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Abstract

Notion of an oriented cohomology pretheory on algebraic varieties is introduced
and a Riemann-Roch theorem for ring morphisms between oriented pretheories is
proved. An explicit formula for the Todd genus related to a ring morphism is given.
The theory is illustrated by classical and other examples.
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0.1 Introduction

This article in particular contains proofs of Riemann-Roch type theorems stated in [PS].
All the key ideas and all the key results are either contained in [PS] or at least motivated
by [PS]. Since the body of [PS] can be naturally subdivided in two parts (a construction
of integrations and a use of integrations) one can present each part separately. Here
we present the part devoted to Riemann-Roch type theorems stated in [PS]. In fact
concerning this type theorems slightly more general results are stated and proved in this
text. This is due to the fact that here we postulate strong homotopy invariance of a
theory rather than deduce it from homotopy invariance and Mayer-Vietoris properties of
the theory. Similarly we postulate existence of an integration on the theory rather than
construct an integration. An integration on the theory gives rise in a standart way to an
Euler class of line bundles and we further just postulate the projective bundle theorem
(in terms of the Euler class) rather than prove it. An integration satisfying the projective
bundle theorem is call perfect (recall that all the integrations constructed in [PS] satisfy
the projective bundle theorem and thus they are perfect). This is the way how one can
extract from [PS] certain minimum of data required for a formulation of Riemann-Roch
type theorem. It turns out that this minimum of data gives already completely natural
context as for the formulation so for the proof of such a theorem.

The text is pretty self contained. At least it does not depend on the theory of push-
forwards developed in [PS]. Only considering some examples we refer to [PS] to get
the required integrations. It’s not surprising that the deformation to the normal cone
construction is used repeatedly. However one should stress that we need not at all in any
kind of local Chern classes. This is due to the systematical use of one simple lemma 1.4.2.

Let us describe now the main object of the text. Namely in this text we consider the
category of smooth varieties X over a field k, ring cohomology pretheories on this category
and especially oriented ring cohomology pretheories. By a ring cohomology pretheory
we mean a contrvariant functor A from this category to the category of rings which
satisfies additivity and a strong homotopy invariance. If a ring cohomology pretheory
A is equipped with a family of push-forward operators satisfying certain properties then
the pretheory can be equipped with an Euler structure associating to each line bundle
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an invariant called its Euler class. If this Euler structure satisfies the projective bundle
axiom then this family of push-forwards is called a perfect integration and the pretheory
with this family of push-forwards is called oriented.

In this case the cohomology ring A(P∞) can be identified with the formal power series
in one variable A(pt)[[t]] over the cohomology ring of the point. This identification takes
the variable t to the Euler class ξA = e(O(−1)) of the tautological line bundle over the
projective space. So the class ξA is a local parameter in the ring A(P∞). A perfect
integration is uniquelly defined by the corresponding Euler structure 1.1.11 and even by
the Euler class ξA 1.1.12. Namely two perfect integrations coincide if the corresponding
Euler structures coincide or if just the two classes ξ

(1)
A and ξ

(2)
A coinside.

It turns out that an oriented cohomology pretheory can be equipped with many perfect
integrations 2.3.2 and the set of all perfect integrations is in a bijection with the set
of universally central local parameters of the ring A(P∞). This bijection is given by
associating to a perfect integration the corresponding Euler class ξA = e(O(−1)) of the
mentioned line bundle 2.3.2.

A ring morphism ϕ : A→ B of oriented cohomology pretheories A and B is by the very
definition a morphism of the underlying functors. If this morphism respects to the Euler
structures on A and B then it commutes with the integrations. This is stated by the first
Riemann-Roch type theorem 1.1.9. A ring morphism of oriented cohomology theories
commuting with the integrations is called an oriented morphism. In general the ring
morphism ϕ is not oriented at all, so it does not commute with the perfect integrations.

However if the element ϕ(ξA) is a universally central local parameter in B(P∞) then
by Theorem 2.3.2 there exists a new perfect integration on B such that the corresponding
Euler structure coincides with the one given by L 7→ ϕ(eA(L)). The first Riemann-Roch
type theorem 1.1.9 states that the morphism ϕ commutes with this new perfect integration
on B. Namely for any projective morphism of smooth varieties f : Y → X one has the
relation

fnewB ◦ ϕY = ϕX ◦ fA. (1)

To express this result in an explicite way it is convinient to use a Todd genus of the
morphism ϕ, which we are going to describe now.

Namely, with the ring morphism ϕ : A → B we associate an inverse Todd series
itdϕ(t) of ϕ. It is the image of the universally central unite

itdϕ = ϕ(ξA)/ξB ∈ B(P∞)

under the isomorphism B(P∞) with the formal power series B(pt)[[t]]. In the other
words itdϕ(t) is the only series such that its evaluation on the class ξB coincides with
the unite ϕ(ξA)/ξB. The rule L/X 7→ itdϕ(L) = itdϕ(e(L)) ∈ Buc(X) defines a func-
torial assignment on line bundles. If E/X is a rank n vector bundle and P(E) is the
corresponding projective bundle (of lines in E), then one has a universally central unit
itdϕ(OE(−1)) = itdϕ(e(OE(−1))) ∈ B(P(E)). Since the integration on B is perfect
the subring B(P(E))uc of all universally central elements in B(P(E)) is a free rank n
B(X)uc-module for the subring of all universally central elements in B(X). The inverse
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Todd genus itdϕ(E) of E is defined by

itdϕ(E) = det(itdϕ(OE(−1))) ∈ B(X)uc (2)

where itdϕ(OE(−1)) : B(P(E))uc → B(P(E))uc is the operator a 7→ a∪ itdϕ(OE(−1)). If
the series itdϕ(t) is invertible (or equivalently if its free term is invertible in B(pt)) then
the element itdϕ(OE(−1)) is invertible as well and we define the Todd genus of E by

tdϕ(E) = det(tdϕ(OE(−1))) ∈ B(X)uc (3)

where tdϕ(t) = (itdϕ(t))−1 ∈ B(pt)[[t]] is the multiplicative inverse of itdϕ(t). Being a

symmetric function of the ”eigenvalues” of the operator B(P(E))uc
∪e(OE(−1))−−−−−−−→ B(P(E))uc

the Todd genus can be expressed as a function of the elementary symmetric polinomials
of these ”eigenvalues”. These elementary symmetric polinomials of the ”eigenvalues” are
just the coefficients of the characteristic polinomial χE(t) ∈ B(X)uc[t] of the operator
”∪e(OE(−1))”. These coefficients are exactly the Chern classes cBi (E) of E with values in
B. This shows that the Todd genus tdϕ(E) of E is a function of the Chern classes of E.
The same holds for the inverse Todd genus itdϕ(E). Details one can find in Subsections
1.9.1 and 2.2 below.

Now the explicite expression for the new perfect integration on B looks as follows. For
a projective morphism f : Y → X of smooth varieties (with tangent bundles TY and TX)
fnewB is defined as the composite operator (∪itd(TX)) ◦ fB ◦ (∪td(TY )) ( a conjugation of
fB by means of the inverse Todd genus of ϕ ). Thus the relation (1) says that for any
element a ∈ A(Y ) one has the relation in B(X)

fB(ϕ(a) ∪ tdϕ(TY )) = ϕ(fA(a)) ∪ tdϕ(TX). (4)

This is the statement of the Riemann-Roch type Theorem 2.5.4.
Clearly in general the class ϕ(ξA) is not at all a universally central local parameter of

the ring B(P∞). Thus in general there is no perfect integration on B with the correspond-
ing Euler class ϕ(ξA). However if the class ϕ(ξA) is universally central a Riemann-Roch
type theorem still holds for closed imbeddings. Namely for a closed imbedding of smooth
varieties i : Y ↪→ X with the normal bundle N and for any element a ∈ A(Y ) one has the
relation in B(X)

iB(ϕ(a) ∪ itdϕ(N)) = ϕ(iA(a)). (5)

This is the statement of Theorem 2.5.3.
Note that in the case when ϕ is the Chern character from K-theory to Chow ring the

formulas (4) and (5) coincide with the classical Riemann-Roch-Hirzebruch theorem in the
form of A.Grothendieck [BS, §7]. In particular, if the variety X is the point then the
formulae (4) coincides with the original Riemann-Roch theorem of Hirzebruch [H, Ch.IV,
21.1.1]. In the case when ϕ is the Adams operation ψr from K-theory to itself formulae
(4) coincides with the classical one as well (see [Ad1] for the topological context and for
higher K-theory see [So]).

Another interesting example is the case of the operator ψ−1 : K0 → K0 which takes
the class of a vector bundle E to the class of its dual vector bundle E∨. The Todd genus
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of E is equal to the class (−1)rk(E) · ∧max(E∨), where ∧max(E∨) is the maximal exterior
power of E∨. In particular, tdψ−1(TX) = (−1)dim(X) · ωX , where ωY is the canonical line
bundle on Y . If X is the point pt then the relation (4) is reduced to the following one

χ(E∨ ⊗ ωY ) = (−1)dim(Y ) · χ(E). (6)

where for a vector bundle F on Y the integer χ(F ) is the Euler characteristic of the vector
bundle F . The relation (6) is nothing else as the well-known ”Serre’s duality”.

Now take k = R and consider the theory A sending a variety X to H∗(X(R);Z/2)
(the singular cohomology of the topological space X(R)). It turns out that the Euler class
e(L) of a line bundle L coincides in this case with the first Stiefel-Whitney class w1(L(R))
of the real line bundle L(R). The total Steenrod square Sq is a ring operation from A to
itself. The inverse Todd genus itd(E) coincides in this case with the total Stiefel-Whitney
class w(E(R)) of the real vector bundle E(R). Thus the Riemann-Roch theorem for a
closed imbedding i : Y ↪→ X states that the following relation holds

i∗(w(N(R))) = Sq([Y ])

where N is the normal bundle to Y . This is the known Wu formula. The mentioned
interpretation of the Wu formular in topology was originally presented in [AH]. These
and other examples are discussed in details in Subsection 2.6 below.

For the concept of oriented cohomology theories in the topological context see [Ad2]
and [Ad1]. The Riemann-Roch theorems (2.5.3) and (2.5.4) are inspired by a Riemann-
Roch theorem from [Dy]. However the explicit definitions of the inverse Todd genus (2.5.1)
and of the Todd genus (2.5.2) possibly are not mentioned even in the topological context.

The author would like to express his special gratitude to V.Voevodsky for the series
of very inspiring conversations on motivic cohomology [V] and the homotopy theory of
schemes [V1]; to S.Yagunov for his very stimulating interest in building up push-forwards
for 1998-2000; to F.Morel as for his excellent and inspiring lectures (Muenster, May -
June 1999) so for very open conversations on the homotopy theory of schemes [Mo]; to
A.Suslin as for his great interest to the subject so for raising a question (Bonn, June
1999) about possible existence of well-defined push-forwards respecting the composition
(namely Suslin’s great interest and this question inspired the work [PS]); to E.Friedlander
A.Merkurjev, U.Jannsen, M. Ojanguren and many, many others for their very stimulating
interest to the subject.

To avoid certain confusions we would like to stress that the push-forwards constructed
in [PY] do not form any integration because they do not respect in general the composition
of morphisms. However even with the help of that push-forwards a far generalization of
Suslin’s rigidity theorem is proved in [PY].

The author thanks very much for the support the the TMR Network ERB FMRX
CT-97-0107, the grant of the year 2001 of the ”Support Fund of National Science” at
the Russian Academy of Science, the grant INTAS-99-00817, and the RFFI-grant 00-01-
00116.

5



0.2 Terminology and notation

Let k be a field. The term ”variety” is used in this text for an arbitrary smooth quasi-
projective variety over the field k. The term ring is used in this text for an arbitrary
associative ring with a unit.

We fix the following notation:

• Rings - the category of rings;

• Sm - the category of smooth varieties;

• pt = Spec(k);

For a smooth X and an effective divisor D ⊂ X we write L(D) for a line bundle
over X whose sheaf of sections is the sheaf LX(D) (see [Har, Ch.II,§6, 6.13]).

P(V ) = Proj(S∗(V ∨))-the space of lines in a finite dimensional k-vector space V ;

LV = OV (−1)-the tautological line bundle over P(V );

• P(E) = Proj(S∗(E∨)) - the space of lines in a vector bundle E;

LE = OE(−1) - the tautological line bundle on P(E);

OE(1) - the line bundle on P(E) dual to OE(−1);

E0 - the complement to the zero section of E;

E∨ - the vector bundle dual to a vector bundle E;

z : X → E - the zero section of a vector bundle E;

• For a contravariant functor A on Sm set

A(P∞) = lim←−A(P(V )), (7)

where the projective system is induced by all the finite dimensional vector subspaces
V ↪→ k∞.

For such V and a ∈ A(P∞) denote by aV the canonical image of a in A(P(V )).

In particular, taking the Picard group Pic as A one gets the definition of Pic(P∞).

1 Oriented cohomology pretheories

In this section the notion of an oriented cohomology pretheory is defined and first variant
of Riemann-Roch type theorem 1.1.9 is stated and proved. One should point out here
that in the following definition one could replace the category of rings by the category
of monoids in an arbitrary tensor abelian category and one could extend (without any
essential changes) all the results of this text to that more general context which could
be quite intersting. However we prefer to keep certain simplicity of the exposition and
to work with the category of rings which is just the category of monoids in the tensor
category of abelian groups.
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1.1 First Riemann-Roch type theorem

1.1.1 Definition. A ring cohomology pretheory is a ring presheaf A : Sm → Rings
satisfying the following conditions

(1) additivity: let ir : Xr ↪→ X1 q X2 be the natural inclusion (r = 1, 2). Then the
induced map A(X1 qX2)→ A(X1)⊕ A(X2) is an isomorphism;

(2) strong homotopy invariance: for any variety X and any vector bundle E over X and
any E-torsor E with the projection p : E→ X the pull-back map pA : A(X)→ A(E)
is an isomorphism;

(3) A(∅) = {0}.

A ring morphism ϕ : A→ B of ring pretheories is a ring presheaf morphism.

For a morphism of varieties f : Y → X we shall consider below in the text the ring
A(Y ) as a two-sided A(X)-module via the ring homomorphism fA : A(X)→ A(Y ).

Let us recall a notion.

1.1.2 Definition. Let i : Y ↪→ X be a closed imbedding of varieties. Consider a Cartesian
square ( in the category of schemes )

Y
i−−−→ X

ϕ̃

x xϕ
Ỹ

ĩ−−−→ X̃

consisting of smooth varieties. This square is called transversal if the canonical morphism
ϕ̃∗(N)→ Ñ is an isomorphism (here N and Ñ are the normal bundle to Y in X and to
Ỹ in X̃).

1.1.3 Definition. Let A be the ring cohomology pretheory. An integration on A is a
rule assigning to each projective morphism of smooth varieties f : Y → X a two-sided
A(X)-module operator

fA : A(Y )→ A(X)

called the push-forward (for f) and satisfying the following properties

1. (f ◦ g)A = fA ◦ gA for any projective morphisms Z
g→ Y and Y

f→ X of smooth
varieties;

2. for the transversal square from (1.1.2) the following diagram commutes

A(Y )
iA−−−→ A(X)

ϕ̃A

y yϕA
A(Ỹ )

ĩA−−−→ A(X̃)
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3. for any morphism of smooth varieties f : Y → X the following diagram commutes

A(Pn × Y )
(id×f)A←−−−− A(Pn ×X)

(pY )A

y y(pX)A

A(Y )
fA←−−− A(X)

where pY : Pn × Y → Y and pX : Pn ×X → X are the natural projections;

4. normalization: for any smooth variety X one has (idX)A = idA(X);

5. localization: for any closed imbedding i : Y ↪→ X and the inclusion j : X − Y ↪→ X

the sequence A(Y )
iA→ A(X)

jA→ A(X − Y ) is exact.

Observe that already the property (2) of push-forwards implies vanishing of the com-
posite map jA ◦ iA : A(Y )→ A(X − Y ), because A(∅) = 0 and the square

Y
i−−−→ Xx xj

∅ −−−→ X − Y

is clearly transversal.

1.1.4. Euler class. Let A be a ring cohomology pretheory equipped with an integration
f 7→ fA. For a variety X and a line bundle L over X set

e(L) = zA(zA(1)) ∈ A(X). (8)

The assignment L 7→ e(L) is called the Euler structure on A corresponding to the inte-
gration f 7→ fA and the element e(L) is called the Euler class of L corresponding to the
integration f 7→ fA or just the Euler class of L if the integration is known from a context.

It’s easy to see that the class e(L) is a central element in A(X). If fact, the element
zA(1) ∈ A(L) is central because the operator zA : A(X) → A(L) is a two-sided A(L)-
module homomorphism. The pull-back operator zA : A(L) → A(X) is an isomorphism
by the homotopy invariance property of A. Thus the class e(L) is central.

1.1.5 Notation. Let A be a ring cohomology pretheory. For any variety X and any vector
bundle F over X and any central element α ∈ A(P(F )) we often will write below in the
text

α : A(X)→ A(P(F ))

for the operator given by a 7→ α ∪ pA(a) where p : P(F )→ X is the projection.

1.1.6. Perfect integration. Let A be a ring cohomology pretheory. An integration
f 7→ fA on A is called perfect if the corresponding Euler structure L 7→ e(L) on A satisfies
the following condition called below projective bundle axiom
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(i) for any variety X and any rank n vector bundle E over X and for the Euler class
ξE = e(OE(−1)) ∈ A(P(E)) the operator

(1, ξE, . . . , ξ
n−1
E ) : A(X)⊕ A(X)⊕ · · · ⊕ A(X)→ A(P(E))

is an isomorphism (see 1.1.5 for the notation).
It is proved below in 1.2.1 that for a perfect integration on A and for an n-dimensional

k-vector space V one has the relation ξnV = 0 in A(P(V )). Thus the ring A(P(V )) can be
identified with the truncated polinomial ring A(pt)[t]/(tn). The identification takes the
variable t to the class ξV .

1.1.7 Definition. An oriented cohomology pretheory is a ring cohomology pretheory A
equipped with a perfect integration f 7→ fA.

A ring morphism of oriented cohomology pretheories is just a morphism of the under-
lying ring presheaves.

An oriented morphism of oriented cohomology pretheories is a ring morphism of the
ring cohomology pretheories respecting the perfect integrations on the oriented cohomology
pretheories.

The restriction A|Sm of an oriented cohomology theory A (in the sence of [PS]) to the
category Sm of smooth varieties is an oriented cohomology pretheory (with respect to
the integration given by [PS][Corollary 4.1.4.1]). Moreover by [PS][Corollary 4.1.4.2] the
corresponding Euler structure on the pretheory A|Sm is exactly the Chern structure on
the theory A corresponding to the orientation of A.

1.1.8 Theorem (Normalization). Let A be an oriented cohomology pretheory and let
L 7→ e(L) be the corresponding Euler structure on A. Then for any variety X and any
smooth divisor i : D ↪→ X on X the following relation holds in A(X)

iA(1) = e(L(D)), (9)

where L(D) is the line bundle over X defined in 0.2.

1.1.9 Theorem. Let ϕ : A→ B be a ring morphism of oriented cohomology pretheories.
If for any variety X and any smooth divisor i : D ↪→ X on X the relation ϕ(iA(1)) = iB(1)
holds in B(X), then for any projective morphism f : Y → X of varieties one has the
relation

fB ◦ ϕY = ϕX ◦ fA. (10)

The following Corollary is an obvious consequence of these two Theorems.

1.1.10 Corollary. Let A and B be two oriented cohomology pretheories and let L 7→ eA(L)
and L 7→ eB(L) be the corresponding Euler structures. Let ϕ : A→ B be a ring morphism.
If for any variety X and any line bundle L over X the relation ϕ(eA(L)) = eB(L) holds
in B(X), then for any projective morphism f : Y → X of varieties one has the relation

fB ◦ ϕY = ϕX ◦ fA. (11)

In the other words a ring morphism ϕ : A → B respecting the Euler structures is an
oriented morphism of the oriented cohomology pretheories.
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Taking B = A and ϕ = idA in this Corollary one gets the following

1.1.11 Corollary. Let A be a cohomology pretheory equipped with two perfect integrations
f 7→ f

(1)
A and f 7→ f

(2)
A . Let L 7→ e(1)(L) and L 7→ e(2)(L) be the corresponding Euler

structures. If for any variety X and any line bundle L over X the relation e(1)(L) = e(2)(L)
holds in A(X), then the two integrations coincide, i.e. for any projective morphism f :
Y → X of varieties one has the relation

f
(1)
A = f

(2)
A . (12)

1.1.12. Remark. In the Corollary 1.1.11 it suffices to assume that for any vector space
V finite-dimensional over k the relation e(1)(OV (−1)) = e(2)(OV (−1)) holds in A(P(V )).
Similarly in Corollary 1.1.10 it suffices to assume that the relation ϕ(eA(OV (−1))) =
eB(OV (−1)) holds in B(P(V )).

These replacements of the assumptions are available because the Euler class is functo-
rial (see Lemma 1.2.1 below) and the line bundle OP∞(−1) is universal (see Claim 1.2.2
below): for any variety X and any line bundle L over X there exists a diagram of the
form

X
p←− X ′

f−→ P(V )

in which X ′ is a torsor under a vector bundle over X and the morphism f is such that
the line bundles p∗(L) and f ∗(OV (−1)) are isomorphic.

We conclude this subsection with the following observation

1.1.13 Lemma. Let A be an oriented cohomology pretheory. Let E be a vector bundle
over a variety X and let p : P(E) → X be the associated projective bundle over X. For
any morphism f : X̃ → X of varieties set Ẽ = X̃ ×X E and let p̃ : P(Ẽ) → X̃ be
the projective bundle over X̃ associated with Ẽ. Let F : P(Ẽ) → P(E) be a morphism
induced by the projection Ẽ → E. Then one has the relation

fA ◦ pA = p̃A ◦ FA : A(P(E))→ A(X̃) (13)

Proof. Consider a closed imbedding i : P(E) ↪→ X × Pn of the X-varieties. Let ĩ :
P(Ẽ) ↪→ X̃×Pn be its base change by means of the morphism f : X̃ → X. Now consider
the diagram

X̃ ×Pn f×id−−−→ X ×Pn

ĩ

x xi
P(Ẽ)

F−−−→ P(E)

p̃

y yp
X̃

f−−−→ X

By the property 2 from Definition 1.1.3 one has the relation (f×id)A◦iA = ĩA◦FA. By the
property 3 from the same Definition one has the relation (pX̃)A ◦ (f × id)A = fA ◦ (pX)A,
where pX : X × Pn → X and X̃ × Pn → X̃ are the projections. These two relations
together with the property 1 completes the proof of the relation (13).
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1.2 Euler structure

Let A be an oriented cohomology pretheory. Certain properties of the corresponding
Euler structure L 7→ e(L) are proved in this subsection.

1.2.1 Lemma. The Euler structure L 7→ e(L) on A satisfies the following properties

(1) functoriality: e(L1) = e(L2) for isomorphic line bundles L1 and L2 and furthermore
fA(e(L)) = e(f ∗(L)) for any morphism f : X̃ → X of varieties;

(2) vanishing: e(1) = 0 for the trivial line bundle 1 over a variety X;

(3) the Euler class e(L) is universally central (fA(e(L)) is central for any morphism f :
Y → X of varieties). The class e(L) is nilpotent;

(4) nilportence: if V is a dimension n k-vector space then ξnV = 0 in A(P(V )).

Proof. To prove the first property consider a line bundle isomorphism α : L1 → L2 and
the zero sections z1 and z2 of the line bundles L1 and L2 respectively. Then the diagram

X
z2−−−→ L2

id

x xα
X

z1−−−→ L1

is transversal. Thus one has the relation αA ◦ (z2)A = (z1)A. The chain of relations
completes the proof

e(L2) = (zA2 ◦ (z2)A)(1) = (zA1 ◦ αA ◦ (z2)A)(1) = (zA1 ◦ (z1)A)(1) = e(L1).

