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ABSTRACT. Using the theory of p-compact groups and surgery theory, we show
that every quasifinite loop space is homotopy equivalent to a smooth manifold.

0. INTRODUCTION, STATEMENT OF RESULTS

One of the motivating questions for surgery theory was whether all finite H-
spaces are Lie groups up to homotopy equivalence. The question was answered
in the negative by Hilton and Roitberg’s discovery of some H-spaces [HR69] that
were not homotopy equivalent to Lie groups. However, the problem remained
whether all finite H-spaces were homotopy equivalent to closed manifolds.

The main attack on the general problem is due to W. Browder, who in a series
of papers [Bro61, BS61] proved that any 1-connected finite H-space is homotopy
equivalent to a closed, topological manifold, and in dimensions 6= 4k + 2 to a
closed, differentiable manifold.

In this paper we prove the following theorem.

THEOREM. Let B be a CW complex and denote by X the loops on B, ΩB. If X is
quasifinite i. e. H∗(X) = ⊕iHi(X) is a finitely generated abelian group, then X is
homotopy equivalent to a closed, smooth manifold.

Since X is a simple space, it follows from [HMR75] that X is finitely dominated.
Browder proves [Bro61] that X is a Poincaré duality space. Browder and Spanier
prove in [BS61] that X is self-dual, from which it follows that the Spivak normal
fibration for X is trivial. The stage is thus set for doing surgery. We have to deal
with the finiteness obstruction and the surgery obstruction. The finiteness obstruc-
tion has been shown to vanish in [Not99], but we give an independent proof.

1. THE SURGERY ARGUMENTS

The arguments in this section are a slight variation of the arguments in [Ped78,
Ped80]. In those papers the second author studied conditions on p-local S1-fibrations
making it possible to produce integral S1-fibrations by gluing. The concept of
spaces admitting a 1-torus and a special 1-torus, respectively, were used. In this pa-
per, we propose a concept somewhere in between:

1.1. DEFINITION. Let X be a quasifinite (resp. p-complete p-finite), nilpotent, con-
nected space. We say that X admits a double 1-torus if there is a diagram of
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horizontal and vertical fibrations of nilpotent spaces

S1

��

S1 //

i0

��

∗

��

S1 × Z/2
i

//

��

X

p0

��

p
// Z

Z/2
i1

// Y
p1

// Z

satisfying the following additional conditions:
(1) Z is quasifinite,
(2) Y is stably reducible,
(3) X → Y is orientable,
(4) π1(p0) is an isomorphism, and
(5) the double cover Y

p1

� Z induces an isomorphism π1(Y ) × Z/2 ∼= π1(Z).

We call the double 1-torus rationally splitting if in addition the fibration p0 ra-
tionally has a retract of the form h : S3

0 → S2
0, where h is the rationalized Hopf

map.

REMARK. In [Ped78], a 1-torus was defined to be the same thing with Z/2 replaced
by a point everywhere.

1.2. PROPOSITION. Let X be a Poincaré duality space of dimension n ≥ 5 admitting
a double 1-torus. Then X is homotopy equivalent to a compact, parallellizable, smooth
manifold.

Proof. A quasifinite, simple space is finitely dominated by [HMR75]. We first need
to deal with the finiteness obstruction σ(X) ∈ K̃0(Zπ1(X)). The formula of [PT78]
tells us that σ(X) = χ(S1) · σ(Y ) where χ(S1) is the Euler-characteristic, hence
σ(X) = 0 and X is thus homotopy equivalent to a finite complex. We now let E
be the total space of the corresponding D2-fibration. It follows from [Got79] that
Y is a Poincaré duality space, hence (E, X) is a Poincaré duality pair. We consider
the classifying map of the Spivak normal fibration νE : E → BG. We have the
equation

νE = p∗1(νY ) ⊕ p∗1(p1)
−1.

