
AN ÉTALE TATE TWIST WITH FINITE COEFFICIENTS AND
DUALITY IN MIXED CHARACTERISTICS

KANETOMO SATO

Introduction. Let f : X → B be a smooth separated morphism of noetherian algebraic
schemes of relative dimension N . Let n be a positive integer invertible on B and we write µn,X

(resp. µn,B) for the étale sheaf of nth roots of unity on X (resp. on B). Then, as is well-known,
we have a canonical relative trace morphism

trf : Rf!µ
⊗dimX
n,X [2N ] −→ µ⊗dim B

n,B

in the derived category Db(Bét, Z/nZ) of complexes of étale Z/nZ-sheaves on B with bounded
cohomology sheaves, and furthermore, the adjunction morphism

τf : µ⊗dimX
n,X [2N ] −→ Rf !µ⊗dimB

n,B in D+(Xét, Z/nZ)

is an isomorphism (the relative Poincaré duality, [SGA4], XVII, XVIII). In this paper, we will
give a generalization of this duality theory to the case where B is the spectrum of a Dedekind
ring of mixed characteristic (e.g., Spec Z), and where n is not invertible on either B or X.
More precisely, we will not need the smoothness of f but assume only that X is regular and
semistable over B around fibers where n is not invertible. Contrary to the case where n is
invertible on X, the usual Tate twist (i.e., the étale sheaf µ⊗dimX

n,X ) does not work well in our

situation. Therefore we will need to discuss, first of all, a correct object in Db(Xét, Z/nZ)
playing the role of a Tate twist.

(0.1) Fundamental results. Before stating results, we fix some notation. Let A be a Dedekind
ring of mixed characteristic. Let p be a prime number which is not invertible in A, and we
assume that any residue field of A of characteristic p is perfect. Let r be a positive integer. Let
X be a regular scheme flat of finite type over B := Spec A of relative dimension N which is
a semistable family over B around fibers over primes dividing p (cf. (1.3)). Our first aim is to
construct an object Z/prZ(N + 1)X in Db(Xét, Z/prZ) which plays the role of a Tate twist on
X, more precisely, satisfies a Z/prZ-coefficient variant of Lichtenbaum’s axioms of étale motivic
complexes (see (1)–(5) below, cf. [L1]). The basic idea to construct Z/prZ(N + 1)X is gluing
the Tate twist µ⊗N+1

pr on X[p−1] and modified logarithmic Hodge-Witt sheaves of fibers over p
(cf. (1.4)), by the symbol map of Bloch-Kato-Hyodo (cf. (1.6)). If X/B is smooth around fibers
of characteristic p, this object is already defined in [Sc], §7. The definition of Z/prZ(N + 1)X

in our case will be given in Definition 3.1. We will prove that Z/prZ(N + 1)X satisfies the
following local properties (see also Corollary 3.13 below for the uniqueness):

(1) Pull-back. We have a canonical isomorphism

(Z/prZ(N + 1)X)|X[p−1] ' µ⊗N+1
pr in Db(X[p−1]ét, Z/prZ).

(2) Acyclicity. Z/prZ(N + 1)X is acyclic outside of [0, N + 1].
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(3) Descent of length (Proposition 3.2). For positive integers r and s, we have the following
distinguished triangle consisting of canonical morphisms in Db(Xét):

Z/pr+sZ(N + 1)X −→ Z/psZ(N + 1)X −→ Z/prZ(N + 1)X [1] −→ Z/pr+sZ(N + 1)X [1].

These three properties are rather straight-forward, but the following properties are non-trivial:

(4) Gysin map and purity for vertical cycles (Theorem 3.4). We call a subscheme Z ⊂ X
vertical if its image under the structure map X → B is supported on closed points. Let
Z ⊂ X be a vertical integral regular locally closed subscheme. We write ιZ : Z → X for
the canonical map and put c := codimX(Z) and d := N + 1 − c(= dim(Z)). Then there
exists a canonical isomorphism

clX,Z : Z/prZ(d)Z
'
−−−→ Rι!ZZ/prZ(N + 1)X [2c] in D+(Zét, Z/prZ).

Here Z/prZ(d)Z denotes the logarithmic Hodge-Witt sheaf Wr Ω
d
Z,log shifted by −d if

ch(Z) = p, or it denotes the usual Tate twist µ⊗d
pr if ch(Z) 6= p (cf. (1.4), (1.8)). The

case ch(Z) = p is essential in this paper and the purity for modified logarithmic Hodge-
Witt sheaves (cf. Theorem 2.1) will play a key role. The case ch(Z) 6= p is nothing other
than the absolute purity proved by Thomason [Th] and Gabber [FG].

(5) Compatibility (Theorem 3.6). Let w ∈ X be a point of codimension c ≥ 1 and let z ∈ X
be a point of codimension c− 1 specializing to w. Then for a non-negative integer i, the
following diagram is anti-commutative:

Hi+1
ét (z, Z/prZ(N + 2− c)z)

δval−−−→ Hi
ét(w, Z/prZ(N + 1− c)w)

clX,z

y' clX,w

y'

Hi+2c−1
z,ét (Spec OX,z, Z/prZ(N + 1)X)

δloc−−−→ Hi+2c
w,ét (Spec OX,w, Z/prZ(N + 1)X).

Here the map marked δloc is the boundary map of a localization long exact sequence,
and δval is the boundary map of Galois cohomology groups defined in [KCT], §1. This
compatibility result is one of our main interests of this paper and will be used in the
construction of trace morphisms. We will also generalize the purity result in (4) to a
‘horizontal’ case using this compatibility (cf. Theorem 3.14 below).

We mention here the relation to other cohomology theories. If A is complete local, X is smooth
over B = Spec A and p is sufficiently large, then the object Z/prZ(N + 1)X restricted to the
special fiber is canonically isomorphic to a syntomic complex [Ku]. On the other hand, in the
case where X is a semistable family, it is no longer a log syntomic complex (cf. [Ts1]). As for the
relation to étale motivic cohomology theory, if X = B then we have the following distinguished
triangle consisting of canonical morphisms in Db(Bét) (cf. Proposition 5.1 below):

Gm,B
×pr

−−−→ Gm,B −−−→ Z/prZ(1)B[1] −−−→ Gm,B[1].

If N = dim(X/B) = 1 then Z/prZ(2)X is related with Lichtenbaum’s complex Z(2, X) [L1] in
a similar way (see Theorem 6.3 and Remark 6.4 below). More generally, in the case where N =
dim(X/B) is arbitrary, Z/prZ(N + 1)X would be related to the étale sheafification Z(N + 1)X

of comlexes defining Bloch’s higher Chow groups (cf. [Le]). In fact, in the case where X is
smooth around fibers of characteristic p, there exists a canonical cycle class map Z(N +1)X →
Z/prZ(N + 1)X in D−(Xét) by an argument of Geisser [Ge], 7.1 (see also §6 below for naive
cycle maps).
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(0.2) Duality results. Let A, p and X remain as in (0.1) and suppose that X is separated over
B = Spec A. We write πX/B for the structure map X → B. The second aim of this paper is to
discuss the duality theory for Z/prZ(N + 1)X under this assumption. In §4, we will construct
the following relative trace morphism:

trX/B : RπX/B!Z/prZ(N + 1)X [2N ] −−−→ Z/prZ(1)B in Db(Bét, Z/prZ)

(cf. Proposition 4.6, Definition 4.9 below), using the compatibility result stated above (the local
property (5)). In fact, this morphism is the unique morphism extending the trace morphism
outside of characteristic p. Because the functor RπX/B! is left adjoint to the twisted inverse
image functor Rπ!

X/B of Deligne, trX/B induces the following morphism:

τX/B : Z/prZ(N + 1)X [2N ] −−−→ Rπ!
X/BZ/prZ(1)B in D+(Xét, Z/prZ),

which we will prove to be an isomorphism (Corollary 4.7, Theorem 4.8). This result is a mixed-
characteristic variant of the relative Poincaré duality (see also Proposition 4.1), and it will lead
us to the following Artin-Verdier style duality result (cf. [AV], [Ma], [Mi4], [Dn], [Sp], [Mo]):

Theorem 0.1 (Theorem 5.4). Suppose that Frac(A) is an algebraic number field and that
X is connected. Then we have Hm

c,ét(X, Z/prZ(N + 1)X) = 0 for m > 2N + 3 and a trace
isomorphism

trX : H2N+3
c,ét (X, Z/prZ(N + 1)X) ' Z/prZ.

Here cohomology groups with subscript c mean étale cohomology groups with compact support
(see (5.2) below). Furthermore for a constructible Z/prZ-sheaf F on Xét and an integer m, the
pairing induced by a Yoneda pairing and trX

Hm
c,ét(X,F)× Ext2N+3−m

Xét,Z/prZ(F , Z/prZ(N + 1)X) −→ Z/prZ

is a nondegenerate pairing of finite groups.

This result extends the duality theorem in [Mi4], II.7.6 in the sense that Theorem 0.1 is able to
deal with constructible Z/prZ-sheaves not only on X[p−1]ét but also on Xét. At the same time,
this result is a generalization of duality results in [Dn] and [Sp] to higher dimensional cases.
We also mention that Theorem 0.1 is a generalization of a duality result of Moser [Mo] to a
mixed characteristic situation. In fact, we will generalize his result to a relative duality theory
in derived categories, and use it in the proof of our relative duality result on τX/B (cf. Theorem
2.2 below; see also Remark 5.5).

(0.3) General flow of this paper. This paper is organized as follows. In §2, we will provide
purity and duality results for modified logarithmic Hodge-Witt sheaves. Those results will
play key roles in this paper. In §3, we will define Z/prZ(N + 1)X and prove the fundamental
properties listed above. In §4, we will construct trace morphisms for Z/prZ(N +1)X and prove
relative duality results. In §5, we will prove Theorem 0.1 and the compatibility between the
trace morphism trX and those of closed points on X. Finally in §6, we will construct cycle
class map for arithmetic schemes, from some cycle class groups to étale cohomology groups
with Z/prZ(N +1)X-coefficients using the purity and the compatibility (i.e., the local property
(4) and (5) in (0.1)). Combining this with Theorem 0.1, we will reconstruct the reciprocity
map of the unramified class field theory for proper arithmetic schemes (cf. [KS], [Sa]), as a
cycle class map. For the convenience of readers, we will include a proof of the l-adic part of
the compatibility (the local property (5) above) in the absolute situation in Appendix A. In
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Appendix B, we will give a generalization of the purity of modified logarithmic Hodge-Witt
sheaves to a log smooth situation.
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1. notation and preliminaries

In this section, we fix some notation and recall some generalities.

(1.1) For an abelian group M and a positive integer n, we write M/n (resp. nM) for the

cokernel (resp. the kernel) of the map M
×n
→M .

In this paper, unless indicated otherwise, all cohomology groups of schemes are taken over
the étale topology.

For a commutative ring R with unity, R× denotes the multiplicative group. For a field k, we
fix a separable closure and denote it by k; Gk denotes the absolute Galois group Gal(k/k). For
an étale sheaf F on Spec k, we write Hi(k,F) for Hi

ét(Spec k,F). We identify this étale coho-
mology group with the Galois cohomology group Hi

Gal(Gk,FSpeck) by the standard comparison
fact.

Let X be a scheme. For a non-negative integer q, we write X q for the set of points on X
of codimension q. For a point x ∈ X, we write κ(x) for the residue field. For an x ∈ X and
an étale sheaf F on X (or more generally an object of the derived category of complexes of
sheaves on Xét), Hm

x (X,F) denotes the mth local cohomology group Hm
x (Spec OX,x,F).

(1.2) Let k be a field and let X be a pure-dimensional scheme of finite type over k. We call X
a normal crossing scheme over k of dimension N if it is reduced and, everywhere, étale locally
isomorphic to

Spec k[x0, x1, · · · , xN ]/(x0x1 · · ·xr)

for some integer r with 0 ≤ r ≤ N . A normal crossing scheme over a field k is called simple if
any irreducible component is smooth over k. For a simple normal crossing variety Y = ∪i∈I Yi

(Yi’s are irreducible components) over k and a positive integer r, we put

Y (r) :=
∐

{i1,i2,...,ir}⊂I

Yi1 ∩ Yi2 ∩ · · · ∩ Yir ,

which is the disjoint union of smooth varieties of dimension dim Y + 1− r.

(1.3) Let A be a henselian discrete valuation ring. We write K for the field of fractions and
k for the residue field. Let X be a scheme flat of finite type over A. We call X a semistable
family over A if X is everywhere étale locally isomorphic to

SpecA [x1, . . . , xN ]/(x1 · · ·xr − π)

for some 1 ≤ r ≤ N , where N denotes the relative dimension and π denotes a fixed prime of
A. Under this condition, X is regular, the generic fiber X ⊗A K is smooth over K, and the
special fiber X ⊗A k is reduced and a normal crossing scheme over k. We call further X strict
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if any irreducible component of the special fiber is smooth over k, that is, the special fiber is a
simple normal crossing variety over k.

(1.4) Let q be a non-negative integer. For a smooth variety Y over a perfect field of positive
characteristic p, Wr Ωq

Y,log denotes the étale subsheaf of the logarithmic part of the qth Hodge-
Witt sheaf Wr Ωq

Y defined by Illusie [Ill] (see also (1.5) below). We have an exact sequence of
pro-sheaves on Yét [Ill], I, 5.7.2

0→W·Ω
q
Y,log → W·Ω

q
Y

1−F
→ W·Ω

q
Y → 0. (1.4.1)

Here F denotes the Frobenius operator F : Wr+1Ωq
Y →Wr Ωq

Y and the transition maps are given
by the natural projections R : Wr+1Ωq

Y,log → Wr Ωq
Y,log and R : Wr+1Ωq

Y → Wr Ωq
Y , respectively

[Ill], I.
Let A be a henselian discrete valuation ring of mixed characteristic (0, p). For the special fiber

Y of a flat semistable family X over A, Wr ωi
Y,log denotes the étale subsheaf of the logarithmic

part of the modified Hodge-Witt sheaf Wr ωq
Y defined by Hyodo [Hy1] [Hy3]. We recall the

definition of Wr ω
q
Y,log given in [Hy1], (1.5). We write K (resp. k) for the fraction field (resp. the

residue field) of A. First we define the étale sheaf O∼
Y
× on Y by

O∼
Y
× := Coker ((1 + π ·Ga,X )⊕ f ∗(j ′)∗Gm,K→ j∗Gm,XK

) |Y .

Here j (resp. j ′) denotes the open immersion XK ↪→ X (resp. Spec K ↪→ Spec A), f denotes
the structure morphism X → Spec A, and π a fixed prime of A. By definition, there is a
natural map Gm,Y → O

∼
Y
×. The kernel is Gm,k |Y , and the cokernel is

Coker (Gm,X ⊕f ∗(j ′)∗Gm,K→ j∗Gm,XK
) |Y ' Coker

(
ZY

diag.
−→ ⊕

y∈Y 0
(iy)∗Z

)
,

by a standard purity for Gm,X . For a point y ∈ Y , we wrote iy for the canonical map y → Y .
Hence O∼

Y
× is the quotient of Gm,Y by Gm,k |Y outside of the singular locus of Y , and there

exists a differential symbol

dlog : (O∼
Y
×)⊗i → ⊕

y∈Y 0
(iy)∗Wr Ωi

y,log

(cf. [Ill], p. 580, (3.23.1)). The sheaf Wr ω
q
Y,log is defined by the image of this map:

Wr ωq
Y,log := Im

(
dlog : (O∼

Y
×)⊗q → ⊕

y∈Y 0
(iy)∗Wr Ω

q
y,log

)
. (1.4.2)

The modified Hodge-Witt sheaf Wr ωq
Y is equipped with the Frobenius operator F [Hy3] and

the same exact sequence as (1.4.1) holds for Wr ω
q
Y,log and Wr ω

q
Y (cf. [Hy1], (2.5) the second

definition of Wr ωq
Y,log):

0→ W·ω
q
Y,log → W·ω

q
Y

1−F
→ W·ω

q
Y → 0. (1.4.3)

(1.5) For a scheme X and a positive integer n invertible on X, µn denotes the étale sheaf of
n-th roots of unity. For a positive integer m, we will often write Z/nZ(m) for the étale sheaf
µ⊗m

n . For a smooth variety X over a perfect field of positive characteristic p > 0 and positive
integers r and m, we will often write Z/prZ(m)X for Wr Ωm

X,log[−m].
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Let K be a discrete valuation field with residue field k. For a prime number p and non-
negative integers i and m, we write δval for the boundary map of Galois cohomology groups
defined in [KCT], §1:

δval : Hi+1(K, Z/prZ(m + 1))→ Hi(k, Z/prZ(m)). (1.5.1)

This map is defined in the following cases: (i) ch(k) 6= p; (ii) ch(k) = p and i = m; (iii)
ch(k) = p, m = [k : kp] <∞ and i = m+1; note that if ch(k) = p, the group on the right hand
side is trivial unless i = m or m + 1. In this paper, we use this notation only in these cases.

(1.6) Normalization. (1) For a finite field k and a positive integer n, we define the trace map

trk : H1(k, Z/nZ)
'
→ Z/nZ

by sending a ∈ Homcont(Gk, Z/nZ) to a(ϕ−1
k ), where ϕk denotes the arithmetic Frobenius

operator. Similarly, we define the map

trk,Q/Z : H1(k, Q/Z)
'
→ Q/Z

by sending a ∈ Homcont(Gk, Q/Z) to a(ϕ−1
k ).

(2) We normalize the symbol map of Bloch-Kato and Hyodo as follows (cf. [BK1], (6.6),
[Hy1], (1.6.1), (1.6.2)). Let A be a henselian discrete valuation ring of mixed characteristic
(0, p) with perfect residue field. We fix a prime element of A and denote it by πA. We write K
for the fraction field of A. Let X be a semistable family over A. We write Y for the special
fiber of X and write j (resp. ι) for the canonical map XK → X (resp. Y → X). Then for a
positive integer q, the étale sheaf Rqj∗µ

⊗q
pr is generated by the image of (j∗Gm,XK

)⊗q. We write

{x1, · · · , xq} (xi ∈ j∗O
×
XK

) for the image of x1 ⊗ · · · ⊗ xq in Rqj∗µ
⊗q
pr . In this paper, we are

mainly concerned with the case q = N + 1 (N denotes the relative dimension of X/A). The
sheaf RN+1j∗µ

⊗N+1
pr is generated by symbols of the form {πA, x1, · · · , xN} with xi ∈ j∗O

×
XK

,
and we normalize the tame symbol map

σtame : RN+1j∗µ
⊗N+1
pr → ι∗Wr ωN

Y,log

by sending {πA, x1, · · · , xN} to dlog{x1, . . . , xN}. Here xi denotes the image of xi in O∼
Y
× (cf.

(1.4)). This map does not depend on the choice of πA.
(3) We fix here the normalization of distinguished triangles (cf. [SGA4 1

2
], Catégories Dérivées,

I.1). Let A be a abelian category and K(A) be the homotopy category of complexes of objects
in A. We will write D(A) for the derived category of complexes of objects in A. In this paper,
we fix the normalization between distinguished triangles and mapping cones as follows: Let
f • : C•

1 → C•
2 be a homomorphism of complexes of objects in A. Then we define the following

triangle to be distinguished in K(A) (and D(A); see also [SGA4 1
2
], Catégories Dérivées, II.1.5):

C•
1

f•

−−−→ C•
2

u•

−−−→ Cone•(f •)
v•
−−−→ C•

1 [1],

where Cone•(f •) denotes the mapping cone of f • and u• (resp. v•) denotes the natural inclusion
(resp. projection). See also (1.8) below for the definition of mapping cones.

Definition 1.1. Let

0 −−−→ C•
1

f•

−−−→ C•
2

g•
−−−→ C•

3 −−−→ 0 (1.6.1)

be a short exact sequence of complexes of objects in A. We define the morphism δ : C•
3 → C•

1 [1]
in D(A) by the composite morphism of the natural map C•

3 → Cone•(g•) and the isomorphism
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Cone•(g•) ' C•
1 [1] in D(A) given by f •. In this paper, we call this morphism δ the con-

necting morphism associated with the short exact sequence (1.6.1). By our normalization of
distinguished triangles the following triangle is distinguished in D(A):

C•
2

g•
−−−→ C•

3
δ

−−−→ C•
1 [1]

f•[1]
−−−→ C•

2 [1].

Remark 1.2. (1) We have another map δ′ : C•
3 → C•

1 [1] coming from the isomorphism C•
3 '

Cone•(f •) given by g• and the natural map Cone•(f •)→ C•
1 [1]. One can check δ = −δ′.

(2) In the case where (1.6.1) is semi-splitting, one can define δ alternatively by the morphism
ϕ constructed in [SGA4 1

2
], Catégories Dérivées, I.1.2.4 (in this case ϕ is defined in K(A)),

that is, we have δ = ϕ in D(A). Note that under our normalization the triangle

C•
1

f•

−−−→ C•
2

g•
−−−→ C•

3
ϕ

−−−→ C•
1 [1] (1.6.2)

in K(A) (or D(A)) is anti-distinguished, that is, if we change the sign of one of f •, g• and
ϕ, then the triangle (1.6.2) becomes distinguished.

(1.7) A remark on signs. The following lemma is an immediate consequence of the construc-
tion of connecting homomorphisms (cf. [SGA4 1

2
], Catégories Dérivées, I.1.2.4):

Lemma 1.3. Let A and 0→ C•
1

f•

−→ C•
2

g•
−→ C•

3 → 0 be as in Definition 1.1, and let m be an
integer. Let δ1 : C•

3 → C•
1 [1] be the connecting morphism in D(A) associated with this short

exact sequence, and let δ2 : C•
3 [m]→ C•

1 [m+1] be the connecting morphism in D(A) associated
with the short exact sequence

0 −−−→ C•
1 [m]

f•[m]
−−−→ C•

2 [m]
g•[m]
−−−→ C•

3 [m] −−−→ 0.

Then we have δ1[m] = (−1)mδ2.