To prove the functoriality set L̃ = X̃ × L and consider the following diagram

X
z−−−→ L

f

x xfL
X̃

z̃−−−→ L̃

with the zero sections z and z̃ and with the projection fL. Since the diagram is transversal
one has the relation fAL ◦ zA = z̃A ◦ fA. Thus

fA(e(L)) = [fA ◦ zA ◦ zA](1) = [z̃A ◦ fAL ◦ zA](1) = [z̃A ◦ z̃A ◦ fA](1) = e(f ∗(L)).

To prove the second property consider the zero section z : X ↪→ X × A1 of the
trivial bundle, the open imbedding j : X × (A1 − {0}) ↪→ X × A1 and the section
s : X → X× (A1−{0}) of the projection X× (A1−{0})→ X given by s(x) = (x, 1). By
the localization property from 1.1.3 one has jA◦zA = 0. Thus (j◦s)A◦zA = sA◦jA◦zA = 0.
The operator (j◦s)A : A(X×A1)→ A(X) is an isomorphism by the homotopy invariance
property. Hence zA = 0 and e(1) = zA(zA(1)) = 0.
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The fourth property is proved induction by the dimension of V . If dim(V ) = 1 then
P(V ) = pt and the line bundle OV (−1) is trivial. Thus ξV = 0 by the vanishing property
of the Euler class. Now assume that for each k-vector space W of dimension m < n
the element ξmW vanishes in A(P(W )) and consider a k-vector space V of dimension n.
Let W ⊂ V be a hyperplane and let i : P(W ) ↪→ P(V ) be the imbedding and let
j : P(V )−P(W ) ↪→ P(V ) be the inclusion. The line bundle j∗(OV (−1)) is trivial. Thus
jA(ξV ) = 0 in A(P(V )−P(W )). By the localization property of push-forwards the kernel
of the operator jA coincides with the image of the operator iA. Hence ξV = iA(a) for an
element a ∈ A(P(W )). Now the chain of relations

ξnV = ξV · ξn−1
V = iA(a) ∪ ξn−1

V = iA(a ∪ iA(ξn−1
V )) = iA(a ∪ ξn−1

W ) = 0.

completes the proof of the property.
To prove the third property recall that the Euler class e(L) is central as it is proved in

1.1.4. Now this class is universally central by the first property. To prove the nilpotence
property recall that for any finite-dimensional k-vector space V the classes e(OV (−1)) ∈
P(V ) is nilpotent by the projective bundle axiom 1.1.6. It remains to use the following

1.2.2 Claim. For any variety X and any line bundle L over X there exists a finite-
dimensional vector space V and a diagram of the form

X
p←− X ′

f−→ P(V ) (14)

in which X ′ is a torsor under a vector bundle over X and the morphism f is such that
the line bundles p∗(L) and f ∗(OV (−1)) are isomorphic.

With this diagram in hand one has a chain of relations

pA(e(L)) = e(p∗(L)) = e(f ∗(OV (−1))) = fA(e(OV (−1))).

which proves the nilpotence of the class pA(e(L)). Since pA is an isomorphism the class
e(L) is nilpotent as well. To complete the proof of the third property it remains to prove
the Claim.

Proof of the Claim. To construct the diagram (14) recall that by the Jouanolou trick
[J] there is a torsor X ′/X under a vector bundle over X such that X ′ is an affine variety.
Now take the projection p : X ′ → X and consider the pull-back p∗(L) of the line bundle
L. Since the variety X ′ is affine the line bundle p∗(L) can be induced from a projective
space via a morphism f : X → P(V ). The Claim is proved.

1.2.3 Proposition. Let E be a rank n vector bundle over a variety X and let P(E) be
the corresponding projective bundle. The class ζE = e(OE(1)) ∈ A(P(E)) satisfies the
following properties

(i) the operator

(1, ζE, . . . , ζ
n−1
E ) : A(X)⊕ A(X) · · · ⊕ A(X)→ A(P(E))

is an isomorphism (see 1.1.5 for the notation);
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(ii) the relation ζnE = 0 holds if E is a trivial rank n bundle.

Proof. Let E∨ be the dual vector bundle and let P(E∨) be the corresponding projective
bundle over X. Let Q = P(E) ×X P(E∨) and let p1 : Q → P(E) and p2 : Q → P(E∨)
be the projections and let q : Q→ X be the structural morphism. Consider a composite
morphism of vector bundles

p∗1(OE(−1))⊗ p∗2(OE∨(−1))→ q∗(E)⊗ q∗(E∨)→ q∗(1) (15)

where the left hand side arrow is the tensor product of the two canonical imbeddings
p∗1(OE(−1)) ⊂ q∗(E) and p∗2(OE∨(−1)) ⊂ q∗(E∨) and the right hand side arrow is the
pull-back by means of q of the canonical pairing E ⊗ E∨ → 1.

Now let s : Q→ p∗1(OE(1))⊗p∗2(OE∨(1)) be the section dual to the composite morphism
(15). Let H ⊂ Q be the vanishing locus of the section s. The projections Q−H → P(E)
and Q−H → P(E∨) are still denoted by p1 and p2 respectively. The section s induces an
isomorphism of line bundles p∗1(OE(1)) and p∗2(OE∨(−1)) over the variety Q − H. Thus
pA1 (ζE) = pA2 (ξE∨) in A(Q−H).

Clearly Q − H is an F -torsor over P(E) under a vector bundle F and Q − H is
an G-torsor over P(E∨) under a vector bundle G. Thus the pull-back operators pA1 :
A(P(E))→ A(Q−H) and pA2 : A(P(E∨))→ A(Q−H) are isomorphisms by the strong
homotopy invariance property of the pretheory A.

By the projective bundle axiom the family 1, ξ∨E, . . . , ξ
∨n−1
E is a free basis of the two-

sided A(X)-module A(P(E∨)). As it was already observed pA1 (ζE) = pA2 (ξE∨). Thus the
family 1, ζE, . . . , ζ

n−1
E is a free basis of the two-sided A(X)-module A(P(E)).

If the vector bundle E is trivial, then ξnE∨ = 0 in A(P(E∨)) and therefore ζnE = 0 in
A(P(E)). The proof is completed.

1.3 Key relation

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. Let X be a variety, let L be a line bundle over X and let E = 1⊕L. Let
P(E) be the corresponding projective bundle over X and let s : X → P(E) be a section
of the projection p : P(E)→ X identifying X with the subvariety P(1) in P(E).

1.3.1 Theorem. The following relation holds in A(P(E))

sA(1) = e(OE(1)⊗ p∗(L)) (16)

To prove this theorem it is convinient to fix certain notation.

1.3.2 Notation. Set t̄h(L) = e(OE(1) ⊗ p∗(L)). Let j : P(E) − P(1) ↪→ P(E) be the
open inclusion. Denote Ker[jA : A(P(E))→ A(P(E)−P(1))] by AP(1)(P(E)).

1.3.3 Lemma. The elements t̄h(L) and sA(1) are central in A(P(E)). Moreover both
elements belongs to the ideal AP(1)(P(E)).
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Proof. The restriction of the projection p : P(E) → X to P(E) − P(1) makes the
last variety in a line bundle over X. The inclusion sL : X ↪→ P(E) − P(1) identifying
X with the subvariety P(L) in P(E) is the zero secton of the mentioned line bundle. By
the strong homotopy property of the pretheory A the pull-back operator sAL : A(P(E)−
P(1)) → A(X) is an isomorphism. The line bundle s∗L(OE(1) ⊗ p∗(L)) coinsides with
the line bundle L∨ ⊗ L and therefore it is the trivial line bundle. Thus the Euler class
e(s∗L(OE(1) ⊗ p∗(L)) vanishes and the element sAL(t̄h(L)) vanishes as well. Therefore
jA(t̄h(L)) = 0 in A(P(E)−P(1)), which proves the inclusion jA(t̄h(L)) ∈ AP(1)(P(E)).

By the localization property of the pretheory A the composite map jA ◦ sA vanishes.
Thus sA(1) ∈ AP(1)(P(E)).

The element t̄h(L) is central in A(P(E)) because it is an Euler class. The element
sA(1) is central because the operator sA is a two-sided A(P(E))-module homomorphism.
The Lemma is proved.

1.3.4 Lemma. The composite operator (∪t̄h(L)) ◦ pA : A(X) → AP(1)(P(E)) is an
isomorphism.

Proof. Consider the following commutative diagram with exact rows

0 // AP(1)(P(E)) // A(P(E))
jA // A(P(E)−P(1)) // 0

0 // A(X) i //

∪t̄h(L)

OO

A(X)⊕ A(X)
q //

(∪t̄h(L),∪1)

OO

A(X) //

pA

OO

0

where i(a) = (a, 0) and q(a1, a2) = a2. If E ′ = E ⊗ L∨, then the variety P(E ′) coincides
( tautologically ) with the variety P(E) and the line bundle OE′(1) over P(E ′) coincides
with the line bundle OE(1) ⊗ p∗(L). Thus the element t̄h(L) coincides with the Euler
class ζE′ = e(OE′(1)) and middle vertical arrow is an isomorphism by Proposition 1.2.3.
The pull-back operator pA is an isomorphism by the strong homotopy invariance property.
Thus the left vertical arrow is an isomorphism as well. The Lemma is proved.

1.3.5 Lemma. The diagram commutes

AP(1)(P(E))
sA−−−→ A(X)

∪t̄h(L)

x x∪e(L)

A(X)
id−−−→ A(X)

and sA(t̄h(L)) = sA(sA(1)).

Proof. The diagram commutes because sA(t̄h(L)) = e(s∗(OE(1)⊗p∗(L))) = e(L). Now
observe that the variety P(E)−P(L) coincides with the line bundle L over X. Moreover
if i : L = P(E)−P(L) ↪→ P(E) is the open inclusion and z : X → L is the zero section,
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then s = i ◦ z and the diagram
X

z−−−→ L

id

y yi
X

s−−−→ P(E)

is obviously transversal. Thus sA = zA ◦ iA and zA = iA ◦ sA. These two relations shows
that zA ◦ zA = zA ◦ iA ◦ sA = sA ◦ sA and therefore e(L) = sA(sA(1)). On the other side
e(L) = sA(t̄h(L)). Thus sA(t̄h(L)) = sA(sA(1)). The Lemma is proved.

Proof of the relation (16). . Take X = P∞ and L = OP∞(1) and consider the commuta-
tive diagram from the last Lemma. By Proposition 1.2.3 the ring A(pt)[[t]] of formal power
series in one variable is identified with the ring A(P∞) identifying the variable t with the
Euler class e(L). Thus the operator ∪e(L) : A(X) → A(X) is injective. The operator
∪t̄h(L) is an isomorphism by Lemma 1.3.4. Hence the operator sA : AP(1)(P(E))→ A(X)
is injective. Now the relation sA(1) = t̄h(L) in A(X) holds by the last Lemma. The re-
lation (16) is proved in the considered case. Clearly this implies the relation (16) in the
case X = P(V ) and L = OV (1) for any finite-dimensional k-vector space V . The general
case of the relation (16) will be reduced now to this particular case.

Let X be a variety and let L be a line bundle over X. By Claim 1.2.2 there exists
a diagram of the form (14) such that the pull-back operator pA : A(X) → A(X ′) is an
isomorphism and the line bundles L′ = p∗(L) and OV (1) are isomorphic.

Set E ′ = 1 ⊕ L′ and EV = 1 ⊕ OV (1) and consider the section s′ : X ′ → P(E ′)
identifying X ′ with the subvariety P(1) and the section sV : P(V ) → P(EV ) identifying
P(V ) with the subvariety P(1). A choice of a line bundle isomorphism L′ → f ∗(OV (1))
gives rise to the following commutative diagram

P(E) ←−−−
P

P(E ′)
F−−−→ P(EV )

s

x s′

x xsV
X ←−−−

p
X ′

f−−−→ P(V )

Both squares in this diagram are transversal. Thus one has relations s′A(1) = FA((sV )A(1))
and s′A(1) = PA(sA(1)). As we already know (sV )A(1) = t̄h(OV (1)) in A(P(V )). Now the
chain of relations in P(E)

PA(sA(1)) = s′A(1) = FA((sV )A(1)) = FA(t̄h(OV (1))) = t̄h(f ∗(OV (1)))

= t̄h(L′) = PA(t̄h(L)).

Since the pull-back operator PA is an isomorphism the desired relation follows. The
Theorem is proved.
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1.4 A useful lemma

In this subsection A is an oriented cohomology pretheory and L 7→ e(L) is the corre-
sponding Euler structure on A.

1.4.1. Deformation to the normal cone. The deformation to the normal cone is a
well-known construction (for example, see [Fu, Ch.5]). Since the construction and its
property (see Lemma 1.4.2) play an important role in what follows we give here some
details.

Let i : Y ↪→ X be a closed imbedding of smooth varieties with the normal bundle N .
Let P(1⊕N) be the projective bundle over Y and let s : Y → P(1⊕N) be a section of
the projection P(1⊕N)→ Y identifying Y with the subvariety P(1) in P(1⊕N).

Now consider the blow-up X ′t of X×A1 with the center Y ×{0}. Let σ′ : X ′t → X×A1

be the blow-up map.
The preimage of Y × {0} under the blow-up map is the projective bundle P(1 ⊕ N)

and the base change of σ′ by means of the inclusion Y ×{0} ↪→ X ×A1 is the projection
p : P(1⊕N)→ Y . Denote by j0 : P(1⊕N) ↪→ X ′t the obvious closed inclusion.

The preimage of Y ×A1 under the blow-up morphism consists of two components: the
proper preimage of Y ×A1 and the projective bundle P(1⊕N). The proper preimage of
Y ×A1 under the blow-up map is mapped isomorphically to Y ×A1 under the blow-up
map. Thus the inverse isomorphism gives a closed imbedding it : Y ×A1 ↪→ X ′t.

Clearly it(Y ×A1) crosses P(1⊕N) transversally along the subvariety P(1) = s(Y ),
where s : Y → P(1⊕N) is the section of p described above in this subsection.

The preimage of X×{1} under the blow-up map is mapped isomorphically to X×{1}.
The inverse isomorphism gives a closed imbedding j1 : X ↪→ X ′t. The base change of the
closed imbedding it by means of j1 coinsides with the closed imbedding i : Y ↪→ X.

Thus we get a commutative diagram ( deformation to the normal cone )

P(1⊕N)
j0−−−→ X ′t

j1←−−− X

s=i0

x it

x xi=i1
Y

k0−−−→ Y ×A1 k1←−−− Y,

with in which the two squares are transversal. Therefore the following diagram commutes

A(P(1⊕N))
jA0←−−− A(X ′t)

jA1−−−→ A(X)

sA

x (it)A

x xiA
A(Y )

kA0←−−− A(Y ×A1)
k1−−−→ A(Y ),

The following lemma will be repeatedly used below in the text.

1.4.2 Lemma. Let jt : X ′t − it(Y ×A1) ↪→ X ′t be the open inclusion. Then

Ker(jA0 ) ∩Ker(jAt ) = (0).
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In the other words the operator (jA0 , j
A
t ) : A(X ′t)→ A(P(1⊕N))⊕ A(X ′t − Y ×A1) is a

monomorphism.

Proof. Let a ∈ Ker(jAt ). By the localization property of the pretheory A there is an
element b ∈ A(Y × A1) such that a = (it)A(b). If furthermore a ∈ Ker(jA0 ), then
(jA0 ◦(it)A)(b) = 0 and thus (sA◦kA0 )(b) = 0. The pull-back operator kA0 is an isomorphism
by the homotopy invariance property of A. The operator sA is injective because pA ◦sA =
idA(Y ). Thus b = 0 and a = 0 as well. The Lemma is proved.

1.5 Normalization property iA(1) = e(L(D))

In this subsection Theorem 1.1.8 is proved. Let A be an oriented cohomology pretheory
and let L 7→ e(L) be the corresponding Euler structure on A. Let X be a variety and let
i : D ↪→ X be a smooth divisor on X.

Proof of Theorem 1.1.8. Consider the deformation to the normal cone diagram from 1.4.1
for the closed imbedding i : D ↪→ X.

P(1⊕N)
j0−−−→ X ′t

j1←−−− X

s=i0

x it

x xi=i1
D

k0−−−→ D ×A1 k1←−−− D,

And consider the corresponding commutative diagram of groups

A(P(1⊕N))
jA0←−−− A(X ′t)

jA1−−−→ A(X)

sA

x (it)A

x xiA
A(D)

kA0←−−− A(D ×A1)
k1−−−→ A(D).

Let L(D × A1) be line bundle over X ′t corresponding to the divisor it(D × A1) on X ′t.
Since the left hand side square in the geometric diagram is transversal the pull-back
j∗(L(D×A1)) of the line bundle L(D×A1) is isomorphic to the line bundle L(s(Y )) on
P(1⊕N). Therefore the following relation holds for the Euler classes

jA0 (e(L(D ×A1))) = e(L(s(D))).

Let E = 1⊕N . The line bundle L(s(D)) is isomorphic to the line bundle OE(1)⊗ p∗(L)
over P(E). In fact, both line bundles are of the form ” O(1) ” and both are trivial
being restrected to the section P(N) of the projection p. By the relation (16) one has
sA(1) = e(OE(1)⊗p∗(L)) in A(P(E)). Thus sA(1) = e(L(s(D))). Since sA◦kA0 = jA0 ◦(it)A
one has the relation jA0 ((it)A(1)) = e(L(s(D))) in A(P(E)). Thus

jA0 ((it)A(1)− e(L(D ×A1))) = 0.
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If jt : X ′t−it(D×A1) ↪→ X ′t is the open imbedding, then obviously jAt (e(L(D×A1))) = 0.
Furthermore by the localization property of the pretheory A one has jAt ((it)A(1)) = 0.
Thus by Lemma 1.4.2 one has

(it)A(1)− e(L(D ×A1)) = 0

and (it)A(1) = e(L(D ×A1)).
Since the right hand side square in the geometric diagram is transversal the line bundles

j∗1(L(D×A1)) and L(D) over X are isomorphic. Therefore jA1 (e(L(D×A1))) = e(L(D))
in A(X). Now the chain of relations in A(X)

iA(1) = (iA ◦ kA1 )(1) = (jA1 ◦ (it)A)(1) = jA1 (e(L(D ×A1))) = e(L(D))

completes the proof of the Theorem.

1.6 Splitting principle

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. Here a variant of splitting principle is given which will be used in the text
below. It will be convinient to fix certain notation. Let p : Y → X and f : X ′ → X be
morphisms. Then we will write Y ′ for the scheme X ′×X Y and write p′ for the projection
X ′ ×X Y → X ′ and f ′ for the projection X ′ ×X Y → Y .

1.6.1 Lemma. Let E be a rank n vector bundle over a smooth variety X. Then there
exists a smooth morphism r : T → X such that the vector bundle r∗(E) is a direct
sum of line bundles and the pull-back map rA : A(X) → A(T ) is a split injection and
moreover for a smooth variety X ′ and any morphism f : X ′ → X the pull-back map
(r′)A : A(X ′)→ A(T ′) is a split injection.

Proof. Let E be a rank n vector bundle over a smooth variety X and let p : P(E) → X
be the associated projective bundle over X and let OE(−1). Then there is the canonical
short exact sequences of vector bundles on P(E) with the rank n− 1 vector bundle E ′

0→ OE(−1)→ p∗(E)→ E ′ → 0

and the pull-back map pA : A(X)→ A(P(E)) is a split injection by the projective bundle
axiom.

Repeating this construction several times one gets a smooth variety Y , a morphism
q : Y → X and a filtration (0) ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = q∗(E) of the vector bundle
q∗(E) such that all the quotients Ei/Ei−1 are line bundles. Moreover the pull-back map
qA : A(X) → A(Y ) is a split injection and for a smooth variety X ′ and any morphism
f : X ′ → X the pull-back map (q′)A : A(X ′)→ A(Y ′) is a split injection as well.

Claim. Let S be a smooth variety and let F1, F2 be two vector bundles over S and let
α : F1 → F2 be a vector bundle epimorphism and let K = ker(α). Then there is an affine
bundle g : T → S such that the epimorphism g∗(α) splits.
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Assuming for a moment this Claim complete the proof of Lemma as follows. Take
S = Y and consider the filtration (0) ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = q∗(E) on the vector
bundle q∗(E). Applying several times Claim one gets an affine bundle g : T → S such
that one has a direct sum decomposition g∗(q∗(E)) = ⊕ni=1(g∗(Ei/Ei−1)) of the vector
bundle (q ◦g)∗(E). Show that the morphism r = q ◦g : T → X have the desired property.

For each smooth variety S ′ an each morphism S ′ → S the pull-back map (g′)A :
A(S ′) → A(T ′) is an isomorphism because T ′ is an affine bundle over S ′. Now if X ′ is a
smooth variety and f : X ′ → X is a morphism, then Y ′ is smooth over X ′ and therefore
S ′ = Y ′ is smooth as well. The pull-back map (q′)A : A(X ′) → A(Y ′) is a split injection
by the projective bundle cohomology. Thus the composite map (q′ ◦ g′) : A(X ′)→ A(T ′)
is a split injection as well.

Proof of Claim. Let Hom(F2, F1) be the scheme representing the sheaf Hom(F2, F1)
and let φ : Hom(F2, F1)→ Hom(F2, F2) be the morphism corresponding to the morphism
Hom(F2, F1) → Hom(F2, F2) induced by the vector bundle map α : F1 → F2. Let
id : S → Hom(F2, F2) be the section of the projection Hom(F2, F2) → S corresponding
to the identity map F2 → F2. Let Sect(α) = φ−1(id(S)) be a closed subscheme of the
scheme Hom(F2, F1) and let g : T = Sect(α) → S be the projection. The scheme T
represents the sheaf of sections of the sheaf epimorphism α. Thus there exists a canonical
section s : g∗(F2) → g∗(F1) of the epimorphism g∗(α) : g∗(F1) → g∗(F2). This section
gives rise by a standart way to a vector bundle isomorphism g∗(F1) ∼= g∗(F2)⊕ g∗(K).

To prove Claim it remains to observe that the variety T = Sect(α) is a torsor under
the vector bundle Hom(F2, K). The Claim is proved.

1.7 Additivity of push-forwards

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. One could require the additivity of push-forwards just including this
property in the very definition 1.1.3. However we prefer to prove this property. Namely,
the aim of this subsection is to prove the following

1.7.1 Proposition. Let u1 and u2 be the natural imbeddings of varieties Y1 and Y2 to
Y = Y1 q Y2. For a closed imbedding i : Y ↪→ X set ir = i ◦ ur : Yr ↪→ X. Then

iA = (i1)A ◦ uA1 + (i2)A ◦ uA2 : A(Y )→ A(X)

Proof. We begin with a particular case of the Proposition.

1.7.2 Lemma. Let s = s1 q s2 : S = S1 q S2 ↪→ T1 q T2 = T be a closed imbedding
of smooth varieties. Let im : S1 ↪→ S and jm : Tm ↪→ T be the open inclusions and let
rm = jm ◦ sm : Sm ↪→ T . Then

sA = (r1)A ◦ iA1 + (r2)A ◦ iA2
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To prove this Lemma consider the isomorphism (jA1 , j
A
2 ) : A(T )→ A(T1)⊕A(T2). To

prove the Lemma it suffices to check the following relations

jA1 ◦ sA = jA1 ◦ (r1)A ◦ iA1 + jA1 ◦ (r2)A ◦ iA2 (17)

jA2 ◦ sA = jA2 ◦ (r1)A ◦ iA1 + jA2 ◦ (r2)A ◦ iA2 (18)

The transversal square

T1
j1−−−→ T

s1

x xs
S1

i1−−−→ S

prove relations jA1 ◦ (s1)A = (s1)A ◦ iA1 . The transversal square

T1
j1−−−→ T

s1

x xr1
S1

i1−−−→ S1

proves the relations jA1 ◦ (r1)A = (s1)A. The transversal square

T1
j1−−−→ Tx xr2

∅ −−−→ S2

proves the relation jA1 ◦ (r2)A = 0.
Now combining the last three relations one gets the chain of relations

jA1 ◦ (r1)A ◦ iA1 + jA1 ◦ (r2)A ◦ iA2 = jA1 ◦ (s1)A = (s1)A ◦ iA1 .

which proves the relation (17). The relation (18) is proved in a similar way. The Lemma
is proved.

