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Abstract. In this paper we study the image of l-adic representations coming from

Tate module of an abelian variety defined over a number field. We treat abelian vari-

eties with complex and real multiplications. We verify the Mumford-Tate conjecture
for a new class of abelian varieties with real multiplication.

1. Introduction.

Let l be an odd prime number, F a number field, GF = Gal(F̄ /F ) and A a
simple, polarized abelian variety of diemnsion g defined over F. Let Tl(A) denote
the Tate module of A and Vl(A) = Tl(A)⊗Ql. In this paper we investigate the image
of mod l representations of GF given by its action on the Tate module of A. We are
interested in Galois representations associated with abelian varieties with real and
complex multiplications. There are two important special cases of abelian varieties
for which the images of l-adic and mod l representations are known: abelian varieties
A with EndF (A) = Z such that dimA is an odd integer (cf. [Se1]) and abelian
varieties with real multiplication by a totally real number field E = EndF (A)⊗Q,
such that dimA = [E : Q] (cf. [R1]). Note that for these abelian varieties the
analogues of the open image theorem of Serre have been proven (loc. cit.). Our
main results concerning the image of the Galois representation are contained in the
following theorems.

Theorem A. [Th. 2.1] Let A/F be a simple abelian variety of nondegenerate
CM-type with End(A) ⊗ Q = E and such that E ⊂ F. Consider the residual rep-
resentation ρl: GF → GL2g(Fl) induced by the action on the l-torsion points of A.
Then for all primes l of good reduction for A that are split completely in F, the
image of ρl consists of all diagonal matrices of the form

{diag(x1, y1, . . . , xg, yg) ∈ GL2g(Fl): x1y1 = · · · = xgyg}.
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Theorem B. [Th. 3.5] Let A/F be a simple, principally polarized abelian variety
with real multiplication by a totally real field E = EndF (A)⊗ZQ of degree e= [E : Q]

such that g = eh with h odd. In addition we assume that F is so large that Galgl
is connected and ρ̄l(GF ) ⊂ G(l)alg(Fl) for almost all l (for the notation see the
beginning of section 3). We have the following formula for the commutator subgroup
of the image ρl(GF ) :

[ρl(GF ), ρl(GF )] =
∏

λ|l

Sp2h(Fl),

for all l � 0 such that l splits completely in E and A has good reduction at l.

It is known that for some families of abelian varieties the Mumford-Tate group
over Ql is equal to the identity component of the Zariski closure of the image of
the Galois representation on Vl(A) = Tl(A)⊗Ql i.e., the Mumford-Tate conjecture
holds. For the CM abelian varieties the Mumford-Tate conjecture follows by the
results of Pohlman cf. [Se5]. Important special cases of the Mumford-Tate con-
jecture have been proven by J.P. Serre [Se1], W. Chi [C], K. Ribet [R1], R. Pink
[P] and S. Tankeev [Ta2]. We verify the Mumford-Tate conjecture for the class of
abelian varieties considered in Theorem B.

Theorem C. [Th. 3.6] Let A be an abelian variety with real multiplication by a
totally real field E = EndF (A) ⊗Z Q of degree e = [E : Q] such that g = eh with h
odd. Then the Mumford-Tate conjecture holds for A.

The results of this paper are used in [BGK2] where we solve the support problem
of Corralez-Rodrigáñez and Schoof formulated in [C-RS], for the abelian varieties
considered in Theorems A and B.

Acknowledgements: We thank K. Ribet, J.P. Serre, S.G. Tankeev and J.P. Winten-
berger for conversations and correspondence concerning the topic of this paper. The
ICTP in Trieste, the MPI in Bonn, the SFB 343 in Bielefeld, CRM in Barcelona,
Mathematics Departments of the Ohio State University, Northwestern University
and the Isaac Newton Institute in Cambridge provided financial support during our
visits to the institutions, while the work on this paper continued. The research was
partially financed by the KBN grant 2 P03A 048 22.

