO4] 3.7,5.1.4),
discussthe example Tp( ). When is it de Rham, when cristalline?



Notations: K, local eld, nite extensionof Qp;k, residueclass eld of
Kp: Kpo = Quot W(Kp); Beis:;pi BoRr;p; Deris ; DDR-

Connections: This talk is neededin the seriesC; Cy4. Pleasecoordinate your talk with the
spealersof C; Cy.

References: [Fo2], [Fo3], [Fo4].

Z4. The exponential map for connected p-divisible groups and
local dualit y

Purp ose: This talk explainsthe expnential map in the caseof (connected) p-divisible groups
and provesthe duality results for H} and HZ, .

Details: The talk should cover the example 3.10.1in [BIKa] (if necessaryconsult [Sch2] x2)
and the proof of proposition 3.8in [BlKa].

Notations: follow \General notations" for the Pontry agin dual and the Qp{dual.
Connections: Input from C; Cy, results are neededin Zs; Zo.

References: [BlKa], [Sch2].
Zs: Cohomological interpretation of the class number form ula

Purp ose: This talk establishesan exact sequencewhich allows to interpret the group of units
Or and the classgroup in terms of Galois cohomology

Details: First oneneedsthe identi cation H}(K;Z,(1)) = O Zp, for alocal eld K=Q, (ex-
plainedin Z,, seealso[HuKi] A.0.4). Then explainthat the mapH }(K;Zp(1)) ! HZ (K;Zp(1))
can be identied with the valuation v : K Z, ' Zp ([HuKi] A.0.5). Finally prove [HuKi]
A.0.6 and explain the input from [Sc1].

Notations: follow \General notations".
Connections: Input from Z4. The results are neededin Zg.

References: [HuKi], [Sci].
Zg. Hodge theoretic realization of the polylogarithm

Purp ose: This talk shaws that the higher logarithms can be used to describe a variation
of Hodge structure on P* f0;1;1g, and that this variation equals the polylogarithm pol
introducedin seriesA.

Details: Start by shaving how the analytic properties of the functions Li x can be encaled in
a (pro-)variation on P f0;1;1g ([BeD], page 97{100, but usethe normalization of [Huwi2],



Section IV and [Wil], IV, Chapter 3 (setting N = 1 in [Wil])). The main result is Beilinson's
theorem on the explicit shape of the specialization of pol at roots of unity ([HuWil], Thm. 2.5).
For this, one hasto show that the variation described by the Li ¢ correspondsto the extension
pol which wasintroducedin talks As Ag ([Wil], IV, Thm. 3.5).

Notations: seethe notations of talks Z; and A1  As.

Connections: Input from talks Z; and A; Ag. Talks D3 D4 depend on this talk.

References: [BeD], [Huwil], [Huwi2], [Wil].
Z;. {adic realization of the polylogarithm

Purp ose: This talk shawvsthat the cyclotomic elemerts describe the specialization of the “{adic
polylogarithm pol at roots of unity.

Details: The main result is Beilinson's theorem on the explicit shape of the specialization of
the “{adic version of the polylogarithm at roots of unity ([HuWil], Thm.2.6).

Usethe languageof torsorsintroducedin A1 A» to give the explicit description of the extension
pol which wasintro ducedin talks As Ag ([Wil], IV, Th. 4.2,setting N = 1). DeduceBeilinson's
theorem asin loc. cit., taking into accourt the remark made before [HuWil], Thm. 2.6.

Notations: seethe notations of talks Z, and A; A7. In the formulation of Beilinson's
theorem, usethe elemerts & ( ) introducedin talk Z».

Connections: Input from talks Z, and A; Az. TalksD3 D4 depend on this talk.

References: [HuWwil], [Wil].
Zg. Some prop erties of {mo dules

Purp ose: The aim of this talk is to give criteria whenthe {mo dules H2(Tp) are torsion.
Details: Explain the proof of proposition 1.3.2 in [PR2] using the notations introduced in
G:1 Go. Discussthe Leopoldt conjecture (loc. cit. p. 28) and explain why it is true for Tp( )
([HuKi] 4.1.4).

Notations: follow the notations from G; G, and from \General notations".

Connections: The results are neededin Hy Ha.

References: [HuKi], [PR2].



Zgy: The Blo ch-Kato conjecture in the class number form ula case

Purp ose: With the help of Z5 the Bloch-Kato conjecture for the motive h°(F) andr = 0;1
will be proved.

Details: Follow the exposition in [HuKi] 2.3.1. An additional input is loc. cit. prop. A.0.10,
which should also be proved.

Notations: follow \General notations".
Connections: The talk relieson Zs and is neededin H1  Ha.

References: [HuKi].
Zyo: Computation of some -modules

Purp ose: For the proof of the main conjecture of Iwasava theory one needssome precise
information about certain -mo dules. Theseare provided in this talk.

