ON THE GRAYSON SPECTRAL SEQUENCE

ANDREI SUSLIN

INTRODUCTION

The main purpose of these notes is to show that Grayson’s motivic cohomology
coincides with the usual definition of motivic cohomology - see [V2, S-V] for exam-
ple and hence Grayson’s spectral sequence [Gr| for a smooth semilocal scheme X
essentially of finite type over a field F' takes the form

Byt = HP (X, Z(~q) = K_py(X).

One can use next the globalization machinery developed in [S-F| to get a similar
looking spectral sequence for any smooth scheme of finite type over a field. More-
over, it’s not hard to see that the resulting spectral sequence coincides with the one
constructed in [F-S]. What is nice, however, with this approach is that it avoids
completely the use of the paper of Bloch and Lichtenbaum [B-L], which many people
still find doubtful, still is not published and possibly never will be.

The main result of the paper says that the canonical homomorphism of com-
plexes of sheaves Z%"(n) — Z(n) is a quasi-isomorphism. There are essentially
three reasons behind this quasi-isomorphism. First, cohomology sheaves of the
complex Z" (n) are homotopy invariant K, ga—sheaves and hence homotopy invariant
pretheories - M. Walker [W]. Second, the complex Z" (n) is defined by a rationally
contractible presheaf, as is the complex Z(n); see Proposition 2.2 below, which im-
plies vanishing of certain polyrelative cohomology groups in the semilocal case as in
Theorem 2.7 below. Finally, just as the usual motivic cohomology does, Grayson’s
motivic cohomology satisfies cohomology purity, i.e., if Z C Y is a smooth sub-
scheme of pure codimension d, then we have canonical Gysin isomorphisms

HY(Y,Z°"(n)) = HP24(Z, 25" (n — d)).

Given these three properties the proof of the comparison theorem is immediate. In
view of the first point and the usual properties of homotopy invariant pretheories
(see [V1]) it suffices to establish that for any field extension E//F the corresponding
map in motivic cohomology

(0.0) HP(E, 25" (n)) — HP(E,Z(n))
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is an isomorphism. Making a base change we may even assume that £ = F.
Following the method developed in [S-V], we proceed to show that the map (0.0)
is an isomorphism by induction on the weight n. In case n = 0 there is nothing
to prove. For any n both sides are zero for p > n. It’s easy to check by a direct
computation that the map in question is an isomorphism in degree p = n, but we
won’t use this computation. Instead we note that for any p and any m we have a
degree shift isomorphism

HP(F, 267 (n)) = H™P(A™ {A7 Lo 297 (n))

where on the right we have polyrelative cohomology of the m-simplex with respect
to all its faces. Let Z be the family of supports on A™, consisting of all closed
subschemes Z C A™ containing no vertices. Consider the long exact sequence for
polyrelative cohomology with supports

H™PYA™ {AT T Y0 297 (n) — HE TP(A™ AT 297 (n) —
— H™P(A™ (AT 297 (n)) — H™P(A™ {AT )20 297 (n))

and a natural homomorphism from this exact sequence to a similar sequence for
polyrelative cohomology with supports with coefficients in Z(n). Vanishing of
polyrelative cohomology in the semilocal case implies that

HY (A™ {AT D 27 (n)) = HY(A™ {AT 1} Z(n) = 0 for i > n.
Thus taking m large enough we see that the natural map

HZ P (A™ {AT T N0 297 () — H™P(A™ (AT LG ZY (n) =
= H"(F, 25" (n))

(and a similar map for Z(n)-cohomology) is an isomorphism. Finally the map in
cohomology with supports

HZ P (A™ AAT L0 297 (n) — HZ P (A™ AT e Z(n))

is an isomorphism in view of the cohomology purity and the inductive assumption.

Of the three main properties of Grayson’s motivic cohomology the most sub-
tle one undoubtedly is the cohomology purity. My original plan was to use the
fibrations produced by Grayson in [Gr] and first prove cohomology purity for co-
homology with coefficients in the spectra constituting Grayson’s tower. This can
be done by first comparing these cohomology theories to the cohomology theories
provided by the tower constructed in [F-S] and then backtracking the construction
used in [F-S] and returning to the spectra corresponding to the topological filtration
on the K-theory of X x A®. The latter cohomology theories were investigated by
M. Levine in [Le], who proved, in particular, a localization theorem for them that
is equivalent to, or rather slightly stronger than, the cohomological purity theorem,
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since it does not require Z to be smooth. This plan is clearly workable but rather
lengthy and technical. Fortunately the recent paper of Voevodsky [V3] makes this
plan unnecessary. In this paper Voevodsky provides an incredibly short and ab-
solutely ingenious proof of a cancellation theorem for motivic cohomology that is
easily adaptable to the Grayson motivic cohomology.

Here are the contents of the paper by section. In §1 we discuss various general
facts about KéB -presheaves, Ko-presheaves and presheaves with transfers, recalling,
in particular, some results from M. Walker’s thesis. The main result of § 2, Theorem
2.7, gives vanishing of certain polyrelative cohomology groups in the semilocal case.
In §3 we recall the definition of Grayson’s cohomology and establish some of its
basic elementary properties. Section 4 contains our adaptation of Voevodsky’s
proof of the Cancellation Theorem. In §5 we discuss at some length Grayson’s
cohomology with supports and in §6 we give the proof of the comparison theorem.

We borrowed the idea to use polyrelative cohomology of the semilocal scheme
A" with respect to its faces from the paper of Geisser and Levine [G-L], [G-L1],
who showed that these polyrelative cohomology groups can be used as an effective
tool in dealing with various problems of the motivic cohomology theory. One of the
main achievements of the paper [G-L] was the proof of the fact that Bloch-Kato
Conjecture implies Beilinson-Lichtenbaum Conjecture over a field of any character-
istic provided one replaces motivic cohomology with higher Chow groups. In §7
we show how Theorem 2.7 can be used to significantly simplify (as we hope) the
arguments used in [S-V] and get rid of the assumption about resolution of singular-
ities. This new version of the proof of the fact that Bloch-Kato Conjecture implies
Beilinson-Lichtenbaum Conjecture is shorter, clearer and more to the point (in my
opinion) than the versions presented in [S-V] and [G-L].

Throughout the paper we denote by Sm/F the category of smooth separated
schemes of finite type over the base field F' and by Sch/F the category of all
separated schemes of finite type over F.

§1. K§-PRESHEAVES, K(-PRESHEAVES AND PRESHEAVES WITH TRANSFERS.

For any X,Y € Sm/F set

DX Y The category of coherent Ox xy-modules P such that Supp P is finite
(X, Y) = over X and the coherent Ox-module (px).(P) is locally free.

Note that the second condition imposed on the sheaf P above is equivalent to saying
that P is flat over X. To abbreviate the language we’ll refer to sheaves P € P(X,Y)
as sheaves finite and flat over X.

Note that the category P(X,Y) is closed under extensions in the abelian cate-
gory of all coherent Ox «y-modules and hence has a natural structure of an exact
category. Moreover, the functor

(px)« : P(X,Y) — Locally free Ox-modules
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is obviously exact. Consider the following abelian groups

K (X,Y) =K (P(X,Y)), KoX,Y)=KyP(X,Y)), Cor(X,Y)= Free
abelian group generated by closed integral subschemes Z C X X Y finite and

surjective over a component of X

These groups are related by canonical homomorphisms
KZ(X,Y) — Ko(X,Y) — Cor(X,Y)

Here the first map is the obvious surjective homomorphism and the second one
takes the class [P] of the coherent sheaf P € P(X,Y) to >, Loy, . P: - [Z], where
the sum is taken over all closed integral subschemes Z C X xY finite and surjective
over a component of X and z denotes the generic point of the corresponding scheme
Z.

Let X,Y,U € Sm/F be three smooth schemes. In this case we have a natural
bifunctor

P(X,Y)xP(Y,U) = P(X,U) PxQw— (pxv)«Pxy(P)®0xyyv Pyu(Q))

One checks easily that the sheaf on the right really belongs to P(X, U) and moreover
the above bifunctor is biexact. Thus we get a natural composition law

Ko(X,Y)® Ko(Y,U) — Ko(X,Y)
In a similar way one defines composition laws

KP(X,Y) @ K§(Y,U) — K§ (X,U)
Cor(X,Y) ® Cor(Y,U) — Cor(X,U)

All these composition laws are associative, and that allows us to make Sm/F
into an additive category in three different ways: taking Hom(X,Y') to be either
K$(X,Y), Ko(X,Y) or Cor(X,Y) respectively. We denote the resulting additive
categories K (Sm/F), Ko(Sm/F) and SmCor/F respectively.

Definition 1.1. A Kga-presheaf (resp. Ko-presheaf, presheaf with transfers) on
the category Sm/F is an additive contravariant functor F : K§(Sm/F) — Ab
(resp. Ko(Sm/F) — Ab,SmCor/F — Ab).

Remark 1.1.1. An advanced theory of presheaves with transfers was developed by
V. Voevodsky [V1], [V2]. K§ -presheaves and Ko-presheaves were introduced and
studied by M. Walker [W].

According to what was said at the beginning of this section we have canonical
functors

K§(Sm/F) — Ko(Sm/F) — SmCor/F



ON THE GRAYSON SPECTRAL SEQUENCE 5

This remark implies that every presheaf with transfers determines a Ky-presheaf
and every Kjy-presheaf determines a K, SB—presheaf. Note also that we have a canon-
ical functor

Sm/F — K$(Sm/F)
that associates to every morphism f : X — Y of smooth schemes the class Or, €
Kga (X,Y) of its graph I'y C X x Y. Quite often we use the same notation f for
the K§-morphism X — Y determined by a morphism f : X — Y of schemes and
sometimes (when it can not lead to a confusion) even for the coherent sheaf Or,
that represents this morphism.

There is another useful construction present in all three categories K§ (Sm/F),
Ko(Sm/F) and SmCor/F. We'll discuss it only in case of K§’(Sm/F) leaving the
obvious modifications needed for two other categories to the reader. Let X, Y, X' Y’
be four smooth schemes. Let further P € P(X,Y), P’ € P(X',Y”’) be sheaves finite
and flat over X and X' respectively. In this case the external tensor product PX P’
is obviously finite and flat over X x X’. Thus we get a bifunctor

PX,Y) x P(X,Y) 2 P(X x X',Y x V)

which is obviously additive and biexact. This gives a canonical operation — external
tensor product

KE(X,Y)® K&(X', V) B KE(X x XY x Y)

According to what was said above every KéB—presheaf determines a presheaf
Sm/F — Ab in the usual sense. This remark allows us to consider presheaves
with transfers (resp. Ky-presheaves, KéB—presheaves) as presheaves in the usual
sense provided with an appropriate additional data. In this section we’ll be mostly
dealing with the following questions

(1) What happens to a Kga—presheaf structure (resp. Ky-presheaf structure,
presheaf with transfers structure) on a presheaf F when we sheafify it in
Zariski or Nisnevich topologies.

(2) Find conditions that assure that the given K -presheaf structure on JF
(resp. Ko-presheaf structure) may be descended to a Ky-presheaf structure
(resp. presheaf with transfers structure).

Most part of the results presented below are taken from [V1, V2], [W], so unless
the result is new we just give the formulation and indicate the reference, sometimes
giving the sketch of the proof (if it’s not too long).

In the computations we are about to perform the following formula computing
the composition of the usual morphisms with ones given by K, §9 (X,Y) is often used.
The verification of this formula is quite straightforward and we leave it as an easy
exercise to the reader.

Lemma 1.2.0. For any P € P(X,Y) and any morphism f: X' — X, g: Y — Y’
of smooth schemes we have the following identities

[Plo f=[(f > 1y)"(P)] € K§ (X",Y)
go [Pl =[(1x x g)«(P)] € K§ (X,Y”)



6 ANDREI SUSLIN

Recall that a presheaf F : Sm/F — Ab is said to be homotopy invariant provided
that for any X € Sm/F the canonical homomorphism (px)* : F(X) — F(X x Al)
is an isomorphism.

Lemma 1.2 (M.Walker [W]). Let F be a homotopy invariant K -presheaf on
the category Sm/F. Then the Kga—presheaf structure on F descends uniquely to a
Ky-presheaf structure.

Proof. Uniqueness of the Ky-presheaf structure on F compatible with the original
KSB -presheaf structure is obvious. To prove its existence we have to verify that for
any X,Y € Sm/F and any short exact sequence 0 — P’ — P — P” — 0 in
P(X,Y) the homomorphism

[P]*_[Pl]*_[P//]*

F(Y) F(X)

given by the Kga—presheaf structure on F is trivial. To do so we consider the
following commutative diagram with exact rows in P(X x Al)Y)

0 —— P|[T] —— P[T] —— P'lT] —— 0

(1.2.1) :T T TT

0O —— P[T] ——— Q@ —— P'lT] —— 0

where the right-hand square is a pull-back diagram. Set 5 = [Q]—[P'[T]]-[P"[T]] €
K§ (X x Al)Y) and consider the following diagram

Fv) 2L F(x x AL) %f(X)

;%
51

Since F is homotopy invariant the homomorphisms i and ¢] are equal. On the other
hand Lemma 1.2.0 allows us to conclude that ii3* = (Boi1)* = ([P]—[P']—[P"])*,
whereas i53* = (8 01ip)* = 0, since the bottom line of the diagram (1.2.1) splits
being specialized at T' = 0.

For the future use we write down explicitly the properties of the sheaf ) con-
structed above.

Lemma 1.2.2. Starting with any short exact sequence 0 — P’ — P — P” — 0
in P(X,Y) the above construction gives us a sheaf Q € P(X x AL)Y) with the
following properties:

(1) Q=P ®P" Q=P
(2) [Q1] = [Qo] = [P] - [P'] - [P"] € K§(X,Y).

