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1 Introduction

Let k be a field of characteristic 0 and let V), be the category of smooth projec-
tive varieties over k. By ~ we denote an adequate equivalence relation for alge-
braic cycles on varieties [Ja00]. For every X € Vi let A' (X) = (Z¢(X)/ ~)®Q
be the Chow group of codimension ¢ cycles on X modulo the chosen relation
~ with coefficients in Q.

Let X,Y € V., let X = UX; be the connected components of X and let
d; = dim(X;). Then Corr”(X,Y) = @;A%T"(X; x Y) is called a space of
correspondences of degree r from X into Y. For any f € Corr"(X,Y) and
g € Corr*(Y,Z) their composition g o f € Corr™*(X,Z) is defined by the
formula go f = pxz,(pky (f) Py 4(9)) where pxz, pxy and pyz are the appro-
priate projections. In particular, we have a linear action of correspondences

Corrs(Y,Z) x A(Y) — As*(Z) defined by the rule (o, z) — py,(a - pi (1)),
where px and py are the projections.

The category of pure motives M. over k with coefficients in Q with respect
to the given equivalence relation ~ can be defined as follows [Sch94]. TIts
objects are triples M = (X,p,m), where X € Vi, p € Corr?(X,X) is a
projector (i.e. pop = p) and m € Z. Morphisms from M = (X,p,m)
into N = (Y, q,n) in M. are given by correspondences f € Corr™ ™(X,Y),
such that fop = qgo f = f, and compositions of morphisms are induced by
compositions of correspondences.
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The category M. is pseudoabelian and Q-linear. Moreover, it is a tensor
category with tensor structure defined by the formula (X,p,m) ® (Y, q,n) =
(X xY,p®q,m+n). The triple 1 = (Spec(k),id,0) plays a role of the unite
object in M., and the Lefschetz motive L is the triple (Spec(k),id,—1). For
any motive M = (X, p, m) one defines the Tate twist M(r) to be the motive
M@L™" = (X,p,m+r), where L" = L®" for a positive integer 7, L® = 1 and
L™ =1®" for a negative 7, see [Sch94], 1.9. At last, M. is rigid [Ja00] in the
sense that there exists internal Hom’s and dual obiects M* for all M € M.
satisfying well known axioms [DeMi82].

For any algebraic cycle I' on X x Y we will denote by I'* its transpose
lying on Y x X. By M. : V* — M. we will denote the functor which
associates to any X € Vg 1ts motive M. (X) = (X,1d,0), where id = [Ax] is
the class of the diagonal Ay in Corr? (X, X), and to a morphism f: X — Y
the correspondence M(f) = [I'}] € Corr? (Y, X) = Hompy_ (M(Y), M(X)),
where I'y = {(z, f(x)) | € X} C X X Y is the graph of f.

In the following we fix a Weil cohomology theory with L-coefficients H*,
where L is a field of characteristic zero, see [K194] for the definition. For
example if k is an arbitrary field one can take the étale cohomology groups

H*(X,Q) over the algebraic closure k, i.e. X = X x; k and [ # char(k).
If k: = C one can take also the usual Betti cohomology. Then one defines a
functor H® : M4 — Vecty, for every i € Z by H'(M) = p,H"™"(X) where
M = (X,p,m). By cl : A’ ,(X) — H*(X) we denote the cycle map; then
a € Al (X) is homologically equivalent to zero iff cl(a) = 0.

If ~ is rational equivalence then M,.,; is called the category of Chow motives
over k with coefficients in Q. In the following we will write A’ for A ,, h(—)
for the functor Myem(=) : Vi = Mpom and A*(X)pom for the kernel of cl, i.e.
the subgroup in A*(X) of cycles which are homologically trivial.

Under these assumptions one may consider the following equivalence rela-
tions ~ on cycles: (rat) rational equivalence; (alg) algebraic equivalence; (hom)
homological equivalence and (num) numerical equivalence [Ja00]. It is known
that

(rat) = (alg) = (hom) = (num)

Rational equivalence is strictly finer than algebraic equivalence already for di-
visors on curves; a famous counterexample by Griffiths showed that algebraic
equivalence is strictly finer than homological equivalence, even modulo torsion,
for codimension 2 cycles on a complex 3-fold. According to Grothendieck’s
Standard Conjectures on algebraic cycles [K194] homological equivalence and
numerical equivalence should coincide. By a result of Jannsen [Ja92] the cat-
egory M is abelian semisimple iff ~ is the numerical equivalence.



Now let X € V. and assume, for simplicity, that X is irreducible of di-
mension d. If we suppose that the conjecture C'(X) holds, see [K194], p.14,
i.e. if the Kiinneth components A(i,2d — 7) of the diagonal Ax are algebraic
(which is known to be true for curves, surfaces and abelian varieties), then
the idempotent H*(X) — H'(X) — H*(X) is represented by an algebraic
correspondence o; which is an idempotent in A? (X x X). Therefore we get
a natural decomposition:

~ @ RY(X
1<i<2d
where h'(X) = (X, 0;,0) and o; is, in fact, the Kiinneth component A (i, 2d—1).
Following [Mu93(1)] we will say that X has a Chow-Kiinneth decomposition
if there exist orthogonal idempotents m; (0 < i < 2d) in A4(X x X), such that

cl(m;) = A(2d — i,4) and Z
T

0<i<2d

in A4(X x X). This implies that in M, the motive M (X) decomposes as

follows:
M(X)= P M'(X)
0<i<2d

where M;(X) = (X, m;,0).