Details: The input in the proof of the main conjecture consistsin proposition 6.1.2,6.2.1and
6.3.3in [HuKi]. The proofs of thesepropositions covers the whole paragraph 6 in [HuKi], which
should be followed.

Notations: follow the notations in [HuKi] and \General notations".

Connections: The de nition of the relevant Iwasava-modulesis givenin G;  G,. The results
are neededin H;y Ha.

References: [HuKi].
Z11 Zq1o. The functional equation

Purp ose: These two talks prove the compatibility of the Bloch-Kato conjecture under the
functional equation. This allows to translate the results from the caser Otor 1 and vice
versa.

Details: The talks should cover appendix B in [HuKi]. The formulation of the compatibility
result will be givenin F; F3 in its equivariant form. Note that the equivariant caseis only
neededto treat the casesr = O; 1.

Notations: follow the notation in loc. cit.

Connections: The result is neededin H; Hy.

References: [HuKi].
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Time schedule

Monda y, May 20: Arriv al of the speakers and participants

Tuesday, May 21.:
10h00- 11h00: Registration
11h00- 12h00: A1: Mixed sheavesand absolutecohomolay | (K. Bannai, T. Saito, A. Shiho)
12h30- 13h30: A,: Mixed sheavesand absolutecohomolay Il
13h30- 15h00: Lunch break
15h00- 16h00: Z1: Higher logarithms and Dirichlet L-functions (to be attributed)

16h30- 17h30: Z,: Cyclotomic elementsin Galois cohomolay (to be attributed)

Wednesday, May 22:
9h30- 10h30: A3: Mixed sheavesand absolutecohomolay Il
11h00- 12h00: B;: Galois cohomolay | (O. Venjakob)
12h30- 13h30: Z3: De Rham and cristalline Galois representations (to be attributed)
13h30- 15h00: Lunch break
15h00- 16h00: C1: p-adic Hodge theory and explicit reciprocity | (D. Benois, C. Breuil)

16h30- 17h30: A4: Mixed sheavesand absolutecohomola@y 1V

Thursday, May 23:
9h30- 10h30: D1: Motives and motivic cohomolay | (M. Levine, F. Morel)
11h00- 12h00: B,: Galois cohnomolay Il

12h30- 13h30: Z4: The exmnential map for connected p-divisible groups and local duality (to be at-
tributed)

13h30- 15h00: Lunch break
15h00- 16h00: Z5: Cohomolaical interpretation of the classnumber formula (to be attributed)

16h30- 17h30: As: Mixed sheavesand absolutecohomol@y V



Friday, May 24:
9h30- 10h30: D,: Motives and motivic cohomolay Il
11h00- 12h00: Ag: Mixed sheavesand absolutecohomolay VI
12h30- 13h30: Z5: Hodgetheoretic realization of the polylogarithm (to be attributed)
13h30- 15h00: Lunch break
15h00- 16h00: Z7: “{adic realization of the polylogarithm (to be attributed)
16h30- 17h30: E;: Regulators| (J.l. Burgos)

Monda y, May 27:
9h30- 10h30: E»: Regulators I
11h00- 12h00: A7: Mixed sheavesand absolutecohomolay VII
12h30- 13h30: C,: p-adic Hodgetheory and explicit reciprocity |l
13h30- 15h00: Lunch break
15h00- 16h00: C3: p-adic Hodge theory and explicit reciprocity Il

16h30- 17h30: F;: Formulation of the conjectures| (A. Huber)

Tuesday, May 28:
9h30- 10h30: C4: p-adic Hodgetheory and explicit reciprocity 1V
11h00- 12h00: F,: Formulation of the conjectures i
12h30- 13h30: F3: Formulation of the conjectures Il
13h30- 15h00: Lunch break
15h00- 16h00: G;: Iwasawatheory and Euler systemsl (S. Howson)

16h30- 17h30: Zg: Someproperties of {modules (to be attributed)

W ednesday, May 29:
9h30- 10h30: G,: Iwasawatheory and Euler systemsil|
11h00- 12h00: Zg: The Bloch-Kato conjecture in the class number formula case (to be attributed)

12h30- 13h30: H1: Proof of the Tamagawanumber conjecture for Dirichlet motives | (A. Scmidt,
M. Spiess)

13h30: Lunch



Thursday, May 30:
9h30- 10h30: Z,5: Computation of some -modules (to be attributed)
11h00- 12h00: H,: Proof of the Tamagawanumber conjecture for Dirichlet motives I
12h30- 13h30: Z11: The functional equation | (to be attributed)
13h30- 15h00: Lunch break
15h00- 16h00: Z1,: The functional equation Il (to be attributed)

16h30- 17h30: D3: Motives and motivic cohomolay I

Friday, May 31:
9h30- 10h30: D4: Motives and motivic cohomolay IV
11h00- 12h00: H3: Proof of the Tamagawanumber conjecture for Dirichlet motives Il
12h30- 13h30: H4: Proof of the Tamagawanumber conjecture for Dirichlet motives IV
13h30: Lunch

14h30: End of the conference



