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Abstract

This preprint contains proofs of the results anounced in [PS] in the part con-
cerning the construction of push-forwards for an oriented cohomology theory. It
is constructed one-to-one correspondences between orientations, Chern structures,
Thom structures and integrations on a given ring cohomology theory. The theory is
illustrated by motivic cohomology, algebraic K-theory, algebraic cobordism theory
and by other examples. Other terms often used in the literature for push-forwards
are Gysin homomorphisms, trace homomorphisms, corestriction homomorphisms,
transfers.

1 Introduction

The concept of oriented cohomology theory is well-known in topology [Ad]. An algebraic
version of this concept was introduced in [PS] and is considered here. More precisely, this
preprint concerns those part of the preprint [PS] which is devoted to the construction
of integrations on a ring cohomology theory. So in this preprint we consider a field k
and the category of pairs (X,U) with a smooth variety X over k and its open subset
U. By a cohomology theory we mean a contrvariant functor A from this category to the
category of abelian groups endowed with a functor transformation 0 : A(U) — A(X,U)
and satisfying the localization, Nisnevich excision and homotopy invariance properties
(2.0.1).

For a ring cohomology theory A an integration on A is a rule assigning to each pro-
jective morphism f : Y — X of smooth varieties a two-sided A(X)-module operator
A(Y) — A(X) satisfying certain natural properties (4.1.2) and called push-forwads.
Other terms often used for push-forwards in literature are trace homomorphisms, Gysin
homomorphisms, Thom-Gysin homomorphisms, corestriction homomorphisms, transfers
and some others. It seems that there is no canonical terminology for this. One of the main
aim of the preprint is to construct an integration on a ring cohomology theory begining
with small additional data.

For this we consider three structures a ring cohomology theory A can be equipped with:
an orientation on A, a Thom structure on A and a Chern structure on A. An orientation



on A is a rule w assigning to each variety X and to each vector bundle E/X a two-sided
A(X)-module isomorphism A(X) — A(F,E — X) satisfying certain natural properties
(3.1.1) and called Thom isomorphisms A Thom structure on A is a rule assigning to each
smooth variety X and each line bundle L over X a class th(L) € A(L, L — X) satisfying
certain natural properties (3.2.2) and called Thom class A Chern structure on A is a rule
assigning to each smooth variety X and each line bundle L over X a class ¢(L) € A(X)
satisfying certain natural properties (3.2.1) and called rst Chern class (or some times
called Euler class.

It is proved in the preprint that for a given A these structures are in natural bijections
with each other. More precisely we construct the following diagram

Orientatigns on A IIntegrations on A (1)

Chern structures on A ————Thom structures on A

in which each arrow is a bijection and each round trip coincides with the identity (The-
orems 4.1.4 3.7.4 3.7.5). The constructions of these arrows are described briefly below in
this introduction. One of the consequence of the Theorem is this: the existene at least
one of thesestructureson A implies the existen@ of an integration on A; an integration on
A is neverde ned by the ring cohomology theory itself (even on usual singular cohomology
there are plenty different integrations (see an example below in the Introduction)).

However in practice certain ring cohomology theories are equipped either with a Chern
structure or with a Thom structure on the nose Thus they are equipped with dis-
tinguished integrations. Say, usual singular cohomology with integral coefficients (on
complex algebraic varieties) are equipped with the known Chern structure, algebraic K-
theory is equipped with a Chern structure as well (L — [1] — [L-]). The corresponding
integrations coincide with the well-known one. The motivic cohomology H (—,Z(x)) is
equipped with a Chern structure. The algebraic cobordism theory MGL ' is equipped
with a natural Thom structure. Thus these two theories are equipped with the correspond-
ing integrations. The algebraic cobordism theory MGL * is one of the main motivating
examplefor this preprint, but it is expected to be written in details later.

Using Theorems 4.1.4 3.7.4 3.7.5 we describe rather explicitely all integrations on A
(Theorem 4.9.1). This description may be considered as one of the main result of the
preprint.

To explain this description suppose there is given a ring cohomology theory A which
can be equipped with at least one of the mentioned structures. In this case the ring A(P?! )
is isomorphic to the formal power series A(pt)[[t]] in one variable over the coefficient ring
A(pt) of the theory A (this follows from the projective bundle theorem 3.3.1). Consider
an assignment which takes an integration on A to the corresponding by v o 3 Chern class
€ :=c(O(—1)) of the tautological line bundle over P!

Integrations on A————Local parameters of A(P!)



Theorem 4.9.1 states that this assignment is bijective. In particular, this implies that
there are plenty integrations on a ring cohomology theory A which can be equipped with
a Chern structure or with a Thom structure. The injectivity of the assignment £ says
that two integrations f +— f,gl) and f +— f,gl) on A coincide if the corresponding two local
parameters £ and ¢@ coincide in A(P1).

In the case of singular cohomology H (—,Z) on complex algebraic varieties and the
standart integration the mentioned local parameter coincides with the minus generator
of the group H?(CP! ,Z). In the case of algebraic K-theory and Grothendieck’s in-
tegration defined via higher direct images the local parameter coincides with the class
[1] — [0(1)] € Ko(P! ). In the case of the de Rham cohomology and the usual integra-
tion of the differential forms the mentioned local parameter coincides with the class in
H?(CP",C) of the (1,1)-differential form —(dzy A dzy + dzy A dZz + -+ + dzy A dZ,) on
the complex projective space CP" (more precisely this form is the restriction of the local
parameter to CP").

For well-known theories (singular cohomology on complex algebraic varieties, etale
cohomology theory, motivic cohomology theory) one can use the usual Chern structure in
order to get an integration (via the assignment « o §) coinciding with the classical ones.
In the case of algebraic K-theory the assignment L +— [1] — [L-] is a Chern structure
which gives via a0 § the well-known Grothendieck’s integration on K-theory defined via
the higher direct images of coherent sheaves. If k& = C and the theory is the complex
cobordism theory restricted to the category of pairs of algebraic varieties and equipped
with the Chern structure given by the Conner-Floyed classes [CF| then the corresponding
integration coincide with the family of Gysin maps in the complex cobordism theory
described in [Qu2, 1.2 and 1.4]. The algebraic cobordism theory MGL of Voevodsky
[V1] is equipped with an orientation w by choosing a tautological class as the Thom
structure 3.8.7 and then applying the assignment ¢ oy to this Thom structure. Applying
the assignment « to the orientation w we get an integration on the theory represented by
MGL . This example is supposed to be considered in details in a next preprint. Here it
is just briefly indicated. An example of unstandart Chern structure on the usual singular
cohomology with rational coeffitients is given by the assignment L — 1 — exp(—c1(L)).
This Chern structure gives an integration on H (—,Q) which respects via the Chern
character to Grothendieck’s integration on the algebraic K-theory (see [Pa, Corollary
1.1.10]).

An oriented ring cohomolay theory is a cohomology theory equipped with an orienta-
tion in the sense above. As it was already mentioned to orient a ring theory A is the same
as to fix an integration on A or to fix a Thom structure on A or to fix a Chern structure
on A. An orientation is usually denoted w. The integration corresponding to w via « is
written usually as f — fi. The Thom structure corresponding to w via 3 o « is written
often as L + thy (L). The Chern structure corresponding to w via 7 o § o « is written
often as L — ¢ (L). An oriented cohomology theory is as well an oriented cohomology
pretheory in the sence of [Pa] because the mentioned integration is perfect in the sence
of [Pa]. An orientablering cohomola@y theory is a ring cohomology theory which can be
equipped with an orientation.



If an oriented cohomology theory A is Z-graded and the first Chern class is homoge-
neous of degree 1, then the integration on A defines a Borel-Moore theory in the sence of
[LM].

Now describe briefly the relation of orientable ring cohomology theories to the commu-
tative formal groupsand the relation of the oriented theories to the commutative formal
group laws The last relation gives one of the key tool in order to construct the assign-
ment «. Here are the relations: by the projective bundle theorem one has the Kunnet
formular A(P* xP! ) = A(P! )®a( A(P! ). The Segre morphism p : P* xP! — P!
(corresponding to the line bundle p,O(1) ® p,O(1)) induces the pull-back operator

potAPT) = A(PT xP1) = A(P* ) @ag AP)

which in turns defines a Hopf-algebra structure on A(P* ). This is the formal group Fa
associated with the orientable ring cohomology theory A.

An orientation w on A identifies the ring A(pt)[[u]] with A(P! ) sending the variable u
to the local parameter & := ¢ (O(—1)). In the same way the orientation w identifies the
ring A(P! x P1) with the ring A(pt)[[u1,us]]. Under the last identification the element
i (&) becomes a formal power series F) (up,us) in two variables over the ring A(pt). It
is the formal group law F corresponding to the orientation w of the theory A. The series
Fy (u1,us9) is a unique series satisfying the following property: for each smooth variety X
and every line bundles L; and Ly over X one has the relation in A(X)

a (L1 ® Ly) = F (¢ (L1), e (L2)).

Now sketch the structure of the text. In the Section 1.1 certain general notation are
introduced. In the Section 2 a notion of cohomology theory introduced in [PS] is recalled
and general properties of a cohomology theory are proved. The deformation to the normal
cone construction is recalled in 2.2.7 as well. An analog of the purity theorem from [MV]
is proved (Theorem 2.2.8). The canonical isomorphism A(X, X —Z7) = A(N,N —Z) from
Theorem 2.2.8 one should consider as a replacement of the excision isomorphism for a
tubular neighbourhood (well-known in the topology). In the end of the Section we recall
the notion of a ring cohomology theory [PS].

In Section 3 we construct a triangle of correspondences p, v, d

Orientatigns on A

\,

Chern structures on A ———— Thom structures on A

in which each arrow is a bijection and each round trip coincides with the identity (see
Theorems 3.2.4, 3.7.4 and 3.7.5). Proofs of these three theorems use Projective Bundle
Theorem 3.3.1, Splitting Principle, 3.5.1 and higher Chern classes 3.6.2. In the very end
of the Section it is shown how an orientation w on the theory A gives rise to the formal
group law F} over the coefficient ring of A.



In Section 4 the notion of an integration on A is defined (here the requirement 5
concerning a short Gysin sequence is added to the corresponding notion introduced in
[PS]). We construct a triangle of correspondences «, €, &

. . / .
Orientatigns on A Integrations on A

R

Chern structures on A

in which each arrow is a bijection and each round trip coincides with the identity (Theorem
4.1.4). Combining the two triangles we get the square diagram (1) except of the arrow (.
The arrow ( is described just below Theorem 4.1.4. It follows from the description of 3
that p = oa and e =yo0 3.