Now νY is trivial since Y was assumed to be stably reducible. Also p1 is an S1-
fibration classified by G(2). But O(2) ⊆ G(2) is a homotopy equivalence so p1

is fiber homotopy equivalent to an O(2)-bundle, actually an S1-bundle since the
fibration was assumed orientable. We thus get a linear reduction ζ of νE and the
reduction is trivial when restricted to X , since the pullback of an S1-bundle to its
own total space is trivial. The procedure of surgery (see e. g. Browder [Bro70, page
38]) sets up a degree 1 normal map

(M, ∂M)
φ
−→ (E, X), φ̂ : νM → ζ

with π = π1(E) ∼= π1(Y ) ∼= π1(X). However E is possibly not finite, only finitely
dominated. The finiteness obstruction of E is of course the same as the finiteness
obstruction of Y . This situation was studied in [PR80], where it was shown that
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the surgery obstruction of ∂M → X is δ([σ(E)]) where δ is the boundary in the
Ranicki-Rothenberg exact sequence

. . . → Hn+1(Z/2; K̃0(Zπ))
δ
−→ Lh

n(Zπ) → Lp
n(Zπ) → . . .

However, since Z is an (n−1)-dimensional P. D. space, we have σ(Z) = (−1)n−1σ(Z)∗.
The finiteness obstruction of Y is obviously just the restriction Res(σ(Z)) of the
finiteness obstruction of Z. It now follows from [PT78] or just general covering
space theory that p1∗ Res σ(Z) = [(Z⊕Z)⊗P ] where P is a projective module rep-
resenting σ(Z), and π1(Z) acts on Z ⊕ Z through its Z/2-quotient by permuting
the two factors. There is an exact sequence of π1(Z)-modules 0 → Z → Z ⊕ Z →
Z− → 0 with trivial action on the first term, and nontrivial action on the last. This
implies that p∗ Res σ(Z) = [P ] + [Z− ⊗ P ]. Let r : π1(Z) → π1(Y ) be a splitting.
We then get

σ(Y ) = Res σ(Z) = r∗p∗ Res(σ(Z) = 2r∗(σ(Z)) = r∗(σ(Z)) + (−1)n−1r∗(σ(Z)∗)

= r∗(σ(Z)) + (−1)n−1r∗(σ(Z))∗

from which it follows that [σ(Y ] = 0 in Hn+1(Z/2; K̃0(Zπ)) and we are done.

2. THE HOMOTOPY THEORY ARGUMENTS

The main new ingredient in this section comes from the first author’s thesis
[Bau02], where the following is proved:

2.1. THEOREM. For every p-compact group G, there is a p-complete sphere SG with a
stable G-action, which coincides in the case where G is the completion of a Lie group with
the adjoint action of G on the one-point compactification of its Lie algebra. For an inclusion
of p-compact groups H < G, we have a homotopy equivalence

G ∧H SH ' D(G/H)+ ∧ SG.

In particular, if T < G is a torus, the action of T on ST is trivial, and we have

G/T+ ' D(G/T )+ ∧ Sd−t

where d = dim G and t = dim T . Hence G/T is a p-complete self-dual space of
dimension d − t. In particular, it is finitely dominated and stably reducible.

In the following we shall denote the p-completion of a nilpotent space by Lp,
and the center of a p-compact group by Z(X). Smash products and spheres are
understood to be taken in the p-complete category whenever it makes sense.

The following result, together with Theorem 2.1 and Prop. 1.2, imply the main
theorem stated in the introduction up to some small exceptional cases:

2.2. THEOREM. Let B be a CW complex such that X = ΩB has finitely generated
homology. Assume that completed at 2, X/Z(X) is neither SO(3)k nor SO(3)k × SO(5).
Then X admits a rationally splitting double 1-torus.

2.3. PROPOSITION. Let G be a connected p-compact group satisfying the following hy-
potheses:

(?) G/Z(G) is not equivalent to L2 SO(3)l or L2 SO(3)l × L2 SO(5)

and

(??) G/Z(G) has at least one simple factor of rank at least 2
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Then G admits a double 1-torus. Moreover, any S1 < G which induces the trivial map
on fundamental groups can be extended to a double 1-torus.