Murre conjectured, see [Mu93(1)] and [Mu93(2)], that every X € Vj has
a Chow-Kiinneth decomposition over the algebraic closure k. This conjecture
is true for curves, surfaces, abelian varietes, uniruled threefolds and elliptic
modular varieties, see [DMu91] and [dAMSt00] for further references. If X
and Y have a Chow-Kiinneth decompositon, then the same holds for X x Y.

If X is a smooth projective variety of dimension d satisfing conjecture C'(X)
then, with the above notations, one has the following isomorphisms [Ja94]:

Al (X x X) = @Enth h (X))

UX x X) @Ende (X))

In order to relate rational equivalence with homological equivalence for alge-
braic cycles it is therefore natural to ask under which conditions the map

Endp,.,(Mi(X)) = Endy,,, (h'(X))



(induced by the functor h) is an isomorphism. This is in turn strictly related,
see [Ja94], Prop 5.8, with the existence of a suitable filtration on the Chow
ring of X x X, such that the associated graded groups only depend on the
motives h'(X), or, equivalently, to Murre’s Conjecture (see Section 2 below).

In this paper we show how finite dimensionality of the motive M(X) (see
Def. 6) is related with the existence of such a filtration.

The paper is organized as follows: in Section 2 we recall the Conjectures of
Beilinson and Murre on the existence of a suitable filtration F'® on the Chow
ring of a smooth projective variety, and then we relate them with Bloch’s
Conjecure for surfaces.

In Section 3, after recalling the definitons and properties of finite dimen-
sional motives and some results of [AK02], we prove Theorems 14 and 17 which
relate the finite dimensionality of the motive with Murre’s Conjecture.

In Section 4 we show that for a smooth projective surface over an alge-
braically closed field of characteristic 0 with p, = 0 the motive M (X) is finite
dimensional iff the Chow group of O-cycles of X is finite dimensional in the
sense of Mumford.

ACKNOWLEDGEMENTS. The authors wish to thank Jacob Murre and Ivan
Panin for many useful comments on an early version of this paper.

2 The Conjectures of Beilinson, Bloch
and Murre

Beilinson has conjectured the existence of decreasing filtrations on Chow groups
of all smooth projective varieties over k£ which are uniquely determined by the
action of correspondences on algebraic cycles [Ja94]:

Conjecture 1 For every X € V. there exists a decreasing filtration F* on
AYX), such that:

(a) FOAI(X) = AT(X); F'A9(X) = (A9(X))ums

(b) F* is compatible with the intersection product of cycles;

(c) F* is compatible with f* and f. if f: X — Y is a morphism;

(d) (if the Kinneth components of Ax are algebraic) the associated graded
group Gr, AV (X) = FYAY(X)/F"*1 AJ(X) depends only on the motive h* " (X)
of X in Mpom;

(e) FITYAI(X) =0 for all j.

If such a filtration exists then it is unique [Ja94]. If the Kiinneth compo-
nents of the diagonal are algebraic, then a weaker form (see [Ja00], p. 12) of
the condition (d) is:



(d) Let Y € Vand let v € Corr’=(Y x X). If the induced map ~, between
H2i*”(Y) and H¥7"(X) is zero, then so is the map Gr¥%y : GrzAY(Y) —
Griy AV (X).

Conjecture 1 is in turn equivalent (again assuming that the Kiinneth com-
ponents of the diagonal are algebraic) to the following Conjecture of Murre,

see [Mu93(1)] and [Ja94]:

Conjecture 2 For any smooth projective (irreducible, for simplicity) variety
X of dimension d:

(1) there exists a Chow-Kiinneth decomposition [Ax] = 322¢ m;

(II) the correspondences my, ..., Tj—1 and Taj 1, ..., Taq act as 0 on AI(X);

(IIT) if F* is the filtration on AY(X) defined by F¥AI(X) = ker(ma;) N
ker(maj_1) N ... N ker(maj_,41), then F* is independent of the choice of the
projectors m;;

(IV) F1AT(X) = AT(X) hom-

The status of Conjecture 2 is as follows: it is trivially true for curves.
For surfaces and for the product of a surface with a curve Murre has shown
the existence of a Chow-Kiinneth decomposition satsfying (II) and (IV), see
[Mu90], [Mu93(1)] and [Mu93(2)]. For surfaces he also shows that there is
a filtration which is the natural one, i.e. it coincides with the filtration for
0O-cycles considered in [BI80]. For abelian varieties the existence of a Chow-
Kiinneth decomposition follows from works of Shermenev, Denninger-Murre
and Kiienneman (see [Ki194] for references): part of (II) is true (see Remark
15) and if (II) is true then (III) is also true for a natural choice of the projectors
m [Mu93(1)].

Let us consider the case when X is a smooth projective surface over an
algebraically closed field k. By results in [Mu90], X has a Chow-Kiinneth
decomposition [Ax] = 371 7, where my = [1o x X] and 74 = [X x 0] are the
trivial projectors induced by a fixed point xq € X, m; is the Picard projector
(which is closely connected with the Picard variety Pic®(X) of the surface X),
73 = mi —momt is the Albanese projector (connected with the Albanese variety
Alb(X) of X) and my = Ax — mg — m; — w3 — m4. The projectors ; yield the
motivic decomposition

Mx) = 3 M(x),
0<i<4
where M;(X) = (X,m,0) for any ¢ = {0,...,4}, and the corresponding
Murre’s filtration is:
FOAY(X) = AY(X),
FHAX) =0,

bt



FlAl(X) = Al(X)hom - Al(X)num - ker(ﬂ-Q) )
F'A%(X) = ker(my) = A%(X),

— the group of zero-cycles of degree 0 on X, and
F2A%(X) = ker(ms | ) = T(X) ,

where T'(X) is so called Albanese kernel of the surface X, i.e. the kernel of
the Abel-Jacobi map ax : A%(X)y — AIb(X). The graded group Gri(A?(X))
associated to the filtration above is:

Q® Alb(X)g ® T(X) .