The proof of the Theorem is rather long. It ocupies all the Section 4 and is organized
as follows. The uniqueness assertion of the item 1 and the item 2 of the Theorem are
proved in Subsection 4.1. The proof of the uniqueness assertion of the item 1 is based on
the first variant of Riemann-Roch type theorem proved in [Pa, Theorem 1.1.9]. The proof
of the existence assertion is given below in Subsection 4.8 and it requires a construction
of an integration.

The construction of an integration subjecting to an orientation is rather long itself and
it takes several subsections. Namely, in subsection 4.2 push-forwards are constructed for
closed imbeddings of smooth varieties (they are called Gysin operators). In subsection 4.3
push-forwards are constructed for the case of projections X x P" — X (they are called
Quillen’s operators). In the subsection 4.4 properties of Gysin operators are proved and in
the subsection 4.5 properties of Quillen’s operators are proved except of the Key property,
which is proved in the subsection 4.6. Push-forwards for any projective morphism are
constructed in subsection 4.7. These push-forwards form an integration on A as it is stated
in Theorem 4.7.1 from the same subsection. The proof of Theorem 4.1.4 is completed in
Subsection 4.8.

The preprint is completed by Theorem 4.9.1. In this theorem an orientable ring
cohomology theory A is considered and the set of all integrations is identified with the set
of all universally central local parameters of the ring A(P* ). Moreover this identifications
is given in one direction very explicetly. Namely it sends an integration f +— fa on A to the
corresponding by Theorem 4.1.4 first Chern class ¢(O(—1)) € A(P! ) of the tautological
line bundle O(—1) over P! . Theorem 4.9.1 might be considered as the main resultof the
preprint.

Since the text is rather long it is reasonable to sketch here our constructions of the
assignments «, € and § (the assignments (§ and 7 are described in Theorems 4.1.4 and
3.7.5). We first describe the arrow e, then sketch the description of ¢ and finally sketch
the description of «.

Suppose we are given with an integration f +— fa on A. For the zero section z : X — L
of a line bundle L over X set ¢(L) = 2" (2a(1)) € A(X) (the pull-back of the push-forward
of the element 1). The assignment L +— ¢(L) is the Chern structure on A corresponding
via € to the integration (see 4.1.4).



Suppose we are given with a Chern structure L +— ¢(L) on A. In this case the
projective bundle theorem holds (see 3.3.1) and there is a Chern class theory E +— ¢y (E)
with values in A. To produce an orientation w on A we associate to each vector bundle
E/X its Thom class th(E) € A(E, E—X). Firstly for a rank n vector bundle E we define
the element th(FE) := ¢, (O (1) @ p (E)) € A(P(1® E)). It turns out that this element
belongs to the subgroup A(P(1@ E),P(1® E) — P (1)) of the group A(P(1@® FE)). The
class th(E) is defined as the image of the element th(E) under the excision isomorphism
identifying A(P(1& E),P(16& E)—P (1)) with A(E, E— X). The required orientation w
on A is given by the assignment which associate to a vector bundle p : F — X the map
(Uth(E)) o p™ : A(X) — A(E, E — X). Details are given in the proof of Theorem 3.7.4.

Now describe the construction of the assignment «. This is the very heart of the
preprint. So suppose we are given with an orientation w on A and sketch our construction
of the corresponding via « integration f +— f,. In this sketch we skip all the details
concerning commutativity of certain rings and centrality of certain elements because in
the main body of the text it is done in a proper manner. Now begin the mentioned sketch.
First of all each projective morphism f : ¥ — X can be presented as a composition of
a closed imbedding 7 : Y — P" x X and the projecton p : P" x X — X. So it suffices
to define push-forwards for closed imbeddings, for projections, to set fi = p o4 and to
verify that the resulting operator f; does not depend on the choice of the decomposition
of f. For a closed imbedding ¢ : S <— T of smooth varieties we define push-forward
iy : A(S) — A(T) as the composition

th &

A(S) ™5 AN, N — S) = A(T, T — S) — A(T)

where N = Nr=g is the normal bundle to S in T, thN is the Thom isomorphism (given
by the orientationn w), the isomorphism A(N,N — S) = A(T,T — S) is the "excision
isomorphism” above. The homomorphism A(7,7 — S) — A(T) is just the pull-back
homomorphism induced by the inclusion of pairs (7,0) C (7,7 — ).

The push-forward operators for the projections p : P" x X — X are defined as
follows. We first define a Chern structure on A corresponding to the orientation: given
a line bundle L over a smooth X consider the zero section z : X — L, the composition
map A(X) ", A(E,E—-X)— A(E) i A(X) and set ¢ (L) to be equal the evaluation
of this composition on the element 1 € A(X). Then we define certain elements [P™], in
A(pt) called the classes of projective spaces. By the projective bundle theorem the ring
A(P"™ x X) as the two-sided A(X)-module is a free module with the basis 1,(,...,(",
where ( = ¢ (0(1)) € A(P"). So we define the push-forward p, as a unique two-sided
A(X)-module operator p; : A(P" x X) — A(X) which takes the element (" to the class
[P™ ]y for » =0,1,...,n. So to finish the definition of the operators p, it remains to
define the classes [P™], .

To do this we need in the formal group law corresponding to the orientation w of A.
This formal group law is the formal power series F (uq,u2) € A(pt)[[us, us]] described
above. Write down the unique normalized F) -invariant differential 1-form wg on the
formal group (law) in terms of the local parameter u: wg = (Py + Piu+ Poyu® + ... )du.



Now set
[Pm]! = Pn € A(pt).

These completes the definition of the classes [P™], and thus completes the definition of
the operators p1 : A(P" x X) — A(X). Finally for the morphism f :Y — X and the
presentation f = poi set fi = p o4 . Theorem 4.7.1 states that the operator f, is well-
defined, respects the composition of projective morphisms and moreover the assignment
f — fi is an integration required by item 1 of Theorem 4.1.4.

Another definition (coinciding with the given one) of the classes [P™], uses the complex
cobordism theory MU (%) and the formal group law Fyy associated with this theory and
its canonical Chern class for line bundles (the Conner-Floyd class) [CF|. This law is
defined over the ring MU = MU(pt). According to a theorem of Quillen ([Qul, Th.2])
Fy\y is a universal commutative formal group low of dimension 1. This implies that there
exists a unique ring homomorphism [, : MU — A(pt) such that the coefficients of Fj
coincide with the [, -images of the corresponding coefficients of Fyy. Now set

[P™] =1L ([CP™]),

where [CP™] is the class of CP™ in MU. These completes the second definition of the
classes [P™];. The two definitions coincides because by Mischenko’s theorem (see [N])
the normalized invariant differential form wyy coincides with the form

(ICP?] + [CPu + [CPYu? + ... )du

and clearly a scalor extension takes the normalized invariant differential form to the
normalized invariant differential form.

The normalized invariant form w of a formal group law F' = F'(uy,us) is computed
as follows (see [Qul]): wg = du/F»(u,0), where Fy is the derivative of F' with respect to
the variable uy. Now let us make a test checking that for certain examples of cohomology
theories and certain choice of the Chern structures the classes [P™]; do coincide with the
known ones. Namely, if the cohomology theory is the usual singular cohomology or de
Rham cohomology or motivic cohomology and if the Chern structure L — ¢(L) is the usual
one, then the associated formal group law is additive: F' = u; + us. In this case one has
w = du and the classes are given by [P%, = 1and [P"], = 0 for all 7 > 0. This agrees with
what is well-known. If the cohomology theory is the algebraic K-theory and the Chern
structure is given by L +— [1]—[L~-], then the associated formal group law is multiplicative:
F = uj + us — ujuy. In this case one has w = du/(1 —u) = (1 +u+u?+...)du and the
classes are given by [P']; =1 for all » > 0. This agrees with Grothendieck’s integration
on the algebraic K-theory given via the higher direct images. In the case of the complex
K-theory topologists like to take as the Chern structure the assignment L — [L] — [1].
In this case the associated formal group law is again multiplicative: F' = uy + ug + uiuo,
w = du/(1 + u) and the classes are given by [P"], = (—1)" for all » > 0. However in
[BEM] the Chern structure for the complex K-theory is given by L +— [1] — [L-] (this is
why the morphism K29 — K™ commutes with the push-forwards corresponding to the
chosen Chern structures).
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1.1 Terminology and notation

Let k£ be a field. The term ”variety” is used in this text for an arbitrary quasi-projective
variety over k (in particular, for a singular variety). We fix the following notation:

o Ab - the category of abelian groups;

e 3m - the category of smooth varieties;

SmOp - the category of pairs (X, U) with smooth X and open U in X. Morphisms
are morphisms of pairs.

We identify the category 8m with a full subcategory of SmOp assigning to a variety
X the pair (X, 0);
e pt = Spec(k);

For a smooth X and an effective divisor D C X we write L(D) for a line bundle
over X whose sheaf of sections is the sheaf Lx (D) (see [Har, Ch.I1,86, 6.13]).

P (V) = Proj(S (V-))-the space of lines in a finite dimensional k-vector space V;
Ly = Oy (—1)-the tautological line bundle over P (V);

e P(E) - the space of lines in a vector bundle E;
Le = Og(—1) - the tautological line bundle on P (E);
E° - the complement to the zero section of E;
E- - the vector bundle dual to F;

z: X — FE - the zero section of a vector bundle E;
e For a contravariant functor A on 8m set
A(Ph) =lim A(P(V)), (2)

where the projective system is induced by all the finite dimensional vector subspaces
V— k.



Similarly set

AP x PY) =lim AP (V) x P(W))
where the projective system is induced by all the finite dimensional subspaces
VW ckt.

2 Cohomology theories

2.0.1 De nition. A cohomolay theory is a contravariant functor SmOp 2, Ab together
with a functor morphismo : A(U) — A(X, U) satisfying the following properties

1. Localization: the sequene A(X) i A(U) @, A(X,U) “, A(X) T A(U) is exact
for each pair P = (X,U) € 8mOp, whee j : U — X andi: (X,0) — (X,U) are
the natural inclusions;

2. Excision: the operator A(X,U) — A(X%U% induced by a morphisme : (X° U9 —
(X,U) is an isomorphism, if the morphisme is etaleand for Z = X — U, Z°=
X% U%onehase (Z)=Z%and e : Z°— Z is an isomorphism;

3. Homotopyinvariance: the operator A(X) — A(X x A'!) induced by the projection
X x Al — X is an isomorphism.

The operator Jp is called the boundary operator and is written usualy as 0.

A morphismof cohomolay theories ¢ : (A, 0*) — (B, 9®) is a functor transformation
¢ : A — B commuting with the boundary morphismsin the sene that for every pair
P=(X,U) € 8mOp onehasd o py = pp 0 5.

