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Abstract

In the present paper we generalise one Quillen’s Lemma.

1 Introduction

This preprint is based on the unpublished diploma thesis (2000) of the first
author. The main result is Theorem 1.3. Using this theorem one can re-
duce the proof of the exactness of arithmetic resolution in equi-characteristic
regular case to the exactness in the geometric regular case. Examples of ap-
plications we postpone for a next preprint. In particular, we have in mind
to prove all the theorems announced in section 5 of [3].

In the present paper k is an infinite base field. We work in the category
of schemes of finite type over k. By a variety we mean an irreducible reduced
scheme over k. All linear projections are assumed to be surjective. The word
“image” usually means the set-theoretic image.

Let X be an affine scheme over k and let h ∈ k[X] be a regular function
on X. We denote by {h = 0} the closed subscheme of X defined by the
ideal (h) of the coordinate ring k[X]. We call this subscheme the vanishing
locus of h. If Y1 and Y2 are closed subschemes defined by the ideals I1 and
I2 respectively, then the intersection Y1 ∩ Y2 is the closed subscheme defined
by the ideal I1 + I2.

The goal of the present paper is to prove the following two geometric
lemmas:

1.1. Lemma. Let L be a r-dimensional linear subspace of Ad, d ≥ r ≥ 1,
and let Z be a proper closed subset of L. Then there exist a linear projection
pr : Ad → Ad−1 and a regular function h on Ad such that
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(1) the image pr(L) is a (r − 1)-dimensional linear subspace of Ad−1;

(2) Z is a closed subset of the vanishing locus {h = 0} of h;

(3) the restriction pr|{h=0} : {h = 0} → Ad−1 is a finite surjective mor-
phism (in particular, the restriction pr|Z is finite).

1.2. Lemma. Let X be a d-dimensional smooth affine variety over an in-
finite field k and x a closed point of X. Let Y be a r-dimensional closed
subvariety of X. Assume that x ∈ Y and Y is smooth at the point x. Then
there exists a finite surjective morphism π : X → Ad such that π is etale at
the point x and the image π(Y ) is a r-dimensional linear subspace of Ad.

Then as a direct consequence of 1.1 and 1.2 we get the following result
(for the proof see the end of this section):

1.3. Theorem. Let X be a d-dimensional smooth affine variety over an
infinite field k and x a closed point of X. Let Y be a r-dimensional closed
subvariety of X (d ≥ r ≥ 1). Assume that x ∈ Y and Y is smooth at the
point x. Let Z ( Y be a proper closed subset.

Then there exist a morphism q : X → Ad−1 and a regular function h ∈
k[X] such that

(1) q factors as q = pr◦π, where π : X → Ad is a finite surjective morphism
and pr : Ad → Ad−1 is a linear projection;

(2) q is smooth at x;

(3) the image q(Y ) is a (r − 1)-dimensional linear subspace of Ad−1;

(4) Z is a closed subset of the vanishing locus {h = 0} of h;

(5) the restriction q|{h=0} : {h = 0} → Ad−1 is a finite surjective morphism;

(6) q−1(q(Y )) = Y ∪ Y ′ (as sets) for some closed set Y ′ ⊂ X which avoids
x.

In particular, for the case r = d (i.e., Y = X) and Z is the vanishing
locus of a regular function g on X we get the following version of Quillen’s
trick (see [4], Lemma 5.12):
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1.4. Corollary. Let X be a d-dimensional smooth affine variety over an
infinite field k, d ≥ 1, and x a closed point of X. Let g ∈ k[X] be a reg-
ular function on X and Z be the vanishing locus of g. Then there exists a
morphism q : X → Ad−1 with the following properties:

(1) q factors as q = pr◦π, where π : X → Ad is a finite surjective morphism
and pr : Ad → Ad−1 is a linear projection;

(2) q is smooth at x;

(3) q|Z : Z → Ad−1 is finite surjective.

And for the case r = d−1 and Z = Y ∩V , where V is the vanishing locus
of a regular function g on X such that Y * V , we get precisely Lemma 8.2
of [2]:

1.5. Corollary. Let X be a d-dimensional smooth affine variety over an
infinite field k, d ≥ 2, and x a closed point of X. Let f ∈ k[X] be a
regular function on X which is a regular parameter of the local ring OX,x

and g ∈ k[X]. Denote by Y the vanishing locus of f and by V the vanishing
locus of g. Suppose that Y is irreducible and not contained in V . Then there
exists a morphism q : X → Ad−1 with the following properties:

(1) q factors as q = pr◦π, where π : X → Ad is a finite surjective morphism
and pr : Ad → Ad−1 is a linear projection;

(2) q is smooth at x;

(3) the image q(Y ) is a (d − 2)-dimensional linear subspace of Ad−1;

(4) q|Y ∩V : Y ∩ V → Ad−1 is finite;

(5) q−1(q(Y )) = Y ∪ Y ′ (as sets) for some closed set Y ′ ⊂ X which avoids
x.

