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ABSTRACT. We present a method for converting Theorem B style proofs in
algebraic K-theory to Theorem A style proofs and apply it to the additivity
theorem.

INTRODUCTION

The additivity theorem is a central theorem in K-theory. It was originally proved
by Quillen [6] for exact categories using the Q-construction. Later, Waldhausen [8]
proved it again using the S-construction, generalizing it to apply to categories with
cofibrations and weak equivalences.

McCarthy proved an analogue of the additivity theorem in the context of cyclic
homology [5, Theorem 3.5.1]. It was not straightforward for McCarthy to transfer
the proofs of Quillen and Waldhausen to this setting because they used Quillen’s
Theorem B [6], so he had to devise a new proof of the additivity theorem, presented
separately in [4]. For him, the crucial difference in style between the two proofs
is that the proofs of Quillen and Waldhausen are Theorem B style proofs, whereas
the new proof was a Theorem A style proof.

A Theorem A style proof is one that uses the realization lemma [7, Lemma 5.1],
or one of the theorems close to being logically equivalent to it, such as Quillen’s
[6, Theorem A], Waldhausen’s [8, Lemma 1.4.A], Gillet-Grayson’s [1, Theorem A'],
or McCarthy’s [4, Proposition 3.4.5]. The hypothesis of all these theorems is that
some naive combinatorial approximations to the homotopy fibers of a map are all
contractible, and the result is that the map is a homotopy equivalence.

A Theorem B style proof is one that uses the fibration lemma [7, Lemma 5.2],
or one of the theorems close to being logically equivalent to it, such as Quillen’s [6,
Theorem B], Waldhausen’s [8, Lemma 1.4.B], or Gillet-Grayson’s [1, Theorem B'].
The hypothesis of all these theorems is that the base change maps between naive
combinatorial approximations to the homotopy fibers of a map are all homotopy
equivalences, and the result is a fibration sequence incorporating the map.

In this paper, we add a theorem (Theorem A of section 1) to the list of theorems
usable in a Theorem A style proof that makes it easy to convert Waldhausen’s
proof [8, Theorem 1.4.2] of the additivity theorem from a Theorem B style proof
to a Theorem A style proof. We also introduce a simplicial version of it (Theorem
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A~

A" of section 2) that can be used to convert the proof of additivity in [3, Theorem
5.1.2], which in turn, is based on Waldhausen’s proof.

Notation. The nerve of a category € will be denoted by NC. Given a functor
€ 4 D of small categories, we will use g (an abuse of notation) for the induced
map of simplical sets N€ % ND. For C € Np€ and 0 < i < p, the i-th vertex is
denoted by C}, so that C' will represent a chain Cy =+ C1 = --- — C), of objects
and morphisms of €. Let A denote the category of finite nonempty ordered sets, let
[n] € A denote the ordered set {0 < 1 < --- < n}, and let A™ be the simplicial set
represented by [n]. We use * to mean any simplex of A°. For simplicial sets S and
T, the external product SXT is the bisimplicial set defined by (SXT), , = Sp x Ty,
By Yoneda’s lemma, we may identify a simplex ¢ € T,, with a map ¢ : A™ — T'; for
an arrow ¢ : [m] — [n] the simplex ¢*(¢) will be identified with the composite map
ti : A™ — T, so we will usually write ti for i*(¢).

1. CONVERTING WALDHAUSEN’S PROOF

In this section, we show how to convert Waldhausen’s proof of the additivity
theorem to a Theorem A style proof.

Given a functor € % & of small categories and an object E of &, we write 9/E
for the category [6, p. 93] with objects (C,gC = E), where C is an object of €
and gC 5 E is an arrow in &; an arrow is a map C — C' making the evident
triangle commute. Analogously, E\g will be a category with objects (E < gC, C).
The projection functor (C, gC < E) + C will be denoted by g/E = C.

Theorem A. Let D < € % & be functors of small categories. If the composite
functor fr : g/E — D is a homotopy equivalence for each object E € & then the
functor (f,g) : € = D x & is a homotopy equivalence.

Proof. Our proof is modeled on Quillen’s proof of Theorem A [6, p. 95], which
amounts to the special case where D is trivial.
It will suffice to show that the map of bisimplicial sets

(f,)®1: NERA® — (NDx NE)XA®
(Cx)  —  ((fC,9C),%)

is a homotopy equivalence.
First, we define bisimplicial sets X7 and Y, analogous to those introduced by
Quillen, as follows, where p,q € N, with the evident face and degeneracy maps.
X3, {(C,e,E) | C € N,C, E € Ny&, e € Homg (gCy, Ep)}
Y,y = {(D,E'.e,E)|Dé€eN,D,E € N&,E € N,€,ee€ Homg(EI'J,EO)}

Consider the following commutative diagram.