A similar (truncated) filtration F'** can be defined for the Chow group of
0-cycles of any smooth variety Y of dimension d. Then one has, in analogy to
the case of surfaces:

GrAt(Y)=Qa Alb(Y)g® T(Y) .

If Beilinson’s Conjectural Filtration F'® exists for every smooth projective
variety and X is a surface, then any correspondence v € A?(Y x X), where
d = dim(Y), respects the filtration; if v € A*(Y x X)pom then 7, acts as 0 on
GriA%(Y). This shows that the Beilinson’s Conjecture implies the following
conjecture formulated in [BI80]:

Conjecture 3 Let X be a smooth projective surface and let Y be a smooth
projective variety of dimension d. For any v € A*(Y x X) its action on
GriAYY):

Griy : GripAYY) — GriA%(X)

depends only upon the cohomology class cl(7y) in H*(Y x X).
Conjecture 3 implies

Conjecture 4 If X is a complex surface with geometric genus p, = 0, then
the Albanese kernel T'(X) vanishes, see [BIS0], 1.11.

Note that, by a result of [Ro80], if k is algebraically closed then the kernel
of the Abel-Jacobi map ayx, considering with coefficients in Z, is torsion free.
Bloch’s conjecture on the Albanese kernel holds for surfaces of Kodaira

dimension less than 2 [BKL76] and it is still open for complex surfaces of
general type with p, = 0, see [InMiz79], [Voi93] and [GP02].
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Remark 5 In general Bloch’s Conjecture 3 does not imply that the action
v 1 AYY) — A2%(X) only depends on the cohomology class cl(v). In fact,
let X be a complex surface with p,(X) > 0 and ¢(X) = 0 (where ¢(X) =
dim(H'(X,Ox)) is the irregularity of X) and let C' be a generic curve on
X. Let Y = S2C be the symmetric square of the curve C. Then A4(Y) =~
J(C)®T(Y) and A*(X) ~ T(X), where J(C) is the Jacobian of the curve C,
T(Y) and T(X) are the Albanese kernels. The map f : S?C — S2X yields a
series of effective O-cycles of degree 2 on X. Let I' C Y x X be the associated
correspondence, i.e.

I ={[Y,P+Q)]| P,Q € C} C A*(Y x X)

and let v = [I']. Then the class cl(vy) in H*(Y x X) has components (0, 4),
v(4,0) and v(2,2). By adding constant correspondences to 7 we may assume
that v(0,4) = (4, 0) = 0. Moreover the component v(2,2) in H*(Y)® H?*(X)
belongs to NS(Y)®@NS(X). Therefore the action of v(2, 2) on O-cycles is trivial
because every 0-cycle can be moved away from a finite number of divisors. The

graded map
Griy : GripAY(Y) — GriA%(X)

is 0. In fact we have ' C Y x C' C Y x X, whence ~ can also be viewed as a
correspondence between Y and C. As such it determines a map

v ANY) ~ J(C) e T(Y) — J(O),

which is just the projection onto the first factor. Since ~y factors trough 7/, we
see that v is 0 on T'(Y') and, therefore, Gr}y is the zero map. However the
map

v AYY) — A%(X) = T(X)

is not zero: in fact, C' being a general curve on the surface X with p,(X) > 0,
the map induced by = between J(C') and T'(X) is non trivial. This is the
consequence of a famous results of Mumford on the group of 0-cycles on surfaces
with p, > 0, see [Voi93], pg. 186.

3 Finite dimensional motives and
Murre’s Conjecture

In this section we first recall the definition and some results on finite dimen-
sional motives, which have been introduced by S.-I. Kimura in [Ki98], and then



prove our results relating finite dimensionality with the Conjectures stated in
Section 2.

Let C be a pseudoabelian, QQ-linear, tensor category and let X be an object
in C. Let X, be the symmetric group of order n. Any o € ¥, defines an en-
domorphism I', : (21,...,2,) = (To1), - - -, Tom)) of the n-fold tensor product
X"™of X by itself. There is a one-to-one correspondence between all irreducible
representations of the group 3, (over Q) and all partitions of the integer n.
Let V) be the irreducible representation corresponding to a partition A of n
and let x, be the character of the representation V). Let

dAZdiL(!VA) > xlo)- T,

n
o€,

Then {d,} is a set of pairwise orthogonal idempotents in End¢(X™), such that
> dy = idxn. The category C being pseudoabelian they give a decomposition
of X™. The n-th symmetric product S"X of X is then defined to be im(d))
when A corresponds to the partition (n), and the n-th exterior power A" X is
im(dy) when A corresponds to the partition (1,...,1). In particular, we have
symmetric and exterior powers in M ..

The following definition was made in [Ki98], see also [GP02] or [AK02]:

Definition 6 The object X in C is said to be evenly (oddly) finite dimensional
if "X =0 (S"X =0) for somen. An object X is finite dimensional if it can
be decomposed into a direct sum X B X_ where X is evenly finite dimensional
and X_ is oddly finite dimensional.

Now we want to show that, if the motive M (X) is finite dimensional, then
X has a Chow-Kiinneth decomposition. We first recall a result which has been
proved in [Ja94], 5.3:

Lemma 7 Assume X is a smooth projective variety of dimension d, such that
AYX X X)pom s a nilpotent ideal of AYX x X). Assume moreover that
the Kunneth components of the diagonal are algebraic. Then X has a Chow-
Kinneth decomposition.

Theorem 8 Let M be a finite dimensional motive in M, and let f be a
homologically trivial endomorphism of M, i.e. f induces the 0 map on H*(M).
Then f is nilpotent in End,,,(M).

