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Abstract. We complete and extend the construction of algebraic
cobordism from [4]. Let k be a field admitting resolution of singu-
larities, let Schk denote the category of finite type schemes over
a field k, and let Smk be the full subcategory of smooth quasi-
projective k-schemes. For an l.c.i. morphism f : X → Y of finite
type k-schemes, we define a functorial pull- back morphism f ∗.
With these pull-back maps, Ω∗ becomes what we call a oriented

Borel-Moore homology theory on Schk. Restricting Ω∗ to smooth
quasi-projective k-schemes, this defines Ω∗ as an oriented cohomol-
ogy theory on Smk. Relying on the results of [4], we show that
Ω∗ is the universal oriented Borel-Moore homology theory on Schk

and the universal oriented cohomology theory on Smk. This com-
pletes the proofs of some of the main results of [4]. In addition,
we extend the results of [4] concerning Rost’s degree formulas from
smooth k-schemes to local-complete-intersection k-schemes (for k

of characteristic zero).
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0. Introduction

In the joint work [4] with F. Morel, we have described the theory of
algebraic cobordism, X 7→ Ω∗(X). This paper completes the construc-
tions and proofs of some of the main results of [4].

What remains to be done? Let k be a field, and let Schk be the cate-
gory of separated k-schemes of finite type. In [4], the theory Ω∗ is con-
structed as an oriented Borel-Moore weak homology theory on Schk [4,
Definition 10.7]. Roughly speaking, such a theory A∗ is the assignment
of a graded group A∗(X) for each finite type k-scheme, with functorial
push-forward maps f∗ : A∗(X) → A∗(Y ) for each projective morphism
f : X → Y , functorial pull-back maps f ∗ : A∗(X) → A∗+d(Y ) for
each smooth quasi-projective morphism f : Y → X of relative dimen-
sion d, external products × : A∗(X) ⊗ A∗(Y ) → A∗(X × Y ), and, for
each line bundle L → X on X ∈ Schk, a degree -1 endomorphism
c̃1(L) : A∗(X) → A∗−1(X), all satisfying a number of properties and
compatibilities.

There is a related notion, that of an oriented cohomology theory on
Smk. Here, we have a contravariant functor A∗ from Smk to the cat-
egory of graded rings, together with push-forward maps f∗ : A∗(X) →
A∗−d(Y ) for each projective morphism f : X → Y in Smk, of relative
dimension d, again with certain properties and compatibilities. As we
shall see below, the essential difference between these two notions is
that in a cohomology theory, one has pull-back maps for an arbitrary
morphism in Smk, whereas in a weak homology theory, one only has
pull-backs for smooth quasi-projective morphisms.

In any case, some of the main results of [4] are stated in the context
of oriented cohomology theories, but the proofs in [4] are given only
for the related oriented Borel-Moore weak homology theories. The
main purpose of this paper is to finish the task of showing that the
weak homology theories considered in [4] have the structure of oriented
cohomology theories, and that the results proved in [4] for the weak
homology theories extend to the oriented cohomology theories. For the
convenience of the reader, we recall the statements here:

Recall from [4, Introduction, Lemma 1] that for each oriented coho-
mology theory A∗ on Smk, there is a formal group law FA(u, v) over
A∗(k). We call A∗ ordinary if FA(u, v) = u+ v. Call A∗ multiplicative
if FA(u, v) = u+ v− b · uv for some b ∈ A∗(k); if in addition b is a unit
in A∗(k), call A∗ periodic.

Theorem 1 ([4, Introduction, Theorem 1]). Let k be a field of char-
acteristic zero, and let A∗ be an oriented cohomology theory on Smk. If
A∗ is ordinary then there exists one and only one morphism of oriented
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cohomology theories

ϑCH
A : CH∗ → A∗.

Theorem 2 ([4, Introduction, Theorem 3]). Let k be a field of charac-
teristic zero. Then there exists a universal oriented cohomology theory
on Smk, denoted by

X 7→ Ω∗(X),

which we call algebraic cobordism. Thus, given an oriented cohomology
theory A∗ on Smk, there is a unique morphism

ϑ : Ω∗ → A∗

of oriented cohomology theories.

As mentioned above, our main task will be the extension of the pull-
back morphisms f ∗ : Ω∗(X) → Ω∗(Y ) from smooth quasi-projective
morphisms to arbitary morphisms f : Y → X in Smk (of relative di-
mension d). In fact, we will work in a more general context, giving
pull-back morphisms f ∗ : Ω∗(X) → Ω∗(Y ) for each local complete in-
tersection morphism f : Y → X in Schk. The proper context for this
construction is that of an oriented Borel-Moore homology theory on
Schk. As we shall see in §1, this notion simultaneously extends both
that of an oriented Borel-Moore weak homology theory on Schk and
that of an oriented cohomology theory on Smk.

The paper is organized as follows: We begin with the definition of
an oriented Borel-Moore homology theory in §1. We also relate this
notion to that of an oriented Borel-Moore weak homology theory on
Schk, and an oriented cohomology theory on Smk. We devote most of
the rest of the paper to the construction of pull-back maps in Ω∗ for
l.c.i. morphisms. We closely follow the strategy laid out by Fulton in
[1], where similar pull-back maps are defined for the Chow groups. In
§2, we recall from [1] the notion of a pseudo-divisor, and we define a
modified version of algebraic cobordism for a finite type k-scheme X
with a pseudo-divisor D, Ω∗(X)D. This group comes equipped with a
homomorphism Ω∗(X)D → Ω∗(X).

In §3, we define the operation of “intersection with the pseudo-divisor
D”,

D(−) : Ω∗(X)D → Ω∗(|D|),

where |D| is the support of D. Again, this parallels the construction
given in [1]. We actually need to consider a version of this construction
involving two pseudo-divisors D, D′, in order to prove later the crucial
commutativity of intersection. In §4, we establish some of the basic
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properties of the operation D(−). In §5, we prove the crucial “moving
lemma”, showing that the map Ω∗(X)D → Ω∗(X) is an isomorphism.
This allows us to use the operation D(−) to define the pull-back

i∗D : Ω∗(X) → Ω∗(|D|)

if D is a pseudo-divisor on X with support |D|. We complete the
discussion of pull-back maps for l.c.i. morphisms in §6, where we use
the method of deformation to the normal bundle from [1] to extend the
pull-back map i∗D first to the case of a regular imbedding i : Z → X,
and then finally to an arbitrary l.c.i. morphism. We prove as well all
the important properties of the l.c.i. pull-back in this section.

We prove the results outlined at the beginning of this introduction in
§7, where we show that the l.c.i. pull-backs make Ω∗ into the universal
Borel-Moore homology theory on Schk. We also fill in the missing
pieces in the proofs of Theorems 1 and 3 of [4]. In §8, we extend some
of the degree formulas of [4] from smooth varieties to l.c.i. schemes.

We let (FL,L) denote the universal rank one commutative formal
group. Here FL(u, v) = u+ v+

∑
i,j≥1 aiju

ivj, and the Lazard ring L is
generated by the coefficients aij as an algebra over Z. We grade L by
giving aij degree i+ j − 1, which defines the graded ring L∗; giving aij
degree 1 − i− j defines the graded ring L∗ with Ln = L−n.

Although Fabien Morel is not listed as an author of this work, I
would like to gratefully acknowledge the important influence he has
had on this paper. In particular, the notion of an oriented Borel-Moore
homology theory on Schk, and the suggestion that Ω∗ should have this
structure, are entirely due to him.

1. Oriented Borel-Moore homology theories

1.1. Admissible subcategories and l.c.i. morphisms. Let S be a
noetherian separated scheme. We let SchS denote the category of finite
type separated S-schemes and SmS the full subcategory of smooth
quasi-projective S-schemes.

Recall that a closed imbedding i : Z → X is called a regular imbed-
ding if the ideal sheaf of Z in X is locally generated by a regular
sequence. Also, a local complete intersection morphism in SchS, an
l.c.i. morphism for short, is a morphism f : X → Y of flat finite type
S-schemes which admits a factorization as f = q ◦ i, where i : X → P
is a regular imbedding and q : P → Y is a smooth, quasi-projective
morphism.
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Let V ⊂ SchS be a full subcategory containing S and ∅ which satis-
fies:

1. If Y → X is a smooth quasi-projective morphism with X ∈ V,

then Y ∈ V.

2. If X → S and Y → S are in V, then so is the fiber product

X ×S Y → S.

3. If X and Y are in V, so is X
∐
Y .

(1.1)

Following the usage in [4], we call such a V an admissible subcategory
of SchS. We note that each admissible subcategory of SchS contains
SmS. We let V ′ denote the subcategory of V consisting of only projec-
tive morphisms.

We sometimes require additional objects in V, as described by the
modified version of (1):

4. If Y → X is an l.c.i. morphism with X ∈ V, then Y ∈ V.

We will refer to a full subcategory V of SchS satisfying (1)-(4) as an
l.c.i.-closed admissible subcategory of SchS.

Remarks 1.1. 1) Our notion of an l.c.i. morphism f : X → Y may
differ somewhat from other texts, as we require that the smooth mor-
phism in the factorization be quasi-projective, and that X and Y be
flat over S.

2) For the basic properties of regular imbeddings and l.c.i. mor-
phisms, we refer the reader to [1, Appendix B.7]. For example, if
f : X → Y is an l.c.i. morphism, and if we have any factorization of
f as q ◦ i, where i : X → P is a closed imbedding and q : P → Y is
smooth, then i is automatically a regular imbedding. In particular, if
f : X → Y is a quasi-projective morphism of flat finite type S-schemes,
then the condition that f be an l.c.i. morphism is local on X.

3) If f : X → Y and g : Y → Z are l.c.i. morphisms, then so is
g ◦ f : X → Z. Indeed, factor f and g as f = q1i1, g = q2i2, with
i1 : X → P1, i2 : Y → P2 regular imbeddings, and q1 : P1 → Y ,
q2 : P2 → Z smooth and quasi-projective. Since q1 is quasi-projective,
we can factor q1 as a closed immersion i′ : P1 → Y ×SPN followed by the
smooth projection p1 : Y×SPN → Y . Since Y → P2 is quasi-projective,
there is an open subscheme U ⊂ P2 ×S PN containing (i2 × id)(i(P1))
such that P1 → Y ×P2 U is a closed imbedding. By (2), we may replace
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P1 with Y ×P2 U , giving the commutative diagram

X //
i◦i1

$$
f HH

HH
HH

HH
HH

H
Y ×P2 U //

p2

��

p1

U

��

q

Y //
i2

$$
g

IIIIIIIIIII P2

��

q2

Z

with i◦ i1 a regular imbedding, q smooth and quasi-projective, and the
square cartesian. This gives the desired factorization g ◦ f = (q2q) ◦
(p2ii1).

Similarly, if fi : Xi → Yi, i = 1, 2 are l.c.i. morphisms, then the
product f1 × f2 : X1 ×S X2 → Y1 ×S Y2 is also an l.c.i. morphism. This
follows from the fact that a flat pull-back of a regular imbedding is a
regular imbedding.

4) We call a finite type S-scheme p : X → S an l.c.i. S-scheme if p
is an l.c.i. morphism, and let LciS denote the full subcategory of SchS
with objects the l.c.i. S-schemes. From our above remarks, LciS sat-
isfies the conditions (1.1)(1)-(4), i.e., LciS is an l.c.i.-closed admissible
subcategory of SchS. Clearly every l.c.i.-closed admissible subcategory
of SchS contains LciS.

If f : X → Z and g : Y → Z are morphisms in V, we say that f and
g are transverse in V if

1. f and g are Tor-independent, that is

TorOZ

i (OX ,OY ) = 0; i > 0.

2. The fiber product X ×Z Y is in V.

For example, if V = Smk, k a field, we recover the usual notion of
transverse morphisms. For another example, take V = Schk, k a field.
Let f : X → Z be an l.c.i. morphism and let g : Y → Z be an arbitrary
morphism. If f and g are transverse in SchS, then the projection
X ×Z Y → Y is an l.c.i. morphism. As a third example, let f be an
l.c.i. morphism in LciS, and g an arbitrary morphism in LciS. If f
and g are Tor-independent, then X ×Z Y is in LciS, hence f and g are
transverse in LciS.
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1.2. Oriented Borel-Moore homology. We introduce the notion of
an oriented Borel-Moore homology theory.

Given a rank n locally free sheaf E on X ∈ V, let q : P(E) → X de-
note the projective bundle of rank one quotients of E , with tautological
quotient invertible sheaf q∗E → O(1)E . We let O(1)E denote the line
bundle on P(E) with sheaf of sections O(1)E .

We call a functor F : V ′ → Ab∗ additive if F (∅) = 0 and the
canonical map F (X) ⊕ F (Y ) → F (X

∐
Y ) is an isomorphism for all

X, Y in V.

Definition 1.2. Let V be an admissible subcategory of SchS. An
oriented Borel-Moore homology theory A on V is given by

(D1). An additive functor

A∗ : V ′ → Ab∗ , X 7→ A∗(X).

(D2). For each l.c.i. morphism f : Y → X in V of relative dimension d,
a homomorphism of graded groups

f ∗ : A∗(X) → A∗+d(Y ).

(D3). An element 1 ∈ A0(S) and, for each pair (X, Y ) of objects in V,
a bilinear graded pairing:

A∗(X) ⊗ A∗(Y ) → A∗(X ×S Y )

u⊗ v 7→ u× v,

called the external product, which is associative, commutative and
admits 1 as unit element.

These satisfy

(BM1). One has Id∗X = IdA∗(X) for any X ∈ V. Moreover, given compos-
able l.c.i. morphisms f : Y → X and g : Z → Y in V of pure
relative dimension, one has (f ◦ g)∗ = g∗ ◦ f ∗.

(BM2). Let f : X → Z and g : Y → Z be morphisms in V. Suppose that
f and g are transverse in V, that f is projective and that g is an
l.c.i. morphism, giving the cartesian square

W //
g′

��

f ′

X

��

f

Y //
g Z.

Note that f ′ is projective and g′ is an l.c.i. morphism. Then
g∗f∗ = f ′

∗g
′∗.
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(BM3). Let f : X ′ → X in V and g : Y ′ → Y be morphisms in V. If f
and g are projective, then for u′ ∈ A∗(X

′) and v′ ∈ A∗(Y
′) one

has

(f × g)∗(u
′ × v′) = f∗(u

′) × g∗(v
′).

If f and g are l.c.i. morphisms, then for u ∈ A∗(X) and v ∈ A∗(Y )
one has

(f × g)∗(u× v) = f ∗(u) × g∗(u′)

(PB). For L → Y a line bundle on Y ∈ V with zero-section s : Y → L,
define the operator

c̃1(L) : A∗(Y ) → A∗−1(Y )

by c̃1(L)(η) = s∗(s∗(η)). Let E be a rank n+1 locally free coherent
sheaf on X ∈ V, with projective bundle q : P(E) → X. For
i = 0, . . . , n, let

ξ(i) : A∗+i−n(X) → A∗(P(E))

be the composition of q∗ : A∗+i−n(X) → A∗+i(P(E)) followed by
c̃1(O(1)E)

i : A∗+i(P(E)) → A∗(P(E)). Then the homomorphism

Σn−1
i=0 ξ

(i) : ⊕n
i=0A∗+i−n(X) → A∗(P(E))

is an isomorphism.
(H). Let E → X be a vector bundle of rank r over X ∈ Schk, and let

p : V → X be an E-torsor. Then p∗ : A∗(X) → A∗+r(V ) is an
isomorphism.

(CD). For integers r,N > 0, let W = PN ×S . . . ×S PN (r factors),
and let pi : W → PN be the ith projection. Let X0, . . . , XN

be the standard homogeneous coordinations on PN , let n1, . . . , nr
be non-negative integers, and let i : E → W be the subscheme
defined by

∏r
i=1 p

∗
i (XN)ni = 0. Suppose that E is in V. Then

i∗ : A∗(E) → A∗(W ) is injective.

Remark 1.3. The axiom (CD) may appear at first glance to be some-
what unnatural, but it is implied by a cellular decomposition property
enjoyed by many examples of oriented Borel-Moore homology theories,
namely:

(CD′). Let E be a scheme in V. Suppose that the reduced subscheme
Ered has a filtration by reduced closed subschemes

∅ = E0 ⊂ E1 ⊂ . . . ⊂ EN = Ered

such that
(a) Ei \ Ei−1 is a disjoint union of its irreducible components.
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(b) Each irreducible component E0
ij of Ei \Ei−1 is an affine space

A
Nij

S .
(c) Let Eij be the closure of E0

ij in Ei. Then Eij is smooth over
S.

Then the evident map
∐

i,j Eij → E induces a surjection

⊕i,jA∗(Eij) → A∗(E).

We will verify in §1.7 that (CD′) implies (CD). Since we will only need
this special consequence of the cellular decomposition property, we list
only the property (CD) as an axiom, even though it may seem less
natural than the axiom (CD′).

We will be mostly interested in the sequel in the case S is the spec-
trum of a field and V is the category of finite type k-schemes. However,
all the problems we have considered in [4] have interesting generaliza-
tions for other choices of V. One can easily develop a general theory
of Chern classes of vector bundles as in [4]. Taking for instance V to
be the category of finite type S-schemes which are regular, one has the
oriented Borel-Moore homology theory

X 7→ K0(X)[β, β−1].

Then, for a given multiplicative and periodic theory A∗, the assign-
ment E 7→ rank(E) − cA1 (E∨) gives a natural transformation chA :
K0[β, β−1] → A∗, which makes K0[β, β−1] the universal multiplicative
and periodic oriented Borel-Moore homology theory. This raises the
question of whether the analogues of Theorems 1 and 3 of [4, Intro-
duction] are still valid in the general situation. When S = Spec (k)
for a field k which is not perfect, for example, then one can take for V
one of the three following categories: that of all finite type k-schemes,
that of all regular finite type k-schemes, that of all smooth finite type
k-schemes, and we do not know if the analogues of Theorems 1 and 3
remain true in these cases.

Another interesting example is the category LciS. This may be
viewed as the largest full subcategory of SchS for which each object
πX : X → S has an obvious fundamental class 1X := π∗

X(1)1. As we
shall see in §8, from the point of view of algebraic cobordism an l.c.i.
S-scheme is essentially the same as a smooth S-scheme. For instance,
one has a virtual normal bundle for an l.c.i. S-scheme, and a reasonable
theory of Chern “numbers” for those which are projective over S.

1It is not clear if LciS is in fact the largest full subcategory of SchS for which
one can define natural fundamental classes, but one can show by examples that it is
impossible to define natural fundamental classes on all of SchS , even for S = Spec k,
k a field.



ALGEBRAIC COBORDISM II 11

1.3. Oriented cohomology. Let V be an admissible subcategory of
SchS. The definition of an oriented cohomology theory on Smk, k a
field, is given in [4, Introduction]. Changing Smk to V throughout,
one extends this to the notion of oriented cohomology theory on V. In
general, an oriented cohomology theory on V is not equivalent to an
oriented Borel-Moore homology theory on V, but for V = SmS, the
two notions coincide.

Indeed, let A∗ be an oriented Borel-Moore homology theory on SmS,
and let A∗ be the theory A with cohomological grading: An(X) =
An−dimS X(X) for X → S smooth and of pure dimension over S; in
general, one takes direct sums over the connected components of X.
The cup product on A∗(X) is defined by

α ∪ β := δ∗X(α× β),

where δX : X → X × X is the diagonal and × : A∗(X) ⊗ A∗(X) →
A∗(X × X) is the external product. Conversely, if A∗ is a cohomol-
ogy theory on SmS, let A∗ be A with homological grading, An(X) =
AdimS X−n(X). Define the external product of α ∈ A∗(X), β ∈ A∗(Y )
by α× β := p∗1(α) ∪ p∗2(β) ∈ A∗(X ×S Y ).

Proposition 1.4. The operations A∗ 7→ A∗, A∗ 7→ A∗ give equiva-
lences of the category of oriented Borel-Moore homology theories on
SmS with the category of oriented cohomology theories on SmS.

Proof. Suppose we are given an oriented Borel-Moore homology theory
A∗ on SmS. Since the external product is unital, commutative and
associative, the same is true for the cup product, where the unit is
1X := p∗X(1), pX : X → Spec k being the structure morphism. Noting
that each morphism X → Y in SmS is an l.c.i. morphism, axiom (BM1)
defines A∗ as a functor from Smk to graded groups, and axiom (BM3)
shows that the cup product is functorial. Thus, A∗ is a commutative
ring valued functor on SmS.

To show that A∗ is an oriented cohomology theory on SmS, we need
to show that

1. If f : Y → X is a projective morphism in SmS of relative dimen-
sion d, then the push-forward f∗ : A∗(Y ) → A∗−d(X) is A∗(X)-
linear (the projection formula).

2. For a line bundle p : L → X on X ∈ SmS, the Chern class
endomorphism c̃1(L) : A∗(X) → A∗+1(X) is given by cup product
with c1(L).
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For (1), we have the commutative diagram, in which the square is
cartesian:

Y ×S Y

&&

id×f

MMMMMMMMMM

Y //

(id,f)

;;
δY

vvvvvvvvv

��

f

Y ×S X

��

f×id

X //

δX
X ×S X.

In addition, the maps f × id and δX are transverse in SmS. Using
axioms (BM1), (BM2) and (BM3), we have

f∗(α ∪ f ∗(β)) = f∗(δ
∗
Y (α× f ∗(β)))

= f∗(δ
∗
Y ◦ (id × f)∗(α× β))

= f∗ ◦ (id, f)∗(α× β)

= δ∗X ◦ (f × id)∗(α× β)

= δ∗X(f∗(α) × β)

= f∗(α) ∪ β.

For (2), let s : X → L be the zero section. Then c1(L) = s∗(s∗(1X))
by definition, while for η ∈ A∗(X),

c̃1(L)(η) := s∗(s∗(η))

= s∗(s∗(1X ∪ s∗(p∗η)))

= s∗(s∗(1X) ∪ p∗η)

= s∗(s∗(1X)) ∪ η

= c1(L) ∪ η.

Similarly, given an oriented cohomology theory A∗ on SmS, the func-
tor A∗ on the projective morphisms of SmS evidently satisfies all the
axioms of an oriented Borel-Moore homology theory, with the possible
exception of (BM2) for push-forward and the axiom (CD). For the ax-
iom (BM2), it suffices to show that (f × id)∗(α× β) = f∗(α)× β for a
projective morphism f : X ′ → X in SmS; this follows easily from the
projection formula.

For the axiom (CD), since V = SmS, the only choice for E (up to
permuting the factors in W := (PN)r) is E = PN−1 × PN . . .× PN . By
repeated applications of the projective bundle formula, A∗(W ) is the
free A∗(S)-module on the classes ξn1

1 · . . . · ξnr
r , 0 ≤ ni ≤ N , where ξi =

c1(p
∗
i (O(1))), and pi : W → PN is the ith projection. Similarly, A∗(E)

is the free A∗(S)-module on the classes ξ̄n1
1 · . . . · ξ̄nr

r , 0 ≤ n1 ≤ N − 1,
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0 ≤ ni ≤ N , i = 2, . . . , r, where ξ̄i is the restriction of ξi to E. Let
i : E → W be the inclusion, and let 1E be the unit in A∗(E). By the
projection formula and lemma 1.5 below, we have

i∗(ξ̄
n1
1 · . . . · ξ̄nr

r ) = i∗(i
∗(ξn1

1 · . . . · ξnr

r ) ∪ 1E)

= ξn1
1 · . . . · ξnr

r ∪ i∗(1E)

= ξn1+1
1 · . . . · ξnr

r

Thus i∗ : A∗(E) → A∗+1(W ) is injective, verifying (CD).

Lemma 1.5. Let A∗ be an oriented cohomology theory on SmS. Con-
sider the following property (taken from [4, Definition 2.1]):

(Sect*). Let Y be in SmS. Let L→ Y be a line bundle on some Y ∈ SmS,
s : Y → L a section transverse to the zero-section (in SmS) and
i : Z → Y the closed imbedding of the zero subscheme of s. Then

c1(L) = i∗(1Z).

The property (Sect*) holds for A∗.

Proof. We actually prove a more general result in the context of an
oriented Borel-Moore homology theory in proposition 7.2, relying on
lemma 7.1. In both these proofs, we only use the axioms (BM2) and
(H). For lemma 7.1, the same proof yields the analogous result for A∗,
where E1 and E2 are now required to be smooth divisors, intersecting
transversely on some Y ∈ Smk. Similarly, the proof of proposition 7.2
verifies the axiom (Sect*) for an arbitrary oriented cohomology theory
A∗ on SmS.

Remark 1.6. We have actually proved a bit more in proposition 1.4,
in that we never used the axiom (CD) in showing that an oriented
Borel-Moore homology theory gives rise to a cohomology theory. In
particular, this shows that, for V = SmS, the axiom (CD) is a conse-
quence of the other axioms.

1.4. Weak homology theories. Fix a field k. In this section V will
be an admissible subcategory of Schk. The notion of an oriented Borel-
Moore weak homology theory A∗ on Schk has been defined in [4, Def-
inition 10.7]; changing Schk to V, one has the notion of an oriented
Borel-Moore weak homology theory A∗ on V.

Proposition 1.7. Let A∗ be an oriented Borel-Moore homology theory
on V. By restricting the pull-back maps f ∗ to smooth quasi-projective
morphisms f : Y → X in V having pure relative dimension, A∗ defines
an oriented Borel-Moore weak homology theory on V, also denoted A∗.