2. Nondegenarate CM abelian varieties.

Let A/F be a simple abelian variety of dimension g with complex multiplication
by a CM field E cf. [La]. We assume that E is contained in F. In this chapter,
following [R3], we discuss CM abelian varieties of nondegenerate type. Let (E, S)
be the CM-type of A and let (E ′, R) be its reflex type. Let L/Q be a finite Galois
extension containing E. Put G = G(L/Q), H = G(L/E) and H ′ = G(L/E′). We
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identify S with a subset of right cosets in H\G. Let T be an algebraic torus defined
over a number field. The character group of T is by definition

X(T ) = Hom
Q
(T,Gm).

For a number field K we put TK = ResK/Q(Gm). Observe that

X(TK) = {
∑

σ∈Hom (K;C)

nσ[σ]; nσ ∈ Z}.

K. Ribet in [R3] p. 85 defines a homomorphism of tori

φ : TE′ → TE

by giving the following homomorphism on character groups

φ∗ : X(TE) → X(TE′)

[σ] →
∑

γ ∈R

[γσ].

The image of φ is an algebraic torus which is equal to the Mumford-Tate group of
A cf. [D2, Ex. 3.7] and [W, p. 128-129]. The dimension of Imφ is by definition
the rank of the CM-type (E, S) and the rank of the abelian variety A. It is easy to
see that the rank of (E, S) equals the rank of the matrix

(
i(τ, σ)

)

τ∈H′\G, σ∈H\G

where the entries are defined by the formula

i(τ, σ) =

{
1, if στ−1 ∈ S̃

0, if στ−1 6∈ S̃

and S̃ = {g ∈ G: Hg ∈ S}.

Definition 2.1. We say that the CM-type (E, S) is nondegenerate if the rank of
(E, S) equals g+1. We say that the CM abelian variety A is nondegenerate if its type
is nondegenerate. This means that the Mumford-Tate group of A (for the definition
see [D]) is of maximal possible dimension.

Example 1. In [R3], Example 3.7 it is shown that all CM abelian varieties of di-
mension smaller than 4 are nondegenerate. Kubota in [K] Th. 2, p. 121 showed
that the Jacobian variety of the curve y2 = 1−xp, where p is an odd prime is of
nondegenerate CM-type. For examples of CM varieties A with rank smaller than
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dimA+1 (which are called degenerate), we refer the reader to papers [R3], sec. 3,
p. 89 and [Haz], sec. 5, p. 747.

Let ρl : GF → GL(Tl(A)) = GL2g(Zl) be the l-adic representation of the Galois
group GF on the Tate module of A. According to Corollary 2, p. 502 of [ST],
the image of this representation is an abelian group contained in the subgroup
(OE ⊗Z Zl)

× of GL2g(Tl(A)). We have the following commutative diagram

(2.1)

GF
ρl

−−−−→ GL2g(Zl)


y

x



∏

v|lO
×
F,v

cl−−−−→ GabF
ρab

l−−−−→ (OE ⊗ Zl)
×,

where the map cl is the restriction to
∏

v|lO
×
F,v of the composition of natural maps:

∏

v

O×
F,v → (F×

∏

v

O×
F,v)/F

× → IF /F
× → GabF .

The map on the right side in the above sequence of maps is the global norm residue
symbol of global class field theory, ([N], p. 94). Let l be a prime of good reduction
for A relatively prime to the class number of F. The natural isomorphism

Cl(OF ) ∼= IF /(F
×

∏

v

O×
F,v)

[N], Prop. 2.3, p. 77 and Artin global reciprocity law, [N], Th. 6.5, p. 94, show
that the image of ρl is equal to the image of the composition ρabl ◦ cl. According to
[ST], p. 511 there is a homomorphism of algebraic tori