Proof. We will construct a subgroup S1 ×Z/2 ↪→ G such that the double 1-torus is
given by Y = G/S1 and Z = G/(S1 ×Z/2. The quasifiniteness condition on Z and
the orientability of X → Y are thus clearly satisfied, and the stable reducibility of
Y follows from Theorem 2.1.

For the remaining two conditions, note that if G ' S1 × G′ and G satisfies (?)
and (??), then so does G′, therefore we can restrict to the case where G has finite
fundamental group. Since a double 1-torus on G will induce a double 1-torus for
every quotient G/A, A a finite subgroup of the center, we may assume that G is
simply connected. Obviously, if G satisfies the assertion of the proposition, then
so does G × H for any p-compact group H , so we may even assume that G is
simple except in the case where G ' L2 SU(2)l ×L2 Spin(5)r and r > 1. But in that
case, we can use the fact that Spin(5) contains a circle subgroup meeting the center
trivially and construct a special 1-torus as

S1 × Z/2 ↪→ S1 × S1 ↪→ Spin(5) × Spin(5) ↪→ G

and we are done.
Therefore assume that G is simple. For p 6= 2, π1(G) is a p-group, hence the odd-

primary case reduces to showing that there is a subgroup S1 < G which meets the
center of G trivially. Let T < G be a maximal torus. The center Z(G) is a finite
subgroup of T . Since T has rank at least 2, all but finitely many S1 < T will meet
Z(G) trivially.

Now let p = 2. By the classification of 2-adic reflection groups [CE74], we know
that the Weyl group of G is one of the following:

(1) W (G) ∼= W (SU(n + 1)); n ≥ 2
(2) W (G) ∼= W (SO(2n + 1); n ≥ 2
(3) W (G) ∼= W (SO(2n); n ≥ 4
(4) W (G) ∼= W (G2), W (F4) W (E8) W (DW3)
(5) W (G) ∼= W (E6), W (E7), W (E8)

Here, DW3 is the exotic 2-compact group of rank 3 constructed by Dwyer and
Wilkerson [DW93].

We will in each case find an estimate on the size of the center and conclude that
an S1 × Z/2 can be found that meets the center trivially. Dwyer and Wilkerson
show in [DW95] that the p-discrete center of G is always contained in the center of
N̆(T ), the p-discrete normalizer of the maximal torus. This in turn is the same as
the fixed points of N̆(T ) under the action of the Weyl group W (G). This implies
that, in the same order as in the previous enumeration,

(1) W (G) < Z/(n + 1)
(2) W (G) < Z/2
(3) W (G) < Z/4 for n odd and W (G) < Z/2 × Z/2 for n even
(4) W (G) = 0
(5) W (G) < Z/6

In cases (1),(2), (3a) and (5), W (G) is cyclic, and therefore there is only one element
of order 2 in W (G). Hence if the rank of G is 3 or greater, we can choose an
arbitrary S1 < G; in the remaining S1 × S1 in the maximal torus, there are three
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elements of order 2, and only one can be in Z(G), and we are done. If G is center-
free, there is nothing to show. It remains to consider the cases W (G) = W (SU(3))
and W (G) = W (SO(4n)), and W (G) = W (SO(5)). In the first case, (π1(G))(2) = 0.
In the second case, the first example is W (G) = W (SO(8)), which has rank 4. If
T ∼= (S1)4 is a maximal torus, and S1 < T is an arbitrary subgroup not meeting
the center, then there are 23−1 = 7 elements of order 2 in T/S1; on the other hand,
there are only at most 3 elements of order 2 in Z(G). Finally, if W (G) = W (SO(5)),
then by [Not02] we know that either G ' Spin(5) or G ' SO(5), and these are the
excluded cases.