Lemma 1.3 (V.Voevodsky). Let F be a homotopy invariant presheaf with trans-
fers on the category Sm/F. Then the associated Zariski sheaf F 74, has a unique
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structure of a presheaf with transfers for which the canonical homomorphism F 2,
Fzar 1S compatible with transfers. Moreover, F 7., is also homotopy invariant.

Proof. Every presheaf with transfers is obviously a pretheory in the sense of Vo-
evodsky [V1]. Furthermore, Voevodsky proved in [V1] that the Zariski sheaf asso-
ciated to a homotopy invariant pretheory is again a homotopy invariant pretheory.
This implies immediately that Fz,, is homotopy invariant. To show that Fz,, is
actually a presheaf with transfers amounts to the verification of the following two
points:

(1) Let X,Y € Sm/F be two smooth schemes, let further Z C X x Y be a
closed integral subscheme finite and surjective over a component of X and
let a € F(Y') be a section that dies in Fz4,(Y), then Z*(a) € F(X) dies in
FZar (X>

(2) In the same situation as above let a € Fz,,-(Y') be any section of Fz,, over
Y. Then there exists an open covering X = UX; and for each ¢ an open
Y; C Y and a section a; € F(Y;) such that

ZNX;xY CX;xY;,  ay, = éa;)

In both cases it suffices to consider the case when the scheme X is local with the
closed point zg € X. Let zg,..., 2, be all points of Z over xy and let yq,...,y, be
their images in Y. Note that for any open U C Y, containing all y; the scheme Z
is contained in X x U and hence Z*(a) = Z*(ay). Consider the semilocalization
Y, of Y at the set of points yo, ..., yn. According to another theorem of Voevodsky
[V1], Proposition 4.24 for any pretheory F the sections of F and Fyz,, over any
smooth semilocal scheme Y, coincide, i.e.,

(1.3.1) iy FU)= lim  Fzar(U)

Uay():"':yn UayOa"'7yn

This formula readily implies that there exists U > yo, . . ., ¥, such that a;;; = 0 and
thus Z*(a) = Z*(ajy) = 0. Second statement also follows from the formula (1.3.1).

Lemma 1.4 (M. Walker [W]). Let F be a homotopy invariant Ko-presheaf. Then
the associated Zariski sheaf F 74, has a unique structure of a Kq-presheaf for which

the canonical homomorphism F 2, Fzar 1S a homomorphism of Kg-presheaves.
The presheaf Fzq, is homotopy invariant and moreover has a canonical structure
of a homotopy invariant pretheory.

Proof. Walker verified in [W] that homotopy invariant K-presheaves satisfy many
properties enjoyed by homotopy invariant pretheories. In particular, they satisfy the
formula (1.3.1). To show that Fz,, has a unique structure of a Ky-sheaf it suffices
now to repeat the previous argument replacing everywhere the closed subscheme Z
by a coherent sheaf P € P(X,Y) ( finite and flat over X ). The remaining facts are
not to hard to prove either — see [W] for details.
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Remark 1.4.1. With some more work one can show that in conditions of Lemma
1.4 the Zariski sheaf Fzq. actually has a canonical structure of a Zariski sheaf with
transfers. Since for most practical purposes pretheories are as good as sheaves with
transfers we don’t try to give (a rather lengthy) proof of this fact here.

Lemma 1.5. Let F be a KSB -presheaf (resp. Ko-presheaf, presheaf with transfers).
Then the associated Nisnevich sheaf Fnis has a unique structure of KgB -presheaf
(resp. Ko-presheaf, presheaf with transfers) for which the canonical homomor-

phism F 2, Fnis s a homomorphism of KgB -presheaves (resp. of Ko-presheaves,
presheaves with transfers).

Proof. In case of presheaves with transfers this fact is proved in [V2] Lemma 3.1.6.
In case of KgB -presheaves and K-presheaves the proof is essentially the same as for
presheaves with transfers, so we just sketch it briefly. Once again we have to verify
two things

(1) Let X,Y € Sm/F be two smooth schemes, let further P € P(X,Y) be a
coherent sheaf finite and flat over X. Let finally a € F(Y') be a section that
dies in Fnis(Y). Then P*(a) € F(X) dies in Fnis(X).

(2) In the same situation as above let a € Fn;s(Y') be any section of Fy;s over

Y. Then there exists a Nisnevich covering {X; EIN e }; and for each i a
scheme Y; 25 Y over Y, a sheaf P; € P(X;,Y;) and a section a; € F(Y;)
such that

Pof,=gi0P;, ay, = o(a;)

This time, since we are working now in Nisnevich topology, we may assume X to be
a Henselian local scheme. The closed subscheme Supp P = Spec Oxxy/Ann P C
X XY being finite over X is a disjoint sum of local Henselian schemes Supp;.
This decomposition of Supp P determines a canonical direct sum decomposition
P = &, P; with support of P; being equal to Supp,. It suffices clearly to treat
the case P = Pj, i.e., we may assume that Supp P is a local Henselian scheme
with closed point z € Supp P. Let y be the image of z in Y. By the assumption
there exists an étale neighborhood (U, u) = (Y,y) such that ajy = 0. The scheme
(Supp P, z) being Henselian we conclude from the definitions that the morphism
py : (Supp P,z) — (Y,y) factors uniquely through (U,u). The corresponding
morphism Supp P — X X U is obviously a closed embedding. This allows us to
define a coherent Ox w7-module ), whose support identifies with that of P under
the above closed embedding. Obviously @ € P(X,U) and (1x X s).(Q) = P, i.e.,
[P] =s0[Q] € K§(X,Y). Finally P*(a) = Q*(s*(a)) = 0.

We end this section with an application of the previous results to polyrelative co-
homology. For any presheaf F : Sm/F — Ab we denote by C,,(F) a new presheaf
on the category Sm/F defined by the formula C,(F)(X) = F(X x A™). Thus
Co(F) is a simplicial presheaf and we use the notation C, (F) for the corresponding
non-negative complex of sheaves with differential (of degree —1) equal to the alter-
nating sum of face operations. We use the notation C*(F) for the same complex
reindexed cohomologically (i.e., C* = C_;).
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Let X € Sm/F be a smooth scheme and let {X;}I", be a family of sub-
schemes in X such that all intersections X;, N...N X;, are smooth. We denote by
Zzar(X;{X;}1,) the following complex (with differential of degree +1) of Zariski
sheaves:

.o @i1<...<ikZZar(Xi1 n.. ﬁXlk) - ... @iZZar(Xi) - ZZar(X)

Here Z 74, (X) stands in degree zero, ®;, < . <i, Zzar (X, N...NX;, ) stands in degree
—k and the differential is the alternating sum of maps induced by inclusions. We use
the notation Zn;s(X; {X;} ) for the obvious counterpart of the above complex
with Zariski topology replaced by the Nisnevich topology. If F* is any complex of
Zariski sheaves we define polyrelative cohomology of X with respect to {X;}I' , as
(hyper)Ext-groups for complexes of sheaves:

H o (X AXi 0 F7) = Ext?(Zzar (X3 {Xi}0), F7)

In a similar way one defines polyrelative Nisnevich cohomology with coefficients
in a complex of Nisnevich sheaves. The following Lemma summarizes some of the
standard (and obvious) properties of polyrelative cohomology. We do not specify
the topology in the formulation of this Lemma since it works for both the Zariski
and the Nisnevich topologies.

Lemma 1.6. a. We have a natural long exact sequence
HP(X AX g F7) = HP(X AKX F) = HP (X (X N X ) 5
S BV (X A XY s F)

b. We have a natural spectral sequence

El,=®i<.<i, H(X;, N...N X, F*) = HTYX X} : F¥)

c. Letting F* — I* be an injective (or flasque) resolution of the complex F*,
the polyrelative cohomology H* (X, {X;}! o; F*) coincides with cohomology of the
bicomplex

(1.6.1) I"(X) =@ I"(X;) = ... =@ <<, (X5, NN (X)) — ...

For any complex of presheaves I* and any smooth scheme X, provided with a
family of closed subschemes { X}, such that all intersections X;, N...N X, are
smooth we use the notation I* (X, {X;}! ) for the bicomplex (1.6. 1) Thus the last
statement of Lemma 1.6 may be rephrased by saying that for a flasque resolution I*
of F* we have a natural identification H* (X, {X;}'_q; F*) = H*(I* (X, {Xi}1y))-
This remark shows, in particular, that for any complex of sheaves F* we have
canonical homomorphisms

HY(FH(X A Xihiso)) — H (X, {Xi 1)) = H (X X}l F)-
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Proposition 1.7. Assume that F is a KéB—presheaf. Assume further that X 1is
a smooth semilocal scheme provided with the family {X;}7_, of closed subschemes
such that all intersections X;, N...NX;, are smooth (semilocal) schemes. Then the
canonical map

H*(CH(F) (X, {Xi}iso)) — H(CF(F) zar (X {Xi}ilo)) —
— Hzq, (X, {Xi}i0; C"(F) zar)

1s an 1somorphism.

Proof. The standard spectral sequence argument shows that it suffices to deal
with the absolute case, i.e., to show that canonical homomorphisms C*(F)(X) —
H, (X, C*(F)zar) is an isomorphism. Denote by H9 the ¢-th cohomology presheaf
of C*(F). Then H? is a homotopy invariant K 39 -presheaf and hence a homotopy in-
variant Ky-presheaf (see Lemma 1.2). Consider next the hypercohomology spectral

sequence
qu = Hgar(X7 Hanr) = Hg_gg(X7 C*<f)Za7“)

According to Lemma 1.4 the sheaves H%, = are homotopy invariant pretheories and
hence HY (X, H%,.) = 0 for p > 0 — see [V1], Lemma 4.28. This implies that
the above hypercohomology spectral sequence degenerates and provides isomor-
phisms H? (X, C*(F)zar) = (X, HY,,). Finally, as was mentioned in the proof
of Lemma 1.4, M. Walker has shown that for any homotopy invariant Ky-presheaf
H? and any smooth semilocal scheme X the natural map I'(X, H?) — I'(X, H%,,.)
is an isomorphism.

Remark 1.7.1. For any KéB -presheaf F and any smooth scheme X, provided with
the family {X;}7—, of closed subschemes such that all intersections X;, N ...N X;,
are smooth, the canonical map

H 700 (X AXi}i20: O (F) zar) — Hivis (X, {Xi}ilo; C7(F) wvis)

18 an isomorphism. Thus one can replace Zariski cohomology in 1.7 with Nisnevich
cohomology.

Proof. Once again it suffices to treat the absolute case. Since cohomology sheaves
of the complex C*(F) z4, are homotopy invariant pretheories our statement follows
immediately from general properties of such sheaves — see [V1].

§2. RATIONALLY CONTRACTIBLE PRESHEAVES.

In this section we prove one of the main new results of this paper (Theorem 2.7),
which gives vanishing of certain polyrelative cohomology groups in the semilocal
case. It should be mentioned that this Theorem is a motivic cohomology version
of a result proved by Geisser and Levine in [G-L1] for higher Chow groups. The
present formulation is however much more general and the proof we hope is much
more understandable.
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For any presheaf F : Sm/F — Ablet C'1F denote the following presheaf

CLF(X) = lim F(U)

Xx{0,1}CUCX xA!

Note that there are two obvious presheaf homomorphisms (restrictions to X x 0
and X x 1 respectively) iy, i} : C1F — F.
Definition 2.1 ([S-V] §9). A presheaf F is called rationally (or generically)

contractible if there exists a presheaf homomorphism s : F — C1F, such that
158 = 0,175 = 1F.

The following result, which is a minor generalization of [S-V] (9.6), serves as a
main supply of rationally contractible sheaves.

Proposition 2.2. Let X € Sm/F be a smooth connected scheme and let xy € X be
a rational point of X. Assume that there exists an open subscheme W C X x Al,
containing X x {0,1} U zg x Atand a morphism of schemes f : W — X such
that flxxo = 2o, flxx1 = 1x, flegxar = 0. Then the following presheaves are
rationally contractible:

(1) Z(X)/Z(xo)

(2) Zer(X)/Zir(20)

(3) U K()(U,X)/K()(U,Jlo)

(4) U — K (U, X)/K$(U, 20)

Proof. We start with the easiest case, that of the presheaf Z(X)/Z(xp). Let g : Y —
X be a morphism of schemes over F. Consider the morphism g x 141 : Y x Al —
X xA' and let U be the inverse image of W under this morphism. Thus U C Y x A!
is an open subscheme, containing Y x {0,1}, and the composition f o (g X 141)
defines a morphism s(g) : U — X. Thus associating to g € Z(X)(Y) the section

s(g) € Z(X)(U) we get a homomorphism of presheaves s : Z(X) — 512()(), such
that if os = 1z(x), 50 s = xo. Moreover, the prescribed behavior of f with respect

to xo implies readily that the homomorphism s takes Z(zg) to 5’12(3{:0) and hence

defines the rational homotopy operator s : Z(X)/Z(xzo) — C1(Z(X)/Z(xp)) with
the required properties.