(2.2) ψ: TF → TE

over Q, such that after base change to Ql we obtain a map of tori

(2.3) ψl: TFl
→ TEl

over Ql, where TFl
=

∏

v|lResFv/Ql
(Gm) and TEl

=
∏

λ|lResEλ/Ql
(Gm). For any

torus T/Ql put

T (Zl) = {t ∈ T (Ql); χ(t) ∈ Z×
l , for all χ ∈ (X(T ))Ql

},

where (X(T ))Ql
is the group of characters of T defined over Ql cf. [O], p. 115,

[R3], p. 77 and [V], p. 134-139. Short computation shows that

TFl
(Zl) =

∏

v|l

O×
F,v and TEl

(Zl) =
∏

λ|l

O×
E,λ

The map (2.3) gives a group homomorphism

(2.4) ψl(Zl): TFl
(Zl) → TEl

(Zl)

which by Theorem 11, p. 512 and Corollary 2, p. 513 of [ST] can be identified with
the map ρabl ◦ cl.
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Theorem 2.1. Let A/F be a simple abelian variety of nondegenerate CM-type.
Then for all primes l of good reduction for A that are split in F, the image of the
reduced representation

ρ̄l:GF → GL2g(Fl)

consists of all diagonal matrices of the form

{diag(x1, y1, . . . , xg, yg) ∈ GL2g(Fl): x1y1 = · · · = xgyg}.

Proof. By [R3], Prop. 3.8 we have the following commutative triangle:

(2.5)

TF
ψ

//

NF/E′

!!CC
CC

CC
CC

TE

TE′

φ

=={{{{{{{{

Since l splits completely in F and E by assumption, we have

TFl
=

[F : Q]
∏

i=1

Gm TEl
=

2g
∏

i=1

Gm.

Since A is nondegenerate, the image of ψ has dimension g+1 (cf. [R3], Cor. 3.9).
Thus the image of the map ψl : TFl

→ TEl
is a torus of dimension g+1. Denote by

E+ the maximal totally real subfield of E and put

E+
l = E+ ⊗ Ql

∼= OE+ ⊗ Ql.

We fix an isomorphism of Ql-vector spaces

El ∼= E+
l ⊕ E+

l .

This isomorphism and the representation ρl ⊗ Ql defines a representation

ρ+
l ⊗ Ql : GF −→ GL2(E

+
l ).

such that
detE+

l
◦ (ρ+

l ⊗ Ql) = χc

(cf. [R1], Lemma 4.5.1), where χc denotes the composition of the cyclotomic char-
acter GF → Q×

l and the obvious imbedding Ql → E+
l . Since l splits completely in

E, the representation ρl ⊗ Ql : GF −→ GL2g(Ql) is diagonalizable and there exists
a basis of El over Ql such that

Imρl ⊂ {diag(x1, y1, . . . , xg, yg) ∈ GL2g(Ql) : x1y1 = · · · = xgyg}.
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Let Tnd denote the following torus:

{diag(x1, y1, . . . , xg, yg) ∈ GL2g : x1y1 = · · · = xgyg}

over Ql. One can easily check that there is a natural isomorphism (over Ql) of group
schemes

Tnd ∼= (Gm ×Ql
Gm) ×Gm

· · · ×Gm
(Gm ×Ql

Gm)
︸ ︷︷ ︸

g−times

∼= Gg+1
m ,

where the structure map for ×Gm
product is the group structure map Gm×Ql

Gm →
Gm of the group scheme Gm. The torus Tnd is contained in TEl. This shows that the
image of the map ψl = ψ⊗Ql is a subtorus of Tnd, which is split and of dimension
g+1, hence Imψl = Tnd. It follows that ψl can be written as the composition of
homomorphisms of tori

(2.6) ψl : TFl
−−−−→ Tnd −−−−→ TEl

.

Taking corresponding Zl-models of maps of tori in (2.6) (cf. [V], Prop. 6.13, p.
138), we get a map of schemes

(2.7) Ψl : TFl
−−−−→ Tnd −−−−→ TEl

.

Taking fibers in (2.7) over specFl we get maps of split tori

(2.8) ψ̄l : T̄Fl
−−−−→ T̄nd −−−−→ T̄El

On the other hand by [O], Th. 2.3.1, [R3], p. 93 and [V], Prop. 6.14, p. 139, we
have the commutative diagram

(2.9)

TFl
(Zl) −−−−→ Tnd(Zl) −−−−→ TEl

(Zl)


y



y



y

T̄Fl
(Fl) −−−−→ T̄nd(Fl) −−−−→ T̄El

(Fl)

where the compositions of horizontal maps are ψl(Zl), ψ̄l(Fl) and the vertical maps
are reductions mod l. Hence, by (2.1), (2.2), (2.4), (2.8) and (2.9) we see that
Im ρ̄l = T̄nd(Fl). �

3. Abelian varieties with real multiplication.

Let E be a totally real extension of Q of degree [E : Q] = e. Let A/F be a
polarized, simple abelian variety of dimension g of type E, which means that E ⊂
EndF̄ (A)⊗Z Q and the polarization is over F cf. [R1] chap. II.1 or [C] Chap. 1.1.
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We assume that E = EndF (A)⊗Z Q = EndF̄ (A)⊗Z Q and in addition that E ⊂ F.
Since EndF̄ (A)∩E = RE is an order in OE we observe that RE ⊗Z Zl = OE ⊗Z Zl
for l that does not divide the index [OE : RE ]. We consider such primes l that split
completely in E. The polarisation of A gives Ql-bilinear, nondegenerate alternating
pairing

(3.1) 〈 , 〉 : Vl(A) × Vl(A) → Ql(1)

which is Galois equivariant and such that for every x, y ∈ Vl(A) and for every
φ ∈ EndF̄ (A) ⊗Z Q we have

〈φ(x), y〉 = 〈x, φ′(y)〉,

where φ′ denotes the effect of Rosati involution of the ring EndF̄ (A) ⊗Z Q on the
element φ. Theorem 2, Type I, p. 201 of [M] implies that the Rosati involution
acts trivially on E. Let us restrict the pairing (3.1) to Tl(A) × Tl(A). The vertical
arrows in the diagram

(3.2)

Tl(A) × Tl(A)
〈 , 〉

−−−−→ Zl(1)


y



y

Vl(A) × Vl(A)
〈 , 〉

−−−−→ Ql(1)

are injective. Under our assumption on l and E the pairing (3.1) splits into nonde-
generate, Ql bilinear, alternating pairings (cf. [C], Lemma 1.2.1, p. 319 )

(3.3) 〈 , 〉 : Vλ(A) × Vλ(A) → Ql(1)

Reducing modulo l and splitting into λ components the top horizontal arrow in
diagram (3.2), it follows again by [C], Lemma 1.2.1, p. 319 that for each prime λ
of OE that divides l there is a nondegenerate bilinear, alternating pairing

(3.4) 〈 , 〉λ : A[λ] × A[λ] → Z/l(1)

such that for every α ∈ Fl

〈αx, y〉λ = 〈x, αy〉λ = α〈x, y〉λ.

We are going to investigate the image of the residual representation

ρl : GF → GL(A[l]) ∼= GL2g(Fl)
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of the representation

ρl : GF → GL(Tl(A)) ∼= GL2g(Zl)

for abelian varieties A/F and prime l satisfying all the above assumptions. As usual
we let Gl to denote the image of ρl. Because of the pairings (3.3) and (3.4) for an
appropriate choice of bases in the Fl vector spaces A[λ] we get

Gl ⊂
∏

λ|l

GSpA[λ](Fl) ∼=
∏

λ|l

GSp2h(Fl) ⊂ GL2g(Fl)

where h is such that 2he = 2g and GSp2h(Fl) denotes the group of symplectic
similitudes.

Let us introduce some notation. For an algebraic group scheme G/S over the base
scheme S we denote by G′ the derived group scheme of G, as defined in [SGA3]
XXII, 6.2. If G is an algebraic group over a field, then G′ is the commutator
subgroup of G. We put G̃ to be the universal cover of G and G(S)u to be the image

of the natural map G̃(S) → G(S). Observe that if G is simply connected, i.e., if

G̃ = G, then we get G(S)u = G(S). Let Galgl be the algebraic envelope of the image
of ρl ⊗ Ql in the group GL2g/Ql i.e. the Zariski closure of the image. Enlarging

