GROTHENDIECK-WITT GROUPS OF PROJECTIVE BUNDLES

CHARLES WALTER

ABSTRACT. The derived Witt and Grothendieck-Witt groups of a projective-space bundle
over a noetherian scheme are calculated in terms of those of the base using derived-category
methods. All shifts and twists are treated. The formulas obtained differ sharply from the
classical projective bundle formula for Chow groups and other oriented cohomology theories.

INTRODUCTION

The ‘usual’ projective bundle formula for cohomology theories in algebraic geometry and
in K-theory says that if F' is a vector bundle of rank 7+ 1 over a scheme X, and if P := P(F)
is the associated bundle of projective r-spaces, then for any ‘standard’ cohomology theory
H there is an additive isomorphism which is roughly H(P) = H(X)®"+1). Often the r + 1
copies of H(X) are not completely identical because of a shift in the grading or some other
sort of twisting, so one might prefer to write H(P) = @;_, H(X) - v* with + some specified
class. The multiplicative structure is then determined by a relation y"t! 4+ a;y™ + -++ +
a;y + ar+1 = 0. Cohomology theories satisfying these formulas include Ky (Grothendieck-
Berthelot [10]), higher algebraic K-theory (Quillen [23]), Chow groups, singular homology (for
complex analytic varieties), and many others. Recent results of Levine and Morel [21] show
the existence of an algebraic cobordism theory which is universal among ‘oriented’ theories
satisfying the standard projective bundle formula and a handful of other standard formulas.
But in any case, the standard formula is basically H(P) = H(X)®(+D,

The simplest cohomology theories dealing with symmetric or skew-symmetric bilinear forms
are the Grothendieck-Witt groups and their quotients the Witt groups. These parametrize
vector bundles over X with nonsingular symmetric or skew-symmetric bilinear forms, or more
generally chain complexes € of vector bundles on X with a quasi-isomorphism into a twisted
shifted dual ¢ : € = &Y ® L[i] which is symmetric (¢ = ¢'). The Witt groups W*(X, L)
and the Grothendieck-Witt groups GW*(X, L) thus depend not only on the scheme X but
also on a line bundle L and an integer ¢+ which twist and shift the duality of chain complexes.
They are periodic modulo 4 in ¢ and modulo 2 in L, i.e. there are natural isomorphisms
WHX,L) =2 WX, L® M®?) and GW*(X,L) = GW***(X, L ® M%?). Twenty-some years
ago Arason [1] showed that for projective space over a field one has WO(P}, Opr) = W (k).
This is a case with W (P) &2 W(X), so untwisted, unshifted Witt groups are not an oriented
cohomology theory. Some further work has been done on Witt groups of projective spaces
and projective bundles over the years (Arason [2], Gille [15][16], Schmid [25], Szyjewski [26]),
but the picture has remained incomplete. In this paper we attack the problem systematically
and calculate the Witt and Grothendieck-Witt groups of projective bundles over a scheme.
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Even taking shifts and twists into account, the formulas we get remain quite different from
the usual projective bundle formulas.

For Witt groups we have the following results. Suppose X is a noetherian scheme with
3 € I'(X,0x). When the dimension r of the fibers of 7 : P = P(F) — X is even, we have
isomorphisms of derived Witt groups

™ WHX,L) = Wi(P,x*L), s WH{P,m* L ® wp)x) = W (X, L)

induced by the inverse image 7* and the derived direct image R, (Theorems 1.1 and 1.2).
If the fiber dimension r is odd, then when the fiberwise degree of the twist is odd we get
Wi(P,7*L ® Op(2¢ + 1)) = 0 (Theorem 1.3), but when the fiberwise degree is even we get a
long exact sequence (Theorem 1.4)

(1) - WiX,L) = WiP,x*L) =25 wir(X,L®det F¥) S Wit (X, L) — -

where per is a periodicity isomorphism W*(P,7*L) = W*(P,7*(L ® det FV) ® wp/x) due to
the fact that 7* det F¥ ® wp/x = Op(—r — 1) is divisible by 2 in Pic(P), while § is essentially
multiplication with the class in W™'(X, det F) of the (—1)("*1)/2.symmetric bilinear form
ACTD2F x AC+D/2F 5 det F given by the exterior multiplication. If @ = 0 then the exact
sequence splits, and

WP, 7*L) 2 W X,L) @ W (X,L ® det F)
(Theorem 1.5). Defining the total derived Witt group as W'**(X) = @, , W*(X, L) with the

sum running over i € Z/4 and L € Pic(X)/2, we find that if r is even or § = 0 then W**(P)
is a W' (X)-algebra (via 7*) of the form

(2) Wtot (P) — Wtot(X) @ Wtot (X) . 5

with £ € W' (P, wp,x) satisfying m.(§) =1 € WOo%(X,0x).

Under certain circumstances we know that the exact sequence splits. For instance if 7 :
P — X has a global section, or more generally if it has a linear subbundle of even relative
dimension over X, then we have § = 0 (Proposition 8.1). If 7 : P — X has two disjoint global
sections, then in addition we have £ - £ = 0 (Theorem 8.3). This completely determines the
multiplication under these extra hypotheses. These extra hypotheses hold for P = P, but
also for projective bundles of the form P = P(Fy & L' ® L") with L' and L" line bundles on
X, and also whenever X is quasi-projective over an infinite field and r > dim X.

If R is a noetherian local ring containing %, then Pic(IP%;) = Z, so there are eight derived
Witt groups W*(P%, Op-(£)) for (i,£) € Z/4 x Z /2. Since Balmer ([5] Theorem 5.6) showed
that W¢(R) = 0 for i # 0 (mod 4), and since P, has two disjoint global sections, the formulas
above yield two isomorphisms

(3) WO(P, Opr) < W(R), W' (P, Opr(—r — 1)) =5 W(R)

and six vanishings W*(P%, Op-(£)) = 0 for (4,£) # (0,0) or (r,—r —1) in Z/4 x Z/2. So when
7 is odd, two untwisted derived Witt groups WO(P%) and W’ (P%) are nonzero. When r is
even, only one untwisted derived Witt group W(P%,) is nonzero because the second nonzero
group W' (P}, Opr(—r — 1)) has an odd twist.

The long exact sequence does not always split. We give examples in §9 where P is a P!
bundle over the projective plane X = P?, and L = wp2 = Op2(—3), and 0 € W? (P2, wp2) =
W (k) is the Witt class of an arbitrary nondegenerate quadratic form over k£ of dimension 0,
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1, and 2. In the dimension 0 example, we have § = 0, and P is the blowup of }P’i at a rational
point. In the dimension 1 example, 6 is an isomorphism, and P is the flag variety for GL3 (k).
In the dimension 2 examples, 6 is not an isomorphism but need not be 0.

We also compute the derived Grothendieck-Witt groups GW*(P,7*L ® Op(£)). These are
the most important calculations in the paper, because they give a better indication of what
should happen in higher hermitian K-theory than the formulas for Witt groups do. The
results obtained are similar to but rather more complicated than those for Witt groups, so
we will describe them in detail in §1.

The results of this paper are all stated for the “usual” derived Witt and Grothendieck-Witt
groups of bounded complexes of vector bundles, but they are also valid for derived Witt and
Grothendieck-Witt groups of perfect complexes and for Gille’s [16] coherent derived Witt
groups (and their Grothendieck-Witt analogues) of complexes of quasi-coherent sheaves with
bounded coherent cohomology with duality with respect to a dualizing complex wx or some
L ® wx[i] with L a line bundle and ¢ an integer shift. The only restriction is that for the
coherent Witt and Grothendieck-Witt groups one must work on noetherian schemes with
+ € I'(X, Ox) which are of finite Krull dimension and have a dualizing complex wx.

The contents of the paper are as follows. In §1 we state the main theorems describing
in detail the derived Witt and Grothendieck-Witt groups of a projective bundle. Then §2
contains a review of triangulated Grothendieck-Witt theory, while §3 describes the Bernstein-
Gelfand-Gelfand correspondence and then treats its compatibility with duality. After this we
prove two of our main theorems in §4. The other three main theorems require more work in §5
on the dévissage of triangulated categories with duality and a finer analysis of the duality in
the Bernstein-Gelfand-Gelfand correspondence in §6. We prove the remaining main theorems
in §7. The ring structure of Wt (P%.) is studied in §8, and the examples of P! bundles over
P? are in §9. Finally in §11 we give a proof of the critical derived equivalence D®(VBp) ~
DP(LCI="%) between chain complexes of vector bundles on P and chain complexes of linear
complexes, using a Beilinson-style resolution of the diagonal of P x x P. We use an adjunction
between categories of chain complexes and chain maps which becomes an adjoint equivalence
after localization. This should be useful for higher quadratic K-theory, or even for Witt
groups in characteristic 2 (i.e. symmetric and quadratic L-theory). In principle the same
adjunction exists even for projective bundles which are étale but not Zariski locally trivial,
but the categories involved would have a different description.

1. THE MAIN THEOREMS

We wish to compute the Grothendieck-Witt groups GW™(P,n*L ® Op(£)) and the Witt
groups W"(P,m*L ® Op(£)). Because these groups are periodic modulo 2 in the line-bundle
argument, we need to compute these groups for each P and L for one even twist ¢ and
one odd twist £. The maps H : Ko(P) - GW"(P,7*L ® Op(f)) are the maps sending
[€] = [€® & (0)[n], (2 §)] where w, = (—1)["*/?w is the shifted biduality map. Our first
main theorem considers r even and £ even, e.g. £ =0..

Theorem 1.1. If r is even, then the maps ©* : W™(X, L) =2 W™(P,n*L) are isomorphisms
as are the maps

(7" ,H)

GW™(X, L) & Ko(X)/? 25 GWn(P,«* L)

where H(er, ... e5) = Y502 H(ne; - [0p(i)]).
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When r is even but £ is odd, e.g. £=—r —1, let Q € GW"(P,det F @ Op(—r — 1)) be the
class of the nonsingular (—1)"/2-symmetric form Q;D//QX X Q;D//QX — wpx =det F®Op(—r—1)

given by exterior multiplication.

Theorem 1.2. If r is even, then there are inverse isomorphisms and a split exact sequence

Q
W™(P,7*L @ Op(—r — 1)) ‘:N W "(X,L @ det FV),

Ty =

IR

Q
0 — Ko(X)/2 -2 GWn(P,7* L ® Op(—r — 1)) &= GW" (X, L ® det F¥) —— 0

T x

with H(e,...,e.2) = Z:ﬁ H(r*e; - [Op(—1)]), with 7. coming from a duality-preserving
functor whose functor component is the derived direct image R, : D°(VBp) — DP(VBy),
and with the arrow labeled Q given by © +— Q- 7*z.

When r is odd and £ is odd, e.g. £ = —r, we have the next theorem.

Theorem 1.3. For r odd we have W"(P,7*L ® Op(—r)) = 0, and we have isomorphisms
Ko(X)r+0/2 L2, qWn(Pn*L @ Op (1))

given by H (eg,...,eqr_1)/2) = ZZ(T:BI)/Z H(r*e; - [Op(—1i)]).

If r is odd, and £ is even, e.g. £ = 0, then let u : AUCTD/2ZF 5 ACHD/2p 5 ATHlE —
det F be the (—=1)"*+D/2_symmetric bilinear form given by the multiplication, and let © =
[AC+D2 R (—1)Lr=3)/4)y) € W+ (X, det F).

Theorem 1.4. If r is odd, then there is a long exact sequence of Witt groups

Txoper

c o WX, L) 5 WP, x* L) 225 (X, L @ det FY) -5 W (X, L) —

which can be extended to the “left” as

GW"™ (X, L ® det F¥) oo GW™(Pm L) s GW™(X, L) @ Ko(X)r=)/2
lo

WX, L) ———— WY (P, r*L) —— WX, L®det FV) — - -~

Here 7 is the pullback, and H is (e1,...,eq_1)/2) E(T L2y H(r*e; - [Op(i)]). The arrow
7, o per is the composition

GW™(P,n*L) = GW"(P,7*L ® Op(—r — 1)) =5 GW""(X, L ® det F")

of a periodicity isomorphism with a map coming from a duality-preserving functor whose
functor component is the derived direct image Rm, : DP(VBp) — D*(VBY). The map 0
is given by multiplication by ©, while the map marked 0 is the composition of the natural
surjection GW™ " — W™ " with 0. In particular, if © # 0, then the maps 6 and 6 do not
vanish when n =r and L = det F.
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Theorem 1.5. In the situation of Theorem 1.4 if we have © = 0 in W™T1(X,det F), then
the exact sequences split

* '
0— W*X,L) —— W"(P,n*L) —— W""(X,L®det FV) = 0,
TxOper
™, H 4
0= GW™(X, L) x Ko(X)-0/2 T qwn(pa* L) == W (X,L @ det F¥) — 0,

T« Oper
with the maps labeled U having the form x — m*x - ¥ for a class ¥ € GW"(P,n* det F).

Theorems 1.1 and 1.3 are proven in §4. Theorems 1.2, 1.4, and 1.5 are proven in §7. The
proof of Theorem 1.5 constructs an explicit ¥, but it depends nontrivially on certain choices.