We mention some general facts deduced from this lemma, which will be used frequently in this
paper.

Example 1.4. Let X be a scheme and Z be a closed subscheme of X. We write U for the
complement X \ Z, and write i (resp. j) for the closed immersion Z → X (resp. the open
immersion U → X). Let K be an object in D+(Xét), and we take an injective resolution I• of
K. We write δX,U(K) for the connecting morphism

δX,U(K) : Rj∗j
∗K → i∗Ri!K[1]

associated with the short exact sequence of complexes 0 → i∗i
!I• → I• → j∗j

∗I• → 0 (cf.
Remark 1.2). In this paper, we will often write δloc for δX,U(K) if there is no fear of confusion.
The morphism δX,U(K) is functorial in K, but does not commute with shift functors in general:
for an object K ∈ D+(Xét) and an integer m, the diagram

Rj∗j
∗K[m]

δX,U (K)[m]
−−−−−−−→ i∗Ri!K[m + 1]

=

y
y=

Rj∗j
∗K[m]

δX,U (K[m])
−−−−−−−→ i∗Ri!K[m + 1]

(1.7.1)

is commutative up to the sign (−1)m.
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Example 1.5. Let X be a noetherian scheme and D be a Cartier divisor on X. Then we define
the divisor class clX(D)Gm ∈ H1

D(X, Gm) by the cohomology class of the invertible sheaf OX(D).
For a positive integer invertible on X, we also define the divisor class clX(D) ∈ H2

D(X, µn) by
the image of clX(D)Gm under the boundary map H1

D(X, Gm) → H2
D(X, µn) coming from the

Kummer theory for Gm. We define the homomorphism clX,D : Z/n → H2
D(X, µn) by sending

1 to clX(D). Now let K be a henselian discrete valuation field and let n be a positive integer
invertible in the residue field. We write OK for the ring of integers, and write η (resp. v)
for the generic point (resp. the closed point) of X := Spec OK. Then we have the following
commutative diagram:

K× '
−−−−→ H0(η, Gm)

ordv

y
yδX,η(Gm)

Z
clX,v,Gm
−−−−−→

'

H1
v(X, Gm),

(1.7.2)

where clX,v,Gm sends 1 to clX(v)Gm (see [SGA41
2
], Cycle, 2.1.1). By this commutativity and

Example 1.4, the following diagram is anti-commutative:

K×/n
'

−−−−→ H1(η, µn)

ordv

y
yδX,η(µn)

Z/n
clX,v
−−−−→

'

H2
v(X, µn)

(1.7.3)

(see also [SGA4 1
2
], Cycle, 2.1.3). More generally, by the same reason, the following diagram is

anti-commutative for any integers q and m:

Hq(η, µ⊗m
n )

δval ↙ ↘δX,η(µ⊗m
n )

Hq−1(x, µ⊗m−1
n )

clX,x
−→
'

Hq+1
x (X, µ⊗m

n ),

where δval denotes the boundary map of Galois cohomology groups (1.5) and the bottom hori-
zontal map sends a ∈ Hq−1(x, µ⊗m−1

n ) to clX(x) ∪ a.

(1.8) Mapping fiber in derived categories. We will often use the following general lemma on
morphisms in derived categories:

Lemma 1.6. Let A be an abelian category which has enough injectives. Let n be an integer,
and let M be an object in D(A) which is acyclic in any degree properly greater than n.

(1) Let M ′ be an object in D(A) which is acyclic in any degree properly smaller than 0. Then
for an intger q we have

HomD(A)(M, M ′[−q]) =





HomA(Hn(M),H0(M ′)), if q = n,

0, if q > n.

Here for an integer q, Hq(M) denotes the q-th cohomology object of M .

(2) Let N1
f1
→ N2

f2
→ N3 → N1[1] be a distinguished triangle in D(A) with Hq(N3) = 0 for any

q < n. Let g : M → N2 be a morphism in D(A) with f2 ◦ g trivial. Then there uniquely
exists a morphism g′ : M → N1 that g factors through.
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Lemma 1.6 (1) is reduced to the calculation of morphisms in the homotopy category K(A), by
[SGA41

2
], Catégories Dérivées, II, 2.3 (4). The details are elementary and left to the reader.

Lemma 1.6 (2) follows from (1) and [BBD], 1.1.9.

Definition 1.7. For the convenience of readers, we first recall the definition of the mapping
fiber of a homomorphism of complexes.

(1) Let A be an additive category. Let B• = ({Bq}q, {d
q
B}q) and C• = ({Cq}q, {d

q
C}q) be

complexes of objects in A, and let φ• : B• → C• be a homomorphism of complexes. Then
we define the mapping cone Cone•(φ•) of φ• by the complex

({Bq+1 ⊕ Cq}q, {(−dq+1
B , φq + dq

C)}q),

where the qth differential operator means the map Bq+1 ⊕ Cq → Bq+2 ⊕ Cq+1 sending
(b, c) to (−dq+1

B (b), φq(b) + dq
C(c)). We call Cone•(φ•)[−1] the mapping fiber of φ•.

(2) Let A, n, M be as in Lemma 1.6, and let F be an object in A. Let ϕ : M → F [−n] be
a morphism in D−(A) such that Hn(ϕ) : Hn(M) → F is surjective. Then we define the
object Cone(ϕ)[−1] in D−(A), the mapping fiber of ϕ, by

D(Cone•(ϕ̃• : C•(M)→ C•(F )[−n])[−1]),

where C•(M), C•(F ) and ϕ̃• denote lifts of M , F and ϕ to the category C(A) of complexes
of objects inA, respectively, and D denotes the canonical functor D : C(A)→ D(A). Note
that the pair of Cone(ϕ)[−1] and the canonical map Cone(ϕ)[−1]→M does not depend on
the choice of (C•(M), C•(F ), ϕ̃•). In fact, if we take another lift ϕ̂• : B•(M)→ B•(F )[−n]
of (M, F, ϕ) to C(A), there uniquely exists an isomorphism h : D(Cone•(ϕ̃•)[−1]) →
D(Cone•(ϕ̂•)[−1]) in D−(A) that fits into the diagram

D(Cone•(ϕ̃•)[−1])
h
→ D(Cone•(ϕ̂•)[−1])

can. ↘ ↙can.

M

by Lemma 1.6 (2), because D(Cone•(ϕ̃•)[−1]) is acyclic in any degree properly greater
than n by the surjectivity of Hn(ϕ).

2. purity and duality for modified differential modules

Throughout this section, k always denotes a perfect field of positive characteristic p and r
denotes a positive integer. We will often write s for Spec k. Let A be a henselian discrete
valuation ring of mixed characteristic with perfect residue field k. Let X be a flat of finite
type strict semistable family over A of relative dimension N . We write Y for the special fiber
X ⊗A k and write s for Spec k. In this section, we calculate the étale sheaf Wr ωN

Y,log, (see (1.4)
for the definition). Our first aim is to prove a semistable variant of the smooth purity for étale
subsheaves of the logarithmic part of Hodge-Witt sheaves of the highest degree ([Mi3], §2, [Gr],
[Su], 2.6):

Theorem 2.1 (Purity). Let V ⊂ Y be a closed integral subscheme which is smooth over s.
We write c for the codimension of V in Y . Then there exists a canonical isomorphism

clY,V : Wr ΩN−c
V,log

'
−→ Ri!V Wr ωN

Y,log[c] in D+(Vét, Z/prZ).

Here iV denotes the closed immersion V → Y .

The second aim of this section is to prove the following duality result using Theorem 2.1:
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Theorem 2.2 (Duality). Suppose that Y is separated over s. We write πY/s for the structure
morphism Y → s. Then there exists a canonical trace morphism

trY/s : RπY/s!Wr ωN
Y,log[N ] −−−→ Z/prZ in Db(sét, Z/prZ)

such that for a closed point x on Y the composite morphism

πx/s∗Z/prZx
clY,x
−−→ RπY/s!Wr ωN

Y,log[N ]
trY/s
−−−→ Z/prZ

coincides with the trace morphism for πx/s (see Theorem 2.14 below for more detail). Further-
more, the morphism

τY/s : Wr ωN
Y,log[N ] −−−→ Rπ!

Y/sZ/prZ in D+(Yét, Z/prZ).

adjoint to trY/s is an isomorphism.

These theorems will play important roles in later sections.

Remark 2.3. We will prove Theorem 2.1 in (2.2)–(2.3) below, using the purity in the smooth
case and the duality of Ekedahl and Hyodo [Ek], [Hy3]. To prove Theorem 2.2 (including the
case where Y is smooth over s) we will use a result of Moser [Mo]. More precisely, we will
generalize his argument to obtain a duality theory for varieties over an arbitrary perfect field
of positive characteristic (see (2.5)–(2.8) below).

(2.1) Preliminary on Theorem 2.1. Let iZ : Z → Y be a closed immersion of schemes.
First we recall the relation between the functors i[Z (cf. [Ha1]) and Ri!Z = RΓZ(Y, •). For an
étale sheaf F , we will omit the indication R0 of R0i!ZF . Let n be an integer which annihilates
OY (we are mainly concerned with the case where OY is annihilated by a power of a non-zero
prime). We put Λ := Z/nZ. We write S(Yét,OY ) (resp. S(Yét, Λ)) for the category of étale
quasi-coherent OY -modules (resp. étale Λ-sheaves) on Y . Note that S(Yét,OY ) is an abelian
subcategory of S(Yét, Λ). For an F ∈ S(Yét,OY ), the object i[ZF ∈ D+(Zét,OZ) is defined by

i[ZF := i−1
Z RHomOY

(iZ∗OZ ,F),

where i−1
Z denotes the topological pull-back. By taking an injective resolution I • of F in

C+(Yét,OY ) and an injective resolution J• of I• in C+(Yét, Λ), we obtain the following functorial
morphism in D+(Yét, Λ):

i?Z(F) : i[ZF → i!ZI• → i!ZJ• = Ri!ZF . (2.1.1)

Lemma 2.4. Let Y be a simple normal crossing scheme over a field F , let Z be an irreducible
component of Y and let F ∈ S(Yét,OY ) be a successive extension of locally free OY -modules.

(1) i[Z(F) is acyclic outside of degree 0, and the 0th cohomology sheafH0(i[Z(F)) is a successive
extension of locally free OZ-modules.

(2) The morphism i?Z(F) induces the isomorphism H0(i[Z(F)) ' i!Z(F) of étale sheaves.

Proof. (1) Since the problem is étale local on Y , it suffices to consider the case where F = OY ,
Y is of the form

Y = Spec F [x0, x1, · · · , xN ]/(x0 · · ·xa)

for some a with 0 ≤ a ≤ N and where Z is the irreducible component of Y defined by
x0 mod (x0 · · ·xa). We put s := x1 · · ·xa mod (x0 · · ·xa). Then we have the following OY -free
resolution of OZ :

· · · −→ OY
×x0−→ OY

×s
−→ OY

×x0−→ OY → OZ → 0, (2.1.2)
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which can be checked by an elementary computation on the polynomial ring F [x0, x1, · · · , xN ].
By this resolution of OZ, we have Hq(i[Z(OY )) = 0 if q 6= 0 and

H0(i[Z(OY )) = Ker
(
OY

×x0−→ OY

)
' OZ ,

where the first equality means that of subsheaves of OY and the last isomorphism follows from
the exactness of (2.1.2).

(2) By (1), it suffices to consider the case where F = OY and where Y and Z are as above.
Then our task is to show that the subsheaf

i!Z(OY ) = {f ∈ OY ; xm
0 f = 0 for some integer m > 0} ⊂ OY

coincides with H0(i[Z(OY )) as subsheaves of OY , which is an elementary computation on the
polynomial ring F [x0, x1, · · · , xN ] and left to the reader.

In the following two lemmas, let X/A and Y/s be as in Theorem 2.1.

Lemma 2.5. Suppose that k is algebraically closed. Then for a U étale over Y , the operator
1− C is surjective on H0(U, ωN

Y |U).

Proof. We write Ysing for the singular locus of Y and write j2 for the open immersion Y \Ysing →
Y . This lemma follows from the same argument as in [Su], 2.1, and the fact that the canonical
map ωN

Y → j2∗j
∗
2ω

N
Y is injective by definition (cf. [Hy1], (1.5)).

Lemma 2.6. Let Z be an irreducible component of Y and write iZ for the closed immersion
Z → Y . Then the operator 1− C is bijective on the sheaf R1i!ZωN

Y .

Proof. We write j for the open immersion U := Y \ Z → Y . Since we have an exact sequence

ωN
Y → j∗j

∗ωN
Y → R1i!ZωN

Y → 0

and the operator 1− C is surjective on j∗j
∗ωN

Y by Lemma 2.5, it is also surjective on R1i!ZωN
Y .

Next we prove that the operator 1−C is injective on R1i!ZωN
Y . Since the problem is étale local

on Y , we may assume that X is of the form

X = Spec A[x0, x1, · · · , xN ]/(x0 · · ·xa − π)

for some a with 0 ≤ a ≤ N , and that Z is defined by x0 mod (x0 · · ·xa) in Y . We put
D := Z ∩ Ysing, that is, D = Spec k[x1, · · · , xN ]/(x1 · · ·xa). We have U ' D × Spec k[x0, x

−1
0 ]

and D is the special fiber of the semistable family Spec A[x1, · · · , xN ]/(x1 · · ·xa − π). For
an integer q ≥ 0, we have a well-defined homomorphism ωq

D → j∗j
∗ωq+1

Y ; α 7→ α ∧ dx0/x0,
which is compatible with differential operators and Cartier operators. We use this map and
the argument of Milne in [Mi3], p. 316. We write M for the image of ωN

Y → j∗j
∗ωN

Y . Then a
section η of R1i!ZωN

Y ' (j∗j
∗ωN

Y )/M is uniquely written as a finite sum

η =

(
α1

x0
+

α2

x2
0

+ · · ·

)
∧

dx0

x0
(mod M)

with each αi ∈ ωN−1
D , which follows from the isomorphism

Coker (OY → j∗OU) '
∞⊕

i=1

1

xi
0

· OD.

and the fact that ω1
Y is a free OY -module generated by dx0/x0, . . . , dxa/xa and dxa+1, . . . , dxN

with Σa
i=0dxi/xi = 0 [Hy1], (1.5). Now let η be an element in R1i!ZωN

Y with C(η) = η. Then by
a similar calculation as in [Mi3], p. 316, we have η = 0. This completes the proof.
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(2.2) Proof of Theorem 2.1. In this paragraph and the next, we prove Theorem 2.1. Let
the notation be as in Theorem 2.1. We fix an irreducible component Z of Y that contains V .
We write iV (resp. iZ , iV/Z) for the closed immersion V → Y (resp. Z → Y , V → Z). By the
purity for the closed immersion V → Z:

clZ,V : Wr ΩN−c
V,log

'
−→ Ri!V/ZWr ΩN

Z,log[c] (2.2.1)

([Mi3], §2, [Gr], [Su], 2.6; see also Remark 2.3), it suffices to show the following two claims:

Proposition 2.7. We have a canonical isomorphism

clY,Z : Wr ΩN
Z,log

'
−−−→ Ri!ZWr ω

N
Y,log in D+(Zét, Z/prZ). (2.2.2)

Lemma 2.8. When V is contained in two distinct irreducible components of Y , the composite
of isomorphisms

clY,V : Wr ΩN−c
V,log

clZ,V
−−−→

'
Ri!V/ZWr ΩN

Z,log[c]
Ri!

V/Z
(clY,Z)[c]

−−−−−−−−→
'

Ri!V Wr ωN
Y,log[c] (2.2.3)

(in D+(Vét, Z/prZ)) does not depend on the choice of the irreducible component Z of Y .

We prove Proposition 2.7 in this paragraph, and Lemma 2.8 in (2.3).

Proof of Proposition 2.7. We write ir for the closed immersion Wr(Z)→ Wr(Y ). We construct
the morphism (2.2.2). By the duality of Ekedahl [Ek] and Hyodo [Hy3], we have a canonical
isomorphism

τWr(Z)/Wr(Y ) : Wr Ω
N
Z

'
−−−→ i[rWr ωN

Y in D+(Zét, Wr(Z)). (2.2.4)

This morphism is compatible with the Frobenius operators F and the natural projection oper-
ators with respect to r. By this morphism and the morphism i?r(Wr ωN

Y ) (cf. (2.1.1)), we obtain
a morphism

τ ?
Wr(Z)/Wr(Y ) : Wr ΩN

Z → Ri!ZWr ωN
Y in D+(Zét, Z/prZ)

(note that i!r = i!Z), and hence a homomorphism

iZ∗Wr ΩN
Z → Wr ωN

Y (2.2.5)

of étale sheaves on Y , compatible with the operators F and the natural projection with respect
to r. Furthermore we obtain a homomorphism

iZ∗Wr ΩN
Z,log →Wr ωN

Y,log (2.2.6)

of étale sheaves on Y , compatible with the natural projection with respect to r, by the following
commutative diagram of pro-sheaves on Yét with exact rows (cf. (1.4.1), (1.4.3)):

0 −−−→ iZ∗W·Ω
N
Z,log −−−→ iZ∗W·Ω

N
Z

1−F
−−−→ iZ∗W·Ω

N
Z

(2.2.5)

y (2.2.5)

y

0 −−−→ W·ω
N
Y,log −−−→ W·ω

N
Y

1−F
−−−→ W·ω

N
Y

and the exact sequence of étale sheaves (cf. [Hy1], (1.5.2)):

0 −−−→ Wr ωq
Y,log

×ps

−−−→ Wr+sω
q
Y,log −−−→ Wsω

q
Y,log −−−→ 0. (2.2.7)

We prove that the morphism

clY,Z : Wr ΩN
Z,log → Ri!ZWr ωN

Y,log in D+(Zét, Z/prZ)
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induced by (2.2.6) is bijective on cohomology sheaves. By (2.2.7) and a similar exact sequence
for Wr ΩN

Z,log [Mi3], Lemma 1.7, the problem is reduced to the case r = 1. In this case, the
map τZ/Y (cf. (2.2.4)) is compatible with the Cartier operator C, and we have the following
commutative diagram with exact rows:

0 −−−→ ΩN
Z,log −−−→ ΩN

Z
1−C
−−−→ ΩN

Z −−−→ 0

H0(clY,Z)

y H0(τ?
Z/Y

)

y H0(τ?
Z/Y

)

y (

y)

0 −−−→ i!ZωN
Y,log −−−→ i!ZωN

Y
1−C
−−−→ i!ZωN

Y −−−→ R1i!ZωN
Y,log.

(2.2.8)

Here we have used the following exact sequence of étale sheaves on Y (a variant of [Hy1],
(1.5.1)):

0 −−−→ ωN
Y,log −−−→ ωN

Y
1−C
−−−→ ωN

Y −−−→ 0. (2.2.9)

Our task is to show the following:

Claims. (a) H0(clY,Z) is bijective.
(b) Ri!ZωN

Y,log is acyclic at positive degrees.

Proof of Claims. We prove Claim (a). In fact, by (2.2.4), Lemma 2.4 and the fact that ωN
Y

is locally free OY -module, the map H0(τ ?
Z/Y ) is bijective and hence we obtain Claim (a) by the

commutative diagram (2.2.8). Next we prove Claim (b). Since we have Rmi!ZωN
Y = 0 for m > 1

(if Y is affine, then Y \ Z is also affine), we have Rmi!ZωN
Y,log = 0 for m > 2, by the long exact

sequence associated with (2.2.9):

· · · −→ Rmi!ZωN
Y,log −→ Rmi!ZωN

Y
1−C
−→ Rmi!ZωN

Y −→ Rm+1i!ZωN
Y,log → · · · . (2.2.10)

The triviality of R2i!ZωN
Y,log also follows from this exact sequence and the surjectivity part of

Lemma 2.6. We prove that R1i!ZωN
Y,log = 0. Since H0(τ ?

Z/Y ) is bijective (cf. Proof of Claim

(a)), the operator 1 − C is surjective on i!ZωN
Y . Hence we have R1i!ZωN

Y,log = 0 by the exact
sequence (2.2.10) and the injectivity part of Lemma 2.6. This completes the proof of Claims
and Proposition 2.7.

(2.3) Proof of Lemma 2.8. We consider the isomorphism clY,V (cf. (2.2.3)). It suffces to show
the case where V is of codimension 1 in Y . Since clY,V is an isomorphism, Ri!V Wr ωN

Y,log[1] is
acyclic outside of degree 0, and hence the map (2.2.3) is determined by the homomorphism

H0(clY,V ) : Wr ΩN−1
V,log → R1i!V Wr ωN

Y,log

of étale sheaves on V by Lemma 1.6 (1). We write cl0Y,V,r for this map, in what follows. We
have only to show that the map of pro-sheaves

cl0Y,V,· : W·Ω
N−1
V,log → {R

1i!V Wr ωN
Y,log}r

does not depend on the choice of Z. We consider the following commutative diagram of pro-
sheaves on Vét:

W·Ω
N−1
V,log

⊂
−−−→ W·Ω

N−1
V

cl0Y,V,·

y
y
{
H0

(
τ?
Wr(V )/Wr(Y )

)}
r

{R1i!V Wr ωN
Y,log}r −−−→ {R

1i!V Wr ωN
Y }r.

(2.3.1)
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Here the right vertical arrow is the projective system of the maps of cohomology sheaves induced
by the morphism

τ ?
Wr(V )/Wr(Y ) : Wr ΩN−1

V −−−→ Ri!V Wr ωN
Y [1] in D+(Vét, Z/prZ)

coming from the Ekedahl-Hyodo duality, and this map does not depend on the choice of Z.
The commutativity of (2.3.1) follows from the fact that the cycle class map clV,Z (cf. (2.2.1)) is
compatible with the morphism {Wr Ω

N−1
V → R1i!V/ZWr ΩN

Z }r coming from the Ekedahl duality

[Gr], (I.1.2.6), (I.3.4). We claim here that the lower horizontal map is an injection of pro-
sheaves, which implies that cl0Y,V,· does not depend on the choice of Z. We prove this claim. By
(1.4.3), it suffces to show the following:

Lemma 2.9. We have i!V Wr ωN
Y = 0 for any positive integer r.