We write also Az (X) for A(X,U), whee Z = X — U, and call the group Az (X)
cohomolay of X with the supprt on Z. The operator

Az(x) 5 A(X) (3)

is called the supprt extensionoperator for the pair (X, U).

We do NOT assume at all in this text that cohomology theories are graded and the
boundary operator is of degree +1. We do not assume this in particular because it is
never used below and it is even unconvinient to assume this for certain points.

One could replace in this definition the category of abelian group by any abelian cate-
gory or even by additive one which is equipped with Kernels and Cokernels for projectors.
We left such a replacement to a reader to avoid technicalities as much as it is possible.

2.1 Examples
Consider a number of examples.

2.1.1. Classical singular cohomology . Let £ = C and let A be an abelian group



(X,U) — @Y HP(X(C),U(C); A be the usual singular cohomology (with coeffitients in
A) of the pair of the complex point sets with respect to the complex topology. Take as a
boundary 0 the usual boundary map 0 (see for instance [Sw, 77]).

2.1.2. A generalized cohomology theory . Let £ = C and let

(X,U) — @1 EP(X(C),U(C)) be a generalized cohomology theory say represented by
a spectra E' with the usual boundary map 0 (see for instance [Ad, 7?7] or [Sw, 8.33]).

2.1.3. Singular cohomology of the real point sets. Let £k = R and let A be an
abelian group (X,U) — @&§ HP((X(R),U(R); A) be the usual singular cohomology (with
coefficients in A) of the pair of real points set considered with respect to the strong
topology. Take as a boundary 0 the usual boundary map for the pair (X(R), U(R)).

2.1.4. Witt theory of Balmer . Let (X, X — Z) — &}_; WE(X) be the Witt functor
defined in [Ba]. Clearly it is a cohomology theory in the sence of Definition 2.0.1.

2.1.5. Bloch's Higher Chow groups Let (X, X —Z2) — @&f_, @i, CHY(X,q)be
the higher Chow groups defined in [Bl].

2.1.6. Motivic cohomology of M.Levine . ........... [L].

2.1.7. Etale cohomology . Let F be a locally constant torsion sheaf on the etale k-
situs and assume that char(k) is prime to the torsion of F. In this example A"(X,U) =
HY (Xet, F) [Mi, 3.1] and 0 is defined in [Mi, 3.1.25]. The localization property for the
pair (A, d) is proved in [Mi, 3.1.25], the excision property is proved in [Mi, 3.1.27] and
the homotopy invariance is proved in [Mi, 6.4.20].

2.1.8. K-theory . Algebraic K-theory also can be fitted to the definition 2.0.1. To do this
use, for instance, K-groups with support Kn(XonZ) (n > 0) of [TT]. So set A"(X,U) =
K n(XonZ), where Z = X — U. Further set A(X,U) = @}_ A" (X,U). The definition
of 0 and the exactness of the localization sequence are contained in [TT, Theorem 5.1]
(except the surjectivity of the restriction A°(X) — A%(U)). If X is quasi-projective then
K(XonX) coincides with the Quillen’s K-groups KQ(X) by [TT, 3.9, 3.10]. This proves
in particular the homotopy invariance A"(X) for smooth X. The excision property for
A follows from [TT, 3.19]. It remains now to check the surjectivity of the restriction
AY(X) — A°(U). Clearly A°(X) = K& (X) coincides with the Grothendieck group of the
vector bundles on X. Since X is smooth the desired surjectivity follows from [BS, §8,
Prop.7]. Thus (A, 0) satisfies the definition 2.0.1. Details of this example are considered
in an Appendix below.

2.1.9. Motivic cohomology . Here AP(X) = HY(X,€) := Hompm - ) (Mz (X), Cp])
is the motivic cohomology with coefficients in a motivic complex € € DM (k) [SV], where
the motive Mz (X) with supports on Z is defined in [SV, the text just below the proof
of Th.4.8]. The motive Mz (X) is identified with the complex C (Zy (X)/Zy (X — Z)) in
the proof of Lemma 4.11 in [SV]. Set AS(X) = @4 A5P(X). The boundary operator d
which we denote in this example 9¢ is defined in [SV][?7].
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The homotopy invariance property holds by [SV, Prop.4.2]. The excision property
is proved in [SV, the proof of Lemma 4.11]. The localization property follows from the
exactness of the complex

0 — Ztr (X - Z) — Ztl’ (X) — Ztr (X)/Ztr (X — Z) — O
because the functor C' takes short exact sequences to exact triangles [SV, Th.1.12].

2.1.10. Semi-top ological complex and real K-theories [FW]. If the ground field &
is the field R of reals then the semi-topological K-theory of real algebraic varieties KR™
defined in[FW] is a cohomology theory as it is proved in [FW].

2.1.11. Representable theories. Here AP(X,U) = @qEPYX/U) where E is a T-
spectra [V1]. Set A(X,U) = @4 AP(X,U). The boundary operator is described in
[V1][??] and is defined via the triangulated structure on the stable homotopy category
77 [V1][?7?7]. In particular, in the case £ = MGL [V1, Sect.6.3 | we obtain the algebraic
cobordism theory.

2.2 General properties of cohomology theories

We specify here certain properties of an arbitrary cohomology theory A which are useful
below in the text.

2.2.1. The localization property implies that A. (X) = A(X, X) = 0. Therefore A(})) =

2.2.2. If any two of morphisms (X,U) — (Y, V), X — Y, U — V, defined by a morphism
f: (X,U) — (Y,V), induce isomorphisms on the level of A then the third of these
morphisms induces an isomorphism on the level of A.

2.2.3. Localization sequence for a triple. Let T C Y C X be closed subsets of
a smooth variety X. Let 0 : A(X —T) — Ar(X) be the boundary map for the pair
(X, X —T). Consider the support extension map e* : Ay 1(X —T) — A(X —T) and
set 6\(;1’ zaoeA:Ay Z(X—Z)—>AT(X)

We claim that the sequence

s AT(X) = Ay (X) = Ay (X —T) FL AL (X) = Ay (X) — ..

with the obvious mappings «, 3 and ~ is a complex and moreover it is exact. We call this
sequence the localization sequence for the triple (X, X — T, X —Y). If Y = X, then this
sequence coincides with the localization sequence for the pair (X, X —T).

2.2.4. Mayer-Vietoris sequence. If X = U; U Us is a union of two open subsets U
and U, and if Y is a closed subset in X, thenset T, =Y —U;, Yi =Y NU;, Uy, =U,NU,
Yo = Uip NY. Consider the morphism of the localization sequences for the triples
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(X, X —T1,T—Y) and (Uy, Uy — T — 1,7 — Y) induced by the inclusion of the triples
(UQ,UQ _Tl,UQ —}/2) C (X,X—Tl,T—Y)

A
AyéX) — AY],;Ul) — AT};X) e—> AyéX)
? ? ? ?
2y 1y y y
Ay, (Uy) —2 Ay, (Uny) —2 Ar, (Up) —— Ay, (Ua).

The map + is an isomorphism by the excision property. Set d = e oy 10 : Ay, (Uyp) —
Ay (X). We claim that the sequence

o AY(X) AL (U)) A (U) A (1) S AT(X)

is exact and call this sequence the Mayer-Vietoris sejuen@ of the open covering X =
U, NU,. The proof of the exactness is straightforward and we skip it.

The Mayer-Vietoris sequence is natural in the following sence.If f : X° — X is a
morphism and X%= UQU U is a Zariski covering of X°such that f(U® C U; and if Y°
is a closed subset in X°containing f '(Y), then the pull-back mappings f* : Ay (X) —
Ay (X9, fA 2 Ay, (U) — Ay (UD), fA : Ay, (Urz) — Ayy (UD,) form a morphism of the
corresponding Mayer-Vietoris sequences.

2.2.5. Let iy : X; — XjII X, be the natural inclusion (r = 1,2). Let Y; C Xj be a closed
subset for (r = 1,2) Then the induced map Ax,qx,(X1 I Xo) — Ay, (X;) & Ay, (Xs) is
an isomorphism.

Proof. This follows from the Mayer-Vietoris property and the fact that A. () = 0.

2.2.6. Strong homotop y invarance. Let p: T — X be an affine bundle (i.e., a torsor
under a vector bundle). Let Z C X be a closed subset and let S = p '(Z). Then the
pull-back map p* : Az (X) — Ag(T) is an isomorphism. If s : X — T is a section then
the induced operator s* : As(T) — Az (X) is an isomorphism as well.

Proof. First consider the case Z = X. Then S = T and we have to check that
the pull-back map p* : A(X) — A(T) is an isomorphism. Choose a finite Zariski open
covering X = UU; such that T} = p '(U};) is isomorphic to the trivial vector bundle over
each U; and then use the morphism of the Mayer-Vietoris sequences and the homotopy
invariance property of the cohomology theory A.

To prove the general case consider the localization sequences for the pairs (X, X —
Z) and (T,T — S). The pull-back mappings form a morphism of these two long exact
sequences. The 5-Lemma completes the proof.

2.2.7. Deformation to the normal cone. The deformation to the normal cone is a
well-known construction (for example, see [Fu]). Since the construction and its property
(5) play an important role in what follows we give here some details.

Let 7 : Y — X be a closed imbedding of smooth varieties with the normal bundle N.
There exists a smooth variety X; together with a smooth morphism p; : X; — A! and a
closed imbedding 4; : Y x A! < X; such that the map p; o4 coincides with the projection
Y x Al — Al and
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e the fiber of p; over 1 € Al is canonically isomorphic to X and the base change of 4
by means of the imbedding 1 < A coincides with the imbedding i : ¥ — X;

e the fiber of p; over 0 € A! is canonically isomorphic to N and the base change of i
by means of the imbedding 0 < A coincides with the zero section ¥ — N.

Thus we have the diagram
(N,N-Y) % (X, X, — Y x AL & (X, X - V) (4)

Here and further we identify a variety with its image under the zero section of any vector
bundle over this variety.

Let us recall a construction of X, py and 4. For that take Xto to be the blow-up of
X x A' with the center Y x {0}. Set X; = X?— X where X is the the proper preimage of
X x {0} under the blow-up map. Let o : X; — X x A! be the restriction of the blow-up
map 0%: X? — X x A! to X; and set p; to be the composition of o and the projection
X x A L, A 1.

The proper preimage of Y x A! under the blow-up map is mapped isomorphically to
Y x A under the blow-up map. Thus the inverse isomorphism gives the desired imbedding
it 1Y x Al < X; (observe that it(Y x A') does not cross X).

It’s not difficult to check that the imbedding i satisfies the mentioned two properties
( the preimage of X x 0 under the map o° consists of two irreducible components: the
proper preimage of X and the exceptional divizor P(N @ 1). Their intersection is P(V)
and 4t (Y x Al) crosses P(N @ 1) along P(1) = the zero section of the normal bundle N ).