2. REVIEW OF BASIC THEORY

In this section we review the theory of triangulated categories with duality and their
Grothendieck-Witt groups developed in Walter [27]. The corresponding theory of Witt groups
was developed by Balmer [3] [4] [5] [7].

An additive category contains i if its Hom groups are uniquely 2-divisible. A duality

2
on a triangulated category D containing % is a triple (*,6,w) where 6 = £1, * : D°? —
D a J-exact contravariant functor, and w : 1p = ** an isomorphism of functors which

commutes with the translation and such that for any Y in D the composition wy wy= :
Y* - Y*™* — Y* is the identity 1y-. Given one duality (*,d,w), there are shifted dualities
(*,6,@)[n] = (*[n],(=1)"5,(~1)["21§"w). Any of these dualities may be used to define
transposition operations Homp (Y, Z*[n]) & Homp(Z,Y *[n]) sending ¢ : Y — Z*[n] to ¢° :
Z — Y*[n] such that ¢* = ¢. A symmetric object in D[n] = (D, (*,6,w)[n]) is a pair (Y, ¢)
with ¢ : Y = Y*[n] an isomorphism satisfying ¢ = ¢*. A hyperbolic symmetric object is one
of the form H(U) = (U @ U*[n], (2, §)) where w, = (—1)["/?1§" is the shifted biduality
map with the sign given above.

The triangulated Grothendieck-Witt and Witt groups of D, written GW™(D) and W™ (D)
classify symmetric objects in D[n] modulo certain relations (see [27] §2 for the definitions).
The Witt groups are quotients of the Grothendieck-Witt groups modulo the classes of the
hyperbolic symmetric forms.

The triangulated Grothendieck-Witt and Witt groups are functorial for duality-preserving
functors between triangulated categories with duality containing %, with isomorphic duality-
preserving functors sent to the same morphism of groups. Therefore duality-preserving equiv-
alences of triangulated categories with duality induce isomorphisms of Grothendieck-Witt and
Witt groups ([27] Proposition 2.1, [7] Lemma 4.1).

The Localization Theorem for triangulated Witt groups was proven by Balmer [4] Theorem
6.2 and extended to triangulated Grothendieck-Witt groups by Walter [27] Theorem 2.4. A
(TR4+) triangulated category is a triangulated category satisfying an enhanced octahedral
axiom. All triangulated categories appearing in this paper do.

Theorem 2.1 (Localization). Let D C C be a thick invariant subcategory of a (TRA+) trian-
gulated category with duality containing % Then there is a long exact sequence of triangulated
Witt groups

-5 WD) » W™(C) » W(C/D) - W™ (D) = ---
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which extends to an ezact sequence
GW™(D) - GW"™(C) - GW"(C/D) - Wt (D) - W"*(C) — - --
The next theorem may be found in [27] Theorem 2.6.

Theorem 2.2 (Fundamental Theorem). Let C = (C,*,d,w) be a (TR4+) triangulated cat-
egory with duality containing % Then there are exact sequences

awm ) 2% ko) B ewne) — whe) - o.

An admissible n-tuple (A1, As,...,A,) of subcategories of a triangulated category D is
an n-tuple of strictly full triangulated subcategories which satisfy A; L A; for all 7 < j and
which together generate D. (Here A; 1 A; means that Homp(4;, 4;) = 0 forall A; € A; and
A; € Aj.) Admissible pairs of categories can be characterized by the following proposition.

Proposition 2.3 ([11] Lemma 3.1). Let A and B be strictly full triangulated subcategories
of a small triangulated category D with A 1| B. Then (A, B) is an admissible pair of
subcategories of D if and only if any of the following equivalent conditions hold:

(a) A and B generate D.

(b) For every X € D there exists an ezact triangle L X[—1] = raX — X — X with
raX € A and /X € B.

(c) The inclusion functor A < D has a right adjoint ro : D — A, and A+ = B.

(d) The inclusion functor B < D has a left adjoint £p : D — B, and A = *B.

Using this proposition we may see that if (A, B, C) is an admissible triple of subcategories
of D, then we have

(4) At =(B,C), (A,B) =1C, A+n'C =B.

The first equality follows from part (c) of Proposition 2.3 because (A, (B, C)) is an admissible
pair of subcategories of D by part (a). For the third equality observe that (B,C) is an
admissible pair of subcategories of (B, C) by part (a), so by part (d) the left orthogonal of

C within (B, C) is B. But this left orthogonal is also (B,C)N1C = A+ n-C.
Admissible n-tuples of subcategories behave well under quotienting.

Proposition 2.4 (cf. [12] Proposition 1.6). Let (A1, As,..., Ay) be an admissible n-tuple of
subcategories of D. Then for each j:

(a) Aj is a thick subcategory of D.

(b) For any i # j, the composition A; — D — D/A; is fully faithful with essential image
Bi = <A15 AJ)/AJ

(¢) (B1,...,Bj_1,Bjt1,...,By) is an admissible (n — 1)-tuple of subcategories of D/ A;.

Additivity Theorems for triangulated Witt and Grothendieck-Witt groups were proven by
Walter [27] Theorems 3.4 and 3.6. They are summarized by the following statement.

Theorem 2.5 (Additivity). Let (A1, As,..., Ay) be an admissible n-tuple of subcategories
of a small (TRA+) triangulated category D containing % with a duality exchanging Ay and
Api1-k for all k.
(a) The duality induces equivalences A}X ~ A, 1_ and isomorphisms KoAy = KoAp 11 k.
(b) If n is even, then we have WD = 0 for all i, there are isomorphisms HZfl KoAp =
GW'D sending ([A1], -+ [Anj2]) = Z:fl [H(AL)], and the ezact sequences 0 — GW 1D —
KoD — GW'D — 0 of the Fundamental Theorem 2.2 are split exact.
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(¢) If n is odd, then there are isomorphisms WiA(TH_l)/Q =~ W'D sending [Bn+1)/2, 8] =
[B(n+1)/2, #] and isomorphisms ch";ll)/? KyA x GWiA(nH)p =~ GW'D sending
(n—

(A, (Al Bus 1) = 30 IR + By o 91,

and they identify the kernels of the forgetful maps GW'D — KoD and GWiA(n+1)/2 —
KoA(ni1))/2-
There is an analogous theorem for K ([27] Theorem 3.3).

Theorem 2.6 (Additivity for Ky). Let (A1, Ao,...,Ay) be an admissible n-tuple of subcat-
egories of a small triangulated category D. Then the direct-sum functor [[;_, A; — D which
sends (A1,...,Ap) = @, Ai induces an isomorphism [[; | Ko(A;) = Ko(D).

A complicial category with weak equivalences (C,w) is given by an additive category of
chains E (often mentioned only implicitly), a full subcategory C C Ch(E) with the structure
of an exact category, and a class of weak equivalences w C Mor C satisfying a number of
axioms (e.g. the weak equivalences contain at least the homotopy equivalences). A duality
(*,0,w) is given by a d-exact contravariant differential graded functor * plus functorial weak
equivalences wy : Y — Y™** satisfying several properties. See [27] §4 for the details.

Theorem 2.7. The localization Clw '] of a complicial category with weak equivalences
(C,w) is a (TR4+) triangulated category. A differential graded duality on a complicial
category with weak equivalences containing % induces a duality on the triangulated category

Clw1].

An admissible n-tuple of subcategories of the complicial category with weak equivalences
(C,w) is an n-tuple (A1, Ag,..., A,) of strictly full exact subcategories of C plus additive
functors gr; : C — A; such that (i) A; L A; for all 4 < j, (ii) any object Y of C has a
filtration by admissible monomorphisms

0=FY —>FY—.---—F, 1 Y—>FY=Y

with gr,Y := F;Y/F;_,Y in A; for each 1, (iii) the A; are translation-invariant, and (iv) the
functors gr, : C — A; preserve weak equivalences.

Theorem 2.8 ([27] Theorem 4.5). Let (Aq,...,Ay) be an admissible n-tuple of subcategories
of the complicial category with weak equivalences (C,w). The the localized functors A;[(w N
A;) 1] = Clw '] induced by the inclusions A; C C are fully faithful, and the essential images

B; form an admissible n-tuple (B1,...,By,) of subcategories of the triangulated category
Clw™1.

If X is a scheme with % € I'(X,0x), and if L is a line bundle on X, then the exact category
VB of algebraic vector bundles on X has a duality (the “L-twisted duality”) (¥, ) consisting
of the duality functor & — & = Hom(&, L) plus the natural isomorphisms E = E*. The
duality on the exact category induces a duality (f,1, ) on the derived category D°(VBy),
and the triangulated Witt and Grothendieck-Witt groups are denoted by W"(X,L) and
GW™(X, L) and called the derived Witt and Grothendieck- Witt groups of (X, L).

The products defined on triangulated Witt groups by Gille and Nenashev [17] can be
extended to triangulated Grothendieck-Witt groups. In our context this amounts to saying
that the tensor product of chain complexes of vector bundles induces natural morphisms

GWYX, L)) x GW/(X, Ly) - GWI (X, L1 ® Lo).
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The discussion about two different products in [17] reduces in our context to the product
being twisted graded-commutative, i.e. &n; = (—=1)¥n;¢; for & € GW* and n; € GWY, where
(—1) € GW°(X,0x) is the class of the symmetric bilinear form Ox x Ox — Ox given by
(f,9) = —fg. These products will be used at several points in the paper without a further
citation of [17].

3. LINEAR COMPLEXES OF VECTOR BUNDLES

We discuss linear complexes of vector bundles on a projective bundle, and the dualities on
and admissible subcategories of the derived categories. The use of linear complexes of vector
spaces to study coherent sheaves on projective space goes back to Bernstein-Gelfand-Gelfand
[9], and a version of the duality may be found in Gille [15] §3.

Let F be a vector bundle of rank r+1 over a noetherian scheme X, and let 7 : P = P(F) —
X be the associated projective bundle. A linear complex of vector bundles on P is a complex

(5) ---—)7‘('*8_1@013(—1)—)7T*80®OP—>7T*81®OP(1)—>---
where each &; is a vector bundle on X, and the term 7*€; ® Op(i) occurs in cochain degree
1. Such complexes, with degreewise split exact sequences, form an exact category LC.

If [a,b] C Z is a finite interval, then let LC[%Y be the full subcategory of LC of complexes
such that € = 0 for ¢ & [a, b]. Let pletl  LC — LC[%! be the truncation functor sending the
complex (5) to
(6) 07" Q®0p(a) > - = 7€ R 0Op(b) = 0,

suppressing the &; with i ¢ [a, b].

For each ¢ there is an isomorphism of categories VB x =2 LCl] sending a vector bundle
G on X to the linear complex of vector bundles --- - 0 - 7*§® Op(i) - 0 — --- on P.
Composing the inverse isomorphism with pl“il gives a functor gr; : LClY 5 VBy sending
the linear complex (6) to &;.

The category Chb(LC[“’b]) of bounded chain complexes in LC** is actually a category of

bounded double complexes with commuting squares

(7) % 0
L. SN & ; ® Op(b) - €11 ® Op(b) L

dp, dUT dp, dvT dp,
.- —)71'*81,71,]' ® Op(b - 1) —)71'*81,,1,]'4_1 ® Op(b - 1) —y e

I 1

d d d
o €47 ® Op(a) S N T Eqj+1 ® Op(a) " ..
0 0

The gr; above extend to functors gr; : ChP(LC[**) - Ch(VBy) sending the double complex
above to the complex --- — &; ; — &; j41 — --- of vector bundles on X obtained from the
i-th row.
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We will consider ChP(LCI*?) as an exact category with exact sequences which are split in
every bidegree. It has translations given by translating the double complexes horizontally and
changing the signs of the horizontal differentials. We let the weak equivalences w be the row-
wise quasi-isomorphisms, i.e. the morphisms £ — G of double complexes such that gr,E —
gr;G is a quasi-isomorphism in VBx C Qcohy for all i € [a,b]. Then (Ch®(LCI®%) )
becomes a complicial category with weak equivalences.

Similarly (Ch®(VBp),v) is a complicial category with weak equivalences. The exact se-
quences are the degreewise split exact sequences, and the weak equivalences v are the quasi-
isomorphisms.

Let Tot : ChP(LC*%) — ChP’(VBp) be the functor sending the double complex E above
to the complex

TotE: - % (Tot E)p_1 % (Tot B)y % (Tot E)pyr % -

with (Tot E),, := ®i+j=n & ® Op(i) and d|7f*8i,j®OP(i) =dp + (—1)jdv.

Proposition 3.1. This Tot : (Ch®(LC*!),w) — (Ch°(VBp),v) is an ezact functor of
complicial exact categories with weak equivalences.

Proof. The functor Tot sends bidegreewise split exact sequences to degreewise split exact se-
quences, and it sends row-wise quasi-isomorphisms to quasi-isomorphisms. The sign conven-
tion for the total coboundary has been chosen so that Tot commutes strictly with (horizontal)
translation, and it is compatible with mapping cones without changing any signs. O

By localizing we get an exact functor of triangulated categories Tot : Db(LC[”’b}) —
DP(VBp). The next theorem is a variant version of a well-known result of the Russian
school. The first versions of this theorem are Bernstein-Gelfand-Gelfand [9] and Beilinson [8].
The later version of Bondal ([11] Theorem 6.2) is closer to what we use, but it is not exactly
what we need, so we will include a proof below (Theorem 11.3). The theorem applies when
the interval [a, b] is of the form [a,a + 7], where r = rk F' — 1 is the dimension of the fibers of
the projective bundle 7 : P = P(F) — X.