Proof. We take an irreducible component Z of Y that contains V . Since we have i!V Wr ωN
Y =

i!V/Zi!ZWr ωN
Y , Lemma 2.9 follows from Lemma 2.4 and the fact that Wr ω

N
Y is a successive ex-

tension of locally free OY -modules [Hy1], p. 258 (ii).

(2.4) Cousin complex. For a scheme Z and a sheaf F on Zét, we write Cous•Z(F) for the
étale cousin complex with F -coefficients:

⊕

x∈Z0

ix∗i
∗
xF →

⊕

x∈Z1

ix∗R
1i!xF → · · · →

⊕

x∈Zq

ix∗R
qi!xF → · · · ,

where the first term is put on degree 0 and for a point x, ix denotes the canonical map x→ Z.
In this paragraph, we prove the following:

Proposition 2.10. Let Y be as in Theorem 2.1. Then the natural map (of complexes)

Wr ωN
Y,log −→ Cous•Y (Wr ωN

Y,log)

is a quasi-isomorphism.

Proof. We prove Proposition 2.10 in two steps.
(1) First we prove that the map of sheaves Wr ωN

Y,log → H
0(Cous•Y (Wr ω

N
Y,log)) is bijective;

the injectivity is clear by the definition of Wr ω
N
Y,log (cf. (1.4)). For the surjectivity, it suffices to

show the exactness of the complex

H0(Y ′, Wr ωN
Y,log)→

⊕

x∈(Y ′)0

H0(Y ′, ix∗i
∗
xWr ωN

Y,log)→
⊕

x∈(Y ′)1

H0(Y ′, ix∗R
1i!xWr ωN

Y,log) (∗)

for an arbitrary Y ′ étale over Y . Here we wrote Wr ωN
Y,log for the sheaf Wr ωN

Y,log|Y ′ for simplicity,
and ix denotes the canonical map x→ Y ′. To show this exactness, we consider the localization
spectral sequence

Eu,v
1 =

⊕

x∈(Y ′)u

Hu+v
x (Y ′, Wr ωN

Y,log) =⇒ Hu+v(Y ′, Wr ω
N
Y,log).

Clearly Eu,v
1 = 0 if u < 0 or u + v < 0. Furthermore, by Theorem 2.1, we have Eu,v

1 = 0 if
v < 0. Thus we obtain an exact sequence

(0→)H0(Y ′, Wr ωN
Y,log)→

⊕

x∈(Y ′)0

H0(x, Wr ω
N
Y,log)→

⊕

x∈(Y ′)1

H1
x(Y

′, Wr ω
N
Y,log).

Finally this complex is isomorphic to the complex (∗) by the purity (Theorem 2.1) for points
of codimension 1, i.e., Rmi!xWr ωN

Y,log = 0 for m 6= 1, and hence (∗) is also exact.
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(2) We prove that the complex Cous•Y (Wr ω
N
Y,log) is acyclic at positive degrees. In fact, by

Theorem 2.1, Cous•Y (Wr ω
N
Y,log) is quasi-isomorphic to the total complex of the following double

complex:

Cous•Y (N+1)(Z/prZ)[−N ]→ Cous•Y (N)(Wr Ω1
Y (N),log)[−N + 1]→ · · · → Cous•Y (1)(Wr Ω

N
Y (1),log),

where horizontal maps are alternate sum of Gysin maps and those signs are determined by a
fixed ordering of irreducible components of Y . By this fact, we obtain a spectral sequence

Eu,v
1 = Hu+v(Cous•Y (1−u)(Wr ωu+N

Y (1−u),log
)) =⇒ Hu+v(Cous•Y (Wr ω

N
Y,log)), (2.4.1)

where Eu,v
1 = 0 unless −N ≤ u ≤ 0, 0 ≤ v ≤ N or u + v > 0. Furthermore, for a fixed u with

−N ≤ u ≤ 0, we have

Hu+v(Cous•Y (1−u)(Wr Ωu+N
Y (1−u),log

)) =





0 if v 6= −u

Wr Ωu+N
Y (1−u),log

if v = −u,

by a theorem of Gros and Suwa [GrSu], 1.6. Hence we have Hm(Cous•Y (Wr ω
N
Y,log)) = 0 for

m > 0. This completes the proof.

(2.5) Duality over Spec k. In this paragraph, we formulate a duality theory over s = Spec k,
using methods of Moser [Mo] (cf. [Mi1]). Theorem 2.2 will immediately follow from Theorems
2.14 and 2.15 stated below. First of all, let us introduce the following result of Shiho [Sh]:

Theorem 2.11 (Shiho). Let Z be smooth variety of pure dimension N over s. Let c be a
positive integer, and let z and w be points on Z of codimension c− 1 and c, respectively, with
w ∈ {z} ⊂ Z. Then for an integer m, the following diagram commutes up to the sign (−1)N+1:

Hm(z, Wr ΩN−c+1
z,log )

δval−−−→ Hm(w, WrΩ
N−c
w,log)

clZ,z

y
yclZ,w

Hm+c−1
z (Z, WrΩ

N
Z,log)

δloc−−−→ Hm+c
w (Z, Wr Ω

N
Z,log)

(this diagram is obvious unless m = 0 or 1 by [Su], 2.2; see also (1.5)).

Proof. For the convenience of readers, we include an outline. First, in the case where z is
the generic point of Z and y is the generic point of a divisor on Z, the above commutativity
is checked by the local description of Gysin morphisms [Gr], II.3.3.9. Next we consider the
case where c = codimZ(w) is arbitrary. If the closure {z} ⊂ Z is regular around w, then
the problem is reduced to the first case by the transitivity of Gysin morphisms [Gr], II.2.1.1

(see also Example 1.4 and (A.1) of this paper). Finally, in the case where {z} is not regular
around w, by a normalization argument similar to (A.2)–(A.3) below, the problem is reduced
to showing the following commutativity for a finite field extension w′/w:

Hm(w′, Wr Ω
N−c
w′,log)

id.
−−−→ Hm(w′, Wr ΩN−c

w′,log)

coresκ(w′)/κ(w)

y
ytrw′/w

Hm(w, Wr Ω
N−c
w,log)

id.
−−−→ Hm(w, WrΩ

N−c
w,log),

(2.5.1)

where the right vertical map is the trace map coming from the Ekedahl duality [Gr], II.1.2.7,
and the left vertical map is the corestriction map of Galois cohomology groups (cf. [K1], p. 612,
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Definition 3, [KCT], p. 151; we need the above compatibility, because corestriction maps are
used in the definition of δval). The commutativity of (2.5.1) is given in [Sh], Proof of Theorem
4.2, Steps 3 and 4.

Let Z be a pure-dimensional scheme of finite type over s. We write NZ for the dimension of Z
and write πZ/s for the structure morphism Z → s. Motivated by Theorem 2.11, we define the
complex M•

r(Z) of étale sheaves on Z by

M•
r(Z) = ({Mq

r(Z)}q, {d
q :Mq

r(Z)→Mq+1
r (Z)}q)

:=



{⊕

x∈Zq

ix∗Wr Ω
N−q
x,log

}

q

,
{
(−1)N+1δval

}
q


 ,

where N denotes NZ. This complex coincides with the complex ν̃N
r,Y defined in [Mo] up to a

sign: the qth differential operator of ν̃N
r,Y is defined by (−1)qδval. If Y is smooth over s of pure

dimension N or as in Theorem 2.1, then we have a canonical (quasi-)isomorphisms of complexes

M•
r(Y ) ' Cous•Y (Wr ωN

Y,log)
qis.
←− Wr ωN

Y,log (2.5.2)

by Theorem 2.1, Proposition 2.10 and Theorem 2.11, where the first map is an isomorphism
of complexes given by Gysin maps of points on Y . Furthermore by definition, for a closed
immersion i : Z ′ → Z of pure-dimensional schemes, we have a natural map of complexes

i∗M
•
r(Z

′)→M•
r(Z)[NZ −NZ′]. (2.5.3)

We call this map the Gysin map for Z ′ → Z. In fact, if Z ′ and Z are smooth, this map

of complexes represents the Gysin morphism of Gros: i∗Wr Ω
NZ′

Z′,log → Wr ΩNZ
Z,log[NZ − NZ′] via

(2.5.2). The following lemma shows that the complex M•
r(Z) is suitable for operations in

derived categories:

Lemma 2.12. Let Z be a scheme of finite type over s and let x be a point on Z. We write ix

for the canonical map x→ Z and write d for the dimension of the closure {x} ⊂ Z. Then the
following holds:

(1) The sheaf Wr Ωd
x,log on xét is ix∗-acyclic.

(2) For a closed immersion i : Z ′ → Z, the sheaf ix∗Wr Ωd
x,log on Zét is i!-acyclic.

(3) For an s-morphism f : Z → V , the sheaf ix∗Wr Ωd
x,log on Zét is f∗-acyclic.

Proof. For (1) and (2), see [Mo], 2.3 and 2.4. We prove (3). For a point v ∈ V , we have

[Rmf∗(ix∗Wr Ω
d
x,log)]v ' Hm(Z ×V Spec Osh

V,v, ix∗Wr Ω
d
x,log)

(1)
' Hm(x×V Spec Osh

V,v, Wr Ω
d
x,log)

and the last group is trivial if m > 0 by the same argument as in loc. cit., 2.5.

Corollary 2.13 ([Mo], p. 130). For a closed immersion i : Z ′ → Z of pure dimensional s-
schemes, the map (2.5.3) induces an isomorphism

clZ,Z′ :M•
r(Z

′)
'
−→ Ri!M•

r(Z)[NZ −NZ′] in Db(Z ′
ét
, Z/prZ).

Now we are able to formulate a duality theory over s, using M•
r(Z). We write VRP

s for the
category of reduced pure-dimensional schemes separated of finite type over s and separated
s-morphisms. For an s-scheme Z, we write πZ/s for the structure morphism Z → s.
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Theorem 2.14. (1) For a Z ∈ VRP
s , there uniquely exists a canonical trace morphism

trZ/s : RπZ/s!M
•
r(Z)[NZ] −−−→ Z/prZ in Db(sét, Z/prZ)

characterized by the following three properties:
(1-0) If Z is Spec L for a finite field extension L/k (since k is perfect, Z/s is necessarily

étale), then trZ/s comes from the adjointness between RπZ/s! = πZ/s∗ and Rπ!
Z/s = π∗

Z/s:

πZ/s∗Z/prZZ = RπZ/s!Rπ!
Z/sZ/prZs −→ Z/prZs

(cf. [SGA4], XVIII.3, see also Remark 2.17 below).
(1-1) For a closed point x on Z the composite morphism

πx/s∗Z/prZ
clZ,x
−−−→ πx/s∗Ri!xM

•
r(Z)[NZ]

(∗1)
−−−→ RπZ/s!M

•
r(Z)[NZ ]

trZ/s
−−−→ Z/prZ

coincides with trx/s, where the map marked (∗1) is a base cochange morphism [SGA4],
XVIII, 3.1.13.2.

(1-2) For an open immersion j : Z1 → Z2 in VRP
s , the composite morphism

RπZ1/s!M
•
r(Z1)[NZ1 ] = RπZ2/s!j!j

∗M•
r(Z2)[NZ2 ] −−−→ RπZ2/s!M

•
r(Z2)[NZ2]

trZ2/s
−−−→ Z/prZ

(note that M•
r(Z1) = j∗M•

r(Z2)) coincides with trZ1/s.
(2) For a closed immersion i : Z1 → Z2 in VRP

s , the composite morphism

RπZ1/s!M
•
r(Z1)[NZ1]

clZ2,Z1−−−−→ RπZ1/s!Ri!M•
r(Z2)[NZ2 ]

(∗2)
−−−→ RπZ2/s!M

•
r(Z2)[NZ2 ]

trZ2/s
−−−→ Z/prZ

coincides with trZ1/s, where the morphism (∗2) is a base cochange morphism.
(3) For an étale morphism j : Z1 → Z2 in VRP

s , the composite morphism

RπZ1/s!M
•
r(Z1)[NZ1 ] = RπZ2/s!j!j

∗M•
r(Z2)[NZ2 ]

(∗3)
−−−→ RπZ2/s!M

•
r(Z2)[NZ2]

trZ2/s
−−−→ Z/prZ

coincides with trZ1/s, where the morphism (∗3) is the adjunction map coming from the
adjointness between Rj! = j! and Rj ! = j∗.

Theorem 2.15 (Moser). For a Z ∈ VRP
s , the morphism

τZ/s :M•
r(Z)[NZ ] −−−→ Rπ!

Z/sZ/prZ in D+(Zét, Z/prZ)

adjoint to trZ/s (cf. [SGA4], XVIII.3) is an isomorphism.

Theorems 2.14 (1) and 2.15 together with (2.5.2) immediately imply Theorem 2.2. We will
prove Theorem 2.14 in (2.6)–(2.7) below. Because Theorem 2.15 looks quite different from the
original result of Moser (cf. [Mo], 5.6), we include an outline of a proof in (2.8).

(2.6) Preliminary on Theorem 2.14. In this paragraph, we prove Lemma 2.16 stated below,
which is a generalization of [Mo], 4.1 and, at the same time, an important ingredient of Theorem
2.14 (see also Remark 2.19 below). Let f : Z1 → Z2 be a morphism in VRP

s . Let x be a point
on Z1, and let y be a point on Z2 whose closure has the same dimension as that of x in Z1.
We write d for the dimension of these closures, and write fx (resp. iy) for the composite map
x→ Z1 → Z2 (resp. y → Z2). We define the following homomorphism of sheaves on Z2,ét:

trf,(x,y) : fx∗Wr Ω
d
x,log → iy∗Wr Ωd

y,log
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by the trace homomorphism for x/y coming from the Ekedahl duality [Gr], II.1.2.7, if x is
finite over y via f (i.e., if x maps to y), and define trf,(x,y) by zero otherwise. Collecting this
homomorphism for points on Z1 and Z2, we obtain the homomorphism

tr•f : f∗M
•
r(Z1)[NZ1 ] −→M

•
r(Z2)[NZ2 ]

of graded sheaves on Z2,ét. By definition and [Gr], II.2.1.1, this homomorphism tr•f (of graded
sheaves) satisfies the following transitivity: for morphisms f : Z1 → Z2 and g : Z2 → Z3 in
VRP

s , we have the following equality of homomorphisms of graded sheaves on Z3,ét:

tr•g ◦ g∗(tr
•
f) = tr•g◦f . (2.6.1)

In the rest of paragraph, we prove the following key lemma:

Lemma 2.16. Suppose that f is proper. Then tr•f is a homomorphism of complexes. Conse-
quently, by Lemma 2.12 (3), we obtain the following canonical morphism:

trf : Rf∗M
•
r(Z1)[NZ1 ] −→M

•
r(Z2)[NZ2 ] in Db(Z2,ét, Z/prZ).

Proof. We put Nλ := NZλ
for λ = 1, 2, for simplicity. For an integer q, we write trq

f for the qth
component of tr•f . Our task is to show that the following diagram is commutative for any q:

f∗M
q+N1
r (Z1)

−δval−−−→ f∗M
q+N1+1
r (Z1)

trq
f

y
ytrq+1

f

Mq+N2
r (Z2)

−δval−−−→ Mq+N2+1
r (Z2).

(2.6.2)

If q ≥ 0, then the problem is obvious. In what follows, we assume that q is a negative integer.
Let z and w be points on Z2 of codimension N2 + q and N2 + q + 1, respectively. To prove the
commutativity of (2.6.2), it suffices to show the commutativity of the following diagram:

⊕
x∈Z

N1+q
1 ∩f−1({z})

fx∗Wr Ω−q
x,log

δval−−−→ ⊕
y∈Z

N1+q+1
1 ∩f−1({w})

fy∗Wr Ω−q−1
y,log

⊕x trf,(x,z)

y
y⊕y trf,(y,w)

iz∗Wr Ω−q
z,log

δval−−−→ iw∗Wr Ω−q−1
w,log ,

(2.6.3)

where {z} and {w} denote the closure of z and w in Z2, respectively. If z does not specialize to
w, then both horizontal maps are trivial and this diagram is commutative. In what follows, we
assume that z specializes to w. We write T for the localization of {z} at w. Let x be a point on

Z1 with x ∈ (Z1)
N1+q ∩ f−1({z}). We write Zx for {x}∩ f−1(T ), where {x} denotes the closure

of x in Z1. Then for a point y ∈ ZN1+q+1
1 ∩ f−1({z}) away from Zx, the (x, y)-component of

the upper δval in (2.6.3) or the map trf,(y,w) is trivial, because y is outside of {x} ∩ f−1(w).
Therefore, once we show the following commutativity, we will have proved Lemma 2.16:

fx∗Wr Ω−q
x,log

δval−−−→ ⊕
y∈Z1

x

fy∗Wr Ω−q−1
y,log

trf,(x,z)

y
y⊕y trf,(y,w)

iz∗Wr Ω−q
z,log

δval−−−→ iw∗Wr Ω−q−1
w,log .

(2.6.4)

Note that there happen only the following three cases: (1) Zx is empty (i.e., x maps to a point
on {z} outside of T ); (2) x maps to w; (3) x maps to z. In the case (1), the problem is obvious,
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because the upper right sheaf and the left vertical map are trivial by definition. We claim here
the following:

Claim 1. (a) In the case (2), Zx is a proper curve over w.
(b) In the case (3), the canonical map fT : Zx → T is finite.

Proof of Claim 1. (a) Since Zx is proper over w by the properness of f , it suffices to show
that Zx is one-dimensional. This follows from [Ha2], III.9.6.

(b) By Zariski’s Main Theorem (see e.g., [Mi2], I.1.10) and the properness of fT , it suffices
to show that fT is quasi-finite. Note that κ(x) is a finite field extension of κ(z). Let ν : U → T
be the normalization of T in κ(x). Then ν is finite (cf. [Ha2], I.3.9A), and U is the spectrum
of a Dedekind ring. Hence by the valuative criterion for proper morphisms (cf. loc. cit., II.4.7),
ν factors as U → Zx → T . Here the map U → Zx is surjective, because it is proper and
dominant. Hence fT is quasi-finite by the finiteness of ν and we obtain Claim 1 (b).

We return to the proof of Lemma 2.16 and prove the commutativity of (2.6.4) in the case (2).
In this case, the left vertical map in (2.6.4) is trivial by definition, and our task is to show that
the following sequence is a complex:

H0(η, Wr Ω
−q
η,log)

δval−−−→ ⊕
y∈C1

H0(y, WrΩ
−q−1
y,log )

⊕y trf,(y,w)
−−−−−−→ H0(wsep, Wr Ω−q−1

w,log ), (2.6.5)

where we put C := Zx ×w wsep (wsep := Spec κ(w)) and wrote η for the generic point of C.
By the commutativity of (2.5.1) and Claim 1 (a), the problem is reduced to the case where
C is a proper smooth curve over wsep (cf. [KCT], p. 151). We write f ′ for the structure map
C → wsep. In this case, we have the following diagram:

H0(η,Wr Ω−q
η,log)

δval−−−→ ⊕
y∈C1

H0(y,Wr Ω−q−1
y,log )

⊕y trf ′,(y,w)
−−−−−−−−→ H0(wsep,Wr Ω−q−1

w,log )

id.

y ⊕y clC,y

y
xtrC/wsep

H0(η,Wr Ω−q
η,log)

δloc−−−→ ⊕
y∈C1

H1
y(C,Wr Ω−q

C,log) −−−→ H1(C,Wr Ω−q
C,log),

where the lower row is a localization exact sequence of C and trC/wsep denotes the trace mor-
phism coming from the Ekedahl duality [Gr], II.1.2.7. In this diagram, the left square is
commutative up to the sign (−1)−q+1 by Theorem 2.11, and the right square is also commuta-
tive by the definition of Gysin maps (cf. [Gr], II.2.1.1). Therefore the sequence (2.6.5) (= the
upper row in the above diagram) is a complex, and we obtain the commutativity of (2.6.4).

Finally we prove the commutativity of (2.6.4) in the case (3). We take the normalizations
U → Zx and T ′ → T . We write g for the canonical map U → T ′ coming from the universality
of a normalization. Because the composite map U → T ′ → T is finite by Claim 1 (b), g is
also finite. By the commutativity of (2.5.1), the problem is reduced to showing the following
commutativity of homomorphisms of sheaves on T ′

ét:

gx∗Wr Ω−q
x,log

δval−−−→ ⊕
y∈U1

gy∗Wr Ω−q−1
y,log

trg,(x,z)

y
y⊕y trg,(y,w)

iz∗Wr Ω−q
z,log

δval−−−→ ⊕
w∈(T ′)1

iw∗Wr Ω−q−1
w,log ,

(2.6.6)
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where for a point y ∈ U (resp. w ∈ T ′), gy (resp. iw) denotes the composite map y → U → T ′

(resp. w → T ′). We prove the commutativity of (2.6.6). Since U and T ′ are localizations of
smooth varieties over s and g : U → T ′ is finite, we have the trace homomorphism of sheaves

trg : g∗Wr Ω−q
U,log −→ Wr Ω

−q
T ′,log

by [Gr], II.1.2.7. For a closed point y ∈ U , we write iy for the canonical map y → U . Then
taking into account the fact that

⊕
y∈g−1(w)

gy∗R
1i!y = R1i!wg∗

for a closed point w ∈ T ′ (cf. [SGA4], XVIII.3.1.12.3), we obtain the following diagram:

gx∗Wr Ω−q
x,log

δT ′,z(g∗Wr Ω−q
U,log

)
−−−−−−−−−−−→ ⊕

y∈U1
gy∗R

1i!yWr Ω−q
U,log

⊕y gy∗(clU,y)
←−−−−−−−−

'
⊕

y∈U1
gy∗Wr Ω−q−1

y,log

trg,(x,z)

y
y ⊕y trg,(y,w)

y

iz∗Wr Ω−q
z,log

δT ′,z(Wr Ω−q

T ′,log
)

−−−−−−−−−−→ ⊕
w∈(T ′)1

iw∗R
1i!wWr Ω−q

T ′,log,
⊕w clT ′,w
←−−−−−−

'
⊕

w∈(T ′)1
iw∗Wr Ω−q−1

w,log ,

where the central vertical arrow is the trace map coming from trg (see also Example 1.4 for left
horizontal arrows). Hence the left small square is commutative. Furthermore the right small
square is commutative by the construction of Gysin maps (cf. [Gr], II.2.1.1). Thus the outer
square of the above diagram is commutative and finally the diagram (2.6.6) is also commutative
by Theorem 2.11. This completes the proof of Lemma 2.16.