In the remaining cases the proof is essentially the same; one should interpret the
sections of the above presheaves as morphisms in an appropriate sense and make
sure that the constructions performed above make sense for these morphisms. We
give details concerning the last two presheaves and leave the second presheaf (which
was treated in [S-V], (9.6) ) to the reader. Start with a coherent sheaf P on Y x X
finite and flat over Y and denote by Z C Y x X its support. Note that the sheaf
P X1, is a coherent Oy y a1« x x s1-module finite and flat over Y x A'. Moreover,
the support of this sheaf coincides with Z x Aai. Let further T C X x A! be the
closed subscheme — complement of W. The intersection (Z x A1 )N[(Y x Al)xT] C
(Y x Al) x (X x Al) does not contain points where the second Al-coordinate is
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equal to 0 or 1, on the other hand both A'-coordinates on this intersection coincide
and hence it does not contain points where the first A' coordinate is equal to 0 or
1. Moreover, this intersection is obviously finite over Y x A'. The above remarks
imply that py a1 ((Z x Ap) N[(Y x Al) x T]) C Y x Al is a closed subscheme
not intersecting Y x {0,1}. Denote by U = Up C Y x A! the complementary open
subscheme. By the very construction we have the following inclusion:

[Ux (X xAHN(ZxAp) CUXxW

The restriction of the sheaf P X 141 to U x (X x A!) is finite and flat over U and
its support is contained in U x W, which implies readily that the restriction

(PX1a0)|usxw

is still finite and flat over U. Finally we set

Q= (1u x [)«(PX1p1)|uxw).

The sheaf @) is a coherent Oy« x-module, finite and flat over U. One checks easily
that associating to P the class of Q in limy 1o 1ycpcyxar Ko(U, X) (resp. in

My 011 cvcy xar K§ (U, X) defines a function on the category P(Y, X) which
is additive with respect to all short exact sequences (resp. to split short exact
sequences only) and hence defines a homomorphism

SKO<Y,X)—> ll_l’f>l K()(U,X)
Y x{0,1}CUCY xAl

(resp. a homomorphism

s: KV, X) — lim K (U, X).
Y x{0,1}CUCY xAl
Finally one checks easily that s is a homomorphism of presheaves and has all the
required properties.

Remark 2.3. Note that a direct summand in a rationally contractible presheaf is
obviously also rationally contractible. Thus Grayson’s presheaf U +— Kga(U, Go™)
being a direct summand in U — K$(U,G3")/K§(U,1 x ... x 1) is rationally con-
tractible.

Lemma 2.4. Let F be a rationally contractible presheaf . Then the presheaf C,,(F)
18 equally rationally contractible.

Proof. The choice of a vertex v € A" defines a splitting of the presheaf C,, (F)
into a direct sum of F and the kernel C}(F) of the restriction map defined by v:
9y : Cp(F) — F. Moreover, the sheaf C}(F) is contractible (see [S-V] Lemma 1.9)
and hence rationally contractible.

For any n > 0 denote by A" the semilocalization of A™ at the set of its vertices
Vg, .., Uy € A", Since all the structure maps of the cosimplicial scheme A® take
vertices to vertices we conclude that A® is a cosimplicial semilocal scheme. Applying
a presheaf F to this cosimplicial scheme we get a simplicial abelian group, i.e., a
complex. The following elementary property of rationally contractible sheaves is
the basis for all further applications.
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Proposition 2.5. Assume that the presheaf F is rationally contractible. Then the
complex F(A®) is contractible and hence acyclic.

Proof. For each n > 0 the homomorphism s defines a map
san t F(A™) = C1F(A™) = F(A" X Al)

where the latter hat indicates that the scheme A™ x A! is semilocalized with respect
to the set of its vertices, i.e., points v; X 0,v; x 1. Consider finally the usual
triangularization of A™ x A!, defined by the family of maps v; : A"T! — A" x Al
(0 <i < n), where 1); is the linear isomorphism taking the vertex vjtov; x0if j <4
and to v;_1 x 1if j > 7. Once again 1; take vertices to vertices and hence define
maps on the corresponding semilocalizations. The contracting homotopy operator
for the complex F(A®) is given by the formula

n

o(u) =Y (=1)'(¥1)"(s(w))

1=0

Consider a smooth semilocal scheme A™ and the family of its closed subschemes
{A?_l}?zo. Since all intersections are obviously smooth we may consider (for any
presheaf F) the corresponding non-negative complex F(A™, {A?~117_ ).

Corollary 2.6. Assume that the presheaf F is rationally contractible. Then the
non-negative complex ]—"(A", {A?‘l}?zo) is acyclic in positive degrees, and its zero-
dimensional homology group coincides with the intersection of the kernels of all the
face maps 9; : F(A") — F(A"1):

Ho(f(A”7 {A?—l}?zo) — _’F(An)ker déf ﬂ?ZOKer(ai . f(An) _ f(An_l).

Proof. Reindex the complex F(A” {A"71}" ) homologically and then shift it so
that F(A™) stands in degree n. It was proved in [F-S] Theorem 1.2, that the
resulting homological complex is canonically quasi-isomorphic to (o<, M(F(A®)).
Here o<, denotes the operation of stupid truncation at level n and M(F(A®)) is the
Moore complex corresponding to the simplicial abelian group F (A') Proposition
2.5 shows that the complex F (A') is acyclic and hence o<, M(F (A’) is acyclic in
degrees # n. Returning to our original cohomological complex we conclude that
the complex F(A™, {A?_l}?zo is acyclic in degrees # 0. Finally the statement
concerning its zero-dimensional homology is obvious.

Theorem 2.7. Let F be a rationally contractible K§9 -presheaf. Then the canonical
embedding C*(F)(A™)ker — C*(F)(A™, {A? 1} ) is a quasi-isomorphism. In
particular, the complex C*(F)(A™ {A""1}r_) is acyclic in positive degrees and
hence

Hy, (A" AT Y103 O (F) zar) = Hy (A" {AT g CF(F)wvis) = 0
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forp > 0.

Proof. The first statement follows immediately from Corollary 2.6 since presheaves
C™(F) are rationally contractible according to Lemma 2.4. The second statement
follows from the first one Proposition 1.7 and Remark 1.7.1.

§3. GRAYSON’S COHOMOLOGY.

For any X € Sm/F the category P(X, G ) may be identified with the category
of vector bundles P over X equipped with an n-tuple (aq, ..., a,) of commuting
automorphisms. We denote by K§'(G?,) the presheaf of abelian groups on Sm/F
given by the formula K§(G?)(X) = K (P(X,G",)). Canonical embeddings

G:Ln_l LN G?n (0417 ...,Oén—1> = ((1/1, --"]:L’ --.,Oén_1> k= L..,n

define embeddings of presheaves K (Gm1) ILOLN K¢ (G?). Moreover, one checks

easily that the sum of images of these embeddings is a canonical direct summand
in K (G?,) — see for example [S-V], §0. We define the presheaf KJ(GA") as the
quotient of K§ (G%) modulo Y 7 _(ix)«(K (G 1)). We define the complex of
Zariski sheaves ZE"(n) via the formula

27 (n) = C*(K§ (Gp")) zar[-11]

Finally we define Grayson’s motivic cohomology of X as the Zariski hypercohomol-
ogy of X with coefficients in the complex of sheaves Z%"(n).

Proposition 3.1. a) The complex Z°"(0) coincides with Z.

b) For any n the cohomology sheaves of ZC" (n) are homotopy invariant pretheo-
ries and, in particular, are strictly homotopy invariant. Hence for any X € Sm/F
we have canonical isomorphisms

Hy, (X, 2°7(n)) =Hz,, (X, 27 () nis) = Hyio (X, 27 (0) vis)
Hy,, (X, 297 (n)) =Hy,, (X x AY, 297 (n))

Proof. The first statement is obvious. The second statement follows from Lemma
1.2, Lemma 1.4 and the standard properties of homotopy invariant pretheories —
see [V1].

To simplify notation we keep the same notation Z&" (n) for the Nisnevich sheafi-
fication Z%"(n) ;s of the complex ZE"(n). Proposition 3.1 shows that this does
not lead to any kind of confusion.

For any schemes X,Y € Sm/F and any integers m,n > 0 we have canonical
pairings — see § 1

K¢ (G (X) @ K¢ (Gp™)(Y) — K (Gp" ™) (X x Y)
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These pairings define further a canonical homomorphism of complexes

C*(K§ (GHM)(X) @ C (KF (GNM)(Y) — Tot C* (KF (G ™) (X x V) =

2 O (KE(GAM™)) (X x Y)

Here CP2(KS(GH"T™N(X x V) = KE(Gh" ™) (X x YV x AP x A%) and the
second arrow is the shuffle map — see e.g., [S-V] §0. Specializing now to the

case X = Y and composing the resulting homomorphism of complexes with the

map C’*(K(?(G;\n(ner)))(X x X) (Bx) C*(K?(qu\@(n+m)))(X) we get a homo-

morphism of complexes of abelian presheaves, which upon sheafification and shift
defines canonical homomorphisms of complexes of sheaves ZC (n) @ ZC7 (m) =

ZY"(n 4+ m). It’s well-known (and easy to verify) that the product maps pi,, ,, are
strictly associative and commutative. This observation implies readily the following

result.

Proposition 3.2. For any X € Sm/F

P H* (X, 27 (n))

n=0

18 a bigraded associative ring with identity, which is graded commutative with respect
to the cohomological degree.

Proposition 3.3. The presheaf K§(GA") is rationally contractible and hence
Vn,m >0 ) R
HP(A™ {A™1m 757 (n)) =0 forp>n

Proof. The first statement follows from Proposition 2.2 and Remark 2.3 and the
second statement follows from Theorem 2.7.

Recall that motivic complexes Z(n) are defined in a way very similar to the one
we used above to define complexes Z%"(n) — see [V2, S-V]. Denote by Z.(G?)
the presheaf of abelian groups on Sm/F given by the formula Z.(G])(X) =
Cor(X,G'). It’s easy to see that this presheaf is actually a sheaf in the Nisnevich
topology so that this time no sheafification is needed. A straightforward verification
shows that the sum of the images of the homomorphisms Z,.(G™% 1) — Z.(G?,)
induced by the canonical embeddings iy : G*! — G?, (1 < k < n) is a direct
summand in Z,(G},) (see [S-V] §0). One defines the Nisnevich sheaf with transfers
Zir(G)™) as the quotient of Z,(G?,) modulo Y 7_(ix)«(Ze (G2 1)). Finally one
defines the complex of Nisnevich sheaves with transfers Z(n) via the formula

Z(n) = C*(Zer(Gy,"))[—n]

As was explained at the beginning of §1 we have canonical homomorphisms of
presheaves K (G") — Z;-(G"). These homomorphisms induce obviously ho-
momorphisms K§ (G)") — Z,.(GA™), from which we derive in an obvious way
homomorphisms of complexes of Nisnevich sheaves f,, : Z¢"(n) — Z(n).
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Lemma 3.4. The homomorphisms f,, : Z"(n) — Z(n) are compatible with prod-
ucts. Moreover the homomorphism fo is an isomorphism of complexes.

Proof. The second statement is trivial since both presheaves K (Spec F) and
Zy(Spec F') coincide with the constant sheaf Z. The first statement is also clear
since product maps Z(m) ® Z(n) — Z(m + n) may be defined in exactly the same
way as product maps Z (m) ® Z¢"(n) — ZC(m + n) were defined above — cf.
[S-V] §2, [F-S] §12.

§4. THE CANCELLATION THEOREM FOR GRAYSON’S COHOMOLOGY.

In this section we repeat, essentially verbatim, Voevodsky’s proof of the Cancel-
lation Theorem for motivic cohomology, replacing everywhere motivic cohomology
by Grayson’s cohomology. The only difference is that we have to modify slightly
Voevodsky’s argument to make sure that it works in K Oea—context. We also replace
the final part of the Voevodsky proof with an explicit construction of a homotopy
operator.

For any scheme X € Sm/F and any abelian presheaf F : Sm/F — Ab the
group F(X) identifies canonically as a direct summand in F(X x G,,). We use the
notation F(X A G,,) for the complementary direct summand, i.e., F(X A G,,) =
Ker(F(X x G,,) =% F(X x €) = F(X)), where e € G, is the identity element.

Fix smooth schemes X and Y. For our applications only the affine case is of
interest, so we’ll be assuming that both X and Y are affine. This assumption
makes many constructions more transparent, however, as the reader will see, it is
irrelevant for the validity of results proved below. For this reason we’ll formulate
results in complete generality but will make verifications in the affine case only.

Let P be a coherent sheaf on X x G,,, X Y x G,,, finite and flat over X x G,,,.
Denote by f; and f5 the two invertible functions on X x G,,, XY x G,,, corresponding
to the two projections onto G,,.

Proposition 4.1. a) For anyn > 0 the sheaf P/(f]""* —1)P is finite and flat over
X.

b) There exists an integer N such that for any n > N the sheaf P/(f1™" — f5)P
s finite and flat over X.

Proof. Let A = F[X] be the coordinate ring of the affine scheme X. The first part of
our statement is clear: we know that P is a finitely generated projective module over
the Laurent polynomial ring A[fy, f; '] and claim that in this case P/(f]""" —1)P
is a finitely generated projective A-module, which is perfectly obvious.