Theorem 3.2. For any integer a the localization of the functor Tot gives an equivalence of
triangulated categories DP(LCI®%t7l) ~ DP(VBp).

The normal untwisted duality of vector bundles on P is given by the duality functor £V :=
Hom, (€,0p) plus the standard evaluation maps wpe : € — VY. The untwisted unshifted
duality on D°(VBp) is then (Y, 1, wp), while the L-twisted n-shifted duality will be written
(Y ® L,1,wp)[n]. We will use more or less the same notations for VBx and D°(VBy). For
brevity we will often refer to “the triangulated category with duality (D°(VBy),Y ® L)”
instead “the triangulated category with duality (D*(VBx),Y ® L,1,wy),” but this is an
abuse of notation: to specify an object of TriCatD one must specify not only the category
and the duality functor but also the biduality maps.
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On ChP(LC[*%) we wish to use a duality (*,1,@wrc) in which the duality functor E — E!
sends the double complex (7) above to the double complex

(8) 0 0
d\}{ xeV T d\,{ x 0oV T d\hf
ey ;®0p() ———— 7 EY i ®0p(b) —— -
(*U“*”le (71)“+bd¥T
Vv \4 v

d
e 0y ® 0P 1) e,y ®0p(b 1) s

1 1

(—1)a+bd¥T (_1)a+bd¥T
dX * oV d?f %oV dx
T E’b,—a—b—j ® OP(G’) — gb,—a—b—j—l ® OP(G,) - 5.
0 0

and the biduality maps wrc : E = E" are the natural sign-free maps. (The displayed
columns are in horizontal degrees j and j + 1 in both diagrams of double complexes.) Such a
duality can also be twisted by 7* L. The duality is 1-exact essentially because in Chb(LC[a’b])
one translates in the horizontal direction, and the horizontal differentials have been dualized
without a sign. The signs have been chosen to get the following result.

Proposition 3.3. Let L be a line bundle on X, and let t : Tot(E"®@7*L) = (Tot E)V @ *L®
Op(a+ b) be the natural sign-free identification. Then

(Tot,t) : (Ch®(LCY) w,* ® 7*L) — (Ch®(VBp),v," @ 7L ® Op(a + b))

is a duality-preserving exact functor of complicial exact categories with weak equivalences and
duality.

Proposition 3.4. Let [yUIU---UI, be a partition of [a,b] into a disjoint union of consecutive
subintervals. Then the complicial category with weak equivalences (ChP(LCI®%), w) has an
admissible n-tuple of subcategories (ChP(LC™),... Ch®(LC'2), Ch®(LCh)).

Formally, the partition is given by integers a = a9 < a1 < --+ < ap = b+ 1, and we have
Ik; = [ak_l,ak - 1]

Proof. The strictly full exact subcategories Chb(LCI’“) and the truncation functors p’* :
ChP(LC*?) — ChP(LC) satisfy the properties of the definition: (i) for j # k the sets
of bidegrees in which double complexes in Ch?(LC%) and ChP(LC’) can be nonzero are
disjoint, so we have Ch®(LC%) L Ch°(LC); (ii) any double complex E in Ch®(LC!*?)) has
a filtration

0 plan-VlE oy plan—2blp, ..o platlp, B
by bidegreewise split monomorphisms with successive quotients p/* E for k = n,...,2,1; (iii)

the Ch?(LC*) are translation-invariant; and (iv) the p’* preserve weak equivalences. O

Combining Proposition 3.4 with Theorem 2.8 and observation of the action of the duality
yields the following corollary.
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Corollary 3.5. (a) If L UI, U --- U I, is a partition of [a,b] into a disjoint union of con-
secutive subintervals, then the triangulated category Db(LC[a’b]) has an admissible n-tuple of
subcategories (D°(LC™), ... DP(LC™), DP(LC)).

(b) The duality " ® 7L exchanges DP(LCL="0=]) with DP(LCl*He+)) and if a = b
(mod 2), then the duality’s action on DP(LCHeT0)/2:(a+0)/2y corresponds to the duality ¥ ® L
on D°(VBy).

4. PROOFS OF THEOREMS 1.1 AND 1.3

In this section we prove Theorems 1.1 and 1.3. Our proof is based on duality-preserving
equivalences between derived categories of vector bundles on P and derived categories of
linear complexes, followed by an application of the Additivity Theorem 2.5 to the categories
of linear complexes. There are no complications.

Proof of Theorem 1.1. Applying Theorem 3.2 and Proposition 3.3 with the interval [a,b] =
[—7/2,7/2] gives a equivalence of triangulated categories with duality

(DP(LCL"/2r/2) [ @ 7*L) ~ (DP(VBp)," @ 7*L)
So their triangulated Grothendieck-Witt and Witt groups are isomorphic GW"(P,n*L) =
GW™(DP(LCI/2r/2) t @ n*L).
By Corollary 3.5 DP(LCL7/27/2]) has an admissible (r + 1)-tuple of subcategories

DP(LCl/2r/2y . DP(LCY), .. DP(LClT/2mr/2),

each equivalent to D°(VBy). The duality ¥ ® 7*L exchanges D?(LC[) and DP(LC-5-1),
and on Db(LC[O’O]) it corresponds to the unshifted L-twisted duality on D®*(VBy). So by the
Additivity Theorem 2.5(c) and the various identifications of equivalent categories, the maps
GW"™(X,L) x Ko(X)"/? - GW"(P,n*L) given by

T/2
([ ¢l [€1)s - - - [Erj2)) = [7*S, m* ] + Y [H(r"€; © Op(i))]
i=1
are isomorphisms, as are the maps 7* : W"(X, L) - W™(P,n*L). O
Proof of Theorem 1.3. Applying the same argument to the interval [a, b] = [—7, 0] gives equiv-

alences of triangulated categories with duality
(DP(LC™), i @ 7 L) ~ (DP(VBp),Y @ 7L ® Op(—r))
with the former having an admissible (r + 1)-tuple of subcategories
DP(LCOY), .. DP(LC - D/2- (/2 phl-(+)/2-0+1/2)  pbglrrl),

each equivalent to D*(VBy), with the duality ®@7* L® O p(—r) exchanging DP(LCI>~1) and
DP(LCI=("=2:=("=9])  So by the Additivity Theorem 2.5(b) and the various identifications of
equivalent categories, the maps Ko(X)"+D/2 & GW"(P,n*L ® Op(—r)) given by
(r—1)/2
([€ols- - [Eponype)) = Y [H(n*E ® Op(—i))]
=0
are isomorphisms, while we have W"(P,7*L ® Op(—r)) = 0. O
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5. MUTATIONS AND DUALITY

Theorems 1.2, 1.4, and 1.5 are more complicated than the theorems which we have just
proved because there are no duality-preserving equivalences between derived categories of
vector bundles on P with the dualities corresponding to Theorems 1.2, 1.4, and 1.5 and
derived categories of linear complexes with the dualities of §3. As a result we will realize
the derived categories of vector bundles on P with the right dualities as quotients of derived
categories of ‘too long’ linear complexes. The analysis of the quotienting operation gets quite
technical. In this section we present its more formal aspects. Essentially we are dealing with
an interaction of the categorical mutations of Bondal [11] (also Bondal-Kapranov [12]) with
the duality. We begin by reviewing these categorical mutations.

Proposition 5.1 ([12] Proposition 1.6). If (A, B) is an admissible pair of subcategories of D,
then A and B are thick subcategories of D, and there are triangulated equivalences A ~ D /B
and B~ D/A.

In one direction the compositions A < D — D/B and B — D — D/ A are fully faithful
and essentially surjective. The inverse equivalences are obtained by factoring the adjoints 4
and £p of the inclusions through the quotient maps D —» D/B ~ A, and D - D/A ~ B.
So the inverse equivalences are Y — r4Y and Z — £pZ, respectively.

Corollary 5.2 ([12] Lemma 1.9). Let B C D be a right and left admissible subcategory, let
rig : D — 1B be the right adjoint of the inclusion B — D, and let L. be the left adjoint
of the inclusion B+ < D. Then the compositions

rmutg : B+ < D 2 1B lmutg : B < Dt gL

are inverse equivalences.

Essentially, because (+B, B) is an admissible pair of subcategories, any Y in B+ fits into
an exact triangle B[-1] - Y’ — Y — B with B € B, and Y’ € *B. Then rmutg(Y) =Y/,
and lmutg(Y’) = Y. The functors rmutp and lmutp are right and left mutation with
respect to B.

The next lemma, used for Theorems 5.5 and 5.6 among other results, will imply that certain
mutations are duality-preserving functors. But in order to use it in other contexts as well we
give it a more general formulation.

Let A (A,ﬁ,s w) and D = (D,*,4,%) be triangulated categories with duality, let

g[-1] LN fSh AN g be an exact triangle of exact functors from A to D, and let
k(YY) i(Y¥) j(Y¥)
(9) g1 — Y¥) B(Y#) —— g(¥¥)
,By[—l]l% N J Y %Jﬂy EJVﬁY
. 5 (kY) (jY)* N (v)* +
(YY1 (gY)" ——— (bY)* ———— (fY)

be a system of isomorphisms of exact triangles in D which are functorial in Y € A, and
let vy : g(Y*)[-1] — (gY)* be the composition marked in the diagram. Suppose that the
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diagrams

(10) vy L= F(YH) hY — p(vt
ﬁfYJ/ Jayﬂ whYl lnyﬁ
(fY) — s gyt By ™) — byt

commute. Recall that we write D[—1] = (D, *[-1],—4,d - @) for the triangulated category
with shifted duality.

Lemma 5.3. In this situation if there is a thick invariant subcategory U = (U,*,d,@w) C D
such that for allY € A one has hY € U, then (g[-1],7) : A —» D/U[-1] and (h,n) : A - U
are duality-preserving functors, and there are commutative diagrams

(11) awr(4) U, gy (pju) —2— W)

| | |

W (A) (g[-11,7) Wr=1(D/U) ) W)

(h.m)

in which the maps marked (g[—1],7) and (h,n) are induced by the duality-preserving functors,
the maps O are the connecting maps of the exact sequences of the Localization Theorem 2.1
and the vertical maps GW — W are the natural quotient maps.

Proof. Because 7 is an isomorphism of exact functors making the righthand square of (10)
commute, (h,7n) : A — D is a duality-preserving functor by definition (cf. [7] §4 (15)).

For (g[—1],7) note first that the vy = ay o k(Y*) become isomorphisms in D/U because
the ay are already isomorphisms in D while the mapping cone h(Y*) of k(Y*) is in U.
Moreover, the diagram

gwy [—1]

gY[-1] g(Y#)[-1]
k(Y) Jk(Y”)

0By (-1] 5y I pm
5'@&{ fuyn

(gv) 1] 5 vy T gy

commutes, and the composition of the arrows along the righthand edge of the square gives
d - 7yy+ while the composition along the bottom edge gives ¢ - y;5-[—1]. It follows that (g[—1],7)
is duality-preserving.

The two squares of the diagram in the statement of the lemma commute because of the
compatibility of the localization exact sequences for Witt and Grothendieck-Witt groups. So
it only remains to show that the two maps W"(A) — W™(U) are the same.
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So let ¢ : Y[n] = Y¥ be an isomorphism in A which is symmetric with respect to the n-th
shifted duality. Complete the diagram (9) by adding an extra row.

gYn — 1] k(Y[n]) FYn] i(Y[n]) 1Y [n] J(Y[n]) gY[n]

g(w)[l]lE f(w)l% h(cﬁ)l% g(@)J%

g(YH[~1] ——— F(V) ——— (V) —— g(¥?)
vy
(fY)*[-1] —— (gY)* ——— (AY)* —— (fY)*

The morphism W"(A) — W™(U) induced by (h,n) sends [Y[n],¢] — [RY[n],ny o h(p)].
The composition W"(A) - W (D/U) — W™(U) sends

[Y[n], @] — [Cone(gY[n — 1], 7y o g(¢)[-1])].

But since L .
gY[n —1] Tyog(p)[-1] (gY)* (1 oh(@) GV IO, gY[n]
is an exact triangle, we have Cone(gY [n — 1],y o g(p)[—1]) = (AY [n],ny o h(y)). O

We will use the following easy and well known exercise several times.

Exercise 5.4. Suppose one is given a morphism Y — Z and two exact triangles in a trian-
gulated category D, the rows of the following diagram,

Cl-1] A Y C
B[-1] D Z B.

such that Homp (A, B) = 0 and Homp (A, B[—1]) = 0. Then there is a unique morphism A —
D making the middle square commute, and a unique C — B making the righthand square
commute, and together they make the entire diagram into a morphism of exact triangles.

Our first application of Lemma 5.3 concerns mutations and duality.