Remark 2.17. In the case where f is finite and étale, tr•f coincides with the adjunction map

coming from the adjointness between f ∗ = Rf ! and f∗ = Rf!:

trad
f : f∗M

•
r(Z1) = f∗f

∗M•
r(Z2) −→M

•
r(Z2).

In fact, this claim is reduced to the same claim for a finite separable extension of points. In this
situation, the problem is clear by a standard base change argument (see also [Mi2], V.1.12).

(2.7) Proof of Theorem 2.14. We first construct trace morphisms and, at the same time,
prove Theorem 2.14 (1). First suppose that Z is proper over s. In this case we define the
trace morphism trZ/s by that for the structure morphism πZ/s constructed in Lemma 2.16.
Clearly trZ/s satisfies (1-1). If Z is finite over s, then trZ/s satisfies also (1-0) by Remark
2.17. Furthermore the uniqueness of trZ/s satisfying (1-0) and (1-1) follows from Lemma 1.6
(1). Next suppose that Z is not proper over s. We take a compactification of Z, i.e., an open
immersion j : Z → Z to another proper s-scheme of pure dimension. For simplicity, we write
N for NZ = NZ . In this case, we define the morphism trZ/s,Z : RπZ/s!M

•
r(Z)[N ] → Z/prZ by

the composite morphism

trZ/s,Z : RπZ/s!M
•
r(Z)[N ]

j!−−−→ RπZ/s∗M
•
r(Z)[N ]

tr
Z/s
−−−→ Z/prZ.

Clearly, trZ/s,Z satisfies the property (1-1). Our task is to prove that this morphism is indepen-

dent of the choice of Z. In fact, once we prove this independence, the definition trZ/s := trZ/s,Z

will be well-defined and, at the same time, this will satisfy (1-2); the uniqueness of trZ/s will
follow from that of the proper case and (1-2). To show the above independence, we will prove
the following lemmas:
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Lemma 2.18. (i) RπZ/s!M
•
r(Z) is acyclic outside of [0, N ].

(ii) Suppose that k is algebraically closed. Then for any two compactifications j1 : Z → Z1

and j2 : Z → Z2, the following diagram is commutative:

HN
c (Z,M•

r(Z))
j1!−−−→ HN(Z1,M

•
r(Z1))

j2!

y
ytrZ1/s

HN(Z2,M
•
r(Z2))

trZ2/s
−−−→ Z/prZ.

We first check that trZ/s,Z is independent of Z, admitting these lemmas. In fact, Lemma 2.18

(i) and Lemma 1.6 (1) imply that trZ/s,Z is determined by the map

H0(trZ/s,Z) : RNπZ/s!M
•
r(Z) −→ Z/prZ

of cohomology sheaves on sét, and Lemma 2.18 (ii) implies that this map does not depend on Z.
Hence trZ/s,Z is independent of the choice of Z. Thus, Theorem 2.14 (1) is reduced to showing
Lemma 2.18.

Proof of Lemma 2.18. (i) Since the problem is étale local on s, we may assume that k is al-
gebraically closed. We fix a compactification j : Z → Z. Then RmπZ/s!M

•
r(Z) is computed

by RmπZ/s∗(j!M
•
r(Z)) and its stalk is isomorphic to Hm(Z, j!M

•
r(Z)). Now we consider the

following spectral sequence coming from an obvious filtration on the complex j!M
•
r(Z):

Eu,v
1 = Hv(Z, j!M

u
r (Z)) =⇒ Hu+v(Z, j!M

•
r(Z)).

Because the sheaf j!M
u
r (Z) is, by definition, the direct sum of étale sheaves on Z whose supports

are at most of dimension N − u, we have Eu,v
1 = 0 if v > N − u by [Mi2], VI.1.5 (b). Hence we

have Hm(Z, j!M
•(Z)) = 0 for m > N and we obtain Lemma 2.18 (i).

(ii) By taking the closure of the image of Z
(j1,j2)
−→ Z1×s Z2, one can reduce the problem to the

case where there exists a proper s-morphism f : Z1 → Z2 with f−1(Z) = Z. Then we consider
the following diagram:

HN (Z1, j1!M
•
r(Z))

j1!−−−→ HN (Z1,M
•
r(Z1))

trZ1/s
−−−−→ Z/prZ

=

y trf

y id.

y

HN (Z2, j2!M
•
r(Z))

j2!−−−→ HN (Z2,M
•
r(Z2))

trZ2/s
−−−−→ Z/prZ,

(2.7.1)

where the left vertical arrow is the transitivity isomorphism j2! = Rf∗j1! (cf. [SGA4], XVII)
and trf denotes the trace map for f constructed in Lemma 2.16; the commutativity of right
small square follows from the transitivity of trace morphisms (2.6.1). Furthermore the left small
square is also commutative, because the restriction of the trace morphism trf : Rf∗M

•
r(Z1)→

M•
r(Z2) to Z gives the identity map of M•

r(Z) and for a K ∈ D+(Z1,ét, Z/prZ) the following
diagram is commutative:

HN (Z1, j1!j
∗
1K)

j1!−−−→ HN (Z1,K)

=

y
y=

HN (Z2, j2!j
∗
2Rf∗K)

j2!−−−→ HN (Z2, Rf∗K),
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where the left vertical map is given by

Rf∗j1!j
∗
1K = j2!j

∗
1K = j2!j

∗
2Rf∗K

(the last equality follows from f−1(Z) = Z). Therefore the outer square of (2.7.1) (=the
diagram in Lemma 2.18 (ii)) is also commutative. This completes the proof of Lemma 2.18 and
Theorem 2.14 (1).

Finally we prove Theorem 2.14 (3); Theorem 2.14 (2) is simpler and left to the reader. By
the compatibility in Theorem 2.14 (1-2), we may assume that j(Z1) is dense in Z2. In this
case j is finite étale at every generic point of Z2, and there exists a dense open subset U
of Z2 such that j−1(U) → U is finite étale. We fix such a U , and put U ′ := j−1(U). We
write N for NU(= NU ′) and write f for the map j|U ′ : U ′ → U . Then by Lemma 2.18 (i)
and the surjectivity of RNπU ′/sM

•
r(U

′) → RNπZ1/sM
•
r(Z1), the problem is reduced to the

commutativity of the following diagram:

HN
c (U ′

s,M
•
r(U

′))
trU′/s
−−−→ Z/prZ

trf

y
yid.

HN
c (Us,M

•
r(U))

trU′/s
−−−→ Z/prZ,

(2.7.2)

where trf denotes the trace map given in Lemma 2.16 (cf. Remark 2.17). To prove this com-
mutativity, we take a compactification U → V . Because f factors through a projective space
PM

U by the finiteness of f , we take the closure V ′ of the image of U ′ in PM
V . Then the following

diagram is cartesian by the properness of f :

U ′ −−−→ V ′

f

y
y

U −−−→ V,

and hence the commutativity of (2.7.2) follows from the transitivity of relative trace morphisms
for V ′ → V → s (cf. (2.6.1)) and the same argument as in Lemma 2.18 (ii). This completes
the proof of Theorem 2.14.

Remark 2.19. A naive algebraically closed variant of [Mo], p. 142, Corollary, does not hold in
the following sense: If k is algebraically closed and Z ∈ VRP

s is not proper over s = Spec k, then
the compact support cohomology group HNZ

c (Z,M•
r(Z)) cannot be covered with the cycle class

of closed points on Z, in general. For example, let us consider the case where Z = A1
k = P1

k\{∞}.
Then by the localization long exact sequence of cohomology groups of P1

k with j!Wr Ω1
Z,log-

coefficients (j denotes the open immersion Z → P1
k), the group H1

c(Z, Wr Ω
1
Z,log) fits into the

following short exact sequence:

0 −−−→ K×/pr (incl/pr,⊕x ordx)
−−−−−−−−−−→ F×/pr ⊕

(
⊕

x∈Z1
Z/prZ

)
−−−→ H1

c(Z, Wr Ω
1
Z,log) −−−→ 0,

where K (resp. F ) denotes the function field of Z (resp. the fraction field of Osh
P1,∞), and we have

used the fact that H1(K, Wr Ω
1
K,log) = 0 ([Su], 2.2). Since K×/pr is isomorphic to ⊕x∈Z1 Z/prZ

via discrete valuations, the group F×/pr is isomorphic to H1
c(Z, Wr Ω

1
Z,log). Hence the above

exact sequence further implies that any element in F×/pr ' H1
c(Z, Wr Ω

1
Z,log) which does not

come from K×/pr is away from the subgroup of the cycle classes of 0-cycles on Z.



23

(2.8) Proof of Theorem 2.15. In this paragraph, we give an outline of a proof of Theo-
rem 2.15. Since the problem is étale local on Z, it suffices to consider the case where k is
algebraically closed. Furthermore by the compatibility in Theorem 2.14 (1-2), we may as-
sume that Z is proper over s = Spec k. First of all, we compute the hypercohomology group
Hm(U, Rπ!

Z/sZ/prZ|U) for a U étale over Z and an integer m. By the adjointness between Rπ !
U/s

and RπU/s!, we have the following isomorphisms of abelian groups:

Hm(U, Rπ!
Z/sZ/prZ|U ) ' HomD+(Uét ,Z/prZ)(Z/prZU , Rπ!

U/sZ/prZs[m])

' HomD+(sét ,Z/prZ)(RπU/s!Z/prZU [−m], Z/prZs)

' HomZ/prZ-mod(H
−m
c (U, Z/prZ), Z/prZ),

where the last isomorphism follows from the fact that Z/prZ is an injective object in the
category of Z/prZ-modules. We claim here the following proposition:

Proposition 2.20. Suppose that k is algebraically closed and that Z is proper over s = Spec k.
Then for a constructible Z/prZ-sheaf F on Zét and an integer m, the following pairing induced
by a Yoneda pairing and trZ/s is a nondegenerate pairing of finite groups:

Hm(Z,F)× ExtNZ−m
Z,Z/prZ(F ,M•

r(Z)) −→ Z/prZ.

We first prove Theorem 2.14 admitting this proposition. In fact, when we apply Proposition
2.20 to j!Z/prZ for an étale map j : U → Z, we obtain the isomorphism

HNZ+m(U,M•
r(Z)|U) ' Hm(U, Rπ!

Z/sZ/prZ|U)

for any integer m, by the above computation on the group on the right hand side (note that this
map coincides with that induced by τZ/s by Theorem 2.14 (3)). This implies that the stalks of
Hm(Rπ!

Z/sZ/prZ) andHNZ+m(M•
r(Z)) are isomorphic for any m, and hence we obtain Theorem

2.15. As for Proposition 2.20, one can check this proposition by repeating arguments of Moser
[Mo], Theorem 5.6; in fact, it suffices to use Theorem 2.14, the arguments in the steps (a)–(c)
and (f)–(k) of [Mo], 5.6, and the following lemma, instead of (d):

Lemma 2.21. Let k be as in Proposition 2.20 and let Z be a proper smooth connected variety
over s of dimension N . Then for a positive integer s ≤ r and an integer m, the pairing induced
by a Yoneda pairing and trZ/s is a nondegenerate pairing of finite groups:

Hm(Z, Z/psZ)× ExtN−m
Z,Z/prZ(Z/psZ,M•

r(Z)) −→ Z/prZ.

This lemma is an analogue of [Mo], 5,5. Once we prove this lemma, Proposition 2.20 and
Theorem 2.15 will have been proved.

Proof of Lemma 2.21. The problem is reduced to the case s = r by loc. cit., 5.4. To prove the
case s = r, we need the following claim:

Claim. The following diagram is commutative:

HN(Z, Wr Ω
N
Z,log)

tr′
Z/s
−−−→ Z/prZ

y
y∩

HN(Z, Wr Ω
N
Z )

Tr
−−−→ Wr(k),
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where tr′Z/s denotes the trace map obtained by the quasi-isomorphism (2.5.2) and trZ/s, and Tr
denotes the trace map of the Ekedahl duality.

Proof of Claim. By the trace map ηr in [Mi3], p.308, HN(Z, Wr Ω
N
Z,log) is isomophic to Z/prZ.

We fix a closed point x on Z and consider the following diagram:

Z/prZ
clZ,x
−−−−→ HN (Z, Wr ΩN

Z,log)
tr′

Z/s
−−−−→ Z/prZ

y∩

y
y∩

Wr(k)
τWr(x)/Wr(Z)
−−−−−−−−−→ HN (Z, Wr ΩN

Z )
Tr

−−−−→ Wr(k),

where τWr(x)/Wr(Z) denotes the Gysin map for x → Z coming from the Ekedahl duality [Ek]
and the composite of the bottom row is the identity map. Furthermore the left square is
commutative by the definition of clZ,x (cf. [Gr], II.1.2.8), and the composite of the top row is
the identity map by the construction of trZ/s and the remark above Lemma 2.12. Therefore
the map clZ,x in this diagram is bijective and the right square is commutative.

We return to the proof of Lemma 2.21. By the above claim, the trace map trZ/s coincides with
the trace map ηr in [Mi3], p.308 and hence Lemma 2.21 (for the case s = r) follows from the
Milne duality [Mi3], Theorem 1.11, because his result gives an isomorphism of finite groups in
our case. This completes the proof of Lemma 2.21, Proposition 2.20 and Theorem 2.15.

Remark 2.22. In the step (j) of [Mo], 5.6, we have used de Jong’s alteration theorem [dJ], 4.1
(cf. [Mo], 5.1).

3. definition and fundamental properties

Throughout this section, r denotes a positive integer.

(3.0) Geometric setting. Let A be a Dedekind ring of mixed characteristic. Let p be a prime
number which is not invertible in A, and we assume that any residue field of A of characteristic
p is perfect. We put B := Spec A and write Σ for the set of closed points on B of characteristic
p. Let X be an integral regular scheme which is of finite type and faithfully flat over B and
satisfies the following condition:

(SS) : For any point s ∈ Σ, X ×B Bh
s is a strict semistable family over Bh

s , where for
a point s on B, Bh

s denotes the henselization of B at s.

We write N for the relative dimension dim(X/B). We will also use the following notation. For
an s ∈ Σ, we write Ys ⊂ X for the fiber of X/B over s. We put Y :=

∐
s∈Σ Ys and write ι for the

closed immersion Y → X. We put Wr ωN
Y,log := ⊕s∈Σ Wr ωN

Ys,log. Here Wr ωN
Ys,log means Wr ΩN

Ys,log,

if Ys is smooth over s. We write V for the complement X \Y = X[p−1], and write j for the open
immersion V → X. In this section, we first define the object Z/prZ(N +1)X ∈ Db(Xét, Z/prZ)
precisely and then prove the fundamental local properties (3)–(5) listed in the introduction;
the properties (1) and (2) listed there will be clear by definition.

(3.1) Definition of Z/prZ(N + 1)X . Let A, B, p and X be as above. We have the following
surjective homomorphism of sheaves on Xét:

σtame : RN+1j∗µ
⊗N+1
pr −→→ ι∗Wr ωN

Y,log

(see (1.6) (2) for the definition of σtame). By Lemma 1.6 (1), there exists a unique morphism

σ′
X : τ≤N+1Rj∗µ

⊗N+1
pr −→ι∗Wr ωN

Y,log[−N − 1] in Db(Xét, Z/prZ)
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extending σtame.

Definition 3.1. We define the object Z/prZ(N + 1)X ∈ Db(Xét, Z/prZ) by the mapping fiber
of σ′

X , which is well-defined by the surjectivity of σtame (cf. Definition 1.7). By definition we
have

Hm(Z/prZ(N + 1)X) '





Rqj∗µ
⊗N+1
pr , if m < N + 1,

Ker(σtame), if m = N + 1,

0, if m > N + 1.

In particular, Z/prZ(N + 1)X is acyclic outside of [0, N + 1].

In this section, we prove the fundamental properties (3)–(5) of Z/prZ(N + 1)X listed in (0.1).
We will construct Bockstein morphisms in (3.2). We will prove the purity for vertical cycles (cf.
Theorem 3.4) in (3.3). The compatibility of boundary maps between local cohomology groups
and Galois cohomology groups (cf. Theorems 3.6) will be proved in (3.4)–(3.6).

(3.2) Bockstein morphism and descent of length. In this paragraph, we prove the following
proposition:

Proposition 3.2. For positive integers r and s, there uniquely exists a morphism

νr,r+s : Z/prZ(N + 1)X → Z/pr+sZ(N + 1)X

(resp. ρr+s,s : Z/pr+sZ(N + 1)X → Z/psZ(N + 1)X)

in Db(Xét, Z/pr+sZ) compatible with the natural inclusion µ⊗N+1
pr → µ⊗N+1

pr+s (resp. the natural

projection µ⊗N+1
pr+s → µ⊗N+1

ps ) on Vét. Furthermore there exists a canonical morphism in Db(Xét)

δs,r : Z/psZ(N + 1)X → Z/prZ(N + 1)X [1]

satisfying the following two properties:

(1) δs,r is compatible with the Bockstein morphism µ⊗N+1
ps → µ⊗N+1

pr [1] in Db(Vét) associated

with the short exact sequence 0→ µ⊗N+1
pr → µ⊗N+1

pr+s → µ⊗N+1
ps → 0 (see Definition 1.1).

(2) δs,r fits into the following distinguished triangle:

Z/pr+sZ(N + 1)X
ρr+s,s
−→ Z/psZ(N + 1)X

δs,r
−→ Z/prZ(N + 1)X [1]

νr,r+s[1]
−→ Z/pr+sZ(N + 1)X [1].

Proof. The existence and the uniqueness of the morphisms νr,r+s and ρr+s,s follow from the
acyclicity of Z/ptZ(d+1)X outside of [0, N+1] (for any t > 0) and Lemma 1.6 (2). We construct,
in a canonical way, a morphism δs,r satisfying the above properties (1) and (2). We take injective
resolutions µ⊗N+1

pt → I•
t (t = r, r + s, s) in D(Vét) so that we have a short exact sequence of

complexes 0→ I•
r → I•

r+s → I•
s → 0. Then τ≤N+1j∗I

•
t (t = r, r+s, s) computes τ≤N+1Rj∗µ

⊗N+1
pt

and there uniquely exists a homomorphism of complexes a•
t : τ≤N+1j∗I

•
t → ι∗Wtω

N
Y,log[−N − 1]

that represents σ′
X : τ≤N+1Rj∗µ

⊗N+1
pt → ι∗Wt ω

N
Y,log[−N − 1] (cf. (3.1)). Furthermore we have

the following short exact sequence of complexes:

0 −−−→ Cone•(a•
r)[−1] −−−→ Cone•(a•

r+s)[−1] −−−→ Cone•(a•
s)[−1] −−−→ 0. (3.2.1)

In fact, this exactness follows from the exact sequence (2.2.7) and the surjectivity of the map
of cohomology sheaves

RN+1j∗µ
⊗N+1
pr+s → RN+1j∗µ

⊗N+1
ps
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(in fact, both RN+1j∗µ
⊗N+1
pr+s and RN+1j∗µ

⊗N+1
ps are generated by symbols; see also Lemma 4.5

below). Thus we obtain the connecting morphism

Cone•(a•
s)[−1] −→ Cone•(a•

r) in Db(Xét)

associated with (3.2.1) (see Definition 1.1), by which we define δs,r. By definition, δs,r satisfies
the properties (1) and (2) in Proposition 3.2. This completes the proof.

Remark 3.3. One can construct a morphism δ′s,r : Z/psZ(N + 1)X → Z/prZ(N + 1)X [1] in

Db(Xét, Z/ps+rZ) satisfying the properties (1) and (2) by the same way as above. Furthermore
δs,r and δ′s,r are compatible in Db(Xét).

(3.3) Gysin morphism and purity for vertical subschemes. In this paragraph, we prove a
purity result for vertical regular subschemes. More general purity results will be given later in
(3.7).

Theorem 3.4. Let Z be a vertical integral regular closed subscheme of X. We put c :=
codimX(Z) and d := dim(Z) = N +1− c, and write ιZ for the closed immersion Z → X. Then
we have a canonical isomorphism

clX,Z : Z/prZ(d)Z
'
−→ Rι!ZZ/prZ(N + 1)X [2c] in D+(Zét, Z/prZ).

We will use the following lemma in our proof of this result:

Lemma 3.5. For a torsion étale sheaf F on V and an integer m with m > N + 1, the sheaf
Rmj∗F is trivial.

Proof of Lemma 3.5. Since the problem is étale local on X, we may assume that A is a strict
henselian discrete valuation ring with algebraically closed residue field of characteristic p. Let
x be a point on Y . Then the stalk of Rmj∗F at x is isomorphic to Hm(Spec Osh

X,x[p
−1],F).

Hence Lemma 3.5 follows from the fact that cdp(GK) = 1 (K denotes Frac(A), [S2], II.3.3) and
the fact that Spec Osh

X,x[
1
p
] is the projective limit of affine varieties over K of dimension N .

Proof of Theorem 3.4. The case ch(Z) 6= p is the absolute purity [Th] [FG], and here is nothing
new. In the following, we assume ch(Z) = p. By the definition of Z/prZ(N + 1)X and Lemma
3.5, we have

Rmι!Z/prZ(N + 1)X '





0, if m 6= N + 2,

Wr ω
N
Y,log, if m = N + 2.