To prove the second part we note that multiplication by fo determines an auto-
morphism of the A[f1, f; Y-module P, which we denote by a. Our claim concerns
the properties of the module Coker(f"™! —a). To show that this module is finitely
generated over A we note that, considered as an A[f1, fi l-module, it is killed
by det( f”+1 — «). Denote by x = x. the characteristic polynomial of . Thus
X = x(T) is a monic polynomial in 7" of degree d = rank P:

X(T) =T+ b, T + . 4 by
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Here b; € A[f1, f; '] are Laurent polynomials in f;. The constant term by coincides
with det(c) and hence is invertible in A[f1, f{ ']. Thus it is of the form by = a - f}
for some s € Z and some a € A*. Note that

det( {L+1 —a) = x( 1n+1> _ fld(n+1) +by - (fl)(d—1)(n+1) bt by 1n+1 Ya-fs

A straightforward examination shows that if we take n large enough then det( 1”“ —

«)- f; ° is a monic polynomial in f; of degree d(n+1)—s and with invertible constant
term (equal to a). This readily implies that Coker(f]""! — ) is a finitely generated
module over A[f1, fi ']/ det(fiT —a)- f;7° = A[f1]/ det(f1™! —a)- f;° and hence
is a finitely generated A-module. Moreover, under the same conditions on n, we see
that the homomorphism f"*' —«a : P — P is injective and hence Coker(f'! — )
has a two-term flat resolution over A, which may be used to compute the Tor-groups.
To show that the finitely generated A-module Coker( 1”“ — «) is projective it
suffices to show that for any prime ideal y C A the group Tors (P/(f™ —a) P, k(1))
is trivial. However, this Tor;-group coincides with the kernel of the homomorphism

T —a(p) : P@ak(p) — P @a k()

and the kernel of this endomorphism is trivial since this kernel is a submodule
in a finitely generated projective k(u)[f1, f; *]-module and is killed by the monic

polynomial det(f{"* — a(u)) - fi°.

For any coherent sheaf P on X x G,, x Y x G, that is finite and flat over
X xG,,, we denote by pt (P) the direct image of P/(f" —1)P under the projection
X X Gy xY x Gy — X x Y. According to Proposition 4.1 the sheaf pf (P) is
finite and flat over X. We'll say that p, (P) is defined provided that the sheaf
P/(f" — f5)P is finite and flat over X, in which case we define p;, (P) to be the
direct image of P/(fI"** — f,) P under the projection X x G,, xY xG,, — X x Y.
Proposition 4.1 shows that p,, (P) is defined for all n large enough, and when
defined p,, (P) is a coherent sheaf on X x Y finite and flat over X. Finally we’ll
say that p,(P) is defined provided that p; (P) is defined, in which case we set
pu(P) = [pif (P)] = [pn (P)] € K5 (X,Y)

Lemma 4.2. a) For any Py, P» and any n, there is an isomorphism p} (P @ Py)
P (P1) & pif (P2).

b) Assume that p, (P1) and p, (Ps) are defined. Then p, (Py ® Py) is defined as
well and p;, (P, @ Py) = p; (P1) @ p;, (P,). In this case we also have the identity

~

pn(PL® Po) = pp(P1) + pu(P2) € K¢ (X,Y)

Lemma 4.3. Let QQ be a coherent sheaf on X XY finite and flat over X.
(1) The sheaf p,, (Q X 1g, ) is defined for all n > 0. Moreover,

P QR 1g, )= Q"
pn(QR1g,)=Q"
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and hence p,(Q W 1g, )= [Q].
(2) The sheaf p,, (Q R eg,,) is defined for all n > 0 (here e : G, — Gy, is the
trivial morphism that takes G, to the unit e € G,,). Moreover,

pi(QWeg, )= Q!
P (QWeg,, ) = Q™!

and hence pp,(Q Weg, ) =0

Proof. Let A = F[X],B = F[Y] be the corresponding coordinate rings. The A ®
B[fl: fl_lv f27 f{l]'mOdule Q&le/fln—i—l_fQ coincides with Q®FF[f17 fl_lv f27 f2_1]
J(fr = fo, [T — f2) = Q@F F[f1, i '1/(fiT — f1). Considered as an A-module
this module is obviously finitely generated projective and moreover is isomorphic
to Q". Similarly QX eg, /fI"" — fy coincides with Q @ F[f1, fi ', f2, f5 11/ (f2 —
Lt — fo) = Q@p F[f1, f{ 1]/ (f7 — 1). This module is finitely generated and
projective over A and is isomorphic to @Q™*!. The computations concerning p, are
performed similarly.

Lemma 4.4. Let P be a coherent sheaf on X X G,, XY x G,, finite and flat over
X X Gy,. Assume that p, (P) is defined.

(1) For any morphism g : X' — X of smooth schemes the element p, ((g X
1g, xvxa,,)*P) is also defined and moreover we have the following natural
1somorphisms

P ((9 % 16, xvxE,,)"P) = (9 x 1y)"(p} (P))
Pn (9 X 16, xv %@, )" P) = (9 X 1y)*(p, (P))

(2) For any morphism g : Y — Y’ of smooth schemes the element p;, ((1x xg,, X
g X 1g,, )« P) is also defined and moreover we have the following natural
1somorphisms

P ((Lxxe,, x g% 1g,,)«P) = (1x x 9)«(p} (P))
pr((Ixxg,, X g lg,).P) = (1x X 9)«(p;, (P))

Proof. Set B = F[Y],A = F[X],A" = F[X']. The (A'®@B)[f1, f; ', f2, f5 *]-module
(9% 1g,, xyxa,, ) P)/(f1""1 — f2) coincides with A’ ®4 P/(f{""* — f2). This module
is obviously finitely generated and projective over A’ and moreover it coincides also
with (g x 1y )*(p;, (P)). The part concerning p;! is established similarly. The second
part is even easier since in this case the corresponding module does not change at
all.

Here is one more result of the same character established in the same absolutely
straightforward fashion. We skip the obvious details.
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Lemma 4.5. Let P be a coherent sheaf on X X G,, XY x G, finite and flat
over X X G,,. Assume that p, (P) is defined. Then for any scheme X' € Sm/F
p, (PR 1x/) is also defined. Moreover, we have the following identifications:

pi (PR 1x:) = py(P) X 1y

pn (PR 1x/) =p, (P)R1x

Next we have to construct, following [S-V] § 3 certain standard homotopies.

Proposition 4.6. There exists a coherent sheaf H on (G,, x G, x AY) x (G, xG,,)
finite and flat over (G, x G,, x A') and such that

[Ho] — [H1] = [0] = [1g,, x ] + [(a,€)] = [(b,€)] = [(e; a)] = [(e,0)] + 2 - [(e, €)]

where o : G, X G,, — G,,, X G,,, is the permutation of coordinates morphism,
i: G, — G, is the inversion morphism i(z) = 1, a and b are the first and
the second coordinate functions on G,, x G,, respectively and e = 1 € G, is the
identity element.

We start with a few auxiliary homotopies.

Lemma 4.6.1. Let a and b be two invertible functions on a smooth scheme S .
Then there exists a coherent sheaf P on S x A! x G,,, finite and flat over S x A'
and such that [Py] — [P1] = [ab] — [a] — [b] + [1] € K& (S, Gn)

Proof. Let X denote the G,,-coordinate function and T denote the A!-coordinate
function. Consider the closed subscheme Y C S x A! x G,,, given by the equation

X2 —(T(a+b)+(1—=T)(1+ab))X +ab=0

An immediate verification shows that this scheme is finite and flat over S x Al. The
corresponding subschemes Yy, Y; C S x G,, are given by the equations (X —1)(X —
ab) =0 and (X —a)(X —b) = 0 respectively. Denoting the coordinate ring of S by
A we note further that we have short exact sequences of A[X, X ~!]-modules

AX] x-1 A[X] AlX]

0= X~ X—a)yx-1) x—-1 "
oL AX] xoAX] AKX
X —a (X —a)(X —0b) X —b

From these short exact sequences of A[X, X ~!]-modules we derive (see (1.2.2))
coherent sheaves P! and P? on S x A! x G,,, finite and flat over S x A! for which

pro AXL AKX AKX
O X —ab X -1" "t (X —ab)(X -1)

_ A[X] _ AX] L ALX]
POz_(X—a)(X—b)’ PlQ_X—a@X—b

Now it suffices to take P = Oy @& P! ¢ P2.
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Corollary 4.6.2. Let a, b and c be three invertible functions on a smooth scheme
S . Then there exists a coherent sheaf Q on S x Al x G,, x G,,,, finite and flat over
S x A and such that [Qo] — [Q1] = [(ab, )] — [(a, )] — [(b,c)] + [(1,¢)].

Proof. Consider the closed embedding i, : S x A! x G,,, — S x Al x G,,, x G,,,,
given by the formula i.(s,t,x) = (s,t,x,c(s)) and take Q = (i.)«(P).

Corollary 4.6.3. Let a and b be two invertible functions on a smooth scheme S.
Then there exists a coherent sheaf R on S x A' x G,, x G,,,, finite and flat over
S x A and such that [Ro] — [R1] = [(ab, —ab)] — [(a, —a)] — [(b, =b)] + [(1, —1)]
Proof. Consider the closed embedding i : S x A xG,,, — S x A! xG,,, X G,,, given
by the formula i(s,t,x) = (s,t,x, —x) and take R = i.(P).

Proof of Proposition 4.6 Take S = G,,, X G,,, and denote by a and b the first
and the second coordinate functions respectively. According to Corollaries 4.6.2 and
4.6.3 we have the following homotopies between K ga—morphisms from G,, x G,, to
itself:

[(ab, —ab)] ~ [(a, —a)] + [(b, =0)] — [(1, —1)]
[(ab, —ab)] ~ [(a, —ab)] + [(b, —ab)] - [(1, —ab)] ~ [(a, —a)] + [(a, b)] — [(a, 1)]+
+ (b, =0)] + [(b, )] = [(b, 1)] = [(1, —ab)]

These relations combine to give the following homotopy:

[(a,0)] + [(b, @)] ~ [(a, )] + [(b, )] + [(1, —ab)] = [(1, =1)]

Furthermore, [(a,b)] + [(a,b71)] ~ 2[(a,1)] and hence [o] = [(b,a)] ~ [(a,b™1)] —
[(a, )] +[(b,1)] 4+ [(1,—ab)] — [(1,—1)]. Finally Corollary 4.6.2 implies that we have
the following relation:

[(1, =ab)] = [(1, =D ~ [(1,ab)] = [(1, D] ~ [(1, a)] + [(1,0)] = 2- [(1, 1)].

Start with an element v € K (X x G,,,Y x G,,) and consider the element
v (1g,, —€) € K§ (X X G X Gy, Y X Gy X Gy, ). Denote further by v (1g,, —e)
the element (1y x ) o (v (1g,, —e))o (1x X o) obtained from v X (1g,, —e) by
permuting two copies of G,, both in X x G,, xG,, and in Y x G,,, X G,,. Consider
finally the following homotopy

dp=¢,=(ly K H)o((vK(1lg, —e))o(lxxg,, x1))K1lg)+ (1y xo)o

o(vM(1g, —e))o(Ix X H) € KP(X x Gy, x Gy, x ALY x G,y x Gyy)
Lemma 4.7.0. Assume that (1y x e)ov =wvo (1x xe) =0. Then ¢g — ¢p1 =
vX? (1g,, —e) —v X (1g,, —e).

Proof. This follows immediately from the properties of the homotopy H and the fact
that v (1g,, —e) is killed by 1y x (a, e); 1y x (b, e); 1y x (e, a); 1y X (e,b); 1y x (e, €)
on the left and by similar elements with 1y replaced by 1x on the right.
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Theorem 4.7. For any X,Y € Sm/F the natural homomorphism
C.KY(Y)(X) = CK§(Y AGR) (X AGy): u—ul(lg, —eg,,)

18 a quasi-isomorphism of complezes.

Proof. Note that C,, K& (Y A G,,)(X A Gy,) is a direct summand in K (X x A™ x
Gm, Y X G,,) consisting of all those elements v € KSB (X X A" X Gy, Y X Gyy,) for
which vo (1xxan xe) = (ly xe)ov = 0. A straightforward verification shows that
the elements u X (1g,, — eg,, ) have both required properties and hence the map in
question is well-defined.

Denote by L(X,Y) the free abelian group generated by isomorphism classes of
coherent sheaves P on X x Y finite and flat over X. Thus we have a canonical
surjective homomorphism L(X,Y) — K (X,Y). For an element V € L(X x
Gm,Y x G,,) we'll say that the operation p, (V) is defined if p, (P) is defined for
every P appearing in V with # 0 coefficient. Proposition 4.1 shows that for any
Ve L(X x G, Y x Gyy,) the operation p, (V) is defined for all n large enough.
Moreover, Lemma 4.2 implies immediately the following fact.

(4.7.1) If the image of V in KJ (X x G,,,Y x G,,) is trivial then p, (V) = 0 for
all n large enough.