Theorem 5.5. Let D = (D,*,6,w) be a triangulated category with a duality containing a
thick invariant subcategory B = (B,*,§,w) C D such that (*B, B), (B, B*), and (B, B)
are admissible pairs of subcategories of D. Then there is an equivalence of triangulated cate-
gories with duality B ~ D/B[—1] and natural isomorphisms

(12) GW" ' (D/B) = GW"B, w"'(D/B) = W"B.

For the categories of the theorem we have GW™D = KB for all n by Theorem 2.5(b),
so the localization exact sequences have the same form GW"'B — KB — GW"B —
W"B — 0 as in the Fundamental Theorem 2.2. This is not a coincidence. If B ~ E[w™!]
is the derived category of a complicial exact category with weak equivalences, then one can
construct a D = P[v~!] with the properties of Theorem 5.5 and use it and the Localization
Theorem 2.1 to prove the Fundamental Theorem. The construction of D comes from surgery
theory (e.g. Ranicki [24] §2.1): (P,v) is the category of pairs in the algebraic cobordism
category (E,w).
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Proof of Theorem 5.5. Since (B+,1B) is an admissible pair of subcategories of D, for any
Y € B we have a functorial exact triangle

EJ_BY[—l] k—Y) ’r‘BJ_Y i} Y K) EJ_BY

Since the duality preserves B, it exchanges B+ and ‘B, and so by Exercise 5.4 there exist
unique morphisms ay and Sy making

Lp()=1] — vy e YDy v
> 8- w77 <+ ) * V) * ~
(rpe V) -1 S vy Oy Ty

commute. Standard arguments using Exercise 5.4 show that the oy and By are isomorphisms
and are functorial in Y. The same lemma also shows that ay-orgLwy = 5 0wy, Y because
both compositions both make the middle square in the diagram

LigY[-1] — s rp VY — %y ligY

! JwY
~ j(Y*)*

’I"BJ_(Y*)* _— EJ_B(Y*)* —_— Y — Tl (Y*)*

commute. So the lefthand square of (10) commutes, while the righthand square commutes
because h = 1g and ny = 1y« for all Y. Thus all the hypotheses of Lemma 5.3 hold,
and so ({1g[—1],A) : B — D/B[-1] is a duality-preserving functor. Since £1g[—1] is the
composition of two equivalences Imutgi[—1] : B ~ 1B and B ~ D/B by Corollary 5.2
and Proposition 5.1, (/1g[—1],A) is a duality-preserving equivalence B ~ D/B[—1]. Since
duality-preserving equivalences induce isomorphisms of Grothendieck-Witt groups and of Witt
groups, this completes the proof of the theorem. O

Theorem 5.6. Let D be a small (TR4+) triangulated category with duality containing % with
thick subcategories A, Ay, A, and C such that (A4, C, A,), (A, Ay, C), and (C, Ay, A) are
admissible triples of subcategories of D, and with the duality fizing A and C and exzchanging
Ay and A,.
(a) Then there are duality-preserving equivalences (C,A) ~ C x A and A[l]~ D/(C, A).
(b) There is a natural long ezact sequence of Witt groups

Wl 5 WY(D/A) WAL Whe - WH(D/A) —» WA -
which can be extended to Grothendieck-Witt groups

GW"'C » GW"Y(D/A) -2 GW"A -5 WnC — W' (DJA) » WA -

(¢) The maps marked p come from a composition of duality-preserving functors D/ A —
D/(C,A) ~ A[l] where the functor component of the first arrow is naturally equivalent to
the right adjoint 4, : (Ag, C) = (Ag, C)/C ~ Ay of the inclusion Ay — (Ay, C).

Proof. (a) We have assumed that (A, A, C) and (C, A,, A) are admissible triples of subcat-
egories of D, so we have A | C and C 1 A. Tt follows that there is a duality-preserving
equivalence (C,A) ~ C x A.



16 CHARLES WALTER

Next let B, By, and B, be the essential images of A, Ay, and A, in D/C. Since C
and A are fixed by the duality on D, the duality descends to D/C where it fixes B =
(C,A)/C. Therefore B C D/C is a thick invariant subcategory of a triangulated category
with duality, while (By, B,), (B, By), and (B,,B) are admissible pairs of subcategories
of D/C by Proposition 2.4. So by Theorem 5.5 we have a duality-preserving equivalence
B[l] ~ (D/C)/B. But since we have B = (C, A)/C, there is an identification (D/C)/B =
D/(C,A), and on the other hand we have A ~ B by Proposition 2.4. Together this gives a
duality-preserving equivalence A[l] ~ D/(C, A).

(b) Apply the Localization Theorem 2.1 to (C, A)/A — D/A - D/(C,A) while taking
into account the duality-preserving equivalences C ~ (C, A)/A and D/(C, A) ~ A[1].

(c) Since (A, Ay, C) is an admissible triple of subcategories of D, the quotient functor
D/A — D/(C, A) is naturally equivalent to (A,,C) — (A;, C)/C ~ Ay, and this is the
right adjoint of the inclusion Ay — (Ay, C) according to Propositions 5.1 and 2.3. O

We investigate further the exact sequences of Theorem 5.6.

Proposition 5.7. Suppose that in the situation of Theorem 5.6 there exist exact functors
f,9,h : A — D and morphisms of exact functors i, j, k, «, B, n, v as in Lemma 5.3 such
that for allY € A one has fY € (Ay,C) and gY € (C, A,), and that there are a duality-
preserving functor (¢,() : A — C and functorial isomorphisms hY =Y @ c¢Y in D which
identify the morphisms ny : h(Y™*) = (hY)* with (1’6* C(;) Y c(Y*)2Y* @ (cY)*.

(a) Then the connecting map 0 : W"A — W™C of the long exact sequence of Theorem 5.6
is the same as the map induced by (c,(), while the map @ : GW™ A — W™C is the composition
of the former map with the natural map GW"A — W"A.

(b) If we have (c,() =20, then the long exact sequences of Theorem 5.6 decompose into short
ezact sequences 0 — W"C — W"(D/A) S WA — 0 and GW"C — GW"(D/A) S
GW™ 1A — 0 in which the surjections are split by sections induced by the duality-preserving
functor (g[—1],v) : A[1] = D/A of Lemma 5.3.

Proof. The long exact sequences of Theorem 5.6 are localization sequences in which one has
made certain identifications using isomorphisms GW" 1A =~ GW"(D/(C, A)) and W"T' A =
W™(D/(C,A)) coming from duality-preserving equivalences which are the compositions of
the natural equivalences A ~ B with equivalences (£1g[—1],\) : B ~ D/(C, A)[—1] com-
ing from Theorem 5.5. The latter equivalences make use of a left adjoint of the inclusion
1B < D/C, and we are free to specify this left adjoint as we wish because any two left ad-
joints of the same functor are canonically isomorphic, and the duality-preserving equivalences
they determine are then canonically isomorphic and so induce the same maps of triangulated
Grothendieck-Witt and Witt groups (cf. [7] Lemma 4.1(b), [27] Proposition 2.1). Thus the
identifications of Grothendieck-Witt and of Witt groups used in Theorem 5.6 do not depend
on the choice of a particular left adjoint /. 5.
Now £ig : D/C — 1B is characterized by there being exact triangles in D/C

ELBY[—l] — TBJ_Y — Y —ligY
which are functorial in Y € B and such that rg.Y € B+ and £.gY € ‘B for all Y. The
exact triangles in D
o[- 1y oy 2 gy
are functorial in Y € A ~ B, and when one passes to the quotient category D/C one
has natural isomorphisms hY = Y as well as having fY € (A,,C)/C = B+ and gY €
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(C,A,)/C = +B. Hence we may let the left adjoint 15 be the composition
B~ A% (C,A)~ (C,A,)/C ="'B.

So the isomorphisms GW"A = GW" }(D/(C,A)) and W"A = W~ }{(D/(C,A)) used
in constructing the long exact sequences of Theorem 5.6 are the same as the isomorphisms
induced by the duality-preserving equivalences (g[—1],7v) : A ~ D/(C, A) [—1] where we set
vy = ay o k(Y™*) as in Lemma 5.3.

(a) The connecting map 0 : W"(A) — W"(C) of Theorem 5.6(b) is really a composition

wna W= -y p e, Ay L wr((c, A)/A) S wre

with d the connecting map of a localization sequence. By Lemma, 5.3 the composition of the
first two maps is the map induced by the duality-preserving functor (h,n) : A — (C, A)/A.
The third map is induced by the duality-preserving equivalence (C, A)/A ~ C, so the com-
position of all the maps is the same as the map induced by the summand (¢,() : A — C of
(h,n). The assertion for Grothendieck-Witt groups also follows from Lemma 5.3.

(b) According to the construction of Lemma 5.3 each -y is an arrow in D whose mapping
cone is isomorphic to AY. Under the hypotheses of part (b) we have hY € A for all Y, so
the 7y are isomorphisms already in D/A and not ounly in D/(C,A). It follows that our
duality-preserving equivalence has a factorization by duality-preserving functors

A0, DA [-1] - D/(C, A) -1
as asserted by the proposition. This then implies that the duality-preserving functor (g[—1],~)
is a section up to isomorphism of the composition D/A[-1] - D/(C, A)[-1] < A which
induces the maps GW"~}{(D/A) - GW"A and W" }(D/A) — W"A in the long exact
sequences of Theorem 5.6. So the long exact sequences decompose into short exact sequences
whose surjections are split by maps induced by (g[—1],7)- O

In this paper we do not extend the long exact sequence to the left beyond Grothendieck-
Witt groups into higher quadratic K-theory, so we cannot use the categorical splitting of
Proposition 5.7(b) to deduce that the maps GW"C — GW"(D/A) are injective. But we
have an ad-hoc method to show the injectivity.

Proposition 5.8. Suppose that the hypotheses of Theorem 5.6 and Proposition 5.7(b) hold,
and that C has an admissible triple of subcategories (Ey, F, E,) with E, and E, exchanged
by the duality such that the natural duality-preserving functor F — D /A induces an injection
GW"F — GW™(D/A). Then the split short exact sequence of Grothendieck-Witt groups of
Proposition 5.7(b) is 0 - GW"C — GW"(D/A) S GW"T1A — 0.

Proof. The forgetful maps GW™ — K are functorial, so we have a commutative diagram

(13) GW"C —“— GW"(D/A)

| J

K,C —— Ky(D/A),

in which the map c is injective by Theorem 2.6 because (C, A,, A) is an admissible triple of
subcategories of D, and so (C, A,) is an admissible pair of subcategories of (C, A,) ~ D/A.
The kernel of a : GW"C — GW"(D/A) is therefore contained in the kernel of the forgetful
map b : GW"C — KyC. By Theorem 2.5(c) the kernel of b is the same as the kernel of



18 CHARLES WALTER

the forgetful map GW"F — KyF. So the kernel of GW"C — GW"(D/A) is contained in
GW™F and thus in the kernel of GW"F — GW"(D/A). By hypothesis this last map is
injective. So GW"C — GW™(D/A) is also injective, which is what we had to show. O

When F = 0 the previous proposition can be simplified because the hypotheses of Propo-
sition 5.7(b) hold automatically.

Corollary 5.9. If in the situation of Theorem 5.6 the category C has an admissible pair
of subcategories (Ey, E,.) which are exchanged by the duality, then the long exact sequences
of Theorem 5.6 decompose into isomorphisms W"(D/A) = W"*t'A and split short ezact
sequences 0 — GW"C — GW"(D/A) S GW" A — 0. The maps WA — W*(D/A)
and GW" A - GW™(D/A) come from a duality-preserving functor e, ,a)[—1],7)-

Proof. Because W"C = 0 by the Additivity Theorem 2.5(b), the long exact sequence of
Witt groups of Theorem 5.6 yields W"(D/A) = W"tL A. Since D has an admissible pair of
subcategories ((Ay, Ey), (E,, A,)) which are exchanged by the duality, one is in the situation
of Lemma 5.3 with g[-1] — f — h — g given by the triangle (g, a,)[-1] = ™a,,E,) —
1p = g, a,) of Proposition 2.3(b), with o and § created by Exercise 5.4, and with n = 1.
Since h = 1p we are in the situation of Proposition 5.7(b), and the admissible triple of
subcategories (Ey,0, E,) of C puts us in the situation of Proposition 5.8. So we have split
exact sequences 0 — GW"C — GW"(D/A) S GW" A — 0, with the surjection split by
((e,,a,)[—1],7). Anexplicit splitting of the injection may be read off of diagram (13) because
the maps b and c of that diagram are split injective by the Additivity Theorems 2.5(b) and
2.6. O

A (TRA4+) triangulated category with duality satisfying the conditions of the next propo-
sition satisfies the hypotheses of Theorem 5.6.

Proposition 5.10. Let (Ay,C, A;) be an admissible triple of subcategories of a triangulated
category D with a duality which exchanges Ay and A,. Suppose that

(i) the quotient functor Q, : D — D/{Ay,C) ~ A, has a left adjoint F : A, — D such
that the unit 1o, — QrF of the adjunction is an isomorphism,

(ii) the quotient functor Qp: D — D/(C, A,) ~ Ay has a right adjoint G : Ay — D such
that the counit QG — 14, of the adjunction is an isomorphism, and

(iii) the essential images of F' and of G are the same subcategory A C D.