Proof. We need to show:
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1. Let L be a line bundle on some X ∈ V. If f : Y → X is a smooth
morphism in V, then c̃1(f

∗L) ◦ f ∗ = f ∗ ◦ c̃1(L). If f : Y → X is a
projective morphism in V, then f∗ ◦ c̃1(f ∗L) = c̃1(L) ◦ f∗.

2. If L and M are line bundles on X ∈ V, then c̃1(L) ◦ c̃1(M) =
c̃1(M) ◦ c̃1(L).

3. Let X and Y be in V, and L → X be a line bundle on X. For
α ∈ A∗(X), β ∈ A∗(Y ), we have

c̃1(L)(α) × β = c̃1(p
∗
1L)(α× β),

where p1 : X ×k Y → X is the projection.
4. The axioms (Sect) and (FGL) [4, Definition 2.1] are valid for A∗.

The property (1) follows easily from the functoriality of smooth pull-
back (BM1) and projective push-forward, plus axiom (BM2) applied
to the transverse cartesian diagram

Y //
f∗s

��

f

f ∗L

��

fL

X //
s L.

For (2), we have the transverse cartesian diagram

X //
sL

��

sM

L

��

s̃M

M //

s̃L
L⊕M.

Applying (BM2) and the functoriality of smooth pull-back and projec-
tive push-forward, we have

c̃1(M) ◦ c̃1(L) = s∗MsM∗s
∗
LsL∗

= s∗M s̃
∗
Ls̃M∗sL∗

= s∗Ls̃
∗
M s̃L∗sM∗

= s∗LsL∗s
∗
MsM∗

= c̃1(L) ◦ c̃1(M).

(3) is an easy consequence of (BM3).
For (4), we note that A∗ satisfies the axiom (Sect): Let p : Y →

Spec k be in Smk and let 1Y = p∗(1). Let L → Y be a line bundle on
some Y ∈ Smk, s : Y → L a section transverse to the zero-section (in
Smk) and i : Z → Y the closed imbedding of the zero subscheme of s.
Then

c̃1(L)(1Y ) = i∗(1Z).



ALGEBRAIC COBORDISM II 15

Indeed, by proposition 1.4, A∗ defines an oriented cohomology theory
A∗ on Smk, and by lemma 1.5, (Sect*) holds for A∗. Since c̃1(L)(η) =
c1(L) ∪ η for L → X a line bundle on X ∈ Smk and for η ∈ A∗(X)
(see the proof of proposition 1.4), it follows that (Sect) holds for A∗.

We note that, by [4, Remark 4.11, Lemma 10.1], A∗ satisfies the
axiom (Dim): Let Y be in Smk. Then, given line bundles L1, . . . , Ln
on Y with n > dimk Y , we have

c̃1(L1) ◦ . . . c̃1(Ln)(1Y ) = 0.

For (FGL), we need to show: there is a power series FA(u, v) ∈
A∗(k)[[u, v]] such that, given line bundles L and M on Y ∈ Smk, we
have

FA(c̃1(L), c̃1(M))(1Y ) = c̃1(L⊗M)(1Y ).

(Note that, by the axiom (Dim), the left-hand side of this equation
makes sense.) Since, by proposition 1.4, the oriented Borel-Moore ho-
mology theory A∗, restricted to Smk, defines an oriented cohomology
theory on Smk, the axiom (FGL) follows from [4, Lemma 1, Introduc-
tion] and the identity c̃1(L)(η) = c1(L) ∪ η mentioned above.

Remark 1.8. One consequence of propositions 1.4 and 1.7 is that an
oriented cohomology theory A∗ on Smk gives rise to an oriented Borel-
Moore weak homology theory A∗ on Smk.

Definition 1.9. Given an oriented Borel-Moore homology theory A∗

on some admisible V ⊂ Schk, the weak oriented Borel-Moore homology
theory it defines is called the underlying one. Similarly, if A∗ is an
oriented cohomology theory on Smk, the weak oriented Borel-Moore
homology theory A∗ it defines is called the underlying one.

Conversely, given an weak oriented Borel-Moore homology theory A∗

on V, we say that A∗ admits a structure of an oriented Borel-Moore
homology theory if there is such a theory Ã∗ whose underlying weak
oriented Borel-Moore homology theory is A∗. We say that A∗ admits a
structure of an oriented cohomology theory if there is such a theory Ã∗

whose underlying weak oriented Borel-Moore homology theory is A∗.

Example 1.10. The locally finite singular homology and étale homology
theories studied in [2] are examples of oriented Borel-Moore homology
theories.

Example 1.11. The Chow groups functor X 7→ CH∗(X) on Sch′
k. One

can check, using the projective push-forwards, the pull-backs and their
properties described in [1], that CH∗ is indeed endowed with such a
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structure. In fact, there is one and only one structure of oriented Borel-
Moore homology theory on CH∗ whose underlying structure gives the
usual one. This follows rather easily from [1].

Example 1.12. The functor X 7→ G0(X)[β, β−1] can be shown as well
to admit a unique structure of oriented Borel-Moore homology theory
on V whose underlying structure is the usual one.

Our main aim of this paper is to establish the following two results:

Theorem 1.13. Let k be a field admitting resolution of singularities.
Let V be an l.c.i.-closed admissible subcategory of Schk. Then the ori-
ented Borel-Moore weak homology theory

X 7→ Ω∗(X)

on V admits one and only one structure of an oriented Borel-Moore
homology theory on V, which we still denote Ω∗.

Theorem 1.14. Let k be a field admitting resolution of singularities.
Then the oriented Borel-Moore weak homology theory Ω∗ on Smk ad-
mits one and only one structure of an oriented cohomology theory Ω∗

on Smk.

We will also show

Theorem 1.15. Assume k admits resolution of singularities.

1. Let V be an l.c.i.-closed admissible subcategory of Schk. Then
algebraic cobordism, X 7→ Ω∗(X), is the universal oriented Borel-
Moore homology theory on V.

2. Algebraic cobordism, considered as an oriented cohomology theory
on Smk, is the universal oriented cohomology theory on Smk.

Theorem 3 of [4], discussed in the introduction, is an immediate con-
sequence of these results. Similarly, the results [4, Theorems 12 and
13] are proven in [4] only for the underlying Borel-Moore weak homol-
ogy theories; theorem 1.15(2) completes the proofs of these results for
the respective oriented cohomology theories on Smk. For the sake of
completeness, we state these results here, in their full generality:

Let L∗ → Z and L∗ → Z[β, β−1] be the homomorphisms classifying
the additive formal group law Fa(u, v) = u + v and the multiplicative
periodic formal group law Fm(u, v) = u+ v − βuv.

Theorem 1.16. Assume k admits resolution of singularities.
1) The canonical morphism Ω∗ → K0[β, β−1] of oriented cohomology
theories on Smk induces an isomorphism of such theories

Ω∗ ⊗L∗ Z[β, β−1] → K0[β, β−1].



ALGEBRAIC COBORDISM II 17

2) Suppose that k has characteristic zero. Then the canonical morphism
Ω∗ → CH∗ of oriented Borel-Moore homology theories on Schk induces
an isomorphism of such theories

Ω∗ ⊗L∗ Z → CH∗.

In particular, the above isomorphism restricts to an isomorphism of
oriented cohomology theories on Smk.

Theorem 1 of [4] is a direct consequence of theorem 1.15(2) and
theorem 1.16(2). Indeed, theorem 1.15(2) shows that Ω∗ ⊗L∗ Z is the
universal ordinary oriented cohomology theory on Smk, and thus the
isomorphism Ω∗ ⊗L∗ Z → CH∗ of theorem 1.16 yields Theorem 1 of [4].

1.5. Fundamental classes. Let A∗ be an oriented Borel-Moore ho-
mology theory on an admissible subcategory V of SchS.

Definition 1.17. Let pX : X → S be an l.c.i. scheme over S. Define
the fundamental class of X, 1X ∈ A∗(X), by 1X := p∗X(1), where
1 ∈ A0(k) is the unit element.

For f : Y → X a projective morphism in V, with Y ∈ LciS, we write
[f : Y → X]A for f∗(1Y ). We omit the A in the notation if the context
makes the meaning clear.

Remark 1.18. Take S = Spec k, k a field. X → Spec k is an l.c.i. mor-
phism if and only X is a local complete intersection closed subscheme
of a smooth quasi-projective P over k. In particular, an l.c.i. k-scheme
X is a Cohen-Macaulay scheme, so X is unmixed (has no embedded
components) and is locally equi-dimensional over k. Thus, for such
a scheme, we may use cohomological notation: An(X) = Ad−n(X)
if X is connected of dimension d over k, and then extend to locally
equi-dimensional X by taking the direct sum over the connected com-
ponents. In particular, the fundamental class 1X is in A0(X).

Remark 1.19. Let f : Y → X be an l.c.i. morphism of l.c.i. S-schemes.
Then f ∗(1X) = 1Y .

1.6. Degree formulas. Some of the degree formulas of [4, §13] can be
improved, if one considers a Borel-Moore homology theory instead of
a weak homology theory. For example, one can replace “smooth” with
“l.c.i.” in [4, Theorem 13.6], yielding the following result (we refer the
reader to [4, §13] for the various terms used in the statement):

Theorem 1.20. Let k be a field. Let A∗ be an oriented Borel-Moore
homology theory on Schk. Assume A∗ is generically constant and has
the localization property.
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Let X be a reduced finite type k-scheme. Assume that, for each
closed integral subscheme Z ⊂ X, we are given a projective birational
morphism Z̃ → Z with Z̃ reduced and in Lcik. Let X1, . . . , Xr be
the irreducible components of X, and let α be in A∗(X). Then for
each integral closed subscheme Z ⊂ X with codimXZ > 0, there is an
element ωZ ∈ A∗−dimk Z(k), all but finitely many being zero, such that

α−
r∑

i=1

degi(α) · [X̃i → X] =
∑

Z, codimXZ>0

ωZ[Z̃ → X].

Similarly, [4, Corollary 13.7] can be modified as follows:

Corollary 1.21. With the assumptions as in theorem 1.20, suppose
that each irreducible component Xi is in Lcik.

1. Let f : Y → X be a projective morphism with Y in Lcik. Then
for each integral closed subscheme Z ⊂ X with codimXZ > 0,
there is an element ωZ ∈ A∗−dimk Z(k), all but finitely many being
zero, such that

[f : Y → X] −
∑

i

degi(f) · [Xi → X] =
∑

Z, codimXZ>0

ωZ [Z̃ → X].

2. Let f : Y → X be a projective birational morphism, with Y in
Lcik. Then, for each integral closed subscheme Z ⊂ X with
codimXZ > 0, there is an element ωZ ∈ A∗−dimk Z(k), all but
finitely many being zero, such that

[f : Y → X] =
∑

i

[Xi → X] +
∑

Z, codimXZ>0

ωZ · [Z̃ → X].

Here, if Y is an l.c.i. k-scheme and f : Y → X is a projective
morphism, we write degi(f) for degi([f : Y → X]).

For example, if k is perfect, X is in Smk and has dimension at most
four over k, then, as one has resolution of singularities for finite type
k-schemes of dimension at most two, and since each codimension one
subvariety of X is an l.c.i. k-scheme, we may apply these two results
without having resolution of singularities for arbitrary finite type k-
schemes.

Also, suppose as in corollary 1.21 that X is a reduced finite type
k-scheme such that the irreducible components X1, . . . , Xs are all in
Lcik. Let di = dimkXi. We have the map p∗i : A∗−di

(k) → A∗(X)
defined by

pi(α) = α · [Xi → X].
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Letting Ã∗(X) be the kernel of the total degree map
∏

i

degi : A∗(X) → ⊕s
i=1A∗−di

(k),

the maps pi define the splitting

A∗(X) = Ã∗(X) ⊕⊕s
i=1A∗−di

(k).(1.2)

1.7. The axiom (CD). We conclude this section by showing that the
axiom (CD′) of remark 1.3 implies the axiom (CD) of definition 1.2, and
that the axiom (CD′) is implied by a certain localization property. In
this section, S is a noetherian separated scheme and V is an admissible
subcategory of SchS.

Lemma 1.22. Suppose V contains LciS. Suppose we are given the
data from definition 1.2 (D1)-(D3) of an oriented Borel-Moore homol-
ogy theory A∗ on V, satisfying the axioms of definition 1.2, with the
possible exception of the axiom (CD), and suppose that A∗ satisfies the
axiom (CD′) of remark 1.3. Then A∗ satisfies the axiom (CD).

Proof. Let E be as in axiom (CD); Note that E is in LciS, hence in V.
We may suppose that n1, . . . , nm are non-zero and nm+1, . . . , nr are all
zero.

Let X0, . . . , XN be the standard homogeneous coordinates on PN ,
and let X i

j = p∗i (Xj), where pi : W = (PN)r → PN is the ith projection.
We may thus write Ered as a strict normal crossing divisor Ered =∑m
i=1Ei, with

Ei = PN × . . .× PN−1 × . . .× PN ⊂ (PN)r,

with the PN−1 the linearly imbedded subspace of PN defined by X i
N =

0, i = 1, . . . , m.
By proposition 1.4 and remark 1.6, A∗ defines an oriented cohomol-

ogy theory A∗ on SmS; we have also shown in the proof of proposi-
tion 1.4 that

c̃1(L)(η) = c1(L) ∪ η

for L → Y a line bundle on Y ∈ SmS and η ∈ A∗(Y ) = A∗(Y ).
By lemma 1.5, the property (Sect*) is valid for A∗. Using these two
properties, together with repeated applications of the axiom (PB), we
see that A∗(P

m1 × . . . × Pmr) is a free A∗(S)-module with basis the

classes î∗(1Pa1×...×Par ), where 0 ≤ aj ≤ nj for 1 ≤ j ≤ r, and where

î : Pa1 × . . .× Par → Pm1 × . . .× Pmr
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is the subscheme defined by the vanishing ofmj−aj coordinatesXj
l , j =

1, . . . , r. It follows from the axiom (Sect*) that the class î∗(1Pa1×...×Par )
is independent of the particular mj − aj coordinates chosen.

Using the standard cellular decomposition of each Ei, we have a
filtration of Ered satisfying the conditions of axiom (CD′), and with each
of the “closed cells” of the form of an imbedded product Pa1 × . . .×Par

in some Ei, defined by the vanishing of coordinates X j
l as above. If a

given product Pa1×. . .×Par should occur twice, say as a cell C in Ei and
another cell C ′ in Ei′ , then both ai ≤ N − 1 and ai′ ≤ N − 1, so there
is a cell C ′′ of the same type in Ei ∩ Ei′ . Thus iC∗(1C) = iC′′∗(1C′′) =
iC′∗(1C′) in A∗(E), where iC : C → E, iC′, iC′′ are the inclusions.
Therefore, by axiom (CD′) and our description of A∗(Ei) above, A∗(E)
is generated as an A∗(S)-module by the classes ĩ∗(1Pa1×...×Par ), where

ĩ : Pa1 × . . .× Par → E

is the composition of a map î followed by the inclusion Ei → E, and the
indices (a1, . . . , ar) run over all r-tuples with 0 ≤ aj ≤ N , j = 1, . . . , r,
with at least one index ai ≤ N − 1 for some i ≤ m. Comparing this
with the description of A∗((P

N)r) as a free A∗(S)-module with basis

î∗(1Pa1×...×Par ), 0 ≤ ai ≤ N , i = 1, . . . , r, we see that the A∗(S)-module
generators for A∗(E) described above are actually an A∗(S)-basis for
A∗(E), and therefore A∗(E) is a summand of A∗((P

N)r), which verifies
the axiom (CD).

Lemma 1.23. Suppose we are given the data from definition 1.2 (D1)-
(D3) of an oriented Borel-Moore homology theory A∗ on SchS, satis-
fying the axioms of definition 1.2, with the possible exception of the
axiom (CD). Suppose that A∗ satisfies the following weak localization
property:

Let i : Z → X be a closed imbedding of finite type k-schemes with
complement j : U → X. Then the sequence

A∗(Z)
i∗−→ A∗(X)

j∗
−→ A∗(U)

is exact.

Then A∗ satisfies the axiom (CD′) of remark 1.3.

Proof. First take Z = Ered. Then U is the empty scheme, hence
A∗(Xred) → A∗(X) is surjective. Thus, it suffices to prove the axiom
(CD′) for reduced E.

We proceed by noetherian induction. Take a filtration of E by closed
subschemes

∅ = E0 ⊂ E1 ⊂ . . . ⊂ EN = E
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satisfying the conditions of axiom (CD′). By induction, the map

⊕i≤N−1,jA∗(Eij) → A∗(EN−1)

is surjective, where Eij is the closure of the irreducible component E0
ij

of Ei, i = 1, . . . , N − 1.
Let E0

N1, . . . , E
0
Nm be the irreducible components of EN \EN−1, and

let ENj be the closure of E0
Nj. By assumption, each E0

Nj is an affine

space ANj over S and each ENj is smooth and quasi-projective over S.
Let p̄ : ENj → S and p : E0

Nj → S be the structure morphisms, and let

f : E0
Nj → ENj be the inclusion. We have the commutative diagram

A∗(ENj) //
f∗

A∗(E
0
Nj)

A∗−Nj
(S)

ff

p̄∗

LLLLLLLLLL

OO

p∗

Since p∗ : A∗−Nj
(S) → A∗(E

0
Nj) is an isomorphism by the homotopy

property (H) of definition 1.2, it follows that f ∗ : A∗(ENj) → A∗(E
0
Nj)

is surjective. Letting i : ENj → E and f̃ : E0
Nj → E be the inclusions,

we have f̃ ∗i∗ = f ∗, by axiom (BM2). Thus the restriction map

A∗(E) → A∗(E \ EN) = ⊕m
j=1A∗(E

0
Nj)

is surjective.
Adding these surjectivities to our weak localization property, we have

the exact sequences

A∗(EN−1) → A∗(EN) → ⊕m
j=1A∗(E

0
Nj) → 0

A∗(ENj ∩ EN−1) → A∗(ENj) → A∗(E
0
Nj) → 0

By an elementary diagram chase the map

⊕i,jA∗(Eij) → A∗(EN)

is surjective, and the induction goes through.

2. Refined cobordism

As mentioned in the introduction, our main goal is to construct
functorial pull-back maps f ∗ : Ω∗(X) → Ω∗(Y ) for l.c.i. morphisms
f : Y → X in Schk; the method of “deformation to the normal bundle”
leads us to first consider the case of a divisor i : D → X. In fact, a
more flexible notion, due to Fulton [1], is that of a pseudo-divisor.
In this section, we define a refined version Ω∗(X)D of the cobordism
group Ω∗(X), when one has the extra data of a pseudo-divisor D on
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X; Ω∗(X)D comes with a natural homomorphism Ω∗(X)D → Ω∗(X).
In the next section, we define intersection with a pseudo-divisor D

D(−) : Ω∗(X)D → Ω∗(|D|).

We go on to prove the required properties of this product, most
notably the commutativity of intersection for two pseudo-divisors. For
this, we will require the auxiliary construction of groups Ω∗(X)D|D′,
which we also give in this section. We conclude the construction in
§5 by proving a “moving lemma”, showing that the homomorphism
Ω∗(X)D → Ω∗(X) is an isomorphism.

2.1. Pseudo-divisors. Let X be a finite type k-scheme. Following
Fulton [1], a pseudo-divisor D on X is a triple D := (Z,L, s), where
Z ⊂ X is a closed subset, L is an invertible sheaf on X, and s is a sec-
tion of L on X, such that the subscheme s = 0 has support contained
in Z; we identify triples (Z,L, s), (Z,L′, s′) if there is an isomorphism
φ : L → L′ with s′ = φ(s). In particular, having fixed L, the section
s is determined exactly up to a global unit on X. If we have a mor-
phism f : Y → X, we define f ∗(Z,L, s) := (f−1(Z), f ∗L, f ∗s); clearly
(fg)∗(D) = g∗(f ∗D) for a pseudo-divisor D. Also, an effective Cartier
divisor D on X uniquely determines a pseudo-divisor (|D|,OX(D), sD),
where sD : OX → OX(D) is the canonical section and |D| is the sup-
port of D.

We call Z the support of a pseudo-divisor D := (Z,L, s), and write
Z = |D|. Similarly, we call s the defining equation of D, and write
s = eq.(D). We let div(D) denote the subscheme s = 0, and write
OX(D) for L. If X is in Smk, if |D| = |divD| and if this subset has
codimension one on X, then we identify D with the Cartier divisor
divD.

The zero pseudo-divisor is (∅,OX , 1). If we have pseudo-divisors D =
(Z,L, s) and D′ = (Z ′,L′, s′), define D +D′ = (Z ∪ Z ′,L⊗L′, s⊗ s′).

2.2. The group Ω∗(X)D. Let X be a finite type k-scheme and D a
pseudo-divisor on X. We define the series of groups

Z∗(X)D → Z∗(X)D → Ω∗(X)D → L∗ ⊗ Ω∗(X)D → Ω∗(X)D

analogous to the sequence

Z∗(X) → Z∗(X) → Ω∗(X) → L∗ ⊗ Ω∗(X) → Ω∗(X)

used to define Ω∗(X) in [4, Part 1].
Recall that a strict normal crossing divisor E on a scheme W ∈ Smk

is an effective divisor E =
∑r

i=1 niEi (with irreducible components
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E1, . . . , Er) such that, for each J ⊂ {1, . . . , r}, the face

EJ := ∩j∈JEj

is smooth over k and has codimension |J | on W . We call E reduced if
all the ni = 1.

We recall from [4, §1] that M(X) is the set of isomorphism classes
of projective morphisms f : Y → X, with Y in Smk (where “iso-
morphism” means isomorphism over X). M(X) is a monoid under
disjoint union; we have the group completion M+(X), which is the
free abelian group on the isomorphism classes f : Y → X in M(X)
with Y irreducible.

Let M(X)D be the submonoid of M(X) generated by f : Y → X,
with Y irreducible, and with either f(Y ) ⊂ |D|, or with divf ∗D a
strict normal crossing divisor on Y . We let M+(X)D be the group
completion of M(X)D; M+(X)D is clearly a subgroup of M+(X).

Recall from [4, Definition 1.6] the notion of a cobordism cycle over
X, namely, a family (f : Y → X,L1, . . . , Lr) with f : Y → X in
M(X), Y irreducible, and L1, . . . , Lr line bundles on Y . One also de-
fines a suitable notion of isomorphism of cobordism cycles, and we have
the group Z∗(X), which is the free abelian group on the isomorphism
classes of cobordism cycles, graded by giving (f : Y → X,L1, . . . , Lr)
degree dimk Y − r. We also allow r = 0, which gives an inclusion
M+(X) → Z∗(X). We let Z∗(X)D be the subgroup of Z∗(X) gener-
ated by the cobordism cycles (f : Y → X,L1, . . . , Lr) with Y → X in
M(X)D.

Definition 2.1. Let X be in Schk and D a pseudo-divisor on X. Let
<RDim

∗ >(X)D be the subgroup of Z∗(X)D generated by cobordism
cycles of the form

(f : Y → X, π∗(L1), . . . , π
∗(Lr),M1, . . . ,Ms),

where π : Y → Z is a smooth quasi-projective morphism, Z is in Smk,
L1, . . . , Lr are line bundles on Z and r > dimk Z. We set

Z∗(X)D := Z∗(X)D/<R
Dim
∗ >(X)D.

Just as for M(X), Z∗(X) and Z∗(X), we have functoriality for
smooth quasi-projective morphisms of relative dimension d, f : X ′ →
X:

f ∗ : M(X)D → M(X ′)f∗(D),

f ∗ : Z∗(X)D → Z∗+d(X
′)f∗(D),

f ∗ : Z∗(X)D → Z∗+d(X
′)f∗(D),
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and push-forward maps for projective morphisms f : X ′ → X:

f∗ : M(X ′)f∗(D) → M(X)D,

f∗ : Z∗(X
′)f∗(D) → Z∗(X)D,

f∗ : Z∗(X
′)f∗(D) → Z∗(X)D.

Also, for L → X a line bundle on X, we have the Chern class endo-
morphism

c̃1(L) : Z∗(X)D → Z∗−(X)D,

defined as for Z∗(X) by sending (f : Y → X,L1, . . . , Lr) to (f : Y →
X,L1, . . . , Lr, f

∗L). This descends to the locally nilpotent endomor-
phism c̃1(L) : Z∗(X)D → Z∗−1(X)D. The operation of product over k
defines external products

× : Z∗(X)D ⊗ Z∗(X
′)D′ → Z∗(X ×k X

′)D×D′,

which descend to Z∗(−)−, and have all the compatibilities with f∗, f
∗

and c̃1(L) as for Z∗(−) and Z∗(−). All these operations are compatible
with the corresponding ones defined for Z∗(−) and Z∗(−), via the
natural maps Z∗(X)D → Z∗(X) and Z∗(X)D → Z∗(X).

2.3. Good position. We define various notions of “good position” of
a divisor E with respect to a pseudo-divisor D.

Definition 2.2. Let f : W → X be in M(X), with W irreducible, and
let E be a strict normal crossing divisor on W . Let D be a pseudo-
divisor on X. We say that E is in good position with respect to D if,
for each face EJ of E, the composition EJ → W → X is in M(X)D.
We say that E is in very good position with respect to D if either
f(W ) ⊂ |D|, or, if not, E + divf ∗D is a strict normal crossing divisor
on W and E. Finally, we say that E is in general position with respect
to D if E is in very good position with respect to D and in addition, in
case f(W ) 6⊂ |D|, that E and divf ∗D have no common components.