Now suppose we are given with varieties V and U = U1 qU2 and a transversal square
of the form

T1 q T2
v−−−→ V

s=s1qs2

x xt
S1 q S2

u=u1qu2−−−−−→ U1 q U2

1.7.3 Lemma. Let km : Um ↪→ U be the open inclusion and let tm = t ◦ km : Um ↪→ V .
Then

vA ◦ tA = vA ◦ [(t1)A ◦ kA1 + (t1)A ◦ kA1 ]
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To prove this Lemma observe that the following squares are transversal (m = 1, 2)

T1 q T2
v−−−→ V

rm

x xtm
Sm

um−−−→ Um

Thus for vA ◦ (tm)A = (sm)A ◦uAm for m = 1, 2 and one gets the following chain of relations
using Lemma 1.7.2 in the last step.

vA ◦ [(t1)A ◦ kA1 + (t1)A ◦ kA1 = (r1)A ◦ uA1 ◦ kA1 + (r2)A ◦ uA2 ◦ kA2 =

(r1)A ◦ iA1 ◦ uA + (r2)A ◦ iA2 ◦ uA = sA ◦ uA.

Finally sA ◦ uA = vA ◦ tA by the transversality of the diagram considered in the Lemma.
The Lemma follows.

Now consider the deformation to the normal cone diagram from the subsection 1.4.1

P(1⊕N)
j0−−−→ X ′t

j1←−−− X

s

x it

x xi
Y

k0−−−→ Y ×A1 k1←−−− Y.

Since Y = Y1 q Y2 one see that Y ×A1 = Y1 ×A1 q Y2 ×A1 and P(1 ⊕ N) = P(1 ⊕
N1)qP(1⊕N2) where Ni is the normal bundle of X to Yi. Let lm : Ym ×A1 ↪→ Y ×A1

be the inclusion for m = 1, 2 and let imt = it ◦ lm. Since the left hand side square in the
very last diagram is transversal Lemma 1.7.3 gives the following relation

jA0 ◦ (it)A = jA0 ◦ [(i1t )A ◦ lA1 + (i2t )A ◦ lA2 ]. (19)

To complete the proof of the Proposition we need in the following

1.7.4 Lemma. Let jt : X ′t − Y ×A1 ↪→ X ′t be the open inclusion. Then jAt ◦ (it)A = 0
and jAt ◦ (imt )A = 0 for m = 1, 2.

In fact, the first relation follows from the localization property 1.1.3. The remaning
relations for m = 1, 2 follows from the first one because (imt )A = (it)A ◦ (lm)A.

By this Lemma jAt ◦ [(it)A − (i1t )A ◦ lA1 − (i2t )A ◦ lA2 ] = 0. By relation (19) one has the
relation jA0 ◦ [(it)A − (i1t )A ◦ lA1 − (i2t )A ◦ lA2 ] = 0. Thus [(it)A − (i1t )A ◦ lA1 − (i2t )A ◦ lA2 ] = 0
by Lemma 1.4.2 and

(it)A = (i1t )A ◦ lA1 + (i2t )A ◦ lA2 .

Since the right hand side square from the very last diagram is transversal one gets the
relation

jA1 ◦ (it)A = iA ◦ kA1 .
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Since k1 = k11 q k12 : Y1 q Y2 ↪→ Y1 ×A1 q Y2 ×A1 the squares

X ′t
j1←−−− X

i
(m)
t

x xim
Ym ×A1 k1m←−−− Ym.

are transversal. Thus one has relations

jA1 ◦ (imt )A = (im)A ◦ kA1m

for m = 1, 2.
Recall that um : Ym ↪→ Y for m = 1, 2 are the inclusions and im = i ◦ um. Combining

last relations one gets a chain of relations

iA ◦ kA1 = jA1 ◦ (it)A = jA1 ◦ [(i1t )A ◦ lA1 + (i2t )A ◦ lA2 ] = (i1)A ◦ kA11 ◦ lA1 + (i2)A ◦ kA12 ◦ lA2 =

(i1)A ◦ uA1 ◦ kA1 + (i2)A ◦ uA2 ◦ kA1 =

which proves the following one

iA ◦ kA1 = [(i1)A ◦ uA1 + (i2)A ◦ uA2 ] ◦ kA1

Since the operator kA1 is an isomorphism the Proposition follows.

1.8 Gysin Structures

Let A be a ring cohomology pretheory. In this subsection a general theorem is proved
which is very useful for our proof of Riemann-Roch type theorems.

1.8.1 Definition. A Gysin structure on A is an assignment which associate to each closed
imbedding i : Y ↪→ X of varieties a two-sided A(X)-module operator iA : A(Y ) → A(X)
satisfying the following properties

(1) (f ◦ g)A = fA ◦ gA for any projective morphisms Z
g→ Y and Y

f→ X of smooth
varieties;

(2) for the transversal square from (1.1.2) the following diagram commutes

A(Ỹ )
ĩA−−−→ A(X̃)

ϕ̃A

x xϕA
A(Y )

iA−−−→ A(X)

(3) normalization: for any smooth variety X one has (idX)A = idA(X).
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The restriction of an integration on A to the family of closed imbeddings is a Gysin
structure on A. A Gysin structure on A looks as a partially defined integration on
A. Therefore notation iA is used in contrast with the notation iA which is used for an
integration. The operator iA is called sometime Gysin operator.

The following lemma will be useful below in this subsection.

1.8.2 Lemma. Let A be equipped with a Gysin structure i 7→ iA. Let i : S ↪→ T be a
closed imbedding of smooth varieties and let j : T − S ↪→ T be the open inclusion. Then
the composite mapping

A(S)
iA−→ A(T )

jA−→ A(T − S)

vanishes.

In fact, the property (2) of the Gysin operators iA implies vanishing of the composite
map jA ◦ iA : A(Y )→ A(X − Y ), because A(∅) = 0 and the square

∅ −−−→ X − Yy yj
Y

i−−−→ X

is clearly transversal.

1.8.3 Theorem. Let A and B be two oriented cohomology pretheories and let ϕ : A→ B
be a ring morphism. Let an assignment i 7→ iA be a Gysin structure on A and let an
assignment i 7→ iB be a Gysin structure on B. Suppose for each smooth divisor j : D ↪→ X
on a smooth variety X the relation jB(1) = ϕ(jA(1)) valids in B(X). Then for each closed
imbedding of smooth varieties i : Y ↪→ X one has the relation

iB ◦ ϕY = ϕX ◦ iA.

Proof of Theorem 1.8.3. The proof consists of several many steps. It’s convinient to begin
with the following general lemma.

1.8.4 Lemma. Let i : Y ↪→ X be a closed imbedding of varieties with the normal bundle
N = NX/Y . Let s : Y → P(1⊕N) be a section of the projection p : P(1⊕N) identifying
Y with the subvariety P(1) in P(1 ⊕ N). If the Theorem holds for the closed imbedding
s then it holds for the closed imbedding i : Y ↪→ X as well.

Consider the deformation to the normal cone diagram from 1.4.1

P(1⊕N)
j0−−−→ X ′t

j1←−−− X

s

x it

x xi
Y

k0−−−→ Y ×A1 k1←−−− Y.
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Since both squares in this diagram are transversal the following diagram commutes

B(P(1⊕N))
jB0←−−− B(X ′t)

jB1−−−→ B(X)

γ0

x γt

x xγ1

A(Y )
kA0←−−− A(Y ×A1)

kA1−−−→ A(Y ).

where γ0 = sB◦ϕY −ϕP(F )◦sA, γt = (it)B◦ϕY×A1−ϕX′t ◦(it)A and γ1 = iB◦ϕY −ϕX ◦ iA.
Let Vt = X ′t − Y ×A1 and let jt : Vt ↪→ X ′t be the open inclusion. We claim that

jBt ◦ γt = 0.

In fact, the operators jBt ◦ (it)B and jAt ◦ (it)A vanish by Lemma 1.8.2. Thus the operator
jBt ◦ (it)B ◦ ϕY×A1 vanishes. The operator jBt ◦ ϕX′t ◦ (it)A vanishes because it coincides
with the one ϕVt ◦ jAt ◦ (it)A.

The operator γ0 vanishes by the very assumption of the Lemma. Thus jB0 ◦γt vanishes
as well. The composite operator jBt ◦ γt vanishes as was explained just above. Thus
Lemma 1.4.2 implies the relation γt = 0.

Since γ1 ◦ kA1 = jB1 ◦ γt the operator γ1 ◦ kA1 vanishes. Since kA1 is an isomorphism the
operator γ1 vanishes as well. The required relation

iB ◦ ϕY = ϕX ◦ iA.

follows. The proof of the Lemma is completed.

1.8.5 Lemma. Let i : D ↪→ X be a smooth divisor on a smooth X and let α = iA(a) for
an element a ∈ A(X). Then iB(ϕ(α)) = ϕ(iA(α)).

This Lemma follows immidiately from the following two chain of relations

iB(1) ∪ ϕ(a) = iB(iB(ϕ(a))) = iB(ϕ(iA(a))) = iB(ϕ(α))

ϕ(iA(1)) ∪ ϕ(a) = ϕ(iA(1) ∪ a) = ϕ(iAi
A(a)) = ϕ(iA(α))

because iB(1) = ϕ(iA(1)) by the very assumption of the Theorem.

1.8.6 Lemma. Let L be a line bundle over a smooth Y and let p : P(1⊕ L)→ Y be the
projective bundle over Y and let s : Y → P(1⊕ L) be the section of p identifying Y with
the subvariety P(1) in P(1⊕ L). Then the Theorem holds for the closed imbedding s.

Since sA ◦ pA : A(Y )→ A(Y ) is the identity the pull-back map sA is surjective. Thus
this Lemma follows from the previous one.

1.8.7 Lemma. Let i : D ↪→ X be a smooth divisor on a smooth X. Then the Theorem
valids for the imbedding i.

This lemma follows from the previous one and the general Lemma 1.8.4. In fact, the
normal bundle N = NX/D is a line bundle over Y and the Theorem holds for the closed
imbedding s : Y → P(1⊕N). Thus the Theorem holds for the imbedding i : D ↪→ X.
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1.8.8 Lemma. Let Y be a smooth variety and let E = L1 ⊕ L2 ⊕ · · · ⊕ Ln be the direct
sum of line bundles and let p : P(1 ⊕ E) → Y be the projective bundle over Y . Let
s : Y → P(1⊕E) be the section of p identifying Y with the subvariety P(1) in P(1⊕E).
Then the Theorem valids for the closed imbedding s.

Let Fi = 1 ⊕ L1 ⊕ · · · ⊕ Li and let si : P(Fi−1) ↪→ P(Fi) be the obvious closed
imbedding. Then s = sn ◦ · · · ◦ s2 ◦ s1 : Y → P(Fn) = P(1 ⊕ E) and each si is a closed
imbedding of a smooth divisor. Thus for each integer i = 1, . . . , n one has the relation

(si)B ◦ ϕY = ϕX ◦ (si)A.

The Lemma follows.

1.8.9 Lemma. Let Y be a smooth variety and let E be a rank n vector bundle over Y
and let p : P(1⊕ E) → Y be the projective bundle over Y . Let s : Y → P(1⊕ E) be the
section of p identifying Y with the subvariety P(1) in P(1⊕E). Then the Theorem valids
for the closed imbedding s.

This Lemma is reduced to the previous one using the splitting principle 1.6.1. Namely,
by the slitting principle there exists a smooth morphism φ : X ′ → X such that

• the vector bundle E ′ = φ∗(E) is a direct sum of line bundles and

• for any morhism f : Y → X with smooth Y and for the projection φ′ : Y ′ =
Y ×X X ′ → Y the pull-back map (φ′)A : A(Y )→ A(Y ′) is injective.

Now take F = 1⊕E, Y = P(F ) and f = p : P(F )→ X then Y ′ = P(F ′) for F ′ = 1⊕E ′
and φ′ : P(F ′) → P(F ) and is the base change of φ by means of the projection p. The
projection p′ : P(F ′) → X ′ is the base change of p by means of φ. Let s′ : X ′ → P(F ′)
be the section of the projection p′ identifying X ′ with the subvariety P(1) of the variety
P(F ′). Then the following square is transversal (see 1.1.2)

P(F )
φ′←−−− P(F ′)

s

x xs′
X

φ←−−− X ′.

Therefore it gives rise to the commutative square

B(P(F ))
(φ′)A // B(P(F ′))

A(X)

γ

OO

φA // A(X ′)

γ′

OO

where γ = sB ◦ϕY −ϕP(F ) ◦sA, γ′ = s′B ◦ϕY −ϕP(F ) ◦s′A. By the previous Lemma γ′ = 0.
Since (φ′)A is injective one gets γ = 0. The Lemma follows.
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Now we are ready to complete the proof of the Theorem. Let i : Y ↪→ X be a closed
imbedding of smooth varieties with the normal bundle N = NX/Y . If Y consists of several
many components, then each component is smooth. By the Proposition 1.7.1 it suffices
to check the Theorem for each component separately. Thus one may assume that Y is
connected. In this case the normal bundle has a constant rank and by the previuos Lemma
the Theorem holds for the closed imbedding s : Y → P(1⊕N). Thus the Theorem holds
for the imbedding i : Y ↪→ X by the general Lemma 1.8.4. The proof of the Theorem is
completed.

1.9 Several Lemmas

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. Recall that for any variety X and any smooth divisor i : D ↪→ X on X
one has the relation iA(1) = e(L(D)) by Theorem 1.1.8.

Set {Pr} = (pr)A(1) ∈ A(pt), where pr : Pr → pt is the projection. Observe that
{P0} = 1 because p0 = id and (id)A = id by the normalization property 4. Set ζm =
e(O(1)) ∈ A(Pm).

(Till the end of the proof of Theorem 2.8 we will write {Pr} for the class (pr)A(1) in
contrast with the notation [Pr]A used in [PS] in the context of the oriented cohomology
theory. Theorem 2.8 shows that for every non-negative integer r one has the relation
[Pr]A = {Pr} if A is an oriented cohomology pretheory).

1.9.1 Lemma. Let f : Y → X be a projective morphism of varieties. Then for any
central element a ∈ A(Y ) the element fA(a) ∈ A(X) is central as well. In particular, all
elements {Pr} ∈ A(pt) are central.

In fact, if a ∈ A(Y ) and b ∈ A(X) then one has a chain of relations

fA(a) ∪ b = fA(a ∪ fA(b)) = fA(fA(b) ∪ a) = b ∪ fA(a)

because fA is a two-sided A(X)-module operator. The Claim follows.

1.9.2 Lemma. Let ir,n : Pr ↪→ Pn be the inclusion. Then (ir,n)A(ζjr ) = ζj+n−rn in A(Pn).
In particular, (i0,n)A(1) = ζnn .

1.9.3 Lemma. One has (pn)A(ζrn) = {Pn−r}. In particular, (pn)A(ζrn) = 1.

1.9.4 Lemma. Let ∆ : Pn ↪→ Pn ×Pn be the diagonal imbedding. Identify A(Pn)⊗A(pt)

A(Pn) with A(Pn × Pn) by means of the cup-product. Then one has the relation in
A(Pn ×Pn)

∆A = ζnn ⊗ 1 + 1⊗ ζnn + Σi>0,j>0ai,jζ
i
n ⊗ ζjn

for certain elements ai,j in A(pt).
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1.9.5 Lemma. Let S and T = Pn be smooth projective varieties and let f : S → pt,
g : T → pt be the structural morphisms. Let pS : S × T → S and pT : S × T → T
be the projections. Then for any elements a ∈ A(S) and b ∈ A(T ) one has the relation
(pS)A((pS)A)(a) ∪ (pT )A)(b)) = a ∪ fAS (gA(b)). We will write a ∪ gA(b) for the element
a ∪ fAS (gA(b)).

Proof of Lemma 1.9.2. Let im : Pm−1 ↪→ Pm be the inclusion. Then one has a chain
of relations in A(Pm)

(im)A(ζjm−1) = (im)A((iAm)A(ζjm)) = (im)A(1) ∪ ζjm = e(O(1)) ∪ ζjm = ζj+1
m .

Thus
(ir,n)A(ζjr ) = (in ◦ · · · ◦ ir+1)A(ζjr ) = ζj+n−rn .

The Lemma is proved.
Proof of Lemma 1.9.3. Using Lemma 1.9.2 one gets in A(pt) a chain of relations

(pn)A(ζrn) = (pn)A((in−r,n)A(1)) = (pn ◦ in−r,n)A(1) = (pn−r)A(1) = {Pn−r}.

The Lemma is proved.
Proof of Lemma 1.9.4. Let j : pt ↪→ Pn be an inclusion. Then the square

Pn ∆−−−→ Pn ×Pn

j

x x(j×id)

pt
(id,j)−−−→ pt×Pn

is transversal (see 1.1.2 for the definition). Therefore (j×id)A(∆A(1)) = (id, j)A(jA(1)) =
(id, j)A(1) = ζn in A(Pn).The first of these relation holds by the base change property
2 of push-forwards and the last relation holds by Lemma 1.9.2. Considering a similar
transversal square one gets in A(Pn) the relation (id× j)A(∆A(1)) = ζn.

Now consider the commutative diagram

A(Pn ×Pn)
α−−−→ A(Pn)⊕ A(Pn)

∪
x xid

A(Pn)⊗A(pt) A(Pn)
β−−−→ A(Pn)⊕ A(Pn)

where α = ((j × id)A, (id × j)A) and β(a ⊗ b) = jA(a)b + ajA(b). The kernel of jA is
generated as the A(Pn)-module by ζn. Thus the kernel of β is generated as the A(pt)-
module by the elements ζ in⊗ζjn with i > 0 and j > 0. Since α(∆A(1)) = α(ζnn⊗1+1⊗ζnn )
The Lemma is proved.

Proof of Lemma 1.9.5. The push-forward (pS)A is a two-sided A(S)-module operator.
Thus (pS)A((pS)A)(a) ∪ (pT )A)(b) = a ∪ (pS)A((pT )A)(b)). Since T = Pn the base change
property 3 shows that (pS)A((pT )A)(b)) = fAS (gA(b)). The Lemma is proved.
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1.10 Proof of Theorem 1.1.9

The aim of this subsection is to prove Theorem 1.1.9. Let ϕ : A→ B be the ring morphism
of oriented cohomology pretheories satisfying the hypotheses of Theorem 1.1.9. We begin
with two lemmas.

1.10.1 Lemma. For any variety X and any line bundle L over X one has the relation

ϕ(eA(L)) = eB(L) (20)

In fact, if z : X → L is the zero section of L then the chain of relation

ϕ(eA(L)) = ϕ(zA(zA(1))) = zB(ϕ(zA(1))) = zB(zB(1)) = eB(L)

proves the relation (20).

1.10.2 Lemma. Let pn : Pn → pt be the structural morphism. Set {Pn}A = (pn)A(1)
and {Pn}B = (pn)B(1). Then one has the relation in B(pt)

ϕ({Pn}A) = {Pn}B. (21)

Proof of the Lemma. We proceed induction by m. Since {P0}A = id(1) = 1 where id :
pt → pt is the identity map and similarly {P0}B = id(1) = 1 the case m = 0 is obvious.
Now assume that the relation ϕ({Pm}A) = {Pm}B holds for all m < n and prove the
relation ϕ({Pn}A) = {Pn}B.

Let ζA = eA(O(1)) ∈ A(Pn) and let ζB = eB(O(1)) ∈ B(Pn). By Lemma 1.9.4 one
has the relation in A(Pn ×Pn)

∆A(1) = ζnA ⊗ 1 + 1⊗ ζnA + Σi>0,j>0a
(n)
i,j ζ

i
A ⊗ ζ

j
A (22)

and one has the relation in B(Pn ×Pn)

∆B(1) = ζnB ⊗ 1 + 1⊗ ζnB + Σi>0,j>0b
(n)
i,j ζ

i
B ⊗ ζ

j
B (23)

for certain elements a
(n)
i,j in A(pt) and b

(n)
i,j in B(pt).

The restriction of an integration to the family of closed imbeddings of varieties is a
Gysin structure. Thus for any closed imbedding i : Y ↪→ X of varieties one has the
relation iB ◦ ϕY = ϕX ◦ iA. Taking the diagonal imbedding ∆ : Pn ↪→ Pn ×Pn one gets
the relation ∆B ◦ ϕY = ϕX ◦ ∆A. By the relation (20) one has ϕ(ζA) = ζB. Now the
Proposition 1.2.3 proves that

ϕ(a
(n)
i,j ) = b

(n)
i,j (24)

Let pr1 : Pn × Pn → Pn be the projection to the 1-st factor. Observe that pr1 ◦
∆ = idPn . Thus applying the push-forward (pr1)A to the relations (22) and using the
composition property of push-forwars and Lemmas 1.9.3 and 1.9.5 one gets in A(Pn) the
relation

1 = 1 + {Pn}Aζnn + Σi>0,j>0a
(1)
i,j {Pn−i}Aζjn
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The family {1, ζA, . . . , ζn−1
A } is a free basis of the two-sided A(pt)-module A(Pn). Thus

equating coefficients at ζnA in the last relation one gets the following one in A(pt)

{Pn}A = −a(n)
1,n{Pn−1}A − a(n)

2,n{Pn−2}A − · · · − a(1)
n,n{P0}A (25)

Simultanously one gets the following relation in B(pt)

{Pn}B = −b(n)
1,n{Pn−1}B − b(n)

2,n{Pn−2}B − · · · − b(1)
n,n{P0}B (26)

By the inductive hypothesis ϕ({Pm}A) = {Pm}B for m < n and it was already men-

tioned that ϕ(a
(n)
i,j ) = b

(n)
i,j in B(pt). Thus applying the homomorphism ϕ(pt) : A(pt) →

B(pt) to the relation (25) one gets the required relation ϕ({Pn}A) = {Pn}B in B(pt).

Now we are ready to prove Theorem 1.1.9.

Proof of Theorem 1.1.9. Since push-forwards respect the composition of projective mor-
phisms it suffices to prove the following two Claims

1.10.3 Claim. For a closed imbedding of smooth varieties i : Y ↪→ X one has

iB ◦ ϕY = ϕX ◦ iA.

1.10.4 Claim. For a smooth variety X and the projection p : X ×Pn → X one has

pB ◦ ϕX×Pn = ϕX ◦ pA.

To prove Claim 1.10.3 recall that the restriction of an integration on A (resp. on B) to
the family of closed imbeddings is a Gysin structure on A (resp. on B). Thus the Claim
follows from Theorem 1.8.3.

To prove Claim 1.10.4 recall that the push-forwards pA is a two-sided A(X)-module
operators and by Proposition 1.2.3 A(X×Pn) = A(X)[ζA]/(ζn+1

A ), where ζA = eA(O(1)) ∈
A(Pn). Let ζB = eB(O(1)) ∈ B(Pn). By the Lemma 1.9.5 it suffices to show that for the
projection pn : Pn → pt and any non-negative integer i the elements ϕ((pn)A(ζ iA)) and
(pn)B(ϕ(ζ iA)) coincide in B(pt).