We claim that the diagram (4) consists of isomorphisms on the level of A.

2.2.8 Theorem. The following diagram consists of isomorphisms

” ”
Ay (N) €2 Ay ar(X) 25 Ay (X). (5)
Moreover for each closal subsetZ C Y the following diagram consists of isomorphisms
as well .
|

A7 (N) < A, (x4, (), (6)

2.2.9 Corollary . Letjy: P(1® N) — X?be the imbedding of the exeptional divisor into
X2andlet j; = e oi; : X — X2 whee ¢ : X; — XQis the open inclusion. Then the
diagram

i A i A
Apy(P(1& N) 45 Ay Ar (X9 15 4y (X). (7)
consists of isomorphisms.
Proof. Consider the commutative diagram
i A
Ap(PLLEN)) —— Ay (XY
eA;'; ge{‘

iA

AY(N) — AY Al(Xt)‘

13



where the vertical arrows are the obvious pull-backs. These vertical arrows are isomor-
phisms by the excision property. The operator iy is an ismomorphism by the first item
of Theorem 2.2.8. Thus the operator j3 is an isomorphism. O

2.2.10. Let X be a smooth variety and let L be a line bundle over X. Let E =1& L
and let i : X = P(L) — P (F) be the closed imbedding induced by the direct summund

L of E. Let Ap1)(P(E)) “, A(P(E)) be the support extension operator and let 7 :
A(P(E)) — A(P(L)) be the pull-back operator. We claim that the following sequence

TA
0 — Ap oy (P(E)) 5 AP(E)) L5 A(P(L)) — 0. 8)
1s exact.

To prove this consider U = P(E) — P(1) with the open inclusion j : U — P(FE)
and observe that U becomes a line bundle over X by means of the linear projection
q: U — P(L) = X (the line bundle is isomorphic to L-) The obvious inclusion i, :
P(L) — U is just the zero section of this line bundle, 73 = j o4 and the pull-back
operator it : A(U) — A(P (L)) is an isomorphism (the inverse to the one ¢*).

Now consider the pair (P(FE),U). By the localization property 2.0.1 the following
sequence

= Aey(P(E) L AP(E) D AU — .

is exact. If P(FE) P, X is the natural projection then the operator p” o it A(U) —
A(P(E)) splits jA. This implies the surjectivity of j and the injectivity of i*. To
proof that the sequence (8) is short exact it remains to recall that the operator i is an
isomorpism and i, = j o .

2.2.11. We use here the notation from 2.2.7. Let ¢ : X; — Xt0 be the open inclusion
and let p : P(1 ® N) — Y be the projection and let s : Y — P (1@ N) be the section
of the projection identifying Y with the subvariety P (1) in P(1 & N). The following
commutative diagram will be repeatedly used below in the text

PlpN) oy x0 1 x

% 4 %
s? 1 i
y Ry xar ey

)

where Iy = e; o4y and jg is the inclusion of the exceptional divisor and j; = e; 047 and kg,
ki are the closed imbedding given by y — (y,0) and y — (y, 1) respectively.

2.2.12 Lemma (Useful lemma). Under the notation from 2.2.7 let j; : V; = X?—
Y x At — XP°be the inclusion. If the suprt extensionoperator Ap1)(P(1® N)) —
A(P (1@ N)) is injective then

Ker(j3) N Ker(jf') = (0),
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in the other words the operator
Jo @t AXY) - AP(1@ N)) & A(W)
is monomorphism. In particular this holdsif Y is a divisor on X.

Proof. Consider the commutative diagram

A(P(l)s@ Ny S A

2.

P A
Apy(P(1® N)) L. Ay a1 (XD.

where o and oy are the support extension operators. The bottom operator j§ is an
isomorphism by Corollary 2.2.9. The map « is injective by the very assumption (if Y is a
divisor in X then « is injective by (8)). Since the composition j&' o a4 coincides with the
one avo j it is injective as well.

The localization sequence for the pair (X V;) shows that Ker(j*) = Im(oy). The
Lemma follows. O

2.213. Let i : P(V) — P(W) and 5 : P(V) — P(W) be two linear imbeddings (
imbeddings induced by linear imbeddings V' into W ). If the dimension of V' is strictly
less than the dimension of W, then * = jA : A(P(W)) — A(P(V)).

In fact, in this case there exists a linear automorphism ¢ of W which has the deter-
minant 1 and such that j = ¢ oi. Since ¢ is a composite of elementary matrices and
each elementary matrix induces the identity automorphism A(P (W)) (by the homotopy

invariance of A) one gets the relation ¢* = id. Therefore j* = i* o ¢ = i*.

2.3 Proof of Theorem 2.2.8.

Proof. We give the proof of the first assertion and will give a comment about the second
one. We start with certain observations concerning elementary properties of the defor-
mation to the normal cone construction. Namely, if U and V' are Zarisky open subsets of
X, then the following holds

(a) NV, =UNV) ;
(b) LiuW = (UUW);

(c¢) if an etale morphism e : (X, X —Y) — (X, X —Y) satisfies the hypotheses of
the excision property 2.0.1, then the induced morphism e; : (Xi, X —Y x Al) —
(Xt, Xy — Y x Al) satisfies as well the hypotheses of the excision property.

To prove Theorem we need in Lemma and four Claims below.

231 Lemma. If X =Y xA"MandY =Y x {0} — YV x A" then iy : Ay a1(Xy) —
Ay (X) is an isomorphism.
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2.3.2 Denition. An opensubsetU in X is called gaod if there existsa diagram

(U,U-Yy) <2~ (I,T - S) —— (Yy x A", Yy x A" — Yy x {0})
with Yy = Y N U and with morphismse and f satisfying the hypothesesof the excision
property 2.0.1.

2.3.3 Notation. We write belowin this proof i;., for the imbedding U — U; from the
deformation to the normal cone construction for the pair (U, Yy). We will write belowin
the proof of Theorem if, for the pull-back map i, : Ay, a=(U;) — Ay, (U).

2.3.4 Claim. If U C X is gaod then the pull-back map i, : Ay, an(U;) — Ay, (U) is
an isomorphism.

2.3.5 Claim. If an open subsetU in X is gaod then each open subsetV in U is gaod as
well.

2.3.6 Claim. If an opensubsetU in X is gaod andif V' C X is an open subsetsuchthat
the pull-backmap z"f;v is an isomorphism,then the pull-back map z‘ﬁu[ v IS anisomorphism
as well.

2.3.7 Claim. For each point z € X there existsa gaod Zarisky open neighlmurhood U of
the point z.

Assuming for a moment Lemma and these four Claims one can complete the proof
of Theorem as follows. By the fourth Claim there exists a finite Zariski open covering
X = U, Ui with good open subsets U;. The first Claim states that the pull-back map ii\;ul
is an isomorphism. Suppose for V = UX_,U; the pull-back map i'l“;v is an isomorphism.
Since the open subset Uy, is good the third Claim shows that the pull-back map i’f;w is
an isomorphism for W = U¥"!U;. The induction by k shows that the pull-back map i% is
an isomorphism.

It remains to prove Lemma and four Claims.
]

Proof of Lemma. Let F'/Y be a vector bundle and let F°be the blow-up of F' at the
zero section. The variety F°coincides with the total space of the line bundle Of (—1) over
P(F). Let g : F°— P (F) be projection of the line bundle to its base P (F).

If F=FE ®1 for a vector bundle E over Y then one has the following commutative
diagram

lgo — E)’o — FO;EO e P(l),)xA1
? ? ? ?
ary ary ay pry
P(EF) — P(F) «—— P(F)—-P(F) «—— P(1).

in which all the vertical arrows are the projections of the line bundles to their bases.
The homotopy invariance property 2.2.6 shows that the pull-back map ¢* : Ap 1) (P (F) —
P(E)) — Ap) a:(F°— E% is an isomorphism.
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The projection q has two sections sy and s;. The section s is the zero section and the
section s; is given by z +— (z,1). Since q o so = id the pull-back map sf : Apqy a1 (F°—
E9 — Ap1)(P(F) — P(E)) is an isomorphism. Since ¢ o s; = id the pull-back map
st i Apy aL(F°— E9 — Ap(1)(P(F) — P(E)) is an isomorphism as well.

Now take X = F and Y = the zero section of E. Observe that the space X; coincides
with the variety F°— E° the imbedding 7, : X < X; coincides with the section s; : £ <
FO— E% The normal bundle N = Ng-y to Y in E coincides with bundle E itself and
the imbedding 7o : N — X coincides with the section sq : F < X;. Finally the variety
Y x A coincides with P(1) x A! and the imbedding Y x A < X; coincides with the
imbedding P (1) x Al < F°— E® Therefore both maps in the diagram

iA

Av(B) = Ay (N) <2 4y a1 (X0 L 4y (B)

are isomorphisms. In particular these two maps are isomorphisms for the case of the
trivial bundle £ = A" x Y. Thus we proved Lemma.

Proof of the rst Claim. The Claim follows immidiately from Lemma and the property
(¢) of the deformation to the normal cone construction.

Proof of the second Claim. To prove this Claim consider a diagram

(U,U - Yy) —— (I,T - 8) —— (Yy x A", Yy x A" — Yy x {0})

with morphisms e and f satisfying the hypotheses of the excision property. Let V' C U be
an open subset. Set T =e¢ '(V)Nf Y(YyxA")and S = f '(Yy). Then S = f *(Yyx{0})
and in the diagram

(V,V—Yy) « (I,T - 8) —“— (Y x A", Yy x A" — Yy x {0})

the morphisms ey and fy satisfy the hypotheses of the excision property as well. Thus
the open subset V' is good.

Proof of the third Claim. This Claim follows immidiately from the properties (a) and
(b) and the first Claim compairing the Mayer-Vietoris sequence for U U V' with the one
for U; U Vi.Proof of the fourth Claim. This Claim is proved in [V3, Lemma 77].

Commentto the second assertion of Theorem.

Recall that a Nisnevich neighborhood of a closed subset Y in X is an etale morphism
7 : X%— X such that for YO= 7 (V) the restriction map 7 : Y°— Y is an isomorphism.
Clearly if 7 is a Nisnevich neighborhood of Y then for each closed subset Z in Y the map
7 is a Nisnevich neighborhood of the subset Z as well.

Recall as well that for any vector bundle p : F — X and any its section s and
any closed subset Z C X the two pull-back maps p* : Az (X) — Ap-1z)(E) and s* :
Ap-1z)(E) — Az(X) are isomorphisms inverse of each other.