We first show that the homomorphism C,(K§ (Y))(X) — C.(K§ (Y AG,,)) (X A
G,,) induces injective maps on homology. Since both sides are simplicial abelian
groups we may work with the corresponding Moore complexes. Thus assume that
u € K§(X x A"Y) is a Moore cycle for which u X (1g, — eg,, ) is a bound-
ary, i.e., there exists v € K (X x A" x G,,,Y x G,,) such that d,,1(v) =
ul (1g,, — eg,,), Oi(v) = 0 for 0 < i < n. Represent u and v by appropriate
elements U € L(X x A™Y),V € L(X x A" xG,,,Y xG,,) and find N such that
pn (V) is defined. Lemma 4.4 shows that pn(0;(V)) is also defined and moreover
0i(pn(V)) = pn(0:(V)). Fact (4.7.1) shows next that upon increasing N we will
get the following identities:

0i(pn(V)) = pn(0;(V)) =0for 0 <i<n
Ont1(pn(V)) = pN(On+1(V)) = pn (UK (1g,, —€g,,)) = u
where the latter identity follows from Lemma 4.3. This implies that u itself is a
boundary and concludes the proof of the injectivity statement.
We next prove the surjectivity of the induced map in homology. Let v €

Co(KZ(Y AG ) (X AG,,) be a Moore cycle. Thus v € K§ (X x A" xG,,,Y xG,,)
has the following properties:

vo(lxxan Xxe)=(ly xe)ov=0, 9i(v)=0for0<i<n

Choose a representative V € L(X X A" X G,,,, Y X G,,,) for v, consider the homotopy
¢=¢, € KF(X x A" x G, X Gy x ALY x Gy, x G,y,) and choose a representative
b e L(XxA"xXG,, xG,, x ALY x G,, x G,,) for ¢. According to Lemma 4.7.0
we have

(4.7.2) [@o] — [®1] = [V (1g,, —e)] = [V K (1g,, —e)]
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In the computations we are about to perform we’ll be using the operations py with
respect to the newly adjoined copy of G,,,. Note that, according to (4.3), (4.5) and
(4.4.2) we have the following formulae.

pn(VX(1g, —e)) =[V]=vforal N >0
on(VH (1g,, —e)) = [pn(V)] K (1g,, — e) for all N large enough

Consider finally the element ¥y = pn(®) € KF(X x A" x G,, x ALY x G,,)
defined for all sufficiently large N. According to (4.7.1) and (4.7.2) for all N large
enough we have the following identities:

(¥n)o = (¥n)1 = pn (o — 1) = v = [pn (V)] K (Ig,, —€)

Moreover, according to (4.4.1) and (4.7.1) for all N large enough we get: 0;(¢n) =
pn(0;®) = 0, since [0;P] = ¢g,, = 0. The latter relations show that for N large
enough 1y is a Moore cycle of the simplicial abelian group Cy (K (Y x G,,))(X x
Gy x A). Since the two restrictions C (K§ (Y X Gy, ) ) (X X Gy x AL) — CL(K§ (Y x
Gm))(X xG,,,) defined by rational points 0,1 € Al define the same map in homology
we conclude that (¥n)o — (¥n)1 = v — [pn(V)] W (1g,, — €) is a boundary in
Co(K$(Y x G))(X X Gy,). Finally the complex Cy(K§ (Y AG,)) (X AGy,) is a
direct summand in C,(K§ (Y x G,,))(X x G,,) and hence v — [pn (V)] X (1g,, — €)
is a boundary in C, (K& (Y A G))(X AG,,) as well.

Theorem 4.8. For any schemes X,Y € Sm/F the natural homomorphism
Hy, (X, C* (K5 (Y)) zar) = Hzap(X A G, C*(KG (Y A Gi)) zar)

defined as the external multiplication by 1g, —e € HY(GMN, C* (K (GAL)) zar) is
an isomorphism.

Proof. We first compute Hj, (X X G,,, C*(K{ (Y AGy,))zar) using Leray spectral
sequence

B3 = HP(X, R'7. (C*(KG (Y A Gr)) zar|xx,,) =
= HP (X X Gy, C*(KS(Y A Grn)) zar)

where 7 : X x Gp; — X is the obvious projection and we use the notation |x to
denote the restriction of a sheaf or a complex of sheaves onto the small Zariski site
of X. Denote by HY the g-th cohomology presheaf of the complex C*(K§ (Y AG,,))
and by H? = HZ_ denote the g-th cohomology sheaf of the complex C “(K§(Y A
Gm)) zar- To compute the complex R, (C*(K$ (Y A Gm))zar|xxa,,) We use the
hypercohomology spectral sequence

EY = RPrr,(H|xxg, ) = Hp+q(R7T*(C'*(K§B(Y AGm))zar| X %G )

The stalks (RPm.(HY|xxg,,))z = HP(Xz X Gy, H?) are trivial for p > 0 since HY is
a homotopy invariant pretheory - see [V1] Lemma 3.35. Thus EY? = 0 for p # 0 and
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hence the spectral sequence above degenerates, providing canonical isomorphisms
HY( R (C*(KS (Y A G))zar|xx6,,)) = m(H? xxg,,). Furthermore, the stalks
7. (HY xxG, )e = H* (X, X G,,, H?) split canonically into direct sum, where we use

Tes

Voevodsky [V1] notation F_1(X) = Ker(F(X x G,,) — F(X x €)):

HY(X, x G, HY) = HY(X,) ® H? [ (X,)

Denote further by M the g-th cohomology presheaf of the complex C*(K§ (Y)).

Theorem 4.7 shows that H%, = M. Another theorem of Voevodsky ([V1], Propo-
sition 3.34) shows that for a homotopy invariant pretheory H the following relation
holds:

(HZar>—1 = (H—I)Zar

Thus if H? were a homotopy invariant pretheory we would conclude immediately
that

Hq(Rﬂ'*(C* (Y A Gm>Za7"|X><Gm)> = Hq(C* (Y A Gm>Za7"|X> D Hq(C* (Y)ZaT|X>
i.e., the canonical homomorphism of complexes
C*(K(?(Y A Gm)>Za7"|X D C*(K(?(Y»ZGAX - RW*(C*(K(?(Y N Gm)>Za7"|X><Gm)

is a quasi-isomorphism and hence H*(X x G,,,C*(K$(Y A Gn))zar)

= H(X,C*(KZ(Y ANG)) zar) ®@ H*(X,C*(K$(Y)) zar) as stated. The presheaf
‘H? is a homotopy invariant Ky-presheaf and it’s not too hard to check that the
argument used in the proof of [V1] Proposition 3.34 works for such presheaves. The

basic properties of homotopy invariant pretheories used in the proof of Proposition
3.34 [V1] are as follows:

(1) For any smooth semilocal scheme X with field of functions K the natural

map H(X) =% H(K) is injective.

(2) H|a: is a sheaf in Zariski topology
To complete the proof of the Theorem it suffices now to show that the same proper-
ties are valid for homotopy invariant Ky-presheaves. The first part follows from the
results of M. Walker [W]. In fact we mentioned already in §1 that Walker estab-
lished that for any homotopy invariant Ky-presheaf H its sections over any semilocal
scheme X coincide with the sections of Hz,, over X and furthermore Hz,, is a
homotopy invariant pretheory. The proof of the second point, given in [V1] is based
on the existence and properties of maps Try : H(U) — H(V) (U,V C A! - open
subsets) defined by effective Cartier divisors Z C V x U finite and surjective over
V. We still have such maps for Ky-presheaves (since every such Z is finite and flat
over V). The only problem that does not allow us to conclude in general that a
homotopy invariant Ky-presheaf is a homotopy invariant pretheory is that usually
it is not true that Try.z» = Trz + T'rz.. This property, however, holds at least in
the case when one of the divisors (let’s say Z ) is principal: Iz = f - Oy xy, as one
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sees from the short exact sequence of coherent sheaves on V' x U finite and flat over
V:
0—>OZ/ LOz.z/HOZHO

Since every Cartier divisor on an open subscheme of A2 is principal the statement
follows.

Corollary 4.9. For any scheme X € Sm/F we have a canonical isomorphism
Hi (X, 297 (n = 1)) = Hyyo(X A Gy, 297 (n))
defined as external multiplication by the element A\ = 1g, — e € HY(G)\}, ZE7(1)).

§5 COHOMOLOGY WITH SUPPORTS.

In this section we recall the definition and basic properties of Nisnevich coho-
mology with supports and prove the Cohomology Purity Theorem for Grayson’s
Cohomology (which is an easy application of the Cancellation Theorem). All coho-
mology groups below are taken with respect to the Nisnevich topology.

Let Z C X be a closed subscheme of a smooth scheme X with the complementary

open subscheme U <» X. For any complex C* of Nisnevich sheaves define Nisnevich
cohomology of X with supports in Z (and coefficients in C*) via the formula

H7(X,C7) = Ext?(Zz(X), C") = Homp () (Zz(X), C*[p])

where D(A) is the derived category of complexes of Nisnevich sheaves on Sm/F
and Zz(X) is the following complex of sheaves
Z(i)

Zz(X) = C’one(ZNiS(U) I Zst(X)) = ...0— Zst(U) — Zst(X)

The distinguished triangle Zy;s(U) — Znis(X) — Zz(X) — Znis(U)[1] gives a
long exact cohomology sequence
(5.0.0)

. — HY(X,C") — HP(X,C%) — HP(U,C*) 222, g2 (X, %) — . ..

Let f: X’ — X be a morphism of smooth schemes. Set Z’ = f~1(Z). Then we
have canonical homomorphisms f* : H;(X) — HJ,(X’) and moreover f* induces
a homomorphism from the exact sequence (5.0.0) corresponding to the pair X, Z
to the same sequence corresponding to the pair X', Z'.

Lemma 5.0.1 (Nisnevich Excision). Let f : X’ — X be an étale map such
that flz : Z' — Z is an isomorphism. Then the corresponding homomorphism of
complezes of sheaves Zz (X') — Zz(X) is a quasi-isomorphism and hence for any
C* the corresponding map in cohomology with supports H3(X,C*) — Hj, (X', C*)
18 an isomorphism.
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Corollary 5.0.2 (Zariski Excision). Assume that we have a chain of subschemes
Z C X' Cc X, where X' is an open subscheme in X and Z is a closed subscheme
in X. Then for any C* the corresponding map H5(X,C*) — HL(X',C*) is an
isomorphism.

Lemma 5.0.3. Let Z/ C Z C X be a chain of closed subschemes. In this case we
get a natural distinguished triangle

Zz\Z/(X\Z/> i Zz(X) - ZZ/(X) — Zz\Z/(X\Z/)[]_] —_— ...

and hence for any complex C* we get a long exact sequence (in which all cohomology
groups are taken with coefficients in C*)

Sx.z 2/
(X\2) 222 go (X)) — ...

(5.04) ... — H,(X)— HY(X) —>H§\Z,

The connecting homomorphism dx.z s a special case of 0x.z z/, corresponding to
the case Z = X.

To define products in cohomology with supports we note that the complex
Zz(X)RY Zr(Y) = 7Zz(X)®Zr(Y) is canonically quasi-isomorphic to Zzyr (X x
Y’). Hence for any complexes C* and D* we get canonical pairings

HY(X,C*)® HL(Y,D*) = HY L (X x Y, 0" @F D*)

Combining these external cohomology products with the map in cohomology in-
duced by the diagonal embedding we get next U-products in cohomology with
supports.

HY(X,C*) ® HL(X,D*) = HYH (X, C* oF D*)

Let Z' € Z C X be a chain of closed subschemes of a smooth scheme X and
let further T C Y be a closed subscheme of a smooth scheme Y. Starting with
cohomology classes a € HZ\Z,(X \ Z’),b € HL(Y) we can obtain the following
cohomology classes

ex™?!
axbeHy G (X XY \Z'xY) Z—=Hy G 0 (X xY\Z' xT)
Sxxy.zxT.zxr(ex ™ Ha x b)) € HYFIEH X x V)

(Sx;Z,Z/(a) X be ng_g;l(X X Y)
Lemma 5.0.4 (Leibniz Rule).
(SXXy;ZXT’Z/XT(e:E_l(CL X b)) = 5)(;2’2/(&) Xbe Hg_/’_f;l(X X Y)

(5.1.0) Assume now that we are given a sequence of complexes C*(i) 0<i <
oo of Nisnevich sheaves (C*(i) = Z%" (i) is our main application, but we need a few
other cases as well) with the following properties

(1) The complex C*(0) is canonically quasi-isomorphic to the constant sheaf A,
positioned in degree zero, where A = Z or A = Z/m for a certain integer m.
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(2) All cohomology sheaves H*(C*(i)) are strictly homotopy invariant and
hence for any scheme X the pull-back maps

Px ¢+ Hyo(X, C7(0) — Hyio(X x A, C(1))

are isomorphisms.

(3) For all 4,5 > 0 we are given pairings in the derived category C*(i) ®%
C*(j) 224 C* (i + j) that are associative and commutative. Moreover for
any j > 0 the following diagram commutes in the derived category:

Z&" C*(j) —— C*(j)
A®F O (j) = C()).
These pairings define in the usual way products in cohomology

and according to the above property the element 1 € HY, (F,C*(0)) =
HY..(F,A) = A is a two-sided identity for these products.

(4) We have a canonical cohomology class A € HY(GA\L, C*(1)) such that for
any smooth scheme X external multiplication by A defines isomorphisms

HPY(X,C*(n — 1)) =5 HP(X A Gy, C*(n))

Recall that according to our definitions H*(X AG,,,, C*(n)) is a direct summand
in H*(X x G,,, C*(n)) described as the kernel of the restriction map

(1x xe)*
_—

H*(X x Gy, C*(n)) H*(X,C*(n))

so that, in particular, H'(GA!,C*(1)) coincides with the kernel of the restric-

tion map H'(G,,,C*(1)) <, H*(F,C*(1)). Thus the last property above may
be rephrased by saying that we have a split short exact sequence

(1x xe)*
-

0 — HPY(X,C*(n — 1)) 225 HP(X x Gy, C*(n)) H?(X,C*(n)) — 0

Lemma 5.1. Denote by p : G, X G,y — Gy, the multiplication map: p(s,t) = s-t.
Then we have the following identity in the group H'(G,, x G,,,C*(1))

(N = pEA) +p5(A) = A x L+ 1x A

Proof. The property (4) of the cohomology theory H*(—,C*) implies that

HY(G,, xG,,,C*(1)) = HY(F,C*(1)) @ A-(Ax 1) DA - (1x)\).
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Thus p*(A) = Mg+ a(X x 1) +b(1 x \) for appropriate A\g € H'(F,C*(1)),a,b € A.
Restricting both sides to e x G,, and G,, x e we immediately conclude that Ay =
0,a=b=1.

Consider now an exact sequence of cohomology with supports:
HPY(X x A',C*(n)) — H? Y (X x Gy, C*(n)) > HY (X x A, C*(n))

Note that HP~1(X x A',C*(n)) coincides with HP~1(X,C*(n)) and the corre-
sponding map HP~}(X,C*(n)) — HP~Y(X x G,,,C*(n)) is split injective and has
HP~Y(X A G,,,C*(n)) as cokernel. Thus we have the following chain of isomor-
phisms:

g 1.x %0
HY2(X, 0" (0 — 1)) 22 HP1(X A Gy, C*(n)) 22500 (X x AL, C*(n)

Moreover, according to the Leibniz Rule, the composite isomorphism is given by
external product with the cohomology class 7 = d1.0(\) € HZ(A, C*(1)).