If ζB = eB(O(1)) ∈ B(Pn) then the relation (20) states that ϕ(ζA) = ζB in B(Pn) and
therefore ϕ(ζ iA) = ζ iB for any non-negative integer i. By Lemma 1.9.3 one has (pn)A(ζ iA) =
{Pn−i}A and (pn)B(ζ iB) = {Pn−i}B Thus it remains to check the relation

ϕ({Pm}A) = {Pm}B (27)

for all non-negative integer m. This is just the relation (21) proved above in this subsec-
tion. The proof of Theorem 1.1.9 is completed.
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2 Riemann-Roch type theorems

In this section we introduce Chern classes of vector bundles with values in an oriented
cohomology pretheory. For a ring morphism of oriented cohomology pretheories an inverse
Todd genus is defined and a Riemann-Roch theorem is proved. The results are illustrated
by a series of examples including the classical Riemann-Roch-Hirzebruch theorem in the
form of Grothendieck.

2.1 Ring of universally central elements

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. The main aim of this subsection is to prove projective bundle theorem for
central elements and for universally central elements. This will be used as in the proof of
the Cartan formulae for Chern classes so in the proof of Riemann-Roch theorem stated
below in the text.

If for any variety X the ring A(X) is commutative then the only result of this subsection
which is useful below in the text is Proposition 2.1.3.

2.1.1 Definition. Let X be a variety. An element a ∈ A(X) is called universally central
if for any morphism f : Y → X of varieties the element fA(a) is central in the ring A(Y ).

The subset af all universally central elements forms a subring of the ring A(X), which
will be denoted below by A(X)uc. The subring of all central elements in A(X) will be
denoted by A(X)c.

If L is a line bundle over a variety X then the Euler class e(L) is a universally cen-
tral element in A(X) by Lemma 1.2.1. Now one can state the first main result of this
subsection.

2.1.2 Theorem. Let E be a rank n vector bundle over a variety X and let P(E) be the
corresponding projective bundle and let ξE = OE(−1) ∈ A(P(E)) Then

(i) the operators

(1, ξE, . . . , ξ
n−1
E ) : A(X)c ⊕ A(X)c · · · ⊕ A(X)c → A(P(E))c

(1, ξE, . . . , ξ
n−1
E ) : A(X)uc ⊕ A(X)uc · · · ⊕ A(X)uc → A(P(E))uc

are isomorphisms (see 1.1.5 for notation);

(ii) the canonical operators

A(X)c ⊗A(X)uc A(P(E))uc → A(P(E))c

A(X)⊗A(X)uc A(P(E))uc → A(P(E))

are isomorphisms as well (see 1.1.5 for notation).
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2.1.3 Proposition. Let X be a variety and let E1, E2 be two vector bundles over X. Let
E = E1⊕E2 and let i1 : P(E1) ↪→ P(E) and i2 : P(E2) ↪→ P(E) be the imbeddings of the
corresponding projective bundles. Then the following sequences are well-defined and exact

0→ A(P(E1))
(i1)A−−−→ A(P(E))

iA2−→ A(P(E))→ 0. (28)

0→ A(P(E1))c
(i1)A−−−→ A(P(E))c

iA2−→ A(P(E))c → 0. (29)

To prove Theorem 2.1.2 we need in some preliminaries. We begin with the following

2.1.4 Claim. Let f : Y → X be a projective morphism of varieties. Then one has the
inclusion

fA(A(Y )c) ⊂ A(X)c (30)

In fact, if a ∈ A(Y ) and b ∈ A(X) then one has a chain of relations

fA(a) ∪ b = fA(a ∪ fA(b)) = fA(fA(b) ∪ a) = b ∪ fA(a)

because fA is a two-sided A(X)-module operator. The Claim follows.

2.1.5 Claim. Let pi : P(E)×X P(E)→ P(E) be the projection on the i-th factor. Then
the operator

A(P(E))⊗A(X) A(P(E))→ A(P(E)×X P(E)) (31)

given by a ⊗ b 7→ pA1 (a) ⊗ pA2 (b) is an isomorphism of the two-sided A(X)-modules. We
will identify these two two-sided A(X)-modules by means of the mentioned isomorphism.

In fact, by the projective bundle axiom the family (1, ξE, . . . , ξ
n−1
E ) is a free basis

of the two-sided A(X)-module A(P(E)). If p : P(E) → X is the projection then by
the same projective bundle axiom the family (1, ξp∗1(E), . . . , ξ

n−1
p∗1(E)) is a free basis of the

two-sided A(P(E))-module A(P(E)×X P(E)), where the A(P(E))-module structure on
A(P(E) ×X P(E)) is defined by means of the pull-back map pA2 . Since ξp∗1(E) = pA(ξE)
the Claim follows.

Now let the family {x1, x2, . . . , xn} in A(P(E)) be a free A(X)-module basis consisting
of central elements. Then the family {x1⊗1, x2⊗1, . . . , xn⊗1} is a free basis of A(P(E)×X
P(E)) considered as the two-sided A(P(E))-module by means of the pull-back map pA2 .
Thus there exists a unique family {y1, y2, . . . , yn} of elements in A(P(E)) such that

∆(1) =
n∑
i=1

xi ⊗ yi, (32)

where ∆ : P(E) ↪→ P(E)×X P(E) is the diagonal.

2.1.6 Claim. The elements yi ∈ A(P(E)) are all central.
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To prove this consider an element a ∈ A(P(E)). Then one has a chain of relations

∆A(a) = ∆A(∆A(pA2 (a))) = ∆A(1) ∪ pA2 (a) =
n∑
i=1

xi ⊗ (yi ∪ a). (33)

From the other side the element ∆(1) is central in A(P(E) ×X P(E)) and the elements
xi are central in A(P(E)). Thus one has another chain of relations

∆A(a) = ∆A(∆A(pA1 (a))) = pA1 (a) ∪∆(1) =
n∑
i=1

(a ∪ xi)⊗ yi =

n∑
i=1

(xi ∪ a)⊗ yi =
n∑
i=1

xi ⊗ (a ∪ yi).

Comparing these relations one gets the new one
∑n

i=1 xi ⊗ (yi ∪ a) =
∑n

i=1 xi ⊗ (a ∪ yi).
Recall that the family {x1⊗1, x2⊗1, . . . , xn⊗1} is a free basis of A(P(E))⊗A(X)A(P(E))
considered as the A(P(E))-module by means of the second factor. Thus for each i =
1, 2, . . . , n one has yi ∪ a = a ∪ yi. The Claim follows.

2.1.7 Claim. Let an element a ∈ A(P(E)) be presented in the form a =
∑n

i=1 xi ∪ ai
with certain ai ∈ A(X). Then

ai = pA(yi ∪ a) (34)

where the elements yi are from Claim 2.1.6 and p : P(E)→ X is the projection.

In fact, one has a chain of relations

a = (p2)A(∆A(a)) = (p2)A(
n∑
i=1

xi ⊗ (yi ∪ a)) =
n∑
i=1

xi ∪ pA(yi ∪ a).

The family {x1, x2, . . . , xn} ∈ A(P(E))c is a free A(X)-basis of A(P(E)). The Claim
follows.

2.1.8 Claim. Let an element a ∈ A(P(E))c be presented in the form a =
∑n

i=1 xi ∪ ai
with ai ∈ A(X). Then ai ∈ A(X)c for each i = 1, 2, . . . , n

In fact, by the previous Claim ai = pA(yi∪a). Since both elements yi and a are central
in A(P(E)) the element pA(yi ∪ a) is central as well by Claim 2.1.4.

2.1.9 Claim. Let the elements yi be from Claim 2.1.6 and let p : P(E) → X be the
projection. Then

pA(yi ∪ xj) = δij,

where δij is the Kroneker symbol.
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In fact, for any element a ∈ A(X) one has a chain of relations

a = (p2)A(∆A(a)) = (p2)A(
n∑
i=1

xi ⊗ (yi ∪ a)) =
n∑
i=1

xi ∪ pA(yi ∪ a),

because of the relation 33. Taking a = xj one gets the relation xj =
∑n

i=1 xi ∪ pA(yi ∪ xj.
Since the family {x1, x2, . . . , xn} ∈ A(P(E))c is a free A(X)-basis of A(P(E)) the Claim
follows.

Now consider an A(X)c-module operator

ϕ : ⊕ni=1A(X)c → A(P(E))c

given by ϕ((a1, a2, . . . , an)) =
∑n

i=1 xi ∪ ai. Consider as well an A(X)uc-module operator

ψ = ⊕ni=1ψi : A(P(E))c → ⊕ni=1A(X)c

given by ψi(a) = pA(yi ∪ a). The element pA(yi ∪ a) is central by Claims 2.1.6 and 2.1.4.

2.1.10 Claim. The operators ϕ and ψ are isomorphism inverse to each other.

Clearly this Claim proves that the first of the two operators from the item (i) of the
Theorem is an isomorphism.

To prove this Claim observe first that for each i, j ∈ {i = 1, 2, . . . , n} the element
αij = pA(xi ∪ yj) ∈ A(X)c is central by Claims 2.1.4 and 2.1.6. The composite map ψ ◦ϕ
is given exactly by the matrix (αij). Hence the composite operator ψ ◦ ϕ is the identity
by Claim 2.1.9. Thus the operator ϕ is injective. The operator ϕ is surjective by Claims
2.1.7 and 2.1.8. Thus ϕ is an isomorphism. The relation ψ ◦ϕ shows that the operator ψ
is the inverse to the operator ϕ.

Proof of Theorem 2.1.2. Suppose the free basis {x1, x2, . . . , xn} of the two-sided A(X)-
module A(P(E)) consists of universally central elements. Let {y1, y2, . . . , yn} be the ele-
ments from Claim 32. These elements are central by Claim 2.1.6.

2.1.11 Claim. Let a ∈ A(P(E))uc. Then pA(yi ∪ a) ∈ A(X)uc.

Assuming for a moment this Claim complete the proof as follows. Consider two
A(X)uc-module operators

ϕuc : ⊕ni=1A(X)c → A(P(E))c

ψuc = ⊕ni=1ψ
uc
i : A(P(E))c → ⊕ni=1A(X)c given by

ϕ((a1, a2, . . . , an)) =
∑n

i=1 xi ∪ ai and

ψuci (a) = pA(yi∪a). The operator ψuc is well-defined by Claims 2.1.6 and 2.1.4. We claim
that the operators ϕuc and ψuc are isomorphisms inverse to each other.

In fact, as just above the composite operator ψuc ◦ ϕuc is given by the matrix (αij)
with αij = pA(yi ∪ xj) and moreover the elements αij are the Kroneker symbols by Claim
2.1.9. Thus ψuc ◦ ϕuc is the identity operator and the operator ϕuc is injective. It is
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surjective by Claims 2.1.7 and 2.1.11. Hence the operator ϕuc is an isomorphism and ψuc

is an isomorphism inverse to the operator ϕuc. The first assertion of Theorem 2.1.2 is
proved. The second assertion of the Theorem follows immidiately from the first one and
the projective bundle axiom 1.1.6.

To complete the proof of Theorem 2.1.2 it remains to prove Claim 2.1.11. To do
this consider a morphism f : X ′ → X of varieties. Let E ′ = X ′ ×X P(E) and let
p′ : P(E ′) → X ′ be the projective bundle over X ′ and let F : P(E ′) → P(E) be the
obvious projection. Let ∆′ : P(E ′) → P(E ′) ×X′ P(E ′) be the diagonal. Then the
diagram of varieties

P(E ′)×X′ P(E ′)
F×F−−−→ P(E)×X P(E)

∆′

x x∆

P(E ′)
F−−−→ P(E)

is clearly transversal. Thus one has the relation

∆′A ◦ FA = (F × F )A ◦∆A.

In particular, one has ∆′A(1) = (F ×F )A(∆A(1)). Hence ∆′A(1) =
∑n

i=1 F
A(xi)⊗FA(yi).

By the projective bundle axiom the canonical map A(X ′)⊗A(X)A(P(E))→ A(P(E ′))
is an isomorphism of the leftA(X ′)-modules. Thus the family {FA(x1), FA(x2), . . . , FA(xn)}
is a free basis of the left A(X ′)-module A(P(E ′)). Since the elements FA(xi) ∈ A(X ′) are
central the mentioned family is a free basis of the two-sided A(X ′)-module A(P(E ′)).

Now Claim 2.1.6 shows that the elements FA(yi) ∈ A(P(E ′)) are central. If a ∈
A(P(E)) then

fA[pA(yi ∪ a)] = p′A[FA(yi ∪ a)] = p′A[FA(yi) ∪ FA(a)]

by Lemma 13. If a ∈ A(P(E))uc then FA(a) ∈ A(P(E ′))uc and p′A[FA(yi) ∪ FA(a)] ∈
A(P(E ′)) is a central element by Claim 2.1.4. Thus the elements fA[pA(yi∪a)] are central
as well which proves that the elements pA(yi ∪ a) are universally central. Claim 2.1.11 is
proved which completes the proof of the Theorem.

Proof of Proposition 2.1.3. We need in the following

2.1.12 Claim. The sequence 0→ A(P(E1))
(i1)A−−−→ A(P(E))

iA2−→ A(P(E2))→ 0 is exact.

Assuming this Claim for a moment complete the proof of the Proposition as follows.
Let a ∈ A(P(E)uc) be killed by the operator iA2 . By the Claim there exists an element
a1 ∈ A(P(E1)) such that (i1)A(a1) = a. For any element b ∈ A(P(E)) one has a chain of
relations

(i1)A[a1 ∪ iA1 (b)] = (i1)A(a1) ∪ b = a ∪ b = b ∪ a = b ∪ (i1)A(a1) = (i1)A[iA(b) ∪ a1]
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The operator i1 is injective by the Claim. Thus a1 ∪ iA1 (b) = iA1 (b)∪ a1. By the projective
bundle axiom the pull-back operator iA1 is surjective. Thus the element a1 is central.

It remains to prove the Claim. Let j : P(E)− P(E1) ↪→ P(E) be the open inclusion
and let s : P(E2)→ P(E)−P(E1) be the obvious inclusion such that j ◦ s = i2. Observe
that the variety P(E) − P(E1) is a vector bundle over the variety P(E2) and moreover
the inclusion s coincides with the zero section of this bundle. Consider the commutative
diagram

A(P(E1))
(i1)A−−−→ A(P(E))

iA2−−−→ A(P(E2))x xid xsA
A(P(E1))

(i1)A−−−→ A(P(E))
jA2−−−→ A(P(E)−P(E1))

The bottom row is exact by the localization axiom 1.1.3. The pull-back operator sA is an
isomorphism by the strong homotopy invariance property of the pretheory A 1.1.1. Thus
the top row is exact as well. By the projective bundle axiom the pull-back operator iA2 is
surjective. Thus it remains to prove that the operator (i1)A is injective.

We proceed induction by the rank of the bundle E1. By the splitting principle 1.6.1
one may assume that the vector bundle E1 is a direct sum of line bundles: E1 = ⊕n1

i=1Li.
If E1 is of rank one, then P(E1) = X and p◦i1 = idX for the projection p : P(E)→ X.

The relation pA ◦ (i1)A = idA(X) proves the injectivity of (i1)A in this case.
If n > 1, then set F1 = ⊕n1

i=2Li, F = F1⊕E2, and let j : P(F ) ↪→ P(E), j1 : P(F1) ↪→
P(E1) let l : P(L1) ↪→ P(E), l1 : P(L1) ↪→ P(E1), k1 : P(F1) ↪→ P(E1) be the imbeddings
induced by the inclusions of the vector bundles.

Now consider the commutative diagram

A(P(L1))
lA−−−→ A(P(E))

jA−−−→ A(P(F ))

id

x x(i1)A

x(k1)A

A(P(L1))
(l1)A−−−→ A(P(E1))

jA1−−−→ A(P(F1))

The rows are exact and the operator lA is injective because L1 is a line bundle. The oper-
ator (k1)A is injective by the inductive assumption. Thus the operator (i1)A is injective.
and the Claim follows.

2.2 Chern classes

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. In this section Chern classes with values in A are defined and certain
properties of this classes are proved. In particular the Cartan formular is proved. We
follow here the known construction of A.Grothendieck [Gr, ].

2.2.1 Definition. Let E be a rank n vector bundle over X and let P(E) be the correspond-
ing projective bundle and let ξE = OE(−1) ∈ A(P(E)). Consider the multiplication by the
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central element ξE on the rank n free A(X)uc-module A(P(E))uc. Let χucE (t) ∈ A(X)uc[t]
be the characteristic polinomial of this operator and write down it in the form

χucE (t) = tn − c1(E)tn−1 + · · ·+ (−1)ncn(E). (35)

The elements ci(E) are in A(X)uc by the very definition. They are called Chern classes of
E. Set c0(E) = 1 and cm(E) = 0 for m < 0 and for m > n. If the variety X = qXi then
E = qEi, where Ei is a vector bundle over Xi. In this case set cr(E) to be the element
(cr(Ei)) in A(X) = ⊕A(Xi).

One can take the multiplication by the element ξE on the free rank n A(X)c-module
A(P(E))c and consider the characteristic polinomial χcE(t) of this operator. Then χcE(t) =
χucE (t) by the item (ii) of Theorem 2.1.2.

2.2.2 Theorem. Chern classes satisfy the following properties

1. c0(E) = 1;

c1(L) = e(L) for any line bundle;

2. functoriality:

ci(E) = ci(E
′) for isomorphic vector bundles E and E ′;

fA(ci(E)) = ci(f
∗(E)) for each morphism f : Y → X;

3. the Chern classes ci(E) are universally central and nilpotent;

4. Cartan formula: cr(E) = c0(E1)∪ cr(E2) + · · ·+ cr(E1)∪ c0(E2) for each short exact
sequence 0→ E1 → E → E2 → 0 of vector bundles;

5. Vanishing property: cm(E) = 0 for m > rk(E).

Proof. The relation c0(1) = 0 holds by the very definition. If L is a line bundle, then
P(L) = X and OL(−1) = L and χL(t) = t− e(L). Thus c1(L) = e(L). The functoriality
of Chern classes is obvious.

To prove the Cartan formulae one may assume by the splitting principle 1.6.1 that
E = E1 ⊕ E2. In this case consider the closed imbeddings is : P(Es) ↪→ P(E) for
s = 1, 2 and recall that A(P(Es)) is a two-sided A(P(E))-module by means of the pull-
back operator iAs .

Now consider an endomorphism of the short exact sequence (29) given by the multi-
plication by ξE

0 // A(P(E1))c
(i1)A // A(P(E))c

iA2 // A(P(E2))c // 0

0 // A(P(E1))c
(i1)A //

∪iA1 (ξE)

OO

A(P(E))c
iA2 //

∪ξE

OO

A(P(E2))c //

∪iA2 (ξE)

OO

0
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Obviously iAs (ξE) = ξEs in A(P(Es))
c for s = 1, 2. Thus χcE(t) = χcE1

(t)χcE2
(t). As

it is mentioned just after Definition 2.2.1 one has the relation χcF (t) = χucF (t) for any
vector bundle F . Hence χucE (t) = χucE1

(t)χucE2
(t). This implies that the total Chern class

ct(F ) = 1 + c1(F )t+ c2(F )t2 + . . . satisfies the relation ct(E) = ct(E1)ct(E2). The Cartan
formular follows.

The Chern classes are universally central by the very definition. To prove that classes
ci(E) are nilpotent one may assume by the splitting principle 1.6.1 that E is a direct sum
of line bundles. In this case the nilpotence follows from the Cartan formulae.

The vanishing over the rank property holds by the very definition.

2.2.3 Proposition. Let r(t) ∈ A(pt)uc[[t]]. There exists a unique assignment associat-
ing to each vector bundle E over a variety X an element r(E) in the ring A(X)uc and
satisfying the following properties

(i) functoriality: fA(r(E)) = r(f ∗(E)) for any morphism of varieties f : Y → X;

(ii) multiplicativity: r(E) = r(E1)r(E2) for any short exact sequence of vector bundles
0→ E1 → E → E2 → 0;

(iii) normalization: r(L) = r(e(L))- the evaluation of the series r(t) on the Euler class
e(L).

This assignment satisfies as well the following property

(iv) if the series r(t) is invertible and r−1(t) is its multiplicative inverse in A(pt)uc[[t]],
then for any vector bundle E one has the relation r(E)r−1(E) = 1 in A(X).

Proof. The uniqueness of the assignment follows from the splitting principle. 1.6.1.
We give here two constructions of the required assignment E 7→ r(E). The first one

is not traditional and it does not use Chern classes. The second one is traditional and
it uses Chern classes. The uniqueness of the required assignment E 7→ r(E) shows that
these two constructiones gives the same assignment E 7→ r(E).

First construction. Let A(pt)uc[[t]] ∼= A(P∞)uc be the isomorphism sending the variable
t to the Euler class e(O(−1)). Let r− = r(e(O(−1))) ∈ A(P∞)uc be the image of r(t)
under the isomorphism A(pt)uc[[t]] ∼= A(P∞)uc. For a variety X and a line bundle L over

X there is a finite dimensional k-vector space V and a diagram X
p←− X ′

f−→ P(V ) (see
Claim 1.2.2) such that p : X ′ → X is a torsor over a vector bundle and the line bundles
p∗(L) and f ∗(OV (−1)) are isomorphic. Set r(L) = (pA)−1(fA(r−|P(V ))) ∈ A(X)uc. One
can check that the element r(L) ∈ A(X)uc is well-defined, i.e. it does not depend on
the particular choice of the diagram and moreover the element r(L) depends only of the
isomorphism class of the line bundle L (we skip here a careful proof of the well-definess
of the element r(L) because the second construction below is described in all the details).
Clearly r(O(−1)) = r− = r(e(O(−1))) ∈ A(P∞)uc. Thus for every variety X and every
line bundle L over X one has r(L) = r(e(L)) ∈ A(X)uc.

If E is a rank n vector bundle over X then set rE = r(OE(−1)) ∈ A(P(E))uc. Consider

an A(X)c-module operator A(P(E))c
rE−→ A(P(E))c given by a 7→ a ∪ rE. By Theorem
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2.1.2 the A(X)c-module A(P(E))c is free of rank n. Set

r(E) = det(rE) ∈ A(X)c (36)

We claim that the assignment E 7→ r(E) is the required one. In fact, the functoriality
of the class r(E) is clear because of the functoriality of the class r(L) (on line bundles).
The functoriality of the class r(E) shows that the elements r(E) ∈ A(X)c are in fact in
A(X)uc. The normalization holds because for a line bundle L over X one has P(L) = X
and OE(−1) = L overX and rL = r(L) = r(e(L)) ∈ A(X)uc. To prove the multiplicativity
of the assignment r(E) one may assume by Splitting principle 1.6.1 that E = E1 ⊕ E2.
In this case consider the closed imbeddings is : P(Es) ↪→ P(E) for s = 1, 2 and recall
that A(P(Es)) is a two-sided A(P(E))-module by means of the pull-back operator iAs .
Consider an endomorphism of the short exact sequence (29) given by the multiplication
by ξE

0 // A(P(E1))c
(i1)A // A(P(E))c

iA2 // A(P(E2))c // 0

0 // A(P(E1))c
(i1)A //

∪iA1 (rE)

OO

A(P(E))c
iA2 //

∪rE

OO

A(P(E2))c //

∪iA2 (rE)

OO

0

Obviously iAs (rE) = rEs in A(P(Es))
c for s = 1, 2. Thus r(E) = r(E1)r(E2). The

multiplicativity follows.
Second construction. Let r(t) ∈ A(pt)uc[[t]] be the formal power series in one variable

and let t1, t2, . . . ,tn be independent variables and let σ1, σ2, . . . σn be the symmetric poly-
nomial in these variables: σ1 = t1+t2+· · ·+tn, σ2 = t1t2+· · ·+tn−1tn, ... , σn = t1t2 . . . tn.
Set

r(σ1, σ2, . . . , σn) =
n∏
i=1

r(ti) ∈ A(pt)uc[[σ1, σ2, . . . , σn]]

Define an invariant r(E) of a vector bundle E with rkE = n over a smooth X as the
evaluation of the series r(σ1, σ2, . . . , σn) on the Chern classes of E

r(E) = r(cA1 (E), cA2 (E), . . . ,cAn (E)) ∈ Auc(X).