NCR A ~—— X9

|rom la\

(NDxNE)RA' <y T > NDR NE
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The maps are given by these formulas.

n(C,e, E) = (C,%)

B(C.e,E) = (fC,gC\e E)

a(C,e,E) = (fC,E)
§(D,E',e,E) = ((D,E'"),*)
+(D,E',e,E) = (D,E)

It will be enough to show that «,~,n,d are homotopy equivalences. Here is the
argument for a and 7. Fix q and consider the following diagram of simplicial sets,
where h and k are defined to make the diagram commute.

~ N(g/E
(1) X4 EEITIVqs (9/Eo)
Q.q lh
(NDRNE)., = ND x N,&

IR

[I (NDxN(le/Eo))
Ee N,&

Here the horizontal arrows are the obvious isomorphisms of simplicial sets. We
point out that A is a disjoint union of homotopy equivalences induced by composite

functors g/Ey = € ER D, each of which is a homotopy equivalence by hypothesis,
and k is a disjoint union of nerves of maps of the form D x (1¢/Eg) — D, each
of which is a homotopy equivalence because 1¢/Ey is always contractible. Hence
a.q and .4 are homotopy equivalences for each g. From the realization lemma [7,
Lemma 5.1], it then follows that o and -y are homotopy equivalences.

The arguments for n and ¢ are similar. Fix p instead of ¢ and consider the
following isomorphisms.

X2 5 [I N(Cp\le),
gCeN,C

Y, S 11 (NDxN(E\le))
E'EN,E

The crucial point is that gCp\le and E,\1¢ are always contractible.
O

Now we rewrite Theorem A so it can be applied to simplicial sets. Let f : X =Y
be a map of simplicial sets. For any y € Y,, the simplicial set f/(n,y) is defined by
Waldhausen [8, 1.4] as the following pullback.

fl(n,y) —X

L,k

A" Y
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Waldhausen proves lemmas 1.4.A and 1.4.B [8, p. 337] from Quillen’s theorems
A and B using the simplex category of a simplicial set, which is defined as follows.

Definition 1.1. For any simplicial set Y, define the category Simp(Y') with objects
(n,y) where n € N and y € Y, and with morphisms (n,y) — (n',y’) given by
commutative diagrams of the following form.

N

Lemma 1.2. If X is a simplicial set, then there is a natural homotopy equivalence
X ~ N Simp(X).

An

A"

Proof. There is a proof in [8, p. 359]; this proof is extracted from [2, IV, section
5.1]. We identify a p-simplex of N Simp(X) with a diagram A™ — ... — A" — X
and we identify a g-simplex of X with a map A? — X. To interpolate between
these two spaces, we introduce the bisimplicial set V' whose (p, ¢)-simplices are the
diagrams of the form A? - A™ — ... — A" — X. There are evident forgetful
maps N, Simp(X) Lra Voq Moa, X, which yield maps N Simp(X)RA° <& v X,
A% X X of bisimplicial sets.

Fixing p, the simplicial set V},. is isomorphic to a disjoint union, indexed by the
simplices A™ — --- — A" — X of N Simp(X), of simplicial sets A™. The map
L,. is similarly a disjoint union of maps of the form A — A® and is thus a
homotopy equivalence.

Fix g. For any x € X, let G, be the category whose objects are those pairs of
arrows A? - A" — X whose composite is x; arrows between A? -+ A™ — X and
A7 5 A" — X are commutative diagrams of the following form.

AT ——> AP

NN

An' — X

Then V., is isomorphic to a disjoint union, indexed by simplices z € X4, of simplicial
sets NG;. Now NG, has an initial object, namely AY L Acz X, and hence is
contractible. The map M., is a disjoint union of the maps of the form NG, — A,
and thus M., is a homotopy equivalence.

In both cases, we conclude that L and M are homotopy equivalences by the
realization lemma [7, Lemma 5.1 ]. O

Theorem A*. Let (f,9) : X — Y XT be a map of simplicial sets. If the composite

f/(n,y) = X 5 T is a homotopy equivalence for alln € N and for all y € Y,, then
(f,9) is a homotopy equivalence.

Proof. We observe that Simp(f/(n,y)) is naturally isomorphic to Simp(f)/(n,y)
for any y € Y,,. This is easy to see since the objects in both categories are essentially
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commutative diagrams of the form

Am 2 o x

N
y N\
AT ——Y

and morphisms are essentially commutative diagrams of the following form.