(3.3.1)

Here the isomorphism for the case m = N + 2 means the unique map fitting into the following
commutative diagram:

ι∗RN+1j∗µ
⊗N+1
pr

δX,V (Z/prZ(N+1)X )
−−−−−−−−−−−−→ RN+2ι!Z/prZ(N + 1)X

id.

y (3.3.1)

y'

ι∗RN+1j∗µ
⊗N+1
pr

σtame−−−→ Wr ωN
Y,log

(3.3.2)

(see Example 1.4 for the definition of δX,V (Z/prZ(N + 1)X)). We write g for the inverse of the
isomorphism (3.3.1) for m = N + 2 and define the isomorphism

clX,Y : Wr ωN
Y,log[−N − 2]

'
−→ Rι!Z/prZ(N + 1)X (3.3.3)
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by the unique morphism that extends −g (see also Remark 6.1 below). Finally we define the
desired Gysin morphism clX,Z by the composite of canonical isomorphisms:

Z/prZ(d)Z
clY,Z [c−N−1]
−−−−−−−→

'
Ri!ZWr ωN

Y,log[2c−N − 2]
Ri!Z(clX,Y )[2c]
−−−−−−−−→

'
Rι!ZZ/prZ(N + 1)X[2c],

where iZ denotes the closed immersion Z → Y (see Theorem 2.1 for the first isomorphism).
This completes the proof.

(3.4) Compatibility. In (3.4)–(3.6), we prove the following result:

Theorem 3.6. Let c be a positive integer. Let z ∈ X be a point of codimension c − 1 and let
w ∈ X be a point of codimension c contained in {z}. Then for an integer i ≥ 0, the following
diagram is anti-commutative:

Hi+1(z, Z/prZ(N + 2− c)z)
δval−−−→ Hi(w, Z/prZ(N + 1− c)w)

clX,z

y' clX,w

y'

Hi+2c−1
z (X, Z/prZ(N + 1)X)

δloc−−−→ Hi+2c
w (X, Z/prZ(N + 1)X).

(3.4.1)

To prove Theorem 3.6, we need to consider the following three cases: (i) z, w ∈ V ; (ii) z, w ∈ Y ;
(iii) z ∈ V and w ∈ Y . Note that if ch(w) = p, then the diagram (3.4.1) is obvious unless
i = N + 1 − c or N + 2 − c by the triviality of Hi(w, Z/prZ(N + 1 − c)w) ([Su], 2.2) and
the bijectivity of clX,w. In this section, we prove Theorem 3.6 only in the cases (ii) and (iii),
which we will complete in (3.6); the case (i) will be proved in Proposition A.1 below. We
prove Theorem 3.6 (ii) in the rest of this paragraph. Let z and w be as in Theorem 3.6 (ii)

(z ∈ Xc−1 ∩ Y and w ∈ Xc ∩ Y with w ∈ {z}). We take an irreducible component Z of
Y containing z and w, and consider the following diagram (m = 0, 1; codimZ(z) = c − 2,
codimZ(w) = c− 1):

Hm(z,Wr ΩN+2−c
z,log )

clZ,z
−−−→ Hm+c−2

z (Z,Wr ΩN
Z,log)

clX,Z
−−−→ Hm+N+c

z (X, Z/prZ(N + 1)X)

δval

y δloc

y δloc

y

Hm(w,Wr ΩN+1−c
w,log )

clZ,w
−−−→ Hm+c−1

w (Z,Wr ΩN
Z,log)

clX,Z
−−−→ Hm+N+c+1

w (X, Z/prZ(N + 1)X ).

Here the left square commutes up to the sign (−1)N−1 by a result of Shiho (see Thoerem 2.11),
and the right square commutes up to the sign (−1)N+2 by (1.7.1). Therefore the outer square
(=the diagram (3.4.1) for i = m + N + 1− c) is anti-commutative. This completes the proof of
Theorem 3.6 in the case (ii).

(3.5) The case (iii). We begin the proof of Theorem 3.6 in the case (iii), which will be
completed in (3.6). Throughout this paragraph and the next, the non-negative integer N is
fixed. For an integer i and points z, w ∈ X with w ∈ X c ∩ Y , z ∈ V c−1 and w ∈ {z} ⊂ X, we
define the formulae CD(X; z, w; i) and CD(X; w; i) by

CD(X; z, w; i) : The diagram (3.4.1) for (z, w; i) is anti-commutative.

CD(X; w; i) : CD(X; z, w; i) holds for an arbitrary z ∈ V c−1 specializing to w.

Note that, CD(X; z, w; i) and CD(X; w; i) are obvious unless i = N +1− c or i = N +2− c by
purity (Theorem 3.4) and [Su], 2.2. In this paragraph, we reduce Theorem 3.6 (iii) to Theorem
3.9 stated below.
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Step 1. Let w be a point on X with w ∈ Xc ∩ Y . We write Xh
w for the henselization of X

at w. First our problem is reduced to the henselian local case:

Lemma 3.7. CD(Xh
w; w; i) implies CD(X; w; i).

Proof. Let z be a point on X specializing to w, with z ∈ V c−1. We write z1, z2, · · · , zm for
the points on Xh

w lying above z (if the closure of {z} in X is regular at w, then we have
m = 1). Since the diagram (3.4.1) is contravariantly functorial in (X, w) for étale morphisms,
CD(Xh

w; zj, w; i) for all j = 1, . . . , m implies CD(X; z, w; i).

Step 2. By Step 1, we may assume that A is a henselian discrete valuation ring of mixed
characteristic (0, p) with perfect residue field and that X is a strict semistable family over A of
relative dimension N , in what follows. For an integer c > 0, we consider the following condition
on a local ring R:

H(c) : R is a c-dimensional henselian regular local ring of mixed characteristic which
is obtained by an iterated henselization or strict henselization of X.

For a local ring R, we write wR for the closed point of SR := Spec R. In this step, we prove
the following lemma:

Lemma 3.8. Let c be a positive integer, and R be a local ring satisfying H(c). We write Rsh

for the strict henselization of R with repect to the maximal ideal of R. Then CD(SRsh ; wRsh; N +
1− c) implies CD(SR; wR; N + 1− c).

Proof. It suffices to show that the restriction map

HN+c+1
wR

(SR, Z/prZ(N + 1)SR
)→ HN+c+1

w
Rsh

(SRsh , Z/prZ(N + 1)S
Rsh

)

is injective. This follows from the purity (cf. Theorem 3.4) and the obvious isomorphism

H0(wR, Wr ΩN+1−c
wR,log ) ' H0(wRsh , Wr Ω

N+1−c
w

Rsh ,log)
Gκ(wR).

This completes the proof.

(3.6) The case (iii), continued. Let A and X remain as in Step 2. For an integer c > 0, we
consider the following condition on a local ring R:

SH(c) : R is a c-dimensional strict henselian regular local ring of mixed characteristic
which is obtained by an iterated henselization or strict henselization of X.

For a local ring R, we write wR for the closed point of SR := Spec R. By the reduction
arguments in Step 1 and Step 2, Theorem 3.6 (iii) is reduced to the following:

Theorem 3.9. (1) Let c be an integer with c ≥ 1. Then CD(SR; wR; N + 1− c) holds for an
arbitrary local ring R satisfying SH(c).

(2) Let c be an integer with c ≥ 1. Then CD(SR; wR; N + 2− c) holds for an arbitrary local
ring R satisfying H(c).

Proof. (1) We prove Theorem 3.9 (1) by induction on c. Let R be a local ring satisfying SH(c).
We write K (resp. k) for the fraction field (resp. the residue field) of A and put X := SR,
w := wR, V := X ⊗A K and Y := X ⊗A k, for simplicity. In the case c = 1, CD(X; w; N)
follows from the commutativity of (3.3.2) and the definition of clX,Y in (3.3.3). To proceed the
induction, we prove the following lemma:
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Lemma 3.10. We assume c > 1. Then the boundary map

δval :
⊕

z′∈V c−2

HN+3−c(z′, µ⊗N+3−c
pr )→

⊕

z∈V c−1

HN+2−c(z, µ⊗N+2−c
pr ) (3.6.1)

is surjective.

Proof of Lemma 3.10. We write Kur for the maximal unramified field extension of K By the
compatibility of Theorem 3.6 for the case (a), the map (3.6.1) coincides with, up to a sign, the

differential map Ec−2,N+1
1 → Ec−1,N+1

1 of the coniveau spectral sequence

Eu,v
1 =

⊕

x∈V u

Hv−u(x, µ⊗N+1−u
pr ) =⇒ Hu+v(V, µ⊗N+1

pr ).

We calculate this spectral seuqence. Clearly, we have Eu,v
1 = 0 for u ≥ c, because V is (c− 1)-

dimensional. For a point x ∈ V u, we have cd(κ(x)) ≤ N + 1 − u because cd(GKur) = 1 (k is
perfect) and tr. deg(κ(x)/Kur) = N − u. Hence we have Eu,v

1 = 0 for v > N + 1. Thus we

have Ec−1,N+1
2 = Ec−1,N+1

∞ , and the cokernel of the map (3.6.1) is a subquotient of the étale
cohomology group Hc+N(V, µ⊗N+1

pr ). On the other hand, the last group is trivial by Lemma 3.5.
Therefore the map (3.6.1) is surjective. This completes the proof of Lemma 3.10.

We return to the proof of Theorem 3.9 (1). We prove CD(X; w; N + 1 − c) assuming that
Theorem 3.9 (1) holds for c− 1. By this assumption and Lemmas 3.7 and 3.8, CD(X; w′; N +
2− c) holds for an arbitrary point w′ ∈ Xc−1 ∩ Y . Now we consider the diagram in Figure 1.
In that diagram, each small square is anti-commutative: the anti-commutativity of the central

�
�

��

H
H

Hj

�
�

�*

H
H

HY

H
HHY

? ?

-

-

? ?

-

-

δloc δloc

δvalδval

⊕
z

clV,z clX,w

δval

δloc

⊕
z′

clV,z′

⊕
w′

clX,w′

δval

δloc

HN+1−c(w, Z/prZ(N + 1− c)w)
⊕

z∈V c−1

HN+2−c(z, µ⊗N+2−c
pr )

⊕
z∈V c−1

HN+c
z (V, µ⊗N+1

pr ) HN+c+1
w (X, Z/prZ(N + 1)X)

⊕
w′∈Xc−1∩Y

HN+2−c(w′, Z/prZ(N + 2 − c)w′ )
⊕

z′∈V c−2

HN+3−c(z′, µ⊗N+3−c
pr )

⊕
z′∈V c−2

HN+c−1
z′ (V, µ⊗N+1

pr )
⊕

w′∈Xc−1∩Y

HN+c
w′ (X, Z/prZ(N + 1)X)

Figure 1. a diagram for the proof of Theorem 3.9

square is the induction assumption; see (1.7.1) for the bottom square and [KCT], 1.7 for the
top square; the anti-commutativity of the left square (resp. the right square) is Theorem 3.6
(i) (resp. (ii)). The surjectivity of the left δval follows from Lemma 3.10. Therefore the outer
large square is anti-commutative and we obtain Theorem 3.9 (1).

We prove Theorem 3.9 (2). Let R be a local ring satisfying H(c). We put X := SR, w := wR,
V := X⊗AK and Y := X⊗Ak, for simplicity. Theorem 3.9 (2) follows from the same argument
as in Theorem 3.9 (1) and the following lemma analogous to Lemma 3.10 (use Lemma 3.5 and
the fact that cdp(κ(w)) = 1):
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Lemma 3.11. We assume c > 1. Then the boundary map

δval :
⊕

z′∈V c−2

HN+4−c(z′, µ⊗N+3−c
pr )→

⊕

z∈V c−1

HN+3−c(z, µ⊗N+2−c
pr )

is surjective.

This completes the proof of Theorem 3.9.

(3.7) Gysin morphism and purity for horizontal subschemes. In this paragraph, we prove
the purity for horizontal closed subschemes, using Theorem 3.6. First we prove the following
elementary lemma, which will be used also in §4:

Lemma 3.12 (Gluing lemma). Let K be an object in D(Xét, Z/prZ) and let

cV : µ⊗N+1
pr,V −→ K|V

be a morphism in D(Vét, Z/prZ) satisfying the following condition:

(G) Rι!K is acyclic in any degree properly smaller than N + 2 and we have a morphism

cY : Wr ωN
Y,log[−N − 2] −→ Rι!K in D(Yét, Z/prZ)

fitting into the following commutative diagram (cf. Example 1.4, (3.1)):

τ≤N+1Rj∗µ
⊗N+1
pr,V

−σ′
X−−−→ ι∗Wr ωN

Y,log[−N − 1]

τ≤N+1(Rj∗(cV ))

y
yι∗(cY )[1]

Rj∗j
∗K

δX,V (K)
−−−−→ ι∗Rι!K[1].

Then there uniquely exists a morphism

cX : Z/prZ(N + 1)X −−−→ K in D(X, Z/prZ)

compatible with cV . Furthermore if both of cV and cY are isomorphisms, then cX is also an
isomorphism.

Proof. The existence and the uniqueness of cX follows from Lemma 1.6 (2) and the commuta-
tivity in (G) (cf. Definition 1.7). The last assertion follows from the fact that τ≤N+1Rj∗µ

⊗N+1
pr,V is

isomorphic to Rj∗µ
⊗N+1
pr,V (Lemma 3.5) and the following commutative diagram of distinguished

triangles:

Z/prZ(N + 1)X
u

−−−−→ τ≤N+1Rj∗µ
⊗N+1
pr ,V

−σ′
X−−−−→ ι∗Wr ωN

Y,log[−N − 1]
v

−−−−→ Z/prZ(N + 1)X [1]

cX

y τ≤N+1(Rj∗(cV ))

y' ι∗(cY )[1]

y' cX [1]

y

K −−−−→ Rj∗j
∗K

δX,V (K)
−−−−−→ ι∗Rι!K[1] −−−−→ K[1],

where the lower row is the localization triangle (cf. Example 1.4) and the upper is the triangle
defining Z/prZ(N +1)X (cf. (1.6) (3)); the arrow u (resp. v) denotes the canonical map coming
from the natural projection (resp. inclusion) of complexes. This completes the proof.

Corollary 3.13 (Uniqueness). Let K be an object in Db(Xét, Z/prZ) whose restriction to V is
isomorphic to µpr,V . We fix an isomorphism cV : K|V ' µpr,V and assume that K satisfies the
local properties (2), (4) and (5) in (0.1) with respect to cV . Then we have a unique isomorphism
K ' Z/prZ(N + 1)X in Db(Xét, Z/prZ) compatible with cV (see also Proposition 2.10).
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Now let Z ⊂ X be an integeral regular closed subscheme which is flat over B and satisfies the
condition (SS) in (3.0). We put c := codimX(Z), d := N + 1− c and Z ′ := Z[p−1], and write
iZ (resp. iZ′) for the closed immersion Z → X (resp. Z ′ → V ).

Theorem 3.14. There uniquely exists a morphism

clX,Z : Z/prZ(d)Z → Ri!ZZ/prZ(N + 1)X [2c] in D+(Zét, Z/prZ) (3.7.1)

that is compatible with the Gysin morphism clV,Z′ : µ⊗d
pr,Z′ → Ri!Z′µ⊗N+1

pr,V [2c]. Furthermore clX,Z

is an isomorphism.

Proof. We put K := Ri!ZZ/prZ(N + 1)X [2c] and apply Lemma 3.12 to Z and K. We write T
for the fiber of Z → B over Σ (note that dim(T ) = d− 1), j ′ (resp. ι′) for the canonical map
Z ′ → Z (resp. T → Z). Then we have a canonical isomorphism

clV,Z′ : µ⊗d
pr,Z′

'
−−−→ K|Z′ = Ri!Z′µ⊗N+1

pr,V [2c] (3.7.1)

in Db(Z ′
ét, Z/prZ) coming from the cycle class of Z ′ in V and the absolute purity [Th], [FG]

(note that j ′∗ = Rj ′!). Furthermore, we have a canonical isomorphism

clX,T : Wr ωd−1
T,log[−d− 1]

'
−→ Rι′!K (3.7.2)

in Db(Tét, Z/prZ) defined by the following composite morphism:

Wr ωd−1
T,log[−d− 1]

'
−−−−→ Cous•T (Wr ωd−1

T,log)[−d− 1]
'

←−−−− M•
r(T )[−d− 1]

clY,T
−−−−→

'

Ri!TM
•
r(Y )[−N − 2]

'
−−−−→ Ri!T Cous•Y (Wr ωN

Y,log)[−N − 2]
'

←−−−− Ri!T Wr ωN
Y,log[−N − 2]

clX,Y
−−−−→

'

Rι′!K,

where iT denotes the closed immersion T → Y (cf. (3.3.3), Proposition 2.10, (2.5.2), Corollary
2.13). To prove Theorem 3.14, it suffices to show the commutativity in the condition (G) of
Lemma 3.12. Because Rι′!K is acyclic outside of degree d+1, the problem is reduced to proving
the commutativity of the following diagram of sheaves by Lemma 1.6 (1):

Rdj′∗µ
⊗d
pr,Z′

−σtame,Z
−−−−−−→ ι′∗Wr ωd−1

T,log

Rdj′∗(clV,Z′ )

y' '

yHd+1(ι′∗clX,T )

Rdj′∗j
′∗K

δZ,Z′ (K)
−−−−−→ ι′∗R

d+1ι′!K,

(3.7.3)

where σtame,Z denotes the tame symbol map of Z (see (3.1)). This commutativity follows from
Theorem 3.9 (1), i.e., the same compatibility for stalks at generic points of T (see also Example
1.4) and the injectivity of the restriction map

Rd+1ι′!K −→ ⊕x∈T 0ix∗i
∗
xR

d+1ι′!K,

where ix denotes the canonical map x → T (see also (3.7.2), (1.4)). This completes the
proof.

4. trace morphisms and duality

Let the notation be as in (3.0). Throughout this section, we always assume that X is
separated over B := Spec A. In this section, we will establish a relative duality theory for
Z/prZ(N + 1)X . We fix some additional notation here. We put B := Spec A, and write U for
the complement B \ Σ = Spec A[p−1]. We write ι′ (resp. j ′) for the closed immersion Σ → B
(resp. the open immersion U → B).
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(4.1) Trace morphism and duality over U . First of all, let us review the duality theory over
U . Since p is invertible on U , we have the trace map

tr0
V/U : R2NπV/U !µ

⊗N
pr → Z/prZ,

a homomorphism of étale sheaves on U [SGA4], XIII.2.9. Here πV/U denotes the structure
morphism V → U . Since we have RqπV/U !µ

⊗N
pr = 0 for q > 2N by the proper base change

theorem [SGA4], XII.5.2 (iii), there uniquely exists a morphism

trV/U : RπV/U !µ
⊗N
pr [2N ]→ Z/prZ in Db(Uét, Z/prZ)

that extends tr0
V/U (cf. Lemma 1.6 (1)). Hence by adjointness [SGA4], XVIII.3, we obtain the

morphism

τV/U : µ⊗N
pr [2N ]→ Rπ!

V/UZ/prZ in D+(Vét, Z/prZ).

Proposition 4.1. τV/U is an isomorphism.

Proof. If V is smooth over U , Proposition 4.1 follows from the relative smooth Poincaré duality
[SGA4], XVIII.3.25. Otherwise, it suffices to check that τV/U is isomorphic locally on V . Since
V is locally a closed subscheme of a smooth U -scheme, we assume that V is a closed subscheme
of a smooth U -scheme V ′, in the following. We write i for the closed immersion V → V ′,
πV ′/U for the structure morphism V ′ → U , and write M for the relative dimension dim(V ′/U).
Then by the absolute purity [Th] [FG] and the compatibility of trace maps with cycle classes
[SGA41

2
], Cycle, 2.3.8 (i), the morphism τV/U is decomposed into the following isomorphisms:

µ⊗N
pr [2N ]

clV ′,V
−−−→

'
Ri!µ⊗M

pr [2M ]
Ri!(τV ′/U )
−−−−−−→

'
Ri!Rπ!

V ′/UZ/prZ = Rπ!
V/UZ/prZ,

where clV ′,V denotes the Gysin morphism corresponding to the cycle class of V under the
equality

HomD+(Vét ,Z/prZ)(µ
⊗N
pr [2N ], (Ri!µ⊗M−N

pr )
L

⊗ µ⊗N
pr [2M ]) = H

2(M−N)
V (V ′, µ⊗M−N

pr ).

Hence τV/U is an isomorphism and we obtain Proposition 4.1.

Remark 4.2. Proposition 4.1 together with [SGA4 1
2
], Th. Finitude, 4.7 implies that the constant

sheaf Z/prZ on Vét is dualizing in the sense of [SGA5], I.1.7 (see also loc. cit., I.1.8 and [SGA4 1
2
],

Th. Finitude, 1.6).

We will often use the following compatibility in later sections:

Lemma 4.3. Let s be a closed point on U . We write Vs for V ×U s and ιVs (resp. ιs) for the
closed immersion Vs → V (resp. s → U). Let x be a closed point on Vs. We write ιx for the
closed immersion x→ V . Then the following diagram in Db(sét, Z/prZ) is commutative:

πx/s∗Z/prZx
αV,x
−−−→ Rι!sRπV/U !µ

⊗N+1
pr,V [2N + 2]

trx/s

y
yRι!s(trV/U )[2]

Z/prZs
clU,s
−−−→ Rι!sµpr,U [2],

where the map αV,x denotes the natural morphism coming from the Gysin morphism for x→ V
(cf. Theorem 3.4):

πx/s∗Z/prZx
πx/s∗(clV,x)
−−−−−−−→ πx/s∗Rι!xµ⊗N+1

pr,V [2N + 2]
(∗)
−−−→ Rι!sRπV/U !µ

⊗N+1
pr,V [2N + 2]
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and the last map (∗) is a base cochange morphism [SGA4], XVIII.3.1.13.2.