We extend these notions toW not necessarily irreducible by imposing
the appropriate condition on each component of W .

Remarks 2.3. 1) It is easy to see that, for f : W → X in M(X) with
strict normal crossing divisor E, if E is in very good position, it is in
good position with respect to D.

2) If f : W → X is in M(X)D, and L is a very ample invertible sheaf
on W , it follows from the Bertini theorem that, for a general section s
of L, the divisor of s is in general position with respect to D.
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Definition 2.4. Let X be in Schk and D a pseudo-divisor on X. Let
<RSect

∗ >(X)D be the subgroup of Z∗(X)D generated by elements of
the form

[f : Y → X,L1, . . . , Lr] − [f ◦ i : Z → X, i∗(L1), . . . , i
∗(Lr−1)],

with r > 0, [f : Y → X,L1, . . . , Lr] a cobordism cycle in Z∗(X)D
and i : Z → Y the closed immersion of the subscheme defined by the
vanishing of a transverse section s : Y → Lr, such that Z is in very
good position with respect to D.

We set

Ω∗(X)D := Z∗(X)D/<R
Sect
∗ >(X)D.

We have the evident natural map Ω∗(X)D → Ω∗(X). The operations
f ∗, f∗ and c̃1(L) descend to the quotient Ω∗(−)− of Z∗(−)−, and are
compatible with the corresponding operations on Ω∗(−) via the natural
maps Ω∗(X)D → Ω∗(X). Similarly, the external products for Z∗(−)−
descend to Ω∗(−)−, and these external products are compatible with
the external products on Ω∗(−).

As in [4, Introduction], we let (FL,L∗) denote the universal formal
group law; L∗ is the Lazard ring and FL = FL(u, v) is a power series
with coefficients in L∗.

If T1, T2 : B → B are commuting locally nilpotent operators on an
abelian group B, and F (u, v) =

∑
i,j aiju

ivj is a power series with

L∗-coefficients, we have the well-defined L∗-linear operator F (T1, T2) :
L∗ ⊗B → L∗ ⊗ B defined by

F (T1, T2)(a⊗ b) :=
∑

i,j

aaij ⊗ T i1(b)T
j
2 (b).

Definition 2.5. For X in Schk, let <L∗R
FGL
∗ >(X)D be the L∗-sub-

module of L∗ ⊗ Ω∗(X)D generated by elements of the form

(id ⊗ f∗)
(
FL(c̃1(L), c̃1(M))(η) − c̃1(L⊗M)(η)

)
,

where f : Y → X is in M(X)D, L and M are line bundles on Y , and
η is in Ω∗(Y )f∗D. We set

Ω∗(X)D := L∗ ⊗ Ω∗(X)D/<L∗R
FGL
∗ >(X)D.

The natural transformation Ω∗(X)D → Ω∗(X) descends to a natural
L∗-linear transformation Ω∗(X)D → Ω∗(X). The structures we have
defined for Ω∗(−)−: f ∗, f∗, c̃1(L) and external products, all descend
to Ω∗(−)−, and are compatible with the corresponding structures on
Ω∗(−), via the natural transformation Ω∗(X)D → Ω∗(X).

If f : Y → X is an X-scheme, and D is a pseudo-divisor on X, we
will often write Ω∗(Y )D for Ω∗(Y )f∗(D), and similarly for Ω∗(Y )D, etc.
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2.4. Refined divisor classes. The operators

c̃1(L) : Ω∗(X)D → Ω∗−1(X)D

are locally nilpotent and commute with one another, thus, if we have
line bundles L1, . . . , Lr on X, and a power series F (u1, . . . , ur) with
L∗-coefficients, we have the L∗-linear endomorphism

F (c̃1(L1), . . . , c̃1(Lr)) : Ω∗(X)D → Ω∗−1(X)D.

If f : W → X is in M(X)D, we have the element 1DW = [id : W →
W ] ∈ Ω∗(W )D. Given line bundles L1, . . . , Lr on W we set

[F (L1, . . . , Lr)]D := F (c̃1(L1), . . . , c̃1(Lr))(1
D
X) ∈ Ω∗(W )D.

We recall some notation from [4, §5]. Let n1,. . . , nr be positive
integers. Let Gn1,... ,nr be the power series with L∗-coefficients giving
the sum in the universal group law (FL,L∗):

Gn1,... ,nr(u1, . . . , ur) = n1 ·F u1 +F . . .+F nr ·F ur.

We have as well the canonical decomposition

Gn1,... ,nr(u1, . . . , ur) =
∑

||J ||=1

uJHn1,... ,nr

J (u1, . . . , ur),

defining the power series Hn1,... ,nr

J , where the sum is over multi-indices

J = (j1, . . . , jr), ||J || is the maximum of the ji, and uJ =
∏

i u
ji
i ; the

Hn1,... ,nr

J are characterized by the property that ui does not occur in
Hn1,... ,nr

J if ji = 0.
If E =

∑r
i=1 niEi is a strict normal crossing divisor on a scheme

W ∈ Smk, with support |E| := ∪ri=1Ei, and irreducible components
E1, . . . , Er, we have defined in [4, §5] the element [E → |E|] of Ω∗(|E|)
by the formula

[E → |E|] :=
∑

J, ||J ||=1

ιJ∗ ([Hn1,... ,nr

J (OW (E1)
J , . . . , OW (Er)

J)]).

To explain the notation: For J = (j1, . . . , jr) with ||J | = 1, we have
the face EJ = ∩i, ji=1Ei, and the inclusion ιJ : EJ → |E|. OW (Ej) is
the line bundle on W with sheaf of sections OW (Ej), and OW (Ej)

J is
the restriction of OW (Ej) to EJ .

Suppose now that we have f : W → X in M(X), and a strict normal
crossing divisor E on W , such that E is in good position with respect
to D. Write E =

∑m
i=1 niEi, with the Ei irreducible.

Since the subscheme EJ is in good position with respect to D, the
morphism f ◦ ιJ : EJ → X is in M(X)D, so we have the class

[Hn1,... ,nr

J (OW (E1)
J , . . . , OW (Er)

J)]D ∈ Ω∗(E
J)D,
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giving the refined divisor class

[E → |E|]D :=
∑

J

ιJ∗ [Hn1,... ,nr

J (OW (E1)
J , . . . , OW (Er)

J)]D

in Ω∗(|E|)D.
The properties of c̃1(L), [E → |E|] and Ω∗(X) proved in [4, §4, §5]

carry over without change to c̃1(L) (acting on Ω∗(X)D), [E → |E|]D
and Ω∗(X)D.

2.5. A further refinement. In order to discuss issues of functoriality,
it will be necessary to make an extension of the above construction.

Definition 2.6. Let X be a finite type k-scheme, with pseudo-divisors
D, D′. Let i : |D| → X be the inclusion. We let M(X)D|D′ be
the submonoid of M(X)D generated by those f : Y → X, with Y
irreducible, such that

1. If f(Y ) ⊂ |D|, then f : Y → |D| is in M(|D|)D′.
2. If f(Y ) 6⊂ |D|, then, for each face F of divf ∗D, the map f : F →

|D| is in M(|D|)D′.

Definition 2.7. Let f : W → X be in M(X), and let E be a strict
normal crossing divisor on W . We say that E is in good position with
respect to D|D′ if for each face EJ of E, the composition

EJ iJ
−→ W

f
−→ X

is in M(X)D|D′.
For f : W → X in M(X)D|D′ with W irreducible, we say that E is

in very good position with respect to D|D′ if E is in very good position
with respect to D and

1. if f(W ) ⊂ |D|, then E is in very good position with respect to D′

2. if f(W ) 6⊂ |D|, then for each face F of divf ∗D not contained in
E, the normal crossing divisor F ·E on F is in very good position
with respect to D′.

We say that E is in general position with respect to D|D′ if E is in
very good position with respect to D|D′ and in general position with
respect to D.

We extended these notions to reducible W by requiring the appro-
priate condition on each component of W .

Remark 2.8. Suppose that W → X is in M(X)D|D′. If E is a divisor
on W , in very good position with respect to D|D′, and EJ is a face of
E, then EJ is in M(X)D|D′. Indeed, if f(W ) ⊂ |D|, this is evident,
and if f(W ) 6⊂ |D|, then each face FE of the normal crossing divisor
EJ ·divf ∗D on EJ is of the form EJ ·F for F a face of divf ∗D. Thus FE
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is a face of the normal crossing divisor F ·E on F , and hence FE → |D|
is in M(|D|)D′. This shows that EJ → X is in M(X)D|D′, as claimed.
In other words, if E is in very good position with respect to D|D′, then
E is in good position with respect to D|D′.

Making the evident modifications to the constructions of the previous
section, we have the sequence of abelian groups

Z∗(X)D|D′ → Z∗(X)D|D′ → Ω∗(X)D|D′ → Ω∗(X)D|D′.

Explicitly, Z∗(X)D|D′ is the subgroup of Z∗(X) generated by the
cobordism cycles (Y → X,L1, . . . , Lr) with Y → X in M(X)D|D′. Let
<RDim

∗ >(X)D|D′ be the subgroup generated by cobordism cycles of the
form

(f : Y → X, π∗(L1), . . . , π
∗(Lr),M1, . . . ,Ms),

where π : Y → Z is a smooth quasi-projective morphism, Z is in Smk,
L1, . . . , Lr are line bundles on Z and r > dimk Z. We let Z∗(X)D|D′

be the quotient group Z∗(X)D|D′/<RDim
∗ >(X)D|D′. Ω∗(X)D|D′ is the

quotient of Z∗(X)D|D′ by the subgroup <RSect
∗ >(X)D|D′ generated by

elements of the form

(f : Y → X,L1, . . . , Lr) − (fi : Z → X, i∗(L1), . . . , i
∗(Lr−1)),

with r > 0, (f : Y → X,L1, . . . , Lr) a cobordism cycle in Z∗(X)D|D′

and i : Z → Y the closed immersion of the subscheme defined by
the vanishing of a transverse section s : Y → Lr, such that Z is in
very good position with respect to D|D′. Ω∗(X)D|D′ is the quotient of
L∗⊗Ω∗(X)D|D′ by the L∗-submodule <L∗RFGL

∗ >(X)D|D′ generated by
elements of the form

(id ⊗ f∗)
(
FL(c̃1(L), c̃1(M))(η) − c̃1(L⊗M)(η)

)
,

where f : Y → X is in M(X)D|D′, L and M are line bundles on Y ,
and η is in Ω∗(Y )f∗D|f∗D′ .

Forgetting D′ defines in an evident manner the natural transfor-
mations Z∗(X)D|D′ → Z∗(X)D, Z∗(X)D|D′ → Z∗(X)D, etc. The
operations f ∗, f∗, c̃1(L) and external products defined on Z∗(X)D,
Z∗(X)D, etc. have their evident refinements to Z∗(X)D|D′, Z∗(X)D|D′,
Ω∗(X)D|D′ and Ω∗(X)D|D′, satisfying the same structural relations, and
compatible with the operations on Z∗(X)D, Z∗(X)D, etc. In particular,
the operations c̃1(L) on Z∗(X)D|D′ and Ω∗(X)D|D′ are locally nilpo-
tent and commute with one another, so the definition of Ω∗(X)D|D′

makes sense. Also, as for one pseudo-divisor, if we have an X-scheme
f : Y → X, we write M(Y )D|D′, Ω∗(Y )D|D′, etc., for M(Y )f∗D|f∗D′,
Ω∗(Y )f∗D|f∗D′ , etc.
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For f : W → X in M(X)D|D′, the identity map idW : W → W is

in M(W )D|D′, giving the identity class 1
D|D′

W ∈ Ω∗(W )D|D′. Thus, if
F (u1, . . . , ur) is a power series with L∗-coefficients, and L1, . . . , Lr are
line bundles on W , we have the class

[F (L1, . . . , Lr)]D|D′ := F (c̃1(L1), . . . , c̃1(Lr))(1
D|D′

W ) ∈ Ω∗(W )D|D′.

Therefore, given f : W → X in M(X) and a strict normal crossing
divisor E =

∑r
i=1 niEi on W which is in good position with respect to

D|D′, we have the class of E, [E → |E|]D|D′ ∈ Ω∗(|E|)D|D′, defined by

[E → |E|]D|D′ :=
∑

J, ||J ||=1

ιJ∗ ([Hn1,... ,nr

J (OW (E1)
J , . . . , OW (Er)

J)]D|D′).

We recover the groups M(X)D, Ω∗(X)D, etc., as a special case by
taking D′ to be the 0 pseudo-divisor (∅,OX , 1). Similarly, we recover
M(X)D′, Ω∗(X)D′, etc., by taking D = (X,OX , 0).

As above, the properties of Ω∗(X), Ω̃∗(X), Ω∗(X), c̃1(L) and [E →
|E|] discussed in [4, §4, §5] carry over without change to Ω∗(X)D|D′,

Ω̃∗(X)D|D′, Ω∗(X)D|D′, c̃1(L) and [E → |E|]D|D′. Also, as in [4], if E
is a strict normal crossing divisor on some W , and f : W → X is
in M(X)D|D′, we let [E → W ]D|D′ denote i∗([E → |E|]D|D′), where
i : |E| → W is the inclusion.

Remark 2.9. Let f : Y → X be in M(X)D|D′, with Y irreducible,
and suppose that f(Y ) 6⊂ |D|. Then divf ∗D is a strict normal crossing
divisor, in good position with respect toD′, so if E is an effective divisor
on Y with f(|E|) ⊂ |D|, then E is in good position with respect to D′,
hence the class [E → |E|]D′ in Ω∗(|E|)D′ is defined.

Remark 2.10. Among the results of [4] that extend to Ω∗(X)D|D′, we
note the analog of [4, Proposition 5.9]: Let E be a strict normal crossing
divisor on some W ∈ Smk. Let D, D′ be pseudo-divisors on W .
Suppose that E is in good position with respect to D|D′. Then

[E →W ]D|D′ = [OW (E)]D|D′.

The proof is exactly the same as for [4, Proposition 5.9].

2.6. Some properties of Ω∗(X)D. In this paragraph, we assume that
k admits resolution of singularities.

Lemma 2.11. Let X be in Schk, and let D be a pseudo-divisor on X.
Let f : Y → X be in M(X)D, let i : F → Y be a closed subscheme
of Y and let µ : W → Y be a projective birational morphism. Suppose
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that the exceptional divisor E of µ is in very good position with respect
to D and that µ(|E|) ⊂ F . Then there is an element α ∈ Ω∗(F )D with

[f ◦ µ : W → X]D = [f : Y → X]D + (fi)∗(α) ∈ Ω∗(X)D.

Proof. We may replace X with Y , so idY is in M(Y )D, and we may
suppose that Y is irreducible. If |D| = Y , then Ω∗(Y )D = Ω∗(Y ),
Ω∗(F )D = Ω∗(F ), and the result is [4, Proposition 6.4]. Suppose |D| 6=
Y . Then D is a strict normal crossing divisor on Y . Since E is in
very good position with respect to D, E+D is a strict normal crossing
divisor on W ; in particular, µ : W → Y is in M(Y )D, so [µ : W → Y ]D
is defined.

We consider the deformation to the normal bundle, as in [4, §6.1].
Let Z ⊂ Y be a closed subscheme supported in F such that W → Y is
the blow-up of Y along Z, and let ρ′ : T ′ → Y × P1 be the blow-up of
Y × P1 along Z × 0. Without loss of generality, we may assume that
F = Zred. Let <F × P1> ⊂ T ′ be the proper transform of F × P1, let
<Y ×0> be the proper transform of Y ×0, and let Ê ′ be the exceptional
divisor of ρ′. Let U = T ′ \ (<F ×P1>∩ Ê ′). Then (by [4, Lemma 6.1])
U is smooth over k, U contains <Y × 0> and the induced morphism
<Y × 0>→ Y is isomorphic to W → Y . In addition (see the proof of
[4, loc. cit.]) U → Y is locally isomorphic to µ ◦ p1 : W × A1 → Y ,

and, in these coordinates, Ê ′ ∩ U → Y is locally isomorphic to µ ◦ p1 :
E × A1 → Y and <Y × 0> ⊂ U is the subscheme W × 0. Thus,
(ρ′∗(D × P1) + Ê ′ + <Y × 0>) ∩ U is a strict normal crossing divisor
on U . Therefore, by resolution of singularities, there is a projective
birational morphism π : T → T ′ which an isomorphism over U , such
that the induced morphism ρ : T → Y × P1 satisfies:

1. T → Y × P1 is in M(Y × P1)D,

2. Letting Ê ⊂ T be the exceptional divisor of ρ, ρ∗(D × P1) + Ê +
<Y × 0> is a strict normal crossing divisor on T

Since ρ : T → Y×P1 is an isomorphism away from Y×0, ρ−1(Y×1) is
isomorphic to Y . By (1) and (2) above, we have the classes [ρ∗(Y ×1) →

T ]D and [Ê +<Y × 0> → T ]D. Since Ê + <Y × 0> = ρ∗(Y × 0), we
have

[ρ∗(Y × 1) → T ]D = [(p2 ◦ ρ)
∗(OP1(1))]D = [Ê +<Y × 0>→ T ]D

(2.1)

by remark 2.10. On the other hand, by definition of the divisor class
[Ê +<Y × 0>→ |Ê +<Y × 0>|]D, there is a class β ∈ Ω∗(|Ê|)D such
that

[Ê +<Y × 0>→ T ]D = [<Y × 0>→ T ]D + î∗(β),(2.2)
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where î : |Ê| → T is the inclusion.

Let p : T → Y be p1 ◦ µ, and let pF : |Ê| → F be the map induced
by p. Let α = pF∗ (β). Applying the push-forward p∗ to the identity
(2.2) and using (2.1) yields

[idY ] = [f : W → Y ] + i∗(α),

as desired.

Lemma 2.12. Let f : X → Z be a morphism in Schk with Z in Smk,
and let L1, . . . , Lr be line bundles on Z with r > dimk Z. Let D be
a pseudo-divisor on X. Then the operator c̃1(f

∗L1) ◦ . . . ◦ c̃1(f ∗Lr)
vanishes on Ω∗(X)D.

Proof. We proceed by induction on dimk Z. Since the operators c̃1(L)
are L∗-linear and commute with each other, it suffices to show that
the operator in question vanishes on elements g : Y → X of M(X)D.
Using the projection formula reduces us to the case g = idY , that is, it
suffices to show that

(idY , f
∗L1, . . . , f

∗Lr) = 0 in Ω∗(Y )D,

assuming idY is in M(Y )D.
We may assume that Y is irreducible. Thus, either Y ⊂ |D|, or D is

a strict normal crossing divisor on Y . We give the proof in the latter
case; the proof in the former case is essentially the same, but easier,
and is left to the reader.

We first reduce to the case of very ample line bundles. Since Z is
quasi-projective, there are very ample line bundles M1, . . . , Mr and
N1, . . . , Nr on Z such that Li ∼= Ni ⊗ M−1

i for each i. Let χ(u) be
the inverse for the group law (FL,L∗) and let F−(u, v) = FL(u, χ(v)).
Using the relations in <RFGL

∗ >D|D′, we see that

(idY , f
∗L1, . . . , f

∗Lr)

= c̃1(f
∗L1) ◦ . . . ◦ c̃1(f

∗Lr)(1
D|D′

Y )

= F−(c̃1(f
∗N1), c̃1(f

∗M1)) ◦ . . .

. . . ◦ F−(c̃1(f
∗Nr), c̃1(f

∗Mr))(1
D|D′

Y ).

Since FL(u, v) and χ(u) both have non-zero constant terms, the expres-
sion F−(c̃1(f

∗N1), c̃1(f
∗M1)) ◦ . . . ◦ F−(c̃1(f

∗Nr), c̃1(f
∗Mr)) is a sum of

monomials in c̃1(f
∗Ni), c̃1(f

∗Mj), each of degree at least r, with coeffi-
cients in L∗. Thus, it suffices to prove the result in case each Li is very
ample.
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If dimk Z = 0, all the line bundles are trivial, hence have a nowhere
vanishing section. We may then use the relations in <RSect

∗ >(Y )D|D′

(for the empty divisor) to conclude that (idY , f
∗L1, . . . , f

∗Lr) = 0.
Suppose now that dimk Z > 0. Let s be a section of Lr, chosen so

that f ∗s is not identically zero on Y . We may also assume that s = 0
is a smooth divisor ī : Z̄ → Z on Z. Let H be the divisor of f ∗s with
inclusion i : |H| → Y , and let f̄ : |H| → Z̄ be the induced morphism.

By resolution of singularities, there is a projective birational mor-
phism µ : W → Y such that µ∗(H + D) is a strict normal crossing
divisor on W , and with µ an isomorphism over Y \|H|. By lemma 2.11,
there is a class α ∈ Ω∗(H)D with

[W → Y ] = [idY ] + i∗(α).

Since

c̃1(f
∗L1) ◦ . . . c̃1(f

∗Lr)(i∗(α)) = i∗(c̃1(f̄
∗(̄i∗L1)) ◦ . . . c̃1(f̄

∗(̄i∗Lr))(α)),

our induction hypothesis implies that c̃1(f
∗L1)◦. . . c̃1(f ∗Lr)(i∗(α)) = 0.

Thus, it suffices to show that c̃1(f
∗L1) ◦ . . . c̃1(f ∗Lr)([W → Y ]) = 0.

As this element is just the push-forward of (W, (fµ)∗L1, . . . , (fµ)∗Lr)
by µ, we may replace Y with W ; changing notation, we may assume
that H +D is a strict normal crossing divisor on Y .

By remark 2.10, we have the identity in Ω∗(Y )D

[H → Y ]D = [OY (H)]D = [f ∗Lr]D.

Thus

(idY , f
∗L1, . . . , f

∗Lr)

= c̃1(f
∗L1) ◦ . . . ◦ c̃1(f

∗Lr−1)([H → Y ]D)

= i∗(c̃1(f̄
∗(̄i∗L1)) ◦ . . . ◦ c̃1(f̄

∗(̄i∗Lr))([H → |H|]D)).

As this last element is zero by our induction hypothesis, the lemma is
proved.

3. Intersection with a pseudo-divisor

In this section and for the remainder of the paper, we assume that
k admits resolution of singularities, unless explicitly stated otherwise.

3.1. The intersection map on cobordism cycles. If L is a line
bundle on a k-scheme X with sheaf of sections L, we write c̃1(L) for
c̃1(L).

Let D = (|D|,OX(D), s) be a pseudo-divisor on X, let f : Y →
X be in M(X)D with Y irreducible, and consider a cobordism cycle
η := (Y → X,L1, . . . , Lr) in Z∗(X)D. We define the element D(η) ∈
Ω∗(|D|) as follows: If f(Y ) ⊂ |D|, let fD : Y → |D| be the morphism
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induced by f . We have the element c̃1(f
∗OX(D))(η) in Ω∗(Y ); we then

define

D(η) := fD∗ (c̃1(f
∗OX(D))(idY , L1, . . . , Lr)) ∈ Ω∗(|D|).

If f(Y ) 6⊂ |D|, then D̃ := divf ∗D is a strict normal crossing divisor on
Y . We let fD : |D̃| → |D| be the restriction of f , LDi the restriction of

Li to |D̃|, and define

D(η) := fD∗ (c̃1(L
D
1 ) ◦ . . . ◦ c̃1(L

D
r )([D̃ → |D̃|])) ∈ Ω∗(|D|).

We extend this operation to a homomorphism D(−) : Z∗(X)D →
Ω∗(|D|) by linearity.

Suppose we have a second pseudo-divisor D′ on X. We refine the
above construction to give, for each η ∈ Z∗(X)D|D′, a class D(η)D′ in
Ω∗(|D|)D′. For this, take f : Y → X in M(X)D|D′ with Y irreducible,
and consider η = (Y → X,L1, . . . , Lr). If f(Y ) ⊂ |D|, then fD : Y →
|D| is in M(|D|)D′. We may thus set

D(η)D′ := fD∗ c̃1(f
∗OX(D))((idY , L1, . . . , Lr))

giving a well-defined class in Ω∗(|D|)D′. If f(Y ) 6⊂ |D|, then D̃ :=
divf ∗D is a strict normal crossing divisor contained in f−1(|D′|). The
condition that f is in M(X)D|D′ implies that D̃ is in good position with

respect to D′, hence the refined divisor class [D̃ → |D̃|]D′ ∈ Ω∗(|D̃|)D′

is defined. Letting fD : |D̃| → |D| be the map induced by f , we then
set

D(η)D′ := fD∗ (c̃1(L1) ◦ . . . c̃1(Lr)([D̃ → |D̃|]D′))

in Ω∗(|D|)D′.
Extending by linearity defines D(η)D′ in Ω∗(|D|)D′ for each η ∈

Z∗(X)D|D′. If we take D′ = 0, then we recover the definitions for D(f)
given above. We sometimes omit the subscript D′ from the notation if
the context makes the meaning clear.

The next two results follow directly from the definitions:

Lemma 3.1. Let X be a finite type k-scheme, with pseudo-divisors D,
D′. Let g : X ′ → X be a morphism of finite type, and let gD : |g∗D| →
|D| be the restriction of g.

1. Suppose that g is projective and let η be in Z∗(X
′)D|D′. Then g∗η

is in Z∗(X)D|D′, and

gD∗(g
∗D(η)D′) = D(g∗η)D′.