These two observations shows that the proof of the first assertion of Theorem works
as well for the second assertion of Theorem.
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2.4 Ring cohomology theories

2.4.1 Denition. LetP = (X,U),Q = (Y,V) e 8mOp. SetP xQ =(X xY, X xV U
U xY) e 8mOp. This product is assaiative with the obviousassaiativity isomorphisms.
The unit of this product is the variety pt.

This product is commutative with the obviousisomorphismsP x Q = @ x P.

2.4.2 De nition. One saysthat a cohomolay theory A is a ring cohomolay theory if
for every P, Q € 8mOp there is givena natural bilinear morphism called cross-poduct

X : A(P) x A(Q) — A(P x Q)
which is functorial in both variablesand satis es the following properties

1. ass@iativity: (a xb) xc=ax (bxc) € A(PxQ x R) for a € A(P), b € A(Q),
c € A(R);

2. there is given an element1 € A(pt) suchthat for any pair P € 8mOp and any
ac€ A(P)onehasl xa=a=ax1¢e A(P),

3. partial Leibnitz rule: dp v(a x b) = Jp(a) x b € A(X x Y,U x Y) for a pair
P =(X,U) € SmOp, smath variety Y and elementsa € A(U), b € A(Y).

Given cross-products define cup-products U : Az (X) x Az/(X) — Az\ z/(X) by
aUb=A"(a x b), 9)

where A : (X,UUV) — (X x X, X x VUU x X) is the diagonal. Clearly cup-products
thus defined are bilinear and functorial in both variables. As well these cup-products
are associative: (aUb) Uc = a U (bU c); the element p*(1) € A(X), (here p is the
projection X — pt) is the unit for the cup-products U : Az (X) x AX) — Az(X) and
U:AX) x Az(X) — Az (X); and a partial Leibnitz rule holds: d(a Ub) = 9(a) U b for
ac A(U), be A(X).

Given cup-products one can construct cross-products by a x b = p{ (a) U p§ (b) for
a€ A(X,U) and b € A(Y,V). Clearly these two constructions are inverse each to other.
Thus having products of one kind we have products of the other kind and can use both
products in the same time.

2.4.3 Denition. A ring morphism ¢ : (A, 0a, Xa,1a) — (B,0s, Xg, 1g) Of ring co-
homolay theories is a morphism ¢ : (A,0a) — (B, 0dg) of the underlying cohomolay
theories which takesthe unit 1, to the unit 1z and commuteswith the x-products:

©(1a) = 1g € B(pt)
and for every pairs P, () € SmOp and every elementsa € A(P), b € A(Q) one has
wp qlaxb)=¢p(a) x pb) € B(PxQ).
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2.4.4 Denition. Let A be a ring cohomolagy theory and let X be a smaoth variety.
An elementa € A(X) is called universaly central if for any smath variety X and any
morphism f : X — X the element A (a) is central in A(X).

Note, that if the theory A takes values in the category of graded abelian groups and
is moreover a graded-commutative ring theory, i.e. for any a € AP(X) and b € A%Y) one
has the relation aUb = (—1)P9% U a, then each evendegree element is a universally central
element.

One should remark as well that in the graded commutative case the second partial
Leibnitz rule holds (if we assume as usual that for every pair (X, U) the operator dx.y is
a graded operator of degree +1). Namely, if a € AP(U) and b € A9(Y) and U is open in
a smooth X then the relation dy x.v u(bxa) = (—1)% x Ix.y(a) in A(Y x X, Y x U).

2.4.5 Prop osition. Let f: (X,U) — (X° U9 be a morphism of pairs and let o € A(X)
and let a|ly = aly € A(U). The composition operator (Ua o fA : A(X9 — A(X))
(resgctively (Uay o f4 : A(UY — A(U)) and (Ua o fA: A(X° U9 — A(X,U))) denote
for short « (respctively Uay, and Ua). Then theseoperators form a morphism of the
localization sequene@s for the pairs (X° U9 and (X, U), that is the diagram commutes

A

AX) —— AU) &% AxU) —— A%X) AW
? [ v? [ é [ ? [ v

[

AXY) —— AU Z AXOU9 —— AXO —— A(UY).
One more statement of this type is useful as well. It follows straightforward from the

construction of the Mayer-Vietoris sequence in 2.2.4.

2.4.6 Prop osition. Let X = U; UU, and let X° = U°U UY be open coverings. Let
f X — X%be a morphism suchthat f(U;) c U°for i = 1,2.Let a € A(X) be an
elementand let o = «fy, € A(U;) and let ays = aly,, € A(U12). The composition
operators (Ua o fA : A(X9 — A(X)) (respctively (Ui o A : AU — A(U;)) and
(Uagz o fA 2 A(UY,) — A(U,))) denotefor short Ua (resgctively Ua; and Uay). Then
these operators form a morphism of the Mayer-Vietoris sequenes corresnding to the
coverings X°= UPU U9 and X = U, U U,, that is the diagram commutes

AUl AU2 —>AU12 —@>AX —>AU1 AU2 —>AU12
()%() (>§> %) ()%() (>§>

C ul 2)7? [ 127 [ ? C ol 2)7? [ 127

AUD) @ A(US) —— A(U%) —2= A(XY —— AUD) & A(U§) —— A(UD)).

The definition of a ring cohomology theory is equivalent to the following more technical
but pretty useful one

2.4.7 De nition. A ring cohomol@y theory is a weak morphism
(A, p,e) : (8mOp, x, pt) — (Ab, ®,7Z)

of the monoidal categoriestogetherwith a functor transformation 0 suchthat
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the pair (A, 0) is a conomolgy theory 2.0.1 and
the boundary operator 0 satis es the partial Leibnitz rule sayingthat
O v(puy(a®b)) = ppy (Op(a) ®b) € A(X xY,U X Y).

(Under this variant of the notation the cross-poduct ¢ x d € A(P x @) of elements
ce A(P) andd € A(Q) is the elementup.q(a ® b) € A(P x Q)).

One could replace in this form of the definition the monoidal category (Ab, ®,Z) by
any other abelian monoidal category (C, ®¢, 1¢) reformulating the partial Lebnitz rule as
follows: for every pair P € 8mOp and a smooth variety Y the relation holds

Op v oy o (idy ®cidy) = pipyy © (Op e idacy)).

Once again we left such a replacement to a reader to avoid technicalities as much as
it is possible.

2.5 Examples

Consider following examples.

2.5.1. Etale cohomology . Let A, (X) = @2, H; (X, ") be the etale cohomology
theory, where m is an integer prime to char(k). The cup-products are described in [Mi,
Ch.V, §1, 1.17].

2.5.2. K-theory . Let A be the algebraic K-theory from the example 2.1.8. So A(X,U) =
®i_oK n(XonZ), where Z = X — U. The idea of the definition of the products is given
in [TT).

2.5.3. Motivic cohomology . Let Az (X) = @q_o®y_1 Hbyez (X, Zy (q)) be the motivic
cohomology [SV]. Under the notation of 2.1.9 Az (X) coincides with @ézoAé"(q) (X).
Take 0 = @i_o0*"@. The products are defined in [SV, the text just below Lemma
3.3] and are induced by the canonical pairings Zy (1) ®y Zy (s) — Zy (r + s). The

products are associative and graded commutative, the unit 1 of this product is the element
1 € HY(pt, 74 (0)) = Z [SV][?7].

2.5.4. Semi-top ological complex and real K-theories [FW ]. If the ground field & is
the field R of reals then the semi-topological K-theory of real algebraic varieties KRS®™
defined in[FW] is a ring cohomology theory as it is proved in [FW].

2.5.5. Algebraic cobordism theory . To introduce a ring structure on the algebraic
cobordism theory (2.1.11) it would be convenient to enrich MG L with a symmetric ring
structure [Ja, Sect.4]. For that we construct another T-spectra MGIL which is a commu-
tative symmetric ring spectra by the very construction and which is weekly equivalent to
MGL as the T-spectra. Now we are going to describe M(GLL. A ring structure on the
algebraic cobordism theory was introduced as well in [Hu].
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Let V be a countable dimension vector space and let e € V' be a non-zero vector (for
instance one can take V = k* and e = (1,0,...)). Nowset Va =V oV @& ---adV (n
summands) and let ¢! = (0,...,¢e,...,0) € V} be a vector with the only non-zero term e on
i-th position. For a finite dimensional vector space W and a positive m let Gr (m, W) be
the Grassmannian of m-dimensional subspaces of W and Let T(m, W) be the tautological
rank m vector bundle on Gr (m, W). For a vector bundle E over a smooth variety X we
denote Th(E) its the Thom space E/(E—X) ([V1, p. 422]. In this subsection we identify
8m with the full subcategory of spaces Spc [V1, p. 421].

Let G(n) = UGr (n,W) and let T = UT(n, W) and let Th(T(n)) = UTh(T(n,W))
where W runs over all finite-dimensional vector subspaces of V. Set

MGL, = Th(T(n)).

The subspace of V;, generated by the vectors e (i = 1,...,n) gives a distinguish point gn
of the space G(n). The fiber of the vector bundle T(n) over the point g, denote A" (it is an
n-dimensional vector bundle over the point g, equipped with a free basis e, e}, ..., ep).

We will identify the space G(m) x G(n) with a subspace of G(m + n) identifying the
point ({W1},{Ws}) € G(m) x G(n) with the point {W; & Wy} € G(m + n). Observe
that the distinguish point (gm, gn) is identified with the distinguish point gmn under the
mentioned identification. Observe furthermore that the restriction of the vector bundle
T(m +n) to G(m) x G(n) coincides with the vector bundle T(m) x T(n). Thus one has
the inclusion of spaces (see [V1, p. 422])

MGLy A MGL, C MGLpy 4. (10)

The inclusion of the fiber A™ in T(m) induces an inclusion Th(A™) C Th(T(m)) =
MGLy,. Composing it with the inclusion (10) one gets the following inclusion

Th(A™) AMGLn C MGLgn. (11)

Consider the action of the permutation group Yy on the vector space Vi by the permu-
tation of the summands. This action induces a X-action on the spaces G(k), T(k) and
MGLy = Th(T(k)). As well this action permutes the vectors e, e, ..., ek and thus acts
on the fiber AK and on the Thom space Th(A¥) = Th(A') A Th(AY) A --- ATh(A') per-
muting the coordinates. If we consider the obvious inclusion of groups Xm X ¥ C Xman
then the inclusions (10) and (11) are X5 x ¥,-equivariant.

Now the family of spaces MGL,, together with the inclusions (11) forms a symmetric
T-spectrum [Ja, Sect.4] which we denote M(GL. The family of inclusions (10) forms a
structure of the commutative symmetric ring spectrum on the symmetric spectrum MGIL
(see [Ja, Sect.4.3]).