Next we consider cohomology of X x A™ with supports in X x 0 for all m. To
do so we consider m coordinate projections p; : A™ — Al (1 < i < m). Pulling
back 7 via these projections we get cohomology classes p!(7) € Hgm,l (A™ C*(1)),

where A;n_l C A™ is the hyperplane section defined by the equation T; = 0. Taking
the product of the above cohomology classes we get a class

T = Pi(T)U ... UpE (1) € HZ™(A™,C*(m))

Proposition 5.2. For any smooth scheme X external multiplication by T,, defines
an isomorphism

HP™2™(X,C*(n—m)) — H% (X x A™ C*(n))

Proof. We proceed by induction on m. The case m = 1 was discussed previously.
In the general case we consider the affine line A C A™, defined by the equations
Ty = ... =T, = 0 and the corresponding long exact sequence in cohomology with
supports:

HY (X x A™, C*(n)) — HY L (X x A™,C*(n)) —

- m * 8 mial, m *
— HY o) (X X (AT 0),C%(n)) =% H% (X x A™,C*(n))

Our inductive assumption implies that we have the following identifications
HP 2 X C*(n—m+1)) = HP72" (X x AL, C*(n—m +1)) =
— = S HYTL (X x A™,C*(n))

X xAl
XTm—1

HP2m (X % (AN 0),C%*(n — m + 1)) ﬁ Hg(—Xl(Al\O)(X x (AL 0)x

1

x AT O (n)) S HY L ) (X X (A 0),C (n))
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Furthermore, the homomorphism

HP~2 4 (X C*(n—m+1)) = HP 2" (X x AL, C*(n—m +1)) —
— HP?2"HY(X % Gy, C*(n—m + 1))

is split injective and its cokernel coincides with HP~?m+1(X A G,,,, C*(n —m + 1))
Thus we get a chain of isomorphisms

XTm—1

HP=2M (X, C*(n — m)) =2 HP 24X A Gy, C*(n — m+ 1))
HY g, (X X (A™ )\ 0),C*(n))

HY 4 (X x A™,C*(n))

J mo vk
— Hi (X X A™,C%(n))

Applying once again the Leibniz Rule we conclude that the composition of the
above isomorphisms coincides with the external multiplication by 7,,.

Thom Class and Thom Isomorphism.
Let p: E — X be a vector bundle over X of (constant) rank m. We identify X
with a closed subscheme of F defined by the zero section.

Theorem 5.3. There exists a unique class T = Tg/x € HY"(E,C*(m)) such that
for any choice of a trivialization of F|y

f : E|U = U x A™
Tluv = f*(1u X Tm). Moreover, multiplication by Tg/x defines isomorphisms

ur—p™ (u)UTt

H*=2™(X,C*(n —m)) H (E,C"(n))

Proof. We first verify that if f : U x A™ — U x A™ is an automorphism of a trivial
bundle then f*(1y X 7)) = 1y X 7. We start with a special case m =1, U = G,
and f is an automorphism of the trivial rank one bundle over G,, defined by the
distinguished invertible function 7" on G,,, i.e. f(t,z) = (¢,tx). Since 7 = da1 o(A)
and 0 commutes with pull-backs it suffices to show that 6wt pxo(f*(1y X A) —
1y xA) = 0. However Lemma 5.1 shows that f*(1y xA) = p*(\) = ly x A\+Ax1g,,
and the element A X 1g,, comes from H'(U x A') and hence is killed by &y a1,tx0-

Since every automorphism of the trivial rank one bundle is given by an invertible
function and every invertible function is a pull-back of the distinguished invertible
function 7" on G,,, under a uniquely defined morphism U — G,, we conclude by
naturality that our statement is true for (trivial) rank one bundles over an arbitrary
base U.

In the general case we note that according to Proposition 5.2 the group HZ™(U x
A™ C*(m)) is equal to H°(U, A). Assuming for simplicity that U is connected we
conclude that f*(1y X 7,) = ¢+ (ly X 7,) for a certain ¢ € A*. To show that the
corresponding element c is always equal to 1 it suffices to work out the case when



ON THE GRAYSON SPECTRAL SEQUENCE 29

U = Spec O is a local scheme. Automorphisms of the trivial bundle are in one to
one correspondence with matrices & € GL,,,(0O). Thus associating to each matrix
the corresponding element ¢ € A* we get a group homomorphism GL,,(O) — A*.
In view of the homotopy invariance of the cohomology theory H*(—,C*(—)) this
homomorphism kills all elementary matrices. Since every invertible matrix over O
is a product of an elementary matrix and a diagonal matrix we conclude that it
suffices to work out the case of the diagonal matrix diag(a, 1, ...,1), which follows
from the special case m = 1 treated above.

We next show that the classes f*(1y X 7,,,) € HZ"(E|u, C*(m)) patch canonically
to a global section 7 € H¥"(E|x,C*(m)). This follows immediately from the
Mayer-Vietoris exact sequence, taking into account that the cohomology groups
HHEluayv, C*(m)) = H=H(U NV, A) vanish.

The last part follows immediately from Proposition 5.2 and the Mayer-Vietoris
exact sequence.

Gisin Isomorphisms.

Finally we discuss briefly the deformation to the normal cone construction and
Gisin isomorphisms. Let Z C X be a smooth closed subscheme everywhere of
codimension m with normal bundle N. Denote by p : Bzxo(X x Al) — X x Al
the blow-up of X x A! with the smooth center Z x 0. The proper inverse image
Z = p"(Z xA') of Z x A! under p identifies canonically (by means of p) with Z x A!.
The exceptional divisor E = p~!(Z x 0) may be identified with P(N & Oz) and
the intersection ZNp~1(Z x 0) coincides with the zero section of the vector bundle
N =P(N ® Oz)\P(N) C P(N @ Oz). The inverse image scheme p~!(X x 0)
consists of two components, one of them being the exceptional divisor E, while the
other — the proper inverse image p'(X x 0) , identifies with Bzxo(X x 0). The
intersection of these two components coincides with the exceptional divisor P(IV)
of Bzxo(X x0). Denote by X the open subscheme X = Bzyo(X x A)\ p'(X x0).
As was explained above Z is a closed subscheme of X and the fiber of the pair
(X, Z) over the point 0 € A! (resp. over the point 1 € A!) coincides with the pair
(N, Z) (resp. with the pair (X, Z).

Theorem 5.4. Let Z C X be a smooth closed subscheme everywhere of codimen-
ston m with normal bundle N. Then the restriction maps

Hz(X,C"(n)) — HZ, (X, C"(n)) =HZz(N,C"(n))

HZz(X,C%(n)) — H, (1,07 (n)) =Hz(X,C"(n))
are 1somorphisms and hence we get a canonical ”deformation to the normal cone”
1somorphism

HZ(N,C*(n)) = Hz(X,C"(n)) — H(X,C"(n))

Proof. This is a special case of a Theorem proved by Panin and Smirnov [P-S],
who has shown (following the work of Morel and Voevodsky [M-V]) that more
generally the deformation to the normal cone isomorphisms hold for any generalized
cohomology theory with supports which is homotopy invariant, satisfies Nisnevich
excision and has Mayer-Vietoris exact sequences.
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Corollary 5.4.1. In conditions and notations of Theorem 5.4 we have canonical
Gisin isomorphisms

H*=2"(Z,C%(n —m)) = HZ(N,C"(n)) = Hz(X,C*(n))

In particular we have Gisin isomorphisms for Grayson’s cohomology

~

H*=2™(Z, 25" (n —m)) = Hyz(N,Z°"(n)) = Hy(X, 2 (n))

Let C"*(n) (0 < n < o0) be another sequence of complexes of Nisnevich sheaves
with the same properties as above and let {f, : C*(n) — C'""(n)}>>, be a se-
quence of maps in the derived category, which commute with products, take iden-
tity element 1 € HO?(F,C*(0)) to the identity element 1 € H°(F,C’*(0)) and
take the distinguished element A € Hy;,, (G, C*(1)) to the distinguished element
N € Hy,;,(G,,,C""(1)). The naturality of the constructions described above implies
immediately the following result.

Proposition 5.5. Let Z C X be a smooth closed subscheme of a smooth scheme
X everywhere of codimension m. Then the following diagram involving the Gisin
1somorphisms commutes

Hy"(Z,6%(n—m)) —— H3(X,C*(n))

(fn—m)*l (fn)*J/

HY™(Z,C7 (n = m)) —— Hz(X,C"(n))

Corollary 5.5.1. Let Z C X be a smooth closed subscheme of a smooth scheme
X everywhere of codimension m. Then the following diagram involving the Gisin
isomorphisms commutes

HYG3"™ (2,257 (n—m)) ——— Hy(X, 297 (n))

(- | |

Hy: " (2, 2(n—m)) —— H3(X,Z(n))

Proof. This follows immediately from Proposition 5.5 and Lemma 3.4.

§6. PROOF OF THE MAIN THEOREM.

In this section we give the proof of the main theorem, comparing Z"(n)-
cohomology with Z(n)-cohomology. All cohomology groups below are taken with
respect to the Nisnevich topology.
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Theorem 6.1. For any n > 0 the canonical homomorphism of complexes of Nis-
nevich sheaves

fn 1 Z97(n) — Z(n)

is a quasi-isomorphism. Hence for any smooth scheme X € Sm/F Grayson’s
cohomology H*(X,Z5"(n)) coincide with motivic cohomology H*(X,Z(n)). Hence
Grayson’s spectral sequence [Gr| in case of a smooth semilocal scheme essentially
of finite type over a field F takes the form

B} = HP (X, Z(~q)) — K_,—(X).

Proof. We proceed by induction on weight n. The case n = 0 is trivial and was
treated previously in Lemma 3.4. Assume now that the Theorem has been proved
already in weights < n. Assume first that the base field F' is perfect. Our primary
goal is to show that the canonical map in hypercohomology H¥,. (X, Z%"(n)) —
H3;, (X, Z(n)) is an isomorphism for any X € Sm/F. We first look on cohomology
with supports.

Lemma 6.1.1. Let E/F be a finitely generated field extension. Let further X €
Sm/E be a smooth irreducible scheme. Then for any closed subscheme Z C X the
corresponding map in cohomology with supports

(fa)s : HZ(X, 2 (n)) — Hz(X,Z(n))

18 an isomorphism.

Proof. Assume first that F = F is a perfect field. In case Z is smooth our statement
follows from Corollary 5.5.1 and the inductive assumption. In general we proceed
by induction on dim Z. If dim Z = 0 then Z is smooth and we are done. In general
let Z' C Z be the singular locus of Z. Since the base field E is perfect every
reduced scheme of finite type is smooth in the neighborhood of the generic point.
Thus dim Z/ < dimZ and Z \ Z’ is smooth so that our statement follows from
the comparison of the long exact sequences (in which cohomology groups are taken
either with coefficients in Z%"(n) or in Z(n)):
HY,(X) — HY(X) — HY, (X \ 2') > H(X).

In the general case the field E may be identified with the field of rational functions
E = F(T) of an appropriate smooth scheme of finite type T' € Sm/F. Moreover
the scheme X coincides with the generic fiber of an appropriate smooth morphism
p: X — T and the scheme Z coincides with the generic fiber of an appropriate
closed subscheme Z C X':

X =X X7 SpecE, Z = Z xr Spec E
It suffices to note now that

Hz(X) = lim Hz, (Xv),
UcT
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where the limit is taken over all open subschemes U C T and for any open sub-
scheme U C T we have, according to what was proved above, equality of cohomology
with supports

(fn)s : Hz,, (X, 297 (n)) = Hz,, (Xu, Z(n))

We also need a minor generalization of (6.1.1) to polyrelative cohomology with
supports. So let X € Sm/F be a smooth scheme provided with a family{X;} ,
of closed subschemes such that all intersections X;, N ... N X;, are smooth. Let
further Z be a closed subscheme of X with open complement U. We denote by
Zz(X;{Xi} ) the cone of the canonical homomorphism Zy;s(U; {UNX;}) —
Znis(X;{X;} ). For any complex of Nisnevich sheaves F* we define the polyrela-
tive  cohomology  with supports HL(X,{X,;}'(;F*) as Ext-groups
Ext?(Zz(X;{X:}Iy), F*). The spectral sequence (1.6.b) generalizes immediately
to the case of polyrelative cohomology with supports and takes the form
(6.1.2.0)

E), = Oir<<igHyrx, nx,, (X N N X, FY) = HY (XX 0; F*)

Corollary 6.1.2. Let E/F be a finitely generated field extension. Let further X €
Sm/E be a smooth scheme provided with a family {X,;}1", of closed subschemes
such that all intersections X,;, N ... N X;,  are smooth. Let finally Z be a closed
subscheme in X which does not contain any component of any intersection X;, N
..N X, . Then the natural map

Hy (X { X} 297 (n))) — Hz(X, {X:}{2; Z(n)))
1s an 1somorphism.

Proof. This follows immediately from Lemma 6.1.1, taking into account the spectral
sequence (6.1.2.0).