2. Suppose that g is smooth and quasi-projective. Take η ∈ Z∗(X)D.
Then g∗η is in Z∗(X

′)D, gD is smooth and quasi-projective, and

g∗D(D(η)) = (g∗D)(g∗η).
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Lemma 3.2. Let X be a finite type k-scheme, with pseudo-divisors D,
D′. Let η be in Z∗(X)D|D′, let L be a line bundle on X and let LD be
the restriction of L to D. Then

c̃1(L
D)(D(η)D′) = D(c̃1(L)(η))D′.

We extend the operation D(−)D′ to L∗ ⊗Z∗(X)D|D′ by L∗-linearity.
More generally, let F (u1, . . . , ur) be a power series with L∗-coefficients,
let L1, . . . , Lr be line bundles on X, and let f : Y → X be in

M(X)D|D′. We note that f ∗D(1
D|D′

Y )D′ is an L∗-linear combination-
ation of classes of the form i : Z → |f ∗D|, with dimk Z ≤ dimk Z.
Thus, letting FN denote the truncation of F after total degree N , we
have, for all N ≥ dimk Y and all m ≥ 0

D(FN(c̃1(L1), . . . , c̃1(Lm))([f ]))D′

= fD∗(f
∗D(FN(c̃1(f

∗L1), . . . , c̃1(f
∗Lm))(1

D|D′

Y ))

= fD∗(FN(c̃1(f
∗L1), . . . , c̃1(f

∗Lm))(f ∗D(1
D|D′

Y )))

= fD∗(FN+m(c̃1(f
∗L1), . . . , c̃1(f

∗Lm))(f ∗D(1
D|D′

Y )))

= D(FN+m(c̃1(L1), . . . , c̃1(Lm))([f ]))D′.

Thus, for η ∈ Z∗(X)D|D′, we may set

D(F (c̃1(L1), . . . , c̃1(Lm))(η))D′

:= lim
N→∞

D(FN(c̃1(L1), . . . , c̃1(Lm))(η))D′,

as the limit is eventually constant.
With this definition, we may extend lemma 3.2 to power series in

the Chern class operators:

Lemma 3.3. Let η be in Z∗(X)D|D′, let fD : |f ∗D| → |D| be the re-
striction of f and let i : |f ∗D| → Y be the inclusion. Let F (u1, . . . , ur)
be a power series with L∗-coefficients, and let L1, . . . , Lr be line bundles
on Y . Then

D(f∗([F (L1, . . . , Lr)]D|D′))

= fD∗ (F (c̃1(i
∗L1), . . . , c̃1(i

∗Lr))(f
∗D)(1

D|D′

Y )).

The next result requires a bit more work.

Lemma 3.4. Let f : W → X be in M(X)D|D′ and let Y → W be
a smooth codimension one closed subscheme of W . Suppose that Y is
in general position with respect to D|D′. Suppose further that W is
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irreducible and f(W ) 6⊂ |D|. Let fD : |f ∗D| → |D| be the morphism
induced by f and let i : |f ∗D| → W be the inclusion. Then

D([Y → X])D′ = fD∗ (c̃1(i
∗OW (Y ))([divf ∗D → |f ∗D|]D′)).

Proof. Write D̃ for divf ∗D. Let iY : Y → W denote the inclusion.
Since Y is in general position with respect to D|D′, Y → X is in
M(X)D|D′, i∗Y (D̃) is a strict normal crossing divisor on Y and is in
good position with respect to D′. Furthermore, D([Y → X])D′ is by

definition [i∗Y (D̃) → |D|]D′.

Write D̃ =
∑m

i=1 niD̃i, with each D̃i irreducible. We may write

[D̃ → |D̃|]D′ as a sum over the faces D̃J of D̃,

[D̃ → |D̃|]D′ =
∑

J

ιJ∗ ([Hn1,... ,nm

J (LJ1 , . . . , L
J
m)]D′),

where ιJ : D̃J → |D̃| is the inclusion, Li = OW (D̃i) and LJi is the
restriction of Li to D̃J .

Since Y is in general position with respect to D, it follows that
the intersection Y J := Y ∩ D̃J is tranverse; since Y is in very good
position with respect to D|D′, the smooth codimension one subscheme
ιY J : Y J → |D̃| of D̃J is in very good position with respect to D′, for

each index J . Thus, the relations in <RSect
∗ >(|D̃|)D′ imply that

c̃1(i
∗OW (Y ))([D̃ → |D̃|]D′)

=
∑

J

ιY J∗ ([Hn1,... ,nm

J (LY J1 , . . . , LY Jm )]D′),

where ιY J : Y J → |D̃| is the inclusion, and LY Ji is the restriction of Li
to Y J . Letting ī : |D̃| ∩ Y → |D̃| be the inclusion, the right-hand side

above is clearly the same as the class ī∗([i
∗
Y (D̃) → |D̃|∩Y ]D′). Pushing

this identity forward via fD gives

D([Y → X])D′ = [i∗Y (D̃) → |D|]D′

= fD∗ ([i∗Y (D̃) → |D̃|]D′)

= fD∗ (c̃1(i
∗OW (Y ))([D̃ → |D̃|]D′)).

3.2. Descent to Ω∗(X)D|D′. Let X be a finite type k-scheme with
pseudo-divisors D and D′. We proceed to show that intersection with a
pseudo-divisor D descends to a homomorphism D(−)D′ : Ω∗(X)D|D′ →
Ω∗−1(|D|)D′.
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Lemma 3.5. Let f : Y → X a projective morphism in M(X)D|D′, and
let L1, . . . , Lr be line bundles on Y with r ≥ dimk Y . Then D((Y →
X,L1, . . . , Lr))D′ = 0 in Ω∗−1(|D|)D′.

Proof. We may suppose Y to be irreducible. Write D̃ for f ∗D, and let
fD : |divD̃| → |D| be the restriction of f . Using lemmas 3.1 and 3.2,
we have

D((f : Y → X,L1, . . . , Lr))D′ = fD∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)(D̃(1

D|D′

Y ))
)
.

If f(Y ) ⊂ |D|, then D̃(1
D|D′

Y ) = c̃1(OY (D̃))(1
D|D′

Y ), and thus

c̃1(L1) ◦ . . . ◦ c̃1(Lr)(D̃(1
D|D′

Y )) = (idY , L1, . . . , Lr, OY (D̃)) = 0

in Z∗(Y )D′ . If f(Y ) 6⊂ |D|, then D̃(1
D|D′

Y )) is a sum of term of the form

a · ιJ∗ ((D̃J ,M1, . . . ,Ms)), with a ∈ Ω∗(k), ι
J : D̃J → Y the inclusion

of a face of D̃J , and the Mi line bundles on D̃J . Thus c̃1(L1) ◦ . . . ◦

c̃1(Lr)(D̃(1
D|D′

Y )) is a sum of terms of the form

a · ιJ∗ ((D̃J ,M1, . . . ,Ms, ι
J∗L1, . . . , ι

J∗Lr))

Since each face D̃J has dimension < dimk Y , the terms

(D̃J ,M1, . . . ,Ms, ι
J∗L1, . . . , ι

J∗Lr)

vanish in Ω∗(D̃
J)D′ (use the relations <RDim

∗ >(D̃J)D′), whence the
result.

Lemma 3.6. Suppose that X is in Smk. Let Z1, Z2 be smooth disjoint
divisors on X, both in very good position with respect to D|D′.

1. Let iJ : DJ → X be the inclusion of a face of D. Then

c̃1(i
∗
JOX(Z1)) ◦ c̃1(i

∗
JOX(Z2))(1

D′

DJ ) = 0

in Ω∗(D
J)D′.

2. Let i : |D| → X be the inclusion. Then

c̃1(i
∗OX(Z1)) ◦ c̃1(i

∗OX(Z2))([D → |D|]D′) = 0

in Ω∗(|D|)D′.

Proof. For each J , let ιJ : DJ → |D| be the inclusion. Write D =∑r
i=1 niDi, and let ηJ = ιJ∗ (c̃1(i

∗
JOX(Z1)) ◦ c̃1(i∗JOX(Z2))(1

D′

DJ )). Then

c̃1(i
∗OX(Z1)) ◦ c̃1(i

∗OX(Z2))([D → |D|]D′)

=
∑

J

Hn1,... ,nr

J (c̃1(i
∗OX(D1)), . . . , c̃1(i

∗OX(Dr)))(ηJ).

Thus (2) follows from (1).
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For (1), letDJ
α be an irreducible component ofDJ with inclusion iJα :

DJ
α → X. Either DJ

α ⊂ Z2 or Z2∩DJ
α is smooth and codimension one on

DJ
α (or is empty). In the former case, Z1∩DJ

α = ∅, so i∗JαOX(Z1) ∼= ODJ
α

and

c̃1(i
∗
JαOX(Z1)) ◦ c̃1(i

∗
JαOX(Z2))(1

D′

DJ
α
)

= c̃1(i
∗
JαOX(Z2)) ◦ c̃1(i

∗
JαOX(Z1))(1

D′

DJ
α
)

= c̃1(i
∗
JαOX(Z2))((c̃1(ODJ

α
)(1D

′

DJ
α
))

= 0,

using the relations <RSect
∗ >(DJ)D|D′ in the case of an empty divisor.

If DJ
α 6⊂ Z2, then, using the relations <RSect

∗ >(DJ)D|D′ for the smooth
divisor Z2 ∩DJ

α on DJ
α, we see that, letting g : Z2 ∩DJ

α → DJ
α be the

inclusion,

c̃1(i
∗
JαOX(Z1)) ◦ c̃1(i

∗
JαOX(Z2))(1

D′

DJ
α
)

= c̃1(i
∗
JαOX(Z1))(g∗(1

D′

Z2∩DJ
α
))

= g∗(c̃1(g
∗i∗JαOX(Z1))(1

D′

Z2∩DJ
α
))

= 0,

because g∗i∗JαOX(Z1) ∼= OZ2∩DJ
α
.

Letting ια : DJ
α → DJ be the inclusion, we have 1D

′

DJ =
∑

α ι
J
α∗(1

D′

DJ
α
).

Thus

c̃1(i
∗
JOX(Z1)) ◦ c̃1(i

∗
JOX(Z2))(1

D′

DJ ) = 0,

as desired.

Finally, we need an extension of lemma 3.4.

Lemma 3.7. Let W be in Smk and irreducible. Let iY : Y → W be
an irreducible codimension one closed subscheme, smooth over k. Let
D,D′ be pseudo-divisors on W such that W 6= |D| and let iD : |D| → W
be the inclusion. Suppose that Y +D is a strict normal crossing divisor
on W , in very good position with respect to D′. Then

D([Y →W ])D′ = c̃1(i
∗
DOW (Y ))([D → |D|]D′)(3.1)

in Ω∗(|D|)D′.

Proof. The condition that Y +D is a strict normal crossing divisor, in
very good position with respect to D′ implies that iY : Y → W is in
M(W )D|D′, and that D is in good position with respect to D′. Thus,
all the terms in (3.1) are defined.

In case Y is not a component of D, Y is in general position with
respect to D|D′, so the result follows from lemma 3.4.
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Now suppose that Y is a component of D. Write D =
∑m

i=1 niDi,
with Y = D1. Let ιY : Y → |D|, ηJ : DJ ∩Y → Y , τJ : DJ ∩Y → DJ ,
iJY : DJ ∩ Y → W , ιJ : DJ → |D| and iJ : DJ → W be the inclusions.
Since

n1 ·F u1 +F + . . .+F nm ·F um = Gn1,... ,nm(u1, . . . , um)

=
∑

J

uJHn1,... ,nm

J (u1, . . . , um),

we have

c̃1(OW (D)) =
∑

J

c̃1(OW (D∗))
JHJ(c̃1(OW (D1)), . . . , c̃1(OW (Dm))),

where HJ := Hn1,... ,nm

J and if J = (j1, . . . , jm), then

c̃1(OW (D∗))
J = c̃1(OW (D1))

j1 ◦ . . . ◦ c̃1(OW (Dm))jm.

Since we therefore have

D([Y →W ])D′ = c̃1(i
∗
DOW (D))([Y → |D|])

=
∑

J

ιY ∗

(
c̃1(i

∗
YOW (D∗))

J([HJ(i
∗
YOW (D1), . . . , i

∗
YOW (Dm))]D′))

)
;

c̃1(i
∗
DOW (Y ))([D → |D|]D′)

=
∑

J

ιJ∗
(
c̃1(i

J∗OW (Y ))([HJ(i
J∗OW (D1), . . . , i

J∗OW (Dm))]D′)
)
,

it suffices to prove that

(3.2) ιJ∗
(
c̃1(i

J∗OW (Y ))([HJ(i
J∗OW (D1), . . . , i

J∗OW (Dm))]D′)
)

= ιY ∗

(
c̃1(i

∗
YOW (D∗))

J([HJ(i
∗
YOW (D1), . . . , i

∗
YOW (Dm))]D′))

)

in Ω∗(|D|)D′, for each index J .
Suppose thatDJ is not contained in Y . Since Y +D is a strict normal

crossing divisor, the intersection Y ∩ DJ is transverse. By symmetry,
we may assume that J = (1, . . . , 1, 0, . . . , 0), with say s 1’s. Applying
the relations <RSect

∗ >D′ repeatedly, we see that

c̃1(i
∗
YOW (D∗))

J
(
[HJ(i

∗
YOW (D1), . . . , i

∗
YOW (Dm))]D′

)

= ηJ∗ [HJ(i
J∗
Y OW (D1), . . . , i

J∗
Y OW (Dm))]D′.

Applying the same relations to the divisor Y ∩DJ on DJ , we have

τJ∗ [HJ(i
J∗
Y OW (D1), . . . , i

J∗
Y OW (Dm)]D′

= c̃1(i
J∗OW (Y ))

(
[HJ(i

J∗OW (D1), . . . , i
J∗OW (Dm))]D′

)
.
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Since ιJ∗ ◦ τJ∗ = ιY ∗ ◦ ηJ∗ , these two identities yield the equality (3.2) in
this case.

In case DJ is contained in Y = D1, then J = (1, j2, . . . , jm). Letting
J ′ = (0, j2, . . . , jm), we have DJ = Y ∩DJ ′

, and DJ ′

is not contained
in Y . Suppose that J ′ 6= (0, . . . , 0). By the same argument as above,
we have

ιJ
′

∗

(
c̃1(i

J ′∗OW (Y ))([HJ(i
J ′∗OW (D1), . . . , i

J ′∗OW (Dm))]D′)
)

= ιY ∗

(
c̃1(i

∗
YOW (D∗))

J ′
(
[HJ(i

∗
YOW (D1), . . . , i

∗
YOW (Dm))]D′)

)

in Ω∗(|D|)D′. Letting ī : DJ → DJ ′

be the inclusion, the relations
<RSect

∗ >D′ yield the identity

c̃1(i
J ′∗OW (Y ))([HJ(i

J ′∗OW (D1), . . . , i
J ′∗OW (Dm))]D′)

= ī∗[HJ(i
J∗OW (D1), . . . , i

J∗OW (Dm))]D′

in Ω∗(D
J ′

)D′ . Thus,

ιJ∗
(
c̃1(i

J∗OW (Y ))([HJ(i
J∗OW (D1), . . . )]D′)

)

= ιJ
′

∗

(
c̃1(i

J ′∗OW (Y ))2([HJ(i
J ′∗OW (D1), . . . )]D′)

)

= c̃1(i
∗
DOW (Y ))

(
ιJ

′

∗

(
c̃1(i

J ′∗OW (Y ))([HJ(i
J ′∗OW (D1), . . . )]D′)

))

= c̃1(i
∗
DOW (Y ))

(
ιY ∗(c̃1(i

∗
YOW (D∗))

J ′

([HJ(i
∗
YOW (D1), . . . )]D′))

)

= ιY ∗

(
(c̃1(i

∗
YOW (D∗))

J([HJ(i
∗
YOW (D1), . . . )]D′)

)
,

verifying (3.2). If J ′ = (0, . . . , 0), then J = (1, 0, . . . , 0), DJ = D1 = Y
and HJ(u1, . . . , um) = n1. Thus in Ω∗(Y )D′ , we have

[HJ(c̃1(i
∗
YOW (D1)), . . . , i

∗
YOW (D1)))]D′

= n1 · 1
D′

Y

= [HJ(i
J∗OW (D1), . . . , i

J∗OW (Dm))]D′.

Similarly, c̃1(i
J∗OW (D∗))

J = c̃1(i
∗
YOW (Y )), which yields (3.2). This

finishes the proof.

We now show that D(−)D′ descends to Ω∗(X)D|D′ in a series of steps.

Step 1: the descent to Z∗(X)D|D′. Let π : Y → Z be a smooth
morphism with Z and Y in Smk, L1, . . . , Lr line bundles on Z with
r > dimk Z, and f : Y → X a projective morphism in M(X)D|D′,
with Y irreducible. Using lemmas 3.1 and 3.2, it suffices to show
that (f ∗D)(idY , π

∗L1, . . . , π
∗Lr)D′ = 0 in Ω∗(|f ∗D|)D′. Changing no-

tation, we may assume that X = Y , and that either D is a strict
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normal crossing divisor on Y , or |D| = Y . We need to show that
D(idY , π

∗L1, . . . , π
∗Lr)D′ = 0 in Ω∗(|D|)D′.

If |D| = Y , then

D(idY , π
∗L1, . . . , π

∗Lr)D′ = c̃1(OY (D))((idY , π
∗L1, . . . , π

∗Lr))

= (idY , π
∗L1, . . . , π

∗Lr, OY (D)),

which is zero in Ω∗(|D|)D′ = Ω∗(Y )D′ by the relations <RDim
∗ >(Y )D′ .

If D is a strict normal crossing divisor on Y , with inclusion i : |D| →
Y , then

D(idY , π
∗L1, . . . , π

∗Lr)D′

= c̃1((π ◦ i)∗L1) ◦ . . . ◦ c̃1((π ◦ i)∗Lr)([D → |D|]D′).

To see that this class vanishes, apply lemma 2.12 to π ◦ i : |D| → Z.

Step 2: the descent to Ω∗(X)D|D′. Let f : Y → X be in M(X)D|D′,
and let Z → Y be a codimension one smooth closed subscheme in very
good position with respect to D|D′. Let i : |D| → Y be the inclusion.
We may suppose that Y is irreducible. As in step I, we reduce to the
case X = Y . Also, it suffices to show that

D([OY (Z)]D|D′)D′ = D([Z → Y ])D′.

Write the divisor Z as a sum Z =
∑r

i=1 Zi. Since Z is smooth, we
have Zi ∩ Zj = ∅ for i 6= j. Let Z ′ =

∑r
i=2 Zi. Using lemma 3.2 and

the relations <RFGL
∗ >(|D|)D′, we have

D([OY (Z)]D|D′)D′ = D(c̃1(OY (Z))(1
D|D′

Y ))D′

= c̃1(i
∗OY (Z))(D(1

D|D′

Y )D′)

= FL(c̃1(OY (Z1)), c̃1(OY (Z ′)))(D(1
D|D′

Y )D′).

Since FL(u, v) = u+ v +
∑

i,j≥1 aiju
ivj, it follows from lemma 3.6 that

FL(c̃1(i
∗OY (Z1)), c̃1(i

∗OY (Z ′)))(D(1
D|D′

Y )D′)

= c̃1(i
∗OY (Z1))(D(1

D|D′

Y )D′) + c̃1(i
∗OY (Z ′))(D(1

D|D′

Y )D′)

= D([OY (Z1)]D|D′)D′ +D([OY (Z ′)]D|D′)D′.

Thus, by induction, we have

D([OY (Z)]D|D′)D′ =
r∑

i=1

D([OY (Zi)]D|D′)D′.

Since [Z → Y ]D′ =
∑

i[Zi → Y ]D′ , we reduce to the case of an irre-
ducible Z.
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If Z 6⊂ |D|, then Z is in general position with respect to D. Using
lemma 3.2 and lemma 3.4, we have

D([OY (Z)]D|D′)D′ = c̃1(i
∗OY (Z))(D(1

D|D′

Y ))

= c̃1(i
∗OY (Z))([D → |D|]D′)

= D([Z → Y ])D′ ,

as desired. If Z ⊂ |D|, then the same argument, using lemma 3.7 in
place of lemma 3.4, yields the desired identity.

Step 3: the descent to Ω∗(X)D|D′. Let f : Y → X be in M(X)D|D′

and let L and M be line bundles on Y . It suffices to show that

D([FL(L,M)])D′ = D([L⊗M ])D′ .

For this, let D̃ = f ∗D, let fD : |D̃| → |D| be the morphism in-
duced by f and let i : |D̃| → Y be the inclusion. Using the relations
<RFGL

∗ >(|f ∗D|)D′ and lemma 3.3, we have

D([FL(L,M)])D′ = D(FL(c̃1(L), c̃1(M))(1
D|D′

Y ))D′

= fD∗ (FL(c̃1(i
∗L), c̃1(i

∗M))(D̃(1
D|D′

Y ))

= fD∗ (c̃1(i
∗L⊗ i∗M)(D̃(1

D|D′

Y ))

= D([L⊗M ])D′ ,

which finishes the descent to Ω∗(X)D|D′.

4. Intersection with a divisor II

We establish some of the basic properties of the operation D(−)D′ .

4.1. Commutativity. The first important property is the commuta-
tivity of intersection. We begin with some preliminary results.

Lemma 4.1. Let D and D′ be pseudo-divisors on some finite type k-
scheme X, and let i : |D| → X be the inclusion. Then, for η ∈
Ω∗(X)D|D′, i∗(D(η)D′) = c̃1(OX(D))(η) in Ω∗(X)D′.

Proof. It suffices to consider the case of η = [f : Y → X] for some
f ∈ M(X)D|D′, with Y irreducible. If f(Y ) ⊂ |D|, then D(f) =
c̃1(i

∗OX(D))([Y → |D|]D′), from which the desired formula follows
directly. If f(Y ) 6⊂ |D|, then D(f) = fD∗ ([f ∗D → |f ∗D|]D′), where
fD : |f ∗D| → |D| is the map induced by f . By remark 2.10, we have
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[f ∗D → Y ]D′ = c̃1(OY (f ∗D))(1
D|D′

Y ). Thus

i∗(D(f)) = f∗([f
∗D → Y ]D′)

= f∗(c̃1(f
∗OX(D))(1

D|D′

Y ))

= c̃1(OX(D))(f).

Write FL(u, v) = u+ v + uvH11(u, v). Let F11(u, v) = vH11(u, v).

Lemma 4.2. Let D, D′ be pseudo-divisors on W ∈ Smk. Suppose
that D is a strict normal crossing divisor, in good position with respect
to D′. Write D = D0 +D1, with D0 > 0, D1 > 0 and D1 smooth. Let
i : |D| →W be the inclusion.

1. We have the identity

[D → |D|]D′ = [D0 → |D|]D′ + [D1 → |D|]D′

+ F11(c̃1(i
∗OW (D1)), c̃1(i

∗OW (D0)))([D1 → |D|]D′).

2. Let f : Y → W be in M(W )D|D′ ∩M(W )D0|D′ ∩M(W )D1|D′. Let
iY0 : |f ∗D0| → |f ∗D|, iY1 : |f ∗D1| → |f ∗D| be the inclusions, and
let f̄ : |f ∗D1| → W be the induced morphism. Suppose that Y is
irreducible and either f(Y ) ⊂ |D1| or f ∗D1 is a smooth divisor
on Y . Then

(f ∗D)(1
D|D′

Y )D′ = iY0∗((f
∗D0)(1

D0|D′

Y )D′) + iY1∗((f
∗D1)(1

D1|D′

Y )D′) +

iY1∗
(
F11

(
c̃1(f̄

∗OW (D1)), c̃1(f̄
∗OW (D0))

)
((f ∗D1)(1

D1|D′

Y )D′)
)

Proof. For the second assertion, suppose first that f(Y ) ⊂ |D|. Let
i : |D| →W be the inclusion. Then by definition

(f ∗D)(1
D|D′

Y )D′ = c̃1(OY (f ∗D))(1D
′

Y ).

Since D = D0 +D1, we have

c̃1(OY (f ∗D)) = FL(c̃1(OY (f ∗D1)), c̃1(OY (f ∗D0))

= c̃1(OY (f ∗D1)) + c̃1(OY (f ∗D0))

+ c̃1(OY (f ∗D1))F11(c̃1(OY (f ∗D1)), c̃1(OY (f ∗D0)).

By lemma 4.1, iYj∗((f
∗Dj)(1

D|D′

Y )D′) = c̃1(OY (f ∗Dj))(1
D′

Y ), j = 0, 1.
Thus

(f ∗D)(1
D|D′

Y )D′ = iY0∗((f
∗D0)(1

D|D′

Y )D′) + iY1∗((f
∗D1)(1

D|D′

Y )D′)

+ c̃1(OY (f ∗D1)) ◦ (F11(c̃1(f
∗OW (D1)), c̃1(f

∗OW (D0))(1
D′

Y ).
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Using lemma 4.1 again, we have

c̃1(f
∗OW (D1)) ◦ (F11(c̃1(f

∗OW (D1)), c̃1(f
∗OW (D0))(1

D′

Y )

= F11(c̃1(f
∗OW (D1)), c̃1(f

∗OW (D0)))
(
c̃1(OY (f ∗D1))(1

D′

Y )
)

= iY1∗
(
F11(c̃1(f̄

∗OW (D1)), c̃1(f̄
∗OW (D0)))((f

∗D1)(1
D|D′

Y ))
)
.

This verfies the second assertion in this case.
If f(Y ) 6⊂ |D|, the second assertion is a consequence of the first.