Then A and C are fized by the duality, and (A, Ay,C) and (C,A,, A) are admissible
triples of subcategories of D.

Proof. The unit 14, — Q,F of the adjunction is an isomorphism, so F' is fully faithful
(MacLane [22] Chap. IV, §3, Theorem 1), and therefore it factors as an equivalence followed
by the inclusion of its essential image A, ~ A < D. Since F' has a right adjoint @Q,, the
inclusion A < D has a right adjoint, and so (A, A1) is an admissible pair of subcategories
D by Proposition 2.3(c). Now Y € At = F(A,)" is equivalent to Q,Y = 0. Since Q,
is the quotient by a thick subcategory, this is equivalent to Y € (A, C). Thus we have
At =(A,,C), and so (A, (Ay, C)) is an admissible pair of subcategories of D. In particular,
we have (A, Ay,C) =D, and A 1 A;and A L C. Since (Ay,C, A,) is an admissible triple
of subcategories, we also have A; L C. So (A, Ay, C) is an admissible triple of subcategories
of D.

A dual argument shows that (C, A,, A) is also an admissible triple of subcategories of D.
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By (4) we have C = A} N1A, and A = YA,,C) = (C,A,)". So a duality which
exchanges Ay and A, fixes C and A. O

Finally we give a method for applying this theory to categories which may not be con-
structed as quotient categories.

Proposition 5.11. Let D, (A;,C, A;), and A be as in Theorem 5.6. Let D — D' be a
duality-preserving functor of triangulated categories with duality such that the composition
(Ay,C) — D — D' is an equivalence of categories and the composition A — D — D'
vanishes. Then the induced D/A — D' is a duality-preserving equivalence.

Proof. Since A C D is a thick invariant subcategory such that the composition A — D — D’
vanishes, the last duality-preserving functor factors uniquely through the quotient map D —
D/A — D'. Moreover, the composition of the three functors (A;,C) — D - D/A — D’
is an equivalence of categories by hypothesis, and the composition of the first two functors
is an equivalence of categories by Proposition 5.1 because (A, (A, C)) is an admissible pair
of subcategories of D. So D/A — D' is an equivalence of categories, and D/A — D' is a
duality-preserving equivalence. O

6. SHEAVES OF MODULES OVER THE EXTERIOR ALGEBRA

Before applying the methods of the previous section to derived categories of linear com-
plexes, we need additional analysis of categories of linear complexes. In particular we need
to calculate certain adjoint functors explicitly. A convenient way of doint this is to use the
identification of linear complexes with modules over the exterior algebra. This identification
goes back at least to Bernstein-Gelfand-Gelfand [9].

Let s=r+1=rkF, and let A = @;_, A’F" be the sheaf of exterior algebras over Ox
generated by FV. It is a sheaf of graded algebras; the summand A*FV is of degree i. We will
write A-VB for the category of sheaves of graded left A-modules M = @, ., M; such that
the graded pieces M; are all vector bundles on X. The full subcategory of graded modules
such that M; = 0 for ¢ ¢ [a,b] will be denoted A-VBI*¥. There are projection functors
platl - A-VB — A-VBI® given by plabtl = @?:a M;. Given a sheaf of graded A-modules
M = @,z M;, the same module with a shifted grading will be written M{n} = @, Mijn.
The following result is well known.

Theorem 6.1. There are isomorphisms of categories A-VB =2 LC and A-VBl® = L,Clab],

Proof. To a linear complex

(14) A% T A @ 0p(—1) S A ® Op —L AL @ Op(1) — - -

of vector bundles on P one associates the sheaf A := ,., A; of graded Ox-modules. The
coboundaries 7*A;®0p(i) — 7*A;11Q90p(i+1) correspond via twisting, the 7*-m, adjunction,
and the projection formula 7, (7*A;11 ® Op(1)) =2 A;y1 ® F to morphisms A; — A1 ® F of
sheaves of O x-modules. One has dod = 0 if and only if the composition of A; = A;11 @ F —
Air2® F® F with the map induced by the projection F ® F —» S?F vanishes. This condition
is equivalent to having the image of A; lie in A;;9 ® A’F C A;12 ® F ® F, and thus to
having the maps A; — A;y1 ® F make A into a sheaf of graded comodules over the exterior
coalgebra @ A*F. Since F is locally free of finite rank, this is equivalent to having the dual
maps FV ® A; — A;y1 make A into a sheaf of graded modules over the exterior algebra
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A = @ A'FV. This correspondence is functorial and invertible, so we have an isomorphism of
categories LC = A-VB. It induces an isomorphism of subcategories LCI*? =~ A-VBI&¥ [

We now begin a long series of lemmas needed for the proofs of Theorems 1.2, 1.4, and 1.5.

Lemma 6.2. (a) The functor gr, : A-VB — VBx defined by gr, (P, Ai) := An has a left
adjoint free,, and a right adjoint cofree,,.

(b) For n € [a,b] the functor gr, : A-VBI®¥ — VBx has a left adjoint plo?] o free, and a
right adjoint p[a’b] o cofree,,.

(c) There are natural isomorphisms free,(G) = cofree,1s(G ® det FV).

Proof. (a) For R — S a morphism of rings the restriction-of-scalars functor from left S-
modules to left R-modules has a left adjoint M — S ®r M and a right adjoint M —
Hompg(S, M). An analogous calculation shows that gr, : A-VB — VBx has left and right
adjoints free, § := A ®9, §{—n} and cofree,, § := Homgo, (A, G) {—n} respectively. Part (b)
is proven similarly

(c) The multiplication maps AS*FY x A*FV — A*FV = det FV are perfect pairings and
the resulting isomorphisms A'FV = Home, (A*"°FY, det FV) can be organized into an iso-
morphism A = Home, (A, det FV){—s} of left A-modules. Tensoring with G and shifting by
n gives the isomorphism free,, § = cofree, 1 s(§ ® det FV). O

We are interested in the unsigned duality on LCla] sending the linear complex

0= 1A, ® Op(a) %~ 1A, ® Op(b) — 0

to the linear complex

0 — 7 Home,, (Ap,det F¥) @ Op(a) &y Home, (Aa,det F¥) ® Op(b) — 0
with the natural unsigned biduality maps. We are also interested in dualities obtained from
this one by twisting by a line bundle L on X and by shifting.

The functor on A-VB corresponding to the above duality functor should send A to A° :=
Home, (A, det FV){—a — b}, except that this last object is naturally a right A-module rather
than a left A-module. But in the proof of Theorem 6.1 the coboundaries in the linear complex
were encoded as the action of the linear part F¥ C A on the sheaf of graded modules. So we
want to give A” a left A-module structure such that the action of the linear part F¥ C A is
the same as the action of FV C A° in the natural right module structure. This can be done
by factoring the action of A through the unique graded involution ¢ : A — A°P whose linear
part is 1: F¥ — FV. In degree d this involution is (—1)L4/2) : AFV — AYFV. Thus we equip
A’ = Homg, (A, det FV){—a — b} with the left module structure such that for an affine open
subset U C X and for z € A°FY(U) and ¢ € Homg () (Ai(U),det FY(U)) the product z¢ €
Home 1) (Ai—a(U), det F¥(U)) sends a € A;_q(U) to z¢(a) = ¢(1(z)a) = (—1)\2 §(za).

The biduality maps wp 4 : A = A" are the standard evaluation maps.

We now let b =a+ s =a+r+ 1, and we equip VB x with the standard duality twisted
by a line bundle L on X.

Lemma 6.3. For any a € Z and any line bundle L on X there are natural isomorphisms
ne : freeq(EY ® L) 2 free, ()’ ® L such that

(15) (freeq,n) : (VBx,"Y ® L, (-1)/2wx) - (A-VBI*+ P @ I, )

is a duality-preserving functor.
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Proof. We treat only the case a = 0 and L = Oy, the general case being essentially the same
except for notation. Let tr : A — A®FY{—s} denote the projection onto the graded piece
of degree s. Since the multiplication maps A'FY x AS7'FY — ASFV = det FV are perfect
pairings, the map 77: A — A’ = Homg, (A, det FV{—s}) given by =+ (y > tr(s(z)y)) is an
isomorphism. Tensoring with £V gives the asserted natural isomorphisms 7¢ : freeg(€Y) =
freeg (€)”.

We now need to show that the diagram (cf. [7] §4 (15)) characterizing duality-preserving
functors

freey & ——— (freeq €)”

(~1te/?] WXJ ans

freeg £V — (freeg V)P

commutes. But this diagram is the componentwise tensor product of the two squares

A 225 Home, (Home,, (A, det FV{—s}),det FV{—s}) e X, ew

(_1)LS/2J[ an wxl f
1

A ! Homey (A, det FY{—s}) gV —— gV

and the righthand square obviously commutes. The top map of the lefthand square sends
z — (¥ + 1(x)), while the right map is the dual of y — (2 — tr(¢(y)z)) = y. Their
composition is z — (y — 9y(z)) = (y — tr(c(y)z)). The left and bottom maps of the
lefthand square send z +— (y — (—1)L/2! tr(s(z)y)). Since ¢ is an anti-involution which acts
by (—1)!%/2 in degree s, we have (—1)15/2l4(z)y = 1(.(z)y) = ¢(y)z. This completes the proof.
Note that the sign (—1)1%/2] comes from the action of the involution on the “socle” of A. [

Lemma 6.3 has the following consequence.

Lemma 6.4. Suppose that r +1 = s = 2p is even, and let ¢ : APFV x APFV — det FV
be the (—1)?-symmetric bilinear form defined by the product. Then the composition of the
duality-preserving functor (freeq,n) of Lemma 6.3 with gr,., : (A—VB[“"HQ”],I7 ® L,wp) —
(VBx," ® L®det FV,wx) is the duality-preserving functor denoted

-® (APFV’(_l)LP/2J¢)

(VBx,V®L,(—1)pr) >(VBX,V®L®detFV,wX)
and consisting of the exact functor — @ APFV on VBx plus the isomorphisms

v PV 1®(_1)LP/ZJ$ v PV VY ~ p VYV v
EVQLIANF ————— &' @ LoHomo, (A’FY,det F¥) = (EQA’FY)Y @ Lo det F

where §(z)(y) = $(z,y) = zy.

This duality-preserving functor induces the operation —® (A?FV, (—1)1P/2/ $) on symmetric
objects, whence the notation.

Proof. As in the previous lemma is is enough if we treat the case a = 0, L = Ox and
€ = Ox. Then the composite functor gr, freep sends Ox — A — APFV, while the composite
isomorphism gr, freep(0Y) = grp(freeo(OX)l’) = Homoy (gr, freeg(Ox),det FV) is the map
APFY = Home, (APFY,det FV) given by z — (y — u(z)y). But z is of degree p in the
exterior algebra, so we have (z)y = (—1)?/2 zy. O
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Let T4t : DP(A-VBI4**ts]) 5 DP(A-VBI®9+5]) be the unsigned translation which trans-
lates a chain complex a + s places to the left without changing the sign of the coboundary.
Since the usual signed translation of chain complexes X +— X[—s] translates a complex —s
places to the left while changing the sign of the coboundary by (—1)~%, there are natural
(unsigned) identifications T9F5(X"[—s]) = (T%5X)"[2a + s] which combine with the functor
to give an isomorphism of triangulated categories with duality
(16) (DP(A-VBIBts)) P @ L[ 5], wy) = (DP(A-VBIS¢s) * © L[2a + 5], w,).

The biduality maps are not multiplied by (—1)%"* as they would be for the usual signed
translation.

Lemma 6.5. There is a natural isomorphism of triangulated categories with duality
17)  (DP(A-VBIE+)) * @ [[2a + 5], wp) = (DP(LC**)), ! @ 7* (L @ det FV), wrc).

Proof. The isomorphism of exact categories of Theorem 6.1 extends to the derived categories
and induces an isomorphism of triangulated categories with duality

(DP(A-VBI®**3) * @ L[2a + 5], w, ) = (DP(LC**)) > @ 7*L[2a + 5], wic)

where we use the duality on the second category which corresponds to the duality on the
first category under the isomorphism. This duality functor on the second category sends a
double complex E € Ch®(LCl%**4]) as in (7) to a double complex E” ® n*L[2a + s] which is
essentially a twisted version Ef® 7*(L®det F) of (8) except that the vertical and horizontal
coboundaries are dy and (—1)?*%d) instead of (—1)**°dy = (—1)?**5d) and d). There are
functorial isomorphisms pg : E* ® L[2a + s] = E' @ n*(L ® det F) which are given by
(—1)@a+5)(+3) on the bigraded piece of the double complex of bidegree (i, 7). The signs are
invariant under the action (¢,j) — (2a + s — 4,—2a — s — j) of the duality on the double
grading, and so we have Lps g 10015 = u% ® (L ® det FV). Tt now follows easily that

1 >~
(Db(LC[a"H'S]),I’ ® " L[2a + S],WLC) % (Db(Lc[a,a+s})ah ® (L @ det FV),WLC)

is a duality-preserving functor because the required diagram commutes (cf. [7] §4 (15)), and
(1, 44) is an isomorphism because it has a strict inverse (1, z~1). This completes the proof. [

Lemma 6.6. For any line bundle L on X and any a € Z there is a duality-preserving functor
(D*(VBx)," ® L ® det F,wx)[~s] — (D*(LCI****))} @ n* L, wrc)
whose functor component is T% o free, : DP(VBx) — DP(LCl®a+sl),
Proof. From the definition of shifted dualities in §2 above we have
(DP(VBx)," ® L®det F,1,wx)[~s] = (D’(VBx)," ® L ® det F[—s], (~1)[=9/2mx).