Proof. See [Ki98], 7.2 0



Corollary 9 Let M(X) be a finite dimensional Chow motive. Assume that
the Kunneth components of the diagonal of X are algebraic. Then X has a
Chow-Kunneth decomposition.

Proof. Apply Theorem 8 and Lemma 7 O

Remark 10 If M(X) has a Chow-Kiinneth decomposition then the projectors
m; defining the motives M;(X) are by no means unique: for instance the cycle
class of the trivial projector my depends on the choice of a rational point zq
on X. However the motives My(X) and My, are unique (up isomorphisms in
M). Also, for a curve C, uniqueness of the motives M;(X) for i = 0,1,2 is
easy [Mu90], 5.1. For an arbitrary X of dimension d Murre has shown [Mu90],
5.2, that the motives M;(X) = (X, m,0) and Myy—1(X) = (X, m24-1,0), where
1 and mey_q are respectively the Picard and the Albanese projectors, are, up
to isomorphisms, independent of the polarization choosen to construct m; and
T2d—1-

We will show in Theorem 14 that, if M (X) is finite dimensional, then all
the M;(X) are unique, up to isomorphisms.

The main known properties of finite dimensional objects are:

1) If two objects X, Y € C are finite dimensional so is their direct sum X @Y
and their tensor product X ® Y. If X is a subobject of a finite dimensional
object Y then X is finite dimensional (equivalently, if X is a quotient object
of a finite dimensional object Y, it is finite dimensional). Moreover, a direct
summand of an evenly (oddly) finite dimensional motive is evenly (oddly) finite
dimensional. Note that these properties were proved by Kimura for Chow
motives over a field. But they can be proved in an arbitrary pseudoabelian
Q-linear tensor category,see [AK02].

2)In particular the properties in 1) impliy the following .If f: Y — X is a
proper surjective morphism of smooth projective varieties and M. (Y") is finite
dimensional then M. (X) is also finite dimensional; the motoive M. (X) ®
M._(Y) = M.(X xY) of the fibered product X x Y is finite dimensional if
M. (X) and M.(Y) are finite dimensional.

3) If a motive M is evenly and oddly finite dimensional then M = 0 [Ki98],
6.2.

4) The dual object X* in a rigid category C is finite dimensional iff X is
finite dimensional.

5) Finite dimensionality is a birational invariant for surfaces, [GP02], Th.
2.8.

The following theorem gives classes of smooth projective varieties whose
motives are finite dimensional



Theorem 11 (i) The motive of a smooth projective curve over a field is finite
dimensional. (i1) The motive of a variety which is the quotient of a product
Cy x ---C, of curves under the action of a finite group G acting freely on
Cy x -+ x O, is finite dimensional. (iii) If X is an abelian variety, then M(X)
is finite dimensional. (iv) The same result holds if X is a Fermat hypersurface
of degree d in P™.

Proof. (i) was proved in [Ki98]. (ii) and (iii) follow from (i) and the above
properties 1) — 5). For abelian varieties see also [Sch94], 3.4. The proof of

the fact that the motive of a Fermat hypersurface is finite dimensional can be
found in [GP02]. 0

Let Mk, be the full subcategory of M,.,; generated by finite dimensional
oblects. From the properties 1) — 5) it follows then that Mg, is a pseudoa-
belian, rigid and tensor category. Kimura stated

Conjecture 12 Mgy, = M

Evidently, Mk, contains a subcategory generated by the Chow motives
of varieties as in Theorem 11, their products and quotients in M,.4.

The relations between finite dimensionality and the Conjectures stated in
Section 2 can be made more precise using some recent results from [AK02]. We
first recall the definition of dimension for an object in a rigid tensor category
C, see [AKO02] or [DeMi82].

For any X € C let ex : X ® X* — 1 be the evaluation map, and for any
two X, Y €C let

ixy : Home(1, X*®@Y) — Home(X,Y)

be the canonical isomorphism. Let h € Endc(X). Then we define the trace of
h to be
tr(h) = ex- oix'x(h) € Home(1,1) ~ Q
and define dim(X) = tr(idx).
If dim(X) = d then

dim(A" M) = (d> dd—1)-...- (d—n+1)

n n!

and

dim(S"A) = (‘”"—1) _dd+1)-...(d+n—1

n!

Y

n
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see [AK02], 7.2.4. Therefore, if dim(X) = d > 0, then dim(A1X) = 0; if
dim(X) = —d < 0 then dim (S X) = 0.

This dimension is related with Kimura’s finite dimensionality in the follow-
ing way.

Definition 13 Let X € C be afinite dimensional object. Then kim(X) is the
smallest integer mn, such that \"X = 0 if X s evenly finite dimensional, and
S"X =0 if X is oddly finite dimensional.

If X is Kimura finite dimensional, then dim(X) is an integer [AK02], 9.1.5:
if X is evenly finite dimensional then dim(X) = kim(X), while if X is oddly
finite dimensional then dim(X) = —kim(X).

If H is a Weil cohomology theory (with coefficients in a field L of charac-
teristic zero) on Vj then for every Chow motive M € M, we have dim(M) =
> iezn(—1)'dim(H'(M)). For all X € V;, which satisfy the standard conjecture
C(X), i.e. the Kiinneth components of the diagonal Ay are algebraic, there
exist projectors p}, and py, in End,,,(M(X)), such that H(p},) and H(p;,)
are the projectors corresponding to the splitting of H(X) respectively into the
even and the odd part.

Let A be the full subcategory of M, of objects A, such that projectors p
and p, exist in End,,,(A). Then A is arigid, tensor and Q-linear subcategory
of M, containing all the motives of curves, surfaces, abelian varieties, their
products and subobjects. For every object A € A the projectors p} and p,
induce a decomposition A = AT & A~ see [AKO02], 8.3.