Indeed, in this case, f ∗D is a strict normal crossing divisor on Y , in

good position with respect to D′, and thus (f ∗D)(1
D|D′

Y ) is [f ∗D →
|f ∗D|]D′. Thus, applying the first assertion to f ∗D = f ∗D0 +f ∗D1, we
have

(f ∗D)(1
D|D′

Y ) = [f ∗D → |f ∗D|]D′

= iY0∗[f
∗D0 → |f ∗D0|]D′ + iY1∗[f

∗D1 → |f ∗D1|]D′

+ iY1∗
(
F11(c̃

D′

1 (i∗1OY (f ∗D1)), c̃1(i
∗
1OY (f ∗D0)))([f

∗D1 → |f ∗D1|]D′)
)

= iY0∗(D0(1
D0|D′

Y )D′) + iY1∗(D1(1
D1|D′

Y )D′)

+ i1∗
(
F11(c̃1(f̄

∗OW (D1)), c̃1(f̄
∗OW (D0)))(D1(1

D1|D′

Y )D′)
)
.

To prove (1), we first reduce to the case of irreducible D1. Write
D1 = E1 + D11, with E1 > 0 and D11 irreducible. Since D11 and E1

are disjoint, c̃1(i
∗
D11

OW (E1))([D11 → |D11|]D′) = 0. Thus

F11(c̃1(OW (D11)), c̃1(OW (D0 + E1))([D11 → |D11|]D′)

= F11(c̃1(OW (D11)), FL(c̃1(OW (D0), c̃1(E1)))([D11 → |D11|]D′)

= F11(c̃1(OW (D11)), c̃1(OW (D0))([D11 → |D11|]D′)

(we omit the pull-back of the line bundles here and for the remainder
of the argument to simplify the notation). Similarly,

F11(c̃1(OW (E1 +D11)), c̃1(OW (D0)))([D1 → |D|]D′)

= F11(c̃1(OW (E1) + c̃1(OW (D11)), c̃1(OW (D0)))([D1 → |D|]D′)

= F11(c̃1(OW (E1), c̃1(OW (D0)))([E1 → |D|]D′)

+ F11(c̃1(OW (D11), c̃1(OW (D0)))([D11 → |D|]D′),

using lemma 3.6. With these formulas, one easily shows that (1) for
the decompositions E = D0 + E1, D = E + D11 and D1 = E1 + D11

implies (1) for D = D0 +D1.
We now assume D1 irreducible. Write D =

∑m
i=1 niDi, with the

Di irreducible. For each face DJ of D properly contained in D1, let
iJ1 : DJ → D1 be the inclusion.
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Let Fn denote the n-fold sum in the formal group (FL,L∗). The
identity FL(u1, Fn−1(u2, . . . , un)) = Fn(u1, . . . , un) gives us the identity

∑

J

uJHn1,... ,nm

J (u1, . . . , um) = u1 + V + u1V H11(u1, V )

where

V =

{
Gn1−1,... ,nm(u1, . . . , um) if n1 > 1,

Gn2,... ,nm(u2, . . . , um) if n1 = 1.

Thus

V =

{∑
J ′ uJ

′

Hn1−1,n2,... ,nm

J ′ (u1, u2, . . . , um) if n1 > 1,∑
J ′ uJ

′

Hn2,... ,nm

J ′ (u2, . . . , um) if n1 = 1,

where
∑

J ′ is over all faces of D0. We write H0,n2,... ,nm

(0,j2,... ,jm)(u1, u2, . . . , um)

for Hn2,... ,nm

(j2,... ,jm)(u2, . . . , um) and set H0,n2,... ,nm

(j1,... ,jm) = 0 if j1 6= 0.

Write u1V H11(u1, V ) = u1F11(u1, V ) as the sum

u1V H11(u1, V ) =
∑

K

uKH ′
K(u1, . . . , um),

where the sum is over all faces K with 0 ≤ ki ≤ 1, k1 = 1 (if n1 = 1
H ′
K = 0 unless

∑
i ki ≥ 2). For each index K of this form, we have

Hn1,... ,nm

K (u1, . . . , um)

= Hn1−1,n2,... ,nm

K (u1, u2, . . . , um) +H ′
K(u1, . . . , um).

Refering to the definition of [D → |D|]D′, we thus need to show

(4.1)
∑

K=(1,k2,... ,km)

ιK∗ H
′
K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK)

= F11(c̃1(O(D1)), c̃1(O(D0)))([D1 → |D|]D′).

For each K = (1, k2, . . . , km), let

c̃1(O(D∗))
K−1 = c̃1(O(D2))

k2 ◦ · · · ◦ c̃1(O(Dm))km .

By repeated applications of the relations <RSect
∗ >D′, we have

iK1∗
(
H ′
K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK )
)

=
(
H ′
K(c̃1(O(D1)), . . . , c̃1(O(Dm))) ◦ c̃1(O(D∗))

K−1
)
(1D

′

D1
).
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Thus, as ιK∗ = i1∗ ◦ iK1∗, we have
∑

K

ιK∗
(
H ′
K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

DK)
)

=
∑

K

i1∗
(
c̃1(O(D∗))

K−1H ′
K(c̃1(O(D1)), . . . , c̃1(O(Dm)))(1D

′

D1
)
)

= i1∗
(
F11(c̃1(O(D1)), V (c̃1(O(D1)), . . . , c̃1(O(Dm))))(1D

′

D1
)
)

= F11(c̃1(O(D1)), c̃1(O(D0)))([D1 → |D|]D′).

This verifies the identity (4.1), completing the proof.

Proposition 4.3 (Commutativity). Let D′′ be a pseudo-divisor on a
finite type k-scheme X. Let f : T → X be in M(X), and let D, D′ be
effective strict normal crossing divisors on T . Suppose that

1. D +D′ is a strict normal crossing divisor on T .
2. D is in good position with respect to D′|D′′.
3. D′ is in good position with respect to D|D′′.

Let iD : |D| → T and iD′ : |D′| → T be the inclusions. Then

(i∗D′D)([D′ → |D′|]D|D′′)D′′ = (i∗DD
′)([D → |D|]D′|D′′)D′′

in Ω∗(|D| ∩ |D′|)D′′ .

Proof. Write D =
∑

i niDi with each Di irreducible, and similarly D′ =∑
j n

′
jD

′
j. We show more generally that

(i∗E′E)([E ′ → |E ′|]D|D′′)D′′ = (i∗EE
′)([E → |E|]D′|D′′)D′′

in Ω∗(|E| ∩ |E ′|) for all divisors 0 ≤ E ≤ D, 0 ≤ E ′ ≤ D′; if E =∑
imiDi and E ′ =

∑
jm

′
jD

′
j, we may proceed by induction on m :=∑

imi and m′ :=
∑

im
′
i.

Suppose m = m′ = 1; we may suppose E = D1 and E ′ = D′
1. If

D1 6= D′
1, then (i∗D1

D′
1)([D1 → |D1|]D′|D′′)D′′ is the element 1D

′′

D1∩D′

1
in

Ω∗(|D1| ∩ |D′
1|)D′′, as is (i∗D′

1
D1)([D

′
1 → |D′

1|]D|D′′)D′′. If D1 = D′
1, then

D1([D
′
1 → |D′

1|]D|D′′)D′′ and D′
1([D1 → |D1|]D′|D′′)D′′ are obviously the

same in Ω∗(|D1| ∩ |D′
1|)D′′

In the general case, we may assume that D1 is a component of E.
Let E0 = E−D1. By symmetry, it suffices to induct on m and assume
the result for the pairs E0, E

′ and D1, E
′. Thus

(i∗E′E0)([E
′ → |E ′|]D|f∗D′′) = (i∗E0

E ′)([E0 → |E0|]D′|D′′)D′′

in Ω∗(|E0| ∩ |E ′|)D′′ and

(i∗E′D1)([E
′ → |E ′|]D|D′′)D′′ = (i∗D1

E ′)([D1 → |D1|]D′|D′′)D′′

in Ω∗(|D1| ∩ |E ′|)D′′ .
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The divisor class [E ′ → |E ′|]D|D′′ is an Ω∗(k)-linear combination of
maps of the form g : Y → |E ′|, with g(Y ) ⊂ |D1|, or g∗(D1) smooth,
so we may apply lemma 4.2(2) to give

(i∗E′E)([E ′ → |E ′|]D|D′′)D′′ =

i0∗
(
(i∗E′E0)([E

′ → |E ′|]D|D′′)D′′

)
+ i1∗

(
(i∗E′D1)([E

′ → |E ′|]D|D′′)D′′

)

+ i1∗
(
F11(c̃1(OW (D1)), c̃1(OW (E0)))((i

∗
E′D1)([E

′ → |E ′|]D|D′′)D′′

)
,

where i0 : |E0| ∩ |E ′| → |E| ∩ |E ′|, i1 : |D1| ∩ |E ′| → |E| ∩ |E ′| are the
inclusions. Using our induction hypothesis, together with lemma 3.3,
we have

(i∗E′E)([E ′ → |E ′|]D|D′′)D′′

= (i∗EE
′)([E0 → |E|]D′|D′′)D′′ + (i∗EE

′)([D1 → |E|]D′|D′′)D′′

+ F11(c̃1(OW (D1)), c̃1(OW (E0)))((i
∗
EE

′)([D1 → |E|]D′|D′′)D′′)

= (i∗EE
′)([E0 → |E|]D′|D′′)D′′ + (i∗EE

′)([D1 → |E|]D′|D′′)D′′

+ (i∗EE
′)(F11(c̃1(OW (D1)), c̃1(OW (E0)))([D1 → |E|]D′|D′′))D′′

= (i∗EE
′)
(
[E0 → |E|]D′|D′′ + [D1 → |E|]D′|D′′

+ F11(c̃1(OW (D1)), c̃1(OW (E0)))([D1 → |E|]D′|D′′)
)
D′′

= (i∗EE
′)([E → |E|]D′|D′′)D′′ ,

the last identity following from lemma 4.2(1).

4.2. Linear equivalent pseudo-divisors. We show how to relate the
operations D0(−)D and D1(−)D for linearly equivalent pseudo-divisors
D0 and D1.

Proposition 4.4. Let W be in Smk, with pseudo-divisors D0, D1 and
D, such that OW (D0) ∼= OW (D1). Let ij : |Dj| → W be the inclusion,
j = 0, 1.

1. Let η be in Z∗(W )Dj |D, j = 0, 1. Then i0∗(D0(η)D) = i1∗(D1(η)D)
in Ω∗(W )D.

2. Let E be a strict normal crossing divisor on W , in good position
with respect to Dj|D, j = 0, 1. Then

i0∗(D0([E → |E|]D0|D)D) = i1∗(D1([E → |E|]D1|D)D) ∈ Ω∗(W )D.

Proof. Clearly (2) is a special case of (1). To prove (1), the operations
Dj(−) are compatible with the Chern class operators c̃1(L). Thus, it
suffice to prove (1) for the case of f : Y → W in M(W )Dj |D, j = 0, 1.
Using lemma 3.1, we reduce to the case Y = W , f = id. But by
lemma 4.1

i0∗(D0(1
D0|D
W )D) = [OW (D0)]D = [OW (D1)]D = i1∗(D1(1

D1|D
W )D).
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5. A moving lemma

The next step is to show that the map Ω∗(X)D → Ω∗(X) is an
isomorphism.

5.1. Distinguished liftings. Given a finite type k-scheme X with a
pseudo-divisor D, we give a method for lifting elements of Z∗(X) to
Ω∗(X)D.

Lemma 5.1. Let Y be in Smk and let D̃ be an effective divisor on Y .
Then there is a projective birational morphism ρ : W → Y × P1, with
W ∈ Smk, such that

1. The fundamental locus of ρ is contained in |D̃| × 0.

2. The proper transforms to W of Y ×0 and |D̃|×P1, denoted <Y ×

0> and <|D̃| × P1> respectively, are disjoint.

3. <Y × 0> is smooth. Letting E be the exceptional divisor of ρ,

<Y × 0>+ E is a strict normal crossing divisor on W .

(5.1)

Proof. We may assume that Y is irreducible. To construct such a ρ,
first blow up Y ×P1 along the reduced subscheme |D̃| × 0, forming the
projective birational morphism

ρ1 : W1 → Y × P1.

Let U = Y ×P1 \ |D̃| × 0. Since |D̃| × 0 = Y × 0∩ |D̃| ×P1, the proper

transforms of Y × 0 and |D̃| × P1 to W1 are disjoint. By Hironaka [3,
Main Theorem I∗, pg.132], we may resolve the singularities of W1 by
a projective birational morphism W2 → W1 which is an isomorphism
over U . Let ρ2 : W2 → Y × P1 be the induced morphism, let E2

be the exceptional divisor of ρ2, and consider the Cartier divisor D′ :=
ρ∗2(Y ×0)+E2. Clearly D′∩ρ−1

2 (U) is a strict normal crossing divisor; by
[4, Appendix, Corollary A.3], there is a projective birational morphism
µ : W → W2, with W ∈ Smk, such that µ is an isomorphism over
ρ−1

2 (U), and with µ∗D′ + E ′ a strict normal crossing divisor on W ,
where E ′ is the exceptional divisor of µ. Letting ρ : W → Y ×P1 be the
induced morphism, it is clear that ρ has all the necessary properties.

Let X be a finite type k-scheme, and D a pseudo-divisor on X. Let
f : Y → X be in M(X), with Y irreducible. Suppose that f(Y ) 6⊂ |D|.
Then D̃ := divf ∗D is an effective Cartier divisor on Y . Take a pro-
jective birational morphism ρ : W → Y × P1 satisfying the conditions
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(5.1). We claim that ρ∗(Y × 0) is in good position with respect to
D. Indeed, E is supported in |ρ∗p∗1f

∗D|, and divρ∗p∗1D is supported
in |E| ∪ <|p∗1f

∗D|>. Since <|p∗1f
∗D|> is disjoint from <Y × 0> and

<Y × 0> + E is a strict normal crossing divisor, <Y × 0> + E is in
good position with respect to D. Since ρ∗(Y ×0) has the same support
as <Y × 0> + E, ρ∗(Y × 0) is in good position with respect to D, as
claimed.

Note that ρ∗(Y × 0) is linearly equivalent to ρ∗(Y × 1) ∼= Y , so [f ] =
(p1◦ρ)∗([ρ∗(Y ×0) →W ]) in Ω∗(X). Thus (p1◦ρ)∗([ρ∗(Y ×0) → W ]D)
gives a lifting of f to an element of Ω∗(X)D.

Definition 5.2. (1) Given an element f : Y → X of M(X) with Y
irreducible, f(Y ) 6⊂ |D|, and a birational morphism ρ : W → Y × P1

satisfying the conditions (5.1), we call the element

(f ◦ p1 ◦ ρ)∗([ρ
∗(Y × 0) →W ]D)

of Ω∗(X)D a distinguished lifting of f ∈ M(X). If f(Y ) ⊂ |D|, a
distinguished lifting of f is just [f ] ∈ Ω∗(X)D.

(2) Let η = (f : Y → X,L1, . . . , Lr) be a cobordism cycle on X,
with Y irreducible. Suppose that f(Y ) 6⊂ |D|. Choose ρ : W → Y ×P1

as in (1), and let L̃i = (p1ρ)
∗Li. We call the element

(f ◦ p1 ◦ ρ)∗
(
c̃1(L̃1) ◦ . . . ◦ c̃1(L̃r)([ρ

∗(Y × 0) →W ]D)
)

of Ω∗(X)D a distinguished lifting of η. If f(Y ) ⊂ |D|, then [η] ∈
Ω∗(X)D is a distinguished lifting of η. We extend this notion to arbi-
trary elements of Z∗(X) by linearity.

Remark 5.3. Using the notation of definition 5.2(2), we can write a
distinguished lifting of (f : Y → X,L1, . . . , Lr) as

f∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)((p1 ◦ ρ)∗(([ρ

∗(Y × 0) → W ]D)
)
,

noting that (p1 ◦ ρ)∗([ρ∗(Y × 0) →W ]D) is in Ω∗(Y )f∗D.

Remark 5.4. Let T be a smooth projective k-scheme, and let f : Y →
X be in M(X). If µ : W → Y × P1 satisfies the conditions (5.1) for
f ∗D on Y , then clearly idT × µ : T ×W → T × Y × P1 satisfies the
conditions (5.1) for the divisor (f ◦p2)

∗D on T ×Y . From this, it easily
follows that, if η̃ is a distinguished lifting of some η ∈ Z∗(X), and α is
in Z∗(k), then αη̃ is a distinguished lifting of αη.

Lemma 5.5. Let η be in Z∗(X), and let η1, η2 be distinguished liftings
of η. Then η1 = η2 in Ω∗(X)D.

Proof. First of all, we may assume that η is a cobordism cycle (f : Y →
X,L1, . . . , Lr), with Y irreducible. Next, it follows from the formula
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in remark 5.3 that, if τ is a distinguished lifting of (f, L1, . . . , Lr), then

there is a distinguished lifting ĩd of the cobordism cycle idY ∈ Ω∗(Y )f∗D
with

τ = f∗(c̃1(L1) ◦ . . . ◦ c̃1(Lr)(ĩd))

Thus, it suffices to consider the case of X ∈ Smk, and to show that
two distinguished liftings of idX ∈ M(X) agree in Ω∗(X)D.

We may assume that X is irreducible. If |D| = X, then Z∗(X) =
Z∗(X)D, Ω∗(X) = Ω∗(X)D, and the unique distinguished lifting of idX
is the class of idX in Ω∗(X)D. Thus, we may assume that D is a Cartier
divisor on X. Let η1 and η2 be two distinguished liftings of idX .

Suppose ηi is constructed via a birational morphism ρi : Wi → X×P1

satisfying (5.1), for i = 1, 2. Let Zi be a subscheme ofX×P1, supported
in |D| × 0, such that Wi is the blow-up of X × P1 along Zi, i = 1, 2.

Let T1 → X × P1 × P1 be the blow-up along Z1 × P1, and let <Z2>
denote the proper transform of p∗13(Z2) to T1. Let T2 → T1 be the blow-
up of T1 along <Z2>, with structure morphism φ : T2 → X × P1 × P1.

We claim there is a blow-up of T2 at a closed subscheme Z supported
over X × 0 × 0, T → T2, such that T is smooth over k, and such that
the divisor X×P1×0+X×0×P1 pulls back to a strict normal crossing
divisor on T , in good position with respect to D. To see this, let U be
the open subscheme T2 \ φ−1(X × 0 × 0). We note that the pull-back
of X×P1 × 0+X × 0×P1 to U is a strict normal crossing divisor, and
the proper transform of X × P1 × 0 +X × 0 × P1 is disjoint from the
proper transform of D × P1 × P1, after restricting to U . Arguing as in
the proof of lemma 5.1, we construct a projective birational morphism
T → T2, with T smooth over k and isomorphic to T2 over U , such that
X × P1 × 0 +X × 0× P1 pulls back to a strict normal crossing divisor
and the proper transform of X × P1 × 0 +X × 0 × P1 is disjoint from
the proper transform of D × P1 × P1. This verifies our claim. We let
p : T → X × P1 × P1 be the induced morphism, and let q : T → X be
p followed by the projection pX : X × P1 × P1 → X.

Clearly p−1(X × P1 × 1) is isomorphic to W1, and p−1(X × 1 × P1)
is isomorphic to W2, as schemes over X × P1. Let D0 = X × P1 × 0
and D′

0 = X × 0 × P1, D1 = X × P1 × 1 and D′
1 = X × 1 × P1. By

our construction, we have the classes [p∗D0 → T ]D′

i|D
, [p∗D′

0 → T ]Di|D,
i = 0, 1.

Let ij : |p∗Dj| → T , i′j : |p∗D′
j| → T , j = 0, 1, be the inclusions. We

first note that

η1 = (qi1)∗
(
(p∗D1)([p

∗D′
0 → T ]D1|D)D

)
.
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Indeed, by proposition 4.3,

i1∗
(
(p∗D1)([p

∗D′
0 → T ]D1|D)D

)
= i′0∗

(
(p∗D′

0)([p
∗D1 → T ]D′

0|D
)D

)
.

Let j1 : X × 0 → X × P1 be the inclusion. As p−1(X × P1 × 1) is
isomorphic to W1 over X × P1, we have

(qi′0)∗
(
(p∗D′

0)([p
∗D1 → T ]D′

0|D
)D

)
= (p1j1)∗

(
(X × 0)(W1 → X × P1)D

)

= η1

Similarly,

η2 = (qi′1)∗
(
(p∗D′

1)([p
∗D0 → T ]D′

1|D
)D

)
.

From proposition 4.4, we have

i0∗
(
(p∗D0)([p

∗D′
0 → T ]D0|D)D

)
= i1∗

(
(p∗D1)([p

∗D′
0 → T ]D1|D)D

)

i′0∗
(
(p∗D′

0)([p
∗D0 → T ]D′

0|D
)D

)
= i′1∗

(
(p∗D′

1)([p
∗D0 → T ]D′

1|D
)D

)

in Ω∗(T )D. By proposition 4.3, we have

i′0∗
(
(p∗D′

0)([p
∗D0 → T ]D′

0|D
)D

)
= i0∗

(
(p∗D0)([p

∗D′
0 → T ]D0|D)D

)

in Ω∗(T )D. Pushing forward to X, we have

η1 = (qi1)∗
(
(p∗D1)([p

∗D′
0 → T ]D1|D)D

)

= (qi′1)∗
(
(p∗D′

1)([p
∗D0 → T ]D′

1|D
)D

)

= η2,

as desired.

Remark 5.6. Via this result, we may speak of the distinguished lifting
of an element of Z∗(X) to Ω∗(X)D. We have the following properties
of the distinguished lifting:

1. Sending η ∈ Z∗(X) to its distinguished lifting η̃ defines a Z∗(k)-
linear homomorphism Z∗(X) → Ω∗(X)D. The Z∗(k)-linearity
follows from remark 5.4.

2. Given f : X ′ → X projective, if η̃ ∈ Ω∗(X
′)f∗D is the distin-

guished lifting of η ∈ Z∗(X
′), then f∗η̃ ∈ Ω∗(X)D is the distin-

guished lifting of f∗η.
3. If L1, . . . , Lr are line bundles on X, and η̃ is the distinguished lift-

ing of η ∈ Z∗(X), then c̃1(L1) ◦ . . . ◦ c̃1(Lr)(η̃) is the distinguished
lifting of c̃1(L1) ◦ . . . ◦ c̃1(Lr)(η̃).

These last two properties follows from the formula in remark 5.3.

We extend the distinguished lifting to L∗ ⊗Z∗(X) by linearity.
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Lemma 5.7. Let F be in L∗[[u1, . . . , ur]], let f : W → X be in M(X),
and let L1, . . . , Lr be line bundles on W . Take an element η ∈ Z∗(W )
and let η̃ be the distinguished lifting of η to Ω∗(W )f∗D. Let FN de-
note the truncation of F after total degree N . Then, for all N suffi-
ciently large, f∗(F (c̃1(L1), . . . , c̃1(Lr))(η̃)) is the distinguished lifting of
f∗(FN(c̃1(L1), . . . , c̃1(Lr))(η)).

Proof. This follows from remark 5.6.

Remark 5.8. As an application, consider the case of a strict normal
crossing divisor E =

∑m
j=1 njEj on Y ∈ Smk, with inclusion i : |E| →

Y , and a projective map f : Y → X. The class [E → |E|] ∈ Ω∗(|E|) is

∑

J

ιJ∗H
n1,... ,nm

J (c̃1(OY (E1)), . . . , c̃1(OY (Em)))(idEJ ).(5.2)

where ιJ : iJ : EJ → Y is the inclusion. Let [ĩdEJ ]D be the distin-

guished lifting of idEJ , and let ˜[E → |E|] be a lifting of [E → |E|] to
Z∗(Y ) defined by truncating Hn1,... ,nm

J (u1, . . . , um) after total degree
N , for some N > dimk E

J . By remark 5.6 and lemma 5.7, the element

˜[E → |E|]D :=
∑

J

ιJ∗H
n1,... ,nm

J (c̃1(OY (E1)), . . . , c̃1(OY (Em)))([ĩdEJ ]D).

of Ω∗(|E|)D is the distinguished lifting of ˜[E → |E|].

Lemma 5.9. Let η be in Z∗(X)D, and let η̃ be the distinguished lifting
of the image of η in Z∗(X). Then η̃ is the image of η in Ω∗(X)D under
the canonical homomorphism Z∗(X)D → Ω∗(X)D.

Proof. From the relations described in remark 5.6, we reduce to the
case of η = idX ∈ M(X)D, with X irreducible and in Smk. The
case |D| = X is evident, so assume that D is a strict normal crossing
divisor on X. Let µ : W → X×P1 be a projective birational morphism
such that the conditions (5.1) are satisfied, and let g = p1 ◦ µ. Then
g : W → X is in M(X)D, and the divisors µ∗(X × 1) and µ∗(X × 0)
are both in good position with respect to D. As both are divisors of
sections of µ∗(OX×P1(1)), we have

g∗([µ
∗(X × 1) → W ]D) = g∗([µ

∗(X × 0) →W ]D)

in Ω∗(X)D, by remark 2.10. As g∗([µ
∗(X × 1) → W ]D) = idX and

g∗([µ
∗(X × 0) → W ]D) is the distinguished lifting of idX , the result

follows.
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5.2. Lifting divisor classes. Before proving the main moving lemma,
we need some information on the distinguished lifting of divisor classes.

Let f : Y → X be in M(X), and let E be a strict normal crossing
divisor on Y . Let D be a pseudo-divisor on X. Suppose that f(Y ) 6⊂
|D|, and that Y is irreducible. Let D̃ = divf ∗D.