Proof. We may assume that U is strict henselian with closed point s. If V is smooth over U
and κ(x) = κ(s), then there exists a section U → V lifting x→ Vs by Hensel’s lemma and the
problem is reduced to [SGA4 1

2
], Cycle, 2.3.8 (i). Next we consider the case where V is smooth

over U and κ(x)/κ(s) is purely inseparable. We take a regular scheme U ′ which is finite flat
over U and whose closed point has residue field κ(x). Then the problem is reduced to the first
situation V ×U U ′ → U ′ by a standard base change argument similar to (A.4) below (note that
x×s x is a finite local connected s-scheme with closed point x; see also [SGA4], XVIII.3.1.14.2
and [SGA41

2
], Cycle, 2.3.7). Finally, in the general case, replacing V by an affine open subset

containing x if necessary, we may assume that V is a regular closed subscheme of a smooth U -
scheme V ′, and then the problem is reduced to the smooth case. The details are straightforward
and left to the reader.

(4.2) Trace morphism around Σ, proper case. Let s be a closed point on B contained in
Σ. We write Ys for X ×B s (cf. (3.3)). In this paragraph, we define a local trace map around
Σ assuming that πX/B is proper. We write A′ for the strict henselization of A at s, and put
B′ := Spec A′ and K ′ := Frac(A′); note that the residue field κ(s) is algebraically closed.
We put X ′ := X ×B B′ and Y ′ := Ys ×s s. Then each connected component of X ′ contains
exactly one connected component of Y ′, and each connected component of V ′ := X ′[p−1] is
geometrically connected over K ′. In other words, we have the following equality of sets:

{connected components of X ′} = {connected components of Y ′}

= {connected components of V ′
K

′}.

By Theorem 2.2, we have the following trace map:

tr0
(X′,Y ′)/(B′ ,s) : H2N+2

Y ′ (X ′, Z/prZ(N + 1)X′)
(3.3.3)
←−−−

'
HN(Y ′, Wr ω

N
Y ′,log)

trY ′/s
−−−→ Z/prZ.

For a closed point y on Y ′, the composite map

Z/prZ
clX′,x
−−−→ H2N+2

Y ′ (X ′, Z/prZ(N + 1)X)
tr0

(X′,Y ′)/(B′,s)
−−−−−−−−→ Z/prZ

is the identity map by the definitions of trY ′/s, clX′,y and tr0
(X′,Y ′)/(B′ ,s).

Lemma 4.4. The following diagram is commutative:

H2N+1(V ′, µ⊗N+1
pr )

δloc−−−→ H2N+2
Y ′ (X ′, Z/prZ(N + 1)X′)

tV ′/K′

y
ytr0

(X′,Y ′)/(B′,s)

H1(K ′, µpr)
−δval−−−→ Z/prZ.

Here tV ′/K′ denotes the map coming from the relative trace map for V ′/K ′ (cf. (4.1)).

Proof. We only prove the case where X ′ is connected (in this case tV ′/K′ and tr0
(X′,Y ′)/(B′ ,s) are

both bijective, cf. Proposition 2.20); the general case follows from a similar argument using the
above equality of sets of connected components. We take a closed point iy : y → Y ′ contained
in the smooth locus of Y ′. Then by Hensel’s lemma, there exists a section B ′ → X ′ which lifts
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y. We write v for the generic fiber of this section and consider the following diagram:

H1(K, µpr )
clV,v
−−−−→

'

H2N+1(V ′, µ⊗N+1
pr )

tV ′/K′

−−−−→
'

H1(K, µpr )

−δval

y δloc

y −δval

y

Z/prZ
clX′,y
−−−−→

'

H2N+2
Y ′ (X ′, Z/prZ(N + 1)X)

tr0
(X′,Y ′)/(B′,s)
−−−−−−−−−−→

'

Z/prZ.

In this diagram, the outer larger square is commutative and the left square is commutative by
Theorem 3.6. Hence the right square is also commutative and we obtain Lemma 4.4.

(4.3) Trace morphism and duality over B, proper case. In this paragraph, we construct a
trace morphism

trX/B : RπX/B!Z/prZ(N + 1)X [2N ]→ Z/prZ(1)B (4.3.1)

assuming that X is proper over B, which will be obtained uniquely by gluing the trace map of
V/U and that of Y/Σ together. Here Z/prZ(1)B denotes Z/prZ(N + 1)X for X = B. We will
need the following lemma:

Lemma 4.5. Suppose that πX/B is proper.

(1) RπX/B∗Rj∗µ
⊗N+1
pr is acyclic outside of [0, 2N + 1].

(2) ι′∗RπY/Σ∗Rι!Z/prZ(N + 1)X is acyclic outside of [N + 2, 2N + 2].
(3) RπX/B∗Z/prZ(N + 1)X is acyclic outside of [0, 2N + 1].

Proof. Since we have RπX/B∗Rj∗µ
⊗N+1
pr = Rj ′∗RπV/U∗µ

⊗N+1
pr , (1) follows from the fact that

RπV/U∗µ
⊗N+1
pr is acyclic outside of [0, 2N ] ([SGA4], XII.5.2) and Lemma 3.5 for B. Lemma 4.5

(2) follows from the purity Rι!Z/prZ(N +1)X ' Wr ωN
Y,log[−N−2] (cf. (3.3.1)) and [Mi2], VI.1.5

(b). We prove Lemma 4.5 (3). On U , RπX/B∗Z/prZ(N +1)X coincides with RπV/U∗µ
⊗N+1
pr , and

hence it is acyclic outside of [0, 2N ]. Also around Σ, RπX/B∗Z/prZ(N + 1)X is acyclic outside
of [0, 2N + 1], because for an s ∈ Σ we have

(RmπX/B∗Z/prZ(N + 1)X)s = Hm(Ys, Z/prZ(N + 1)X |Ys
)

by the proper base change theorem and Z/prZ(N + 1)X is acyclic outside of [0, N + 1].

We construct the trace map (4.3.1). We write trp for the trace map of V/U in Db(Bét, Z/prZ):

RπX/B∗Rj∗µ
⊗N+1
pr [2N ]

=
−−−→ Rj ′∗RπV/U∗µ

⊗N+1
pr [2N ]

Rj′∗(trV/U )
−−−−−−→ Rj ′∗µpr .

Also we write trp for the direct sum, w.r.t. s ∈ Σ, of the trace morphism of Ys/s obtained by
the local trace map defined in (4.2) and Lemma 4.5 (2):

ι′∗RπY/Σ∗Rι!Z/prZ(N + 1)X [2N + 2]
tr(X,Y )/(B,Σ)
−−−−−−−→ ι′∗Z/prZΣ.

We patch trp and trp together to obtain trX/B :

Proposition 4.6. Suppose that πX/B is proper. Then there uniquely exists a trace morphism
trX/B fitting into the following commutative diagram of distinguished triangles:

RπX/B∗Z/prZ(N + 1)X [2N ] −−−−→ RπX/B∗Rj∗µ
⊗N+1
pr ,V [2N ]

δ[2N]
−−−−→ ι′∗RπY/Σ∗Rι!Z/prZ(N + 1)X [2N + 1] −−−−→

trX/B

y trp

y trp[−1]

y

Λ(1)B −−−−→ Rj′∗µpr ,U

−σ′
B−−−−→ ι′∗Z/prZΣ[−1] −−−−→ ,
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where δ denotes the connecting morphism RπX/B∗(δX,V (Z/prZ(N + 1)X)) (see Example 1.4)
and σ′

B denotes the symbol morphism of B given in (3.1) (see also (1.6) (3)).

Proof. To show the existence of trX/B , it suffices to check that the right square is commutative
(cf. [BBD], 1.1.9). We prove this commutativity. Because the last term is concentrated on
degree 1 and the other terms in this square are acyclic in any degree at least 2 by Lemma 4.5
(1), (2), we have only to check the commutativity of the diagram of cohomology sheaves in
degree 1 (see Lemma 1.6 (1)), which immediately follows from Lemma 4.4. Furthermore, the
morphism trX/B is unique by Lemma 4.5 (3) and Lemma 1.6 (2). This completes the proof.

Corollary 4.7. If X is proper over B, then the morphism

τX/B : Z/prZ(N + 1)X [2N ]→ Rπ!
X/BZ/prZ(1)B in D+(Xét, Z/prZ)

adjoint to the trace morphism trX/B is an isomorphism.

Proof. We put Λ(N + 1)X := Z/prZ(N + 1)X and Λ(1)B := Z/prZ(1)B for simplicity. We
consider the following commutative diagram of localization triangles in D+(Xét, Z/prZ):

Λ(N + 1)X [2N ] −−−−→ Rj∗µ
⊗N+1
pr ,V [2N ]

δloc−−−−→ ι∗Rι!Λ(N + 1)X [2N + 1] −−−−→ Λ(N + 1)X [2N + 1]

τX/B

y Rj∗j∗(τX/B)

y ι∗Rι!(τX/B)[1]

y τX/B [1]

y

Rπ!
X/BΛ(1)B −−−−→ Rj∗Rπ!

V/Uµpr ,U
δloc−−−−→ ι∗Rι!Rπ!

X/BΛ(1)B [1] −−−−→ Rπ!
X/BΛ(1)B [1]

(note that j∗ = Rj ! and j∗(τX/B) = τV/U ). To prove Corollary 4.7, it suffices to show that the
morphisms Rι!(τX/B) and τV/U are isomorphisms; τV/U is quasi-isomorphic by Proposition 4.1.
We prove that Rι!(τX/B) is an isomorphism. In fact, the morphism Rι!(τX/B) is isomorphic to
the following morphism by the purity (3.3.1) and the construction of trX/B :

τY/Σ[−2] : Wr ωN
Y,log[N − 2]→ Rπ!

Y/ΣZ/prZΣ[−2],

and this morphism is isomorphic by Theorem 2.2. Therefore τX/B is an isomorphism.

(4.4) Trace morphism and duality over B, the general case. We first generalize Corollary 4.7
to the non-proper case and then define the trace morphism (4.3.1).

Theorem 4.8. Suppose that X is separated over B. Then there uniquely exists a canonical
morphism

τX/B : Z/prZ(N + 1)X [2N ] −−−→ Rπ!
X/BZ/prZ(1)B in D+(Xét, Z/prZ)

compatible with τV/U in (4.1). Furthermore, τX/B is an isomorphism.

Proof. We apply Lemma 3.12 to K := Rπ!
X/BZ/prZ(1)B[−2N ]. By Proposition 4.1 and Theo-

rem 2.2, we have canonical isomorphisms

cV := τV/U [−2N ] : µ⊗N+1
pr,V

'
−→ Rπ!

V/Uµpr,B[−2N ] = K|V

cY := τY/Σ[−2N − 2] : Wr ωN
Y,log[−N − 2]

'
−→ Rπ!

Y/ΣZ/prZ[−2N − 2]
'
−→
(∗)

Rι!K,

where we have used the purity for Z/prZ(1)B (see Theorem 3.4) in the last isomorphism (∗).
To prove Theorem 4.8, it suffices to show the commutativity in the condition (G) of Lemma
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3.12. Because Rι!K is acyclic outside of the degree N + 2, the problem is reduced to showing
the commutativity of the following diagram by Lemma 1.6 (1):

RN+1j∗µ
⊗N+1
pr,V

−σtame−−−−→ ι∗Wr ωN
Y,log

RN+1j∗(cV )

y' '

yHN+2(ι∗(cY ))

RN+1j∗j
∗K

δX,V (K)
−−−−→ RN+2ι!K.

(4.4.1)

Furthermore by a similar argument to Theorem 3.14, the commutativity of this diagram is
reduced to showing the following commutativity for any generic point y of Y (cf. Example 1.4):

HN+1(Frac(Osh
X,y), µ⊗N+1

pr )
−δval−−−−→ H0(y, Wr ΩN

y,log)

RN+1j∗(cV )y

y' '

yHN+2(ι∗(cY ))y

H−N+1(Frac(Osh
X,y), Rπ!

V/Uµpr ,U )
δloc−−−−→ H−N+2

y
(Spec Osh

X,y, Rπ!
X/BZ/prZ(1)B).

(4.4.2)

We fix a generic point y of Y and prove the commutativity of (4.4.2) for this fixed y. Since the
problem is local on X, we may assume that X is a locally closed subscheme of the projective
space X := PM

B for some M . We put z = Spec Frac(Osh
X,y), S := Spec Osh

X,y, T := Spec OX,y and

V := X[p−1] for simplicity. Then we obtain the diagram in Figure 2. In that diagram, the maps

�
��*

H
HHY

�
���

H
HHj

? ?

-

-

? ?

-

-

(∗1) (∗2)

'

clT,yclT,z

RN+1j∗(cV )y HN+2(ι∗(cY ))y

−δval

δloc

τ1 τ2

δloc

δloc

H0(y, Wr ΩN
y,log)HN+1(z, µ⊗N+1

pr )

H−N+1(z, Rπ!
V/Uµpr ,U ) H−N+2

y
(S, Rπ!

X/BZ/prZ(1)B)

H2M−N+2
y

(T, Z/prZ(M + 1)X)H2M−N+1
z (T [p−1], µ⊗M+1

pr ,V )

H−N+1
z (T [p−1], Rπ!

V/Uµpr,U ) H−N+2
y

(T, Rπ!
X/BZ/prZ(1)B)

Figure 2. a diagram for the proof of Theorem 4.8

(∗1) and (∗2) are obvious isomorphisms coming from the transitivity Ri!XRπ!
X/B = Rπ!

X/B (iX
denotes the closed immersion X → X), and hence the bottom small square is commutative.
The maps τ1 and τ2 are given by the morphism τX/B constructed in Corollary 4.7, and hence the
central small square is also commutative. Furthermore, the left and the right small squares are
commutative by the compatibility between trace morphisms and Gysin morphisms (cf. Theorem
2.14 (2), [SGA4 1

2
], Cycle, 2.3.8). Finally the top small square is commutative by Theorem 3.9

(1). Therefore the outer larger square of Figure 2 (=the diagram (4.4.2)) is also commutative.
This completes the proof.

Definition 4.9. For an X/B as in Theorem 4.8, we define the trace morphism

trX/B : RπX/B!Z/prZ(N + 1)X [2N ] −−−→ Z/prZ(1)B in Db(Bét, Z/prZ)
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by the morphism adjoint to τX/B . If πX/B is proper, this morphism coincides with the trace
morphism constructed in Proposition 4.6 by the uniqueness of τX/B in Theorem 4.8 (see also
Remark 5.5 below).

The following lemma is an analogue of Lemma 4.3, which will also be used in later sections:

Lemma 4.10. Suppose that X is separated over B. Let s be a closed point on B contained in
Σ. We write Ys for X ×B s and ιYs (resp. ιs) for the closed immersion Ys → X (resp. s→ B).
Let x be a closed point on Ys. We write ιx for the closed immersion x→ X. Then the following
diagram in Db(sét, Z/prZ) is commutative:

πx/s∗Z/prZx
αX,x
−−−→ Rι!sRπX/B!Z/prZ(N + 1)X [2N + 2]

trx/s

y
yRι!s(trX/B)[2]

Z/prZs
clB,s
−−−→ Rι!sZ/prZ(1)B[2],

where the map αX,x denotes the the natural morphism coming from the Gysin morphism for
x→ V (cf. Theorem 3.4):

πx/s∗Z/prZx
πx/s∗(clV,x)
−−−−−−−→ πx/s∗Rι!xZ/prZ(N + 1)X [2N + 2]

(∗)
−−−→ Rι!sRπX/B!Z/prZ(N + 1)X [2N + 2]

and the last map (∗) is a base cochange morphism [SGA4], XVIII.3.1.13.2.

Proof. By Theorem 3.14 and a similar argument to Lemma 4.3, the problem is reduced to the
case where X is a projective space over B. In this case, Lemma 4.10 follows from Lemma
4.4.

5. Artin-Verdier duality

In this section, we prove an Artin-Verdier style duality result as an application of the relative
duality established in the previous section (see Theorem 4.8). The main result of this section
is stated in (5.2) below. Throughout this section, r denotes a positive integer.

(5.1) Preliminary. Let A and p be as in (3.0). We put B := Spec A and U := B[p−1]. In this
paragraph, we give some preliminary propositions on Z/prZ(1)B. First we prove the following:

Proposition 5.1. (1) There uniquely exists a canonical isomorphism

Z/prZ(1)B ' RHomB(Z/prZ, Gm,B) in Db(Bét, Z/prZ)

compatible with the canonical isomorphism µpr,U ' RHomU(Z/prZU , Gm,U).
(2) We have canonical morphisms a : Z/prZ(1)B → Gm,B and b : Gm,B → Z/prZ(1)B[1]

satisfying the following two properties:
(2-1) a is compatible with the natural inclusion µpr,U → Gm,U , and b is compatible with

the connecting morphism Gm,U → µpr,U [1] associated with the short exact sequence
0→ µpr,U → Gm,U → Gm,U → 0 of étale sheaves on U .

(2-2) We have the following distinguished triangle in Db(Bét):

Gm,B
×pr

−−−→ Gm,B
b

−−−→ Z/prZ(1)B[1]
a[1]
−−−→ Gm,B[1].
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Proof. We prove Proposition 5.1 (1); Proposition 5.1 (2) immediately follows from (1) and the
canonical distinguished triangle

Gm,B
×pr

−−−→ Gm,B −−−→ RHomB(Z/prZ, Gm,B)[1] −−−→ Gm,B[1].

For simplicity we put M := RHomB(Z/prZ, Gm). Let Σ, j ′ and ι′ be as in §4. We have, on
U , canonical isomorphisms j ′∗M = RHomU(Z/prZU , Gm,U) ' µpr,U . Hence on B we have the
following morphism coming from the adjunction morphism:

M−→ τ≤1Rj ′∗µpr,U ,

where we have used the fact thatM is acyclic outside of [0, 1] (by definition). Furthermore the
composite morphism

M−→ τ≤1Rj ′∗µpr,U
σ′

−→ ι′∗Z/prZΣ[−1]

is trivial, because we have H1(M) ' Gm,B/pr (see also Lemma 1.6 (1)). Thus we obtain a
canonical morphism

M−→ Z/prZ(1)B

by Lemma 1.6 (2), and clearly it is bijective on cohomology sheaves (cf. Definition 3.1). This
completes the proof.

Corollary 5.2. For a K ∈ D(Bét, Z/prZ), we have a functorial isomorphism

RHomB,Z/prZ(K, Z/prZ(1)B)
'
−−−→ RHomB(K, Gm).

Proof. The functor HomB(Z/prZ, ?) : S(Bét) → S(Bét, Z/prZ) is right adjoint to the natural
embedding functor f : S(Bét, Z/prZ) → S(Bét), and preserves injective objects, because f is
exact. Hence we have

RHomB,Z/prZ(•, RHomB(Z/prZ, ?)) = RHomB(•, ?)

as bifunctors from D(Bét, Z/prZ)op × D+(Bét) to D+(Bét, Z/prZ) by [SGA41
2
], Catégories

Dérivées, II.1.2.3 (3), and we obtain Corollary 5.2 by Proposition 5.1 (1).

Proposition 5.3. Let x be a closed point of B. We write i for the closed immersion x → B.
Then the following diagram is commutative:

i∗Z/prZx
clB,x
−−−→ Z/prZ(1)B[2]

δpr

y
ya[2]

i∗Zx[1]
clB,x,Gm [1]
−−−−−−→ Gm,B[2].

(5.1.1)

Here a denotes the canonical morphism Z/prZ(1)B → Gm,B given in Proposition 5.1 (2), δpr

denotes the connecting morphism associated with the short exact sequence

0 −−−→ i∗Zx
×pr

−−−→ i∗Zx −−−→ i∗Z/prZx −−−→ 0

and clB,x,Gm denotes the Gysin morphism defined in Example 1.5.

Proof. We calculate the maps in (5.1.1) explicitly in the category of complexes in the case
ch(x) = p; the case ch(x) 6= p is similar and left to the reader (see also Example 1.4). Since the
problem is local, we may assume that B is henselian local with closed point x. We write η for
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the generic point of B and j (resp. i) for the canonical map η → B (resp. x → B). We define
the following complexes:

C• : j∗Gm,η
−ordx−→ i∗Zx,

D• : j∗Gm,η
×(−pr)
−→ j∗Gm,η; α 7→ α−pr

,

E• : i∗Zx
×pr

−→ i∗Zx; β 7→ pr · β.