N

Am LS x

N
b
y N\

A" ——Y

I
u

Applying the above observation and Lemma 1.2 we see that

. Sim oSimp(mw .
Simp(f)/ (n, y) 22O @, g b ()

is a homotopy equivalence.
Now apply Theorem A to the functor

Simp(X) —>(Simp(f)’5imp(g)) Simp(Y') x Simp(T")

to conclude that (Simp(f), Simp(g)) is a homotopy equivalence.
Finally, from lemma 1.2 and the natural isomorphism Simp(Y x T') = Simp(Y") x
Simp(T") we see that (f,g) is a homotopy equivalence. O

With the preliminaries done, we now prove the additivity theorem using Theorem
A*, thus converting the proof to a Theorem A style proof.

Let € be a category with cofibrations and weak equivalences [8, 1.2], € be the
category of cofibration sequences of €, and * be a chosen initial and final object
of €. We use the notation S.C for Waldhausen’s S-construction and §8.C for the
associated simplicial category with cofibrations and weak equivalences [8, 1.3]. We
will use w8, € to denote the category of weak equivalences of §,,C and likewise for
w8, E.

Theorem 1.3 (Additivity). [8, Theorem 1.4.2] The map wS.& 2% w8.Cxw$.C that
sends the cofibration sequence (A — C — B) to (A, B) is a homotopy equivalence.

Waldhausen deduces this theorem from the following lemma.

Lemma 1.4. [8, Lemma 1.4.3] The map S.& =% S.€ x S.C of simplicial sets is a
homotopy equivalence.

Proof. In order to apply Theorem A*, we will need to verify that for all n in N and
for all A’ in S,,€ the map s/(n, A’) %, S.€ is a homotopy equivalence. However,
in Waldhausen’s proof of the Sublemma to Lemma 1.4.3 in [8, 1.4] he shows that
qm has a simplicial homotopy inverse. One needs to observe only that the map he
calls p is our g7 and the map he calls f is our s. a
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2. CONVERTING A SIMPLICIAL PROOF

In this section, we show how to convert the proof of the additivity theorem found
in [3] to a Theorem A style proof. We begin by reviewing the naive homotopy fibers
introduced in [1].

Let T be a simplicial set, and suppose t' € T, and ¢ € T,;. The notationw : ¢/ = ¢
means u € Tpyq41 and wi = t' and uj = ¢, where 7 is the map induced by the order-
preserving map [p] — [p + ¢ + 1] which sends [p] onto the first p + 1 elements of
[p+ ¢ + 1] and j is the map induced by the map [¢] = [p + ¢ + 1] which sends [g]
onto the last ¢ + 1 elements. The following diagram illustrates it.

(2) AP

P
K3

AP+l LT

b
J
A4

We use this notation to rephrase the definitions in [1, Section 1, p. 577].

Definition 2.1. For a map g : X — T of simplicial sets and a simplex t of T, the
naive homotopy fiber g|t is a simplicial set defined by

(Gl = {(z,u: gz > 1t) |z € X,,}
with the evident face and degeneracy maps. We can also define t|g dually by
tg)n = {(u:t= gz,7) |z € Xp}.

If X and T happen to be nerves of categories, then the simplex u : t = gx gives
rise to a collection of arrows t; — gx;, which our notation is intended to suggest.

There is a projection map 7 : g|t = X defined by w(z,u : gz = t) = .

Letting t vary leads to the following definition of a bisimplicial set.

Definition 2.2. For a map g : X — T of simplicial sets, define the bisimplicial set
9|T by
GIT)pg ={(z,u:gz2>1t) |z € X,,t € T,}.
In case X =T and g = 17, we will write T'|¢ for 17|t and T|T for 17|T. The
following theorem is a generalization of Theorem A that handles simplicial sets.
Theorem A'. Let f: X =Y and g: X — T be maps of simplicial sets. If, for any

simplex t of T, the composite map 1y : (g|t) = X Lyisa homotopy equivalence,
then (f,g9) : X = Y x T is a homotopy equivalence. The same conclusion holds if
gt is replaced by t|g in the hypothesis.

Proof. We prove just the first part. The proof is completely analogous to the proof
of Theorem A. Define the bisimplicial set W by

Woo={(,u:t'=1t)|yeY,,t €T, and t € T,}.
The face and degeneracy maps are defined so that W = (Y K A%) x (T|T).
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We have a commutative diagram
U

XX A° g|T

l(f,g)ﬂl lﬂ X\

VxT)RA <" —Ww L >yRT

where the maps are defined as follows.

nz,u:gr=>1t) = (z,%)
a(z,u:gr=>t) = (fz,t)
Blz,u:gx=>1t) = (fr,u:gz>t)
Yy, u:t'=>t) = (y,1)
S(you:t' 5 t) = ((y,t),%)

Once we show that a,v,d and 7 are homotopy equivalences it follows that (f, g)
is a homotopy equivalence, by commutativity of the diagram. We shall show that
each map is a homotopy equivalence by applying the realization lemma [7, Lemma
5.1].

Fixing ¢, we have the following commutative diagram of simplicial sets.