Denote by H∗

Qp
(X) the Qp-algebra H∗(X ;Zp) ⊗ Q; note that this is different

from H∗(X ;Qp), which is a ridiculously big group.

2.4. PROPOSITION. Let G be a simple simply connected p-compact group of rank bigger
than one such that H3(G;Fp) 6= 0. Then G has a circle subgroup S, not meeting the
center, such that H∗

Qp
(G/S) ∼=

∧
(t) ⊗ R for some ring R and a 2-dimensional class t.

Proof. Let T < G be a maximal torus with coordinates ti : S1 → T . Let W be the
Weyl group of G with respect to T . Rationally,

H∗

Qp
(BG) ∼= H∗

Qp
(BT )W and H∗

Qp
(G/T ) ∼= H∗

Qp
(BT )//H∗

Qp
(BG).

Since H2
Qp

(BG) = 0, we know that H2
Qp

(BT )
∼

−→ H2
Qp

(G/T ) ∼= Qp{t1, . . . , tn},
and since H4

Qp
(BG) 6= 0, we know that there is a nontrivial quadratic polynomial

f(t1, . . . , tn) ∈ Qp[t1, . . . , tn] such that f ≡ 0 in H4
Qp

(G/T ).
Define S = K(Zp{α1, . . . , αn}, 1) ⊆ K(Zn

p , 1) = T for α1, . . . , αn ∈ Zp, and
let t ∈ H2

Qp
(G/S) be a generator. Under the map H∗

Qp
(G/T ) → H∗

Qp
(G/S), ti

is mapped to αit. Therefore, the polynomial 0 = f(t1, . . . , tn) ∈ H4
Qp

(G/T ) is
mapped to 0 = f(α1t, . . . , αnt) = f(α1, . . . , αn)t2. Since f is nonzero, we can
choose αi such that f(α1, . . . , αn) 6= 0, whence t2 = 0. If G has a center then the
condition that S∩Z(G) = {1} is a finite set of linear conditions βk

1α1+· · ·+βk
nαn 6=

0, which we can easily choose αi to satisfy as long as the rank of G is not 1.

An immediate consequence of these two propositions is

2.5. COROLLARY. Let G be a p-compact group satisfying conditions (?) and (??) of Prop.
2.3. Then G admits a splitting 1-torus.

2.6. PROPOSITION. Let X be a quasifinite loop space such that for every p, LpX admits
a splitting double 1-torus. Then so does X .

Proof. First note that if X admits a 1-torus, and L2X admits a double 1-torus, then
X admits a double 1-torus since the condition for being double is a 2-local con-
dition. Therefore the proof of this result is a minor modification of the proof of
[Ped78, Prop. 3.2], using instead of the standard arithmetic square the following
pullback square:

X //

∆

��

∏
p LpX

��

X0
∆0

//
∏

p(LpX)0
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where X0 is the rationalisation of X and ∆ is the diagonal map of X into the
product of its completions.

Proof of Theorem 2.2. This is now an immediate consequence of Prop. 2.6 and Cor.
2.5.

Proof of the Main Theorem. Only the exceptional cases remain to be treated. The
case SO(3)k ×T l is dealt with in [Ped80] as follows: If X at the prime 2 is SO(3)k ×
T l, then it has to be at odd primes as well from which it follows that X is in the
genus of SO(3)k×T l, but it is easy to see this genus only contains one element. If X
at the prime 2 is SO(3)k×T l×SO(5), then it is easy to see that X is SO(3)k×T l×X̄
where X̄ at the prime 2 is SO(5). It thus suffices to consider the case where X
at the prime 2 is SO(5). In this case the fundamental group is Z/2, and since
K̃0(ZC2) = 0, it suffices to find a 1-torus, we do not need a double 1-torus, but
that is easily done.

Finally, if the dimension of X is 4 or less, then LpX has to be a product of LpS
1,

Lp SU(2), and Lp SO(3) at every prime p, hence X is in the genus of a Lie group
and taken care of in [Ped80].
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