Here the right hand side is well-defined because the Chern classes are universally central
and nilpotent (see 2.2.2).

Now check that the assignment E 7→ r(E) just defined is the required one. The nor-
malization property holds by the very construction. The functoriality is obvious because
Chern classes are functorial.

If a vector bundle F is a sum of line bundles F = ⊕ni=1Li. then

r(F ) =
n∏
i=1

r(Li) (37)

by the Cartan formular for Chern classes. To prove the multiplicativity one may assume
by the splitting principle 1.6.1 that the vector bundle E is a direct sum of vector bundles
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E1 and E2 and moreover Es is a direct sum of line bundles for s = 1, 2. In this case
the multiplicativity follows from the relation (37) which is already proved. Thus the
assignment E 7→ r(E) is the required one.

Now verify that the property (iv) holds for the assignment E 7→ r(E). This property
follows from the relation (37) in the case when the vector bundle E is a direct sum of
line bundles. The general case is reduced to the mentioned one by the splitting principle
1.6.1.

2.2.4 Corollary. If the series r(t) ∈ A(pt)uc[[t]] from Proposition 2.2.3 is invertible then
the element r ∈ A(P∞) from Proposition 2.2.3 is invertible as well. Moreover for any
closed imbedding i : Y ↪→ X with tangent bundles TY and TX and the normal bundle
N = NX/Y one has the relation

(∪r−1(TX)) ◦ iA ◦ (∪r(TY )) = iA ◦ r(N) : A(Y )→ A(X) (38)

Proof. The short exact sequence 0 → TY → i∗(TX) → N → 0 of vector bundles on Y
gives by Proposition 2.2.3 the relation i∗(r−1(TX))r(TY ) = r(N) in A(Y ). Let a ∈ A(Y ).
Then one has a chain of relations in A(X)

iA[a ∪ r(TY )] ∪ r−1(TX) = iA[a ∪ r(TY ) ∪ i∗(r−1(TX)))] = iA[a ∪ r(N)]

The Corollary follows.

2.3 How to form new orientations and new Gysin structures

Let A be an oriented cohomology pretheory and let L 7→ e(L) be the corresponding Euler
structure on A. Let r(t) ∈ A(pt)uc[[t]] be a formal power series in one variable. For a
vector bundle E over a variety X let r(E) ∈ A(X) be the invariant from Proposition 2.2.3.
An element π ∈ A(P∞) is called universally central local parameter of the ring A(P∞) if
it is a universally central element 2.1.1 satisfying the two conditions:

(1) its restriction to a rational point vanishes and

(2) the ring homomorphism A(pt)[[t]] → A(P∞) sending the variable t to the element π
is an isomorphism.

(Clearly the set of all universally central local parameters of the ring A(P∞) is a principal
homogeneous set over the group of units of the commutative ring A(P∞)uc, however this
observation will not be used below in the text).

2.3.1 Theorem. Let i 7→ iA be a Gysin structure on A. For a closed imbedding i : Y ↪→ X
of varieties let N = NX/Y be the normal bundle and let

inewA = iA ◦ (∪r(N)) : A(Y )→ A(X)

Then the assignment i 7→ inewA is a new Gysin structure on A.
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Suppose the series r(t) is invertible and let r−1(t) be its multiplicative inverse. Then
by Proposition 2.2.3 for any vector bundle E one has the relation r(E)r−1(E) = 1 which
shows that the class r(E) is invertible in this case.

2.3.2 Theorem.

(i) For a projective morphism of varieties f : Y → X let TY and TX be the tangent bundles
to Y and X respectively. Let

fnewA = (∪r−1(TX)) ◦ fA ◦ (∪r(TY )) : A(Y )→ A(X). (39)

Then the assignment f 7→ fnewA is a new perfect integration on A. The corresponding
Euler structure is given by enew(L) = e(L) ∪ r(L).

(ii) the assignment associating to each perfect integration on A the corresponding Euler
class e(O(−1)) ∈ A(P∞) is a bijection of the set of all perfect integrations with the set of
all universally central local parameters in the ring A(P∞).

Proof of Theorem 2.3.1. We have to verify that the assignment i 7→ inewA satisfies proper-
ties (1) to (3) from Definition 1.8.1.

Proof of Property (1). Let j : Z ↪→ Y and i : Y ↪→ X be closed imbeddings of smooth
varieties. Consider the diagram

A(Z)
∪r(NY/Z)

//

jnewA

''PPPPPPPPPPPP A(Z)

jA
��

∪jB [r(NX/Y )]
// A(Z)

jA
��

A(Y )
∪r(NX/Y )

//

inewA

''PPPPPPPPPPPP A(Y )

iA
��

A(X)

The only square in this diagram commutes because the push-forward jA is a two-sided
A(Y )-module operator. The invariant E 7→ r(E) is multiplicative by Proposition 2.2.3.
Thus the composite of the two horizontal arrows coincides with the cup-product by the
class r(NX/Z). Now the property (i◦ j)A = iA ◦ jA proves the required relation (i◦ j)newA =
inewA ◦ jnewA .

Proof of Property (2). To do this onsider a transversal square (see 1.1.2)

Ỹ
ĩ−−−→ X̃

φ̃

y yφ
Y

i−−−→ X

with closed imbeddings i and ĩ and the normal bundles N = NX/Y and Ñ = NX̃/Ỹ . One
has to check the relation

φA[iA(a ∪ r(N))] = ĩA[φ̃A(a) ∪ r(Ñ)].
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Since the diagram is transversal the canonical map φ̃∗(N)→ Ñ is an isomorphism. Thus
one has a chain of relations

φA[iA(a ∪ r(N))] = ĩA[φ̃A(a) ∪ φ̃A(r(N))] = ĩA[φ̃A(a) ∪ r(φ∗(N))] = ĩA[φ̃A(a) ∪ r(Ñ)]

The property 2 is proved.
Proof of Property (3). Given a smooth variety X one has to verify the relation idnew =

idA(X). This property is obvious, because idA = idA(X) and the normal bundle NX/X is
the zero vector bundle and its the inverse Todd genus is the unit 1 ∈ A(X).

The properties (1) to (3) from 1.8.1 are proved. The Theorem is proved.

Proof of Theorem 2.3.2. First we deduce the assertion (ii) from the assertion (i). The
assignment taking a perfect integration on A to the Euler class e(O(−1)) is injective by
Theorem 1.1.11 and Remark 1.1.12. It remains to prove the surjectivity of the assignment.

For that consider a universally central local parameter e ∈ A(P∞). The ratio u =
e/e(O(−1)) is a universally central unite in A(P∞). Thus there exists a series r(t) ∈
Āuc[[t]] such that r(e(O(−1))) = u. Consider an assignment f 7→ fnewA , where fnewA =
(∪r−1(TX)) ◦ fA ◦ (∪r(TY )) : A(Y ) → A(X). It is a perfect integration on A by the
assertion (i) of the Theorem and moreover the Euler class enew(O(−1)) coincides with
the element e(O(−1)) ∪ r(O(−1)) = e(O(−1)) ∪ u = e. Thus the assignment under the
consideration is bijective. To complete the proof of the Theorem it remains to prove the
assertion (i).

To prove the first assertion of the Theorem we need to check that the assignment
f 7→ fnew satisfies properties (1) to (5) from 1.1.3 and to check the projective bundle
axiom 1.1.6.

Proof of Property (1). Let g : Z → Y and f : Y → X be projective morphisms of
smooth varieties. Consider the two diagrams

A(Z)
gA // A(Y )

∪r(TY )

��

A(Y )
fA // A(X)

∪r(TX)

��
A(Z)

∪r−1(TZ)

OO

gnewA // A(Y ) A(Y )

∪r−1(TY )

OO

fnewA // A(X)

Attaching the right hand side square to the left hand side one we get the required relation
(f ◦ g)newA = fnewA ◦ gnewA .

Proof of Property (2). To do this recall that for a closed imbedding j : S ↪→ T of
smooth varieties with the normal bundle N the operator jnewA coincides with the one
jA ◦ (∪r(N)). Thus the property (2) from 1.1.3 coincides with the property (2) from 1.8.1
which was checked above in the proof of Proposition 2.3.1.

Proof of Property (3). To do this consider a smooth variety T the projections p :
T × Pn → T and q : T × Pn → Pn and set S = T × Pn. Then for an element a ∈ A(S)
one has a chain of relations

pA[a ∪ r−1(TS)] ∪ r(TT ) = pA[a ∪ r−1(TS) ∪ pA(r(TT ))] = pA[a ∪ r−1(TS) ∪ r(p∗(TT ))]
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= pA[a ∪ r−1(q∗(TPn))].

Now consider a morphism of smooth varieties f : Y → X, the Cartesian diagram

Y ×Pn F−−−→ X ×Pn

pY

y ypX
Y

f−−−→ X

with projections pY and pX and with F = f×id. Let q : X×Pn → X and s : Y ×Pn → Y
be the projections. To prove the property (3) one has to check the relation

fA[(pX)A(a ∪ r−1(q∗(TPn)))] = (pY )A[FA(a) ∪ r−1(s∗(TPn))].

Clearly F ∗(q∗(TPn)) = s∗(TPn). Thus one has a chain of relations

fA[(pX)A(a ∪ r−1(q∗(TPn)))] = (pY )A[FA(a) ∪ FA(r−1(q∗(TPn)))] =

(pY )A[FA(a) ∪ (r−1((F ∗ ◦ q∗)(TPn)))] = (pY )A[FA(a) ∪ r−1(s∗(TPn))]

The property (3) is proved.
Proof of Property (4). Given a smooth variety X one has to verify the relation idA =

idA(X). This property is obvious, because idA = idA(X) and r(TX)−1 = r−1(TX) by 2.2.3.
The properties (1) to (4) are proved. It remains to prove the property (5) and to check

the projective bundle axiom 1.1.6.
To check the property (5) consider a closed imbedding i : Y ↪→ X of varieties. If

TY , TX are the tangent bundles to Y and X and N = NX/Y is the normal bundle, then
inewA = iA ◦ (∪r(N)) by (38). The element r(N) ∈ A(X) is invertible because the series
r(t) is invertible. Now the commutative diagram

A(Y )
iA−−−→ A(X)

jA−−−→ A(X − Y )

∪r(N)

x xid xid
A(Y )

inewA−−−→ A(X)
jA−−−→ A(X − Y ).

with the exact top row shows that the bottom row is exact as well. The property (5) is
proved.

To prove the the projective bundle axiom 1.1.6 one needs to compute the new Euler
class. We claim that for a line bundle L over a variety X enew(L) = e(L) ∪ r(L). In fact,
if z : X → L is the zero section and p : L→ X is the projection then the normal bundle
NL/X coincides with the line bundle L and one has a chain of relation computing the class
enew(L)

enew(L) = zA(znewA (1)) = zA(zA(1 ∪ r(L))) =

zA[zA(1 ∪ zA(pA(r((L))))] = zA[zA(1) ∪ pA(r(L))] = e(L) ∪ r(L).

Now the nilpotence property enew(OV (−1))n = 0 is obvious, because the class r(?) is
central.

To check the property (i) from 1.1.6 for the class ξnew = enew(OE(−1)) we need in
some preliminaries. Namely we need in two algebraic lemmas.
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2.3.3 Lemma. Let R be a commutative ring and let R[[t]] be the formal power series in
one variable. Let r(t) ∈ R[[t]] be a unite then for any integer n > 0 the element t · r(t)
generates the R-algebra R[[t]]/(tn).

2.3.4 Lemma. Let R be a commutative ring and let R ⊂ A be a commutative R-algebra
which is free of rank n as the R-module. Let x ∈ A be which generates A as the R-algebra.
Then the family {1, x, . . . , xn−1} is a free basis of the R-module A.

The first of this lemmas is obvious. To prove the second one consider the characteristic
polinomial χ(t) ∈ R[t] of the endomorphism x : A → A given by the rule a 7→ ax. The
polinomial χ(t) is a unitary polinomial of degree n and the evaluation of χ(t) at the
element x vanishes. Thus the family {1, x, . . . , xn−1} generates A as the R-module. Now
consider an R-module homomorphism

ϕ : Rn → A

given by ϕ(ei) = xi−1. Since it is an epymorphism of free R-modules of the same rank it
is an isomorphism. The Lemma follows.

With these two lemmas in hand we are ready to check the property (i) from the
projective bundle axiom 1.1.6.

Let V be a dimension n k-vector space. Then the new Euler class ξnewV = enew(OV (−1))
of the line bundle OV (−1) coincides with the element ξV ∪ r(OV (−1)) in A(P(V )). The
elements ξV and r(OV (−1)) are universally central and r(OV (−1)) is invertible.

Let X be a variety. Consider the projection p : X × P(V ) → P(V ). Identifying the
variable t with the element pA(ξV ) in A(P(V ))uc one gets by Theorem 2.1.2 an isomor-
phism of the A(X)uc-algebras A(X ×P(V ))uc = A(X)uc[t]/(tn) Now Lemma 2.3.3 shows
that the element pA(ξnewV ) = pA(ξnewV ) ∪ pA(r(OV (−1))) generates the A(X)uc-algebra
A(X ×P(V ))uc.

Now let X be an affine variety and let E be a rank n vector bundle over X. There
is a vector bundle F over X such that E ⊕ F = 1m is the trivial vector bundle. Let
i : P(E)→ P(E⊕F ) be the obvious closed imbedding. The pull-back operator A(P(E⊕
F ))uc → A(P(E))uc is surjective by the projective bundle axiom because iA(ξnewE⊕F ) =
ξnewE in A(P(E)). Thus the class ξnewE generates the A(X)uc-algebra A(P(E))uc. By
Theorem 2.1.2 the A(X)uc-module A(P(E))uc is free of rank n. Now by Lemma 2.3.4 the
family {1, ξnewE , . . . , (ξnewE )n−1} is a free basis of the A(X)uc-module A(P(E))uc. Applying
Theorem 2.1.2 once again one concludes that the family {1, ξnewE , . . . , (ξnewE )n−1} is a free
basis of the two-sided A(X)-module A(P(E)).

If X is any variety then by Jouanolou trick [J] there exists a vector bundle F over
X and a torsor q : X ′ → X under this vector bundle such that the variety X ′ is affine.
Let E ′ = X ′ ×X E be the pull-back of E by means of q and let Q : P(E ′) → P(E)
be the obvious projection. Clearly P(E ′) is a torsor under the vector bundle p∗(F ),
where p : P(E) → X is the projection. Thus the pull-back operators QA : A(P(E)) →
P(E ′) and qA : A(X) → A(X ′) are isomorphisms. By the functoriality of the new
Euler class one has the relation QA(ξnewE ) = ξnewE′ . Since the variety X ′ is affine the family
{1, ξnewE′ , . . . , (ξ

new
E′ )n−1} is a free basis of the two-sided A(X ′)-module A(P(E ′)). Therefore
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the family {1, ξnewE , . . . , (ξnewE )n−1} is a free basis of the two-sided A(X)-module A(P(E)).
The property (i) of the projective bundle axiom 1.1.6 is checked. Theorem 2.3.2 is proved.

2.4 Riemann-Roch theorem

Let A and B be oriented ring cohomology pretheories and let L 7→ eA(L) and L 7→ eB(L)
be the corresponding Euler structures. For a vector bundle E let cAi (E) and cBi (E) be the
corresponding Chern classes 2.2.1.

Let Ā = A(pt) and B̄ = B(pt). Let Āuc be the ring of universally central elements in
A(pt) (2.1.1) and let B̄uc be the ring of universally central elements in B(pt). Let

E−B : B̄[[t]]→ B(P∞)

be the isomorphism defined by E−B (t) = ξB ∈ B(P∞) with ξB = eB(O(−1)) ∈ B(P∞).
Let

E+
B : B̄[[t]]→ B(P∞)

be the isomorphism defined by E+
B (t) = ζB ∈ B(P∞) with ζB = eB(O(1)) ∈ B(P∞).

2.5 Todd genus

Let ϕ : A → B be a ring morphism of the oriented cohomology pretheories (see 1.1.7)
which for any finite-dimensional k-vector space V takes the Euler class ξA ∈ A(P(V )) to
a universally central element of B(P(V )) (see 2.1.1). Consider the operation ϕ on P∞:

ϕ∞ : A(P∞)→ B(P∞)

and define two series Φ−(t) ∈ B̄[[t]] and Φ+(t) ∈ B̄[[t]] as follows:

E−B (Φ−(t)) = ϕ∞(ξA) and E+
B (Φ+(t)) = ϕ∞(ζA). It’s straightforward to check that for

every variety X and every line bundle L over X one has the relations Φ−(eB(L)) =
ϕ(eA(L)) = Φ+(eB(L)) (compair with the arguments from 2.2.3). Thus Φ−(t) = Φ+(t)
and we will use below the shorter notation

Φ(t) ∈ B̄[[t]]

for both of them.
Note that all the coefficients of the formal power series Φ(t) are in B̄uc. The series

Φ(t) is divisible by t, because the classes ξA, ζA ∈ A(P∞) vanish being restricted to a
point.

2.5.1 Definition.

1) Define the inverse Todd genus of the morphism ϕ as the formal power series

itdϕ(t) = Φ(t)/t ∈ B̄uc[[t]]

(clearly itdϕ(ξB) = ϕ(ξA)/ξB and itdϕ(ζB) = ϕ(ζA)/ζB in B(P∞)uc and for every variety
X and every line bundle L over X one has eB(L) ∪ itdϕ(L) = ϕ(eA(L)));
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2) following 2.2.3 define the inverse Todd genus of a vector bundle E as the invariant
itdϕ(E) ∈ B(X)uc.

With respect to the second construction of the assignment E 7→ r(E) given in the
proof of Proposition 2.2.3 the inverse Todd genus of a rank n vector bundle E over a
variety X can be computed as follows. Set

itdϕ(σ1, σ2, . . . , σn) =
n∏
i=1

itdϕ(ti) ∈ B̄uc[[σ1, σ2, . . . , σn]]

Then itdϕ(E) ∈ B(X)uc is the evaluation of the series itdϕ(σ1, σ2, . . . , σn) on the Chern
classes of E

itdϕ(E) = itdϕ(cB1 (E), cB2 (E), . . . ,cBn (E)) ∈ Buc(X).

2.5.2 Definition. Assume that the series itdϕ(t) is invertible in B̄uc[[t]] (this is equivalent
to the assumption that its free term is a unit in the ring B̄uc or, in the other words, that
Φ(t) is a local parameter in B̄uc[[t]]).

1) Define the Todd genus of ϕ as the multiplicative inverse of itdϕ(t)

tdϕ(t) = t/Φ(t) ∈ B̄uc[[t]]

(clearly tdϕ(ξB) = ξB/ϕ(ξA) and tdϕ(ζB) = ζB/ϕ(ζA) in B(P∞)uc) and for every variety
X and every line bundle L over X one has eB(L) = ϕ(eA(L)) ∪ tdϕ(L));

2) following 2.2.3 define the Todd genus of a vector bundle E as the invariant tdϕ(E) ∈
B(X)uc.

With respect to the second construction of the assignment E 7→ r(E) given in the
proof of Proposition 2.2.3 the Todd genus of a rank n vector bundle E over a variety X
can be computed as follows. Set

tdϕ(σ1, σ2, . . . , σn) =
n∏
i=1

tdϕ(ti) ∈ B̄uc[[σ1, σ2, . . . , σn]]

Then tdϕ(E) ∈ B(X)uc is the evaluation of the series tdϕ(σ1, σ2, . . . , σn) on the Chern
classes of E

tdϕ(E) = tdϕ(cB1 (E), cB2 (E), . . . ,cBn (E)) ∈ Buc(X).

By the property (iv) from Proposition 2.2.3 one has the relation tdϕ(E)−1 = itdϕ(E) ∈
B(X)uc ( this holds if the series itdϕ(t) is invertible in B̄uc[[t]] ).

2.5.3 Theorem. Let ϕ : A → B be the ring morphism of the oriented cohomology
pretheories and let i : Y ↪→ X be a closed imbedding of smooth varieties with the normal
bundle N . Then for each element α ∈ A(Y ) one has the relation in B(X)

iB(ϕ(α) ∪ itdϕ(N)) = ϕ(iA(α)).
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2.5.4 Theorem. Let ϕ : A→ B be the ring morphism of the oriented cohomology prethe-
ories. Suppose that the series itdϕ(t) is invertible in B̄uc[[t]]. Then for each projective
morphism of smooth projective varieties f : Y → X and each element α ∈ A(Y ) one has
the relation in B(X)

fB(ϕ(α) ∪ tdϕ(TY )) = ϕ(fA(α)) ∪ tdϕ(TX)

where TY (resp. TX) is the tangent bundle to Y (resp. to X).

2.5.5 Corollary. Under the hypothesis of Theorem 2.5.4 for each smooth projective va-
riety X and each a ∈ A(X) the following relation holds in B(pt)

fB(ϕ(a) ∪ tdϕ(TX)) = ϕ(fA(a))

where TX is the tangent bundle to X and f is the structural morphism X → pt.

2.5.6 Corollary. Let A be a ring cohomology pretheory endowed with two perfect inte-
grations f 7→ f ′A and f 7→ f ′′A. Let L 7→ e′(L), e 7→ e′′(L) be the corresponding Euler
structures on A. Let ϕ : A → A be the identity morphism. Then the inverse Todd
genus itdϕ = e′(O(−1))/e′′(O(−1)) is invertible in Ā[[t]] and thus the Todd genus tdϕ(t)
is well-defined and for each α ∈ A(Y ) one has the relation in A(X)

f ′′A[α ∪ td(TY )] ∪ itd(TX) = f ′A(α).

2.5.7 Corollary. Let ϕ be the ring morphism. Suppose the inverse Todd genus itdϕ(t) is
invertible in B̄[[t]]. Then for each finite etale morphism f : Y → X one has the relation

fB ◦ ϕY = ϕX ◦ fA.

Proof of Theorem 2.5.3. For a closed imbedding j : S ↪→ T with the normal bundle NT/S

set
jnewB = jB ◦ (∪itdϕ(NT/S) : B(S)→ B(T ).

Then by Theorem 2.3.1 the assignment j 7→ jnewB is a Gysin structure on B. Moreover for
any smooth divisor j : D ↪→ T one has the relation

ϕ(jA(1)) = jnewB (1). (40)

In fact, by (9) jA(1) = eA(L(D)) and jB(1) = eB(L(D)). Thus one has the chain of
relations

jnewB (1) = jB(itdϕ(N)) = jB[itdϕ(j∗(L(D)))] = jB[jB(itdϕ(L(D)))] = jB(1)∪itdϕ(L(D)) =

= eB(L(D)) ∪ itdϕ(eB(L(D))) = Φ(eB(L(D))) = ϕ(eA(L(D))) = ϕ(jA(1)).

Since the relation (40) holds for any smooth divisor the Theorem follows from Theorem
2.3.1.
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Proof of Theorem 2.5.4. For a projective morphism g : S → T of varieties with the
tangent bundles TS and TT set

gnewB = (∪itdϕ(TT )) ◦ gB ◦ (∪tdϕ(TS)) : B(S)→ B(T ).

Then by Theorem 2.3.2 the assignment g 7→ gnewB is a perfect integration on B. Moreover
by the same Theorem the corresponding Euler structure on B is given by (eB)new(L) =
eB(L) ∪ itdϕ(L(D)). We claim that for any line bundle L one has

ϕ(eA(L)) = (eB)new(L). (41)

In fact, one has a chain of relations

(eB)new(L) = eB(L) ∪ itdϕ(L(D)) = eB(L) ∪ itdϕ(eB(L)) =

= (t · itdϕ(t))(eB(L)) = Φ(eB(L)) = ϕ(eA(L))

which proves the relation. Now the Theorem follows from the relation (41) by Corollary
1.1.10.

Proof of Corollary 2.5.6. The Corollary follows directly from Theorem 2.5.4.