Considered as a T-spectra the spectra M(GL is weakly equivalent to the spectra MG L
from [V1, 6.3]. To prove this consider a subspace V=< e el ... el | > ®V of the
space V,, where the summand V is the very last copy of V in V;,. Let GYn) = UGr(n, W)
and TYn) = UT(n,W) where W runs over all finite-dimensional subspace of V2. Let
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MGLy = Th(T9n)) be the Thom space of TY(n). It is exactly the space MG L, from [V1,
6.3].

The imbedding ¢, : V;; < V}, 11 onto the last n copies of V' in V}, 11 induces an imbedding
iQ : V2 V2, which takes the vector e to the vector €' (i = 1,2,...,n—1) and which
is the identity on the summand V. These inclusions give rise to a commutative diagram
of spaces

Th(A') A,)Th(?o(n)) — Th(?o(;z +1))
? ?
y y
Th(AYY ATh(T(n)) —— Th(T(n+1))

Replacing just the notation one gets a commutative diagram of spaces
? ?
y y

Now observe that the top horizontal arrow in the last diagram is exactly the assembly map
for the T-spectra M GL from [V1, 6.3]. Observe furthermore that the bottom horizontal
arrow in this diagram is exactly the assembly map for the symmetric T-spectra MGIL
considered just as the T-spectra.Thus the family of inclusions M GL, C MGL, induced
by the inclusions V2 C Vj is a T-spectra morphism MGL — MGL. The individual
inclusions of spaces MG L, C MGL, is a weak equivalence. Thus the T-spectra morphism
MGL — MGL is a weak equivalence as well.

3 Orientations

In this section A is a ring cohomology theory. We introduce three following structures
which A can be endowed with: an orientation, a Chern structure and a Thom structure.
We show that there is a natural one-to-one correspondence between these structures (see
Theorems 3.2.4, 3.7.4 and 3.7.5).

3.1 Orientations on a ring cohomology theory

Let us recall that for a vector bundle E over a variety X we identify X with z(X) where
z: X — I is the zero section.

3.1.1 De nition. An orientation on the theory A is a rule assigningto each smaoth
variety X, to eachits closel subsetZ and to each vector bunde £/X an operator

which is a two-sidel A(X)-module isomorphismand satis es the following properties
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1. invariance: for each vector bunde isomorphismgp : F — F the diagram commutes
Az ;X AZ,;F
idy y

thE

2. basechange:for each morphism f : (X% X°— 79 — (X, X — Z) with closal subsets
Z — X and Z°— X%and for each vector bunde E/X and for its pull-back E° over
X°and for the projection ¢ : E°= E xx X°— E the diagram commutes

thE

Azng —> AZ,;E
fAy ygA

th 2
AZ/ XO) AZ’( 0)
3. for eachvector bundesp : F — X and ¢ : FF — X the following diagram commutes

th&

AZ;X) —Zs Az(E)
tth gthg(”

thq (E)
Az (F) —=— Az(E@F)

and both compositions coincide with the operator ths .

The operators thE are called Thom isomorphisms. The theory A is called orientable
if there exists an orientation of A. The theory A is called oriented if an orientation is
chosenand xed.

Next we are going to describe a number of data which allow to orient A.

3.2 Chern and Thom structures on A

In this section A is a ring cohomology theory. If X is a smooth variety we write 1x for
the trivial rank one bundle over X. Often we will just write 1 for 1x if it is clear from a
context what the variety X is.

3.2.1 Denition. A Chern structure on A is an assignmentL — ¢(L) which assosiate
to each smath X and each line bunde L/X a universaly central elementc(L) € A(X)
satisfying the following properties

1. functoriality:
¢(Ly) = ¢(Ly) for isomorphicline bundes L; and L;
fA(c(L)) = c(f (L)) for eachmorphism f : Y — X;
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2. nondegenency: the operator (1,¢) : A(X)® A(X) — A(X x P1') is an isomorphism
whee ¢ = ¢(O(—1)) and O(—1) is the tautological line bunde on P!;

3. vanishing: ¢(1x ) = 0 € A(X) for any smaoth variety X.

The elementc(L) € A(X) is called Chern classof the line bunde L. (It will be proved
belowin 3.6.4 that the elementsc(L) are nilpotent).

Let E be a vector bundle over a smooth X and m € Ax (E) be an element. We will
say below in the text that m is A(X)-central, if for any element a € A(X) one has the
relations mUa = aUm in Ax (E) (this moment we consider elements of A(X) as elements
of A(FE) by means of the pull-back operator induced by the projection £ — X). We will
say that m is universaly A(X)-central if for any morphism f : X° — X and the vector
bundle E°= X%xy E and its projection F : E® — E the element F”(m) € Ax.(E9 is
A(XO9)-central.

Observe that for a universally A(X)-central element m € Ay (E) the element 2 (4 (m))
in A(X) is universally central in the sense of Definition 2.4.4 (here i* : Ay (E) — A(E)
is the support extention operator and z : X — E is the zero section of E).

3.2.2 De nition.  One saysthat A is endowe with a Thom structure if for each smath
variety X and each line bunde L/X it is chosenand xed a universaly central element
th(L) € Ax (L) satisfying the following properties

1. functoriality:
o (th(Ls)) = th(L,) for eachisomorphismy : L; — L, of line bundes;

fA(th(L)) = th(Ly) for eachmorphism f : Y — X and eachline bunde L/ X whese
Ly = L xx Y is theline bunde overY and f, : Ly — L is the projection to L;

2. nondegyenency: the cup-product Uth(1) : A(X) — Ax (X x A') is an isomorphism
( here X is identi ed with X x {0} ).

The element th(L) € Ax (L) is called Thom classof the line bundle L. Now we are
going to describe a one-to-one correspondence between Chern and Thom structures on A.

3.2.3 Lemma. Assume A is endowe with a Chern structure L — ¢(L). Let L be
a line bunde over a smmth X andlet £ = 1x & L andlet p : P(E) — X be the
projection. Identify the group Ap(1)(P (£)) with a sulgroup of A(P(E)) via the supprt
extensionoperator Ap1)(P(E)) — A(P(E)) from the sequene (8). Then the element
c(Oe(1)®p L) € A(P(E)) kelongsto the sulgroup Ap1)(P (E£)) of the group A(P (£)).
Below we will often write th(L) for ¢(Og (1) @ p L).

Proof. The projection to the base X identifies the closed subvariety P (L) with the variety
X. The restriction of the line bundle Og (1) to P(L) is coincides with L-. Thus the
restriction of Og (1) ® p L to P (L) is the trivial bundle. Now if i : P(L) < P (FE) is the
inclusion from (8) then

it (c(Oe(l) @p L)) = (i (0 (1) ®p L)) =0.
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The exactness of the sequence (8) completes the proof.
U

Now we are ready to describe the mentioned one-to-one correspondence. Assuming
that A is endowed with a Thom structure L +— th(L) endow A with a Chern structure as
follows. For a line bundle L over a smooth X set

c(L) = [2* oi®](th(L)) € A(X) (12)

where i* : Ay (L) — A(L) is the support extension operator (see 2.0.1) and 2” : A(L) —
A(X) is the operator induced by the zero section z : X — L.

Assuming that A is endowed with a Chern structure L +— ¢(L) endow A with a Thom
structure as follows. For a line bundle L over a smooth X consider the vector bundle
E =1 L, the projection p : P(F) — X, the natural inclusion e : L — P(FE) and the
pull-back e* : Ap(1)(P(E)) — Ax (L). The element th(L) = ¢(Og (1) @ p L) € A(P(E))
belongs to the subgroup Ap)(P(E)) by Lemma above. Now set

th(L) = e (c(0e (1) @ p L)) € A(L,L°) = Ax (L) (13)
3.2.4 Theorem. For any ring cohomola@y theory A the following assertionshold.

1. If A is endowe with a Thom structure L — th(L) then the assignmentL — ¢(L)
given by (12) endowsA with a Chern structure;

2. If A is endowe with a Chern structure L — ¢(L) then the assignmentL — th(L)
given by (13) endowsA with a Thom structure;

3. The constructionsdescriled in theitems 2 andin 1 are inverseof eachother: namely
if L — ¢(L) is a Chern structure on A and L — th(L) is a Thom structure on A,
then the relation (12) validsfor all line bundesif and only if the relation (13) valids
for all line bunde.

Let L — ¢(L) be a Chern structure on A and let L — th(L) be a Thom structure on A.
In the casewhen(13) holdsfor all line bundes (or (12) holdsfor all line bundes which
is the same)we say that the Chern structure and the Thom structure on A corresmnd to
each other.

The item 1 describes the arrow v from the Introduction. The item 2 describes a unique
arrow inverse to the arrow 7.
Proof. We start with the following

3.2.5 Lemma. Let L — ¢(L) be a Chern structure on A. Let O(—1) be the tautological
line bunde on the projective line P! andlet O(1) be the dual bunde andlet £ = ¢(O(—1)),
and ¢ = O(1). Then&? =0=¢? and ¢(O(1)) = —c(O(-1)).
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Proof of Lemma. Since O(—1)[tog is the trivial bundle one has £|fog = 0. Thus
£ € Atog(P') and € € Afg (P'). Therefore the element &2 € A(P!) is in the image of
Asogrig (P') = A. (P1). This last group vanishes by the property 2.2.1 and thus £* = 0.
Similarly ¢% = 0.

The A(pt)-module A(P!xP1) is a free module with the free bases 1, £®1, 1®£ and £R€
by the property of the Chern classes. Consider an element o = ¢(p,(O(—1) ® p,(O(1))).
Write it in the form o = agol ® 1+ a10§ ® 1 +ap11 ® { +a11{ ®E, where ajj are elements in
A(pt). Restricting the element « to {0} x {0}, to P! x {0} and to the diagonal A(P!) one
gets the following relations: agy = 0, agy + a10é = € in A(P') and ag + (a0 + ag1)€ = 0
in A(PY). Thus a;o = 1 and a19 + ag1 = 0. Therefore ag; = —aj;p = —1. The chain of the
relations ¢ = afog p1 = ago + ané = —&. completes the proof of Lemma.

Now we are ready to prove the assertion (2) of Theorem. The functoriality of the
assignement L +— th(L) is obvious. Now to prove that the element th(L) is universally
central it suffices to prove that the element th(L) is A(L)-central. Consider the element
th(L) = c¢(Og(1) ® p L)) € Ap)(P(E)). This element is A(P(F))-central because it is
the Chern class. Since th(L) = e*(th(L)) and the pull-back map A(P(E)) — A(L) is
surjective the element th(L) is A(L)-central.