F , if necessary we can assume that Galgl is connected for any l. This is justified by

the results of Serre, [Se4] (see also [LP2]). Let Galgl be the Zariski closure of the
image of ρl in the algebraic group GL2g/Zl, endowed with the unique structure of
reduced closed subscheme. It follows by [LP1], Prop.1.3 (see also [Wi], Th.1) that

for l � 0 the scheme Galgl is smooth over Zl. Let G(l)alg be the algebraic envelope

of the image of ρl in GL2g/Fl. Observe that Galgl is the general fiber of Galgl over
specZl cf. [Wi] 2.1. On the other hand, by [Wi] Lemme 5 and by [Se3], pp. 43-46,

G(l)alg is the special fiber of Galgl over specZl. By definition, we have

(3.5) Galgl ⊂
∏

λ|l

GSpVλ(A)
∼=

∏

λ|l

GSp2h/Ql ⊂ GL2g/Ql

(3.6) G(l)alg ⊂
∏

λ|l

GSpA[λ]
∼=

∏

λ|l

GSp2h/Fl ⊂ GL2g/Fl

J. P. Serre used the results of Nori [No] on subgroups of GL2g(Fl) to investigate the
group G(l)alg. We collect the results of Serre on G(l)alg proven in [Se2] and [Se3]
in the following theorem.

Theorem 3.1. ([Se2], [Se3]) The group G(l)alg is reductive and in addition:

(1) the index [G(l)alg(Fl) : Gl ∩G(l)alg(Fl)] is bounded independently of l,
(2) there is a finite extension K/F such that ρl(GK) ⊂ G(l)alg(Fl).
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Following [Se2] p. 22, we write:

G(l)alg = T (l)(G(l)alg)′

where (G(l)alg)′ is the derived subgroup of G(l)alg and T (l) is a torus which is
the connected component of the center of G(l)alg. The groups (G(l)alg)′ and T (l)
commute elementwise. It is worth pointing out that the group (G(l)alg)′ is denoted

by N(l) in [Wi] and by G̃ in [No]. Enlarging F if necessary, we can assume that
ρl(GF ) ⊂ G(l)alg(Fl) so from now on we assume that the abelian variety A is
defined over such a field F. This is justified by Theorem 3.1 (2). Observe that by
(3.6) we have:

(3.7) (G(l)alg)′ ⊂
∏

λ|l

Sp2h.

Lemma 3.2. Let A/F be an abelian variety with real multiplication by a totally
real field E = EndF (A) ⊗Z Q of degree e = [E : Q] such that g = eh with h odd.
We have equalities of ranks of group schemes over Ql:

(3.8) rank (Galgl )′ = rank
∏

λ|l

Sp2h/Ql

Proof. Let g = Lie(Galgl ). Then g = gss ⊕ Ql, where gss = Lie((Galgl )′). Note that
by (3.5) we have

(3.9) gss ⊂
⊕

λ|l

sp2h(Vλ),

where Vλ = Vl(A)⊗E Eλ. Put V̄λ = Vλ⊗Ql. In order to prove (3.8) it is enough to
show that

(3.10) gss ⊗ Ql =
⊕

λ|l

sp2h(V λ).

Projecting onto the λ component we see that the image of gss ⊗ Ql in sp2h(V λ)
is semisimple. Hence, using the structure of the universal enveloping algebra of a
semisimple Lie algebra [H] pp. 89-94 and the properties of the irreducible standard
cyclic modules [H] pp. 107-110, we get a decomposition

V̄λ = E(ω1) ⊗Ql
· · · ⊗

Ql
E(ωr),
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where E(ωi), for all 1 ≤ i ≤ r, are the irreducible (orthogonal or symplectic) Lie
algebra modules of the highest weight ωi corresponding to simple Lie algebras gi
which are summands of the image

Im
(
gss ⊗ Ql → sp2h(V λ)

)
= g1 ⊕ · · · ⊕ gr.

By Corollary 5.11 [P] all simple factors of gss⊗Ql are of classical type A, B, C and
D and the weights ω1, . . . , ωr are minimal (= miniscule = microweight). The reader
can find the table of all minimal weights for corresponding types in [H] exer. 13.13
p. 72 or [B] Chap. VIII, 7.3. Since dim

Ql
V λ = 2h, where h odd by assumption, we

observe by computing the dimensions of E(ωi)’s for types A, B, C and D (use [Ta1]
section 4.8.1 and [B] Chap. VIII, Tables 1, 2 pp. 213-214, cf. [C] p. 332), that the
tensor product E(ω1) ⊗Ql

· · · ⊗
Ql
E(ωr) can consist of only one space E(ω1) and

g1-action on E(ω1) is of type C symplectic representation. Hence

Im
(
gss ⊗ Ql → sp2h(V λ)

)
= sp2h(V λ).