9IT).q —2 (Y RT).

-| |-

T -2 v

teT, teT,

The vertical maps are the obvious isomorphisms of simplicial sets. The bottom map
is a disjoint union of homotopy equivalences, by hypothesis, so a., is a homotopy
equivalence. By the realization lemma, « is a homotopy equivalence.

Similarly +,d and 7 are shown to be homotopy equivalences by the following
diagrams.
Y-q

W, (YXT),
I v x @ |10%
teT, teT,
Wy 2 (Y x T)RA?),, (9IT),. — 2~ (X R A9),,
I1 ¢1m) IT a° IT (gzi7) —— T A°
e, ver, =€Xy =Xy

The bottom maps are homotopy equivalences because T'|t, ¢'|T and gz|T are con-
tractible [1, Lemma 1.4]. This completes the proof. |
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Now we wish to provide another Theorem A style proof of additivity using the
naive homotopy fibers introduced in 2.1. We use Theorem A’ to convert the Theo-
rem B style proof in [3], which is in turn based on Waldhausen’s proof in [8].

For the rest of this section, M will be a small exact category with a chosen zero
object 0. Let K(M) denote a space whose homotopy groups are the K-groups, for
example, K(M) = Q|S.M|. Let € be the category whose objects are the short exact
sequences £ : 0 - M — N — P — 0 of objects in M. Define s, ¢t,and g: € - M
to be the exact functors sending E to M, N, and P, respectively.

Theorem 2.3 (Additivity Theorem). The map K (&) LGLINY e (M) x K(M) is a
homotopy equivalence.

Proof. Tt is enough to show that the induced map S.€ ﬂ) S.M? is a homotopy
equivalence. We review some of the details of the proof in [3].

For a fixed m > 0, consider M € S, M. For n > 0, an n-simplex of (M|S.q) is a
pair (P, E) where P is an (m+n+1)-simplex of S.M, E is an n-simplex of S.€, and
they are related by P : M = ¢FE. An equivalent condition is Pi = M and Pj = qF,
where i and j are analogous to the maps given in diagram (2). Consider the map
p: A™THL s A™ sending all vertices coming from A™ to the top element of A™
while acting as the identity on vertices {0, ..., m} coming from A™. Consider also

the exact functor [ : M — € sending N to 0 —+ N L N = 0= 0. Now define a
map ®p : SM — (M]S.q) by sending N € S, M to (Mp,IN). Note that ¢gIN =0,
so to check that ® (V) is in (M]S.q)n, we need to check that Mpj = 0, and this
follows from the fact that pj factors through a one element set, together with the
remark that the only 0-simplex of S.M is 0. Next, define 7 : (M|S.q) = S.€ by
sending (P, E) to E and ¥y : (M]8.q) = S M to be S.s om. The maps we’ve just
defined fit into the following diagram.

SM —22 M[S.q M~ gv

S.€

ls.q

SM

The maps ¥ys and ®,; are simplicial homotopy inverses. Indeed, one can see
by inspection that ¥ys o &, is the identity, so we will construct a simplicial ho-
motopy from ®y7 0 ¥ps to 1pss.4, as a map H : A x (M|S.q) — (M|S.q) as in
[3]. Observe that (®p7 o py)(P,E) = &y (sE) = (Mp,lsE) = (Pip,lsE). Sup-
pose (1, (P, E)) € A',, x (M|S.q)n. We want the first component of H(r, (P, E))
to interpolate between P and Pip. We first must make an order-preserving map
hy : Amtntl o Amintl which interpolates between 1 and ip. The map h; is
defined on vertices in the following way:

a : a€[m]
hr(a) = a : a=m+1+b, ben], 7)) =1
m : a=m+1+b, ben], 7(b)=0
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Note that hg = ip and h; = 1, so we can now set P™ = Ph,. Also, h;i = 1,
so P7i = M, which is necessary for P7 to be the first component of an element of
M]|S.q.

Next, we need to construct the second component, E”. Note that for all a €
[m +n + 1], h-(a) < a. So there is a natural transformation h, — 1, which
induces a map P"j = Ph,j — Pj = ¢qFE. Identifying E with the exact sequence
0— sE - tE — qgF — 0, we can now form the pullback of that sequence along
the induced map.

E™: 0——>sE"=sE—>tE"T——= P j=qFE" ——0
I
E: 0 sE tE qF 0

As suggested by our notation, E7 is defined to be this pullback. By definition,
P7j = ¢qE", and since we already know that P™i = M, the pair (P, E) is an element
of M|S.q. It is shown in [3] that this is indeed a simplicial homotopy, and so we can

now apply Theorem A'to Ty = S.s0 7, which shows that the map S.€ ﬂ) S.M?
is a homotopy equivalence.
a
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