Proof of Corollary 2.5.7. Let a ∈ A(Y ). Then

ϕX(fA(a)) ∪ tdϕ(TX) = fB(ϕY (a) ∪ tdϕ(TY ))

by Theorem 2.5.4. The chain of relations

fB(ϕY (a) ∪ tdϕ(TY )) = fB(ϕY (a) ∪ fB(tdϕ(TX))) = fB(ϕY (a)) ∪ tdϕ(TX)

shows that ϕX(fA(a)) ∪ tdϕ(TX) = fB(ϕY (a)) ∪ tdϕ(TX). Since the Todd genus tdϕ(TX)
is invertible one gets the required relation ϕX(fA(a)) = fB(ϕY (a)).

2.6 Examples and applications

Here we mainly consider well-known ring cohomology pretheories equipped with the
known perfect integrations. In other cases we often refer to [PS] where perfect inte-
grations are constructed begining with a very few data (like a functorial first Chern class
of line bundles, called in [PS] a Chern structure).

2.6.1. Suppose k = C. Let A(X) = K0(X)-theory and let B(X) = Hev(X,Q) be the
usual singular cohomology (even degree part) with rational coefficients and let

ch : K0 → Hev
Q

be the Chern character [H, Ch.III]. For the pretheory K0 push-forwards are defined in
[BS][§5.d], their properties (1) to (5) from Definition 1.1.3 are well-known and can be

47



extracted from [BS]. The corresponding Euler structure is given by eA(L) = [1] − [L−1].
Projective bundle axiom is proved (for instance) in [Qu2][§8, Th.2.1]. So the pretheory
A = K0 is an oriented cohomology pretheory.

For the pretheory B = Hev
Q

push-forwards are known as the Thom-Gysin maps. Their
properties (1) to (5) from Definition 1.1.3 are well-known. The corresponding Euler
structure is given by eB(L(D)) = [D] ∈ H2(−;Q) where [D] is the class of the divisor D.
The projective bundle theorem is well-known. Thus the integration on B is perfect and
with his definition B is an oriented cohomology pretheory.

If we replace Hev by the Chow ring pretheory CH∗ then the book [Fu] is a good
reference for the definition of the ring structures on CH∗(X), for the definition of push-
forwards and for properties (1) to (5) from Definition 1.1.3. The Euler structure is given
in this case by eB(L(D)) = [D] ∈ CH1(−)Q where [D] is the class of the divisor D. The
projective bundle theorem one can find again in [Fu]. With this definition the functor
B = CH∗

Q
is an oriented cohomology pretheory.

The Chern character ch is a ring morphism of the ring pretheories (see [BS] or see
again [Fu] or 2.7.2 below). To compute the Todd genus of the Chern character ch observe
that eB(L−1) = −eB(L). Therefore if t = eB(O(−1)) as in the beginning of this Section
then one has a chain of relations

ch(eA(O(−1)) = ch([1]− [O(1)]) = exp(eB(1))− exp(eB(O(1)) = 1− exp(−t)

Thus tdch(t) = t/(1 − e−t) and the Todd genus (2.5.2) coincides in the case with the
classical Todd genus [H, Ch.III].

Now consider Quillen’s higher K-groups K∗(−) (see [Qu2]) with the ring structure
defined in [Gi], the K-cohomology groups H∗(−,K∗) (see [Qu2]) with the ring structure
defined in [Gi] and consider the Chern character

ch : K∗ → H∗(−,K∗)⊗Q

which is defined in [Gi] as well.
In the case of higher K-groups take the push-forwards defined in [Qu2]. The properties

(1) to (5) from Definition 1.1.3 are verified in [Qu2]. Since Quilen’s K0 coincides with
Grothendieck’s K0 and the push-forwards on K0 defined in [Qu2] coincides with the push-
forwards defined in [BS] the corresponding Euler structure is given again by eA(L) =
[1]− [L−1]. The projective bundle theorem is proved in [Qu2]. Thus with this definitions
Quillen’s higher K-groups K∗(−) is an oriented cohomology pretheory.

In the case of K-cohomology groups H∗(−,K∗) take the push-forwards defined in
[Gi]. The properties (1) to (5) from Definition 1.1.3 are verified in [Gi]. Since the ring
cohomology pretheories ⊕p≥0CH

p(−) and ⊕p≥0H
∗(−,K∗) are isomorphic (see [Qu2] and

[Gi]) and moreover this isomorphism respects the integrations on these theories one con-
clude that the Euler structure on K-cohomology is given by L(D) 7→ [D] ∈ CH1(−) =
H1(−,K1). The projective bundle theorem is proved in [Gi]. Thus with theses definitions
K-cohomology H∗(−,K∗) is an oriented cohomology pretheory.

The Chern character ch : K∗ → H∗(−,K∗) ⊗ Q is a ring morphism of the ring
cohomology pretheories as it is proved in [Gi]. Its Todd genus coincides with the Todd
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genus of the ring morphism ch : K0 → CH∗
Q

above because the computations of the
Todd genuses coincide tautologically in both cases. Thus the Todd genus of the Chern
character ch : K∗ → H∗(−,K∗)⊗Q is the series t/(1− e−t). This reproves the Riemann-
Roch theorem of Gillet [Gi] for the Chern character.

One can replace K-cohomology by the etale cohomology [Mi] ⊕+∞
j=−∞H

∗
et(−;Ql(j)).

The Todd genus is remained the same series t/(1− e−t).
One can replace K-cohomology by the motivic cohomology by the motivic cohomology

of Voevodsky ⊕+∞
j=0H

∗
M(−,Z(j)) [SV]. The ring structure on the motivic cohomology is

described in [SV]. The motivic cohomology is an oriented cohomology pretheory as it is
explained in 2.6.15 below. It is explained there as well that the Euler structure in the
motivic cohomology case is given by e(L(D)) = [D] ∈ H2(−,Z(1)) = CH1(−) where [D]
is again the class of the divisor.

The Chern character ch : K∗ → ⊕+∞
j=0H

∗
M(−,Z(j)) is constructed in [Pu][Section 3].

The Todd genus is remained the same series t/(1−e−t). Thus we recovered the Riemann-
Roch theorem for this Chern character proved originally in [Pu][Section 3].

2.6.2. Adams operations.

Let
Ψn : K∗(−)→ K∗(−)

be the Adams operation on higher Quillen’s K-theory (see [So] or [Gra]) considered on
smooth varieties (n 6= ±1 and n 6= 0). The higher K-functor is an oriented cohomology
theory as it is described in 2.6.1 above. The corresponding Euler structure is given by
eK(L) = [1]− [L∨].

The Adams operation Ψn : K∗ → K∗ is a ring morphism of the oriented cohomology
theories. To compute its Todd genus consider a chain of relations

ϕ(eK(O(−1))) = Ψn([1]− [O(1)]) = [1]− [O(1)]n

and furthermore t = eK(O(−1)) = [1]− [O(1)]. Finally one gets

itdϕ(t) = ([1]− [O(1)]n)/([1]− [O(1)]) = [1] + [O(1)] + · · ·+ [O(n− 1)]

Thus for a line bundle L over a smooth variety X one has

itdϕ(L) = [1] + [L−1] + · · ·+ [L−n+1]

This class coincides with the element θ(L−1) but not with the element θ(L) = [1] + [L] +
· · ·+ [Ln−1] which is used in the Riemann-Roch theorem for Ψn proved in [So].

There is no confusion because it is written in [So, p. 519] the following relation
[1] − [L] = jK(1) where j : Y → L is the zero section of a line bundle L over a smooth
variety Y . But jK(1) = [1]− [L∨] in that case.

Thus the Riemann-Roch formula for the operation Ψn holds exactly with the class
itdϕ(L) above.
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2.6.3. The Adams operation Ψ−1. Let Ψ−1 : K− theory → K− theory be the Adams
operation considered on smooth varieties. It takes a vector bundle E to the class of its
dual E∨. In this case for a rank n vector bundle E one has

tdϕ(E) = (−1)rk(E)[∧n(E∨)]

and thus for a projective morphism f : Y → X of smooth varieties and for an element
α ∈ K(Y ) one has the relation in K(X)

fK(Ψ−1α ·KY ) = (−1)dim(Y )−dim(X)Ψ−1(fK(α)) ·KX ,

where KY and KX are the canonical classes of the varieties Y vector bundle E/Y )

fK([KY ⊗ E∨]) = (−1)dim(Y )fK([E]).

Since for a vector bundle F/Y its push-forward fK([F )] coincides with the Euler charac-
teristic χ(F ) the very last relations follows as well from the Serre duality for the vector
bundles over a smooth projective varieties.

2.6.4. Total Steenrod square. (compare with [AH]). Let k = R and let A(X) =
H∗(X(R);Z/2) the usual singular cohomology of the underlying topological real point
space. For a line bundle L over a smooth variety X consider the first Stiefel-Whitney
class w1(L(R)) of the real vector bundle L(R) over the space X(R). The assignment
L 7→ w1(L(R)) is a Chern structure on A in the sence of [PS]. By [PS][Theorem 4.1.4]
there exists a unique integration f 7→ fA on A such that for every variety Y and every
smooth divisor i : D ↪→ Y one has the relation iA(1) = w1(L(D)(R)) in A(Y ). Now if X
is a variety and Y = L is a line bundle over X with the projection p : L→ X and D = X
and i : D = X → L = Y is the zero section of L then

eA(L) = sA(sA(1)) = sA(w1(L(D)(R))) = sA(w1(p∗(L)(R))) =

= w1(s∗(p∗(L)(R))) = w1(L(R)).

Consider the total Steenrod square operation on the Z/2-cohomology

Sq = 1 + Sq1 + Sq2 + · · · : H∗ → H∗

Then one has a chain of relations in H∗(pt)[[t]] = Z/2[[t]]

tdϕ(t) = w1(ξ)/Sq(w1(ξ)) = t/(t+ t2) = 1/(1 + t)

Thus itdϕ(t) = 1 + t and itdϕ(L) = 1 + w1(L(R)) for a line bundle L and

itd(E) = w(E(R))

(the total Stiefel-Whitney class of the real vector bundle E(R) over the space X(R)). If
i : Y ↪→ X is a closed imbedding of smooth varieties with the normal bundle N then for
the element α = 1 Theorem 2.5.3 states that

i∗(w(N(R))) = Sq([Y ])

where [Y ] = i∗(1) is the class of the variety Y . This is the known Wu formula.
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2.6.5. Motivic Wu Formulae. In this example the characteristic of the ground field
k is different of 2. Let A(X) = ⊕∞q=0H

2p
M (X;Z/2(p)). The ring cohomology pretheory

X 7→ A(X) is an oriented cohomology pretheory as it is explained in 2.6.15 below. Let

Sq : A→ A

be the operation 1 + Sq1 + Sq2 + . . . considered on varieties where Sqi are the motivic
Steenrod squares defined in [V2][Section 9, just above Theorem 9.3]. The Bockstein ho-
momorphism β vanishes on the group H2p

M (X;Z/2(p)) because it takes value in the group
H2p+1

M (X;Z/2(p)) which vanishes itself. This observation together with [V2][Proposition
9.6 and Theorem 9.4] shows that the operation Sq : A → A is a ring morphism of the
ring cohomology pretheory A to itself.

Theorem 9.4 and Lemma 14.6 from [V2] shows that one has a chain of relations

itdSq(t) = Sq(cH1 (O(−1)))/cH1 (O(−1)) = (t+ t2)/t = 1 + t ∈ A(pt)[[t]] = Z/2[[t]].

Thus itd(E) = cH(E) = 1 + cH1 (E) + cH2 (E) + . . .mod2 (the total Chern class mod 2 ).
Now Theorem 2.5.3 states that

i∗(c
H(N)) = Sq([Y ])

where [Y ] ∈ H2d(X,Z/2(d)) = CHd(X) is the class of Y in the Chow group of X.

2.6.6. The total Segre class is the Todd genus of the total motivic Steenrod
square [V2]. Let k and A be as in the previous example. Certain divisibility property
of so called Segre numbers are deduced in this example from the Riemann-Roch theorem
for the operation Sq : A→ A from the previous example.

Consider n-dimensional smooth projective variety Y and its structural morphism to the
point f : Y → pt. Recall ( [Fu, Sect.3.2] ) that the Segre classes sd(E) ∈ H2d

M (Y,Z(d)) =
CHd(Y ) of a vector bundle E are described by the relations cHt (E) = 1 + cH1 (E) · t +
cH2 (E) · t2 + . . . and cHt (E)−1 = 1 + s1(E) · t+ s2(E) · t2 + . . . where t is a variable. The
integer

sn(Y ) = deg(sn(TY ))

is called the Segre number of the variety Y. We claim that it always is divisible by 2.
To prove this claim consider the operation Sq : A → A from the previous example.

Since for a vector bundle E one has itd(E) = c(E) the Todd genus tdSq(E) of the vector
bundle E is exactly the Segre class s(E) = 1 + s1(E) + s2(E) + . . . modulo 2 of the vector
bundle E. Thus one has the following relation in H0

M((pt),Z/2) = Z/2

f∗(s(TY )) = Sq(f∗(1)) = 0

because already f∗(1) = 0. Hence f∗(sn(TY )) = 0 ∈ Z/2. Thus the Segre number sn(Y )
is divisible by 2.
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2.6.7. Total reduced power operation of Voevodsky [V2]. Let p be a prime different
of the characteristic of the ground field k. Let A(X) = ⊕m⊕n≥0H

m
M(X;Z/p(n)). The ring

cohomology pretheory X 7→ A(X) is an oriented cohomology pretheory as it is explained
in 2.6.15 below.

Consider an operator
PM : A→ A

where PM = 1 + P 1 + P 2 + . . . and P i are the the motivic reduced power operators
[V2][Section 9, just above Theorem 9.3]. As it follows from [V2][Proposition 9.6 and
Theorem 9.3] the operator PM is a ring transformation.

Theorem 9.4 and Lemma 14.6 from [V2] shows that one has a chain of relations in the
ring A(pt)[[t]]

itdϕ(t) = PM(cH1 (O(−1)))/cH1 (O(−1)) = (t+ tp)/t = 1 + tp−1.

Thus for a line bundle L its the inverse Todd genus is the class 1 + cH1 (L)p−1 modulo p.
Let itd(σ1, . . . , σn) be the inverse Todd genus let td(σ1, . . . , σn) be the Todd genus and

let the class b̄i be the i-th homogeneous component of the series td(σ1, . . . , σn). Now for
a rank n vector bundle E over a smooth variety X set

b̄i(E) = b̄i(c
H
1 (E), . . . , cHn (E)) ∈ H2i

M(X,Z/p(i)) = CH i(X)/pCH i(X).

Clearly the classes b̄i vanish if i is not divisible by p− 1. Finally for a smooth projective
variety X of dimension d and its tangent bundle TX set b̄d(X) = deg(b̄d(TX)) ∈ Z/pZ.

We claim that for any smooth projective variety X its number b̄d(X) always vanishes.
In fact by Corollary 2.5.5 one has a chain of relations in H0

M(pt,Z/p)

deg(b̄d(TX)) = f∗(b̄d(TX)) = SqM(f∗(1)) = 0

because already f∗(1) = 0. It’s interesting to compare the computations presented in
2.6.5, 2.6.6 and 2.6.7 with the ones given in [Br].

2.6.8. The case of a finite etale morphism. Let A be as in the previous example.
Let f : Y → X be a finite etale morphism. Then one has the relation

f∗ ◦ P = P ◦ f∗.

This is just a particular case of Corollary 2.5.7.

2.6.9. A natural morphism Kalg
0 → K0

top.

Let k = C and let
ϕ : Kalg

0 → K0
top (42)

be the morphism of the algebraic K0-theory to the topological K0-theory induced by the
functor which takes an algebraic vector bundle to the underlying complex vector bundle.
Recall that both functors Kalg

0 and K0
top are ring pretheories (the ring structures are

induced by the tensor product of vector bundles). The morphism ϕ is a ring morphism of
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the pretheories because the forgetful functor commutes with the tensor product of vector
bundles. Both pretheories are equipped with integrations: the pretheory Kalg

0 is equipped
with the integration defined in [BS][§5.d] (compare with the example 2.6.1), the functor
K0
top is equipped with an integration which can be defined as follows.

For a closed imbedding i : Y ↪→ X in Sm a Thom-Gysin morphism is defined in [BFM]
as the composition

iK0
top

: K0
top(Y (C))

∪λN−−→ K0
top,Y (C)(N)

exc−1

−−−→ K0
top,Y (C)(X(C))

where N = NX(C)/Y (C)) is the normal bundle, the class λN ∈ K0topX(N) is the Thom-
Gysin class of the complex vector bundle N [BFM][Section 3.2] and the morphism exc−1

is the inverse to the excision isomorphism exc : K0
top,Y (C)(X(C)) → K0

top,Y (C)(N). For

a variety X ∈ Sm the projective bundle theorem [K][Chapter IV, 2.13] states that the
cross-product map

K0
top(P

n)⊗Z K0
top(X)→ K0

top(P
n ×X)

is a ring isomorphism and moreover K0
top(pt)[t]/(t

n+1) ∼= K0
top(P

n) is a ring isomorphism
sending the variable t to the class ζn = [1]− [O(−1)]. For the projection p : Pn×X → X
define a homomorphism

pK0
top

: K0
top(P

n ×X)→ K0
top(X)

as a unique K0
top(X)-module map which for every integer i = {0, 1, . . . , n} takes the

element ζ i ∪ 1 ∈ K0
top(P

n ×X) to the unit 1 ∈ K0
top(X).

An arbitrary projective morphism f : Y → X can be decomposed as f = p ◦ i, where
i : Y ↪→ Pn × X is a closed imbedding and p : Pn × X → X is the projection. Set
fK0

top
= pK0

top
◦ iK0

top
. One can chech (following [PS]) that the map fK0

top
is well defined.

Moreover the assignment f 7→ fK0
top

is a perfect integration on the ring pretheory K0
top

(see again [PS]). By Corollary 1.1.11 this is a unique perfect integration on the pretheory
K0
top with the Euler structure given by L/Y 7→ [1]− [L∨] ∈ K0

top(Y ).

The Riemann-Roch theorem [BFM][Section 4.1] states that the morphism ϕ : Kalg
0 →

K0
top commutes with the integrations.

This result is a pretty straighforward consequence of Corollary 1.1.10. To explain
this observe that for a complex line bundle p : L → X over a variety X ∈ Sm and its
zero section z : X → L the pushforward zK0

top
in the ring pretheory K0

top takes the unite

[1Y ] ∈ K0
top(X) to the class [1L]− [p∗(L∨)] ∈ K0

top(L). Thus the corresponding Euler class
is given by

etop(L) = [1Y ]− [L∨] ∈ K0
top(Y ).

For an algebraic line bundle L over an algebraic variety Y ∈ Sm the Euler class ealg(L)
of L is given by

ealg(L) = [1Y ]− [L∨] ∈ Kalg
0 (Y ).

The projective bundle theorems of Grothendieck [Qu2][§8, Th.2.1] and [K][Chapter IV,
2.13] shows that both integrations are perfect and thus both pretheories are oriented in

53



the sence of Definition 1.1.7. Obviously ϕ(ealg(L)) = etop(L) and thus the morphism
ϕ : Kalg

0 → K0
top is an oriented morphism of the oriented pretheories by Corollary 1.1.10.

In the other the morphism ϕ commutes with the integrations on the oriented pretheories.

2.6.10. A natural ring morphism Kalg → KR from [KW].
Let k = R be the field of reals. A Real version of the Riemann-Roch theorem from

[BFM] is proved in [KW][Theorem 3.7]. Namely, for a variety V over the real numbers R
the complex conjugation defines an involution on the underlying topological space V (C)
of complex points. Every algebraic vector bundle on V induces a complex vector bundle
on V (C), and conjugation gives E the structure of a Real vector bundle in the sence
of Atiyah. Passing to Grothendieck groups, this induces a homomorphism α0 : Kalg

0 :=
K0(V ) → KR0(V (C)), where KR0 is Atiyah’s Real K-theory. The pretheory Kalg

0 is
equipped with the integration constructed in [BS]. The pretheory KR is equipped with
an integration which can be defined as follows.

For a closed imbedding i : Y ↪→ X in Sm a Thom-Gysin morphism is defined as the
composition

iKR0 : KR0(Y (C))
∪λN−−→ KR0

Y (C)(N)
exc−1

−−−→ KR0
Y (C)(X(C))

where N = NX(C)/Y (C)) is the normal bundle (it is a Real vector bundle over the Real space
Y (C)), the class λN ∈ KR0

X(C)(N) is the Thom-Gysin class of the Real vector bundle

N [A][Theorem 2.4] and the morphism exc−1 is the inverse to the excision isomorphism
exc : KR0

Y (C)(X(C))→ KR0
Y (C)(N). For a variety X ∈ Sm the projective bundle theorem

[A][The result stated just below Theorem 2.4] states that the cross-product map

KR0(Pn(C))⊗Z KR0(X(C))→ KR0(Pn(C)×X(C))

is a ring isomorphism and moreover KR0(pt(C))[t]/(tn+1) ∼= KR0(Pn(C)) is a ring iso-
morphism sending the variable t to the class ζn = [1] − [O(−1)]. For the projection
p : Pn ×X → X define a homomorphism

pKR0 : KR0(Pn(C)×X(C))→ KR0(X(C))

as a unique KR0(X(C))-module map which for every integer i = {0, 1, . . . , n} takes the
element ζ i ∪ 1 ∈ KR0(Pn(C)×X(C)) to the unit 1 ∈ KR0(X(C)).

An arbitrary projective morphism f : Y → X can be decomposed as f = p ◦ i, where
i : Y ↪→ Pn × X is a closed imbedding and p : Pn × X → X is the projection. Set
fKR0 = pKR0 ◦ iKR0 . One can chech (following [PS]) that the map fKR0 is well defined.
Moreover the assignment f 7→ fKR0 is a perfect integration on the ring pretheoryKR0 (see
again [PS]). By Corollary 1.1.11 this is a unique perfect integration on the pretheory KR0

with the Euler structure given by L/Y 7→ [1]− [L∨] ∈ KR0(Y (C)). The Riemann-Roch
theorem [KW][Theorem 3.7] states that the ring morphism α : Kalg → KR0 commutes
with these integrations.

This result is a pretty straighforward consequence of Corollary 1.1.10. To explain this
observe that for variety Y ∈ Sm and a Real line bundle p : L→ Y (C) over the real space
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Y (C) and the zero section z : Y (C) → L the pushforward zKR0 in the ring pretheory
KR0 takes the unite [1Y (C)] ∈ KR0(Y (C)) to the class [1L] − [p∗(L∨)] ∈ KR0(L). Thus

the corresponding Euler class is given by eKR0
(L) = [1Y (C)] − [L∨] ∈ KR0(Y (C)). In

particular, for an algebraic line bundle p : L→ X the Euler class of the underlying Real
line bundle L(C) is equal to the class

eKR0

(L(C)) = [1Y (C)]− [L∨(C)] ∈ KR0(Y (C)).

For an algebraic line bundle L over an algebraic variety Y ∈ Sm the Euler class ealg(L)
of L is given by

ealg(L) = [1Y ]− [L∨(C)] ∈ Kalg
0 (Y ).

The projective bundle theorems of Grothendieck [Qu2][§8, Th.2.1] and [A][The result
stated just below Theorem 2.4] shows that both integrations are perfect and thus both
pretheories are oriented in the sence of Definition 1.1.7. Obviously ϕ(ealg(L)) = eKR0

(L)
and thus the morphism ϕ : Kalg

0 → KR0 is an oriented morphism of the oriented prethe-
ories by Corollary 1.1.10. In the other the morphism ϕ commutes with the integrations
on the oriented pretheories.