If A € Ahas a decomposition A = AT @ A~ then AT is evenly finite dimen-
sional and A~ is oddly finite dimensional (and hence A is finite dimensional)
iff there exists an integer n, such that :

sAN"A=0,

where s A" A =@, ., N'A* ® S7A7. If such n exists then the smallest one
is the integer kim(A") 4+ kim(A~) + 1, see [AK02], 9.1.11.

If A is finite dimensional then the decomposition A = AT @ A~ is unique
up to isomorphisms, i.e. if A = At @ A~ where AT (A7) is evenly (oddly)
finite dimensional, then A* ~ A+ and A~ ~ A~ see [Ki98], 6.3.

Theorem 14 Let X be a smooth projective variety over k, such that the
Kunneth components of the diagonal Ax are algebraic. Assume that the mo-
tive M(X) € M,q is finite dimensional. Then M(X) has a Chow-Kinneth
decomposition



with M;(X) = (X, m;,0), which is independent of the choice of the projectors
i, d.e., if {m;} is another set of orthogonal idempotents lifting the Kinneth
components of Ax, then

M;(X) ~ M;(X)
in Mq, where MZ(X) = (X,7;,0).
Proof. By Corollary 9 the motive M(X) has a Chow-Kiinneth decomposi-
tion. Let M(X) = @g<jcoqg Mi(X), where M;(X) = (X, m;,0) and let {7;} be

another set of orthogonal idempotents lifting the Kiinneth components of A .
Let’s consider the following composition of projectors, for i =0, ..., 2d:

M;(X) 5 M(X) 5 M;(X) I M(X) D M(X)
and set

€ =M; 0OT; OT; OM; = T; OT; OT; .

Then e; o m; = m; 0, 1e. ¢; € Endp,,,(M;(X)).

We claim that e; = m;, i.e. e; is the identity on M;(X).

M (X) being finite dimensional from Th. 8 it follows that I = A*(X X X)pom
is a nilpotent ideal of A%(X x X). Therefore there exists an element n € I,
such that 77; = (1+n) ' omo(1+n) fori=0,...,2d, see [Ja94], 5.4, and we
have:

ei—m =7 — (T, —T;0NOM; 0NOM;) =TM; ONOMONOT,; .

So we are left to show that m; opom; onom; = 0. By induction on the index of
nilpotency of I we may assume that I? = 0. Then we can take n = m;0¢;—€;0m;
where 7; = m; + ¢; with ¢; € T and €2 = 0, see [Mu90], page 203. Expanding
(m; + €;)? leads to the equation €; = m; o ¢; + ¢; o T;, whence:

moeom =¢ome =0 .
From the equalities above we get:

monomonom =mo(moe —¢eom)omo(moe —€eom)om =

7TZ‘O€Z'O7TZ'O€Z‘O7TZ‘:O.

In a completely similar way one shows that é; = 7; o m; o 7; is the identity on
M;(X). Therefore, ; o m; yields an isomorphism M;(X) ~ M;(X). O
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Remark 15 (Abelian varieties) Let X be an abelian variety of dimension d
over an algebraically closed field k of char 0. Then M (X) has a Chow-Kiinneth
decomposition; moreover, there exists a unique decompositon [Ax] =" m; €
AY(X x X), such that
n*om =mon* =n'm

for every n € Z, where n* = (idx x n)* and n is the multiplication by n on
X. The correspondenses {m;} are orthogonal projectors, such that m, ..., 7,4
and 741, .., g operates as 0 on A7(X), see [Mu93(1)], 2.5.2. The corre-
sponding decomposition M(X) = > ..oy M;(X) satisfies a part of conditon
(IT) in Conjecture 2. The motive M (X) is finite dimensional: from Theorem 14
it follows that this decomposition is unique (up to isomorphism). Therefore, if
there exists a Chow-Kiinneth decompositon satisfing the rest of the condition
(IT), i.e. such that also m; operates as 0 on A7(X) for 25 +1 < i < j +d,
then it is isomorphic to the one above. This condition is in turn equivalent to
Beauville’s Conjecture, see [Mu93(1)], 2.5.3, and [Be86|, on the vanishing of
the groups A4(X) = {a € A(X) | n*a = n¥*a} for s < 0.

Beauville’s Conjecture being true for cycles of codimension j = 0,1,d —
2,d — 1 it follows that conditon (II) is in particular satisfied for all abelian
varieties of dimension at most 4. Therefore, for all abelian varieties which
satisfy Beauville’s Conjecture, the filtration associated to a Chow -Kiinneth
decomposition is independent of the choices of the projectors, in the sense that
it only depends on the isomorphism classes of the motives M;(X). This proves
that Beauville’s Conjecture implies Murre’s conjecture for an abelian variety.

In [AKO02], 9.2.4, it has been remarked that if Beilinson’s Conjecture or,
equivalently, Conjecture 2 is true for all varieties X and also the Standard
Conjectures hold, then all Chow motives of smooth projective varieties are
finite dimensional, i.e. Kimura’s Conjecture holds. The following Theorem 17
avoids the assumption about the Standard Conjectures.

We first prove a lemma which is a direct consequence of a result in [Ja94],
5.8.