By the result of Faltings [Fa] cf. [Se1] 2.5.4 the representations

gss ⊗ Ql → sp2h(V λ)

are pairwise not isomorphic, for any two of the ideals λ|l. Hence, by the structure
theorem of semisimple Lie algebras, [H] Th. 5.2, we deduce that the natural map

gss ⊗ Ql → sp2h(V λ1
) ⊕ sp2h(V λ2

)

is surjective for any pair of ideals λ1, λ2 dividing l. By [R1], Lemma, p. 790, this
implies (3.10). �

Lemma 3.3. Let A be an abelian variety with real multiplication by a totally real
field E = EndF (A) ⊗Z Q of degree e = [E : Q] such that g = eh with h odd. There
are equalities of ranks of group schemes over Fl:

(3.11) rank (G(l)alg)′ = rank (
∏

λ|l

Sp2h/Fl)

for all l � 0.

Proof. By [LP1] Prop.1.3 and by [Wi], Th.1 and 2.1, for l � 0 the group scheme

Galgl over specZl is smooth and reductive. For such an l the structure mor-

phism (Galgl )′ → specZl is the base change of the smooth morphism Galgl →

DZl
(DZl

(Galgl )) via the unit section of DZl
(DZl

(Galgl )), see [SGA3] XXII, Th. 6.2.1,

p. 256. Hence, the group scheme (Galgl )′ is also smooth over Zl. By [SGA3] loc.

cit, the group scheme (Galgl )′ is semisimple. By [SGA3] XIX, Th. 2.5, p. 12,
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applied to the special fiber of the base scheme specZl, there exists an étale neigh-
borhood S′ → specZl of the geometric point over the special point such that

Galgl,S′ = Galgl ×specZl
S′ has a maximal torus TS′ . By [SGA3] XXII, Th. 6.2.8 p.

260, (Galgl,S′)′ ∩ TS′ is a maximal torus of (Galgl,S′)′. By definition of the maximal torus

and by [SGA3] XIX, Th. 2.5, p. 12 applied to the special point of specZl, we

obtain that the special and the generic fibers of (Galgl,S′)′ have the same rank. On the

other hand, it is clear that the generic (resp. special) fibers of (Galgl,S′)′ and (Galgl )′

have the same rank. Hence, for l � 0 :

(3.12) rank (Galgl )′ = rank (G(l)alg)′.

Observe that

(3.13) rank Sp2h/Ql = rank Sp2h/Fl = h.

Equalities (3.12), (3.13) and Lemma 3.2 show that the ranks of the group schemes
at both ends of the bottom horizontal arrow in the diagram

(3.14)

(Galgl )′ −−−−→
∏

λ|l Sp2h/Ql


y



y

(Galgl )′ −−−−→
∏

λ|l Sp2h/Zl
x



x



(G(l)alg)′ −−−−→
∏

λ|l Sp2h/Fl

are the same. This concludes the proof. �

Lemma 3.4. Under assumptions of Lemmas 3.2 and 3.3 we have equalities of
group schemes:

(3.15) (Galgl )′ =
∏

λ|l

Sp2h/Ql

(3.16) (G(l)alg)′ =
∏

λ|l

Sp2h/Fl

for all l � 0.

Proof. We prove the equality (3.16). The proof of the equality (3.15) is very similar
and we leave it for the reader. Let

ρ
l

: G(l)alg → GL2g
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denote the inclusion representation induced by G(l)alg ⊂ GL2g. By the result of
Faltings [Fa] the representation ρ

l
is semisimple and the commutant of ρ

l
(G(l)alg)

in the matrix ring M2g,2g(Fl) is EndF̄ (A) ⊗Z Fl. Projecting onto the λ component
we obtain the representation

ρ
λ

: G(l)alg → GSpA[λ]
∼= GSp2h.