It remains to prove the nondegeneracy property of the element th(1). For that consider
the commutative diagram with exact rows

0——Ax 1 og(¥ x P1) ——JAX g P1) ——AX gAY —0
[th(1) ([th)[ 1) pré

0 JA(X) JAX) @ A(X) ——A(X) ——

The non-degeneracy property of the Chern class and the relation th(1) = —c(O(—1)) = —¢
show that the middle vertical arrow is an isomorphism. The right vertical arrow is an
isomorphism by the homotopy invariance property. Therefore the left vertical arrow is an
isomorphism as well.

Now consider the commutative diagram

[th(1)
A(X) —/Ax f Og(X X Pl)
id e4
[th(1)
A(X) —/Ax f Og(X X Al)
The map e is an isomorphism by the excision property. Therefore the bottom arrow is

an isomorphism as well. The non-degeneracy property of the class th(1) is proved.
To prove the assertion (1) of Theorem we need in some preliminaries.

3.2.6 Notation. Let M be aline bunde over a smaoth variety X and let e* cApy(P(1®
M)) — Ax (M) be the excision isomorphism induced by the open inclusion e : M —
P(1® M). For an elementa € Ay (M) set

a= () Ya)e Apy(P(1® M))

26



Since the supmrt extensionmap Ap 1) (P (1 ® M)) — A(P(1 & M)) is injective 8 we will
often write & for the image of this elementin A(P(1 & M)). If a = th(M) is the Thom
classof M then we will often write ¢th(M) for the elementa.

The folowing two observations will be useful for the proof as well

e if ¢ : X1 — X is a morphism of smooth varieties and M; = ¢ (M) is the line bundle
over X; and & : Px,(1® M;) = Px(1®& M) =P (16 M) is the induced morphism
of the projective bundles then for a; = ¢”(a) one has the relation a; = ®*(a).

o if s: X — P(1® M) is the section identifying X with P (1) then one has s*(a) =
22 (i* (), where z is the zero section of M and i* : Ay (M) — A(M) is the support
extension operator.

Now under Notation 3.2.6 one has the following

3.2.7 Lemma. Letanassignement. — th(L) bethe Thom structureon A. Let L — ¢(L)
be the assignmentgiven by the formular (12). Then for the line bunde O(1) on P! one
hasthe relation th(1) = ¢(O(1)) in A(P!).

Proof of Lemma. Let oo € P2 be a rational point and let ¢ : P®— P2 be the blow-
up of the projective plane P2 at the point co. The linear projection P? — co — P!
extends canonically to a morphism p : P®— P! . Using this morphism the variety P%is
natulally identified with the projective bundle P (1 L) over the projective line P! where
L = O(1). Under this identification the preimage o !(c0) of the point oo coincides with
the subvariety P (L) of the projective bundle P (1 & L). The subvariety P(1) C P(1 & L)
is the image of a section s; : P! — P (1@ L) of the projection p. The image of P! under
the composite map oo s; is a projective line [ in P2 which avoids the point co. Let x € P!
be a rational point and let j : P! = p (z) — P (1@ L) be the imbedding of the fibre into
the total space. One can summurise these data in the following diagram

p1——pt
S ‘ioo

Pl—/P 1o L)—Ip2

A

pt—L1Ip1

Now set a = th(L) € Ax (L), then & = th(L) € Ap1y(P(1 @ L)). In the commutative
diagram of the pull-backs

A_
A|q:>2) = Ap(1)(P{1® L))
Wy gv

t

A|(P2 - OO) — Ap(l)(P(l © L) - P(L)),
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the maps w, t and v are isomorphisms. In fact, w and v are isomorphisms by the excision
property and ¢ is isomorphism because the map o identifies P (16 L) —P (L) with P? —co.
Therefore the fourth arrow u = o” is an isomorphism as well.

Therefore there exists an element 3 € Aj(P?) such that ¢ (3) = @. The mappings
goj,00s5, : P! — P? are two linear imbeddings of the projective line into P2. Therefore
by the property 2.2.13 one has the relation (g0 5)*(3) = (0 05,)*(3) in A(P!). Thus one
gets the chain of relations in A(P1)

7M@) = (0 05)*(8) = (005)"(8) = 51(a).

By the two observations mentioned just below 3.2.6 one gets the relations jA (&) = th(1)
and s7 (@) = ¢(L) = ¢(O(1)). Thus th(1) = ¢(O(1)) and Lemma is proved.

Now we are ready to proof assertion (1) of Theorem. The functotiality of the class
L — ¢(L) given by the formula (12) is obvious. To prove that for the trivial line bundle
1 over a smooth variety X one has ¢(1) = 0 consider a section s : X — X x Al of the
trivial bundle 1 which takes a point z € X to the point (z,1). If z is the zero section
of the same bundle then the pull-back mappings z* and s* coincides. In fact both are
the inverse to the pull-back map p* : A(X) — A(X x Al) induced by the projection
p: X xAl = X, If A 1 Ax o(X x Al) — A(X x Al) is the support extension map,
then c¢(1) = (2# 0#*)(1) = (s* 0#*)(1) and it remains to show that s* o i* = 0.

For that consider a commutative diagram

At ogl ¥ AT o AKX g AY)
2 ?
ity ys
A (X (AT {0)) ——  A(X),

where the pull-back map j# is induced by the inclusion j : X x (Al —{0}) — X x A!
and the bottom horizontal arrow is the pull-back induced by the inclusion s : (X, 0) —
(X x (AT—{0}), X x (A1 —{0})). The group A. (X x (A'—{0}) vanishes by the vanishing
property 2.2.1. Thus s* o i* = 0 which proves the relation ¢(1) = 0.

It remains to prove the non-degeneracy property of the class L — ¢(L). For that
consider the assignment L — ¢(L) = ¢(L-). Clearly the class °is functorial and satisfies
the vanishing property. Moreover the map (1,c{0(-1))) : A(X) @ A(X) — A(X x P1)
is an isomorphism by the non-degeneracy property of the Thom class L +— th(L) and the
very last Lemma.Thus the assignement L — c¢%L) is a Chern structure. Now the previous
Lemma shows that ¢c{O(—1)) = —c90O(1)). Thus ¢(O(1)) = —c(O(—1)) and therefore
the map (1,c¢(O(—1))) : A(X) ® A(X) — A(X x P!) is an isomorphism as well. The
non-degeneracy property of the class L — ¢(L) is proved and hence the assertion (1) of
Theorem is proved as well.

The third assertion of the Theorem is proved just after the section 3.3 because the
proof of the third assertion presented in this text uses the projective bundle theorem 3.3.1.

]
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3.3 Projective bundle theorem.

We are going to construct higher Chern classes for a ring cohomology theory A endowed
with a Chern structure L — ¢(L). Following the known Grothendieck’s method one has
to compute cohomology of a projective bundle.

3.3.1 Theorem (Pro jectiv e Bundle Cohomology). Let A bearing cohomolaytheory
endowe with a Chernstructure L — ¢(L) on A. Let X be a smath variety andlet £/ X be
a vector bunde with rkE = n. For (g = ¢(Oeg(—1)) € A(P(F)) we havean isomorphism

(1, &, .., & N AX) D AX) - @ A(X) — A(P(E))

where (and elsewheg) we denote the operator of U-product with a universaly central
elementby the symiol of the element.

Moreover, for trivial E we have{g = 0. In addition, all the assertionshold if the
element(e = c¢(Og (1)) € A(P(F)) is usal instead of &g.

Proof. This variant of the proof is based on an oral exposition of Suslin. Let {0} =[1:0:
-+-:0] € P" be a point and let A" be an affine subspace in P" defined by the inequality
xo # 0. Let P{ be a hypersurface in P" defined by zj = 0 and let A} = P! N A". Let
pi : A" — Al be the projection on the i-th axis and let j; : A' < A" be the i-th axis.
Finally let j; : P! < P" be the closed imbedding extending the imbedding j;.

Let res; : Apn(P") — Aan(A") be the pull-back map induced by the imbedding
A" — P". Let res : Ajog(A") — Asog(P") be the pull-back map induced by the same
imbedding.

The element ¢ = ¢(O(—1)) € A(P') vanishes being restcicted to P' — {0}. Thus the
element ¢ = ¢ belongs to the subgroup Asoq(P?') of the group A(P'). Set

t=j"(f) € Arog(A")
where j# is the pull-back map Afog(P') — Afog(A'). Set
thiny = PO UpA() U+ U (t) € Arog(A™).
Let ¢ : (P",0) — (P",P" —P") and let e : (P",0)) — (P",P" — ()) be the inclusions.

The pull-back operators e : Apn(P") — A(P") and € : Afoq(P") — A(P") are just the
support extension operators.

3.3.2 Lemma. LetY be a smath variety and let Z7 C Y be a closal subset. Let pr :
Y xAl - Alandp:Y x Al — Y be the projections. Then the composition operator

(UpTA (1)) op™ 1 Az (Y) = Az o9(Y x Al)

is an isomorphism.

3.3.3 Lemma. The map Uthn) : A(pt) — Afogg(A") is an isomorphism.
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3.3.4 Lemma. Let &, = ¢(O(-1)) € A(P") and ¢, = ¢(O(1)) € A(P"). Then &t =0
and ¢! = 0.

3.3.5 Lemma. The supprt extensionmap Ap-(P") — A(P") is injective, the element
&n = ¢(0(—1)) coincideswith ef* (#;) for an appropriative elementt; € Ap-(P") and the
relation res; (fi) = pf* () holdsin Aa-(A") .

3.3.6 Lemma. The element{" € A(P") coincides with e¢” (th(n)) for an appropriative
elementth,) € Arog(P").

If the supprt extensionoperator ¢ : A¢oq(P") — A(P") is injective, then the relation
th(n) = res(fh(n)) holdsin Afog(An).

3.3.7 Remark. The linear projection P" — {0} — Pj — P" — {0} makesP" — {0}
a line bunde over P{} and the subvarietyP{ is the zem section of this line bunde. By
the homotopy invariance property the pull-back operator A(P" — {0}) — A(P{) is an
isomorphism

Given these five Lemmas complete the proof of Theorem as follows. The general case
is reduced to the case of the trivial vector bundle E via the Mayer-Vietoris arguments
using Proposition 2.4.6. If E = 1! then P(E) = X x P¥. To use shorter notation
we pove the theorem only for the case of the projective space P¥ itself. We proceed the
proof by the induction on the interger k. If £ = 1, then the theorem holds by the very
definition of the Chern structure on A. We will assume below that Theorem valids for all

intergers k < n and prove Theorem for k = n. Consider the localization sequence for the
pair (P",P" — {0})

oo — Arog(P") — AP") — AP" = {0}) — ...