Lemma 16 LetY be a smooth projective variety of dimension d, such that'Y
has a Chow-Kiinneth decomposition, say [Ay] = Z?io i, and Y XY satisfies
the Murre Congecture. Let N; = (Y, m;,0): then

Hom,,,(Ng, N)) =0 if s#t

and
Homm,,,(Ns, Ns) = Hom,,,, (h(N5), h(N;))

for any s € {0,1,...,2d}.
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Proof. Let 71; = b, . be the transpose of may_; and let 11, = Ziﬂ.:r i X Tj.
By the same argument as in [Ja94], 5.8, the projector II, is a lifting of the rth
Kiinneth component of the diagonal Ay yy(4d — r,7). Since Y x Y satisfies
the conditon (II) in Conjecture 2, it follows that II, acts as 0 on A4 (Y x Y)
for r > 2d, whence we get, for all pairs (¢, 7) with i + j > 2d:

0= (7 x ) AYY xY) =m0 Corr®(Y,Y) o 7l =

=T;0 COTT‘O(Y, Y) O Moq—i = HOTTLMTat(NQd,Z', N]) .
This shows that Homy,,,(Ns, N;) = 0 for s < t.
If we take m; = m! and 7; = maq_j, the projector II, = EH]‘:T 7 X 7; is (up
to an isomorphism of H*(Y x Y x Y x Y)) again a lifting of Ay .y (4d —r, 7).
As such II, acts as 0 on A4(Y x Y) for r > 2d. Just as before we get, for all
pairs (4,7) with i + j > 2d:

0= (7 x 7)) AUY X V) = mpq_j 0 Corr®(Y, V)it =

= 19q_j 0 Corr®(Y,Y) o m; = Hom,,,(Ni, Nog_;) -

Therefore, Hom,,,(Ns, Ny) = 0 for s > t.

The proof of the equality Hom,,,(Ns, Ns) = Hom,,, (R(Ns), h(N;))
follows from the same argument as in [Ja94], 5.8: one takes projectors II, =
D iy jr Ti X mj Where 7; = my,; ; and applies conditon (IV) in Murre’s Conjec-
ture. Then ANY X Y)pom = FTAYY x Y) = ker(Ily) and we obtain

(Foa—s X T)AUY X Y) = (Fgq_s X ms)Corrl), (YY) =

= Ay(2d —5,8) 0 Corry, (Y,Y) o Ay(2d — s,5) =
= Homy,, (h(Ns), h(Ns)) .
This proves that Homu,,,(Ns, Ns) = Homp,,  (h(Ns), h(Ns)). O

Theorem 17 Let X be a smooth projective variety of dimension d over k. Let
n=>,dim(H (X)) and let m =n+ 1. Assume that X has a Chow-Kiinneth
decomposition and X™ x X™ satisfies Murre’s Conjecture. Then the motive
M(X) is finite dimensional.

Proof. There exist projectors p, and p_ splitting the motive M = M (X) into
M+ and M~, such that the cohomology of M* is H*(X) = Y., H*(X)
and the cohomology of M~ is H™(X) = >"._, H**1(X). Therefore, M(X) is
finite dimensional iff M is evenly finite dimensional and M~ is oddly finite
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dimensional. We have: dim(M™*) = B, = dim(H"(X)) and dim(M~) =
—B_ = —dim(H(X)). Therefore,

dim(s N M) = dim ( Z /\iM®SjM> =0
i+j=m
if m= B, + B_+1. So, in order to show that M is finite dimensional, it is
enough to prove that

SAN"M= P NMT®SM_=0.
i+j=m

The functor H : Mpem — Vecty being faithful, from dim(s A™ M) = 0 we
get: s A™ (M) =0, see [AK02], 8.3.1. Let ¢;” and q; be the projectors which
define respectively A’M* and S'M~. Then the projector ¢ = 37, . ¢ ®
q; » which defines s A™ M, belongs to End,,, (M (X™)) and is homologically
trivial, i.e. h(q) = 0.

We claim that ¢ =0, i.e. sA™ M = 0.

Let Y = X™. Since X has a Chow-Kiinneth decomposition also Y = X™
has a Chow-Kiinneth decomposition, see [Mu93(2)], 5.1. Moreover, ¥ x YV
satisfies Murre’s Conjecture by assumptions. Let M (Y') = > ., 9,,q Ni where
N; = (Y, 7;,0) be a Chow-Kiinneth decomposition for Y. From Lemma 16 it
follows that:

0 if s #t,
Homat,..(Ne, Ne) = { Homa,, (h(N.), h(N)) if s =1t (1)

Let fs; =m oqoms € Hompm,,,(Ns, Ng) be the composition map:
N, B MY)L MY)D N, .
Then ) moq =)  qoms=qand ), for =Y, mo)  qoms =) ,T0q = q.

Therefore we get:
1= Y(moqon)+ Y mogon.
s#t s

From (1) it follows that > (7 0 ¢ o ms) = 0 which yields:
q= Z ms0qoms € Homm,,,(Ns, N)
0<s<2md

with h(q) = 0. From the second equality in (1) it follows that ¢ = 0. This
proves that s A™ M = 0. O
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Definition 18 Let X be a smooth projective variety over k and let cq, ..., c,
be 0-cycles on X. We define their wedge product to be the following:

1
aAN...Nc, = I Z sgn(0)Co(1) X ... X Co(n)
O'EEn

where Co1y X ... X Co(n) 5 the exterior product of cycles, see [Ful84], Ch.5.

In [Ki98], 5.14, it is proved that, if a surface X is the product of 2 curves,
then there exists an integer IV, such that the product ¢; A ... Acy = 0, where
¢; are O-cycles in the Albanese kernel 7'(X). The following theorem extends
this result to any surface X whose motive is finite dimensional.

Theorem 19 Let X be a smooth projective surface over k. If the motive
M(X) € M,y is finite dimensional then ¢y A ... A cqe1 = 0, where ¢; are
0-cycles in the Albanese kernel T(X), d = by — p, by = dim(H?*(X)) and
p=dim(NS(X)g).