The commutant of ρ
λ

is Fl because EndF̄ (A) ⊗Z Q = E and l splits completely

in E, by assumption. This implies that ρ
λ

is absolutely irreducible. Since T (l) is

abelian and it commutes elementwise with (G(l)alg)′, the restriction of ρ
λ

to the
derived subgroup:

ρ
λ

: (G(l)alg)′ → Sp2h

is also absolutely irreducible. By Schur’s lemma the image ρ
λ
(Z((G(l)alg)′) of the

center of (G(l)alg)′ is contained in the scalars of Sp2h. This implies that

(3.17) Z((G(l)alg)′) ⊂ Z(
∏

λ|l

Sp2h).

To simplify notation, we put G1 = (G(l)alg)′ and G2 =
∏

λ|l Sp2h. Note that G1

and G2 are reductive groups. Let T be a maximal torus in G1. Since by Lemma
3.3 the ranks of G1 and G2 are equal, T is also the maximal torus of G2. Let
h ∈ Z(G2). By [H], Chap. 26.2, Cor. A (b) we see that h ∈ T. Let C denote the
commutant of G1 in the ring M2g,2g(Fl). Since G1 ⊂ G2, we have h ∈ C×, hence
h ∈ C× ∩ T = Z(G1). Thus we have Z(G2) ⊂ Z(G1). Together with (3.17) this
implies that

(3.18) Z((G(l)alg)′) = Z(
∏

λ|l

Sp2h).

To finish the proof we use the same argument as in the proof of [Wi], Lemme 7
(see also [LP1], Lemma 4.4, p. 577). Let R1 (R2, respectively) be the roots of G′

1

( G′
2, resp.) with respect to the torus T. The roots R1 form a symmetric subset of

R2 which is closed by [SGA3] XXIII, Cor 6.6. By [B] Chap. VI, 1.7, Prop. 23 we
obtain equality R1 = R2. Hence G′

1 = G′
2, so G1 = TG′

1 = TG′
2 = G2. �

Theorem 3.5. Let A be an abelian variety with real multiplication by a totally
real field E = EndF (A) ⊗Z Q of degree e = [E : Q] such that g = eh with h odd.
Consider the residual representation ρl: GF → GL2g(Fl) induced by the action on
the l-torsion points of A. We have equality:

(3.19) (ρl(GF ))′ =
∏

λ|l

Sp2h(Fl),
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for all l � 0.

Proof. Since Sp2h is simply connected, it follows by (3.16) that (G(l)alg)′ is simply
connected. So (G(l)alg)′(Fl) = (G(l)alg)′(Fl)u. Hence, by a theorem of Serre (cf.
[Wi], Th.4) we get

(G(l)alg)′(Fl) ⊂ (ρl(GF ))′.

On the other hand, by (3.6) and Th. 3.1 (2) it is clear that

(ρl(GF ))′ ⊂ (G(l)alg)′(Fl). �

We finish with verification of the Mumford-Tate conjecture for the abelian va-
rieties A/F considered in this section. This has been expected by the experts (cf.
[P, p. 190]). We refer the reader to [P] and also to [G] for an up-to-date discussion
concerning the current status of the Mumford-Tate conjecture. Let us fix some
notation. We choose an embedding of F into the field of complex numbers C. Let
W = H1(A(C),Q) denote the singular cohomology group with rational coefficients
and let

W ⊗Q C = W 1,0 ⊕W 0,1,

where W 1,0 = W 0,1, be its associated Hodge decomposition. Define the cocharacter

µ∞ : Gm(C) → GL(W ⊗Q C) = GL2g(C)

such that, for any z ∈ C×, the automorphism µ∞(z) of the space W ⊗Q C is the
multiplication by z onW 1,0 and the identity onW 0,1. Recall that the Mumford-Tate
group of the abelian variety A/C is the smallest algebraic subgroup MT ⊂ GL2g,
defined over Q, such that MT (C) contains the image of µ∞. Note that MT is a
reductive subgroup of the group of symplectic similitudes GSp2g. According to the
Mumford-Tate conjecture (cf. [Se5], C.3.1), for the abelian variety A defined over
the number field F, for any rational prime l we should have:

(3.20) Galgl = MTl.

where MTl = MT⊗QQl. Recall that due to our assumptions on A and F, the

group Galgl is connected. It was proved by Deligne [D], I, Prop. 6.2 that

(3.21) Galgl ⊂MTl,

for any l.