The Proof of Theorem 1.3. Apply Lemma 1.2 to the subvariety Y of X. We
get a finite surjective morphism π : X → Ad such that π is etale at x and
the image π(Y ) is a r-linear subspace in Ad. We denote L = π(Y ). Since π
is a finite morphism, the image π(Z) of Z is a proper closed subset of L. We
denote Z ′ = π(Z).

Apply Lemma 1.1 to the chosen L and Z ′. We get a linear projection
pr : Ad → Ad−1 and a regular function h′ ∈ k[Ad], where Z ′ ⊂ {h′ = 0}, such
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that the image pr(L) is a (r − 1)-linear subspace of Ad−1 and the restriction
pr|{h′=0} is finite surjective.

Composing π with pr we get the desired map q. The image of h′ by means
of the homomorphism π∗ : k[Ad] → k[X] gives the desired regular function h
on X.

Indeed, since π is etale at x and the linear projection pr is a smooth
morphism it’s composite q is smooth at x. Hence, we have checked (2). By
construction the image q(Y ) = pr(L) is a (r−1)-dimensional linear subspace
of Ad−1 and Z is a closed subset of {h = 0}. This checks (3) and (4).
Since π is finite surjective it’s restriction π|{h=0} : {h = 0} → {h′ = 0} is
finite surjective. The composite of two finite surjective morphisms q|{h=0} =
pr|{h′=0}◦π|{h=0} is finite surjective as well. This checks the property (5). Now
the last property (6) follows from (2) and (5). Namely, since the morphism
q : X → Ad−1 is smooth at the point x the scheme q−1(q(Y )) is smooth at
x. Thus, q−1(q(Y )) contains only one component, namely Y , that passes
through x.

The next section is devoted to the proof of Lemmas 1.1 and 1.2. It’s struc-
ture looks as follows. First, we prove Lemma 1.1. Then we prove Lemma 2.1
and give some of it’s corollaries that are the essential tools in the proof of
Lemma 1.2. We finish by proving Lemma 1.2.

2 The Geometric Lemmas

For a closed subset Z ⊂ Ad we denote by Z̄ it’s closure in the projective space
Pd and by Z∞ the intersection of Z̄ with the hyperplane Pd−1 = Pd \ Ad (of
points at infinity).

The Proof of Lemma 1.1. In the hypotheses of Lemma 1.1 we are given a
r-dimensional linear subspace L of Ad and a proper closed subset Z of L. By
dimension reasons we can find

(i) a regular function h ∈ k[Ad] such that it’s vanishing locus {h = 0}
contains Z and {h = 0}∞ doesn’t contain the subspace L∞;

(ii) a line l ⊂ L over k such that {h = 0}∞ doesn’t contain the rational
point l∞;

(iii) a hyperplane H ⊂ Ad that doesn’t contain the line l.
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Then the projection pr : Ad → H along the line l is the desired projection
and the regular function h is the desired function. Indeed, the condition (1)
of Lemma 1.1 holds by (iii), (2) holds by (i) and (3) holds by (ii).

In order to prove Lemma 1.2 we will use the following slightly modified
version of Lemma 8.3, [2]:

2.1. Lemma. Let X be a d-dimensional closed subvariety of an affine space
An over k. Let Y be a r-dimensional closed subvariety of X. Let x be a closed
point of Y . Suppose X and Y are smooth at the point x. Then there exists a
linear subspace L over k of codimension d in the hyperplane Pn−1 = Pn \ An

(of points at infinity) such that the linear projection prL : An → Ad along L
satisfies the following properties:

(1) the restriction prL|X denoted by ρ is finite surjective;

(2) ρ is etale at the point x;

(3) the scheme-theoretic image ρ(Y ) is a r-dimensional subvariety of Ad

which is smooth at the point ρ(x).

Proof. By Lemma 8.3, [2], there exists a linear subspace L over k of codimen-
sion d in Pn−1 such that the restriction ρ : X → Ad of prL (in the notation
of [2] ρ = q2) satisfies the following properties:

(i) ρ is finite surjective;

(ii) ρ is etale at the point x;

(iii) k(ρ(x)) = k(x) and Y ∩ ρ−1(ρ(x)) = {x} (as sets).

Observe that in [2] it is assumed X is smooth over k and Y is the vanishing
locus of a regular function on X. But it is easy to see that the arguments
used in the proof of Lemma 8.3, [2], also holds in the case X is only smooth
at x and Y is a subvariety of X.

Since the conditions (1) and (2) follows from (i) and (ii), in order to finish
the proof we have to check the last condition (3), i.e., we have to show the
local ring of the scheme-theoretic image Y ′ = ρ(Y ) at the point y = ρ(x)
is regular. Here Y ′ = Spec(k[Ad]/IY ∩ k[Ad]), where IY ⊂ k[X] is the ideal
defining Y .