If & € A(P") is the Chern class of the line bundle O(—1) on P!, then & |pn1 = &
and & |pa1 = & |. By the inductive assumption the elements 1,&, 1,...,&0 | form a
free base of the A(pt)-module A(P" ). Therefore the map A(P") — A(P]) is a split
surjection.

By Remark 3.3.7 the pull-back operator A(P" — {0}) — A(P{) is an isomorphism.
Thus the pull-back operator A(P") — A(P" — {0}) is a split surjection as well. Now the
localization sequence for the pair (P",P"™ — {0}) shows that the support extention map
Atog(P") — A(P") is an injection. Therefore one gets a short exact sequence

0 — Afog(P") — A(P") — A(PT) — 0

where (3°is the pull-back map. One more consequence of the injectivity of the support
extension operator Asog(P") — A(P") is the relation

P () Upy () U Upt (t) = res(thn)
in Asog(A") which now holds by Lemma 3.3.6. An A(pt)-linear map s : A(Pf) — A(P")
taking the element & | to & (5 =0,1,...,n — 1) splits the surjection 3° The element
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& € A(P") belongs to the subgroup Asog(P") because & | = 0 in A(P" ') by Lemma
3.3.4. It remains to show that the map UE" : A(pt) — Asog(P") is an isomorphism.
For that consider the diagram

[,
A(pt) ——"— Ao9(P")

id res

[the,
A(pt) ——L—J Aoq(A™)

It commutes by Lemma 3.3.6. The operator res is an isomorphism by the excision prop-
erty. The operator Uth is an isomorphism by Lemma 3.3.3. Thus the operator Uth,
is an isomorphism as well. To prove Theorem it remains to prove the five Lemmas 3.3.2
to 3.3.6.

Proof of Lemma3.3.2 Let pr: Y x P! — Pland p: Y x P! — Y be the projections.
We will write for short Ut for the operator (Upr®(t)) o p* and will write in this proof U¢
for the operator Upr®(£) o p? : Az (Y) — Az p1(Y x P1) and write Ul for the operator
P Az (Y) — Az pi(Y x P1). We begin with verifying that the operator

(UL,UE) - Az (Y) ® Az (Y) — Az p1(Y x PY) (14)
is an isomorphism. In fact, by Proposition 2.4.5 the diagram commutes (here U =Y - Z)
AY xPY) —— AU xPYH) —2. 4, Plgf xPl) ——  A(Y xPY)
([ ul )é ([ ul )é urH? (B )é
AY) @ AY) —— AU @ AU) 28 A, (V)@ A, (Y) —— AY) @ AY).

Since £ = ¢(O(—1)) € A(P') the five-lemma proves that the operator 14 is an isomor-
phism.
The next step is to check that the operator

UE: Az (Y) — Az og(Y x P1) (15)
is an isomorphism. For that consider the localization sequence
o= Az gV XxPY) = A7 pi (Y XPY) = A7 mi(Y XP'=Z x{0}) — ...

for the triple (Y x P1 Y xP!—Z x {0}, Y xP!—Z xP1!). We claim that the operator 3 is
always surjective (and thus the operator « is always injective and therefore the localization
sequence splits in short exact sequences).

In fact, ifi : Y XAl — Y xP!—Zx{0} is the open inclusion and ¢ : Y xP'—Z x {0} is
the projection then goi =p:Y x A' — Y and thus i* o¢® = p*. The pull-back operator
i* Ay a(Y x PL—Z x {0}) — Az a:1(Y x A1) is an isomorphism by the excision
property and the pull-back operator p” : A7 (Y) — Az a1(Y x Al) is an isomorphism by
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the strong homotopy invariance property. Thus ¢* : Az (Y) — Az a1(Y x Pt —Z x {0})
is an isomorphism. This proves the surjectivity of # and the injectivity of a.

We are ready to veryfy that the operator (15) is an isomorphism. For that consider
the diagram

A

‘ (Y q
0——A4z(Y) — A (Y)® Az (Y) i IA47 (Y) o

where the operator in is the inclusion to the fist summund and the operator pr is the
projection on the second summund. The diagram commutes because the cup-product is
functorial. The sequence on the top is short exact and the map ¢ is an isomorphism as
was just checked above. The operator (U¢,Ul) is an isomorphism as was checked as well
above in this proof. Thus the operator (15) is an isomorphism as well.

The proof of the Lemma is completed as follows. Consider the diagram

AZ (Y) [4/Azf Og(Y X P1>
id

AZ (Y) [;/Azf Og(Y X A1>

where 7 is the pull-back operator induced by the inclusion Y x Al < Y xP!. The operator
v is an isomorphism by the excision property. Since the operator is an isomorphism the
operator Ut is an isomorphism as well. The Lemma 3.3.2 is proved.

Proof of Lemma3.3.3. For every integer i let pij : A" — A be the projection of the
affine space A' to its last coordinate. Using the induction by n it straightforward to check
that the cup-product operator Uthg) : A(pt) — Afog(A") coincides with the composition
operator
[ psia(t) [pin(t

)
A(pt) L Arog(A1) Atog(A").

Each arrow in this sequence of arrows is an isomorphism by Lemma 3.3.2. The Lemma
follows.

Proof of Lemma3.3.4. For every integer i = 0,1,...,n one has {[p» pr» = 0 because
the Chern class of a trivial line bundle vanishes. Thus &, belongs to the image of the
support extension operator € : Apn(P") — A(P"), say & = ef (&) for appropriative
element t; € Ap»(P™). Now the element £+ coincides with the image of the cup-product
to Ut U--- Uty under the support extension map Apm \pn(P") — A(P"). The group
Apm \ pp(P") vanishes because NGP = 0. Thus &' = 0. Similarly one gets the relation

nt1 = (. The Lemma is proved.

Proof of Lemma3.3.5. The localisation sequence for the pair (P",P" — P[) cuts into
short exact sequences

0— Apn(P") — A(P") - A(P" —P{") =0

32



because the composite map A(pt) L AP") — A(P" — P}") is an isomorphism. This
proves the first assertion of the Lemma.

The fact that & = €f*(t;) for the element # € Apn(Pl") is proved in the proof of the
Lemma 3.3.4.

To prove the relation res;(t) = p(t) consider the commutative diagram

where the maps e* and i* are the support extension operators. The relation j*(&,) = € in
A(P') and the injectivity of the map i* prove the relation j* (¢;) = t in the group A¢og(P!).
Since t = jA(f) in Asog(A ') hence one gets the relation jf (resi(4)) =t in Afog(A'). The
pull-back homomorphisms j# : Aan(A") — Agog(A') and pf* : Afog(A') — Aan(A") are
inverse to each other isomorphisms by the homotopy invariance property. This proves the
desired relation res;(t;) = p (t) in Aan(A").

Proof of Lemma3.3.6. Lemma 3.3.4(appplied to P" ') shows that the element &;|pn
vanishes.By Remark 3.3.7 the pull-back operator A(P"—{0}) — A(P{) is an somorphism.
Thus the element & |pnt og vanishes as well. Therefore £ = e* (thn)) for an appropriative
element thn) € Afog(P"). Thi proves the first assertion of the Lemma.

To prove the last assertion of the Lemma consider the commutative diagram

O apm—L— saer)

Qoa

€

Qn

1 Ay (PM) —L——J Agoq(P")

1

res; res

O Apr (AT L agg(ar)

where the maps ef* and e* are the support extension maps and the horizontal arrows
are the cup-products. The commutativity of the upper square of this diagram and the
injectivity of the map e show that the relation &1 Uty U -+ Uy = thn) in the group
Asog(P™). Now the commutativity of the bottom square and the relations res;(t) = pf*(¢)
prove the desired relation pf(t) U p5 (¢t) U --- U ph (t) = res(thm)) in the group Asoq(A").
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Now all the five Lemmas 3.3.2 to 3.3.6 are proved. The proof of Theorem 3.3.1 is
completed.
U

3.3.8 Corollary (Pro jectiv e Bundle Cohomology With Supports). Under the
hypthesesof Theorem 3.3.1 the map

(17€E>' ) Ir—:] 1) : AZ(X) 69"42(‘)() e EBAAZ(‘XV) - AP(Ez)(P(E))
is an isomorphismwhere E; = E|; is the restriction of the vector bunde E to Z.

The short exact sequence (16) written-down below is useful as well. Namely, let X
be a smooth variety and let M and N be two vector bundles over X. Let iy : P(M) —
P(M @ N) and iy : P(N) — P(M @& N) be the closed imbeddings induced by the direct
summunds M and N respectively. Let p : P(M @& N) — X be the projection. Let
g - Apany(P(M @ N)) — A(P(M @ N)) be the support extension operator and let
iy A(P(M @ N)) — A(P(N)) be the pull-back operator.

3.3.9 Corollary . With thesenotation under the hypothesesof Theorem 3.3.1 the sequene

A A

0 — Apny(P(M & N)) 20 AP (M & N)) £ AP (V) — 0 (16)
is short exact.

To prove this consider U = P(M & N) — P (M) with the open inclusion j : U —
P(M @ N) and observe that U becomes a vector bundle over X by means of the linear
projection g : U — P (N). The obvious inclusion iy : P(N) < U is just the zero section
of this vector bundle, 7y = joiy and the pull-back operator iy : A(U) — A(P(N)) is an
isomorphism (the inverse to the one ¢*).

Now consider the pair (P(M @ N),U). By the localization property 2.0.1 the following
sequence

A _
o Apany(P(M e N) L AP e N)) L AWy -
is exact.We claim that this sequence splits in short exact sequences with the surjective j*
and the injective jf . To prove this claim observe that one has the relation

En =in(Em n)

which holds because the restriction of the line bundle Oy n(—1) to P(N) is Oy (—1).
Thus &y € i (A(P (M @ N))) and by the projective bundle theorem (3.3.1) the operator
iy : A(P(M @ N)) — A(P(N)) surjects. The operator iy is an isomorpism, iy = j o iy
and thus jA : A(P(M @ N)) — A(U) surjects and the the support extension operator ji
injects. Now the sequence (16) is short exact because the operator iy is an isomorpism
and iy = j oin. The Corollary is proved.

The last Corollary and Lemma 2.2.12 prove the following
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3.3.10 Corollary . Under the hypothesesof Theorem 3.3.1 and the notation of Lemma
2.2.12let Vo= X2 — 4 (Y x A') and let j : V[°— X? be the open inclusion. Then

Ker(j3') N Ker(j') = (0).

In the other words the operator (¢, &) : A(XD) — A(P(1® N)) ® A(VY is a monomor-
phism.

3.4 End of the proof of Theorem 3.2.4.

The third assertion of Theorem 3.2.4 is proved in this subsection.

Assume we are given with a Chern structure L — ¢(L) on A 