14 G. BANASZAK, W. GAJDA, P. KRASOŃ

Theorem 3.6. Let A be an abelian variety with real multiplication by a totally real
field E = EndF (A) ⊗Z Q of degree e = [E : Q] such that g = eh with h odd. Then
the Mumford-Tate conjecture holds for A.

Proof. By [LP1], Th. 4.3. to verify the Mumford-Tate conjecture for all primes l
it is enough to show it for at least one prime number l. Let H denote the Hodge
group of A, see [D], Section 3 or [G], p. 312. By definition, the Mumford-Tate
group and the Hodge group of A are related by equality

MT = GmH,

where Gm is in the center of MT. Hence, (MT )′ = (H)′. The group H is semisimple
(cf. [G], Prop. B.63), hence H = (H)′ by [H], Th. 27.5. Put Hl = H⊗QQl. By
(3.15) and (3.21) for l � 0 and such that l splits completely in E, we get:

∏

λ|l

Sp2h = (Galgl )′ ⊂ (Hl)
′.

On the other hand,

Hl ⊂
∏

λ|l

Sp2h

(see Lemma B.60 and Lemma B.62 of [G]). Hence, we have

(3.22) Hl = (Galgl )′ =
∏

λ|l

Sp2h.

Using the theorem of Bogomolov on the homoteties [Bo] Corollary 1, p.702, we get
from this

(3.23) MTl = GmHl = Gm (Galgl )′ ⊂ Galgl .

The inclusions (3.21) and (3.23) imply the equality (3.20) for A. �
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(1983), 349-366.

[G] B. Gordon, A survey of the Hodge Conjecture for abelian varieties, Appendix B in ”A

survey of the Hodge conjecture”, by J. Lewis (1999), AMS, 297-356.

[Haz] F. Hazama, Hodge cycles on abelian varieties of Sn-type, J. of Algebraic Geometry 9

(2000), 711-753.

[H] J.E. Humphreys, Linear Algebraic Groups, Springer-Verlag, 1975.

[I] T. Ichikawa, Algebraic groups associated with abelian varieties, Math. Ann 289 (1991),

133-142.

[K] T. Kubota, On the field extension by complex multiplication, Trans. AMS 118 No. 6

(1965), 113-122.

[LP1] M. Larsen, R. Pink, Abelian varieties, l-adic representations and l independence 302

(1995), Math. Annalen, 561-579.

[LP2] M. Larsen, R. Pink, A connectedness criterion for l-adic representations 97 (1997),
Israel J. of Math, 1-10.

[La] S. Lang, Complex Multiplication, Springer Verlag, 1983.

[Mi] J.S. Milne, Abelian varieties Arithmetic Geometry G. Cornell, J.H. Silverman (eds.)

(1986), Springer-Verlag, 103-150.

[M] D. Mumford, Abelian varieties, Oxford University Press, 1988.

[N] J. Neukirch, Class Field Theory, Springer Verlag, 1986.

[No] M. V. Nori, On subgroups of GLn(Fp), Invent. Math. 88 (1987), 257-275.

[O] T. Ono, Arithmetic of algebraic tori, Annals of Mathematics 74. No. 1 (1961), 101-139.

[P] R. Pink, l-adic algebraic monodromy groups, cocharacters, and the Mumford-Tate con-
jecture, J. reine angew. Math. 495 (1998), 187-237.

[R1] K. A. Ribet, Galois action on division points of abelian varieties with real multiplica-
tions, American Jour. of Math. 98, No. 3 (1976), 751-804.

[R2] K. A. Ribet, Dividing rational points of abelian varieties of CM type, Compositio math.

33 (1976), 69-74.

[R3] K. A. Ribet, Division points of abelian varieties with complex multiplication, Mem. Soc.

Math. de France 2e serie 2 (1980), 75-94.
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