Proof. The motive M (X) has a Chow-Kiinneth decomposition as follows:

M(X)= > M(X).

0<i<4

Since M(X) is finite dimensional, M5(X) is also finite dimensional. From
[Mu90] it follows that A'(My(X)) = NS(X)g and from [Sch94], 2.2:

Homm,,,(M2(X),L) ~ Homp,,, (L, My(X)) ~ NS(X)g ,

where L = (Spec(k),id, —1) is the Lefschetz motive. NS(X)g is a finite di-
mensional Q-vector space of dimension p (the corank of Pic(X)g). Let [e;],
for 1 < ¢ < p, be a base for NS(X)g and let o = Y qfe;] € NS(X)g.
Let f, : L — M5(X) be the corresponding morphism in M,,. Then f, =
> qi[Spec(k) x €;]. The transpose f! is a morphism Ms(X) — L and

f(i o fo € Homp,,,(L,L) ~Q.

Therefore, for every i < p, fig : L. — My(X) is an injective map. Let
f =2 fie- Then f defines an injective map:

L@...®L (ptimes) — My(X) .
This yields a splitting in M,.4:
My(X)=pL® N .
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We have: HY(N) = 0 for ¢ # 2 and H*(My(X)) = H*(X) = pH*(L) &
H?*(N) where H?*(IL) = Q. Therefore, H*(N) = (by — p) - Q.

M5(X) being finite dimensional N is finite dimensional too. N is evenly
finite dimensional because it does not have any odd cohomology, see [Ki9§],
3.9. Therefore, dim(N) = dim(H*(N)) = kim(N) = d = (by — p), so that
ATTIN = 0. We also have A%2(N) = A%2(My(X)) = T(X). If N = (Y,q,n) €
M..qt, then it follows from the definition of A that, for any r, A"V is the image
of the motive N under the projector (1/1!)(>_ ¢y, sgn(0)l'; 0q"). Therefore,
if ¢1,...,cqp1 are O-cycles in T'(X), then the cycle ¢ = ¢; A ... A cqyq belongs
to A2(AYt1N) = 0. This proves that ¢ = 0. D

4 Surfaces with p, =0

From Th. 19 it follows that, if X is a smooth projective surface with p, = 0 (a
condition which is equivalent to by = p), then the finite dimensionality of the
motive M (X) implies 7(X) = 0. In this section we prove (Theorem 27) that
the converse also holds.

We first recall, see [BV99], the definition of a balanced variety:

Definition 20 Let X be a reduced separated and equidimensional scheme of
finite type over k and d = dim(X). X is said to be balanced of weight w if
there exist cycles I'y and I's of codimension d on X x X, such that

[Ax] = [T1] + ]

in AYX x X), where I'y is supported on Z, x X, T'y is supported on X x Zs,
Z1 and Zy are equidimensional closed subschemes of X and

w = min{dim(Zy), dim(Zs)} .

Lemma 21 Let C be a pseudoabelian category and let X be an object in C.
Assume that there exists a finite collection of objects Y; and morphisms X <5

Y; b X in C,i=1,...,n, such that idx =", bja; in Ende(X). Let
x L @Yi 2, X
i=1

be the morphisms induced by {a;} and {b;} respectively. Then gf = 1x and
therefore X 1is isomorphic to a direct summand of ®},Y;.
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Proof. Let m; : @,Y; — Y; and ¢; : Y; — @7,Y; be the canonical projection
and the canonical embedding. Then

gf =go 1@?:13/1, Of =go <ZL¢7T7;> Of = ZgLﬂTz‘f = szaz = 1X .
i=1 i=1 i=1
(]

Theorem 22 Let X be a smooth projective (equidimensional) variety balanced
by subschemes Zy and Zy. Let Zi be a desingularization of Z;, 1 = 1,2. Assume
that the motives M(Zy) and M(Zs) are finite dimensional. Then the motive
M(X) is finite dimensional.

Proof. For any Y € Vy and o € Corr®(Y, X) let f, : M(Y) — M(X) be
the corresponding morphism from M(Y) to M(X). By assumptions, [Ax] =
[T4] + [[s] in Corr®(X, X), where Ty C Z; x X and T’y C X X Zy. In other
words, idy(x) = firy) + firy in Endp,,, (M(X)).
Let s;: Z; — X be a composition of the closed embedding Z; — X with a
blow up desingularization v; : Z; — Z; of Z;, i = 1,2. Let also w; = dim(Z;).
Since T'y lies on Z; x X, we may consider its class [['1] in the Chow group

A" (Zy x X) of the scheme Z; x X. Let [['1] be the pull back of [['1] with
respect to the morphism vy X idy : Z1 X X — Z; x X, see [Ful84]. The
variety Z; is smooth projective and dim(Z;) = wy. It follows that [I'y] lies in
A"(Zy x X) = Corr®(Zy, X). Consider the corresponding morphism K
M(Zl) — M(X) in the category M,,. Since vy X idx is a blow up, it follows
that (vy x idx).(v1 x idx)*([I'1]) = [I'4] [Ful84]. Therefore we get: fir,) =
fir,yo M(s1), whence the morphism fir,) : M(X) — M(X) factors through the
motive M(Z;).

Similarly one shows, by applying duality in M,;, that the morphism fir,; :
M(X) — M(X) factors through the motive ]\/[(ZQ)(wQ—al)~ where d = dim/(X).
Indeed, let T, be the transposition of the cycle I'y. Let [I'y] be a pull back of
its class [I'4] (in the Chow group A“2(Z; x X)) with respect to the blow up
vy Xidy : Zox X — Zyx X. As above we get: firy = f[fé}oM(jQ). Considering
firy) as an endomorphism of the motive M(X)(d) = M(X) ® L™ it factors
through M(Z,)(d). By dualizing we see that Jirg) : M(X) — M(X) factors
through the motive M (Z5)(w, — d).