Here ordx denotes the discrete valuation with respect to x; in C• and D•, the first terms
are put on degree 0; in E•, the first term is put on degree −1. Let us remark the following
facts: the natural maps of complexes Gm,B → C• and E• → i∗Z/prZx are quasi-isomorphisms
by definition; D• computes τ≤1Rj∗µpr,η by the Hilbert theorem 90, i.e., R1j∗Gm,η = 0; the
morphism δpr in (5.1.1) is represented by the following map (see Remark 1.2 (1)):

E• : i∗Zx
×pr

−−−−→ i∗Zx

−id.

y
y

i∗Zx[1] : i∗Zx −−−−→ 0,

(5.1.2)

where the first terms are put on degree −1.
We begin the proof of Proposition 5.3. First we compute clB,x. By the definitions of

Z/prZ(1)B and clB,x, we have the following commutative diagram in Db(Bét, Z/prZ) with dis-
tinguished rows (see (3.1) and (3.3); see also Theorem 3.6):

Cone(σ′)[−1]
u

−−−−→ τ≤1Rj∗µpr ,η
−σ′

−−−−→ i∗Z/prZx[−1]
v

−−−−→ Cone(σ′)

=

y id.

y clB,x

y' =

y

Z/prZ(1)B −−−−→ τ≤1Rj∗µpr ,η
δloc−−−−→ (τ≤2i∗Ri!Z/prZ(1)B)[1] −−−−→ Z/prZ(1)B [1],

where the upper row is the distinguished triangle defining Cone(σ ′) (see (1.6) (3) and Definition
1.7) and u (resp. v) denotes the canonical map coming from the natural projection (resp.
inclusion) of complexes; the lower row is the localization triangle (cf. Example 1.4). On the
other hand, the map σ′ is represented by the homomorphism of complexes D• → E•[−1]
induced by ordx. Therefore Z/prZ(1)B is represented by F • := Cone•(D• → E•[−1])[−1] and
the morphism clB,x is described as follows:

E• : 0 −−−−→ i∗Zx
×pr

−−−−→ i∗Zx

y (0,id.)

y id.

y

F •[2] : j∗Gm,η
(×(−pr),−ordx)
−−−−−−−−−−→ j∗Gm,η ⊕ i∗Zx

e
−−−−→ i∗Zx,

(5.1.3)

where the first terms are put on degree −2, and e sends (α, β) to −ordx(α)+pr ·β. By a similar
argument and (1.7.2), clB,x,Gm[1] is represented by the following maps of complexes:

i∗Zx[1] : 0 −−−−→ i∗Zx −−−−→ 0
y −id.

y
y

C•[2] : j∗Gm,η
−ordx−−−−→ i∗Zx −−−−→ 0,

(5.1.4)
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where the first terms are put on degree −2. The morphism a restricted to η coincides with the
natural inclusion µpr,η → Gm,η and hence a[2] is represented by the natural map F •[2]→ C•[2]:

F •[2] : j∗Gm,η
(×(−pr),−ordx)
−−−−−−−−−−→ j∗Gm,η ⊕ i∗Zx

e
−−−−→ i∗Zx

id.

y pr2

y
y

C•[2] : j∗Gm,η
−ordx
−−−−→ i∗Zx −−−−→ 0,

(5.1.5)

where the first terms are put on degree −2. By these descriptions, the diagram (5.1.1) is
calculated by the following diagram:

E• (5.1.3)
−−−−→ F •[2]

(5.1.2)

y
y(5.1.5)

i∗Zx[1]
(5.1.4)
−−−−→ C•[2],

and one can easily check that it is commutative. This completes the proof.

(5.2) Artin-Verdier duality. In this paragraph, we assume that K := Frac(A) is an algebraic
number field and that A is the integer ring of K, i.e., the integral closure of Z in K. Let p
be a prime number and let X be a connected regular scheme which is flat, separated of finite
type over B = Spec A and satisfies (SS) in (3.0) with respect to this prime number p. For a
K ∈ D+(Xét), we define the mth étale cohomology group with compact support by

Hm
c (X,K) := Hm

c (Spec Z, RπX!K),

where πX denotes the structure morphism X → Spec Z and Hm
c (Spec Z, •) denotes the étale

cohomology group with compact support of Spec Z (see e.g., [Mi4], II.2, [KCT], §3 for generali-
ties). Similarly, for a K ∈ D(Xét, Z/prZ) and a K′ ∈ D+(Xét, Z/prZ), we define the mth group
of extensions with compact support by

Êxtm
X,Z/prZ(K,K′) := Hm

c (Spec Z, RπX!RHomX,Z/prZ(K,K′)).

By definition we have Êxtm
X,Z/prZ(Z/prZ,K′) = Hm

c (X,K′). Now we are able to state the main

result of this section (see also [Dn], [Sp]), where Theorem 4.8 (cf. Corollary 4.7) will play an
essential role:

Theorem 5.4 (Artin-Verdier duality). We write N for the relative dimension dim(X/B).

(1) We have Hm
c (X, Z/prZ(N + 1)X) = 0 for m ≥ 2N + 4, and a unique isomorphism

trX : H2N+3
c (X, Z/prZ(N + 1)X) ' Z/prZ

such that for a closed point x on X the composite map

H1(x, Z/prZ)
clX,x
−−−→ H2N+3

c (X, Z/prZ(N + 1)X)
trX−−−→ Z/prZ

coincides with trx := trκ(x) (see (1.6) (1) for the definition of trκ(x)). Here the first
map clX,x is defined by applying the above H•

c(X)-construction to the Gysin morphism
ix∗Z/prZx → Z/prZ(N + 1)X [2N + 2].

(2) For an object K ∈ Db
c(Xét, Z/prZ) (c =constructible) and an integer m, the pairing

Hm
c (X,K)× Ext2N+3−m

X,Z/prZ (K, Z/prZ(N + 1)X)→ Z/prZ (5.2.1)

induced by a Yoneda pairing and trX is a nondegenerate pairing of finite groups.
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(3) We further assume that X is proper over B = Spec OK. Then for an object K ∈
Db

c(Xét, Z/prZ) and an integer m, the pairing

Hm(X,K)× Êxt2N+3−m
X,Z/prZ (K, Z/prZ(N + 1)X)→ Z/prZ (5.2.2)

similar to (5.2.1) is a nondegenerate pairing of finite groups. Consequently, we have

πab
1 (X)/pr ' H2N+2

c (X, Z/prZ(N + 1)X).

(5.3) Proof of Theorem 5.4. Before starting the proof of Theorem 5.4, let us recall the
following ‘localization’ long exact sequence for a K ∈ D+(Bét) (cf. [KCT], §3):

· · · → Hm
c (B,K)→ Hm(B,K)→ ⊕

v∈P∞

Ĥm(ηv,K|ηv )→ Hm+1
c (B,K)→ · · · , (5.3.1)

where we have used the following notation: P∞ denotes the set of archimedean places of K; for
a place v of K, Kv denotes the completion of K at v and ηv denotes Spec Kv; for a v ∈ P∞,
Ĥm(ηv, •) denotes the modified cohomology group of Gal(Kv/Kv) (see [S1], VIII), and it is
trivial for any m ∈ Z if v is complex or p is odd [T].

Now we begin the proof of Theorem 5.4. We put Λ := Z/prZ and Λ(N + 1)X := Z/prZ(N +
1)X for simplicity. We first prove the case X = B and then prove the higher-dimensional case.

(i) The case X = B. We first recall the Artin-Verdier duality formulated with Gm,B (see
e.g., [Ma], [Mi4], II.2–3, [Dn]). By the global class field theory, we have

Hm
c (B, Gm) '





Q/Z if m = 3,

0 if m = 2 or m ≥ 4.
(5.3.2)

We normalize the isomorphism for the case m = 3 so that for a closed point x ∈ B the composite
map

H1(x, Q/Z)
δ

−−−→ H2(x, Z)
clB,x,Gm−−−−→ H3

c(B, Gm)
(5.3.2)
−−−→ Q/Z

coincides with the trace map trκ(x),Q/Z (see (1.6) (1)), where the map marked δ is the connecting
homomorphism associated with the short exact sequence

0 −−−→ Z −−−→ Q −−−→ Q/Z −−−→ 0.

The classical Artin-Verdier duality claims that for an integer m and a constructible sheaf F on
Bét, the following pairing induced by a Yoneda pairing and the trace isomorphism (5.3.2) is a
nondegenerate pairing of finite groups:

Hm
c (B,F)× Ext3−m

B (F , Gm)→ Q/Z.

We prove Theorem 5.4 for B. By Proposition 5.1 (2), we have a long exact sequence

· · · −→ Hm
c (B, Λ(1)) −→ Hm

c (B, Gm)
×pr

−→ Hm
c (B, Gm) −→ Hm+1

c (B, Λ(1)) −→ · · · .

By (5.3.2) and this exact sequence, we obtain Hm
c (B, Λ(1)B) = 0 for m ≥ 4 and a trace

isomorphism trB : H3
c(B, Λ(1)B) ' Λ. The compatibility with the trace map of closed points

follows from Proposition 5.3. Theorem 5.4 (2) follows from the above duality for constructible
Z/prZ-sheaves and Corollary 5.2. We prove Theorem 5.4 (3). Let us consider the following
commutative diagram with exact rows (cf. (5.3.1)):

Extm−1
B,Λ

(K, Λ(1)B) → ⊕
v∈P∞

Êxtm−1
ηv,Λ

(K, µpr ) → Êxtm
B,Λ(K, Λ(1)B) → Extm

B,Λ(K, Λ(1)B) → ⊕
v∈P∞

Êxtm
ηv,Λ(K, µpr )

↓ ↓ ↓ ↓ ↓

H4−m
c (B,K)∗ → ⊕

v∈P∞

Ĥ3−m(ηv ,K|ηv )∗ → H3−m(B,K)∗ → H3−m
c (B,K)∗ → ⊕

v∈P∞

Ĥ2−m(ηv ,K|ηv )∗,
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where the superscript ∗ in the lower low means the Pontryagin dual and we wrote Êxt
m

ηv ,Λ(K, µpr)

for Ĥm(ηv, RHomηv ,Λ(K|ηv , µpr)). The finiteness of Êxt
m

B,Λ(K, Λ(1)B) follows from the upper
exact sequence. Furthermore in this diagram, the left two vertical maps and the right two
vertical maps are bijective by Theorem 5.4 (2) and the duality for real places [T]. Therefore
the central vertical arrow is also bijective by the five lemma and we obtain Theorem 5.4 (3).
This completes the proof in the case X = B.

(ii) The general case. Note that RπX/B!Λ(N + 1)B is acyclic outside of [0, 2N + 1] by the
same argument as in Lemma 4.5 (3). We first prove the following claim:

Claim 1. Hm
c (X, Λ(N + 1)X) = 0 if m ≥ 2N + 4.

Proof of Claim 1. Let S be a finite set of closed points on B including points of characteristic
p and points where πX/B is not smooth. We write X ′ for π−1

X/B(B \S), j ′ for the open immersion

B \ S → B and i′ for the closed immersion S → B. Then we have an exact sequence

Hm
c (X ′, µ⊗N+1

pr ) −→ Hm
c (X,Λ(N + 1)X) −→ Hm(S, i′∗RπX/B!Λ(N + 1)X) (5.3.3)

coming from the distinguished triangle

RπX/B!Λ(N + 1)X −→ i′∗i
′∗RπX/B!Λ(N + 1)X −→ RπX′/B!µ

⊗N+1
pr [1] −→ RπX/B∗Λ(N + 1)X [1]

in Db(Bét, Λ), where we have used the fact that j ′!j
′∗RπX/B!Λ(N + 1)X = RπX′/B!µ

⊗N+1
pr . If

m ≥ 2N + 4, then the first group in (5.3.3) is trivial by Theorem 5.4 (2) for B and the fact
that RπX′/B!µ

⊗N+1
pr is acyclic outside of [0, 2N ] and belongs to Db

c(Bét, Λ). Furthermore for the
same m, the last group in (5.3.3) is also trivial because i′∗RπX/B!Λ(N + 1)X is acyclic outside
of [0, 2N +1] and cd(S) = 1. Hence Hm

c (X, Λ(N +1)X) is trivial for any m at least 2N +4.

Next we define the trace map trX by the following composite map:

trX : H2N+3
c (X, Λ(N + 1)X)

trX/B
−−−→ H3

c(B, Λ(1)B)
trB−−−→
'

Λ,

where trX/B denotes the relative trace morphism defined in Proposition 4.6 and Definition 4.9.
The compatibility between this trace map and those of closed points on X immediately follows
from Theorem 5.4 (1) for B, Lemma 4.3 and Lemma 4.10. Consequently, trX is surjective. We
claim here that trX is bijective. It suffices to show the following:

Claim 2. The order of H2N+3
c (X, Λ(N + 1)X) is at most pr.

Proof of Claim 2. We consider the exact sequence (5.3.3) for m = 2N + 3. Then the
first group is isomorphic to Λ(= Z/prZ) by [Mi4], p. 257, and the last group in (5.3.3) is
trivial by the acyclicity of i′∗RπX/B!Λ(N + 1)X outside of [0, 2N + 1]. Therefore the order of
H2N+3

c (X, Λ(N + 1)X) is at most pr and we obtain Claim 2.

Finally we prove Theorem 5.4 (2) and (3). By Theorem 4.8 and [SGA4], XVIII.3.1.9.6, we have
the following canonical isomorphisms for a K ∈ D−(Xét, Λ):

RπX/B∗RHomX,Λ(K, Λ(N + 1)X)
τX/B
−−−→

'
RπX/B∗RHomX,Λ(K, Rπ!

X/BΛ(1)B)[−2N ]

−−−→
=

RHomB,Λ(RπX/B!K, Λ(1)B)[−2N ].

Hence Theorem 5.4 (2) is reduced to the case X = B by the fact that for a K ∈ Db
c(Xét, Λ) the

object RπX/B!K ∈ Db(Bét, Λ) has constructible cohomology sheaves. Similarly, Theorem 5.4
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(3) is also reduced to the case X = B by the above isomorphism and the properness of πX/B .
This completes the proof of Theorem 5.4.

Remark 5.5. An important ingredient of Theorem 5.4 is the relative trace morphisms trX/B

and τX/B constructed in (4.3) and (4.4). In their forthcoming paper [JS], Jannsen and Saito
will generalize the above trace morphisms and duality results to more general situation by an
alternative approach.

6. p-adic cycle class maps

In this section, we define cycle class maps from cycle class groups to étale cohomology groups
with Z/prZ-coefficients (cf. (6.1.1)). Let B, p and X be as in (3.0). Let r be a positive integer.

(6.1) Groups of algebraic cycles. For a pure-dimensional scheme Z and an positive integer m,
we define the complex GM(Z)• by the following (cohomological) complex of Milnor K-groups
of Gersten type:

⊕
x∈Z0 KM

M (κ(x))
−δtame
−−−−→

⊕
x∈Z1 KM

M−1(κ(x))
−δtame
−−−−→ · · ·

−δtame
−−−−→

⊕
x∈ZM−2 KM

2 (κ(x))
−δtame
−−−−→

⊕
x∈ZM−1 κ(x)×

−δtame
−−−−→

⊕
x∈ZM Z,

where the first term is put in degree M and the final term is put in degree 2M ; the maps
named δtame denote tame symbol mappings of Milnor K-groups normalized as in [KCT], §1,
and in fact, this sequence is a complex by [K2], Proposition 1. For integers m = 0, 1, we define
the group CHM(Z, m) by the cohomology group H2M−m(GM(Z)•). If M = dim(Z), the group
CHM(Z, 0) coincides with the Chow homology group CH0(Z) of zero-cycles defined by Fulton.
The first aim of this section is to construct a cycle class map

cl2N+2−m,N+1
X : CHN+1(X, m)→ H2N+2−m(X, Z/prZ(N + 1)X) (6.1.1)

for X, p as above and m = 0, 1, in a natural way.

Remark 6.1. In the situation of Theorem 5.4 (3), the Gysin map clX,x sends a closed point
x of X to the geometric Frobenius substitution of X at x, under the identification by the
Artin-Verdier duality

H2N+2
c (X, Z/prZ(N + 1)X) ' πab

1 (X)/p.

This immediately follows from the compatibility of trace maps in Theorem 5.4 (1) and the
normalization of the trace map of a finite field (see (1.6) (1)). This fact is the first reason we
changed the sign of the map g in the definition of Gysin morphism clX,Y (3.3.3). The second
reason is the reciprocity law of cycle classes. Without this modification, we will not be able to
define cycle class maps of the form (6.1.1), in general.

(6.2) Construction of (6.1.1). In this paragraph, we construct the cycle class map (6.1.1).

For points z ∈ Xc−1 and w ∈ Xc with w ∈ {z}, we have the following commutative diagram:

KM
N+2−c(κ(z))

δtame−−−−→ KM
N+1−c(κ(w))

hN+2−c

y
yhN+1−c

HN+2−c(z, Z/prZ(N + 2− c))
δval−−−−→ HN+1−c(w, Z/prZ(N + 1 − c)),

(6.2.1)

where the vertical arrows are Galois (or differential) symbol mapping of Milnor K-groups. If
ch(w) = p, then this commutativity immediately follows from the definition of δval (see [KCT],
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§1). If ch(w) 6= p, it is a result of Kato [KCT], 1.4 (1). Furthermore by Theorem 3.6, the
following diagram is anti-commutative:

HN+2−c(z, Z/prZ(N + 2− c)z)
δval−−−−→ HN+1−c(w, Z/prZ(N + 1− c)w)

clX,z

y' clX,w

y'

Hc+N
z (X, Z/prZ(N + 1)X)

δloc−−−−→ Hc+N+1
w (X, Z/prZ(N + 1)X).

(6.2.2)

Therefore the composite of Galois (or differential) symbol mappings and Gysin maps gives the
following homomorphism of complexes:

GN+1(X)• −−−→ E•,N+1
1 (X), (6.2.3)

where E•,N+1
1 (X) denotes the complex of E•,N+1

1 -terms of the localization spectral sequence

Eu,v
1 (X) :=

⊕

x∈Xu

Hu+v
x (X, Z/prZ(N + 1)X) =⇒ Hu+v(X, Z/prZ(N + 1)X), (6.2.4)

and the term E0,N+1
1 (X) is put in degree N + 1 in (6.2.3). Now for an integer m = 0, 1, we

define the cycle class map (6.1.1) by the composite map

CHN+1(X, m)/pr (∗1)
−−→ EN+1−m,N+1

2

(∗2)
−−→ H2N+2−m(X, Z/prZ(N + 1)X).

Here the map (∗2) comes from the purity (Theorem 3.4), that is, the fact that we have Eu,v
1 = 0

for u < v; (∗1) is induced by (6.2.3). More precisely, if m = 0, then the map (∗1) is an
isomorphism. If m = 1, then this map fits into the following short exact sequence:

0 −→ CHN+1(X, 1)/pr (∗1)
−→ EN,N+1

2 (X) −→ prCHN+1(X, 0) −→ 0, (6.2.5)

which is obtained by a theorem of Merkur’ev and Suslin [MS] and the same argument as in
[CT], 3.2.

Remark 6.2. In the situation of Theorem 5.4 (3), and further if Frac(A) is totally imaginary or

p > 2, then the cycle class map cl2N+2,N+1
X coincides with the map

CH0(X) −→ πab
1 (X)/pr

induced by the reciprocity map ρX of unramified classfield theory (cf. [KS], [Sa], [Sp]), where
ρX is defined by sending a closed point x to the geometric Frobenius substitution at x (cf.
Remark 6.1).

(6.3) The case N = 1. In this paragraph, we assume that for any closed point on B its
residue field is perfect. We further assume that N(= dim(X/B)) = 1. We write K/X for Spiess’
complex of X defined in [Sp], which is a complex of sheaves on Xét acyclic outside of [1, 2]. The
following result shows the Kummer theory of K/X (cf. Proposition 5.1, [L1], [L2], [L3]):

Theorem 6.3. We have a canonical isomorphism

κX,r : RHomX(Z/prZ,K/X)[1]
'
−−−→ Z/prZ(2)X in Db(Xét, Z/prZ).

Proof. We use the notation in (3.0) and the same argument as in Proposition 5.1 (1). For a
point x ∈ X (resp. y ∈ Y ) we write ιx (resp. iy) for the canonical map x → X (resp. y → Y ).
Let us recall the following facts, where we use the assumption on B:
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(i) We have a canonical isomorphism

κV,r : RHomV (Z/prZ,K/V )[1]
'
−−−→ µ⊗2

pr,V

in Db(Vét, Z/prZ) ([Sp], 1.5.1 (i)).
(ii) K/X is acyclic outside of [1, 2] and the sheaf H2(K/X) is generated by (Gm,X)⊗2 (loc. cit.,

1.6.2, Proof of 1.6.1).
(iii) We write G/Y for Deninger’s complex [Dn] of Y :

G/Y : ⊕y∈(Y ′)0 iy∗Gm,y
ord
−→ ⊕y∈(Y ′)1 iy∗Z,

where the first term is put on degree 0. Then there exists a canonical Gysin isomorphism
clX,Y : G/Y ' Rι!K/X [3] fitting into the following commutative diagram of étale sheaves on
X ([Sp], 1.3.1 (ii), 1.3.2; see also loc. cit., 1.1.1 and 1.3.3 for the left vertical isomorphism):

⊕η∈(X′)0 (ιηP K2,η)
a −δalg
−−−→ ⊕y∈(Y ′)0 ιy∗Gm,y

'

y '

y⊕y ι∗yi∗y(clX,Y )

⊕η∈(X′)0 R2ιη∗ι
∗
ηK/X

δloc−−−→ ⊕y∈(Y ′)0 ι∗yi
∗
yR

3ι!K/X ,

where K2,η denotes the presheaf of algebraic K-groups on (ét/η), ιηP denotes the direct
image of presheaves by ιη and the superscript a means the étale sheaf associated with a
presheaf; δalg denotes the boundary map of algebraic K-groups.

(iv) We have a canonical isomorphism

κY,r : RHomY (Z/prZ,G/Y )[1]
'
−−−→ Wr ω1

Y,log

in Db(Yét, Z/prZ) (a variant of Proposition 5.1 using Theorem 2.1 and Proposition 2.10).

By (i), (ii) and Lemma 1.6 (2), there uniquely exists a canonical morphism κX,r extending κV,r.
To show further that cX,r is an isomorphism, it suffices to compare the cohomology sheaves of
both hand sides. We calculate the cohomology sheaves of the left hand side (see (3.1) for the
right hand side). We consider the localization triangle for L := RHomX(Z/prZ,K/X)[1]:

L −−−→ Rj∗µ
⊗2
pr,V

δX,V (L)
−−−−−→ Wr ω1

Y,log[−2] −−−→ L[1].

Here we have used (i), (iii), (iv) and the canonical isomorphism

Rι!RHomX(Z/prZX ,K/X) = RHomY (Z/prZY , Rι!K/X).

Furthermore δX,V (L) coincides with σ′
X in (3.1) up to a sign by Lemma 3.5, Lemma 1.6 (1) and

the commutativity in (iii). Thus κX,r is an isomorphism and we obtain Theorem 6.3.