We apply the construction of §5.1: blow up Y ×P1 along a subscheme
contained in |D̃| × 0, forming the scheme ρ : T → Y × P1, satisfying
the conditions (5.1). Note that E × P1 + Y × 0 is a strict normal
crossing divisor on Y × P1. By [4, corollary A.3], we may blow up T

along smooth centers over |D̃| × 0, forming the scheme τ : T̃ → Y ×P1

which satisfies the conditions (5.1) and in addition has the property
that τ ∗(E × P1 + Y × 0) is a strict normal crossing divisor. We let
<Y × 0> denote the proper transform of Y × 0 and <E × P1> the
proper transform of E × P1. Let Ẽ = τ ∗(E × P1), Ỹ = τ ∗(Y × 0), and
let G be the exceptional divisor of τ .

Lemma 5.10. 1. Ẽ + Ỹ is in good position with respect to D.
2. Let q : |Ỹ | ∩ |Ẽ| → X be the composition of the inclusion into
Ỹ with f ◦ τ . Then q∗(Ỹ ([Ẽ → |Ẽ|]Ỹ |D))D ∈ Ω∗(X)D is the

distinguished lifting of f∗([E → Y ]), in the sense of remark 5.8.

Proof. We we write [E] for [E → Y ], etc. (1) follows directly from the
construction. For (2), we claim that

Ỹ ([Ẽ]Ỹ |D)D = Ỹ ([<E × P1>]Ỹ |D)D(5.3)

in Ω∗(|Ỹ | ∩ |Ẽ|)D. Indeed we may write

Ẽ = <E × P1>+ A,

where A is an effective divisor, supported in |Ẽ| ∩G. Since the excep-
tional divisor G is contained in |Ỹ |, A is supported in |Ỹ |. From the

above decomposition of Ẽ, we have

[Ẽ]Ỹ |D = [<E × P1>]Ỹ |D + i∗α,

where α is a class in Ω∗(|A|)Ỹ |D, and i : |A| → |Ẽ| is the inclusion.
Then

Ỹ ([Ẽ]Ỹ |D)D = Ỹ ([<E × P1>]Ỹ |D)D + i∗c̃1(i
∗OT̃ (Ỹ ))(α).

But Ỹ = τ ∗(Y ×0), hence OT̃ (Ỹ ) ∼= OT̃ in a neighborhood of |A|. Thus

c̃1(i
∗OT̃ (Ỹ ))(α) = 0, proving our claim.

We are thus reduced to showing that q∗(Ỹ ([<E × P1>]Ỹ |D))D is the

distinguished lifting of f∗([E]). For this, write E =
∑m

j=1 njEj with

the Ej irreducible. Then <E×P1> =
∑m

j=1 nj<Ej×P1>. In addition,



ALGEBRAIC COBORDISM II 53

over P1 \ {0}, we have <E × P1>J = EJ × P1. Thus, the restriction
of τ , <E × P1>J → EJ × P1, satisfies the conditions (5.1). Letting
βJ : <E×P1>J → |<E×P1>| the inclusion, it follows from lemma 5.7
that Ỹ (βJ∗ [Hn1,... ,nm

J (βJ∗OT (<E1×P1>), . . . )]Ỹ |D)D is the distinguished

lifting of ιJ∗ [Hn1,... ,nm

J (OY (E1), . . . )]).
On the other hand,

[<E × P1>]Ỹ |D =
∑

J

βJ∗ [HJ(β
J∗OT (<E1 × P1>), . . . )]Ỹ |D + γ

where γ is a similar sum, involving the faces of <E × P1> which are
contained in |A|. As above, we have Ỹ (γ) = 0, so Ỹ ([<E × P1>]Ỹ |D)D
is the distinguished lifting of [E], as desired.

5.3. The proof of the moving lemma. We are now ready to prove
the main result of this section.

Theorem 5.11. Let X be a finite type k-scheme, and D a pseudo-
divisor on X. Then the canonical map ϑX : Ω∗(X)D → Ω∗(X) is an
isomorphism.

Proof. As noted in remark 5.6, taking the distinguished lifting defines a
Z∗(k)-linear homomorphism φ : Z∗(X) → Ω∗(X)D, with ϑX(φ(η)) the
image of η in Ω∗(X). In fact, by lemma 5.9, we have a commutative
diagram

Z∗(X)D //

��

ϑ̃X

Ω∗(X)D

��

ϑX

Z∗(X)

99

φ

rrrrrrrrrr

// Ω∗(X)

where ϑ̃X is the canonical map, and the horizontal arrows are the
canonical maps.

Since Z∗(X) → Ω∗(X) is surjective [4, Lemma 4.13], the surjectivity
of ϑX follows. To show that ϑX is injective, it suffices to show that
the distinguished lifting homomorphism φ descends to an Ω∗(k)-linear
homomorphism φ̄ : Ω∗(X) → Ω∗(X)D. Indeed, Ω∗(X)D is generated as
an L∗-module by the image of Z∗(X)D, and thus Ω∗(X)D is generated
as an Ω∗(k)-module by the image of Z∗(X)D. Therefore, φ̄ is surjective,
and ϑX ◦ φ̄ = id, hence ϑX is injective. We proceed to show that φ
descends to φ̄.

First, we show that φ descends to φ1 : Z∗(X) → Ω∗(X)D. For
this, take a generator η := (f : Y → X, π∗L1, . . . , π

∗Lr,M1, . . . ,Ms)
of <RDim

∗ >(X) (see [4, Lemma 2.6]), which is the kernel of Z∗(X) →
Z∗(X). Here f : Y → X is in M(X), π : Y → Z is a smooth morphism
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to some Z ∈ Smk, L1, . . . , Lr are line bundles on Z, M1, . . . ,Ms are
line bundles on Y , and r > dimk Z. Let µ : W → Y × P1 be a
projective birational morphism used to construct a distinguished lifting
of f : Y → X. Let g = f ◦ p1 ◦ µ, τ = π ◦ p1 ◦ µ and ρ = p1 ◦ µ. Then
the distinguished lifting of η is

g∗
(
c̃1(τ

∗L1) ◦ . . . ◦ c̃1(τ
∗Lr) ◦ c̃1(ρ

∗M1) ◦ . . .

. . . ◦ c̃1(ρ
∗Ms)([µ

∗(Y × 0) →W ]D)
)
.

By lemma 2.12, the operator c̃1(τ
∗L1)◦. . .◦c̃1(τ ∗Lr) is zero on Ω∗(W )D,

so the distinguished lifting of η is zero, as desired.
Next, we check that φ1 descends to φ2 : Ω∗(X) → Ω∗(X)D. Since φ

intertwines the operators c̃1(L) on Z∗(X) and Ω(X)D, it suffices by [4,
Lemma 2.11] to check that φ1 vanishes on elements of the form

[f : Y → X,OY (S)] − [f ◦ i : S → X],

where f is in M(X), and i : S → Y is the inclusion of a smooth divisor.
Let η ∈ Ω∗(Y )f∗D be the distinguished lifting of idY . By lemma 5.7,

f∗(c̃1(OY (S))(η)) is the distinguished lifting of (f : Y → X,OY (S)) =
f∗(c̃1(OY (S))(idY )).

On the other hand, let ρ : W → Y × P1 be a blow-up used to define
the distinguished lifting η, so η is represented by (p1 ◦ρ)∗([ρ∗(Y ×0) →
W ]D). Blowing up W further, and changing notation, we may assume
that ρ∗(S × P1) is a normal crossing divisor on W , in good position
with respect to Y × 0|f ∗D. By lemma 5.10,

f∗
(
(Y × 0)((p1 ◦ ρ)∗[ρ

∗(S × P1) → W ]Y×0|D)f∗D
)

is the distinguished lifting of f∗[S → Y ] to Ω∗(X)D. Let ĩS : |ρ∗(S ×
P1)| → W and ĩ0 : |ρ∗(Y × 0)| → W be the inclusions. By lemma 4.1
and proposition 4.3, we have

f∗
(
(Y × 0)((p1 ◦ ρ)∗[ρ

∗(S × P1) →W ]Y×0|f∗D)
)

= (f ◦ p1 ◦ ρ)∗(̃i0∗(ρ
∗(Y × 0)([ρ∗(S × P1) →W ]Y×0|D)))

= (f ◦ p1 ◦ ρ)∗
(̃
iS∗(ρ

∗(S × P1)([ρ∗(Y × 0) →W ]S×P1|D))
)

= (f ◦ p1 ◦ ρ)∗
(
c̃1((p1 ◦ ρ)

∗OY (S))(̃[ρ∗(Y × 0) →W ]D)
)

= f∗(c̃1(OY (S))(η)).

Thus f∗[S → Y ] and f∗(c̃1(OY (S))(1Y )) have the same distinugished
lifting to Ω∗(X)D, that is φ1([f : Y → X,OY (S)]−[f ◦i : S → X]) = 0,
as desired.

Finally, we check that φ2 descends to φ̄ : Ω∗(X) → Ω∗(X)D. For this
we use the description of the kernel of the surjection Ω∗(X) → Ω∗(X)
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given by [4, Proposition 4.19]. To describe this kernel, we consider the
power series FΩ(u, v) = u+ v +

∑
i,j≥1 aiju

ivj giving the formal group

law on Ω∗(k). We choose liftings αij ∈ M+(k) of aij ∈ Ω∗(k), and let
F (u, v) = u + v +

∑
i,j≥1 αiju

ivj be the resulting lifting of FΩ. Then

the kernel of Ω∗(X) → Ω∗(X) is generated by elements of the form

f∗
(
c̃1(L1) ◦ . . . ◦ c̃1(Lr)([F (L,M)] − [L⊗M ])

)
,

where f : Y → X is in M(X), and L1, . . . , Lr, L and M are line
bundles on Y . Given such an element, it suffices to show that

φ2([F (L,M)] − [L⊗M ]) = 0

in Ω∗(Y )D, since φ2 is compatible with f∗, and with the Chern class
operators c̃1(Li). Now, [F (L,M)] = F (c̃1(L), c̃1(M))(idY ), and [L ⊗
M ] = c̃1(L⊗M)(idY ). Thus, if η ∈ Ω∗(Y )D is the distinguished lifting
of idY , it follows from the definition of distinguished liftings that

φ2([F (L,M)]) = F (c̃1(L), c̃1(M))(η),

φ2([L⊗M ]) = c̃1(L⊗M)(η).

Since F (u, v) and FL(u, v) both have image FΩ(u, v) in Ω∗(k)[[u, v]],
it follows that F (c̃1(L), c̃1(M))(η) = FL(c̃1(L), c̃1(M))(η). Thus, using
the relations <L∗RFGL

∗ >(Y )f∗D, we see that φ2([F (L,M)]−[L⊗M ]) =
0, which completes the descent, and the proof of the theorem.

6. Pull-back for l.c.i. morphisms

Starting with the pull-back for a divisor, defined using the results of
the previous sections, we use the deformation to the normal bundle to
define the Gysin morphism for a regular imbedding of k-schemes. Com-
bined with smooth pull-back, this gives us functorial pull-back maps for
l.c.i. morphisms of k-schemes, in particular, for arbitrary morphisms in
Smk.

6.1. Pull-back for divisors. The results of §3-§5 allow us to make
the following definition:

Definition 6.1. Let D be a pseudo-divisor on a finite type k-scheme
X. We define the operation of “pull-back by D”,

i∗D : Ω∗(X) → Ω∗−1(|D|),

to be the composition

Ω∗(X)
ϑ−1

X−−→ Ω∗(X)D
D(−)
−−−→ Ω∗−1(|D|).
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6.2. Algebraic cobordism of a blow-up. Before defining the pull-
back for a regular imbedding, we first prove some preliminarly results
relating Ω∗(W ) and Ω∗(WF ), where WF → W is the blow-up of a
smooth W along a smooth closed subscheme F .

Lemma 6.2. Let X be a k-scheme of finite type, E a locally free co-
herent sheaf, and q : P(E) → X the associated projective space bundle.
Then the map q∗ : Ω∗(P(E)) → Ω∗(X) is surjective.

Proof. We proceed by noetherian induction. If E is a free OX-module
of rank n + 1, then P(E) ∼= X × Pn. Since q admits a section in this
case, q∗ is surjective. In particular, if dimkX = 0, the result is true.
In general, let j : U → X be a non-empty open subscheme over which
E is free, and let i : W → X be the complement of U . We have the
commutative diagram with exact rows [4, Theorem 6.7]

Ω∗(P(i∗E)) //
ĩ∗

��

qW∗

Ω∗(P(E)) //
j̃∗

��

q∗

Ω∗(P(j∗E))

��

qU∗

// 0

Ω∗(W ) //

i∗
Ω∗(X) //

j∗
Ω∗(U) // 0

where qW , qU are the restrictions of q. By induction qW∗ is surjective,
and qU∗ is surjective since j∗E is free, hence q∗ is surjective.

Lemma 6.3. Let W be in Schk, let iF : F →W be a regularly imbed-
ded closed subscheme, and let µ : WF →W be the blow-up of W along
F . Let iE : E → WF be the exceptional divisor.

1. The map

µ∗ : Ω∗(WF ) → Ω∗(W )

is surjective.
2. There is a subgroup A of Ω∗(E) such that ker µ∗ = iE∗(A).

Proof. Let j : U → X be the complement of F . µ identifies U with the
complement of E in WF ; let jF : U → WF be the inclusion. We have
the commutative diagram with exact rows [4, loc. cit.]

Ω∗(E) //
iE∗

��

µ∗

Ω∗(WF ) //
j∗F

��

µ∗

Ω∗(U) // 0

Ω∗(F ) //

iF∗

Ω∗(W ) //

j∗
Ω∗(U) // 0.

Since F is regularly imbedded the conormal sheaf IF/I2
F is locally free;

in addition, E = ProjF (IF/I
2
F ). By lemma 6.2, the map µ∗ : Ω∗(E) →
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Ω∗(F ) is surjective. Thus, by the snake lemma, µ∗ : Ω∗(WF ) → Ω∗(W )
is surjective, and we have

ker(iE∗(Ω∗(E))
µ∗
−→ iF∗(Ω∗(F ))) = ker(µ∗ : Ω∗(WF ) → Ω∗(W )).

Letting A = i−1
E∗[ker(iE∗(Ω∗(E))

µ∗
−→ iF∗(Ω∗(F )))] proves (2).

Let i : Z → Y be a codimension d regular imbedding with Z and Y
in Schk. Let µ : W → Y × P1 be the blow-up of Y × P1 along Z × 0,
let E be the exceptional divisor and <Y × 0> the proper transform of
Y × 0. Let V = E \<Y × 0>. Letting N be the conormal sheaf of Z
in Y , µE : E → Z × 0 = Z is the projective bundle P(N ⊕OZ) → Z,
and µV : V → Z is the vector bundle Spec (Sym∗(N )) → Z, i.e., the
normal bundle of F in Y . Let U = W \<Y × 0>, and let j : U → W ,
iE : E →W , jV : V → E and iV : V → U be the inclusions.

Lemma 6.4. The map i∗V ◦j
∗◦ iE∗ : Ω∗(E) → Ω∗−1(V ) is the zero map

Proof. We have j∗◦iE∗ = iV ∗◦j
∗
V , so it suffices to show that i∗V ◦iV ∗ = 0.

If f : T → V is in Ω∗(V ), then iV ◦f : T → U is clearly in M(U)V , and
V (iV ◦ f) = f∗(c̃1(f

∗OU(V ))(idT )). But on U , the divisor V is linearly
equivalent to µ∗(Y ×1), which is disjoint from V . Thus f ∗OU(V ) ∼= OT

and hence c̃1(f
∗OU(V ))(idT ) = 0. Thus i∗V iV ∗(f) = V (iV ◦ f) = 0, as

desired.

6.3. The Gysin morphism. Let iZ : Z → Y be a regular imbedding
of codimension d > 0. We proceed to define the map i∗Z : Ω∗(Y ) →
Ω∗−d(Z). We have the diagram

Ω∗(Y ) //
p∗1

Ω∗+1(Y × P1)

Ω∗+1(W )

OO

µ∗

//
j∗

Ω∗+1(U)

��

i∗
V

Ω∗−d(Z) //

µ∗
V

Ω∗(V ),

(6.1)

defined using the results and notations of the previous paragraph. We
call (6.1) the deformation diagram for the regular imbedding iZ . By
lemma 6.3 and lemma 6.4, the composition

Ω∗+1(Y × P1)
(µ∗)−1

−−−→ Ω∗+1(W )
j∗

−→ Ω∗+1(U)
i∗V−→ Ω∗(V )

gives a well-defined homomorphism ψY,Z : Ω∗+1(Y × P1) → Ω∗(V ).
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Since the map µV : V → Z makes V into a vector bundle over Z,
it follows from the the homotopy property for algebraic cobordism [4,
Corollary 9.3] that the smooth pull-back

µ∗
V : Ω∗(Z) → Ω∗+d(V )

is an isomorphism.

Definition 6.5. The Gysin morphism i∗Z : Ω∗(Y ) → Ω∗−d(Z) is de-
fined as the composition

Ω∗(Y )
p∗1−→ Ω∗+1(Y × P1)

ψY,Z

−−→ Ω∗(V )
(µ∗

V
)−1

−−−−→ Ω∗−d(Z).

Remark 6.6. Let p0 : Y × (P1 \ {0}) → Y be the projection, let η be in
Ω∗(Y ), and let τ be an element of Ω∗(W ) which restricts to p∗0(η) on
Y × (P1 \ {0}). Then i∗Z(η) = (µ∗)−1(i∗V ◦ j∗(η)). Indeed, by comparing
the localization sequences for E → W and Z × 0 → Y × P1, and using
the surjectivity result lemma 6.2, there is an element ρ ∈ Ω∗−1(E) such
that µ∗(τ + iE∗(ρ)) = p∗1η. By lemma 6.4, we have

i∗Z(η) = (µ∗)−1(j∗(i∗V (τ))).

6.4. Properties of the Gysin morphism. Let f : Y → X, g :
Z → X be morphisms in Schk. Recall that f and g are called Tor-
independent if TorOX

i (OY ,OZ) = 0 for i > 0.

Proposition 6.7. Let f : Y → X, g : Z → X be Tor-independent
morphisms in Schk, giving the cartesian diagram

Y ×X Z //
f ′

��

g′

Z

��

g

Y //

f
X

1. Suppose that g is a regular imbedding and f is projective. Then
g∗ ◦ f∗ = f ′

∗ ◦ g
′∗.

2. Suppose that g is a regular imbedding and f is smooth. Then
f ′∗ ◦ g∗ = g′∗ ◦ f ∗.

Proof. Since f and g are Tor-independent, the map g′ is a regular
imbedding, so g′∗ is defined. Also, if we apply the functor Y ×X −
to deformation diagram (6.1) for the regular imbedding g : Z → X,
we arrive at the deformation diagram for the regular imbedding g ′ :
Y ×X Z → Y . Calling the first diagram D(g) and the second D(g ′), the
projection p2 : Y×X? →? gives the map of diagrams p2∗ : D(g′) → D(g)
in case f is projective, and the map of diagrams p∗2 : D(g) → D(g′) if
f is smooth (with shift in the grading).
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We note that the diagrams p2∗ : D(g′) → D(g) and p∗2 : D(g) → D(g′)
are commutative. Indeed, this follows from

1. projective push-forward commutes with smooth pull-back in carte-
sian diagrams [4, Definition 1.2(A3)]

2. pull-back by a divisor satisfies a projection formula with respect
to projective push-forward (lemma 3.1(1)).

3. pull-back by a divisor commutes with smooth pull-back (lemma
3.1(2)).

This proves the lemma.

Corollary 6.8. Let Z and X be in Schk.

1. Let i : Z → X be a regular imbedding, and let f : Y → X be in
M(X). Suppose f and i are Tor-independent and that Y ×X Z is
in Smk. Then i∗(f) is represented by p2 : Y ×X Z → Z.

2. Let p : X → Z be a smooth morphism with a section i : Z → X.
Then i is a regular imbedding and i∗ ◦ p∗ = id on Ω∗(Z).

3. Let p : X → Z be a rank n vector bundle over Z, and let i : Z → X
be a section. Then i is a regular imbedding and i∗ is the inverse
of p∗.

Proof. For (3), the fact that p∗ is an isomorphism if p : X → Z is
a vector bundle over Z [4, Corollary 9.3] shows that (2) implies (3).
Also, (2) follows from (1), since p∗(f : Y → Z) is represented by
p2 : Y ×Z X → X. It remains to prove (1).

By proposition 6.7, we have i∗f∗(η) = f ′
∗i

′∗(η) for η ∈ Ω∗(Y ), where
i′ : Y ×XZ → Y , f ′ : Y ×XZ → Z are the projections. Thus, it suffices
to show that i′∗(idY ) = idY×XZ. Denoting Y ×X Z by Z ′, we form the
deformation diagram (6.1) for i′, letting µ : W → Y × P1 be the blow-
up of Y × P1 along Z ′ × 0 with exceptional divisor E, j : U → W the
inclusion of W \ <Y × 0> into W , iV : V → U the inclusion of the
normal bundle of Z ′ in Y , and µZ′ : V → Z ′ the projection.

From the localization sequence for E →W and Z ′×0 → Y ×P1, we
see that there is an element η ∈ Ω∗(E) such that µ∗(idW + iE∗(η)) =
idY×P1 . Then

i′∗(idY ) = (µ∗
Z′)−1(i∗V (j∗(idW + iE∗(η))).

By lemma 6.4, i∗V (j∗(iE∗(η)) = 0, hence

i′∗(idY ) = (µ∗
Z′)−1(i∗V (j∗(idW )) = (µ∗

Z)−1(idV ).

Since µ∗
Z′(idZ′) = idV , we have i′∗(idY ) = idZ′, as desired.

Lemma 6.9. Let i : Z → X be a regular imbedding, with codimXZ =
1. Then, for f : Y → X in M(X)Z, we have Z(f) = i∗(f) in Ω∗(Z),
so i∗ = i∗Z .
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Proof. Let µ : W → X × P1 be the blow-up of X × P1 along Z × 0,
and let iE : E → W be the exceptional divisor. Let j : U → W be
the inclusion of W \<X × 0>, let iV : V → U be the inclusion of the
normal bundle of Z in X, and let µZ : V → Z be the projection.

Since Z × 0 is a divisor on Z × P1, the proper transform <Z × P1>
of Z × P1 to W is isomorphic to Z × P1 via µ.

Let ρ : T → Y ×P1 be a blow-up of Y ×P1 along smooth centers lying
over f−1(Z)× 0 so that the rational map µ−1 ◦ (f × id) : Y × P1 → W
defines a morphism φ : T → W . Blowing up further over Y × 0, if
necessary, we may assume that φ is in M(W )E|<Z×P1>.

By considering the localization sequence for E → W and Z × 0 →
X×P1, we see there is an element η of Ω∗(E) such that µ∗(φ+iE∗(η)) =
f × id in Ω∗(Y × P1). Thus, by definition of i∗, we have

i∗(f) = (µZ)−1(i∗V ◦ j∗(φ+ iE∗(η)))).

By lemma 6.4, we have

i∗(f) = (µ∗
Z)−1(i∗V ◦ j∗(φ)).

Let i0 : Z → V be the zero section, giving the divisor i0(Z) on V .
Since i0(Z)(µ∗

Zg) = g for g ∈ Ω∗(Z), the map i0(Z)(−) : Ω∗(V ) →
Ω∗(Z) is inverse to µ∗. Thus

i∗(f) = i0(Z)(i∗V (j∗(φ))) = i0(Z)(V (j∗(φ))) = i0(Z)(µ∗(X × 0)(φ)).

Let i1 : Z → X × 1 be the evident inclusion.
Write D for <Z × P1>, and let iD : |D| →W , ι0 : |µ∗(X × 0)| → W

and ι1 : |µ∗(X×1)| → W be the inclusions. Since <Z×P1> ∼= Z×P1,
we have the projection p1 : |D| → Z. Noting that i0(Z) = ι∗0(D), and
using proposition 4.4, we have

i∗(f) = i0(Z)(µ∗(X × 0)(φ)) = (ι∗0D)(µ∗(X × 0)(φ))

= p1∗

(
D(ι0∗(µ

∗(X × 0)(φ))
)

= p1∗

(
D(ι1∗(µ

∗(X × 1)(φ))
)

= i1(Z)(µ∗(X × 1)(φ)) = Z(f).

Lemma 6.10. Let i : Z → X be a regular imbedding, let p : Y → X
be a smooth quasi-projective morphism, and let s : Z → Y be a section
of Y over Z. Then s∗ ◦ p∗ = i∗.

Proof. Form the deformation diagram for the inclusion s : Z → Y ,
letting µ : W → Y × P1 be the blow-up of Y × P1 along Z × 0,
iE : E → W the exceptional divisor, j : U → W the complement of
<Y × 0>, jV : V → U the inclusion of the normal bundle NZ/Y and
p : V → Z the projection. Let iX : <X × P1> → W be the proper
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transform of X × P1 to W . Since Z is a subset of X, it follows that
<X×P1> is isomorphic to the blow-up of X×P1 along Z×0. Letting
jX : UX → <X × P1> be the inclusion of <X × P1> \ <X × 0>,
and iVX

: VX → UX the inclusion of the normal bundle NZ/X . Then
VX = <X×P1>∩V , and the inclusion VX → V is the natural inclusion
τ : NZ/X → NZ/Y .