By Lemma 21 we have that M (X) is isomorphic to a direct summand of the
motive M (Zy)® M (Z,)(w;—d). Since both motives M(Z;) and M (Zy)(wy—d)
are finite dimensional, their direct sum is finite dimensional. Therefore M (X)
is also finite dimensional. O
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Corollary 23 Let X a smooth projective surface. Assume that either X or a
Zariski open dense subset U of X are balanced. Then M(X) is finite dimen-
sional.

Proof. Let Z = X — U. Then codimx(Z) < 1. Let U be balanced over
closed subschemes Z; and Z, of codimension < 1. By a result of Barbieri-
Viale, [BV99], X is balanced of weight < 1. The motives of points and curves
are finite dimensional. Therefore Theorem 22 implies that M (X) is finite
dimensional. a

Remark 24 For any field k of characteristic 0 V.Voevodsky has constructed
in [Voe00] a triangulated category of motives DM (k) over k and a functor M :
Sm/k — DM (k) from the category Sm/k of smooth separated schemes over k
into DM (k). This triangulated category contains a full subcategory, generated
by motives M(X) of smooth projective varieties X, which is equivalent to
M...:. Moreover, it is pseudo-abelian and, if we consider finite correspondences
on schemes with coefficients in Q to construct DM (k), it is Q-linear. Therefore
we can define, according to Def. 6, finite dimensionality of the motive M (V)
for every V € Sm/k. Moreover, if U is an open subset of a smooth projective
variety X one has the following distinguished triangle in DM (k) [Voe00], 3.5.4:

M(U) — M(X) — M(Z)(i)[2i]] — M(U)[1]

where Z = X — U and ¢ is the codimension of Z in X. If X is a surface
and U an open subset of X then Z has dimension < 1, so that M(Z) is
finite dimensional. This implies that also M(Z)(i)[2:] is finite dimensional.
Therefore Corollary 23 naturally suggests the following question: assuming
that M(U) is finite dimensional, is M (X) also finite dimensional?

The next result (Theorem 27) shows that, for a surface with p, = 0 finite
dimensionality of the motive M (X) is equivalent to the finite dimensionality
of the Chow group of 0-cycles in the sense of Mumford. Here is the definition:

Definition 25 Let X a smooth projective variety of dimension d over an al-
gebraically closed field k and let AY(X)q be the group of 0-cycles of degree 0 on
X. Then A%X)y is finite dimensional if there exists an integer n, such that
the natural map

50 S"X x S"X — AYX),

is surjective, where s,(A, B) = A — B and S"X 1is the n-th symmetric power
of X.
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Remark 26 Note that, if p, > 0, then finite dimensionality of the motive
M (X)) does not, in general, imply the finite dimensionality of the Chow group,
as it can be shown by taking products of curves C; of genus > 1. If X is a
complex surface with p, = 0, then A%(X), is finite dimensional iff Conjecture

4 holds for X.

Theorem 27 Let X be a smooth projective surface over an algebraically closed
field k of characteristic 0 with py(X) = 0. Then the motive M(X) is finite
dimensional if and only if the group A?(X )y is finite dimensional (i.e. Bloch’s
conjecture on Albanese kernel is true for X ).

Proof. If M(X) is finite dimensional then by [GP02], Theorem 2.11, we have
ker(ms) = T(X) = 0 where T'(X) is the Albanese kernel. This implies that
A%(X)g is finite dimensional, see [Ja94], 1.6.

Conversely, assume that A%(X), is finite dimensional. Then there exists,
[Ja94], 1.6, a closed subscheme Y of dimension < 1, such that A?(X —Y) = 0.
By results of [BS83] X is balanced of weight < 1. From Theorem 22 it follows
that M (X) is finite dimensional. O

Remark 28 (Relations with K-theory) Let X be a smooth projective surface
over C. Then one has the following description for the K-groups K, (X), for
n > 0, see [PWO01], 6.7:

K, (X) ~ B® (Q/Z)"» @V, ifn>1odd
T A (Q/Z) s oV, if n > 2 even

where A = H?(X(C),Z)tors, B = H*(X(C),Z)tors, b; are the Betti numbers
and V,, are uniquely divisible groups.

A similar result also holds for any smooth variety over C [PWO00] if one
assumes the so called norm residue Conjecture which asserts that the norm
residue map: KM (F)/m — H(F,7Z/m) is an isomorphism for all m, where
F is the function field of X and K is Milnor’s K-theory.

It follows that, for a surface X, K,,(X)srs depends only upon the topologi-
cal invariants of the manifold X (C). On the other hand the groups K,(X)q =
K,(X) ® Q depend on the motive M (X) via the Bloch-Lichtenbaum spectral
sequence E5Y = HY (X, Q(—¢)) which converges to K_,_,(X)q. Here

H(X,Q(1) = Homparw (M(X), Q(4)[24])

is the motivic cohomology of X and Q(7)[2i] plays a role of the power L’ in
DM (k) [Voe00].
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Now let X be a smooth projective surface with p, = ¢ = 0. If M(X) is
finite dimensional then, by [GP02], 2.14, the motive M (X) is "trivial” in the
sense that it is a direct sum of the unit motive 1, of L? and of a finite number
of copies of L. From Th. 27 it follows that the Albanese kernel 7'(X') vanishes
and this, by [Pe00], Th.0.1, implies

Kn(X)g ~ Ko(X) @ Kn(C)g

So also the higher K-theory of X is "trivial”.
Note that, if either p, or ¢ do not vanish, then the above isomorphism is,
in general, not true, see [Pe00].
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