Let H, (resp. H?) denote the ¢g-th cohomology sheaf of the complex 757 (n)
(resp. Z(n)). The statement of Theorem 6.1 amounts to showing that the canon-
ical map H¢,.(X) — H9(X) is an isomorphism whenever X is a smooth local
scheme. However, both sheaves are homotopy invariant pretheories, and a homo-
morphism from one homotopy invariant pretheory to the other is an isomorphism
for all smooth local schemes if and only if it is an isomorphism for all finitely gen-
erated field extensions E//F — see [V1]. Thus it suffices to show that for any finitely
generated field extension E/F the map

HY;, (B, 257 (n)) — Hy;, (B, Z(n))

is an isomorphism for all q. To prove this statement we consider the polyrelative
cohomology groups H* (A%, {A]"; 1m ;75" (n)) and the corresponding polyrela-
tive cohomology groups for Z(n). Using the spectral sequence (1.6.b) and the ho-
motopy invariance of the corresponding motivic cohomology groups one concludes

easily that there is a canonical degree shift isomorphism

HP(E,7°"(n)) = H™P(A2, {Ag’},;l m i ZE"(n))
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and a similar degree shift isomorphism for Z(n)-cohomology. Let Z denote the
family of supports on A’Z, consisting of all closed subschemes Z C A’y containing
no vertices. Consider the long exact sequence for polyrelative cohomology with
supports (in which AZ; denotes the semilocalization of A%} with respect to the
vertices)

H™ P AR (AT 0 297 (n) — HE P(AR AT i 297 (n) —
— H (AR (AT Vg 29 () — TP (AR (AT 297 (n)
and a natural homomorphism from this exact sequence to a similar sequence for

polyrelative cohomology with supports with coefficients in Z(n). Vanishing of
polyrelative cohomology in the semilocal case (see - Proposition 3.3) implies that

H' (A AT Y0 297 (n)) = HU(AB, {A]'S ' Y o: Z(n)) = 0 for i > n.
Thus taking m large enough we see that the natural map

HE (A AT N 297 (n) — H™ (AR AT HLZ (n) =
= H"(B, 2 (n))

(and a similar map for Z(n)-cohomology) is an isomorphism. Finally the map in
cohomology with supports

HZ (A AT HLoy 297 (n) — HZ (AR, {ATE o Z(n))

is an isomorphism in view of (6.1.2)
This ends up the proof in the case of the perfect base field F'. In the general case
we note first of all that once again it suffices to establish that the canonical map

(fa)s s H*(B,Z°7(n)) — H*(E,Z(n))

is an isomorphism for any finitely generated field extension E/F. However the
cohomology groups H*(E,Z%"(n)), H*(E,Z(n)) are defined intrinsically in terms
of the field F and are independent of the choice of the base field F. Assuming
that char E = p > 0 we conclude from the first part of the proof that the map
in question is an isomorphism provided that the field F is finitely generated over
the prime field Z/p. However any field of characteristic p may be written as a
direct limit of fields finitely generated over Z/p and the above cohomology groups
obviously commute with direct limits.

§7. BLocH-KATO CONJECTURE VERSUS
BEILINSON-LICHTENBAUM CONJECTURE.

In this section we show how the machinery developed in § 2 (specifically Theorem
2.7) can be used to simplify significantly the proof of the main theorem of [S-V],
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allowing simultaneously to get rid of the assumption about resolution of singulari-
ties. The present approach is the combination of the approaches developed in [S-V]
and [G-L] and sheds (as we hope) additional light on the situation.

For a not necessarily smooth scheme X (of finite type over the base field F') we de-
fine a Nisnevich sheaf Zg,, 7 (X) on the category Sm/F as a sheaf associated to the
presheaf U +— Z[Homg.y,r(U, X)]. It’s not difficult to see that in case X is sepa-
rated (which we always assume in the sequel) the presheaf U +— Z[Hom g, r (U, X)]
is actually a sheaf in Nisnevich topology, so that no sheafification is needed. For
a complex F* of Nisnevich sheaves on the category Sm/F we define cohomology
groups HY,. (X, F*) as appropriate Ext-groups:

HRio (X, F7) = Ext?(Zgpr(X), F*) = Homp(sm/r) (Zsm/r(X), F*[p]),

where D(Sm/F) denotes the derived category of complexes of Nisnevich sheaves on
Sm/F. In case X € Sm/F the sheaf Zg,,,r(X) coincides obviously with the free
Nisnevich sheaf Zn;s(X) generated by X and the cohomology groups H 3y, (X, F*)
coincide with the usual (hyper-)cohomology groups of X with coefficients in F*. In
case resolution of singularities holds over F' one can identify (for any X € Sch/F
and any bounded above complex F* of Nisnevich sheaves with transfers)) the coho-
mology groups H ., (X, F*) with the usual hypercohomology of X with coefficients
in the complex of cdh sheaves F,, on the cdh-site Sch/F of all separated schemes
of finite type over F, see [S-V], §5. Independently of resolution of singularities the
above cohomology groups satisfy Mayer-Vietoris both for open and closed coverings.

Lemma 7.1. Let X = U (X, be an open (resp. closed) covering of a scheme X.
In this case we have the following resolution of the sheaf Zgy, /p(X):

L= @ LZsmyr(Xig NN X, _)@ZSm/F i) = Lsmr(X)
i0<...<ik
Here @, .. i, Zsm/r(Xi,N...N X5, ) stands in degree —k and the differential is the

alternating sum of maps induced by inclusions. Thus for any complex of Nisnevich
sheaves F* on Sm/F we get a Mayer-Vietoris spectral sequence

qu: @ H]IQ Xioﬁ...ﬁXiq,f*)ﬁH%tg(X7f*)

i0<...<iq

Proof. In both cases the sheaf Zg,,, /p(X) coincides with the sum of its subsheaves
Zsm)r(X;) and the intersection Zgy, /p(Xi,) N ...NZgy,r(X;,) coincides obviously
with ZSm/F<Xi0 n...N Xiq)~

Assume now that X € Sm/F is a smooth scheme provided with a family {X;}}_,
of closed subschemes such that all intersections X;, N...N X;, are smooth. In this
case the polyrelative complex Zy;s(X; {X;}I" ) coincides, according to Lemma 7.1,
with the cone of the obvious homomorphism Zg,,/p(Ui_qX;) — Zns(X). This
remark together with Theorem 2.7 prove immediately the following result.
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Proposition 7.2. Let F be a rationally contractible Kgs-presheaf. Then
HEY, (O(A™),C*(F)nis) =0 for p>0,

where d(A™) = U?ZOA?_l is the boundary of the semilocal n-simplex A™.

Proof. The remark preceding the formulation of the Proposition shows that we have
a long exact sequence

: _)lezfzs(An {An l}z 0 (f)NZS) - H]Iz]w(An C*(f)st) -
— HE. (I(A™), C*(F)nis) — HYEL(A™ {AT1 - C*(F)nis) — - - -

and hence our statement follows from Theorem 2.7 and Proposition 1.7.

Applying Proposition 7.2 to the rationally contractible sheaf Z..(G)™)/l and
noting that the corresponding complex C*(Zy-(G,™)/l) coincides with Z/l(m)[m]
we get the following Corollary.

Corollary 7.3. For anyn, m > 0 we have the follozqing vanishing result for motivic
cohomology of the non-smooth semilocal scheme O(A™):

HY. (0(A™),Z/1(m)) =0 for p > m.

We will need also the following vanishing result.

Lemma 7.4. Let F* be a complex of Nisnevich sheaves acyclic in degrees i < m.
Then for any separated scheme X of finite type over F' we have:

HY (X, F)=0 for p<m

Proof. Note that any element o € HY, (X, F*) = Homp(gm/r)(Znis(X), F*[p])
may be written as a composition a = 7! o 7, where 3 : F*[p] — .%* is a quasi-
isomorphism and 7 : Zy;s(X) — % * is a homomorphism of complexes. It suffices
to note now, that according to our assumptions the compleX % * is acyclic in degrees
1 < 0 and hence the canonical homomorphism ]—" 2, 7‘>0]-" * is a quasi-isomorphism.
On the other hand the composition Zy;s(X) N f « 2 T>0f is obviously a zero

map.

Recall the complex of Nisnevich sheaves with transfers B;(m) defined as B;(m) =
Tem B (u™) (see [S-V] §6), where 7<,, denotes the level m truncation functor
and 7w : (Sch/F);, — (Sm/F)n;s is the obvious morphism of sites.
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Corollary 7.5. For any scheme X of finite type over F' and any p < m we have
natural isomorphisms

HY, (X, Bi(m)) = Hy, (X, R (™)) =H} (X, ™) =
= HZ(X, ™)

Proof. The first isomorphism follows from Lemma 7.4, applied to the complex of
sheaves Ts,, Rm.(u°™). The second isomorphism is obvious (taking into account
that the functor 7* is exact - see [S-V], §6) and the last isomorphism follows from
the coincidence of h-cohomology and etale cohomology - see [S-V 1], §10.

Theorem 7.6. Let I’ be a perfect field and let | be a prime different from char F.
Assume that for any finitely genemted field extension E/F' the norm-residue homo-
morphism KM (E)/l — HE,(E, uf*) is an epimorphism in weights i < m. Then the
Beilinson-Lichtenbaum Congecture holds in weights i < m, i.e. the natural homo-
morphism of complezes of Nisnevich sheaves with transfers «; : Z/1(i) — By(i) =
TSiRW*(u?i) is a quasi-isomorphism for all i < m.

Proof. We proceed by induction on m. Induction hypothesis implies that the homo-
morphism of complexes «; : Z/1(i) — By(i) = 7<;Rm.(u$") is a quasi-isomorphism
for ¢ < m — 1. To show that «a,, is a quasi-isomorphism we first consider the in-
duced maps in cohomology with supports. Recall that according to the Voevodsky
Cancellation Theorem [V3] for any smooth scheme X external multiplication by
the canonical generator A = [1g,,] — [e] € Hy,(Gp!, Z(1)) defines isomorphisms

HEH(X, 20— 1)) 25 HR, (X A Gy, Z(3)).

Keeping the same notation A for the image of A in Hj, (GA!,Z/I(1)) we conclude
immediately that external multiplication by A defines isomorphisms

i (X, 21 = 1)) 2 Hyyi (X A G, Z/1(0))
Denote further by X the image of A\ in HY(GA, By(1)). A well-known and easy

argument - cf. [S-V], §7 shows that for any smooth scheme X the external multi-

plication by A defines isomorphisms

~

HYd (X, By(i = 1)) =2 HR, (X A G, Bi(i)

Applying finally to the cohomology theories Hy, (—,Z/l(x)) and Hy,; (—, Bi(*))
the standard routine, which we reminded in section §5 we get for any smooth
scheme X and its smooth subscheme Z C X (everywhere) of codimension d Gisin
isomorphisms

HY2N2,Z)1(m — d)) > HY(X,Z/1(m))
HY2UZ, By(m — d)) > HY (X, By(m))
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Moreover the following diagram commutes (according to Proposition 5.5 and [S-V]
Corollary 7.1.1)

HY2N2,Z2)1(m — d)) ——  HY(X,Z/l(m))

(O‘mfd)*J/ (057n)*J/

HY 24 Z, By(m —d)) —=—  HL(X, Bi(m))

Lemma 7.6.1. Let E/F be a finitely generated field extension. Let further X €

Sm/E be a smooth irreducible scheme and let Z # X be a proper closed subscheme

of X. Then the induced map in cohomology with supports H(X,Z/l(m)) —
H} (X, Bi(m)) is an isomorphism.
Proof. The proof is identical to that of Lemma 6.1.1.

Corollary 7.6.2. Let E/F be a finitely generated field extension. Let further Z
be a closed subscheme of O(A%), containing no vertices of A%,. Then the induced
map in cohomology with supports

* n (om) * n
H7z(9(AE), Z/l(m)) —— HZz(9(AL), Bi(m))
s an 1somorphism.

Proof. Applying Lemma 7.1 to the closed covering 9(A%) = U (A’ !)g and to
the induced closed covering of U = 0(A%)\ Z we get immediately spectral sequences

By = @ Hgmm—q—l)E((A’}”_q‘l)E, Z/l(m)) = H5 1 (9(AL), Z/1(m))
I={io<...<iq} !
EPY — HP A" YHY, B HET(H(A™). B
2 @ Zﬂ(A?_q_l)E(( i e, Bi(m)) = H7, *(0(A%), Bi(m))

I={ip<...<iq}

and a homomorphism from the top spectral sequence to the bottom one. Lemma
7.6.1 shows that the map on the Es-terms is an isomorphism and hence the corre-
sponding map on the limits is an isomorphism as well.

Another major idea in the proof of the Theorem 7.6, developed in [S-V], is the use
of the Theorem of O. Gabber [Ga|, which allows to extend the assumed surjectivity
of the homomorphism o, : Hy,,(S,Z/l(m)) — Hy,,(S, Bi(m)) from the case of
field extensions E/F' to the case of not necessarily smooth semilocal schemes.

Lemma 7.6.3 ([S-V], Proposition 7.6). Let E/F be a finitely generated field
extension and let S be a semilocal scheme essentially of finite type over E. Then
the associated homomorphism

(am)« 2 Hyy5(S,2/1(m)) — Hy;(S, Bi(m))
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18 an epimorphism.

Proof. In case S is smooth this follows immediately from the general properties
of homotopy invariant presheaves with transfers: any homomorphism of homotopy
invariant presheaves with transfers which is an epimorphism for fields is equally
an epimorphism for all smooth semilocal schemes essentially of finite type over a
field - [V1]. Alternatively one can use Gersten resolutions for H; (—,Z/l(m)) and
HY, . (—, Bi(m)) and inductive assumption.

For a general semilocal S the theorem of O.Gabber [Ga| shows that every coho-
mology class € HW, (S, Bi(m)) = H7(S, u?™) may be obtained as a pull-back
z = f*(2') of a cohomology class ' € HW. (S",Bi(m)) = HZ(S', uP™) for an
appropriate smooth semilocal scheme S’ essentially of finite type over E and an ap-
propriate morphism of schemes f : S — S’ over E. Since the scheme S’ is smooth
we conclude that 2’ is in the image of Hy,.(S’,Z/l(m)) and hence x is in the image
of HY, (S, Z/l(m)).