Since the morphism ρ is finite, its restriction ρ|Y to Y is finite as well.
Consider the scheme-theoretic fiber Yy of ρ|Y over y. Since ρ|Y is finite, the
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morphism Yy → y is finite. Since Y ∩ ρ−1(y) = {x} (as sets), we have Yy = x
(we may assume Yy is reduced). Hence, the local ring OY,x is finite over OY ′,y.
Since ρ is etale at x, the local ring OY,x is etale over OY ′,y. Therefore, we get
OY,x is finite etale over OY ′,y. This together with the fact that the residue
fields of the local rings OY,x and OY ′,y are the same (k(y) = k(x)) implies
OY,x

∼= OY ′,y. Thus, OY ′,y is regular because OY,x is regular.

2.2. Corollary. Let X be a d-dimensional affine variety over an infinite
field k. Let Y be a r-dimensional closed subvariety of X. Let x be a closed
point of Y Suppose X and Y are smooth at the point x. Then there exists a
morphism ρ : X → Ad such that

(1) ρ is finite surjective;

(2) ρ is etale at the point x;

(3) the scheme-theoretic image ρ(Y ) is a r-dimensional closed subvariety
of Ad which is smooth at the point ρ(x).

2.3. Corollary. Let Y be a r-dimensional closed subvariety of Ad that is
smooth at a closed point x ∈ Y . Let h be an irreducible regular function on
Ad such that the vanishing locus {h = 0} of h contains Y and {h = 0} is
smooth at x. Then there exists a morphism ρ : Ad → Ad such that

(1) ρ is finite surjective;

(2) ρ is etale at the point x;

(3) the scheme-theoretic image ρ(Y ) is a r-dimensional closed subvariety
of Ad which is smooth at the point ρ(x);

(4) the image ρ({h = 0}) is a hyperplane in Ad.

Proof. Apply 2.1 to the case X = {h = 0}. We get the linear projection
pr : Ad → Ad−1 such that pr|{h=0} : {h = 0} → Ad−1 is finite surjective, etale
at the point x ∈ {h = 0}, and the image of Y is smooth at the point pr(x).
Then the desired morphism ρ : Ad → Ad can be defined as follows: The
projection to the first coordinate is given by the regular function h : Ad →
A1 and the projection to the last d − 1-coordinates is given by the linear
projection pr : Ad → Ad−1. Observe that ρ is given by the homomorphism
ρ∗ : k[t1, . . . , td] → k[t′

1
, . . . , t′d], where t1 7→ h(t′

1
, . . . , t′d) and ti 7→ t′i, i > 1.
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It is easy to see the morphism ρ satisfies properties (1-4) of 2.3 by defi-
nition. For example, the morphism ρ satisfies (1) since the polynomial h is
unitary in t1 (the latter follows from the fact that pr|{h=0} is finite). And ρ
satisfies (2) since the Jacobian of ρ∗ at x is non-zero.

The Proof of Lemma 1.2. First, we prove the particular case X = Ad of
Lemma 1.2 by induction on the codimension of the subvariety Y . The base
of induction, i.e., the case codim Y = 1, follows immediately from 2.3.

Assume that 1.2 holds for any subvariety Y of codimension m ≥ 1. Let
Y be a subvariety in Ad of codimension m + 1 that is smooth at x. We
can find a regular function h ∈ k[Ad] such that the vanishing locus {h = 0}
contains Y and is smooth at x. Apply 2.3 to the subvariety Y and the regular
function h. We get a finite surjective morphism ρ : Ad → Ad such that ρ is
etale at x, the image ρ({h = 0}) is a hyperplane in Ad denoted by L and the
image ρ(Y ) is a subvariety in L smooth at the point ρ(x). Observe that the
morphism ρ is defined by the projection to the first coordinate given by the
regular function h and by the projection to the last (d−1) coordinates given
by the linear projection pr.

By induction hypotheses 1.2 holds for the (d−1)-dimensional affine variety
L(= Ad−1), the closed subvariety ρ(Y ) of L and the point ρ(x) ∈ L. Hence,
there is a finite surjective morphism π′ : L → L such that π′ is etale at x and
the image π′(Y ) is a linear subspace in L.

Let π̄′ : Ad → Ad be the base extension of π′ by means of the linear
projection pr : Ad → L. Then π̄′ satisfies all conclusions of 1.2. And the
composite π = π̄′ ◦ ρ : Ad → Ad is a finite surjective morphism, etale at x,
which maps Y to the linear subspace of Ad, i.e., π is the desired morphism
from 1.2. Hence, we have proven the particular case X = Ad of Lemma 1.2.

To finish the proof apply Corollary 2.2 to the variety X, the subvariety
Y and the point x ∈ Y . We get the morphism ρ : X → Ad, the closed
subvariety ρ(Y ) in Ad and the point ρ(x) with the properties (1-3) of 2.2.
Apply the particular case X = Ad of Lemma 1.2 to the subvariety ρ(Y ) of
Ad and the point ρ(x). We get the morphism π : Ad → Ad that satisfies all
conclusions of 1.2. It is easy to see the composite π◦ρ satisfies all conclusions
of 1.2 as well. So we have proven Lemma 1.2.
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