2.6.11. Semi-topological complex and real K-theories [FW].
If the ground field k is the field R of reals then the semi-topological K-theory of real

algebraic varieties KRsemi defined in[FW] is an oriented pretheory as it is proved in [FW].
For a real variety X it interpolates between the algebraic K-theory of X and Atiyah’s Real
K-theory of the associated Real space of complex points, X(C). The resulting natural
maps of spectra constructed in [FW]

Kalg(X)→ KRsemi(X)→ KRtop(XR(C))

induce (passing to homotopies) ring morphisms of the oriented cohomology pretheories.
Both morphisms are oriented morphisms of the oriented pretheories as it is shown in [FW].
This holds because the Euler structures on all three theories are given by the assignment
L 7→ [1]− [L∨].

In particular, the composition mappings Kalg(X) → KRtop(XR(C)) induces (passing
to homotopies) an oriented morphisms of the oriented cohomology pretheories. This gives
another proof of the Real version of the Riemann-Roch theorem proved in [KW][Theorem
3.7] and discussed in the previous example.

2.6.12. Change of the Euler structure by a unite. Let A be an oriented cohomology
pretheory and let L 7→ eA(L) be the corresponding Euler structure. Let a0 ∈ A(pt)uc be
a unite. Then taking the series r(t) = a0 ∈ A(pt)[[t]] and replacing the given integration
on A by the one defined in 2.3.2 one gets a new integration f 7→ fnew on A such that the
corresponding Euler structure is given by enew(L) = eA(L)∪a0 for the unite a0 ∈ A(pt)uc.
Then the Todd genus of the identity morphism id : A → A is the series tdid(t) = a0 ∈
A(pt)uc[[t]] and for a rank n vector bundle E one has

tdϕ(E) = an0
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2.6.13. Ring morphism i : A→ A[b] from [Me].
Let A be an oriented cohomology pretheory and let Ã = A[b] be a ring cohomology

pretheory defined in [Me][Sect. 4] and given by Ã(X) = A(X) ⊗ Z[b], where Z[b] is a
polinomial ring in variables {bn}∞n=1. Let i : A ↪→ A[b] be the inclusion.

The ring cohomology pretheory Ã = A[b] is equipped with a perfect integration given
by f 7→ fA ⊗ Z[b] where f 7→ fA is the perfect integration on A. Following [Me][Sect. 4]
define a new integration on A[b]. Namely by Theorem 2.3.2 there exists a unique new
perfect integration on the ring cohomology theory A[b] such that the inverse Todd genus
of the identity morphism idA[b] is the formal power series itdϕ(t) =

∑∞
i=0 t

i · bi ∈ Ã[[t]].
This new perfect integration is given by [Me][Sect. 4]

fÃ(a) = fA(a ∪PA
Y ) ∪ (PA

X)−1. (43)

Now consider the morphism
ϕ = i : A→ Ã = A[b]

of the oriented cohomology pretheories (the pretheory A[b] is considered now with the
new perfect integration). The inverse Todd genus of this morphism is the series itdϕ(t) =∑∞

i=0 t
i · bi ∈ Ã[[t]]. The inverse Todd genus of a vector bundle E over a smooth X is

the class PA(E) ∈ Ã(X) defined in [Me][Sect. 3]. The Riemann-Roch theorem 2.5.4 says
that for every element a ∈ Ã(Y ) the relation (43) holds in Ã(X). In the other words the
Riemann-Roch relation 2.5.4 holds in this case by the very definition of the new perfect
integration on A[b].

If the characteristic of the ground field k is zero, then there is a ring cohomology
pretheory Ω defined in [LM] which is equipped with a perfect integration defined in [LM].
By one of the main theorem of [LM] there is a unique morphism ϕ : Ω→ A which takes

the Euler structure of Ω to the Euler structure of A. It is given by [Y
f−→ X] 7→ fA(1).

By the same theorem there is a unique morphism ϕÃ : Ω → Ã which takes the Euler

structure of Ω to the Euler structure of Ã. It is given by [Y
f−→ X] 7→ fÃ(1). We stress

here that the composition i ◦ ϕA does not coincide with ϕÃ.
The morphism ϕÃ is used in [Me] to inject the cobordism theory Ω to the ori-

ented theory Ã (at least on fields) ”preserving” the integration. The morphism ϕÃ is
an algebraic version of the generalized Hurewich homomorphism as it is mentioned in
[Me][Intoduction].

2.6.14. Algebraic and complex cobordism.
Let k = C and let Ωtop be the restriction of the complex cobordism theory to the

category Sm (we use here the description of the complex cobordism theory given in [Qu1]).
It is an oriented pretheory (with the usual integration described in [Qu1]). Let Ω be the
algebraic cobordism pretheory defined in [LM] (with the perfect integration described in
[LM]). Let

ϕ : Ω→ Ωtop

be a unique ring morphism of the algebraic cobordism theory Ω to the complex cobordism

theory Ωtop which takes a generator [Y
f−→ X] to the class Y (C)

f(C)−−→ X(C). The ring
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morphism ϕ respects to the perfect integrations on the theories Ω and Ωtop [LM] (thus in
this case we need not to use any Riemann-Roch type theorem). Thus ϕ is an oriented
morphism in the sence of Definition 1.1.7.

2.6.15. A natural ring morphism H∗M(−,Z(∗))→ H∗(−,K∗).
For every nonnegative integer n the complex Z(n) (see [SV]) vanishes over the interger

n and the cohomology sheaf Hn(Z(n)) coincides with the sheaf KM
n . Moreover these

identifications respect to the cup-products [SV]. Thus the compositions Hn(Z(n)) →
KM
n → Kn respect to the cup-products where Kn is the sheaf associated with the presheaf

of the Quillen K-groups. Thus we get a ring morphism of the cohomology pretheories

ϕ : H∗M(−,Z(∗))→ H∗(−,K∗[−∗]).

The ring cohomology pretheory H∗(−,K∗[−∗] is equipped with a perfect integration
(see [Gi]). The corresponding Euler structure is given by L 7→ D(L) ∈ H2(X,K1[−1]) =
H1(X,K1), where D(L) is the divisor class associated with the line bundle L. With this
definition H∗(−,K∗[−∗] is an oriented cohomology pretheory.

To describe the motivic cohomology H∗M(−,Z(∗)) as an oriented cohomology pretheory
recall [SV] that the morphismH2

M(−,Z(1))→ H2(X,K1[−1]) is an isomorphism. Now the
assignment L 7→ D(L) ∈ H2

M(−,Z(1)) = H2(X,K1[−1]) is an Euler structure (see Exam-
ples in [PS]) for the ring cohomology pretheory H∗M(−,Z(∗)). By Theorem [PS][Theorem
4.1.4] there is a unique integration on the ring cohomology pretheory H∗M(−,Z(∗)) such
that the corresponding Euler structure coincides with the Euler structure L 7→ D(L) (as
it is mentioned just below 1.1.7 all the integrations constructed in [PS] are perfect). With
this definitions H∗M(−,Z(∗)) is an oriented cohomology pretheory.

The ring morphism ϕ takes one Euler structure to the other one. Thus by Corollary
1.1.10 the ring morphism ϕ commutes with the perfect integrations.

2.6.16. A natural ring morphism CH∗ → H∗M(−,Z(∗)).
Recall that there are natural group isomorphisms CHn → H2n

M (−,Z(n)). As it is
proved in [W] these group morphisms respect to the cup-products. Thus we get a ring
morphism

ϕ : CH∗ → H∗M(−,Z(∗))
of the ring cohomology pretheories.

The ring cohomology pretheory CH∗ is equipped with the perfect integration (the
classical one) as it is explained in the example 2.6.1. The ring cohomology pretheory
H∗M(−,Z(∗)) is an oriented cohomology pretheory as it is explained in the previous ex-
ample.

The corresponding Euler structures are given in both cases by the assignment L →
D(L) ∈ CH1(X) = H2

M(−,Z(1)). Thus by Corollary 1.1.10 the ring morphism ϕ respects
to the integrations.

2.6.17. Bloch’s Higher Chow Groups [Bl].
Bloch’s higher Chow groups CH∗(X, ∗) defined in [Bl] form a ring cohomology prethe-

ory. It is equipped with an integration constructed in [Bl]. The corresponding Euler
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class is given by the assignment L(D) 7→ [D] ∈ CH1(X) = CH1(X, 0). The projec-
tive bundle theorem from [Bl] shows that the integration is perfect. Thus the pretheory
X 7→ CH∗(X, ∗) is oriented.

The motivic cohomology H∗M(−,Z(∗)) is an oriented cohomology pretheory as it is
explained in the example 2.6.15.

It looks very reasonable to expect that the isomorphism of the motivic cohomology
and higher Chow groups constructed in [V3] is in fact a ring isomorphism. Clearly that
isomorphism takes the Euler structure on higher Chow groups to the Euler structure
on the motivic cohomology. Thus by Corollary 1.1.10 this isomorphism is an oriented
morphism of the oriented cohomology pretheories.

2.6.18. Comments concerning some examples which are missed for this text.
There are examlples of oriented cohomology pretheories which we did not include in the
text but which are definetely very interesting or could be quite interesting.

Among such examples are ”motivic” cohomology defined in [L]. The Betti and etale
realization functors are give the examples of oriented morphisms of the oriented cohomol-
ogy pretheories because they take the Euler structure to the Euler one.

It’s quite plausible that the topological Hochschild homology defined as in [GH] is
an oriented cohomology pretheory and moreover it is quite plausible that the cyclotomic
trace map trc : K(−) → TC(−, p) (which is a ring morphism by [GH]) is an oriented
morphism of the oriented cohomology pretheories.

2.6.19. Balmer’s Witt theory of schemes. The Witt pretheory X 7→ W ∗(X) =
⊕∞−∞W n(X) of Balmer [Ba] is ring pretheory by [GN]. However it is not an oriented
pretheory because the Witt theory of a projective space is not isomorphic to the truncated
polinomial ring (see [Wa]).

2.7 Generalized Chern character.

An oriented cohomology theory A gives rise via the corresponding Euler structure L →
eA(L) to a commutative formal group law FA(t1, t2) of dimension 1. This formal group
law FA is a formal power series in two variables (say t1 and t2) over the commutative ring
A(pt)uc. It is uniquelly defined by the relations eA(L1 ⊗ L2) = FA(eA(L1), eA(L2)) which
holds for every line bundles L1 and L2. The formal group law corresponding in this way
to the pretheory K0 (the K0-functor) is the multiplicative formal group law G

f
m. The

main object of this subsection is to construct a ring morphism of the oriented pretheories

chϕ : K0 → A

begining with a formal group law morphism ϕ(t) : FA → G
f
m ⊗Z A(pt)uc. The ring

morphism chϕ is called generalized Chern character. The inverse Todd genus itdchϕ(t) of
the generalized Chen character chϕ is the series ϕ(t)/t ∈ A(pt)uc[[t]]. If the coefficient
at t in ϕ is invertible then the Todd genus tdchϕ(t) of the generalized Chern character
is well defined and it coincides with the series t/ϕ(t). These gives the corresponding
Riemann-Roch theorems 2.5.3 and 2.5.5 for the ring morphism chϕ : K0 → A. It is shown

58



below in 2.7.4 that in the case A = Hev (see 2.6.1) and ϕ = exp(t) − 1 : Ga → Gm,Q

the generalized Chern character chϕ coincides with the classical Chern character ch of
Hirzebruch [H][Appendix 1, Section 23]. If A = K0 and ϕ = [p] : Gm → Gm is the isogeny
of the multiplication by p, then the generalized Chern character chϕ coincides with the
Adams operation ψp : K0 → K0. In particular, if p = 1, then chϕ = id : K0 → K0.

Now let A be an oriented cohomology pretheory and let the assignment L 7→ eA(L)
be the corresponding Euler structure 1.1.4. Let

E−A : Ā[[t]]→ A(P∞) (44)

be the isomorphism defined by E−A (t) = ξA ∈ A(P∞) with ξA = eA(O(−1)) ∈ A(P∞). Let

E+
A : Ā[[t]]→ A(P∞) (45)

be the isomorphism defined by E+
A (t) = ζA ∈ A(P∞) with ζA = eA(O(1)) ∈ A(P∞).

If we define A(P∞×P∞) as the projective limit lim←−A(P(V )×P(W )), where V and W
runs over all finite dimensional k-subspases of the k-vector space k∞, then by projective
bundle axiom 1.1.6 one has two ring isomorphisms

E−A ⊗ E
−
A : A(pt)[[t1, t2]]→ A(P∞ ×P∞), (46)

E+
A ⊗ E

+
A : A(pt)[[t1, t2]]→ A(P∞ ×P∞), (47)

(here t1 = t⊗ 1 and t2 = 1⊗ t in A(pt)[[t1, t2]] = A(pt)[[t]]⊗A(pt)[[t]]). The formal power
series

F−A (t1, t2) = (E−A ⊗ E
−
A )−1[e(p∗1(O(−1))⊗ p∗2(O(−1)))] ∈ A(pt)uc[[t1, t2]] (48)

is the commutative formal group law FA mentioned just above. The formal power series

F+
A (t1, t2) = (E+

A ⊗ E
+
A )−1[e(p∗1(O(1))⊗ p∗2(O(1)))] ∈ A(pt)uc[[t1, t2]] (49)

is as well the formal group law mensioned just above. Thus F−A (t1, t2) = F+
A (t1, t2) and

we will use the shorter notation

FA(t1, t2) ∈ A(pt)uc[[t1, t2]] (50)

for both of them.
In the case of the oriented ring pretheory K0 the Euler class eK(L) of a line bundle L

is the element [1]− [L∨]. We will use in the case of K-functor the variables u1, u2 in this
particular subsection. Thus the formal group law FK(u1, u2) is equal to u1 + u2 − u1u2

This is a multiplicative formal group law which we denote Gf
m.

2.7.1 Lemma. Let ϕ(t) ∈ A(pt)uc[[t]]. Then there is a unique additive morphism

αϕ : K0 → A (51)

of the functors A,K : Sm→ Ab satisfying the following properties
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• functoriality: αYϕ ◦ fK = fA ◦ αXϕ for every morphism f : Y → X;

• normalization: αXϕ (L) = ϕ(eA(L)).

Proof. Begin with two different constructions of the required morphism αϕ : K0 → A.
This constructions are analogous to the constructions of the assignment E 7→ r(E) from
the proof of Proposition 2.2.3.

First Construction. Let ϕ− = ϕ(eA(O(−1))) ∈ A(P∞). For a variety X and a line

bundle L over X there is a finite dimensional k-vector space V and a diagram X
p←− X ′

f−→
P(V ) (see Claim 1.2.2) such that p : X ′ → X is a torsor over a vector bundle and the
line bundles p∗(L) and f ∗(OV (−1)) are isomorphic. Set ϕ(L) = (pA)−1(fA(ϕ−|P(V ))) ∈
A(X)uc. One can check that the element ϕ(L) ∈ A(X)uc is well-defined, i.e. it does not
depend on the particular choice of the diagram and moreover the element ϕ(L) depends
only of the isomorphism class of the line bundle L (we skip here a careful proof of the
well-definess of the element ϕ(L) because the second construction below is described in
all the details). Clearly ϕ(O(−1)) = ϕ− = ϕ(eA(O(−1))) ∈ A(P∞)uc.

If E is a rank n vector bundle over X then set ϕE = ϕ(OE(−1)) ∈ A(P(E))uc.

Consider an A(X)c-module operator A(P(E))c
ϕE−→ A(P(E))c given by a 7→ a ∪ ϕE. By

Theorem 2.1.2 the A(X)c-module A(P(E))c is free of rank n. Set

αXϕ (E) = trace(ϕE) ∈ A(X)c (52)

We claim that the assignment E 7→ αXϕ (E) is the required one. In fact, the functoriality
of the class αXϕ (E) is clear because of the functoriality of the class ϕ(L) (on line bundles).
The functoriality of the class αXϕ (E) shows that the elements αXϕ (E) ∈ A(X)c are in fact
in A(X)uc. The normalization holds because for a line bundle L over X one has P(L) = X
and OE(−1) = L over X and αXϕ (L) = ϕL = ϕ(eA(L)) ∈ A(X)uc. To prove the relation
αXϕ (E) = αXϕ (E1) + αXϕ (E2) for a short exact sequence 0→ E1 → E → E2 → 0 of vector
bundles one may assume by Splitting principle 1.6.1 that E = E1 ⊕ E2. In this case
consider the closed imbeddings is : P(Es) ↪→ P(E) for s = 1, 2 and recall that A(P(Es))
is a two-sided A(P(E))-module by means of the pull-back operator iAs . Consider an
endomorphism of the short exact sequence (29) given by the multiplication by ξE

0 // A(P(E1))c
(i1)A // A(P(E))c

iA2 // A(P(E2))c // 0

0 // A(P(E1))c
(i1)A //

∪iA1 (ϕE)

OO

A(P(E))c
iA2 //

∪ϕE

OO

A(P(E2))c //

∪iA2 (ϕE)

OO

0

Obviously iAs (ϕE) = ϕEs in A(P(Es))
c for s = 1, 2. The relation αXϕ (E) = αXϕ (E1) +

αXϕ (E2) follows. Thus the assignment E/X 7→ ϕX(E) ∈ A(X) gives rise to a group
homomorphism

αXϕ : K0(X)→ A(X)

which is functorial in X and normalised as it is required by the Lemma.
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Second construction. Let t1, t2, . . . ,tn be independent variables and let σ1, σ2, . . . σn be
the symmetric polynomial in these variables: σ1 = t1 +t2 +· · ·+tn, σ2 = t1t2 +· · ·+tn−1tn,
... , σn = t1t2 . . . tn. Set

ϕ(σ1, σ2, . . . , σn) = Σn
i=1ϕ(ti) ∈ A(pt)uc[[σ1, σ2, . . . , σn]].

Define an invariant αXϕ (E) of a vector bundle E with rkE = n over a smooth X as the
evaluation of the series ϕ(σ1, σ2, . . . , σn) on the Chern classes of E

αXϕ (E) = ϕ(cA1 (E), cA2 (E), . . . ,cAn (E)) ∈ Auc(X).

Here the right hand side is well-defined because the Chern classes are universally central
and nilpotent (see 2.2.2).

Now check that for every variety X ∈ Sm and every short exact sequence 0→ E1 →
E → E2 → 0 of vector bundles on X one has αXϕ (E1) + αXϕ (E2) = αXϕ (E). By Splitting
principle 1.6.1 one may assume that E = E1 ⊕ E2 and as E1 so E2 is a direct sum of
line bundles. In this case the relation αXϕ (E1) + αXϕ (E2) = αXϕ (E) is obvious because for
a line bundle L one has αXϕ (L) = ϕ(cA1 (L)) = ϕ(eA(L)) by the very construction of the
assignment E 7→ αXϕ (E). These shows that for every X ∈ Sm the assignment E → αXϕ (E)
defines a group homomorphism αXϕ : K0(X)→ A(X).

We claim that the assignment X 7→ αXϕ is the required morphism αϕ : K0 → A. In
fact, for a morphism f : Y → X in Sm the relation αYϕ ◦ fK = fA ◦ αXϕ holds by the
functoriality of the Chern classes. The normalization property αXϕ (L) = ϕ(eA(L)) holds
by the very construction of αϕ.

To complete the proof of the Lemma it remains to verify the uniqueness assertion. For
that let α

(1)
ϕ and α

(2)
ϕ be two functor morphisms satisfying the two properties from the

Lemma. We must verify that for every vector bundle E the relation α
(1),X
ϕ (E) = α

(2),X
ϕ (E)

holds. By Splitting principle one may assume that E is a direct sum of line bundles. Since
α

(1)
ϕ and α

(2)
ϕ are group homomorphisms it remains to check that for every line bundle L one

has α
(1),X
ϕ (L) = α

(1),X
ϕ (L). This relation holds because α

(1),X
ϕ (L) = ϕ(eA(L)) = α

(2),X
ϕ (L)

by the normalization property. The Lemma follows.

Set I−A (t) = (E−A )−1(e(O(1))) ∈ A(pt)uc[[t]] and I+
A (t) = (E+

A )−1(e(O(−1))) ∈ A(pt)uc[[t]].
It’s straightforward to check (compair with the arguments from 2.2.3) that for every va-
riety X and every line bundle L over X one has I−A (eA(L)) = eA(L∨) = I+

A (eA(L)). Thus
I−A (t) = I+

A (t) and we will use the notation

IA(t) ∈ A(pt)uc[[t]] (53)

for both of them. The series IA(u) is the ”inverse” element for the formal group law
FA(t1, t2) in the sence that one has the relation FA(t, IA(t)) = 0. As was mentioned just
above Lemma 2.7.1 the formal group law FK(u1, u2) (we use the variables u1, u2 in the case
of K-theory in this particular subsection) corresponding to the oriented pretheory K0 ( the
K0-theory ) is the multiplicative group law u1 + u2 − u1u2 ∈ K0(pt)[[u1, u2]] = Z[[u1, u2]],
because eK(L) = [1]− [L∨].
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2.7.2 Theorem. Let a series in one variable ϕ(t) ∈ A(pt)uc[[t]] be a formal group law
morphism FA → Gf

m ⊗Z A(pt)uc and let ϕ∨(t) = ϕ(IA(t)). Then the additive functor
morphism

chϕ := α1−ϕ∨ : K0 → A (54)

from Lemma 2.7.1 is a ring functor morphism that is a ring morphism of the ring prethe-
ories 1.1.7.

The ring morphism chϕ : K0 → A is called the generalized Chern character. In this
Theorem the element ϕ∨(t) is choosen (rather than the element ϕ(t) itself) in order to get
the following normalization property: if A = K0 and ϕ(t) = t then chϕ = id : K0 → K0

(see examples 2.7.4 below).

Proof. It’s suffices to verify that for every variety X and every vector bundles E and F
over X one has the relations

• chϕ(E)chϕ(F ) = chϕ(E ⊗ F ) ∈ A(X);

• chϕ([1]) = 1 ∈ A(X).

To prove the first relation observe that it is linear as in E so in F . By Splitting
principle 1.6.1 one may assume that as E so F is a direct sum of line bundles. So by the
bilinearity one may further assume that E = L1 and F = L2 are line bundles. The chain
of relations

chϕ(L1 ⊗ L2) = 1− ϕ(eA(L∨1 ⊗ L∨2 )) = 1− ϕ(eA(L∨1 +FA L
∨
2 )) =

= 1− [ϕ(eA(L∨1 ))+
G
f
m
ϕ(eA(L∨2 ))] = 1− [ϕ(eA(L∨1 ))+ϕ(eA(L∨2 ))−ϕ(eA(L∨1 ))ϕ(eA(L∨2 ))] =

= (1− ϕ(eA(L∨1 )))(1− ϕ(eA(L∨1 ))) = chϕ(L1)chϕ(L2).

To prove the second relation recall that eA([1]) = 0 ∈ A(X). Since the free term of the
series ϕ(t) vanishes one gets the required relation chϕ([1]) = 1 in A(X). The Theorem
follows.

2.7.3 Theorem. The inverse Todd genus itdchϕ(t) of the ring morphism

chϕ : K0 → A

is the formal power series ϕ(t)/t ∈ A(pt)uc[[t]]. If ϕ(t) ∈ A(pt)uc[[t]] is invertible, then
the Todd genus of the ring morphism chϕ is the formal power series t/ϕ(t) ∈ A(pt)uc[[t]].

Proof. In fact, the element itdchϕ(ξA) ∈ A(P∞) from Definition 2.5.1 is computed by the
chain of relations

itdchϕ(ξA) = chϕ(ξK)/ξA = [chϕ(eK(O(−1)))]/eA(O(−1)) =

= [chϕ([1]− [O(1)])]/eA(O(−1)) = [chϕ([1])− chϕ([O(1)])] =

= [1− (1− ϕ(eA(O(−1))))]/eA(O(−1)) = [ϕ(eA(O(−1)))]/eA(O(−1)) = ϕ(ξK)/ξA.

Thus itdchϕ(t) = ϕ(t)/t ∈ A(pt)uc[[t]]. The Theorem follows.
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2.7.4. Examples.