Remark 6.4. In [Sp], 1.6.1, Spiess showed that K/X coincides with Lichtenbaum’s complex
Z(2, X) [L2] up to 2-primary torsion sheaves of finite exponent, assuming the Gersten conjecture
for K3. Hence under the same assumption, Theorem 6.3 implies the following distinguished
triangle for p > 2:

Z(2, X) −→ Z/prZ(2)X −→ Z(2, X)[1]
×pr

−→ Z(2, X)[1].
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Appendix A. compatibility in the l-adic case

In this appendix, we prove the ‘l-adic part’ of Theorem 3.6. We prove this compatibility
result in the following more general setting. Let X be a noetherian excellent regular scheme,
and n be a positive integer invertible on X. For a positive integer q, we write Λ(q) for the
étale sheaf µ⊗q

n . Let Z ⊂ X be a regular closed subscheme of pure codimension c. By Gabber’s
construction of cycle classes [FG], we have a cycle class clX(Z) in the étale cohomology group
H2c

Z (X, Λ(c)), without assuming the absolute purity, satisfying the following 3 properties:

(G1) For an étale morphism X ′ → X, the restriction of clX(Z) into H2c
Z′(X ′, Λ(c)) (here

Z ′ denotes Z ×X X ′) coincides with clX′(Z ′).
(G2) For regular closed subschemes Z ⊂ Z ′ ⊂ X, we have clX(Z ′) ∩ clZ′(Z) = clX(Z)

in H2c
Z (X, Λ(c)).

(G3) The image of clX(Z) into H0(Z, R2ci!ZΛ(c)) coincides with Deligne’s cycle class
[SGA41

2
], Cycle, §2.2. Here iZ denotes the closed immersion Z → X.

For non-negative integers s and t, we write clX,Z for the map defined by taking the cup-product
with clX(Z):

clX,Z : Hs(Z, Λ(t))→ Hs+2c
Z (X, Λ(t + c)); α 7→ clX(Z) ∪ α.

In this appendix, we prove the following compatibility result:

Proposition A.1. Let w be a point on X of codimension c > 0, and let z be a point on X of
codimension c−1 which specializes to w. Then for non-negative integers i and m, the following
diagram is anti-commutative:

Hi+1(z, Λ(m + 1))
δval−−−→ Hi(w, Λ(m))

clX,z

y
yclX,w

Hi+2c−1
z (X, Λ(m + c))

δloc−−−→ Hi+2c
w (X, Λ(m + c)).

(A.0.1)

The proof of Proposition A.1 will be completed in (A.4) below. It will turn out that we do not
need the absolute purity in our proof of this compatibility.

(A.1) Proof of Proposition A.1. We may assume that X is local with closed point w. We
put Z := {z} ⊂ X. There may happen the following two cases: (r) Z is regular at w; (s) Z is
not regular at w.

First we prove the case (r). Since Z is regular, we have the cycle class clX(Z) in the coho-

mology group H
2(c−1)
Z (X, Λ(c − 1)) by Gabber’s construction. Now we consider the following

diagram:

Hi+1(z, Λ(m + 1))
clX,z
→ Hi+2c−1

z (X, Λ(m + c))
δval ↙ ↓δloc

↓δloc

Hi(w, Λ(m)) →
clZ,w

Hi+2
w (Z, Λ(m + 1)) →

clX,Z

Hi+2c
w (X, Λ(m + c)).

Here the right top arrow coincides with the cup-product with clX(Z)|Spec OX,z
by the property

(G1), and hence the right square is commutative by Lemma 1.3. The left triangle is anti-
commutative by (G3) and Example 1.5. Furthermore the composite of the maps on the bottom
line coincides with clX,w by (G2). Thus we obtain the anti-commutativity of the diagram
(A.0.1).
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(A.2) Proof of Proposition A.1, singular case. We prove the case (s). We take the normal-
ization ν : Z ′ → Z. Note that Z ′ is regular and that ν is finite by the excellence of Z. Since
any finite morphism is projective, the map Z ′ → X factors as Z ′ ↪→ PM

X → X for some integer
M ≥ 0. We write W ′ for the inverse image of w under ν with reduced structure, which consists
of closed points of Z ′. We put P := PM

X . We have the following commutative diagram:

W ′ σW ′

→ Z ′ ιZ′

→ P
λ ↓ ν ↓ π ↓

w
σw→ Z

ιZ→ X.

(A.2.1)

We write ιw (resp. ιW ′) for the closed immersion w → X (resp. W ′ → P). Now we put
c′ := c + M = codimP(W

′), and consider the diagram in Figure 3. In that diagram, the maps

�
��*

H
HHY

�
���

H
HHj

? ?

-

-

? ?

-

-

clX,z clX,w

cl
P,W ′clP,z

id. trW ′/w

δval

δval

α β

δloc

δloc

Hi(W ′, Λ(m))Hi+1(z, Λ(m + 1))

Hi+1(z, Λ(m + 1)) Hi(w, Λ(m))

Hi+2c′

W ′ (P, Λ(m + c′))Hi+2c′−1
z (P,Λ(m + c′))

Hi+2c−1
z (X, Λ(m + c)) Hi+2c

w (X, Λ(m + c))

Figure 3. a diagram for the proof of the case (s)

α and β are defined by the following morphism in D+(Zét, Λ):

f : ν∗Rι!Z′Λ(m + c′)P[2M ]
α′

−−−→ Rι!ZΛ(m + c′)P[2M ]
Rι!Z(trP/X)
−−−−−−→ Rι!ZΛ(m + c)X ,

where the arrow α′ is the base cochange morphism for the right square of (A.2.1) (see [SGA4],
XVIII.3.1.13.2). More precisely, α is obtained by restricting f to z, and β is defined by the
composite morphism

β : λ∗Rι!W ′Λ(m + c′)[2M ]
β′

−−−→ Rι!wν∗Rι!Z′Λ(m + c′)P[2M ]
Rι!w(f)
−−−−→ Rι!wΛ(m + c)X ,

where β ′ is the base cochange morphism for the left square of (A.2.1). Hence the central small
square in Figure 2 is commutative. The outer large square is commutative by the definition
of δval from z to w (cf. [KCT], §1) and the fact that the trace map trW ′/w coincides with the
corestriction map of Galois cohomology groups (cf. [SGA4], XVIII.2.9 (Var 4)). Furthermore
the top square is anti-commutative by the case (r). Therefore, once we show that the left
square and the right are commutative, we will have proved Proposition A.1. We prove only the
commutativity of the right square in Figure 2, in what follows; the proof for the left square is
similar and left to the reader. We put Q := PM

w for simplicity, take a section s : X → P and
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consider the following diagram:

Hi(w, Λ(m))
clX,w
−−−−→ Hi+2c

w (X, Λ(m + c))

clQ,s(w)

y clP,s(X)

y

Hi(W ′, Λ(m))
clQ,W ′

−−−−→ Hi+2M (Q,Λ(m + M))
clP,Q
−−−−→ Hi+2c′

Q (P, Λ(m + c′))

trW ′/w

y trQ/w

y γ

y

Hi(w, Λ(m))
id.

−−−−→ Hi(w, Λ(m))
clX,w
−−−−→ Hi+2c

w (X, Λ(m + c)).

(A.2.2)

Here clQ,s(w) and clP,s(X) denote Gysin maps along the section s, and the right upper square
commutes by (G2). The map γ is a trace map defined in a similar way to β. Our task is to
show that the lower larger square in (A.2.2) is commutative. To prove this, it suffices to check
the following 4 claims with respect to the diagram (A.2.2):

(1) The composite of the right vertical column is the identity map.
(2) The composite of the middle vertical column is the identity map.
(3) The left lower square is commutative.
(4) The map clQ,W ′ factors through trW ′/w:

Hi(W ′, Λ(m))
trW ′/w
−−−−→ Hi(w, Λ(m))

clQ,s(w)
−−−−→ Hi+2M (Q, Λ(m + M)).

(While the map W ′ → Q does not necessarily factors through s : w → Q, the map clQ,W ′

always decomposes as above.)

These facts are standard and seem to be well-known, but we include proofs to complete our
argument. We will prove Claims (1)–(3) in (A.3) and Claim (4) in (A.4).

(A.3) Proof of Claims (1)–(3). We prove only (1); (2) and (3) are similar. By [SGA4 1
2
],

Cycle, 2.3.8 (i), the following composite morphism in D+(Xét, Λ) is the identity map:

ΛX

clP,s(X)
−−−−→ Rs!Λ(M)P[2M ] −−−→ Rπ∗Λ(M)P[2M ]

trP/X
−−−→ ΛX ,

where the second morphism is a base cochange morphism. Applying Ri!w to these morphisms,
one can check that the composite map γ ◦ clP,s(X) in (A.2.2) is the identity map.

(A.4) Proof of Claim (4). It suffices to show the following:

Lemma A.2. Let F be a field and M be a positive integer. Let n be a positive integer prime
to ch(F ) and put Λ := Z/nZ. Let x and y be closed points on Q := PM

F with κ(x) = F . Then
for non-negative integers i and m, the following diagram commutes:

Hi(y, Λ(m))
try/x
−→ Hi(x, Λ(m))

clQ,y
↘ ↙clQ,x

Hi+2M(Q, Λ(m + M)).

Proof. Because the case x = y is obvious, we assume that x and y are distinct, in what follows.
We write L for the residue field of y and prove Lemma A.2 in two steps.

(i) The case L/F separable. In this case y is a closed point on some linear subspace of
Q of dimension 1, and furthermore, any two F -rational points on Q are linearly equivalent.
Therefore we may assume that Q = P1

F , that is, M = 1. We consider the direct decomposition
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associated with ix : x→ Q (cf. Claim (2) in (A.2)):

Hi+2(Q, Λ(m + 1))
'
→ Hi(F, Λ(m))⊕ Hi+2(x, Λ(m + 1)); a 7→ (trQ/F (a), i∗x(a)).

By Claim (3) in (A.2), it suffices to show that the composite map

Hi(y, Λ(m))
clQ,y
−−−→ Hi+2(Q, Λ(m + 1))

i∗x−−−→ Hi+2(x, Λ(m + 1))

is trivial. We prove this claim. In fact, clQ,y factors through Hi+2
y (Q, Λ(m + 1)) and i∗x factors

through Hi+2(Q \ y, Λ(m + 1)). Hence this composite map is trivial and we obtain Lemma A.2
in this case.

(ii) The general case. We use a standard base change argument. We write F ′ for the
perfection of F , K for the separable closure of F in L, and put K ′ := K ⊗F F ′, Q′ := Q⊗F F ′;
K ′ is a perfect field and L′ := L ⊗F F ′ is a finite local K ′-algebra with residue field K ′. We
write u (resp. v) for the projection Q′ → Q (resp. Spec F ′ → Spec F ). By the equivalence of
étale topology, it suffices to show the commutativity of the following diagram:

Hi(z, Λ(m))
v∗(try/x)
−→ Hi(x′, Λ(m))

u∗(clQ(y))∪?↘ ↙u∗(clQ(x))∪?

Hi+2M(Q′, Λ(m + M)),

where x′ := x ⊗F F ′, z is the closed point of y′ := y ⊗F F ′ = Spec L′ and we identified
Hi(z, Λ(m)) with Hi(y′, Λ(m)) by the restriction for z → y′. We compute these maps. The map
v∗(try/x) coincides with [L : K] · trz/x′ (cf. [SGA4], XVIII.2.9). On the other hand, by [SGA4 1

2
],

Cycle, 2.3.8 (i), (ii), we have

u∗(clQ(y)) = clQ′(z; L′) = [L : K] · clQ′(z) and u∗(clQ(x)) = clQ′(x′),

where clQ′(z; L′) denotes the cycle class with L′-coefficient (see loc. cit.). Hence the above
diagram commutes by (i) and we obtain Lemma A.2.

This completes the proof of Proposition A.1.

Appendix B. purity for logarithmic Hodge-Witt sheaves

of log smooth varieties

In §2, we proved the purity for modified logarithmic Hodge-Witt sheaves of semistable fam-
ilies. In this appendix, we give a generalization of Theorem 2.1 in the category of log schemes
(see Theorem B.1 below). See [K3] for the general framework of log schemes in Zariski topology;
see also e.g., [KF], §2 and §3 for that in étale topology. For a regular scheme X and a simple
normal crossing divisor D on X, we define the étale sheaf MX(D) of sets on X by

MX(D) := {f ∈ OX ; f is invertible outside of D} ⊂ OX .

We regard this sheaf as a sheaf of monoids by the multiplication of functions. The natural
inclusion MX(D) → OX gives a log structure on X, and the associated sheaf MX(D)gp of
abelian groups is locally generated by Gm,X and primes of OX defining irreducible components
of D.

Now let A, k, X and Y be as in §2. Let Z be a simple normal crossing divisor on X which is
flat over A and whose union with Y also has normal crossings. We put MY := MX(Y ∪Z)|Y , i.e.,
the pull-back of MX(Y ∪Z) to Y in the sense of log structures, and write Y ′ for the log scheme
(Y, MY ). We put B := Spec A and s := Spec k and write s′ for the standard log point over s,
that is, the log scheme whose underlying scheme is s and whose log structure is the pull-back
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of MB(s) to s (in the sense of log structures). By the natural map MB(s)→ πX/B∗MX(Y ∪Z)
of sheaves of monoids, we have a canonical morphism of log schemes Y ′ → s′, and it is smooth
in the sense of log geometry. For a positive integer q, we write Wr ωq

Y ′/s′ for the qth Hodge-Witt

sheaf [HK], [Ts2], §2.1, which is an étale sheaf on Y . In the case r = 1, W1ωq
Y ′/s′ is isomorphic

to the qth differential module ωq
Y ′/s′ . We define the étale subsheaf Wr ωq

Y ′/s′,log of Wr ω
q
Y ′/s′ by

the image of the following differential symbol map [HK], (4.9):

Wr ωq
Y ′/s′,log := Im

(
(Mgp

Y )⊗q −→Wr ωq
Y ′/s′

)
. (B.0.1)

We write D for Z ∩ Y , in the following. The sheaf Wr ωq
Y ′/s′,log coincides with Wr ωq

Y,log defined

in (1.4), outside of D.

Theorem B.1. Let V be a closed smooth subvariety of Y such that E := Z ∩ V is a simple
normal crossing divisor on V . We write ι for the closed immersion V → Y and write V ′ for
the log scheme (V, MV (E)). Then we have a canonical isomorphism:

clY ′,V ′ : Wr ΩN−c
V ′/s,log

'
−−−→ Rι!Wr ωN

Y ′/s′,log[c] in D+(Vét, Z/prZ),

where N denotes dim(Y ), c denotes codimY (V ) and for a non-negative integer q, Wr Ωq
V ′/s,log

denotes the étale subsheaf of Wr Ωq
V ′/s := Wr Ωq

V (log E) (cf. [Hy2]) generated by symbols:

Wr Ωq
V ′/s,log := Im

(
(MV (E)gp)⊗q → Wr Ω

q
V ′/s

)
.

Remark B.2. The log scheme V ′′ := (V, MY |V ) is smooth over s′ (in the sense of log geometry)
and we have a canonical isomorphism Wr ωq

V ′′/s′,log ' Wr Ωq
V ′/s,log of étale sheaves on V . Hence

the Gysin isomorphism in Theorem B.1 can be regarded as the isomorphism

clY ′,V ′′ : Wr ω
N−c
V ′′/s′,log

'
−−−→ Rι!Wr ω

N
Y ′/s′,log[c] in D+(Vét, Z/prZ).

(B.1) Proof of Theorem B.1. We name canonical maps as follows:

V \E
jV−−−−→ V ←−−−− E

ι1

y ι

y
y

Y \D
j

−−−−→ Y
i

←−−−− D,

where both squares are cartesian. We prove Theorem B.1 in two steps; we first prove a purity
for j∗Wr ωN

Y \D,log using Theorem 2.1 and then compare j∗Wr ωN
Y \D,log with Wr ωN

Y ′/s′,log. Once we
prove Lemmas B.3 and B.4 below, we will have shown Theorem B.1.

Lemma B.3. There uniquely exists an isomorphism

jV ∗Wr Ω
N−c
V \E,log

'
−−−→ Rι!(j∗Wr ωN

Y \D,log)[c] in D+(Vét, Z/prZ),

compatible with the Gysin morphism clY \D,V \E in Theorem 2.1.

Proof. We consider the isomorphism

RjV ∗(clY \D,V \E) : RjV ∗Wr ΩN−c
V \E,log

'
−−−→ Ri!V Rj∗Wr ωN

Y \D,log[c]

induced by the isomorphism clY \D,V \E , where we have used the fact that Rι!Rj∗ = RjV ∗Rι!1.

To prove Lemma B.3, it suffices to show that (i) RqjV ∗Wr Ω
N−c
V \E,log = 0 for q ≥ 1 and (ii)
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Rqj∗Wr ω
N
Y \D,log = 0 for q ≥ 1. We only prove (ii) here; (i) is similar and left to the reader. We

consider the following short exact sequence of complexes (see (2.4), (2.5)):

0→ i∗M
•
r(D)[−1]→ Cous•Y (Wr ωN

Y,log)→ j∗Cous•Y \D(Wr ωN
Y \D,log)→ 0,

where Cous•Y (Wr ω
N
Y,log) and j∗Cous•Y \D(Wr ωN

Y \D,log) represent Wr ωN
Y,log and Rj∗Wr ωN

Y,log, respec-

tively, by Proposition 2.10, Theorem 2.1 and Lemma 2.12. In particular, Cous•Y (Wr ωN
Y,log) is

acyclic at positive degrees, and furthermore, i∗M
•
r(D) is also acyclic at positive degrees by

the same argument as in Proof (2) of Proposition 2.10, because D is a simple normal crossing
variety over s. Therefore the complex j∗Cous•Y \D(Wr ωN

Y \D,log) is also acyclic at positive degrees

and we have Rqj∗Wr ωN
Y \D,log = 0 for q > 0. This completes the proof.

Lemma B.4. The following canonical homomorphisms of étale sheaves are bijective:

Wr ΩN−c
V ′/s,log −→ jV ∗Wr ΩN−c

V \E,log

(
= jV ∗j

∗
V Wr ΩN−c

V ′/s,log

)
(B.1.1)

and

Wr ω
N
Y ′/s′,log −→ j∗Wr ωN

Y \D,log

(
= j∗j

∗Wr ωN
Y ′/s′,log

)
. (B.1.2)

Proof. We prove only that (B.1.2) is bijective; (B.1.1) is similar and left to the reader. By the
exact sequence (2.2.7) and the following exact sequence ([Ts2], §2.2):

0 −−−→ Wr−1ωN
Y ′/s′,log −−−→ Wr ω

N
Y ′/s′,log −−−→ ωN

Y ′/s′,log −−−→ 0,

the injectivity and the surjectivity of (B.1.2) are reduced to the case r = 1. We first prove the
injectivity. In fact, the map (B.1.2) for r = 1 is injective by the fact that ω1

Y ′/s′ is a locally free

OY -module and the fact that j∗ω1
Y ′/s′ ' ω1

Y \D. Before proving the surjectivity, let us remark

the following fact. By the injectivity of (B.1.2), the sheaf Wr ω
N
Y ′/s′,log coincides with the image

of the following differential symbol map (cf. (B.0.1)):

(Mgp
Y )⊗N −→ ⊕

y∈Y 0
(iy)∗Wr ΩN

y,log.

Hence, we obtain the following natural map of étale sheaves on Y :

Wr ωN
Y,log −→Wr ωN

Y ′/s′,log

induced by the natural map of log structures MX(Y )|Y −→ MY (= MX(Y ∪ Z)|Y ) on Y (cf.
(1.4); note that we have a surjective homomorphism (MX(Y )|Y )gp −→ O∼

Y
× of étale sheaves on

Y ). Now we prove the surjectivity of (B.1.2). It suffices to show that the natural map

Coker
(
ωN

Y,log → ωN
Y ′/s′,log

)
−→ Coker

(
ωN

Y,log → j∗ω
N
Y \D,log

)
(B.1.3)

is surjective. To show this surjectivity, we use the residue isomorphism

Coker
(
ωN

Y,log → j∗ω
N
Y \D,log

)
' H0(M•

1(D))

obtained by the proof of Lemma B.3. We write νD for the sheaf on the right hand side, for
simplicity. Since the problem is étale local, we may assume that each irreducible component
of Z and Y is defined by a prime element of OX globally, i.e., Y = {f1f2 · · ·fa = 0} and
Z = {fa+1fa+2 · · · fb = 0} (1 ≤ a < b ≤ N + 1) for some primes f1, . . . , fb ∈ Γ(X,OX). By
Proof (2) of Proposition 2.10, we have the descending filtration F •νD coming from the spectral

sequence (2.4.1) for D; we have F 1−bνD = νD, F 1νD = 0 and grq
F νD ' Ωq+N−1

D(1−q),log
for a q with

1− b ≤ q ≤ 0. Therefore, by descending induction on q, one can check the following: We define
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f ′
i ∈ OY by the image of fi (1 ≤ i ≤ b); then for a q with 1− b ≤ q ≤ 0, F qνD is generated by

the image of sections of j∗ω
N
Y \D,log of the form

dlogf ′
i1 ∧ dlogf ′

i2 ∧ · · · ∧ dlogf ′
im ∧ dlogg1 ∧ dlogg2 ∧ · · · ∧ dloggN−m

with m ≤ 1 − q, 1 ≤ i1 < i2 < · · · < im ≤ b and gj ∈ O
×
Y , where dlogf ′

1 ∧ · · · ∧ dlogf ′
a is

defined to be zero. By this fact for the case q = 1 − b, the map (B.1.3) is surjective, because
the log structure MY is generated by O×

Y and f ′
i ’s. This completes the proof of Lemma B.4 and

Theorem B.1.
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Birkhäuser, 1990

[MSA] Matsumi, K., Sato, K., Asakura, M.: On the kernel of the reciprocity map of normal surfaces over
finite fields. K-Theory 18, 203–234 (1999)

[Ma] Mazur, B.: Notes on étale cohomology of number fields. Ann. Sci. École Norm. Sup. (4) 6, 521–552
(1973)

[MS] Merkur’ev, A. S., Suslin, A. A.: K-cohomology of Severi-Brauer varieties and the norm residue homo-
morphism. Math. USSR Izv. 21, 307–341 (1983)

[Mi1] Milne, J. S.: Duality in flat cohomology of a surface. Ann. Sci. École Norm. Sup. (4) 9, 171–202 (1976)
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