Checking in local coordinates, one sees that the projection p : Y → X
extends to a smooth morphism p̃ : U → UX , inducing the natural map
Np : NZ/Y → NZ/X from V to VX . Take an element η ∈ Ω∗(X), and
let η̃ be a lifting of p∗1η to Ω∗(<X×P1>). Then p̃∗η̃ is a lifting of p∗1p

∗η
to Ω∗(W ). Since p̃ is smooth, we have

i∗V p̃
∗η̃ = Np∗i∗VX

η̃.

Letting µZ : V → Z, µZ:X : VX → Z be the projections, we have
µ∗
Z = Np∗ ◦ µ∗

Z:X, hence, by proposition 6.7 and lemma 6.9,

s∗(p∗η) = (µ∗
Z)−1(i∗V p̃

∗η̃) = (µ∗
Z:X)−1(i∗VX

η̃) = i∗η.

Theorem 6.11. Let i : Z → Z ′, i′ : Z ′ → X be regular imbeddings.
Then (i′ ◦ i)∗ = i∗ ◦ i′∗.

Proof. Form the deformation diagram for i′ : Z ′ → X by blowing up
X × P1 along Z ′ × 0, giving the birational morphism µ : W → X × P1

with exceptional divisor E, let j : U → W be the complement of
<X × 0>, let iV : V → U be the inclusion of the normal bundle
NZ′/X and µZ′ : V → Z ′ the projection. We have the proper transform
<Z ′ × P1> as a closed subscheme of W ; since Z ′ × 0 ∩ Z ′ × P1 is a
Cartier divisor on Z×P1, it follows that µ : <Z ′×P1>→ Z ′×P1 is an
isomorphism. It is easy to see that <Z ′ × P1> ∩<X × 0> = ∅, hence
<Z ′ × P1> is contained in U . Also, the intersection <Z ′ × P1> ∩ V
is just the image of Z ′ in V by the zero section s : Z ′ → NZ′/X .
Restricting to Z, we have the closed subscheme <Z×P1> of <Z ′×P1>,
which is isomorphic to Z × P1 via µ, and the restriction of s defines
a section s0 : Z → V over Z, with s0(Z) = V ∩ <Z × P1>. Letting
s1 : Z → X×1 ⊂ W be the map s1(z) = (i′(i(z)), 1), we similarly have
s1(Z) = X × 1 ∩ <Z × P1>.

Let η be an element of Ω∗(U)V+X×1. We claim that

s∗0(V (η)) = s∗1((X × 1)(η))(6.2)

in Ω∗(Z). Indeed, form the deformation diagram for the inclusion i′′ :
<Z × P1> → U : Let φ : T → U × P1 be the blow-up of U × P1 along
<Z × P1>× 0, let jZ : UZ → T be open subscheme T \ <U × 0>, let
iVZ

: VZ → UZ be the inclusion of the normal bundle of N<Z×P1>/U .
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The structure morphism W → P1 induces the morphism τ : UZ → P1.
Via τ the deformation diagram for iVZ

is a diagram of schemes over P1,
where the fiber over 0 ∈ P1 is the deformation diagram for the inclusion
s0 : Z → V , and the fiber over 1 ∈ P1 is the deformation diagram for
the inclusion s1 : Z → X× 1. Let VZ0, UZ0, etc., denote the fibers over
0, and VZ1, UZ1, etc. the fibers over 1. Let ρ0 : VZ0 → Z, ρ1 : VZ1 → Z
and ρ : VZ → Z × P1 denote the projections. Take an element η̃ ∈
Ω∗(UZ)UZ0+UZ1|VZ

lifting p∗1(η). Then UZ1(η̃) lifts (p∗1(X × 1))(η) and
UZ0(η̃) lifts (p∗1V )(η), so

ρ∗0(s
∗
0(V (η))) = VZ0(UZ0(η̃))(6.3)

ρ∗1(s
∗
1((X × 1)(η))) = VZ1(UZ1(η̃)).

Here, we consider VZ0 as a pseudo-divisor on UZ0 and VZ1 as a pseudo-
divisor on UZ1.

Let i0 : UZ0 → UZ , iV0 : VZ0 → VZ be the inclusions. We have
VZ0 = i∗0VZ (as pseudo-divisors), hence by lemma 3.1(1)

iV0∗(VZ0(UZ0(η̃))) = iV0∗(i
∗
0VZ(UZ0(η̃))) = VZ(i0∗(UZ0(η̃))).

Similarly, letting iV1 : VZ1 → VZ be the inclusion, we have

iV1∗(VZ1(UZ1(η̃))) = VZ(i1∗(UZ1(η̃))).

Also, by proposition 4.4, we have i0∗(UZ0(η̃)) = i1∗(UZ1(η̃)) in Ω∗(UZ).
Thus, in Ω∗(VZ) we have

iV0∗(VZ0(UZ0(η̃))) = VZ(i0∗(UZ0(η̃)))(6.4)

= VZ(i1∗(UZ1(η̃)))

= iV1∗(VZ1(UZ1(η̃)))

Let iZ0 : Z → Z × P1, iZ1 : Z → Z × P1 be the 0 and 1 section,
respectively. Since ρ∗ : Ω∗(Z × P1) → Ω∗(VZ) is an isomorphism
by the homotopy property [4, Corollary 9.3], (6.3) and (6.4) imply
iZ0∗(s

∗
0(V (η))) = iZ1∗(s

∗
1((X×1)(η))). Projectiving to Ω∗(Z) by p1∗ shows

that s∗0(V (η)) = s∗1((X × 1)(η)) in Ω∗(Z), as claimed.
Now take an element x of Ω∗(X), and let η be a lifting of p∗1x to

Ω∗(U)V +X×1. Then (X × 1)(η) = x, so s∗1((X × 1)(η)) = (i ◦ i′)∗(x).
On the other hand, letting µZ′ : V → Z ′ be the projection, we have
V (η) = µ∗

Z′i′∗(x). By lemma 6.10, we have

s∗0(V (η)) = s∗0(µ
∗
Z′i′∗(x)) = i∗(i′∗(x)),

hence i∗(i′∗(x)) = (i′ ◦ i)∗(x).
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6.5. L.c.i. pull-back. Let f : X → Y be an l.c.i. morphism in Schk.
By definition, there is a factorization f = q◦i, with i : X → P a regular
imbedding and q : P → Y a smooth quasi-projective morphism.

Lemma 6.12. Let f : X → Y be an l.c.i. morphism. If we have
factorizations f = q1 ◦ i1 = q2 ◦ i2, with ij : X → Pj regular imbeddings
and qj : Pj → Y smooth and quasi-projective, then

i∗1 ◦ q
∗
1 = i∗2 ◦ q

∗
2.

Proof. Form the diagonal imbedding (i1, i2) : X → P1 ×Y P2. By re-
mark 1.1(2), (i1, i2) is a regular imbedding. Form the cartesian diagram
(j = 1, 2)

P j //
i′j

��

qj

P1 ×Y P2

��

pj

X //

ij
Pj

Then pj : P1 ×Y P2 → Pj is smooth and quasi-projective, so by propo-
sition 6.7(2), we have

q∗j ◦ i
∗
j = i′∗j ◦ p∗j ; j = 1, 2.

Also, the map (i1, i2) induces a section sj : X → P j to qj. Applying
lemma 6.10 and theorem 6.11 gives

i∗j = s∗j ◦ q
∗
j ◦ i

∗
j

= s∗j ◦ i
′∗
j ◦ p∗j

= (i1, i2)
∗ ◦ p∗j .

Let q : P1 ×Y P2 → Y be the map q1p1 = q2p2. Using the functoriality
of smooth pull-back [4, §2], we have

i∗j ◦ q
∗
j = (i1, i2)

∗ ◦ p∗j ◦ q
∗
j

= (i1, i2)
∗ ◦ q∗.

We may therefore make the following definition:

Definition 6.13. Let f : X → Y be an l.c.i. morphism in Schk of
relative dimension d. Define f ∗ : Ω∗(Y ) → Ω∗+d(X) as i∗ ◦ q∗, where
f = q◦i is a factorization of f with i a regular imbedding and q smooth
and quasi-projective.

Theorem 6.14. Let f1 : X → Y , f2 : Y → Z be l.c.i. morphisms in
Schk. Then (f2 ◦ f1)

∗ = f ∗
1 ◦ f ∗

2 .
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Proof. As in remark 1.1, we have a commutative diagram

X //
i1

  
f1 @

@
@

@
@

@
@

@
P1

��

q1

//
i

P

��

q

Y //

i2

  f2 A
AA

AA
AA

A
P2

��

q2

Z,

with q1, q2 and q smooth and quasi-projective, i1, i2 and i regular
imbeddings, and the square cartesian. Using the functoriality of smooth
pull-back [4, §2], proposition 6.7(2) and theorem 6.11, we have

(f2 ◦ f1)
∗ = (ii1)

∗ ◦ (q2q)
∗

= i∗1 ◦ i
∗ ◦ q∗ ◦ q∗2

= i∗1 ◦ q
∗
1 ◦ i

∗
2 ◦ q

∗
2

= f ∗
1 ◦ f ∗

2

Theorem 6.15. Let f : X → Z, g : Y → Z be Tor-independent
morphisms in Schk, giving the cartesian diagram

X ×Z Y //
p2

��

p1

Y

��

g

X //

f
Z.

Suppose that f is an l.c.i. morphism and that g projective. Then

f ∗ ◦ g∗ = p1∗ ◦ p
∗
2.

Proof. Since f and g are Tor-independent, p2 is an l.c.i. morphism, so
the statement makes sense.

Write f = q ◦ i, with q : P → Z smooth and quasi-projective, and
i : X → P a regular imbedding. This gives us the diagram

X ×Z Y //
i×id

��

p1

P ×Z Y //
p2

��

p1

Y

��

g

X //

i
P //

q Z.

with both squares cartesian. Using the functoriality of projective push-
forward and thereom 6.14, it suffices to prove the case of f a regular
imbedding, or f a smooth quasi-projective morphism. The first case
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is proposition 6.7(1), the second follows easily from the definition of
algebraic cobordism [4, §2].

Proposition 6.16. Let fi : Xi → Yi, i = 1, 2 be l.c.i. morphisms in
Schk. Then for ηi ∈ Ω∗(Yi), i = 1, 2, we have

(f1 × f2)
∗(η1 × η2) = f ∗

1 (η1) × f ∗
2 (η2).

Proof. We first note that f1 × f2 : X1 ×k X2 → Y1 × Y2 is indeed an
l.c.i. morphism: if X2 = Y2 and f2 = id, this is clear, and we have the
factorization f1×f2 = (f1× id)◦(id×f2). Similarly, it suffices to prove
the case X2 = Y2, f2 = id.

We may assume η2 is a cobordism cycle (g : Z → Y2, L1, . . . , Lr).
Since both smooth pull-back and the Gysin morphism are compatible
with the Chern class operators c̃1(L), we may assume that r = 0.

Note that η2 = g∗(idZ), so η1 × η2 = (id × g)∗(η1 × idZ). Similarly,
f ∗

1 (η1) × η2 = (id × g)∗(f
∗
1 (η1) × idZ2). Thus, using theorem 6.15, we

may replace Y2 with Z and η2 with idZ , so it suffices to prove the result
with Y2 ∈ Smk and η2 = idY2 .

In this case η1×η2 = p∗(η1), where p : Y1×Y2 → Y1 is the projection.
Similarly, f ∗

1 (η1) × η2 = q∗(f ∗
1 (η1)), where q : X1 × Y2 → X1 is the

projection. Thus we need to show

(f1 × id)∗(p∗(η1)) = q∗(f ∗
1 (η1)).

This follows from the functoriality of l.c.i. pull-back, theorem 6.14.

7. Universality

In this section, the main task is to prove the universality results of
the introduction. We fix an l.c.i.-closed admissible subcategory V of
Schk (see §1.1); in particular, V contains Lcik.

7.1. Fundamental classes and Chern classes. We first consider an
arbitrary oriented Borel-Moore homology theory A∗ on V.

Lemma 7.1. Let X be an l.c.i. scheme over k, L→ X a line bundle.
Suppose we have two sections sj : X → L, j = 1, 2. Let ij : Ej → X
be the subscheme defined by sj = 0, j = 0, 1. Suppose that each Ej has
pure codimension one on X, and that E0 ∩ E1 has pure codimension
two on X. Then

i0∗(1E0) = i1∗(1E1)

in A1(X).
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Proof. We first note that the Ej are l.c.i. schemes over k. Indeed, as X
is an l.c.i. scheme over k, X is Cohen-Macaulay, and hence the sections
sj are local non-zero divisors on X. Thus, if X is a local complete
intersection in a smooth quasi-projective k-scheme P , both E1 and E2

are also local complete intersections in P .
Let i : E → X × A1 be the subscheme of X × A1 defined by the

equation ts1 − (1− t)s0 = 0, where t is the standard coordinate on A1.
By our assumptions on E0 and E1, E∩X×x is a pure codimension one
subscheme of X × x for each point x of A1; in particular, E is a pure
codimension one closed subscheme of X × A1. As in the preceeding
paragraph, this implies that E is an l.c.i. scheme over k.

If sx : Spec k → A1 is a k-rational point of A1, let ix : Ex → X
denote the pull-back of i : E → X × A1 via ix, and let s̃x : Ex → E be
the inclusion. By axiom (BM2) of definition 1.2, we have

s∗x(i∗(1E)) = ix∗(s̃
∗
x(1E))

As the fundamental class is functorial (remark 1.19), we therefore have
s∗x(i∗(1E)) = ix∗(1Ex

) for all k-points x of A1. On the other hand, by the
homotopy property (H) of definition 1.2, it follows that s∗x(i∗(1E)) =
s∗y(i∗(1E)) for any two k-points x and y. In particular,

i0∗(1E0) = s∗0(i∗(1E)) = s∗1(i∗(1E)) = i1∗(1E1).

Proposition 7.2. Let X be an l.c.i. scheme over k, p : L → X a
line bundle. Let s : X → L be a section of L such that the subscheme
i : E → X defined by s = 0 has pure codimension one on X. Then

i∗(1E) = c̃1(L)(1X)

in A1(X).

Proof. Let ĩ : p−1(E) → L be the inclusion, and pE : p−1(E) → E the
map induced by p. We then have

ĩ∗(1p−1(E)) = ĩ∗(p
∗
E(1E))

= p∗(i∗(1E))

using the functoriality of the fundamental class and axiom (BM2) of
definition 1.2. By the homotopy property for A∗, it therefore suffices
to show that ĩ∗(1p−1(E)) = p∗c̃1(L)(1X).

For this, let s0 : X → L be the zero-section. By definition we have
c̃1(L)(1X) = s∗0(s0∗(1X)). Thus

p∗(c̃1(L)(1X)) = p∗(s∗0(s0∗(1X)))

= s0∗(1X),
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as p∗ ◦ s0∗ = id.
On the other hand, let s̃ : L → p∗L be the tautological section.

Then s0 : X → L is the subscheme of L defined by s̃ = 0. Since
s0(X) ∩ p−1(E) = E, which has codimension two on L, we may use
lemma 7.1 to conclude that

ĩ∗(1p−1(E)) = s0∗(1X),

completing the proof.

7.2. Divisor classes. Let A∗ be an oriented Borel-Moore homology
theory on V. Restricting A∗ to Smk, we have by proposition 1.4 the
associated oriented cohomology theory A∗ on Smk. In particular, from
[4, Introduction], there is a formal group law (FA, A

∗(k)), FA(u, v) ∈
A∗(k)[[u, v]], such that, for X in Smk and for line bundles L, M on X,
we have FA(c1(L), c1(M)) = c1(L⊗M). Considering A∗ as an oriented
Borel-Moore homology theory, this gives the identity of endomorphisms
of A∗(X)

FA(c̃1(L), c̃1(M)) = c̃1(L⊗M).

Also, since (FA, A∗(k)) is a formal group, there is a canonical ring
homomorphism φA : L∗ → A∗(k) with φA(FL) = FA.

In particular, given positive integers n1, . . . , nr, we may form the
power series with A∗(k)-coefficients

Gn1,... ,nr(u1, . . . , ur)A := n1 ·FA
u1 +FA

. . .+FA
nr ·FA

ur,

and Hn1,... ,nr

J (u1, . . . , ur)A with

Gn1,... ,nr(u1, . . . , ur)A =
∑

J, ||J ||≤1

uJHn1,... ,nr

J (u1, . . . , ur)A,

by the methods of [4, §5.2] (see also §2.4).
If E =

∑r
i=1 niEi is a strict normal crossing divisor on some W ∈

Smk, let i : |E| → W denote the closed subscheme (not necessarily
reduced) defined by E. We have the inclusions of the faces ιJ : EJ →
|E|, and we may define the class [E → |E|]A ∈ A∗(|E|) by

[E → |E|]A :=
∑

J, ||J ||≤1

ιJ∗ ([Hn1,... ,nr

J (ιJ∗OW (E1), . . . , ι
J∗OW (Er)]A),

where [Hn1,... ,nr

J (ιJ∗OW (E1), . . . , ι
J∗OW (Er)]A denotes the element

Hn1,... ,nr

J (c̃1(ι
J∗OW (E1)), . . . , c̃1(ι

J∗OW (Er))(1EJ ) ∈ A∗(E
J).

If i : |E| → W is the inclusion we write [E → W ]A for i∗([E →
|E|]A).

Lemma 7.3. [E →W ]A = c̃1(OW (E))(1W ).



68 MARC LEVINE

Proof. For A∗ = Ω∗, this is proved in [4, Proposition 5.9]. One can
either repeat the proof, replacing Ω∗ with A∗ throughout, or use the
universality of Ω∗ as an oriented Borel-Moore homology weak theory
[4, Theorem 10.8]: if ϑA : Ω∗ → A∗ is the natural transformation
of oriented Borel-Moore homology weak theories on Smk, ϑA(f : Y →
X) = f∗(1

A
Y ), then it is easy to check that ϑA([E →W ]Ω) = [E → W ]A.

As ϑA interwines the respective Chern class operators, the formula for
Ω∗ implies the formula for A∗.

Proposition 7.4. Let A∗ be an oriented Borel-Moore homology theory
on V. Let W be in Smk, and let E be a strict normal crossing divisor
on W . Then

[E → |E|]A = 1|E|

in A∗(|E|).

Proof. Write E =
∑r

i=1 niEi, with Ei irreducible. Note that |E| is
an l.c.i. scheme over k, so we have a fundamental class 1|E|. Using
Jouanoulou’s trick and the homotopy invariance of A∗, we may assume
that W is an affine scheme. Thus, the line bundles OW (Ei) are all very
ample, hence there are morphisms fi : W → PN (for N sufficiently
large) with Ei = f ∗

i (XN = 0) (with X0, . . . , XN the standard homoge-

neous coordinates on PN). Let f = (f1, . . . , fr) : W → (PN)r := W̃ ,
and let Ẽi be the subscheme p∗i (XN = 0), where pi : (PN)r → PN is the

projection on the ith factor. Let Ẽ =
∑r

i=1 niẼi. Then f−1(|Ẽ|) = |E|

and f ∗(Ẽ) = E. Letting fE : |E| → |Ẽ| be the restriction of f , fE is
the Tor-independent pull-back of the l.c.i. morphism f by the regular
imbedding |Ẽ| → (PN)r, hence fE is an l.c.i. morphism. It follows
from the functoriality of the fundamental class that f ∗

E(1|Ẽ|) = 1|E|.

Similarly, 1EJ = f ∗
E(1ẼJ ) and

[Hn1,... ,nr

J (ιJ∗OW (E1), . . . , ι
J∗OW (Er)]A

= f ∗
E([Hn1,... ,nr

J (ιJ∗OW̃ (Ẽ1), . . . , ι
J∗OW̃ (Ẽr)]A).

Thus, f ∗
E([Ẽ → |Ẽ|]A) = [E → |E|]A. Therefore, it suffices to prove the

result for W = (PN)r, E =
∑r

i=1 nip
∗
i (XN = 0). In this case, applying

the axiom (CD), the map i∗ : A∗(|E|) → A∗(W ) is injective, where
i : |E| → W is the inclusion, so it suffices to show that

i∗([E → |E|]A) = i∗(1|E|).

By proposition 7.2 and lemma 7.3, both sides are c̃1(OW (E))(1W ),
whence the result.
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7.3. The deformation diagram revisited. In this paragraph, we
show that the method used to define the Gysin morphism for algebraic
cobordism is compatible with the pull-back in an arbitrary oriented
Borel-Moore homology theory A∗.

Let i : Z → X be a regular imbedding in V. As in §6.3, let µ :
W → X × A1 be the blow-up of X × A1 along Z × 0, let <X × 0>
and <Z × A1> denote the proper transforms of X × 0 and Z × A1

respectively, let E be the exceptional divisor of µ, let V = E \<X×0>
and U = W \<X × 0>. This yields the commutative diagram

V

��

q

//
iV

U

��

µ<Z × A1>0

qqqqqqqqqqq

qqqqqqqqqqq

ff

s

NNNNNNNNNNNN

//

ĩ0
<Z × A1>

77

ĩ

ppppppppppppp

X

ee

iX1

KKKKKKKKKKKK

Z × 0 //

i0
Z × A1 //

i
X × A1 X × 1oo

(7.1)

The equalities are isomorphisms induced by µ, q is the morphism in-
duced by µ and <Z × A1>0 is the fiber of <Z × A1> over 0 ∈ A1. We
also have the identity <Z × A1>0 = <Z × A1> ∩ V , which gives the
map s.

It follows from the next lemma and the condition (1.1)(4) that all
the schemes in the above diagram are in V.

Lemma 7.5. 1) The map ĩ : <Z × A1>→ U is a regular imbedding.
2) µ : W → X×A1 is an l.c.i. morphism; more generally, if i : T →

Y is a regular imbedding of finite type k-schemes, and if µ : W → Y is
the blow-up of Y along T , then µ is an l.c.i. morphism.

Proof. For (1), the assertion is local on X, so we may assume that X
is affine, X = SpecR, and that Z is a complete intersection, defined
by a regular sequence f0, . . . , fN .

Let k[y0, . . . , yN ] be a polynomial ring, and consider the k-algebra
homomorphism ψ : k[y0, . . . , yN ] → R defined by sending yi to fi.
Since f0, . . . , fN is a regular sequence, ψ is a flat extension, at least
after inverting some element z ∈ R outside (f0, . . . , fN). Since a flat
extension of a regular imbedding is still a regular imbedding, we see
that it suffices to prove the result for X = Spec k[y0, . . . , yN ] and Z the
subscheme defined by the maximal ideal (y0, . . . , yN). Letting t be the
standard coordinate on A1, Z× 0 is a complete intersection in X×A1,
defined by the regular sequence y0, . . . , yN , t.
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We therefore have the identification of W with the subscheme of
X × A1 × PN+1 defined by the equations

Xiyj −Xjyi = 0, 0 ≤ i, j ≤ N

Xit−XN+1yi = 0, 0 ≤ i ≤ N,

where X0, . . . , XN+1 are standard homogeneous coordinates on PN+1.
Also, we have noted in [4, Lemma 6.1] that <X× 0> is the subscheme
defined by XN+1 = 0. This gives the description of U as the subscheme
of AN × A1 × AN+1 = Spec k[y0, . . . , yN , t, x0 . . . , xN ] defined by the
equations

xiyj − xjyi = 0, 0 ≤ i, j ≤ N

xit− yi = 0, 0 ≤ i ≤ N.

Clearly, this gives an isomorphism U ∼= Spec k[t, x0, . . . , xN ], and iden-
tifies <Z ×A1> with the subscheme defined by the ideal (x0, . . . , xN),
showing that <Z × A1>→ U is a regular imbedding.

For (2), µ : W → Y is projective, so the assertion that µ is an
l.c.i. -morphism is local on W . We may thus assume as above that
Y is affine and T is a complete intersection, and, as W → Y is an
isomorphism away from T , we may replace Y with any open neighbor-
hood of T in Y . Since the pull-back of an l.c.i. morphism by a flat
morphism is an l.c.i. morphism, we may thus assume as above that
Y = Spec k[y0, . . . , yN ], and T is the subscheme defined by the ideal
(y0, . . . , yN). In this case, W and Y are smooth over k, hence the map
W → Y is an l.c.i. morphism, completing the proof.

Proposition 7.6. Let A∗ be an oriented Borel-Moore homology theory
on V, and let iZ : Z → X be a regular imbedding in V. For the diagram
(??) and take η ∈ A∗(X). Suppose there is an element η̃ of A∗+1(U)
such that iX∗

1 (η̃) = η. Then

q∗(i∗Z(η)) = i∗V (η̃).

Proof. Let ĩ0 : Z → <Z × A1> be the inclusion of the fiber over
0 ∈ A1, and let ĩ1 : Z → <Z × A1> be the inclusions of the fiber
over 1 ∈ A1. Let τ = ĩ∗(η̃). Then ĩ∗1(τ) = i∗Z(iX∗

1 (η̃)) = i∗Z(η). By the
homotopy property (H) for A∗, we have ĩ∗0(τ) = ĩ∗1(τ) = i∗Z(η). But
ĩ∗0(τ) = s∗(i∗V (η̃)) and q∗s∗ = id, so

q∗(i∗Z(η)) = q∗ĩ∗0(τ)

= q∗s∗(i∗V (η̃))

= i∗V (η̃).
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We can also use the deformation diagram to compute i∗Z of a special
type of element.

Lemma 7.7. Let i : Z → X be a regular codimension one imbedding,
and let f : Y → X be a projective morphism of finite type k-schemes.
Suppose that f(Y ) ⊂ Z and that Y is l.c.i. over k. Then

i∗(f∗(1Y )) = c̃1(i
∗
ZOX(Z))(fZ∗ (1Y )),

where fZ : Y → Z is the map induced by f .