Since (—1)[(=9)/21 = (—1)l/2] the composition of the duality-preserving functors (15)(16)(17)
of Lemmas 6.3 and 6.5 is a duality-preserving functor from this triangulated category with
duality to (Db(LC[a’a"""’]),h ® m* L, wrc) whose functor component is 1 o T4 o free,. O

Lemma 6.7. The following composition vanishes

a+S o fr
DP(VBy) 1o e, pb(p,claatsly To pbypgp).
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Proof. The composition of the functors is given by § — T%H7*G ®@, Tot free,(Ox), so it
is enough to show that Tot free,(Ox) =2 0 in the derived category. But that is equivalent to
Tot free, (O x) being acyclic, which can be checked locally. So choose a y € P, let x = 7(y) €
X, replace X by the spectrum of the local ring Ox 4, and choose a basis of the free module
F, = Og(":wl This basis may be identified with a basis tg,t1,..., %, of the linear forms on the
relative projective space P(F;) — Spec Ox 4. the complex Tot free, (O x) is obtained from the
globalized Koszul cohomology complex

0= 0p Lot s BV @ Op(1) = - = ATHFY @ Op(r + 1) — 0

by twisting by Op(a) and shifting. At any point of 77 !(z) at least one of the ¢; locally
invertible, and the Koszul complex of a sequence containing an invertible element is acyclic.
Therefore Tot free,(Ox) is acyclic everywhere, and the lemma is proven. O

7. PROOFS OF THEOREMS 1.2, 1.4, AND 1.5
In this section we prove Theorems 1.2, 1.4, and 1.5.

Proof of Theorem 1.2. Let D = (DP(LCI""19) ¢t @ n*L, 1, wrc). It is a (TR4+) triangu-
lated category with a twist of the duality of (8). By Corollary 3.5 it has a triple of admissible
subcategories

Ay = Db(LC[Oyo]), C = Db(LC[_T,—l])’ A, = Db(Lc[—T—l,—r—l])’

with Ay and A, exchanged by the duality. The projection gr ., ; : D — C/(Ay,C) =~
A, has a left adjoint free_,_ 1 according to Lemma 6.2(b), and the unit of the adjunction
is an isomorphism 14, = gr_,._,free_,_;. Similarly, gry : D — C/(A,,D) ~ Ay has a
right adjoint cofreeg, and the counit of the adjunction is an isomorphism gry cofreeg = 14,.
The essential images of free , 1 and cofreey are the same subcategory A C D by Lemma
6.2(c). So Proposition 5.10 applies, and therefore the hypotheses of Theorem 5.6 hold: A
and C are fixed by the duality, and (A, C, A,), (A, Ay,C), and (C, A,, A) are admissible
triples of subcategories of D. Moreover, C' has an admissible pair of subcategories E, =
Db(LC[_T/Z’_l]) and E, = Db(LC[_T’_(r/Q)_l]) which are exchanged by the duality. So by
Corollary 5.9 we have isomorphisms W"(D/A) = W™t A, and split short exact sequences
0 — GW"C - GW"(D/A) S GW"A — 0.

The triangulated subcategory with duality A is the essential image of the duality-preserving
functor of Lemma 6.6 (with a = —s = —r — 1) whose functor component free_,_; is fully
faithful because it has a right adjoint gr_,._; such that the unit of the adjunction is an
isomorphism 1 = gr_,_; free_,_; (MacLane [22] Chap. IV, §3, Theorem 1). This gives us a
duality-preserving equivalence (D*(VBx)," ® L ® det F,wx)[-r — 1] ~ A. So Lemma 6.6
gives us natural isomorphisms GW"t1(A) = GW™"(X,L ® det F) and similarly for Witt
groups. By periodicity modulo 2 in the line bundle argument this is naturally isomorphic to
GW" "(X,L ® det FV) (and similarly for Witt groups). Indeed one would end up directly
with the latter group if one replaced free_,_; by cofreey in the above argument.

Now let D' = (D*(VBp),V@1*L®Op(—r—1),wp). By Proposition 3.3 we have a duality-
preserving functor D — D’. The subcategory A is in the kernel of the functor by Lemma,
6.7, and the composition (Ay, C) = D>(LCI="Y) < D — DP(VBp) is an equivalence by
Theorem 3.2. So by Proposition 5.11 the induced functor D/A — D' is a duality-preserving
equivalence. So we have natural isomorphisms of Grothendieck-Witt groups GW™(D/A) =
GW™(P,m*L ® Op(—r — 1)) and similar isomorphisms for Witt groups.



24 CHARLES WALTER

By Corollary 3.5 C has an admissible r-tuple (D?(LCI171), ... DP(LC™]) of sub-
categories permuted by the duality and each equivalent to DP(VBx). So the Additivity
Theorem 2.5(b) gives isomorphisms GW"C = Ky(X)™/2.

Therefore the split short exact sequences of Corollary 5.9 may be written as

Q
0 — Ko(X)/2 -2 GWn(P,7* L ® Op(—r — 1)) &= GW" (X, L ® det F¥) —— 0

T x

The map H sends ([E1], ..., [€,/]) = L1 [H(T* € © Op(—i))].

By Theorem 5.6(c) the map 7, comes from a duality-preserving functor whose functor
component is essentially the right adjoint of the inclusion Ay < (Ay, C). This inclusion can
be identified with 7* : D*(VBx) — DP(VBp), whose right adjoint is the derived direct image
R, : D’(VBp) — D?(VBx). So the map , is a sort of direct image map. (Before calling
it the direct image one should check that the natural transformation part of the duality-
preserving functor inducing 7, corresponds to the isomorphisms of Grothendieck duality.)

The map 2 is induced by the composition of duality-preserving functors

ey, an[—1

DP(VBy," ® L ® det FV)[—r] <20, A[1] A D/A ~D"(VBp," @ n*L)
Now as is well known for the Koszul complex cofreeg(Ox)

0= A" (7' F) @ Op(—r — 1) d’i) &W*F(g)op(—l) 4, Op—0

the kernel of d; is the relative cotangent bundle p, x, and the kernel of d; is its i-th exterior

power €)%, /x- Since U, A,)[—1] o cofreeg(Ox) is the truncated complex

d,
0= AT (" F) @ Op(—r — 1) Lt oo D22 Ar24 (0 ) @ Op(—1/2 — 1) — 0

shifted into cochain degrees between —r and —r/2, the composition sends Ox — Q;D//QX [r/2].
r/2

The exterior product defines a nonsingular (—1)"/“-symmetric form Q;//2X X 971«9//2)( — Wp/x
r/2

P/X[T/Q], w] € GW"(P,wp,x)- The map labeled €2 above is thus
[E, 9] — [[Q;//ZX [r/2]@7*E,w®n*¢], which is e — Q-7*e using the product of Gille-Nenashev

[17] adapted to Grothendieck-Witt groups.
The inverse isomorphisms 7, and {2 between Witt groups are defined similarly. O

giving a natural class Q = [

Proof of Theorem 1.4. Write p = (r +1)/2, let D = Db(LC[_P’p],h ® 7*L,1,wyc) using the
duality of Proposition 3.3, and let

Ay = Db(LC[p’p]), C = Db(Lc[*(pfl),pfl])’ A, = Db(Lc[fp,fp})'

As in the proof of Theorem 1.2 just above the essential images of cofree, and free_, are the
same subcategory A C D, and these categories satisfy the hypotheses of Theorem 5.6. So
Theorem 5.6 gives us a long exact sequence

GW"C - GW™(D/A) L GW A -2, wrtle —» Wt (D/A) —» WA — .-

and a similar sequence for Witt groups. As in the proof of Theorem 1.2 we may identify
GW™1IA = GW" " (X,L ®det FV) and GW"(D/A) = GW"(P,n*L) and p = 7,. Similar
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identifications hold for Witt groups. As in Theorem 1.1 we may identify
p—1
GWnC = GW"(DY(LC),f @ 7*L) x | [ Ko(DP(LCH)) = GW™(X, L) x Ko(X) ™!
i=1
and W"C = W"(X, L), and the map 4 has the same formula as in Theorem 1.1. Substituting
these identifications the long exact sequence gives everything except the formula for 6.
Earlier we equipped M := @j_ ,A"*?F" with the nonsingular (—1)?-symmetric bilin-
ear form 9 : M x M — det FV given by 1 (z,y) = tr(c(z)y). The restriction to degree
0 is (—1)Lp/2J¢ : APFY x APFY — det FV where ¢(z,y) = xy. The submodule 8; :=
@!_, A"tPFY C M has a natural epimorphism onto the degree 0 piece A’FV. Combining the
inclusion and the epimorphism gives an embedding 8; — (M, %) L (A?FY,(-1) Lo/ 2J_1¢) as a
degreewise split lagrangian submodule. The cokernel is isomorphic to Q; := ng o AHPEY.
These generate a commutative diagram with exact rows in Db(A—VB[*p’p])

k J

Qp[—1] e y 81 : s M@ APFY Q
0
ﬂ[—l]l: aJ: (1(’[; (1)L"/2J1¢>J: ,BJ:
Sli[_l] .......... kb[l] ......... N QI?L >—|,> Mb o (ApFV)b " 5 Sli
— J 7

where ” is as in Lemma 6.3.
Now free_, and gr_, give adjoint equivalences DP(VBx) ~ A, and thus for any § € A

there are natural isomorphisms § = free_,gr_,§ = (gr_ p9) ®o, M. Hence if we set

fG = (gr_,9) ®ox 81, hSG == (gr_,9) ®ox M@ APFY),

99 := (gr_,9) ®ox 91, G = (gr_,9) ®ox A’FY,
then tensoring the first line of the above diagram by gr_,5 gives us an exact triangle of
exact functors g[—-1] - f — h — ¢ as in Lemma 5.3 with A§ =2 §& ¢§ and ¢§ € C as
in Proposition 5.7. Tensoring the entire diagram above by (gr_,9)" ® L gives the diagram
(9) of the same lemma with in addition (h,7) =2 1 & (¢,({) as in Proposition 5.7. So by
Proposition 5.7(a) the coboundary 0 : W"A — W"C in the long exact sequence of Witt
groups is the morphism induced by the duality-preserving functor (c,¢) which is multiplica-
tion by [APFY,(—1)l?/2l=1¢] € W?’(X,det FV). A calculation using dual local bases of F
and FV shows that this corresponds under the periodicity isomorphism W?2°(X,det FV) &
W?P(X,det F) to multiplication by the class © = [APF, (—1)#/2]=14] where u : APF x APF —
det F' is the multiplication map. The map GW"(A) — W"(C) is the composition of the nat-
ural surjection GW™(A) - W™(A) with the map on Witt groups according to Proposition
5.7(a). O

Proof of Theorem 1.5. By hypothesis we have © = 0, so we also have [A?FV, (-1)lP/2lg] =0
in W20(X,det FV). Therefore there exists a vector bundle with a nonsingular (det F)-twisted
(—1)P-symmetric bilinear form with a lagrangian subbundle 83 C (N, o) such that there is
also a Lagrangian subbundle 83 C (A?FV, (—1)l?/21¢) L (N, o). Tt follows the acyclic complex
C=(+—>0—>8 -N—->N/8 — 0 — ---) of vector bundles on X with a nondegenerate
(—1)P-symmetric bilinear form 7 : € 2 €” induced by o which we view as a complex of graded
A-modules concentrated in degree 0 and on which the positive-degree part of A acts trivially,
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and such that if we equip P := 83 & @, APFV with its natural structure as a graded
A-submodule of M&N = P! o AFPEY @ @?:0 N, then we obtain a lagrangian subcomplex
X c M) L(€r)

Mae 0 8o MaeN——N/8 0
If we now set
fS§:= (gr_,9) Qo X, hG == (gr,9) ®ox (M @ C),
95 := (gr_,9) ®ox (M & €)/X, ¢§:= (gr-59) ®ox &,

we find that we are in the situation of Proposition 5.7(b) with (¢, ¢) = 0 and (h,n) = 1 because
€ is acyclic and gr_,§ ®9, M = G for § € A. Hence the long exact sequences decompose
into short exact sequences as in Proposition 5.7(b) with the splittings induced by the duality-
preserving functor (g[—1],7) : A[1] = D/A. Translating this into Grothendieck-Witt groups
of schemes, we have short exact sequences

K \P
0 —— W™X,L) —— WP, n*L) —— W" "(X,L®det F¥) —— 0,

T x

* JH hg
GWn(X, L) x Ko(X)? 1 L2 qwn(Pa*L) = GW™ (X, L @ det FY) —— 0,
T x
with the splittings ¥ of the surjections 7, of the form e — 7*e- ¥ with ¥ € GW" (P, * det F)
of the form [((M&C)/P)®det F, 1] or the corresponding Witt class. If 83 is a split Lagrangian
with Lagrangian complement 8§ ® det F'V (which can be arranged), then ¥ is the class of a
(—1)P~l-symmetric short complex

0— Q?D/X(p) & 7 (82 @ det F) T*8Y 0

l J

00— 7" (83®@det F) ———— Qg;(p) @ 1 ((N/82) ® det F') — 0

in the Grothendieck-Witt group or Witt group of short complexes. (See [27] §7 for an expo-
sition of such groups in this framework.)