Proof of the Theorem 7.6. In view of the general properties of homotopy
invariant presheaves with transfers, to show that the homomorphism of complexes
Qm @ Z/l(m) — Bi(m) is a quasi-isomorphism it suffices to show that for any
finitely generated field extension E/F the induced maps in motivic cohomology
HY. (E,Z/l(m)) — HY..(E,B;(m)) are isomorphisms. Both sides are trivial in
degrees p > m, thus we may assume in the sequel that p < m. As was mentioned
in §6 we have canonical degree shift isomorphisms

HP(B,Z/l(m)) =H""" (A, {(A} ™) sz Z/1(m))
HP(E, By(m)) =HP ™ (A, {(A7 ™) B} Bi(m))

7

Using next the distinguished triangle

Znis(0(A)) — Lis(A%) — Znis (A {(A] ) E}ao) — Znvis(O(AR)[1]

we get a long exact sequence

. —HP(E,Z/I(m)) = HP (A}, Z/l(m)) — HP(OA, Z/1(m)) —
— HP((AR, {(AT B} iig Z/1(m)) = HPF17(E, Z/I(m)) — . ..

and a similar exact sequence for B;(m)-cohomology. The homomorphism
HP(E,Z/1(m)) — HP(0AE, Z/1(m))

is a split monomorphism (splitting is defined by a choice of a vertex of the simplex
A™). Thus we get canonical direct sum decompositions
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HY, (0N, Z/1(m)) = HY, (B, Z/1(m)) & HY: " (B, Z/1(m))
HE, (0AY, Byi(m)) = HY, (E,Z/1(m)) & HY, ) ™"(E, By(m))

Take first n = m+1—p and denote by Z the family of supports on A, consisting
of all closed subschemes containing no vertices. Applying the five-Lemma to the
commutative diagram with exact rows (in which we skipped the coefficients in the
last two cohomology groups to save the space)

HZ (0AR, Z/I(m)) — H™OAE,Z/I(m)) — H™@AE) — HZ M (0A})
l l l !
HZ (AL, Bi(m)) —  H™(OAL, Bi(m)) —  H™0AR) — HZT(9AR),

in which the first and the last maps are isomorphisms according to Corollary 7.6.2
and the third map is an epimorphism according to Lemma 7.6.3, we conclude that
the homomorphism

H™ (A, Z/1(m)) =H™(E, Z/1(m)) ® HP(E,Z/l(m)) —
— H™(QAY, B/(m)) = H™(E, B/(m)) ® HP(E, Bi(m))

is an epimorphism and hence HP(E,Z/l(m)) — HP(E,Z/l(m)) is an epimorphism
as well.

Taking next n = m + 2 — p and applying the five-Lemma to the commutative
diagram with exact rows

H™(0AR) —  HEP(0AR,Z/I(m) — H™(0A}, Z/i(m)) — H™'(9A})
! ! ! !
H™(0AR) —  HZV(0AR, Bi(m)) —  H"™ (A%, Bi(m)) —  H™+'(9A})

in which the first map is surjective according to Lemma 7.6.3, the second map is
an isomorphism according to Corollary 7.6.2 and the last map is injective since
H™Y(9A%, 7./1(m)) = 0 according to Corollary 7.3, we conclude that the homo-
morphism

H™ 0N, Z/1(m)) = HP(E, Z/1(m)) — H™ 1 (0AY, Bi(m)) = H?(E, By(m))

is injective.

We end up this section by showing that the main result of [S-V], stating that
vanishing of Bockstein homomorphisms alone implies the validity of the Beilinson-
Lichtenbaum Conjecture, also holds without assumption concerning resolution of
singularities. The proof given in [S-V] goes essentially without changes (modulo
the changes made above in the proof of the Theorem 7.6) so we just remind the
main steps. We start with the following version of Theorem 7.6, the proof of which
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is identical to that of Theorem 7.6. Define complexes of Nisnevich sheaves with
transfers Bk (m), Bje(m) via the formulae:

Bie(m) = T<m B (™) Bie (m) = T<pn R (Qi/Zy(m)) = lim By (m)
k>0
For each k we have a canonical homomorphism of complexes (of Nisnevich sheaves

with transfers) Z/1¥(m) =" By (m) - see [S-V], §6. We also have the corresponding
homomorphism in case k = oo

Qi/Zy(m) = By (m)

Proposition 7.6.4. Let F' be a perfect field and let | be a prime different from
char F. Assume that for any finitely generated field extension E/F the norm-
residue homomorphism

KM(E)® Qu/Z = Hyy (B, Qi/Z(i)) — Hy,;o(E, B (1)) = H. (B, Q1 /Z(i))

18 an epimorphism in weights i < m. Then the natural homomorphism of complexes
of Nisnevich sheaves with transfers Q;/Z;(i) =% By (i) is a quasi-isomorphism for
all i <m.

We mention here for the future use also the following elementary general state-
ment concerning the Beilinson-Lichtenbaum Conjecture (cf. [S-V], §6).

Lemma 7.6.5. Assume that the Beilinson-Lichtenbaum Conjecture (modulo 1)
holds in weight m. Then the canonical homomorphism

G 2 TJ1*(m) — By (m) = T R, (u5)
s a quasi-isomorphism for all k > 1 and the corresponding homomorphism
Ql/Zl(m) a—m> Bloo (m)

1S a quasi-isomorphism as well.

Theorem 7.7. Let F be a perfect field. Assume that for any finitely generated
field extension E/F the Bockstein homomorphisms

Big s Hoy (B, p") — HH (B, i)

are trivial for all k and all © < m. Then the Beilinson-Lichtenbaum Conjecture
(modulo 1) holds over F in weights i < m, i.e. the natural homomorphism of com-
plexes of Nisnevich sheaves with transfers Z/1(i) — By(i) is a quasi-isomorphism
for all © < m.

Proof. Proceeding by induction we may assume that the Beilinson-Lichtenbaum
Conjecture is already known to be true in weights ¢ < m. Passing to the maximal
algebraic extension of F' of degree prime to [ and using transfer maps we easily
reduce the general case to the situation when the field F' is infinite and contains a
primitive [-th root of unity £&. We start with the following elementary observation.
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Lemma 7.7.1. Under the assumptions of the Theorem 7.7 for any finitely gener-
ated field extension E/F the group H7} (E,Q;/Z;(m)) is l-divisible. Hence we have
a canonical distinguished triangle

. — By(m) — B (m) - B (m) — By(m)[1] — . . .

Proof. The first statement is straightforward from the definition of the Bockstein
homomorphisms - see [S-V], Lemma 11.1. To prove the second one we note that
we have an obvious quasi-isomorphism

R (uf™) = Cone(Rm, (Qu/Zi(m)) = R (Qi/Zi(m)))[~1]

Applying the operation 7<,, to all complexes we get a canonical homomorphism

B;(m) — Cone(Bj=(m) L B (m))[—1]

Moreover this homomorphism induces isomorphisms on all cohomology sheaves ex-
cept possibly H™*1. Finally for any finitely generated field extension E/F we have
a canonical identification H™1(Cone)(E) = HI(E,Q;/Zi(m))/l = 0, according
to the first statement of the Lemma. Since H™*!(Cone) is a homotopy invariant
Nisnevich sheaf with transfers we conclude immediately that this sheaf is trivial (see
[V1]) and hence the above homomorphism of complexes is a quasi-isomorphism.

Corollary 7.7.2. Under assumptions of Theorem 7.7 for any finitely generated
field extension E/F and any smooth semilocal scheme S essentially of finite type
over E the group HJ}(S,Qi/Zi(m)) is l-divisible.

Proof. Once again this follows immediately from the general properties of homotopy
invariant presheaves with transfers: every endomorphism (multiplication by [ in this
case) of a homotopy invariant presheaf with transfers HZ}(—, Q;/Z;(m)) which is an
epimorphism for fields is an epimorphism for smooth semilocal schemes essentially
of finite type over a field as well - see [V1].

We show next that vanishing of the Bockstein homomorphisms implies that for
any finitely generated field extension E/F' the induced map in motivic cohomology

HY (B, Qu/Zy(m)) 2222 B (B, By (m)) = HIH(E, Qi/Zi(m))

is surjective. To do so we note that both [-primary groups are [-divisible: the one
on the left coincides with K2 (E) ® Q;/Z; and the divisibility of the group on the
right was proved in Lemma 7.7.1. Thus it suffices to show that [-torsion subgroup of
HI}(E,Qi/Z;(m)) lies in the image of HY, (E,Q;/Z;(m)). Moreover this I-torsion
subgroup coincides obviously with the image of H™}(E, u™) in HIH(E, Qi/Zi(m)).
The basic tool in showing that the image of any element so € H}(E, ui@m) in
HI}(E,Qi/Z;(m)) may be lifted to Hy,,(E, Q;/Z;(m)) is provided by the following
Lemma.



42 ANDREI SUSLIN

Lemma 7.7.3 ([S-V], Lemma 11.2). Let E be an infinite field containing a
primitive l-th root of unity. Then for any cohomology class sy € H;?(E,,ui@m)
there exists an integer N, a non empty open subscheme U C AY  an etale Galois
covering p : U — V of degree N, a cohomology class s € HZ}(V, ,uf@m) and two
E-rational points vy,v1 € V' such that

(1) vo admits a lifting to an E-rational point ug € U
(2) s(vo) =0, s(v1) = s0

Proposition 7.7.4. Under assumptions of Theorem 7.7 for any finitely generated
field extension E/F the natural homomorphism

HE, (B, Qu/Zy(m)) 22 B, (B, By (m)) = HI (B, Qy/Zi(m))

18 surjective.

Proof. According to remarks made above it suffices to show that for any coho-
mology class so € HZ(E, ™) its image in H7(E,Q;/Z(m)) may be lifted to
HY. .(E,Qi/Z;(m)). Find N, etale Galois covering p : U — V of degree N, the co-
homology class s € H7H(V, ui™) and two E-rational points vg,v; € V as in Lemma
7.7.3. Factor next N in the form N = [* - Ny, where Ny is prime to I. Applying
Corollary 7.7.2 to the semilocalization of V' at {vg,v1} we see that shrinking V if
necessary we may assume that the image of s in H™(V, Q;/Z;(m)) is divisible by I¥
i.e. s = [*t for an appropriate t € H}(V,Q;/Z;(m)). Consider an etale cohomology
class p*(t) — p*(t)(uo) € HZ} (U/uo, Qi/Zi(m)), where HZ}(U/uo, Qi/Zi(m)) stands
for the subgroup of HZ}(U,Q;/Z;(m)) consisting of cohomology classes vanishing
at ug.

Lemma 7.7.5. Let U C A} be an open subscheme and let ug € U be an E-rational
point. Then the natural homomorphism

H, (U g, Q) Zu(m)) ~222 H, (U Jug, Bie (m) = HI (U fug, Qu/Zi(m))

1s an 1somorphism.

Proof. Denote by Z = A¥ \ U the complement of U. The exact sequence
HYo(B) = HYy(AR) — HE;o(U) — Hy THAR) — HY(AE) — ..
implies readily that

HY;o(U/uo, Qu/Zo(m)) =Hy " (AL, Qi/Zy(m))
H;o (U uo, Bi (m)) =Hz 1 (AR, By (m),

so that our statement follows from Lemma 7.6.5 and Lemma 7.6.1 or rather its
[*°-version.
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Lemma 7.7.5 gives us a cohomology class r € HY, . (U/uo, Q;/Z;(m)) such that
ap(r) = p*(t) — p*(t)(uo). Set ¢ = pu(r) € HY,,(V,Qi/Z;(m)). The image of
q in HY, (V, Bi~(m)) = HI}(V,Q;/Zi(m)) coincides with N - (¢t — t(vg)) = Np -
(s — s(vg)) = Np - s. This shows that sy may be lifted to Hy; (E, Q;/Z;(m)) to a
cohomology class o = N7 - q(v1), where N = NO_1 € 7.

End of the Proof of the Theorem 7.7. Proposition 7.7.4 shows that for any
finitely generated field extension E/F' the natural homomorphism

HE, (B, Qu/Zi(m)) 22 Y, (B, By (m)) = HI (B, Q1/Zi(m))

is surjective. Thus we may apply Proposition 7.6.4 and conclude that the canonical
homomorphism of complexes of Nisnevich sheaves with transfers Q;/Z;(m) ==
By (m) is a quasi-isomorphism. Finally to show that the Beilinson-Lichtenbaum

Conjecture modulo [ holds in weight m we use the Bockstein distinguished triangles
- cf. Lemma 7.7.1

Z/i(m) —— Qu/Zu(m) —— Q/Zi(m) —— Zi(m)[1]

l l l l

Bi(m) —— Bpe(m) —— Bix(m) —— Bi(m)[1]

Remark 7.8. Using the same tricks as in § 6 it’s not hard to get rid of the as-
sumption of perfectness of the field F' in the formulation of Theorems 7.6 and 7.7,
however the present formulation is apparently sufficient for all practical purposes.
The usual way to prove the Beilinson-Lichtenbaum Conjecture goes as follows. One
proves the Conjecture (using Theorems 7.6 and 7.7) over the (perfect) prime field
Fy (equal to Q or Z/p depending on the characteristics). Using the limit argument
one concludes next that the canonical map Hy, (E,Z/l(m)) — Hy,,(E, Bi(m)) is
an isomorphism for any field E. Now the usual properties of homotopy invariant

Nisnevich sheaves with transfers imply readily that the conjecture holds over any
field F.
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