Proof. We use the diagram (7.1). The map fZ gives the map fZ × id :
Y ×A1 → Z×A1. Mapping Z×A1 to U by identifying with <Z×A1>,
we have the map f̃ : Y × A1 → U . Clearly f̃∗(1Y×A1) is an element η̃
of A∗(U) with iX∗

1 (η̃) = f∗(1Y ). By proposition 7.6, we have

q∗(i∗Z(f∗(1Y ))) = i∗V (η̃).

Since 1Y×A1 = p∗1(1Y ), we have

i∗V (η̃) = s∗(f∗(1Y )).

Since s∗ and q∗ are inverse, we thus have

i∗Z(f∗(1Y )) = s∗s∗(f∗(1Y )),

and the right-hand side is c̃1(i
∗
ZOX(Z))(fZ∗ (1Y )), by definition.

7.4. Algebraic cobordism. We are now ready to prove the results
announced in the introduction.

proof of theorem 1.13 and theorem 1.14. From [4, Theorem 10.8], Ω∗

has the structure of an oriented Borel-Moore weak homology theory on
V and is in fact the universal such theory. From the results of §6, we
have pull-back maps f ∗ : Ω∗(X) → Ω∗+d(Y ) for each l.c.i. morphism
f : Y → X in Schk, satisfying the axioms (BM1), (BM2) and (BM3).
The axioms (PB) and (H) are already valid for an oriented Borel-Moore
weak homology theory, so we need only verify the axiom (CD). This
follows from lemma 1.23, as Ω∗ satisfies the required localization prop-
erty by [4, Theorem 6.7]. Thus, Ω∗ defines an oriented Borel-Moore
homology theory on Schk. By proposition 1.4, the restriction of the
oriented Borel-Moore homology theory Ω∗ to Smk defines an extension
of the oriented Borel-Moore weak homology theory Ω∗ on Smk to an
oriented cohomology theory Ω∗ on Smk.

The uniqueness of the extension of Ω∗ to an an oriented Borel-Moore
homology theory on V, and to an oriented cohomology theory on Smk

follow from the universality of Ω∗ as a Borel-Moore homology the-
ory on V and as an oriented cohomology theory on Smk, respectively
(theorem 1.15, which we prove below). Indeed, suppose the oriented
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Borel-Moore weak homology theory Ω∗ on Schk has a second extension
Ω̂∗ to an oriented Borel-Moore homology theory on V, with pull-back
maps f̂ ∗ for each l.c.i. morphism f : Y → X in Schk. By the uni-
versality of Ω∗ as an oriented Borel-Moore homology theory, there is a
unique natural transformation of oriented Borel-Moore homology the-
ories on V, ϑ : Ω∗ → Ω̂∗. But the underlying oriented Borel-Moore
weak homology theory Ω∗ on V is also universal, and both Ω∗ and Ω̂∗

agree as weak homology theories, so ϑ is the identity transformation,
forcing f ∗ = f̂ ∗ for all l.c.i. morphisms f . The uniqueness of Ω∗ as an
oriented cohomology theory on Smk is proved the same way.

proof of theorem 1.15. Let A∗ be an oriented Borel-Moore homology
theory on Schk. By [4, Theorem 10.8], Ω∗ is the universal oriented
Borel-Moore weak homology theory on Schk, so there is a unique nat-
ural transformation

ϑA : Ω∗ → A∗

of the underlying oriented Borel-Moore weak homology theories, i.e., ϑA
is compatible with projective push-forward, smooth pull-back, Chern
class operators and external products. It thus suffices to show that ϑA
is compatible with pull-backs for l.c.i. morphisms. We use the notation
f ∗
A, fA∗ , etc., to indicate which theory we are using.
As ϑA is already compatible with smooth pull-back,, we need only

check compatibility with respect to regular imbeddings iZ : Z → X.
It suffices to check that, for f : Y → X in M(X), we have

i∗ZA(ϑA([f : Y → X])) = ϑA(i∗ZΩ([f : Y → X])).

Note that, as p : Y → Spec k is smooth and quasi-projective, we have

ϑA(1Ω
Y ) = ϑA(p∗Ω(1Ω)) = p∗A(1A) = 1AY .

Thus

ϑA([f : Y → X]) = ϑA(fΩ
∗ (1Ω

Y ))

= fA∗ (1AY ).

Therefore, we need to show

i∗ZA(fA∗ (1AY )) = ϑA(i∗ZΩ(fΩ
∗ (1Ω

Y ))).

We first reduce to the case of a codimension one regular imbedding
by using the deformation diagram (7.1); we retain the notation of §7.3.
Let η = fA∗ (1AY ) and let ηΩ = fΩ

∗ (1Ω
Y ).

As the map µ : U → X ×A1 is an isomorphism over X ×A1 \Z× 0,
we can lift p∗1ηΩ ∈ Ω∗+1(X × A1) to an element η′Ω ∈ Ω∗+1(U \ V ). In
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particular, iX∗
1 (η′Ω) = ηΩ. Since the (smooth) restriction map

j∗ : Ω∗+1(U) → Ω∗+1(U \ V )

is surjective, we can lift η′Ω to an element η̃Ω ∈ Ω∗+1(U). Let η̃ =
ϑA(η̃Ω). Then, as iX∗

1A ◦ p∗1A = id, we have

iX∗
1A (η̃) = η.

We may therefore apply proposition 7.6, giving

q∗A(i∗ZA(ϑA(fΩ
∗ (1Ω

Y )))) = i∗V A(ϑA(η̃Ω)).

On the Ω side, we similarly have

q∗Ω(i∗ZΩ(fΩ
∗ (1Ω

Y ))) = i∗V Ω(η̃Ω).

Since q is smooth, and q∗A, q∗Ω are isomorphisms, this reduces us to the
case of a codimension one regular imbedding iZ : |Z| → X, where Z is
a Cartier divisor on X.

If f(Y ) ⊂ |Z|, let fZ : Y → |Z| be the map induced by f . By
lemma 7.7, we have

i∗ZA(fA∗ (1AY )) = c̃A1 (i∗ZOX(Z))(fZA∗ (1AY ))

i∗ZΩ(fΩ
∗ (1Ω

Y )) = c̃Ω1 (i∗ZOX(Z))(fZΩ
∗ (1Ω

Y ))

Since ϑA is compatible with Chern class operators, push-forward and
units 1Y for Y ∈ Smk, we have the desired compatibility in this case.
Thus, we have

i∗ZA(ϑA(iΩZ∗(ρ))) = ϑA(i∗ZΩ(iΩZ∗(ρ)))

for all ρ ∈ Ω∗(Z).
If f(Y ) 6⊂ |Z|, then there is a projective birational map τ : Y ′ → Y ,

which is an isomorphism over X \ |Z|, such that (fτ)∗(Z) is a strict
normal crossing divisor on Y ′. As f − (fτ) vanishes in Ω∗(X \ |Z|), it
follows from the localization sequence

Ω∗(Z)
i∗−→ Ω∗(X) → Ω∗(X \ |Z|) → 0

that f = (fτ)+ i∗(ρ) for some ρ ∈ Ω∗(|Z|), Thus, we may assume that
f ∗Z is a strict normal crossing divisor on Y with associated codimen-
sion one subscheme if∗Z : |f ∗Z| → Y .

Let fZ : |f ∗Z| → |Z| be the map induced by f . Since Y is smooth,
the maps f : Y → X and iZ : |Z| → X are Tor-independent, hence
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transverse in Schk. But, as the diagram

|f ∗Z| //
if∗Z

��

fZ

Y

��

f

|Z| //

iZ
X

is cartesian, it follows from axiom (BM2) that, for both the theory Ω∗

and the theory A∗, we have

i∗Z(f∗(1Y )) = fZ∗ (i∗f∗Z(1Y ))

= fZ∗ (1|f∗Z|).

By proposition 7.4, we have (in both theories)

1|f∗Z| = [f ∗Z → |f ∗Z|].

Thus

i∗ZA(fA∗ (1AY )) = fZA∗ ([f ∗Z → |f ∗Z|]A),(7.2)

i∗ZΩ(fΩ
∗ (1Ω

Y )) = fZΩ
∗ ([f ∗Z → |f ∗Z|]Ω).

Let E be a Cartier divisor on some W ∈ Smk. Since the divisor
class [E → |E|]A ∈ A∗(|E|) depends only on the weak homology theory
underlying A∗, we have

ϑA([E → |E|]Ω) = [E → |E|]A

This, together with (7.2), shows that

i∗ZA(fA∗ (1AY )) = fZA∗ (ϑA([f ∗Z → |f ∗Z|]Ω))

= ϑA(fZΩ
∗ ([f ∗Z → |f ∗Z|]Ω))

= ϑA(i∗ZΩ(fΩ
∗ (1Ω

Y ))).

This completes the proof of the universality of Ω∗ as an oriented Borel-
Moore homology theory on Schk.

To show that Ω∗ is the universal oriented Borel-Moore homology
theory on Smk, we will need the following result:

Lemma 7.8 ([4, Lemma 7.1]). Let X be in Smk and let i : Z → X
be a smooth closed subscheme. Then Ω∗(X) is generated by standard
cobordism cycles of the form [f : Y → X], with f transverse to i.

Let A∗ be an oriented Borel-Moore homology theory on Smk. As
above, we have the unique natural transformation ϑA : Ω∗ → A∗ of
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weak homology theories on Smk, and we need to show that ϑA inter-
twines the pull-back maps g∗Ω and g∗A for each morphism g : X ′ → X
in Smk.

It suffices to prove the result for g a regular imbedding i : Z → X,
and for elements of Ω∗(X) of the form [f : Y → X], f ∈ M(X). By
the lemma, we need only consider maps f which are transverse to i in
Smk. Form the cartesian diagram

Ỹ //
ĩ

��

f̃

Y

��

f

Z //

i
X

Using axiom (BM3), we have

i∗Ω(f : Y → X) = i∗Ω(fΩ
∗ (1Ω

Y ))

= f̃Ω
∗ (̃i∗Ω(1Ω

Y ))

= f̃Ω
∗ (1Ỹ ).

Similarly, as ϑA(f : Y → X) = fA∗ (1AY ), we have

i∗A(ϑA(f)) = f̃A∗ (1A
Ỹ
).

Thus, as ϑA is compatible with push-forward and units, we have

ϑA(i∗Ω(f)) = i∗A(ϑA(f)),

as desired.

8. Some applications

Having extended Ω∗ to an oriented Borel-Moore homology theory
on Schk (assuming k admits resolution of singularities), we are able
to extend some of the main applications of the theory from smooth
varieties to l.c.i. schemes over k. For most of this section, k will be a
field of characteristic zero, although the paragraphs §8.1 and §8.2 are
valid over an arbitrary field.

8.1. Chern classes and Conner-Floyd classes. Let A∗ be an ori-
ented Borel-Moore weak homology theory on an admissible V ⊂ Schk.
In [4, Lemma 10.12] we showed how to define Chern class operators
c̃i(E) : A∗(X) → A∗−i(X), i = 0, . . . , n, for each rank n vector bundle
E → X, X ∈ V, satisfying the “standard” properties. Also, given a
sequence τ = (τi) ∈

∏∞
i=0Ai(k) with τ0 = 1, we defined in [4, Lemma

10.14], for each vector bundle E → X, X ∈ V, a degree zero endomor-
phism c̃τ : A∗(X) → A∗(X), with properties listed in that lemma.
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Now let A∗ be an oriented Borel-Moore homology theory on an ad-
missible V ⊂ Schk. Exactly the same construction gives the Chern
class operators c̃i(E) : A∗(X) → A∗−i(X) for E → X a vector bundle
on X ∈ V, and, given a sequence τ as above, the degree-zero endomor-
phisms cτ (E) of A∗(X). These satisfy exactly the same properties as in
the case of the weak homology theory, with the added property of func-
toriality with respect to l.c.i. pull-back. For the reader’s convenience,
we list these properties here:

Lemma 8.1. Let A∗ be an oriented Borel-Moore homology theory on
V. Then the Chern classes satisfy the following properties:

(0) Given vector bundles E → X and F → X on X ∈ V one has

c̃i(E) ◦ c̃j(F ) = c̃j(F ) ◦ c̃i(E)

for any (i, j).
(1) For any line bundle L, c̃1(L) agrees with the one given in axiom

(PB) of definition 1.2, applied to A∗.
(2) For any l.c.i. morphism Y → X ∈ V, and any vector bundle

E → X over X one has

c̃i(f
∗E) ◦ f ∗ = f ∗ ◦ c̃i(E).

(3) If 0 → E ′ → E → E ′′ → 0 is an exact sequence of vector bundles
over X, then for each integer n ≥ 0 one has the following equation
in End(A∗(X)):

c̃n(E) =
n∑

i=0

c̃i(E
′) c̃n−i(E

′′).

(4) For any projective morphism Y → X in V and any vector bundle
E → X over X, one has

f∗ ◦ c̃i(f
∗E) = c̃i(E) ◦ f∗.

Moreover, the Chern class operators are characterized by the properties
(0)-(3).

Lemma 8.2. Let A∗ be an oriented Borel-Moore homology theory on
V and let τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1. Then one can define
in a unique way, for each X ∈ V and each vector bundle E on X, an
endomorphism (of degree zero)

c̃τ (E) : A∗(X) → A∗(X)

such that the following holds:

(0) Given vector bundles E → X and F → X one has

c̃τ (E) ◦ c̃τ (F ) = c̃τ (F ) ◦ c̃τ (E).
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(1) For a line bundle L one has:

c̃τ (L) =

∞∑

i=0

c̃1(L)i τi.

(2) For any l.c.i. morphism Y → X in V, and any vector bundle
E → X over X one has

c̃τ (f
∗E) ◦ f ∗ = f ∗ ◦ c̃τ (E).

(3) If 0 → E ′ → E → E ′′ → 0 is an exact sequence of vector bundles
over X, then one has:

c̃τ (E) = c̃τ (E
′) ◦ c̃τ (E

′′).

(4) For any projective morphism Y → X in V and any vector bundle
E → X over X, one has

f∗ ◦ c̃τ (f
∗E) = c̃τ (E) ◦ f∗.

Remark 8.3. If E → X is a vector bundle on an l.c.i. k-scheme X in V,
we may evaluate the operators c̃i(E) or c̃τ (E) on 1X , yielding the Chern
classes ci(E) ∈ Ai(X) and the total Conner-Floyd class cτ (E) ∈ A0(X).

It follows directly from the two lemmas above that the Chern class
operators c̃i(E) and the total Conner-Floyd operator c̃τ (E) depend only
on the class of E in K0(X).

As in [4, §10.5, Example 10.16], we consider the “universal” ex-
ample: Let A∗ be a Borel-Moore homology theory on V, let Z[t] :=
Z[t1, t2, . . . , tn, . . . ], with ti having degree i, and consider the Borel-
Moore homology theory X 7→ A∗(X)[t] := A∗(X) ⊗ Z[t]. Let t be the
family (1, t1, t2, . . . ). For each line bundle L → X, X ∈ V, we thus
have the automorphism

c̃t(L) =
∞∑

i=0

c̃1(L)iti : A∗(X)[t] → A∗(X)[t]

and for each vector bundle E → X the automorphism c̃t(E), which we
expand as

c̃t(E) =
∑

(n1,n2,... )

c̃n1,n2,... ,nr
(E)tn1

1 · . . . · tnr

r .

As in [4], the endomorphisms c̃n1,n2,... ,nr
(E) are called the Conner-

Floyd endomorphisms for E. For X an l.c.i. k-scheme, we have as
well the Conner-Floyd classes cn1,n2,... ,nr

(E) = c̃n1,n2,... ,nr
(E)(1X) ∈

Ad−
P

i ini
(X), d = dimkX.

We write c̃An1,n2,... ,nr
(E) or cAn1,n2,... ,nr

(E) if we need to specify A.
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8.2. Twisting a Borel-Moore homology theory. We extend the
constructions of [4, §10.5] from oriented Borel-Moore weak homology
theories to oriented Borel-Moore homology theories, and from smooth
k-schemes to l.c.i. k-schemes.

Let f : Y → X be an l.c.i. morphism. Choose a factorization of f as
f = qi, with i : Y → P a regular imbedding and q : P → X a smooth
morphism. We have the relative tangent bundle Tq → P , defined as the
vector bundle whose dual has sheaf of sections the relative differentials
Ω1
Y/X . Letting I be the ideal sheaf of Y in P , we let Ni → Y be the

bundle whose dual has sheaf of sections I/I2. We let [Nf ] ∈ K0(Y )
be the class Ni − i∗Tq. It is easy to see that [Nf ] is independent of the
choice of the factorization of f .

If X = Spec k, we write [NY ] for [Nf ], and set [TY ] := −[NY ]. If
f : Y → X is an arbitrary morphism of l.c.i. k-schemes, define the
virtual tangent bundle of f by [Tf ] := [TY ] − f ∗[TX ] ∈ K0(Y ).

Given a Borel-Moore homology theory A∗ on V, and a family τ as
in the previous paragraph, we may twist A∗ by τ , forming the Borel-

Moore homology theory A
(τ)
∗ with the same push-forward maps as A∗,

and with

f ∗
(τ) = c̃τ ([Nf ]) ◦ f

∗

for an l.c.i. morphism f . For a line bundle L→ X, one has the Chern
class operator

c̃
(τ)
1 (L) = c̃τ (L) ◦ c̃1(L).

One easily checks that this does define an oriented Borel-Moore homol-
ogy theory on V.

If V ⊂ Lci, we can extend the construction given in [4, §10.5] for
V = Smk. Define the Borel-Moore homology theory Aτ

∗ on V as having
the same l.c.i. pull-backs as A∗, with push-forward

f τ∗ := f∗ ◦ c̃τ ([Tf ])

for f : Y → X projective. The Chern class operators are given by

c̃τ1(L) = c̃1(L) ◦ c̃τ (−L)

for each line bundle L→ X, X ∈ V.
For a family τ ∈

∏∞
i=0Ai(k) as above, we let τ (−1) be the family with

∞∑

i=0

τ
(−1)
i ui =

1∑∞
i=0 τiu

i
.

As in [4, Lemma 10.17], the isomorphisms

c̃τ ([NX ]) : A(τ)
∗ (X) ∼= Aτ

(−1)

∗ (X)
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determine an isomorphism of oriented Borel-Moore homology theories

A
(τ)
∗ → Aτ

(−1)

∗ on V ⊂ Lci.

8.3. Operations on Ω∗. For the remainder of this section, we assume
that k admits resolution of singularities.

Take V = Lcik, and consider the universal twisting Ω∗[t]
t of Ω∗. By

the universality of Ω∗, we have a canonical transformation of Borel-
Moore homology theories

ϑLN : Ω∗ → Ω∗[t]
t,

which we expand as

ϑLN =
∑

I=(n1,... ,nr,... )

sIt
I .

The individual terms s(n1,... ,nr) : Ω∗ → Ω∗−n, n =
∑

i ini, are the
Landweber-Novikov operations defined in [4, Example 10.19]; our ex-
tension of ϑLN to the setting of Borel-Moore homology theories has
just verified that the Landweber-Novikov operations are natural with
respect to l.c.i. pull-back.

Taking V = Schk and using the other twisting Ω∗[t]
(t), we have the

natural transformation ϑLN
′

: Ω∗ → Ω∗[t]
(t) of homology theories on

Schk. Using the canonical transformation Ω∗ → CH∗, we have the
natural transformation

ϑCF : Ω∗ → CH∗[t]
(t).

Expanding ϑCF as

ϑCF =
∑

I

cCFI tI

defines the tranformations cCFn1,... ,nr
: Ω∗ → CH∗−n, n =

∑
i ini.

Explicitly, we have

Lemma 8.4. Let π : Y → Spec k be an l.c.i. k-scheme. For f : Y →
X a projective morphism with X ∈ Schk, we have

cCFn1,... ,nr
([f : Y → X]) = fCH

∗ (cCH
n1,... ,nr

([NY ])).

Proof. Note that 1Y = π∗(1) by definition, and [f : Y → X] = f∗(1Y ).
Thus, since ϑCF is a natural transformation of oriented Borel-Moore
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homology theories, we have

ϑCF ([f : Y → X]) = ϑCF (fΩ
∗ (π∗

Ω(1)))

= fCH∗[t](t)

∗ (π∗
CH∗[t](t)(1))

=
∑

I

fCH
∗

(
c̃CH
I ([NY ])(π∗

CH(1))
)
tI

=
∑

I

fCH
∗ (cCH

I ([NY ]))tI .

Equating the coefficients of tn1
1 · . . . · tnr

r yields the result.

The same proof shows that, for l.c.i. k-schemes X and Y and a
projective morphism f : Y → X, we have

sn1,... ,nr
([f : Y → X]) = fΩ

∗ (cΩn1,... ,nr
([Tf ])) ∈ Ω∗(X).(8.1)

Let P (x1, . . . , xd) be a degree d weighted-homogeneous polynomial
with coefficients in a commutative ring R, where we give xi degree i.
Let π : X → Spec k be a projective l.c.i. k-scheme of dimension d over
k. Define P (X) ∈ R by

P (X) := deg(P (cCH
1 , . . . , cCH

d )([NX ])).

Here deg : CH0(X) ⊗ R → R is map induced by the composition of
the push-forward π∗ : CH0(X) → CH0(k) followed by the canonical
isomorphism CH0(k) ∼= Z.

Using lemma 8.4, the following result has the same proof as [4,
Lemma 13.19].

Proposition 8.5. Let R be a commutative ring, and let P (x1, . . . , xd)
be a degree d weighted-homogeneous polynomial with coefficients in R.
There is a unique homomorphism

PΩ : Ωd → R

with PΩ(π∗(1X)) = P (X) for each projective l.c.i. k-scheme π : X →
Spec k of dimension d over k.

8.4. Degree formulas for Ω∗. For the remainder of this section, k
will be a field of characteristic zero. We can now extend many of the
results of [4, §13.3-.4] from smooth k-schemes to l.c.i. k-schemes. For
example, the extensions theorem 1.20 and corollary 1.21 of [4, Theorem
13.6 and Corollary 13.7] apply to Ω∗.

Let π : X → Spec k be a projective l.c.i. k-scheme of dimension d
over k. We write [X] ∈ Ωd(k) for π∗(1X). For X smooth over k, this
agrees with the terminology used in [4].
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We recall from [4, §13.2] that, forX a projective purely d dimensional
k-scheme, we have the ideal M(X) of Ω∗(k), defined as the ideal gener-
ated by the classes [Y ] ∈ Ω∗(k), for those Y smooth and projective over
k, of dimension < d, for which there is a morphism f : Y → X over k.
More generally, if X is locally equi-dimensional over k, define M(X)
as the ideal generated by the M(Xi), as Xi runs over the connected
components of X.

With these notations, [4, Theorem 13.15] generalizes to

Theorem 8.6. Let k be a field of characteristic zero. Let X and Y be
reduced projective l.c.i. k-schemes and let f : Y → X be a morphism.
Suppose that X is irreducible. Then one has

[Y ] − deg(f) · [X] ∈M(X).

The proof is exactly the same as for [4, Theorem 13.15].

Remark 8.7. LetX be a finite type k-scheme of dimension d over k, and
let η be an arbitrary element of Ω∗(X). It follows from the generalized
degree formula [4, Theorem 13.8] applied to A∗ = Ω∗ that Ω∗(X) is
generated as an Ω∗(k)-module by classes of the form f : Y → X ∈
M(X), with dimk Y ≤ d. Thus M(X) is the ideal in Ω∗(k) generated
by the classes [Y ], where Y is a projective l.c.i. k-scheme of dimension
< d for which there is a morphism f : Y → X.

Recall from [4, §13.3] the Z-valued characteristic class sd and the
Fp-valued characteristic classes td,r. By lemma 8.4 and proposition 8.5,
these characteristic classes extend uniquely to projective l.c.i. k-schemes
Y by the formulas

sd(Y ) := deg(sd(c1, . . . , cd)([NY ])),

td,r(Y ) := deg(td,r(c1, . . . , cdr)([NY ])),

and these functions uniquely define homomorphisms

sΩ
d : Ωd(k) → Z,

tΩd,r : Ωdr(k) → Fp,

with sd(Y ) = sΩ
d ([Y ]) and td,r(Y ) = tΩd,r([Y ]) for all projective l.c.i.

k-schemes Y .
Noting these remarks, the proofs of [4, Theorems 13.23 and 13.24]

yield the following extensions of these results to l.c.i. schemes:

Theorem 8.8. Let f : Y → X be a morphism of reduced projective
l.c.i. k-schemes, both of dimension d, with X irreducible. Suppose that
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d = pn − 1 for some prime p and some integer n > 0. Then there is a
zero-cycle η on X such that

sd(Y ) − (deg f)sd(X) = p · deg(η).

Theorem 8.9. Let f : Y → X be a morphism of reduced projective
l.c.i. k-schemes, with X irreducible. Suppose both X and Y have di-
mension rd over k, where r > 0 is an integer and d = pn − 1 for some
prime p and some integer n > 0. Suppose in addition that X admits a
sequence of surjective morphisms to reduced finite type k-schemes

X = X0 → X1 → . . .→ Xr−1 → Xr = Spec k

such that:

1. Each Xi is in Lcik and dimkXi = d(r − i).
2. Let η be a zero-cycle on Xi ×Xi+1

Spec k(Xi+1). Then p| deg(η).

Then

td,r(Y ) = deg(f)td,r(X).
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