Finally according to Proposition 5.8, the map GW™(X, L) x Ko(X)?~! — GW™(P,n*L)
is injective if the component 7* : GW™(X,L) —» GW"™(P,n*L) is. But we have seen that
m(m*e - ¥) = e for any e € GW™(X, L) for any n and L. So 7* is injective. O

8. THE RING STRUCTURE OF W'*(P% )

In this section we investigate the ring structure of W**(P".). The first thing we need is
a simple, usable sufficient condition for the exact sequence (1) to split. The exact sequence
occurs when F is of even rank 2p over X, and it splits when © = 0 where © € W2/(X, det F)
is the Witt class of the nonsingular (—1)”-symmetric bilinear form u : A’F x A°’F — A?PF =
det F' defined by the exterior product.

Proposition 8.1. If F' has a quotient bundle of odd rank, then we have © = 0.
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Proof. By hypothesis there is an exact sequence 0 - G — F — H — 0 of vector bundles
with G and H of odd rank. Let rk G = 2s — 1. Then we have a descending filtration

APFZU()DU13"'DU25713U25:0

where each Uj; is the image of A°‘G ® AP ~*F — APF under the exterior product map. Local
calculations show that each U; is locally free and that U = Uss—;. So Us C (APF,u) is a
Lagrangian subbundle, and we have © = 0. O

Geometrically P(H) C IP(F) is a linear subbundle of even relative dimension over X. Since
quotient bundles of rank 1 correspond to global sections ([18] Proposition I11.7.12), we get the
following corollary.

Corollary 8.2. If 7 : P — X has a global section, then we have © = 0.

With direct images for Grothendieck-Witt and Witt groups, one can give an alternate proof
of Proposition 8.1. The composition P(H) < P(F) — X is a projective bundle with fibers of
even dimension 2¢, so by Theorem 1.2 the compositions of direct image maps

GW 2 (P(H),i* "L ® Wp(H)/X) LN GW™T(P(F),7* L ® wp(r))x) T GW™(X, L)

are split surjections. So the maps 7, are split surjections, and © = 0.
Now if either r is even or © = 0, then we have an isomorphism of graded W**(X)-modules

Wtot(P) o~ Wtot(X) @ Wtot(X) f

where £ is the image in the Witt group of either the € of Theorem 1.2 or the ¥ of Theorem
1.5. It is natural to ask whether £ - £ = 0 (Balmer [6] Proposition 5.1).

Theorem 8.3. If m : P — X has two disjoint sections, then we have & - € = 0 in the total
derived Witt ring.

This holds in particular if P is a trivial projective bundle P’ or if P = P(Fy® L' ® L") with
L' and L" line bundles on X, or if X is quasi-projective over an infinite field and r > dim X.
(In the last case there is a line bundle L on X such that EV ® L is generated by global
sections, so that by [19] Remark 6 a general morphism E — L®? is surjective outside a locus
of codimension tk(E) — rk(L®?) + 1 = r > dim X, i.e. is surjective everywhere.) The theorem
follows from the next proposition because the tensor product of two complexes with disjoint
homological support is acyclic.

Proposition 8.4. If s is a section of m : P — X, then the derived Witt class & has a
representative whose homological support is s(X).

Proof. The section corresponds to an exact sequence 0 - G — F — L — 0 of vector bundles
on X with L a line bundle ([18] Proposition I1.7.12). We first consider the special case
where the exact sequence is split and F' = G @ L. Then the globalized Koszul complex on
™ F ® Op(—1) = Op — 0 splits degreewise and is the mapping cone on a chain map

0 AN (T"G)RT*LROp(—r—1) 5+ 5 7*GRT LR Op(—2) > LR Op(—1) — 0

l l |

0 — A"(x*G) ® Op(—7) - TG ® Op(-1) Op 0

The mapping cone is acyclic, so the chain map is a quasi-isomorphism. We will callit z : P —
Pe7m*LY®0Op(1). The bottom line is the globalized Koszul complex on 7*G®Op(—1) — Op.
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Since F' is the vector bundle of “linear forms” on P = P(F'), and since G C F is the subbundle
of “linear forms” vanishing on s(X), the bottom line is a locally free resolution of O,(x). Since
we have a quasi-isomorphism, the top line is also a locally free resolution of O,(x). The chain
map z is multiplication by a “linear form” which does not vanish on s(X).

The bottom line is naturally symmetrically isomorphic to its shifted twisted dual. Combin-
ing this isomorphism with the quasi-isomorphism above gives a symmetric quasi-isomorphism
PP 5 PH=PV@7*det F ® Op(—r — 1)[r] between chain complexes with homological sup-
port s(X).

We claim that this symmetric quasi-isomorphism is a representative of the Witt class of &.
If r is even, this is done by algebraic surgery (see e.g. Ranicki [24] §1.5, or the exposition in
Walter [27] §5 (15)) along the inclusion oP < (P,) of the brutally truncated subcomplex
which is the same as P in chain degrees 0 to /2 — 1 and zero in all other degrees. The
righthand portion of the complexes obtained from the surgery breaks off by a homotopy
equivalence, and what remains is isomorphic to the truncation

0= AT (T F) @ Op(—r —1) = -+ = A" (*F) @ Op(—r/2 — 1) = 0
shifted into chain degrees r to /2. This is a locally free resolution of Q’I"J//ZX [r/2]. Thus our

original symmetric quasi-isomorphism may be transformed by algebraic surgery and quasi-

r/2

P/X

the Witt class, @ € W"(P,wp,x) has a representative with homological support s(X).
A similar surgery is done when 7 is odd.

If the exact sequence 0 - G — F — L — 0 does not split, then the globalized Koszul
complex X on m*F® Op(—1) — Op — 0 fits into an exact sequence 0 - PR 7*LY @Op(1) -
X — P[1] — 0, but there is no degreewise splitting, and the maps z and 1 above become
morphisms in the derived category rather than chain maps. However, the morphism v can be
defined as a fraction of chain maps P <= C(i)[—~1] = C(i)#[1] <~ P*, and one can modify the
argument above replacing P by the shifted mapping cone C(:)[—1]. We omit the details. [

isomorphisms into the (2, [r/2], w) of the proof of Theorem 1.2. Since this does not change

9. P! BUNDLES OVER THE PROJECTIVE PLANE

In this section we compute the Grothendieck-Witt groups of a P! bundle over the projective
plane IP’%.

The projective plane itself has eight derived Witt groups indexed by Z/4 x Pic(P") =
Z /4 x Z]2. Of these the “trivial” and “canonical” Witt groups are nonzero

pullback direct image
(7

(18) WO(P", Opr) W (k), W' (", Opr(—r — 1)) W(k) - ¢,

oY o

while the six W¢(P", Op+(t)) with (i,t) Z (0,0), (r, —r — 1) in Z/4 x Z /2 all vanish. The ring
structure is given by the product in W (k) plus the equation £ - £ = 0 of Theorem 8.3.

Let F be a rank 2 vector bundle on P2, and let w : P = P(F) — P? for the corresponding
P! bundle. Then Pic(P) = Z2, and we will use the notation Op(a,b) = 7*Op2(a) @ Op(b).
The scheme P has sixteen derived Witt groups, which we wish to compute.

We will need to make reference to the Chern classes ¢; and cp of F, which are integers
satisfying Op2(c1) = det F and x(P?, F) = (¢ + 3¢1)/2 + 2 — ¢» (Riemann-Roch, e.g. [20]
p. 154).
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Theorem 9.1. (a) If c; is even, then the four derived Witt groups W°(P,0p), W' (P,0p),
W?2(P,0p(-3,0)), and W3(P,0p(—3,0)) are isomorphic to W (k), while the other twelve
vanish.

(b) If c1 is odd, then two of the derived Witt groups of P are given by isomorphisms
WO(P,0p) 2 W (k) and W3(P,0p) = W (k) and two others by the ezact sequence

0 — WHP,0p(c1,0)) — W(k) = W (k) - W2(P,0p(c1,0)) — 0.

The other twelve derived Witt groups vanish. Moreover, © belongs to the ideal I C W (k) of
even-dimensional quadratic forms if and only if co is even.

Proof. The class © is the class of the skew-symmetric bilinear form F x F — A%2F = Op2(cy)
in W2(P2, Op2(c1)). If c; is even, this derived Witt group vanishes, so © = 0. We may then
use Theorems 1.3 and 1.5 and (18) to calculate the derived Witt groups of P, leading to (a).
If ¢; is odd, then replacing F' by F(—(c1 + 3)/2) if necessary, which does not change P(F)
([18] Lemma II.7.9), we may assume that ¢; = —3. This modification does not change the
parity of ¢; and ¢y because for rank 2 vector bundles we have ¢;(F(t)) = ¢1(F) + 2t and
c2(F(t)) = co(F) + ter(F) + 12 (cf. [14] Example 3.2.2). Theorems 1.3 and 1.5 and (18) show
that there are exact sequences

0= W3P,0p) = W(k)-£ 2 W (k) — WP, 0p) = 0,
0 — WY(P,0p(c1,0)) = W (k) 9, W (k)& — W?(P,0p(c1,0)) = 0,

and that the other twelve derived Witt groups of P vanish. The map © is multiplication
by ® € W(k)-&. Since € - € = 0 by Theorem 8.3, the first exact sequence reduces to
a zero map and two isomorphisms. As for the second exact sequence, the isomorphism
W2(P?, Op2(—3)) = W (k) - £ is constructed using a duality-preserving functor whose functor
component is the total direct image RT. Consequently © € W?2(P2, Op2(—3)) corresponds to
a class in W (k) which has a representative of dimension x(P2, F') = 2—¢y. This gives (b). O

Examples 9.2. An example of Theorem 9.1(a) is F' = 0%2, in which case P = P! x P2. An
example of (b) with © = 0 is F' = Op2(—1) @ Op2(—2), in which case P is isomorphic to the
blowup of P? at a rational point. An example of (b) with © = (1) invertible is F = Qps, in
which case P is isomorphic to the flag variety of GL3(k). Note that in this case only two of
the derived Witt groups are nonzero.

We now give examples of (b) with © the class of an arbitrary two-dimensional nondegen-
erate quadratic form. If ¥ = R and © = (1,1), then the real algebraic variety P has three
nonzero derived Witt groups WO(P) = Z = W3(P) and W2(P,0p(—3,0)) = Z/2, but its
complexification has four nonzero derived Witt groups.

Let a,b € k™, let R=k[X,Y, Z], and let F be the kernel
(19) 0= F — Opa(—1)%% @ 0o LD, 9.1y 5 0,
Then ¢; = —3 and ¢z = 4, and we have H(P?, F) = 0 and H?(P?, F) = 0, while RI identifies
© with the Witt class of a symmetric bilinear form on the two-dimensional space H' (P2, F).
We will not show it here, but one may use the derived functor RI', of the graded global
sections T, (G) = @,z T'(P?, 5(7)) to give a factorization of RT through the derived category
of graded R-modules which is compatible with duality. Hence the symmetric bilinear form on
the space H' (P2, F') comes from a symmetric bilinear form on the graded R-module H} (P2, F).
The long exact sequence of graded cohomology modules associated to (19) shows that this
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graded module is R/(XY,aX? — bY?2, Z)(1) because H?(Op2(i)) = R(i) and Hi(O]PQ(Z.)_) =0
by Hartshorne [18] Theorem II1.5.1. It has a basis consisting of 1 (in degree —1), X and

Y (in degree 0), and aX =bY’ (in degree 1). The only nondegenerate symmetric bilinear
forms on this graded module which are compatible with the module structure are given by
multiplication in the Gorenstein ring R/(XY,aX? — bY2, Z) followed by projection onto the
socle generated by X’ = b72, and then identification of the socle with k. The quadratic
form on H'(P?, F) is thus u - aX + v - bY ~ au? + bv? up to a multiplicative constant, and
we have O = (a,b).

10. SYMMETRIC POWERS OF MORPHISMS

We review some notions of multilinear algebra which we will need in the next section.
Let ¢ : G — H be a morphism of vector bundles on a scheme, and let n be a positive
integer. The morphism has a symmetric power S"(¢) which is the complex

0> A"G>A"'G®H —» - > G®S"'H— S"H -0
whose differentials are the compositions

comult®1
_—

AiflG QG ® SnfiH

1®¢®ll
1®mult

AN 1GQH®S"'H —— A" 1G @ S" " H.