(1) If k = C and A = Hev from the example 2.6.1 then the formal group law FA is the
additive group law t1 + t2. Let ϕ(t) = exp(t)− 1 = t+ t2/2! + t3/3! + . . . . Then ϕ
is a formal group law morphism FA = Ga → G

f
m. Clearly the ring morphism chϕ

coincides with the usual Chern character ch : K0 → CH∗ 2.6.1.

(2) If A = K0 then the Euler class is given by L 7→ [1] − [L∨] and thus the formal
group law FA is the multiplicative formal group law Gm t1 + t2 − t1t2. Let p be a
positive integer and let ϕ(t) = 1 − (1 − t)p is the isogeny [p] of the multiplication
by p of the formal group law Gf

m (say [2] = 2t− t2). In this case the ring morphism
chϕ : K0 → K0 is just the Adams operation ψp : K0 → K0.

If the integer p is a negative integer and ϕ = [p] is the isogeny of the multiplication
by [p] for the formal group law G

f
m. Then the ring morphism chϕ : K0 → K0

coincides again with the Adams operation ψp : K0 → K0.

In particular, if p = −1, then [p] = −t − t2 − t3 − . . . . And in this case the ring
morphism chϕ : K0 → K0 coincides with the ring morphism ψ−1 : K0 → K0 given
by [E] 7→ [E∨]. If p = 1 then ϕ(t) = t and chϕ = id : K0 → K0. This relation is the
motivation to use the element ϕ∨ (rather than the element ϕ itself) in the definition
of the generalized Chern character chϕ : K0 → A given in Theorem 2.7.2.

2.7.5. A functor from the category of oriented cohomology pretheories and
their ring morphisms to the category of commutative formal group laws of
dimension 1.

It is convinient here to denote an oriented cohomology theory as a pair (A, ω) where A is
a ring cohomology petheory and ω is a perfect integration on A. Every perfect integration
ω on A defines the corresponding Euler structure (see (8)) which we denote here eω (in
contrast with the symbol eA which was repeatedly used above in the text). The formal
power series

FA(t1, t2) = (E−A ⊗ E
−
A )−1[eω(p∗1(O(−1))⊗ p∗2(O(−1)))] ∈ A(pt)uc[[t1, t2]]

from (50) is a commutative formal group law which we denote in this subsubsection FA,ω.
One can check that for any ring morphism ϕ : A→ B of oriented pretheories (A, ωA)

and (B,ωB) the series Φ(t) ∈ B̄[[t]] from the very begining of subsection 2.4 is in fact a
formal group law morphism FB,ωB → FA,ωA ⊗Āuc B̄uc (if (A, ωA) = (B,ωB) and ϕ = idA
then Φ(t) = t is the identity morphism FA → FA). If futhermore ψ : B → C is one more
ring morphism of oriented pretheories (B,ωB) and (C, ωC) and

Ψ(v) = ψ∞(t) ∈ C̄[[v]]

where v and t are the variables from the identifications B̄[[t]] = B(P∞) and C̄[[v]] =
C(P∞) then the formal group law morphism Ψ ◦Φ : FC,ωC → FA,ωA ⊗Āuc C̄uc corresponds
in the mentioned way to the composition morphisms ψ ◦ ϕ : A → C of the oriented
theories (A, ωA) and (C, ωC). So the assignments
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(A, ω) 7→ FA,ω and [ϕ : (A, ωA)→ (B,ωB)] 7→ [Φ(t) : FB,ωB → FA,ωA ⊗Āuc B̄uc]

form a functor

grp : OrientedTheories→ CommutatveFormalGroupLaws (55)

2.7.6. One more example. Let A(X) = CH∗(X) and let B(X) = K0(X)⊗Q and let

ϕ = ch−1 : CH∗ → K0 ⊗Q.

In this case
itdϕ = (−log(1− t))/t =∈ Q[[t]] = K0(pt)Q[[t]]

where log(1 − t) = −t + t2/2 − t3/3 + · · · ∈ Q[[t]]. This is the answer. It is proved for
example as follows.

The formal group law associated with the oriented ring pretheory CH∗Q is the additive
formal group law t1 + t2 ∈ CH∗

Q
(pt)[[t1, t2]] = Q[[t1, t2] which we denote here Ga. The

formal group law associated with the oriented ring pretheory K0,Q is the multiplicative

formal group law t1+t2−t1t2 ∈ K0,Q(pt)[[t1, t2]] = Q[[t1, t2] which we denote hereGf
M . The

Chern character Ch : K0,Q → CH∗
Q

induces the identity homomorphism on the coefficients
id : Q = K0,Q(pt) → CH∗

Q
(pt) = Q. The formal group law morphism Ga → G

f
m induced

by the Chern character coincides with the series Φ(t) = 1 − e−t. If Ψ(t) ∈ Q[[t]] is
the formal group law morphism induced by the ring morphism ch−1 then the relation
Ψ(Φ(t)) = t holds in Q[[t]] because the composition

ch−1 ◦ ch : K0,Q → K0,Q

is the identity. There exists a unique solution of the equation Ψ(Φ(t)) = t. Since the
series −log(1 − t) ∈ Q[[t]] satisfies the relation −log(1 − (1 − e−t)) = t ∈ Q[[t]] one gets
finally Ψ(t) = −log(1− t) and itdch−1(t) = Psi(t)/t = −log(1− t)/t.

2.7.7. Remark about a work of J.F.Adams and G.Walker. Making the substitution
t = −u in the series itdch−1(t) one gets a new series log(1 + u)/u. This is exactly the
series from the main result of the article [AW]. So the main result of the article [AW] is
formulated in terms of the inverse Todd genus itdch−1 of the ring morphism

ch−1 : Hev → K0,Q.

It seems plausible that the reason why namely the series log(1 + u)/u is used in [AW]
(rather than the series −log(1 − t)/t) is the following one. The Thom-Gysin homo-
morphisms quite commonly used in the complex K-theory are normalized such that the
corresponding Euler structure is given by the assignment L 7→ [L∨] − [1]. However the
integration of Grothendieck commonly used in the algebraic K0-theory is such that the
corresponding Euler structure is given by the assignment L 7→ [1]− [L∨]. Thus the inverse
Todd genus itdtopch−1(u) ∈ Q[[u]] of the ring morphism

ch−1 : Hev → Ktop
Q
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is obtained from the inverse Todd genus tdch−1(t) ∈ Q[[t]] of the morphism ch−1 : CH∗ →
K0,Q via the above mentioned substitution t = −u. Thus we get

itdtopch−1(u) = log(1 + u)/u ∈ Q[[t]].

One could guess that the authors of the article [AW] knew this meaning of the series
log(1 + u)/u.

2.8 The relation {Pn}A = lA({CP n}MU) in A(pt).

If for a minute A : SmOp → Ab is an oriented cohomology theory in the sence of [PS],
then for every integer n and the structural morphism p : Pn → pt the push-forward
pA : A(Pn) → A(pt) is defined such that the element pA(1) ∈ A(pt) is equal to the
class lA({CP n}MU), where lA : MU → A(pt) is a ring homomorphism defined below in
this subsection and {CP n}MU := (pC)MU(1) = [CP n]. The main aim of the subsection
is to prove that we are forced to make this choice for the definition of the pushforward
pA : A(Pn) → A(pt) if we want to get finally a perfect integration on A. This is stated
in Theorem 2.8.1 below in the subsection. So the classes {Pn}A := pA(1) and [Pn]A :=
lA([CP n]MU) coincides in A(pt). Since this moment A is an oriented cohomology pretheory
in the sence of this text 1.1.7.

Let X →MU∗(X) be the complex cobordism theory that is a generalized cohomology
theory on CW -complexes represented by the ring spectra MU . We will often write below
MU for the ring of coefficients of this cohomology theory that is for the value of this theory
on the one point space {*}. The Thom-Gysin morphisms fMU : MU∗(Y ) → MU∗(X)
(defined at least for every proper morphism f : Y → X of complex algebraic varieties
[Qu1]) make the functor MU : Sm/C→ Rings an oriented cohomology pretheory in the
sence of Definition 1.1.7. For a smooth projective complex algebraic variety f : X → pt
set

{X} = fMU(1) ∈MU({∗}).

Let L 7→ eMU(L) be the Euler structure on MU corresponding to the integration on MU
(see (8)). The class eMU(L) is just the Conner-Floyd class cf(L) [Qu1] and they both
coincide with the first Chern class cMU

1 (L) [CF]. Let E+
MU : MU({∗})[[t]] → MU(CP∞)

be the isomorphism (45) and let E+
MU ⊗ E

+
MU : MU({∗})[[t1, t2]] → MU(P∞ × P∞) be

the isomorphism (47). Then the series

FMU(t1, t2) = (E+
Mu ⊗ E

+
MU)−1[e(p∗1(O(1))⊗ p∗2(O(1)))] ∈MU({∗})[[t1, t2]] (56)

is the formal group law (50). This is the formal group law which Quillen considers in
[Qu1]. The series

IMU(t) = (E+
MU)−1(e(O(−1))) ∈MU({∗})[[t]] (57)

is the ”inverse” element of the formal group law FMU(t1, t2) (see (53)).
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Let A be an oriented cohomology pretheory. For a smooth projective algebraic variety
g : T → pt over the field k set

{T} = gA(1) ∈ A(pt)uc.

The element {T} is universally central by Claim 2.1.4. To state the main result of this
subsection we need to recall certain information concerning commutative formal group
laws arrising from oriented cohomology pretheory.

Let L 7→ eA(L) be the Euler structure on A corresponding to the integration on A (see
(8)). Let E+

A : Ā[[t]]→ A(P∞) be the isomorphism (45) and let E+
A⊗E

+
A : A(pt)[[t1, t2]]→

A(P∞ ×P∞) be the isomorphism (47). Then the series

FA(t1, t2) = (E+
A ⊗ E

+
A )−1[e(p∗1(O(1))⊗ p∗2(O(1)))] ∈ A(pt)uc[[t1, t2]] (58)

is the formal group law (50). The series

IA(t) = (E+
A )−1(e(O(−1))) ∈ A(pt)uc[[t]] (59)

is the ”inverse” element of the formal group law FA(t1, t2) (see (53)).
Recall that MU({∗}) = MU({∗})uc because the ring MU({∗}) consists of even degree

elements. (We will not use the fact that MU({∗}) is a polinomial ring but it is useful to
know sometime that this is the case). By Quillen’s theorem [Qu1] the formal group law
FMU is the universal one among all commutative formal group laws of dimension 1. Thus
there is a unique ring homomorphism

lA : MU({∗})→ A(pt)uc

such that lA(FMU) = FA ∈ A(pt)uc[[t1, t2]].

2.8.1 Theorem. For every integer n the relation lA({CP n}) = {Pn} holds in A(pt)uc.

Proof. Recall that we often will write in this proof MU for the coefficient ring MU({∗})
of the complex cobordism theory. We will write in this proof Āuc for the ring A(pt)uc. For
a variety X ∈ Sm we will consider below in this proof the ring A(X) as an MU -algebra
through the homomorphism lA : MU → Āuc. Let lnA : MU(CP n) → A(Pn) be the only
MU-algebra homomorphism which takes the class eMU(O(1)) = cMU

1 (O(1)) to the class
eA(O(1)) = cA1 (O(1)) ∈ A(Pn).

The projective bundle theorem for complex cobordism shows that the cup-product
identifies the MU-algebras MU(CP n)⊗MUMU(CP n) and MU(CP n×CP n). The projective
bundle theorem for the theory A shows that the cup-product identifies the MU-algebras
A(Pn)⊗Ā A(Pn) and A(Pn ×Pn). Set

ln,nA = lnA ⊗ lnA : MU(CP n)⊗MU MU(CP n)→ A(Pn)⊗Ā A(Pn)

Let ∆ : CP n → CP n×CP n be the diagonal and let ∆ : Pn → Pn×Pn be the diagonal
as well (the same symbal is used for both imbeddings). We claim that for every integer
n ≥ 0 the following relation holds in A(Pn ×Pn)

ln,nA (∆MU(1)) = ∆A(1). (60)
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For the proof of the Theorem we need as this relation so three Lemmas stated just below.
Let ζMU,n = cMU

1 (O(1)) ∈ MU(CP n) and let ζA,n = cA1 (O(1)) ∈ A(Pn). Let pn :
CP n → {∗} be the projection. The same symbol pn is used below for the projection
Pn → pt.

2.8.2 Lemma. One has (pn)MU(ζrMU,n) = {CP n−r}. In particular, (pn)MU(ζrMU,n) = 1.

2.8.3 Lemma. Let ∆ : CP n ↪→ CP n × CP n be the diagonal imbedding. Identify
MU(CP n) ⊗MU MU(CP n) with MU(CP n × CP n) by means of the cup-product. Then
one has the relation in MU(CP n × CP n)

∆MU(1) = ζnMU,n ⊗ 1 + 1⊗ ζnMU,n + Σi>0,j>0mui,jζ
i
MU,n ⊗ ζ

j
MU,n

for certain elements mu(n)i,j in A(pt).

2.8.4 Lemma. Let S and T = CP n be smooth projective varieties and let f : S → {∗},
g : T → {∗} be the structural morphisms. Let pS : S × T → S and pT : S × T → T be
the projections. Then for any elements a ∈MU(S) and b ∈MU(T ) one has the relation
(pS)MU((pS)MU)(a) ∪ (pT )MU)(b)) = a ∪ fMU

S (gMU(b)). We will write a ∪ gMU(b) for the
element a ∪ fMU

S (gMU(b)).

These three Lemmas holds because the assignment X →MU(X) is a ring cohomology
pretheory on the category Sm/C and the Thom-Gysin mappings make it an oriented
cohomology pretheory such that the corresponding Euler structure is given by L 7→ cf(L)
where (as was mentioned above in this subsection) for a line bundle L the element cf(L) =
cMU

1 (L) is the Conner-Floyd class of the line bundle L. Thus these three Lemmas follows
from Lemmas 1.9.3, 1.9.4 and 1.9.5 respectively.

Assuming for a moment the relation (60) completes the proof of the Theorem as
follows.

We proceed induction by m. One has {CP 0}MU = idMU(1) = 1 where id : {∗} → {∗}
is the identity map of the one point space and similarly {P0}A = id(1) = 1. So the case
m = 0 is obvious. Now assume that the relation lA({CP nm}MU) = {Pm}A holds for all
m < n and prove the relation lA({CP n}MU) = {Pn}A.

Set for a minute ζMU = ζMU,n ∈ MU(CP n) and ζA = ζA,n ∈ A(Pn). By Lemma 2.8.3
one has the relation in MU(CP n × CP n)

∆MU(1) = ζnMU ⊗ 1 + 1⊗ ζnMU + Σi>0,j>0mu
(n)
i,j ζ

i
MU ⊗ ζ

j
MU (61)

and one has the relation in A(Pn ×Pn) by Lemma 1.9.4

∆A(1) = ζnA ⊗ 1 + 1⊗ ζnA + Σi>0,j>0a
(n)
i,j ζ

i
A ⊗ ζ

j
A (62)

for certain elements mu
(n)
i,j in A(pt) and a

(n)
i,j in B(pt).

By the very definition of the homomorphism lnA one has lnA(ζMU) = ζA ∈ A(Pn) Now
the relation 60 proves that

lA(mu
(n)
i,j ) = a

(n)
i,j (63)

67



Let pr1 : CP n × CP n → CP n be the projection to the 1-st factor. Observe that
pr1 ◦∆ = idCPn . Thus applying the Thom-Gysin map (pr1)MU (that is the push-forward)
to the relations (61) and using the composition property of push-forwards in the MU -
theory and Lemmas 2.8.2 and 2.8.4 one gets in MU(CP n) the relation

1 = 1 + {CP n}MUζ
n
MU + Σi>0,j>0mu

(1)
i,j {CP n−i}MUζ

j
MU

The family {1, ζMU , . . . , ζ
n−1
MU } is a free basis of the two-sided MU -module MU(CP n).

Thus equating coefficients at ζnMU in the last relation one gets the following one in MU

{CP n}MU = −mu(n)
1,n{CP n−1}MU −mu(n)

2,n{CP n−2}MU − · · · −mu(1)
n,n{CP n0}MU (64)

Simultanously one gets the following relation in Āuc

{Pn}A = −a(n)
1,n{Pn−1}A − a(n)

2,n{Pn−2}A − · · · − a(1)
n,n{P0}A (65)

By the inductive hypothesis lA({CP nm}MU) = {Pm}A for m < n and it was already

mentioned that lA(mu
(n)
i,j ) = a

(n)
i,j in Āuc. Thus applying the homomorphism lA : MU →

Āuc to the relation (64) one gets the required relation lA({CP n}MU) = {Pn}A in Āuc.
To complete the proof of the Theorem it remains to prove the relation (60). For that

we need in three other relation stated just below. Let Q be a rank n vector bundle over
Pn defined by the short exact sequence

0→ O(−1)→ 1n+1 → Q→ 0

and let QC be a rank n algebraic vector bundle over CP n defined by the short exact
sequence

0→ O(−1)→ C
n+1 → QC → 0.

We claim the following three relations

∆A(1) = cAn (p∗1(O(1))⊗ p∗2(Q)) ∈ A(Pn ×Pn). (66)

∆MU(1) = cMU
n (p∗1(O(1))⊗ p∗2(QC)) ∈ MU(CP n × CP n). (67)

ln,nA (cMU
n (p∗1(O(1))⊗ p∗2(QC))) = cAn (p∗1(O(1))⊗ p∗2(Q)) ∈ A(Pn ×Pn). (68)

Assuming for a minute the last three relations one gets a chain of relations

∆A(1) = cAn (p∗1(O(1))⊗ p∗2(Q)) = ln,nA (cMU
n (p∗1(O(1))⊗ p∗2(QC))) = ln,nA (∆MU(1))

which proves the relation (60). It remains to prove relations (66), (67), (68).

We begin with the following lemma.

68



2.8.5 Lemma. Let F/Y be a rank m = n + 1 vector bundle and let s : Y → P(F )
be a section of the natural projection p : P(F ) → Y . Consider the natural inclusion
OF (−1)→ p∗(F ) and let Q be the factor-bundle p∗(F )/OF (−1). In A(P(F )) one has

sA(1) = cAn (OF (1)⊗ p∗s∗Q) (69)

Note that Lemma 2.8.5 holds for the complex cobordism theory as well because as was
already mentioned in this proof the assignment X 7→ MU(X) is the ring cohomology
pretheory MU : Sm/C → Rings and the Thom-Gysin mappings make it an oriented
cohomology pretheory. The corresponding Euler structure is given by L 7→ cf(L) ∈
MU2(X), where cf(L) = cMU

1 (L) is the Conner-Floyd class of the line bundle L.

Relations (66) and (67) are particular cases (Y = Pn, E = 1n+1, s = ∆, p = p1) of the
relation (69) stated in Lemma 2.8.5.

Proof of Lemma 2.8.5. Set L = s∗(OF (−1)). Then one has the obvious exact sequence of
vector bundles on X

0→ L→ F → F ′ → 0.

If M is a line bundle over X then replacing F by F ⊗M we does not change as the variety
P(F ) so the vector bundle OF (1) ⊗ p∗(F ′). Thus one may assume that L is the trivial
line bundle. In this case one has an isomorphism s∗Q ∼= F ′ of the vector bundles and it
remains to verify the relation

sA(1) = cAn (OF (1)⊗ p∗(E)), (70)

where E = F ′. By the slitting principle 1.6.1 one may assume further that F = 1 ⊕ E
and even that the vector bundle E is a direct sum of line bundles E = ⊕ni=1Li.

Let Fi = 1 ⊕ L1 ⊕ · · · ⊕ Li and let si : P(Fi−1) ↪→ P(Fi) be the obvious closed
imbedding. Then s = sn ◦ · · · ◦ s2 ◦ s1 : Y → P(Fn) = P(1 ⊕ E) and each si is a closed
imbedding of a smooth divisor. Thus by the normalization formulae 1.1.8 for each integer
i = 1, . . . , n one has the relation (si)A(1) = eA(L(Di)) ∈ A(P(Fi)), where Di = P(Fi−1) is
considered as a divisor on P(Fi) (set F0 = 1). If pi : P(Fi)→ Y is the projection then the
line bundle L(Di) over the variety P(Fi) is isomorphic to the line bundle OFi(1)⊗ p∗i (Li)
which is in turn is isomorphic to the one (sn ◦ · · · ◦ si+1)∗(OE(1))⊗ p∗(Li). Now using the
projection formulae and the Cartan formulae one gets the relation in A(P(1⊕ E))

sA(1) = (sn ◦ · · · ◦ s1)A(1) = cAn (OE(1)⊗ (⊕ni=1p
∗(Li))).

Since E = ⊕ni=1Li one gets the required relation sA(1) = cAn (OE(1)⊗ p∗(E)). The Lemma
follows.

To prove the relation (68) consider the line bundle O(1) over P∞ and consider on
P∞ ×Pn the short exact sequence of vector bundles

0→ q∗1(O(1))⊗ q∗2(O(−1))→ q∗1(O(1))⊗ q∗2(1n+1)→ q∗1(O(1))⊗ q∗2(Q)→ 0.
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where q1 and q2 are the projections of P∞ × Pn to the first and the second factors
respectively. This exact sequence and the Cartan formular for the total Chern class gives
rise to the relation in A(P∞ ×Pn)

cA1 (q∗1(O(1))⊗ q∗2(O(−1))) ∪ cAn (q∗1(O(1))⊗ q∗2(Q)) = cAn+1(q∗1(O(1))⊗ q∗2(1n+1))

Now setting t1 = c1(q∗1(O(1))) and t2 = c1(q∗2(O(1))) one can rewrite the last relation in
terms of the formal group law FA(t1, t2) (58) and its ”inverse element” IA (53) as follows

FA(t1, IA(t2)) ∪ cAn (q∗1(O(1))⊗ q∗2(Q)) = tn+1
1 (71)

Similarly one gets the following relation in MU(CP∞ × CP n)

FMU(tMU
1 , IMU(tMU

2 )) ∪ cMU
n (q∗1(O(1))⊗ q∗2(QC)) = (tMU

1 )n+1

Here q1 and q2 are the projections of CP∞ × CP n to the first and to the second factors
respectively, and FMU and IMU are the formal group law and its ”inverse element” for the
complex cobordism (57). Applying the homomorphism

l∞,nA = l∞A ⊗ lnA : MU(CP∞ × CP n)→ A(P∞ ×Pn)

to the last relation in MU(CP∞ × CP n) one gets in the group A(P∞ ×Pn) the relation

FA(t1, IA(t2)) ∪ l∞,nA (cMU
n (q∗1(O(1))⊗ q∗2(QC))) = tn+1

1 (72)

Observe that the element FA(t1, IA(t2)) = t1 −FA t2 is not a zero-divisor in the ring
A(P∞ ×Pn) = A[t2][[t1]]/(tn+1

2 ). Thus the relations (71) and (72) prove the one

l∞,nA (cMU
n (q∗1(O(1))⊗ q∗2(QC))) = cAn (q∗1(O(1))⊗ q∗2(Q)).

Now consider a commutative diagram

MU(CP∞ × CP n)
l∞,nA−−−→ A(P∞ ×Pn)

(i×id)MU

y y(i×id)A

MU(CP n × CP n)
ln,nA−−−→ A(Pn ×Pn),

in which the vertical arrows are the pull-backs induced by the obvious imbeddings. Since

(i× id)MU(cMU
n (q∗1(O(1))⊗ q∗2(QC))) = cMU

n (p∗1(O(1))⊗ p∗2(QC))

and
(i× id)A(cn(q∗1(O(1))⊗ q∗2(Q))) = cAn (p∗1(O(1))⊗ p∗2(Q))

the commutativity of the last diagram proves the desired relation (68)

ln,nA (cMU
n (p∗1(O(1))⊗ p∗2(QC))) = cAn (p∗1(O(1))⊗ p∗2(Q)).

The relation (60) is proved.
The proof of the Theorem 2.8.1 is completed.
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