NG QS H

The linear complex we have called cofreeg(Ox) is "M (7*F ® Op(—1) — Op).
These symmetric powers are functorial, commute with base change, and have a direct sum
formula S"(¢ & ¢) = @, S'(¢) ® S*"(1p). We will use the following two facts

Proposition 10.1. (a) If ¢ is an isomorphism, then S™(¢) is acyclic for n > 1.
(b) Given an morphism of exact sequences of vector bundles of the form

0 Gy Gy K 0
¢1l ltﬁz 1
0 H,y H, K 0

the induced chain map S™(¢1) — S™(¢2) is a quasi-isomorphism.

Locally, we can use the direct sum formula to reduce (a) to the case of an isomorphism of
rank one bundles, which is easy to check. Locally the exact sequences of (b) are split, and
then (b) follows from (a) and the direct sum formulas.

11. THE DERIVED EQUIVALENCE

The main theorem of this section is a version of the descriptions of Beilinson [8], Bernstein-
Gelfand-Gelfand [9], Bondal [11], etc., of the bounded derived category of coherent sheaves on
P™ over an algebraically closed field. We have taken pains to give a proof which is valid for the
relative case and which uses adjoint functors acting on the underlying complicial categories
with weak equivalences (a “Quillen equivalence” in the language of closed model categories).
This is useful for higher algebraic K-theory. The proof hides the notion of exceptional sheaf
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(due to Drézet and Le Potier) which was prominent in Bondal’s proof, but it uses in a major
way Beilinson’s idea of the resolution of the diagonal.

Recall that LC is the category of linear complexes of vector bundles on P = P(F') of the
form (5)

el — 7'('*8_1 (024 Op(—l) — 7'('*80 ® Op — 7'('*81 (03] Op(l) — e

with each &; a vector bundle on X, and the term 7*€; ® Op(i) occurring in cochain degree 3.
The corresponding category of linear complexes of quasi-coherent sheaves will be denoted by
Qcoh-LC.

Theorem 11.1. Let X be a noetherian scheme, let F' be a vector bundle on X of rank r+1,
and let m: P =P(F) — X be the projective bundle. For any integer a the functor Tot induces
an equivalence D(Qcoh-LC%%*7l) — D(Qcohp) of triangulated categories.

Proof. Different values of a give different functors Tot which differ only by self-equivalences
of D(Qcohp) (twisting and shifting). So it is enough to consider the single value a = —r.

Let 2 C Qcohp be the full exact subcategory of sheaves G such that RPm,.(S® Op(i)) =0
for 0 < ¢ <7 and p > 0. The proof of the theorem depends on the following five claims.

(a) For any object A in Ch(Qcohp) there is a quasi-isomorphism A = B with B € Ch(%().

(b) The functor Tot : Ch(Qeoh-LCI™%) — Ch(Qcohp) factors through the inclusion
Ch(2) C Ch(Qcohp).

(c) The functor Tot has a right adjoint Kr such that Kr |, is exact.

(d) The unit &€ — Kr Tot € of the adjunction is a quasi-isomorphism for all €.

(e) The counit Tot Kr§ — § of the adjunction is a quasi-isomorphism for all § € Ch(2).

These claims imply that
Tot : D(Qcoh-LC***") = D(Qcohp) : RKr

are inverse equivalences, where RKr is computed by replacing objects of Ch(Qcohp) by
quasi-isomorphic objects of Ch(2() and applying Kr. We now prove the claims.

(a) The functors § — 7,.(G ® Op(7)) are of finite cohomological dimension, so on may let
B be an appropriate truncation of a Cartan-Eilenberg injective resolution of A.

(b) Any sheaf 7*F ® Op(j) with j > —r is in 2.

(c) When a chain-complex-valued functor F' is the totalization of a bounded complex of
functors 0 — F, — --- — F; — Fy — 0, its right adjoint G is the totalization of the complex
0 G — G' - --- = G™ — 0 of right adjoint functors with each morphism G* — G*+!
conjugate to the morphism Fj,; — F; of left adjoints. The unit 1 — GF of the adjunction
is a morphism from 1 into a complex of functors --- — @ G'F; — @ G'™'F; — --- whose
components are the units 1 — G*F; of the individual adjunctions (up to sign). The counit of
the adjunction is similar.

In our case Tot is the totalization of the complex of functors

(20) 0 = two_,yom*ogr_, = -+ > twg_jontogr_y =+ = twgortogry =0

where twgq) is § = G ® Op(a). Its right adjoint Kr is the totalization of the complex of
right adjoint functors

—r,—7r]

(21) 0 — pl="% cofreey oy o tweg — -+ — pl cofree ;. omy o twg() — 0,

the right adjoints of the gr; coming from Lemma 6.2(b). All the functors involved in this
complex are exact except m, which is of finite cohomological dimension, so Kr is of finite
cohomological dimension. The sheaves in 2 are Kr-acyclic, so Kr |Ch(Q[) is exact.
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(d) The problem of showing that the unit maps & — Kr Tot € of the adjunction are quasi-
isomorphisms may be reduced by standard truncation arguments and the compatibility of the
functors and morphisms with tensor products with vector bundles to the cases where € is a
linear complex of the form

(22) 0—---—=>0—-0p(-i)) 2 0—---—0.

Applying Kr Tot gives a complex of linear complexes which, when pruned of many zeros, is

(AT F)(—r) ——— T (AT R (—r +1) —— - — T F (=i — 1) — Op(—i)

J

(AT IFQF)(—r) D 1m*(A" " 2FQF)(-r+1) — -+ — 7 F(—i—1)

1(F @ ST IF)(—r) —— m*(S" " 1F)(—r + 1)

7*(S"T T F)(—r)

The vertical maps in the diagram are the maps between cofree complexes in (21). Since
the maps in the left adjoint complex (20) were compositions of maps induced by the co-
multiplication twg_;_1) = 7 F V® two(_i), isomorphisms passing 7" F Vv inside 7*, and the
multiplication F¥ ®gr_,_; — gr_;, the maps in the right adjoint complex (21) are the compo-
sitions of the conjugate morphisms between adjoint functors induced by the comultiplication
cofree_; — 7*F ® cofree_; 1, isomorphisms passing 7*F inside 7., and the multiplication
T F @ twg(;) = twe(41)- This identifies the vertical maps in the large diagram above as the
maps in the symmetric powers S"”(1x) of §10. So by Proposition 10.1(a), all the columns of
the large diagram above are exact save the rightmost. Since the unit of the adjunction is the
map which sends the Op(—i) of (22) onto the Op(—%) on the top right of the big diagram
above, the unit is a quasi-isomorphism.
(e) Consider the diagram

P=A——PxxP—L5p

)
p—" o x
where the square is a pullback diagram and ¢ is the inclusion of the diagonal. Write f = 7p =

mq. The “multiplication” map 7*F — Op(1) pulls back along p and ¢ to two multiplication
maps, which, after twisting, are the components of a morphism p : (f*F)(—1,0) = Opxp @
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Opxp(—1,1). This p fits into a commutative diagram with exact rows

0O—— Op(—l) X QP/X(l) _ (f*F)(—l,O) _— Opxp(—l, 1) —0

MJ ul :

0 ——— Opxp ———— Opxp ® Opxp(—1,1) —— Opyxp(—1,1) — 0

In bihomogeneous coordinates p is given locally by a matrix

Xo X1 Xo -+ X,
Yo i Yo --- Y. )°

Thus p is surjective off the diagonal A C P x x P, while on the diagonal around a point where
(for example) Xy # 0 and Yj # 0 the map p; locally has matrix
(&_ﬁ X Yo o, &_ﬁ)

X() Y() X() Yo XO YO )
Thus locally the components of p; form a regular sequence of r equations defining the diagonal
A C P xx P. Hence coker(u1) = Oa, and S"(u1) is a globalized Koszul complex which is
a locally free resolution of On. Because of Proposition 10.1(b) S"(x) is also a locally free
resolution of Oa. The augmentation is given by restriction to the diagonal and subtracting

Opxp ® Opxp(—1,1) 2% 05 @ Oa(=1,1) = 0a @ 0a L755 04.

Thus S"(u) — Oa is a quasi-isomorphism, and induced maps of the form ¢*§ ® S"(u) —
q*9 ® Oa = 1,§G are also quasi-isomorphisms. We claim that if § € 2, then all the sheaves in
the complexes ¢*G ® S™(u) and .G are p,-acyclic with p, of finite cohomological dimension,
and hence that p.(¢*G® S (1)) — p«i.G = G is also a quasi-isomorphism. On the one hand it
is clear that ,§ is ps-acylic because i and pi = 1p are finite morphisms. On the other hand
¢*G® S™(u) is a complex whose terms are direct sums @@;_¢ p*(7*(A"F)(—n — 1)) ® ¢*(5(7)).
These summands are p.-acyclic if the ¢*(§(7)) are, but because w is flat we have natural
isomorphisms 7* Rl7, = Rlp.q*, so it is enough if the G(i) are m,-acyclic for 0 < i < r. If
G € 2, then we have the required acyclicities, and p,(¢*G®S" (1)) — § is a quasi-isomorphism.
The same statement holds for chain complexes § € Ch(2l).

If one now takes the complex p,(¢*G® S" (1)), expands the definition of S"(u) and uses the
natural isomorphisms 7*m, = p,¢*, then the complex becomes the totalization of

T (1e(9) @ A"F)(=1) ——= " (m(§) @ AT F) (=1 +1) — -+ 3 7 (m (§) @ F)(=1) » mma(9)

|

7 (1.(G(1) @ A" L) (=r) 5 7* (7. (G(1)) @ A" 2F)(—r + 1) 5 - - - — 7*m.(5(1))(-1)

™ (me(§(r = 1)) @ F)(=r) —= 7" (m(S(r = 1)))(=r + 1)

7 (ma (§(r))) (—=7)
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The i-th line is pl="~% cofree_; ,(G(3)), and the totalization of the diagram is Tot KrG.
The quasi-isomorphism p,(¢*S ® S™()) — G discussed above is constructed out of an aug-
mentation map which turns into a map @;_, 7*(m«(5(¢)))(—i) — G whose components are
essentially the counits of the 7*-m, adjunction. So the quasi-isomorphism above corresponds
to the counit of the adjunction Tot Kr§ — §. The counit is thus a quasi-isomorphism for all
G € Ch(2), as claimed. This completes the proof of the theorem. O

The functors Tot and Kr respect bounded, coherent cohomology. So we have a corollary.

Corollary 11.2. Let X be a noetherian scheme, let F' be a vector bundle on X of rank r+1,
and let m: P =P(F) — X be the projective bundle. For any integer a the functor Tot induces
an equivalence D2, (Qcoh-LCI**t™) - DP  (Qcohp) of triangulated categories.

coh coh

Another version of this derived equivalence is Theorem 3.2, which we now restate and
prove.

Theorem 11.3. Let X be a noetherian scheme, let F' be a vector bundle on X of rank r+1,
and let m : P =P(F) — X be the projective bundle. For any integer a the functor Tot induces
an equivalence DP(LCI**™y - DP(VBp) of triangulated categories.

Proof. As in the proof of Theorem 11.1, it is enough to consider the single value a = —r. We
again let A C Qcohp be the full exact subcategory of sheaves G such that RP7,(G®0p(7)) =0
for 0 < i <randp >0, and let we Ay = AN VBp. We need to establish five claims
analogous to those of the proof of Theorem 11.1.

(a) For any A in ChP’(VBp) there is a quasi-isomorphism A = B with B € Ch®(2Avg).

(b) The functor Tot : ChP(LCI™) — ChP(VBp) factors through the subcategory
ChP(2lvs) C Ch®(VBp).

(c) The functor Tot has a right adjoint Kr such that Kr |Chb(2[VB) is exact.

(d) The unit & — Kr Tot € of the adjunction is a quasi-isomorphism for all €.

(e) The counit TotKrG — G of the adjunction is a quasi-isomorphism for all § €
ChP(AvB).

We prove these claims.

(a) Since A is a bounded complex of coherent sheaves on P which is projective over X
which is noetherian, there exists an N such that the A’ ® Op(n) are m,-acyclic for all i and
all n > N. The counit of the adjunction of Theorem 11.1 gives us a quasi-isomorphism
G = Op(N) with G := Tot Kr(Op(N)) a bounded complex of vector bundles of the form
@D;_, 7*Gi; ® Op(—i). Dualizing and twisting gives a quasi-isomorphism Op = GY ® Op(N)
with the target a bounded complex of vector bundles of the form @_, 7*GY; ® Op(N + 9).
So A5 A®GY®Op(N) is a quasi-isomorphism from A into Ch®(2Avg).

(b) If G is a vector bundle on X, and if 2 > —r, then 7*G ® Op(i) is in Ayp.-

(c¢) One uses the same formulas as in Theorem 11.1. Grauert’s theorems on cohomology
and base change (Hartshorne [18] Theorem II1.12.11) say that if € is a coherent sheaf on P
which is m,-acyclic and flat over X, then 7€ is locally free on X. In particular, if € is in
2Avs, then the 7,(&(7)) are in VB for 0 <4 < r, and so Kr(€) € Ch®(LCl0).

(d)(e). These follow from the corresponding claims in the proof of Theorem 11.1 given that
the vector-bundle versions of the functors Tot and Kr are the restrictions of the quasicoherent-
sheaf versions. O
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